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Original article
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CRITICAL SCATTERING OF SYNCHROTRON RADIATION
IN THE LEAD ZIRCONATE-TITANATE (PZT2.4)
USING THE LAST MODEL FOR THE SOFT MODE

S. B. Vakhrushev*?3, S. A. Reimers?® , lu. A. Bronwald*
!lofe Institute, St. Petersburg, Russia;
2peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russia;
3 pacifc National University, Khabarovsk, Russia
serafm.reimers@yandex.ru

Abstract. In this work, an experimental and theoretical studies of critical scattering for the
Pbzr, . Ti ;,,0, (PZT2.4) compound in the vicinity of the Brillouin zone center have been
carried out taking into account the mode coupling. The scattering measurements were carried
out at the European Synchrotron Radiation Facility (ESRF). One-dimensional profiles of the
scattering intensity dependence on the wave vector were obtained using specially developed
programs. The Last model was used for the optical soft mode in the Brillouin zone center. The
frequencies and polarization vectors of the renormalized modes were determined by quantitative
analysis of the scattering profile for the soft direction [1 0 1]. Good agreement between the
calculated results of the model and the experimental data was achieved. The polarization
vectoris change of the lowest transverse acoustic mode was traced as a function of the reduced
wave vector.

Keywords: ferroelectric, antiferroelectric, phase transition, lattice dynamics, critical scattering

Funding: The research was supported by the Ministry of Science and Higher Education of
the Russian Federation (Project No. FEME-2024-0005).

Nitation: Vakhrushev S. B., Reimers S. A., Bronwald lu. A., Critical scattering of
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mode, St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 18 (3)
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Introduction

Comprehensive analysis of X-ray or neutron diffraction patterns of any crystal, even the
most perfect ones, shows a diffuse component consisting of some streaks, spots or halos around
the main reflections in addition to the sharp Bragg peaks. This background component is com-
monly known as diffuse scattering. It provides valuable data about the inherently present static or
dynamic disorder. Lonsdale and Smith [1] described the very first observations of diffuse scatter-
ing in the early 20th century.

There are many excellent books and reviews on the general aspects of diffuse scattering and its
application to analysis of diverse physical problems. The most common type of such scattering is
thermal diffuse scattering (TDS) by crystal lattice vibrations [2, 3]. The TDS intensity | can be
described by the following expression:

L@ = 1,5 ——|F Q) 5Q-q-1),

> () @

© Aasdowaa N. A, paéidsn N. A, AdTTaagia P. A., 2025. Ecaacdél: Naieo-180ddaodaneeé TTeeoddie-aneeé

6T24407e040 Ta0da A3BEETaT.
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where Q is the scattering vector; g = Q fA T is the reduced wave vector; T is the reciprocal lattice
vector; o, is the frequency of mode 2; F,(Q,q) is the inelastic structure factor.

The factor F.(Q,q) is determined by the crystal structure (the position r, of the atoms in the
unit cell) and the polarization vectors of the phonon modes e*(q)

FQa) =5 j% TR (Q el(q)), @)

where M is the atomic mass; e™H@ js the DebyefiWaller factor; r, is the position of atom p in
the unit cell; e*(q) is the phonon eigenvector for wave vector g and mode A, corresponding to
atom y; f (Q) is the atomic form factor.

It follows from Eq. (1) that TDS by acoustic phonons should be observed in the vicinity of
Bragg peaks in all crystals. The frequency of acoustic phonons with small reduced wave vectors
is proportional to the magnitude of q. Thus, TDS intensity is inversely proportional to g? and the
anisotropy is determined by the anisotropy of the sound velocity.

Another important type of TDS is critical scattering by fluctuations in the order parameter in
crystals undergoing a phase transition. Critical scattering can be localized around different points
of the Brillouin zone, and this localization depends on the symmetry of the order parameter.

Critical scattering in ferroelectrics is of particular interest to us and we intend to focus on it
closely in the paper. Apparently, this type of scattering in ferroelectrics was described for the first
time in [4]. Similar to the case of diffuse scattering by acoustic phonons, critical scattering in
ferroelectrics is concentrated in the vicinity of the Brillouin zone center.

One of the characteristics of critical scattering in intrinsic ferroelectrics is significant suppres-
sion of the longitudinal scattering component. This phenomenon was first discovered in [5]. In
the case of a cubic isotropic ferroelectric, the expression for the intensity of critical scattering in
the paraelectric phase takes the form

ING sinz(Q,q)

(©)
qZ + K2

1(Q=1+q)=

where 1 is the peak scattering intensity at g = 0, proportional to static susceptibility y,; «° is the
square of the inverse correlation length of short-range ferroelectric order.

Cross-sections of surfaces with constant diffuse scattering intensity by planes containing the
vector T yield constant-intensity contours in the form of two tangent circles (lemniscates) with a
zero intensity line coinciding with 1. Taking into account cubic anisotropy somewhat complicates
the expressions, however, the intensity remains equal to zero in the case of q | T.

Thus, diffuse scattering in the paraelectric phase in the vicinity of the Brillouin zone center
includes two components: thermal diffuse scattering by acoustic phonons and critical scattering
from the soft mode. Analysis of the data for the vicinities of several nodes of the reciprocal lattice
allows to separate these components.

However, the problem becomes significantly more complicated in the presence of mode coupling
between transverse optical and acoustic modes. The problem of mode coupling in ferroelectric per-
ovskites was theoretically analyzed in detail in [6f8]. It was found that this coupling leads to significant
renormalization of phonon frequencies at q # 0 and mixing of polarization vectors of these modes.
The Vaks model was applied in [9] to analyze the phonon spectra of potassium tantalate (KTaO,) and
in [10MA12] to analyze the critical dynamics in lead zirconate (PbZrO,). Renormalization of phonon
mode frequencies was correctly described in all cases. As for the mixing of polarization vectors in
these papers, only general expressions were given for the polarization vectors vy, , (o is the Cartesian
coordinate, A and p are defined above) of renormalized modes in terms of phonon eigenvectors at
g = 0, where there is no coupling. However, their specific type was not determined due to the uncer-
tainty of the eigenvector for soft mode. The diffuse scattering patterns given in [10fil2] can only be
regarded as qualitative, since they take into account only the directions of ion displacements.

Our paper analyzes diffuse scattering in a solid solution of lead zirconate titanate PbZr . Ti, .,O,
(PZT2.4) using the Last model to describe the eigenvector of the soft mode.

11
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Experimental

The measurements were carried out for a sample measuring approximately 1.00 x 0.05 x 0.05
mm, cut from a single crystal of PZT2.4 solid solution grown at the Southern Federal University
using the technology described in [13]. The sample was ground and etched in boiling hydrochloric
acid to remove the damaged surface layer.

The experiment was conducted using the equipment of the European Synchrotron Radiation
Facility (ESRF). The needle-like sample was mounted into a special holder. The holder had the
angular range of 150°, allowing to cover a large volume of the reciprocal space. The sample was
placed in a nitrogen flux to control its temperature. The wavelength of incident radiation was
0.95 A. A low-noise Pilatus 2M detector was used; the distance from the sample to the detector
was 135 mm. The measurements were carried out both under cooling and under heating with a
temperature step of 1 °C over a range from 30 to 300 °C.

Software tools developed in MatLab and Java were used to construct one-dimensional profiles
of the dependence of scattering intensity on the wave vector. Such diffuse scattering profiles were
obtained from a three-dimensional intensity distribution by voxelization. Instead of traditional
cubic voxels, we used a voxel that was a straight circular cylinder whose axis coincides with the
direction of the profile. Varying the parameters of the cylindrical voxel, we selected its optimal
size providing the necessary statistics: a sufficient number of primary detector pixels inside the
voxel and the resolution of the wave vector q. The voxel radius was 0.2 r.l.u. (reciprocal lattice
unit equal to 2n/a), the step was 0.1 r.l.u.

Vaks model with calculation of eigenvectors

We adopted the hypothesis that diffuse scattering is associated with the lowest phonon modes.
As shown in [6, 7, 9], calculation and analysis of the corresponding lattice dynamics are simplified
in the long-wavelength limit if high-energy optical modes are neglected; in this case, the latter
do not give a significant contribution to diffuse scattering. The resulting simplified Hamiltonian
takes into account only five modes: three acoustic (2TA (transverse) + LA (longitudinal)) and two
low-energy transverse optical (2TO).

The simplified Hamiltonian has the following form:

o =1 Z u_u, +u_ A(q)u, +x_ x, +Ax_x, +x_,$(q)x, +2u_k(q)x, , 4

where u,, u,, u, and x;, X, (components of vectors u and x) are the normal coordinates for modes
2TA + LA and 2TO |n the reference frame (X'Y'Z’), with the Z'-axis parallel to the reduced wave
vector q, respectively; A, S, V are tensors.

These tensors describe the contribution of short-range interactions and can be written as

A(q)=¢’ (Aag“ +4¢' +Atg‘), (5)
$(a)=q" (Sag” +Stg’), (6)
(a)=q" (Vag“ +th), 7

where giq =85 = 11,715, g)3 Mol ap = Yapys!ly - _ o _
In thls equatlon n = g/q is a unit vector in the direction of q; Vs 1S @ tensor invariant with

respect to the symmetry operations of a cubic point group such that

Vopo— | fora=p=y=35andy, =0in all other cases.

The tensor A(q) defines the speed of sound and can be determined from the elastic modulus C,
the tensor §(q) defines the curvature of the transverse optical mode and the tensor V(q) defines
the constant of interaction between acoustic and optical branches.

The five-mode Hamiltonian was represented as the sum of isotropic and anisotropic components:

H(S) (q):HiS( l)+Hanis (q’Sa’Aa’I/a)’ (8)
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A+ Sq 0 Vg® 0 0
0 A+Sq® 0 Vg* 0
H,= Vg4 0 4¢° 0 0 , ©)
Vg® 0 A4q" 0
0 0 0 Agq’

Sah'll SahlZ I/;h’ll I/ahlz Vah'l3
Sah’lZ SahZZ V:zhlz Vah22 I/ahZ.?:
Hanis = q2 I/ah‘ll I/ah’l2 Aahll AahlZ AahlS ) (10)

I/azh’12 I/ahZZ Aa h‘lZ Aa h22 Aa h23
I/ahl3 I/ah23 Aah’lS Aa h23 Aah33

where

h, = 2”2”3 hy, = (nlnzns)( n? nzz)’

2 2
nsn n,n
.2 2 Nyl _Mhg (5 5
hy, =2m n e , g = i (nz n3),

n

_ 4 4 4 _ 2_ 4_ 4
hyg =ny +ny +n3, hy = (n”ln _nz_na)v

2
n

1
n
+

Diagonalization of the Hamiltonian H®(q) allows to obtain a set of frequencies o,(q) of renor-
malized modes and a matrix of polarization vectors D,(q) expressed in terms of the eigenvectors
of uncoupled modes in the X'Y’Z’ coordinate system considered above. As a first approximation
of the eigenvectors, we can select the polarization vectors of phonon modes in the center of the
Brillouin zone V'’ (A, is the number of non-renormalized phonon branch, p is the number of the
atom in the unit cell, o is the Cartesian coordinate).

We use the following numbering of atoms in the cell:

1 for Pb, r, —(000) 2 for Zr (Ti), r, = (%2 % %); 3 for O,, r, = (%20 %);

4 for O, r =(0%%),5for0Q,, r,=(%%0).r,is the coordlnate of the ith atom in the cell
in fractions of the lattice parameter a= 4.6 A.

The matrix D, can be transformed into a three-dimensional array of eigenvectors p, in the
Cartesian coordinate system if the metric matrix M(n) is used [9]:

0 n n

n nn
Mn)= -2 R, (11)

Ny, My

n n 3
p 814 MXD l.j:3’4a51

. (12)

pvéZa MX( ejlo)ljzllza
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The case | = 1 corresponds to the contribution of non-renormalized acoustic phonons and
| = 2 corresponds to the contribution of non-renormalized optical phonons.

Let us introduce the eigenvector matrices e and e ® which are the partial contributions of the
atom p to the displacements corresponding to the acoustic and optical modes, respectively. The
index a = 1, 2, 3 determines the direction of the displacements.

The values of the elements e can be determined from the condition that the displacements
of all atoms in the cell be equal [ 4]:

(1

=

u =

ap \/”Tu (13)

Such a priori definition of e® is impossible for a soft optical mode. The irreducible repre-
sentation I',. enters the mechanical representation for the perovskite structure four times, so
accordingly, three optical modes of this symmetry should be observed. The Ewald mode, the Last
mode, and the Axe mode are often chosen as such modes with mutually orthogonal polarization
vectors [15]. It is typically assumed that the soft mode for lead-containing ferroelectrics with a
rhombohedral structure is the Last mode. It is also assumed that the Pb?* cation is displaced rel-
ative to the group of ions formed by the oxygen octahedron and the central cation.

To simplify the problem, we use the diatomic approximation, assuming that the optical mode
can be described if the above group is regarded as a virtual A2 cation.

For the acoustic mode, we can write the following representation without loss of generality:
\/me \/mAz \/mAz \/mAz \/mAz
(1) —
\/me \/mAz \/mAz \/mAz \/mAz CC.. (14)

\/me \/mAz \/mAz \/mAz \/mAz

with the normalizing coefficient

CC, = my, +4m,,,

where m,, is the mass of the Pb?* cation, m_, is the sum of the masses of all ions included in the
virtual A2 ion.
Evidently,

For the optical mode, taking into account the constancy of the center of mass, we obtain:

T Y Y Y
=" Y Yo Y Vocc (1)
" Yo Yo Yo Ve

. . .. - mAZ
with the normalizing coefficient CC, Apb +%.

Indeed, the displacement of the center of mass turns out to equal zero:
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m
/%m My, 1
Pb ’”Az

N e Ve e =0 "
Pb A2

We build an array of 5 x 5 x 3 eigenvectors (number of modes x number of atoms x 3
coordinates) v

@ ) (2)
v)\ucx pv}\lcx X € + pv)\Za X euu . (17)

Then we can write the following expression for the structure factor of the mode A:

Q)= f=e [ 3 (O]
+%{fz,e'°“ (a:zlls(Qavm)) +fo € (a:zlla(qum)) * (18)

My,

ol (G:zlus (QuVraa )) +e'9% (G:Zm (Quvrsa ))

The values of the atomic scattering factors are calculated by the formulas given in [16].

Analysis of experimental data

We analyzed one-dimensional scans along the [1 0 1] direction through the reciprocal lattice
nodes (1 0 A1) and (0 0 3). The diffuse scattering intensity at point Q was calculated as follows:

Q) =10 5 (Qu0) g Bk (19)

A

where »?(q) is the square of the frequency of the renormalized mode A, equal to Ath eigenvalue
of the Hamiltonian H®)(q); the expression F2(Q,q) is calculated by Eq. (18); |, is the scale factor;
the term Bck is the background.

Parameters A, A, A, S, S, (in (meV)?/(r.l.u.)?) were assumed to be equal to the values for pure
lead zirconate, given in [12]:

A,=2508, 4,= 879, 4 =filll, S = 1800, S, = i610.

The results were processed in two stages. At the first stage, the parameters V,, w?, the scale
multiplier and background were fitted for the node (1 0 Al). Since the experimental data for
different nodes were normalized differently, only the scale factor and background were fitted for
node (0 0 3) and the remaining parameters were taken from the fit for node (1 0 fAl).

Experimental data in Fig. 1 are shown by dots and their statistical errors are shown by ver-
tical bars. The central region f0.05 < g < 0.05 to which Bragg scattering makes a contribution
was excluded from the fit. It can be seen that the calculated curves completely coincide with the
experimental ones within the limits of statistical errors.

As a result of the fitting, we obtained the following parameter values:

v =1073 (meV)?/(r.l.u.)?, o’ = 4.58 (meV)>

For comparison, we calculated the diffuse scattering intensity without taking into account the
polarization vectors (red dashed lines in Fig. 1). In this case, the dependence w?(q) and directions
of atomic displacements pv, (12) were used.

For acoustic phonons, taking into account expression (18), we can write an expression for
structure factors at g = 0 (Q = 1):
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I, a.u.
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>

b)

I, a.u.
M7

U o0 N o O o

-0.20 -0.10 0 0.10 g, r.l.u.

Fig. 1. Experimental (points) and calculated (lines) dependences of diffuse scattering intensity |

on reduced wave vector g for two scattering vectors: Q = (1 + g, 0, il + q) (a) and (q, g, 3) (b)

Calculated data were obtained using polarization vectors (blue solid lines) and taking into account only the

type of dispersion curves and the direction of displacements (red dashed lines). The statistical errors of the
experiment are shown by vertical bars

F~ fu* [ COS(T(h + k + 1) +

+ £ (cos(mi(h + k)) + cos(n(h + k)) cos(ni(h + k))).

Therefore,

F
F

(20)

01 ~Joo TS r~]fo’

(21)

(003)~be A f, A o

In the case of node (1 0 fAl) with the larger structure factor, renormalization of the polariza-
tion vectors for acoustic phonons makes a relatively small contribution to intensity, that is, such
a simplified calculation gives only qualitative agreement with the experiment (see Fig. 1,a).

On the other hand, renormalization of the polarization vectors plays an important role in the
case of node (0 0 3) with a small elastic structure factor. It should be noted here that data anal-
ysis in the vicinity of several nodes of the reciprocal lattice is required to reliably determine the
parameters of the Hamiltonian H®(q). The fundamental principles for determining dispersion

X, a.u.
0.06

0.05

0.04 ¢

0.03

0.02

0 010 g, r.lu.

Fig. 2. Dependences of reduced displacements

along the x-axis for lead (red solid line) and

zirconium (blue dashed line) for the lowest
phonon mode

16

curves were addressed in [2]. While exact deter-
mination of phonon dispersion curves is impos-
sible in the general case, the polarization vectors
can be found.

We established the dependency vm(q).

Fig. 2 shows the reduced displacements

along the x-axis (o = 1) for lead (u = 1) and
zirconium (u = 2) atoms for the lowest phonon
mode (which is transverse acoustic polarized in
the (x 0 z) plane). At q = 0, the given displace-
ments are equal, as they should be for acoustic
vibrations. As g increases, the contribution of
lead displacements increases dramatically. The
obtained result is in good agreement with the
assumption made in [10] that it is the softening
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of the renormalized transverse acoustic phonon branch that causes the transition to the antifer-
roelectric phase and that this transition is associated with antiparallel displacements of lead ions.

Conclusion

The study develops an approach to quantifying diffuse scattering in the vicinity of the Brillouin
zone center in perovskite-like crystals in the presence of mode coupling. Phonon dispersion
curves were calculated using the Vaks model. The polarization vectors of renormalized phonon
modes were described as a linear combination of eigenvectors of transverse acoustic and optical
phonons in the center of the Brillouin zone, where mode coupling is absent. The Last model
was used to describe the soft mode associated with the ferroelectric phase transition. This model
assumes that the lead cation oscillates relative to a rigid-body group of atoms including an oxygen
octahedron and a central cation. The mixing coefficients depending on the reduced wave vector
were determined from diagonalization of the five-mode Hamiltonian. The developed approach
was used to analyze diffuse scattering in solid solution of the PZT2.4 ferroelectric.

A comparison between the experimental data and the calculations was carried out for the
vicinity of the reciprocal lattice nodes (1 0 Ail) and (0 0 3). It was confirmed that the proposed
formalism provides a good description of the experimental data in both nodes simultaneously.

The approach we proposed and developed allows to efficiently analyze data simultaneously in
several Brillouin zones and reliably determine the parameters of the dynamic Hamiltonian. We
established the dependence of reduced atomic displacements on the reduced magnitude of the
wave vector, confirming the predominant role of renormalization of the acoustic phonon branch
for the antiferroelectric transition associated with antiparallel displacements of the lead ion.
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Introduction

The interaction of forced, parametric and self-oscillations is the most complex of the four
classes of mixed oscillations according to the classification introduced in monograph [1]; they
consist of a combination of oscillation types [2A4]. Of these four classes of mixed oscillations,
the interaction of forced and parametric oscillations under cubic nonlinear parametric excitation
(NPE) is considered in [5] without taking into account the properties of the energy source.

Taking the specified properties into account gained significance in connection with environ-
mental problems, climate change and the reduction of energy resources. The need to take into
account the properties of the energy source, which in the theory of oscillations is associated with
the well-known Sommerfeld effect, is consistently stressed in fundamental monograph [6]. Many
works have been published in this field all over the world, including books and articles [1, 7A17].
The connection between the level of energy consumed during the operation of parts, the accuracy
of their processing and the oscillations is shown [18].

In this paper, we consider mixed forced, parametric and self-oscillations with NPE and limited
power of the energy source. The direct linearization method (DLM) was used to solve nonlinear
differential equations describing these oscillations [19].

c a

N AN
11 k,

1

m

@3

chl(,

Fig. 1. Model of system considered:
body mass m; angular velocity of motor rotor ¢; Taking into account the external driving force
torque M(¢); friction force T,

radius r;, of the pulley rotating the belt;
spring constant ¢, and damping ratio k

© AgédTa Al A, 2025. Ecaacdsin: Naféo-T4a0adad.
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Calculation model

Under the influence of frictional force,
self-oscillations arise in  many technical
objects [20MA24]. The model we consider is widely
used to describe them (Fig. 1). A body with mass
m is connected to the housing by means of a
spring and a damper. It lies on a belt driven by
a motor of limited-power with the torque M(¢)
and the total moment of inertia | of the rotat-
ing parts. A friction force T(U) arises between
the body and the belt, depending on the relative
velocity U:

U=V-x, V=r

where r, is the radius of the pulley rotating the
belt, r,= const; ¢ is the angular velocity of the
motor rotor.

Asin(v,t) and NPE bx°cos(vt) acting on the body,
the equations of motion of the system have the
following form:

€ TTER0ATTe+AMeeé 0TeaddNe0a0 T40da ASBeeTAT.
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mx +k,x+c,x=T(U)+Asinv, - bx’ cosvt (1)

1o=M(¢)-rTU)

where k;, c;, A, b, v,, v are constants.
We take the friction force as a functional dependence, which is widespread in real (including
cosmic) conditions [25]:

T(U) = T(sgnU — a, U + a,,U®), @)

where T is the normal reaction force, T, = const; a,, a, are constants; sgnU = 1 at U > 0 and
sgnU = Al at U < 0. In the case of U = 0, i.e., at relative rest, the inequalities AT < T(0) < T,
hold true.

Using the DLM [19], we replace the nonlinear components of the friction force T(U) with a
linear component:

T(U)=Ty(sgnU + B, + k; x), ®3)
where B, = fla,u + a,u® + 3N,a,ua’p?, k, = -a N (a’p?~h), h=3(u;-u’)I N, u}=a,/3a,,

N,= (2r + 1)/(2r + 3), N, =(2r+3)/(2r +5). B

The quantity r, included in the expressions for numerical coefficients N, and N,, represents a
linearization accuracy parameter whose value is not limited, but it is sufficient to select it in the
interval (0, 2). The coefficients Nn and N_are compared in [26] with the coefficients obtained by
averaging [27f30] for different values of the degree of nonlinearity n, establishing the acceptable
agreement for the results obtained by both methods.

In view of substitution (3), Egs. (1) take the form
mx+kx+c,x=T,(sgnU + B,) + A sinv.t — bx’ cos v, (4)

&= M(0)~ 7T, (sgnU + B, +k;,x),
where k = k, A T k..
Solution of the equations

As shown in monograph [1], the solutions of equations with function (2) at U >0and U <0
are fundamentally different, so they should be considered separately.
We represent these cases with expressions

uzap,u<ap,

where u = r Q (Q is the averaged velocity ¢).

Let us consider solutions (4) for the main resonances with frequencies o = v, and w = v/2, since
they are of primary practical interest.

Using the change of variables with averaging [19], we obtain the expressions

x=acosy, x=—apsiny, Y=pt+& p=v/2, ¢=Q. (5)

Next, we consider two cases.
i) u>ap, then

da _ —L(ZaA +2Acos & - 0.5ha’ sin 28),

dt 4pm

dE 2 2 H 3

—= 2am(wy — p°) + 2Asin& +ba” cos 2€ (6a)
dt 4pma

du _r,

uy _ .
P M(;{)) nT,(1+ B;) ;
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ii) u < ap, then

da__ 1 2aA+ 2\ cos & - 0.5ba° sin 2&—% a’p®-u®

dt 4pm Map

a8 _ 2am(0; = p?) + 2Asin & +ba’ cos 28, (6b)
dt 4pma

du _

rT
L=l M- R B) - En-2p)

where W} = ¢, /m.
The conditions a =0, =0 in the case u > ap provide the following relations for determining
the stationary values of a and &:

(225 + D2aPL — N+ 202L i L2 7 4b2aPA%)? — 4 A2h*aL = 0,
te = D(Dba® — 4))/8aA,

)

where L = 22 + ba‘[ba? + 2m(w? fi p)], A = p(k, fi T,k,), D = 2(0+\L)/ba>.
To determine the stationary values of the velocity u from the third equation in (6a), we have,
provided that # =0, an expression of the form

M(ulr,) i S(u) =0, (3

where S(u) is the load on the energy source from the oscillatory system.

In the case u < ap, to determine the amplitude of stationary oscillations, we have an approx-
imate dependence ap = u and the stationary values of the velocity u are determined by Eq. (8)
taking into account the expression for the load

S(u) =r,T[(1+ B, +n"(3n-2y,)],

following from the third equation in (6b) for u =0.

Stability of stationary oscillations

To determine the stability of stationary oscillations of the system, we compose the variational
equations for Egs. (6), for which we use the RouthfAHurwitz criteria. As a result, we obtain the
following conditions:

D, >0,D,>0,D,D,AD,>0,
where D, = fi(b,, + b,, + b,),

D,=b. b, +b b,+b,b, 0b,b,0ib.b, ib.b

11733 11722 22733 23732 12721 13731’

D,=b.b, b, +b,b,b,,+b,b.b, bbb, bbb, Ab.b,b

11723732 12721733 22713731 11722733 12723731 13721732°
In the case of velocities u > ap, we have expressions of the form
Ty 0B, 1, Ty 0B,
b11:_(Q_”()]B )1 b, =~ '
1 0 I Oa

T, ok, _ 1 _ ) )
- bzz_—87m{4p ko +T, N, (3a%p> = h) —3ba sm2€},

by =0,
bZl =
1 : i
by, =—— 2Asin&+ba’cos2¢ , by, = 0,
4pm
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by, = - 1 (Asin & - ba® cos 28), by =

Acos&—ba’sin 2E .
2 pma® 2pma . ¢

In the case u < ap, only the coefficients change and the expressions take the form
0B,  2nT, P rT, 0B, N 2u
Ou T[\/azp2 -u’ . I Oa T[a\/azp2 —u’

r
b11:70 O-nrT,

b, _a ToakT N 4uT,
2m

ou nazpz /azpz_uz '

1 — i 2T u?
b, =———34p k, +T.N.o.(3a’°p*—h) —3ba’sin2&}- 0 ,
* 8Pm{ P ko tTo N0, (S p = h) E} mma’® p®\a’ p* - u?
where 95r = - (0, -3au’ -3ayN,a’p?), aaﬁ =6N,0,uap’, %ﬁ =-60,u, Q =dM(u/r)/du.
u a u

Calculations

To obtain information on the effect of cubic NPE on the dynamics of mixed forced, paramet-
ric and self-oscillations, calculations were performed using the following parameter values:

®,= 1™, b=0.686 N-cm™, A =0.196 N, k,= 0.196 N-s-cm™, T, = 4.9 N,

o,=0.84 s-cm™, a,=0.18 s*-cm™, r,=1cm, /= 9.8 N-S-cm’.

When calculating the amplitude for the linearization coefficient k., the number N3 = 3/4 was
used, which is obtained with the linearization accuracy parameter value r = 1.50. For the linear-
ization coefficient B_, the number N, = 3/5 (r = 0.65) was used. The quantities in the figures and
in the text below are normalized.

Fig. 2 shows the frequency response curves a(v) obtained by calculations based on
Eq. (7). The horizontal lines labeled @, correspond to the amplitudes of self-oscillations arising at
velocities u = 1.14 and 1.20.

a) b)

08¢ ﬁ.ﬂi

a

0.8}
a-a
04/ L=
04} A
0 - 0
1.90 .05 2.00 205 210 v 1.90 2.00 210 Vv

Fig. 2. Frequency response curves at velocities u = 1.14 (a) and 1.20 (b).
The blue curves are shown for comparison and represent a linear parametric excitation
of the form xcos(vt). The horizontal lines labeled a, show the level of self-oscillation amplitudes.
The shaded sectors reflect the slope Q of the energy source characteristic (Q = dM(u/r,)/du)
and correspond to stable amplitudes (at point A and in other positions)
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The horizontal section on the blue curve (see Fig. 2,a) corresponds to the approximate depen-
dence ap = u = 1.14. The oscillations are stable for the energy source characteristics whose slope Q
lies within the shaded sector (Q = dM(u/r,/du).

The blue curves represent the linear parametric excitation xcos(vt) and are shown for compar-
ison with NPE x3cos(vt). This comparison shows the difference in the effect of linear and non-
linear parametric excitations on the dynamics of the system. The amplitude levels, shapes of the
excitation curves and widths of the resonance regions differ for these excitations. A difference may
also be observed in the number of amplitudes at the same frequency. For example, it can be seen
from Fig. 2,a that the frequencies near point A have three amplitudes under linear excitation, and
four under nonlinear excitation. On the other hand, Fig. 2,b shows that frequencies with more
than one amplitude are absent under NPE but present under linear excitation.

The solution to differential equations (1) was also obtained numerically. The characteristic of
the energy source for the solution was taken in the form

M(9)=M,-0¢.

The slope varied within the range 0 < Q < 20, where the value of Q = 20 corresponds to
an angle of approximately 87°. As an example, Fig. 3 shows a graph for one of the solutions
obtained for different values of the parameters

¥ - M,, Q, p. The numbers in the frames (in blue)
| @ /":463.3133 . .
15 X 2650092 V13 were obtained computationally. In the case of

[ Yiam | the solution shown in Fig. 3, the values of the

VL e

"l (Y in the frame in the figure); this mode corre-
Sy sponds sufficiently well to the velocity u = 1.14.
05 Y 06115 The value a = 0.991 was obtained for the ampli-
) tude (Y in the frames), close to the value of 1.07
obtained by solving Eq. (7).

We also analyzed the influence of the param-
eters M, Q, characterizing the energy source,
Fig. 3. Dependences 6(t) and ¢(t) for the values on dynamic processes. As noted above, the solu-
of the motor parameters M, = 5.9889, Q = 5. tions of the equations for the cases u > ap, u < ap

The data were obtained at p = 1 are fundamentally different, and there exists
some boundary value of the velocity u, separat-
ing these cases. A transition from one state to
another can happen in the system at the bound-
ary value of the velocity u,. It depends on the
slope of the energy source characteristic and its
location relative to the curve of the load on the
source. The transition takes place at flat charac-
teristics M(¢) and is associated with the load S(u)
on the energy source from the oscillatory system,
depending on function (2), expressed by Eq. (8).

As an example, Fig. 4 shows a graph of the
above-mentioned transition at certain values of
motor parameters and energy source characteris-
tic. Given the same slope Q = 0.4986 (the angle
of inclination is about 26°), a very small (1-107°)
difference in the values of M, equal to 0.

As noted above, the amplitude of stationary
Fig. 4. Time evolution of the x-coordinate oscillations at u < ap is determined by the approx-
and angular velocity of the rotor ¢(t) for the imate dependence ap = u. Since the load on the

characteristic M= 0.8780994695 energy source depends on the amplitude of the

(data were obtained at p = 1) oscillations, its graphs differ under conditions u
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M

>

>ap and u < ap. Fig. 5 schematically shows only
fragments of the curves for the dependences of
the load S and the torque M on the velocity u,
over a narrow variation range of u, where the
transition from point A to point B takes place
(corresponding to the data in Fig. 4) at a fixed
s position of the energy source characteristic at the
boundary velocity u, corresponding to point A.
Different transitions with a description of the full

Fig. 5. Dependences of load S and torque M load curves for different classes of oscillations are

on velocity u in its narrow variation range;  described in detail in monograph [1], so they are

u, is the boundary value of the velocity not given here.

In addition to the results presented in this
paper, differential equations (6) were also solved numerically. The results are not shown here due
to limitations of space. We only note that the results of these solutions are in good agreement
with those for Egs. (7).

Conclusion

As follows from our findings, nonlinear parametric excitation has specific characteristics com-
pared with linear parametric oscillation, namely:

it significantly changes the shape of the amplitude curves;

it has a considerable effect on the stability of oscillations.

Comparing the results for these excitations, we find for the interaction of an oscillatory system
with nonlinear parametric excitation (in the case of an energy source with limited power) that a
number of effects of the same nature occur as with linear parametric excitation. It seems inap-
propriate to describe the nature of these effects here, since they have been thoroughly explored
in monograph [1].
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Introduction

The Lanczos Tau-method! allows to obtain approximate polynomial solutions for linear ordi-
nary differential equations (LODEs) with polynomial coefficients and polynomial right-hand
functions [1, 2]. These solutions should have maximum accuracy in a finite interval under consid-
eration in accordance with the minimax norm, which is the opposite of approximation by ordinary
least squares and/or approximation by series of orthogonal polynomials of various types [3f5].

This article discusses the reasons why polynomial solutions obtained using the original Lanczos
algorithm may turn out to be suboptimal and suggests effective ways to improve the algorithm.
General theoretical considerations are supported by numerical examples.

Initially, the Tau-method was proposed in [1] and subsequently described in detail in mono-
graph [2] with a large number of illustrative examples. The basic mathematical definitions allow-
ing to rigorously describe the method are given in [6]. A case considered in [7] concerns an inter-
val divided into small segments, subsequently applying the Tau-method to each small segment to
obtain a smooth and accurate approximate piecewise polynomial solution.

Another approach to improving the accuracy of this method is described in [8]. Recurrent
schemes of the Tau-method, when the degree of the approximating polynomial is increased in
steps, without recalculating it from zero, are considered in [9, 10]. The errors of approximate
solutions are analyzed in [11, 12]. Extensions of the Tau-method to linear differential equations
with coefficients differing from polynomial to nonlinear differential equations, partial differential
equations, etc., are discussed in [13A15].

Revived interest in techniques for constructing approximate solutions of ODEs, systems of
integral equations and other objects can be traced in recent publications. The Lanczos Tau-
method is also used, but with the construction of a shifted Legendre basis for solving time-delay
systems [16]; the approximation of differential operators is applied (the same as in our paper)
with shifted Chebyshev polynomials [17], expansions of functions with respect to Hermite and
Laguerre polynomials are presented [18].

In addition, the special Tau Toolbox was developed?, in particular for solving ODEs (includ-
ing nonlinear ones) and their systems, as well as integral equations [19fi21]. Applications of this
toolbox to expansion of solutions with respect to Sobolev polynomials and solutions of singular
integral equations can be found in [22, 23]. The coefficients of approximating formulas are sought
in [24] when the Chebyshev alternation is reached. This approach is used in the approximation
of FermifiDirac functions based on an iterative procedure.

More recent studies consider Chebyshev approximations of functions [25, 26]; several text-
books deal with a wider range of issues related to the search for approximate solutions and sub-
stantiation of their properties [27729].

Thus, interest in this major research problem does not weaken.

! The name Tau-method was proposed and introduced by Cornelius Lanczos (a Hungarian physicist and
mathematician) in [1]: the additional free terms for the Chebyshev polynomials on the right-hand side of
differential equations were denoted with the subscripts t.

2 The package can be downloaded from the website https://bitbucket.org/tautoolbox/tautoolbox/src/main/.

© Adgyieva A. E., Adsaieéta A. N., Aafodarta A. A., 2025. Ecaacdél: Nafeo-Taoddaodaneeé TTeeoadie+aneeé

0T2a40Me040 Taoda A3EeeTar.
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The Tau-method was originally formulated as a way to approximate special functions of
mathematical physics that could be expressed using ODEs. This method has become a powerful
and accurate tool for numerical solution of complex differential and functional equations. The
approach proposed by Lanczos is to approximate the solution of a given problem by calculating
the exact solution of some approximate problem close to the original one. The solution of the
differential equation along this path is approximated by a polynomial which is an exact solution to
the differential equation obtained by adding the polynomial terms of the perturbation to its right-
hand side. The perturbation terms are chosen so as to guarantee the existence of an analytical
polynomial solution to the perturbed equation.

If the coefficients of the equation and/or the initial conditions and/or the boundaries of the
interval depend on any parameters, then the output is an algebraic expression depending on these
parameters. This is an undoubted advantage of the Tau-method, compared with classical numerical
methods that produce individual solutions for fixed numerical values of parameters. The method can
greatly simplify analysis, allowing to optimize solutions to parameter-dependent differential equations.

The following section contains various definitions and theorems to be used further for this study.

The section éExample solution of equation by Tau-methodi illustrates the steps of the Lanczos
Tau-method; here a linear differential equation with polynomial coefficients and a known analyt-
ical non-polynomial solution is solved.

The section éDifference between errors and residualsi analyzed the fundamental difference
between the error (the discrepancy between the exact and approximate solutions) and the differ-
ential residual (the parasitic value on the right-hand side of the differential equation after sub-
stituting the approximate solution). Minimization of the differential residual is not equivalent to
minimization of the error, and therefore Chebyshev polynomials or some other orthogonal poly-
nomials used to minimize the differential residual do not provide an optimal approximate solution.

The following section describes an optimized Tau-method for solving reduced LODEs with
polynomial coefficients. The integral form of a LODE and Picardis theorem make it possible to
prove the statement that the residual of integral form is proportional to the error of the approximate
solution. Therefore, if the perturbation of integral form is the sum of Chebyshev polynomials, the
approximate solution obtained by the Tau-method is close to optimal. The optimized Tau-method
introduces perturbations both to the right-hand side of the differential equation and to the initial
conditions of the approximate solution (the latter differs significantly from the original Tau-method).

The section éDiscussioni compares the approaches to the problem and analyzes the advantages
of the proposed modification of the method.

The main results are summarized in Conclusion.

Necessary definitions and general theorems

This section contains definitions and general theorems used later in this study. Details and
proofs of the corresponding statements can be found in books [3f5].
Definition 1. A polynomial of the form

Px)=a,+ax+ O+ ax'

of degree n is the minimax approximation of the given function f(x) with the given weight w(x)
# 0 on the given interval x  [x_, x.], if P(x) is the solution to the variational problem

e (7 (x) = P(x))] - min W

where minimization is performed over all possible sets of coefficients a, a,, 0, a
Definition 2. A reduced polynomial of the form

- = nil n
P(x)=a,*+ax+O+a x"+x

max

X | Xg1Xp

a

n-1’ “n°

of degree n is called the polynomial of least deviation from zero on the given interval x  [x,, X,]
with the given weight w(x) # 0 if P(x) is the solution to the variational problem

max

X X,

w(x)P(x)| - min, )

where minimization is performed over all possible sets of coefficients a, a,, 0O, a.

nil”
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The lower part a,+ a,x + O+ a X" of a polynomial of degree n of least deviation from
zero is a polynomial of degree n A 1 providing a minimax approximation (solution to variational
problem (1)) for the function f(x) = Ax" with the weight w(x).

Definition 3. A set of m points

x1<x2< O<x
m

is called a Chebyshev alternation of size m for a function h(x) on the interval [x,, x,] if the points
X, [x,, x,] are alternating local minima and maxima of h(x) with equal absolute values, so that

k
h(x,) = (1)'e and |e| = max|A(x)| forx [x , x,].

Theorem 1 (de la Vallée Poussin theorem). Suppose there is a polynomial Q(x) of degree n,
a function f(x), an interval [x_,x ] and a weight function w(x) # 0. Let us also assume that there are
n + 2 points (de la Vallée Poussin alternation)

< = <
xa_x1<x2< O <xn+2—xb’

in which the expression w(x)[f(x) A Q(x)] has nonzero values with alternating signs:
A, Ay O, + (ii1)™2 A,

(it is assumed that A, > 0 for k)).
If X is the minimax deviation from zero for

w(x) [Ax) A P(x)],
where the optimal polynomial P(x) is the solution of the variational problem (1), then
A=min{A, A, .., A L}
If the given points x, are also local minima and maxima forw(x)[f(x) A Q(x)], then
A<max{i, A, ..., A .}

Theorem 2 (Chebyshevis alternation theorem). If there exists a Chebyshev alternation of size
n + 2 on the interval [x_, x.] for the function w(x) [f(x) A P(x)], where w(x) # 0 and f(x) are the
given functions, and P(x) is a polynomial of degree n, then this polynomial P(x) is the only solution
to variational problem (1). If the functions w(x) # 0 and f(x) are continuous on the interval [x_,x ],
then variational problem (1) has a unique solution P(x), and this solution satisfies the condition of
Chebyshevis theorem, i.e., there is a Chebyshev alternation of dimension n + 2 on the interval [x_,x,]
for the function w(x)[f(x) A P(X)].

Theorem 3 (Chebyshev criterion). If a Chebyshev alternation of size n + 1 exists for a function
w(X)P(x) on the interval [x_,x], where w(x) # O is the given function, and P(x) is a polynomial of
degree n with the leading coefficient equal to unity, then the polynomial P(x) is a unique solution to
the variational problem (2), i.e., the polynomial of least deviation from zero. If the function w(x) # 0
is continuous on the interval [x_,x ], then variational problem (2) has a unique solution, and this
solution satisfies the Chebyshev criterion, i.e., a Chebyshev alternation of size n + 1 exists for function
wW(X)P(x) on the interval [x_,x].

Algorithms allowing to calculate polynomials for minimax approximations and polynomials of
least deviation from zero for the given weight w(x) # 0 on the given interval [x_,x, ] are considered
in [30R32].

Definition 4. Polynomials T (x) of degree n, defined as

T (x) = cos(n arccos x)
for Al < x < +1 are called first-kind Chebyshev polynomials.

According to Definition 2 and Theorem 3, the polynomials T (x)/2""* are polynomials of
degree n that deviate least from zero on the interval x [fl,+1] with weight w(x) = 1. The devi-

ation is equal to 1/2"M1,
Definition 5. Let there be an ordinary differential equation of the form

L[x()] =0,
where L[x(t)] is a certain differential operator.
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If the following equality holds true for the trial function x(t):
Llx()] = 0(),

then Q(t) is called the differential residual of x(t).
Definition 6. Let there be an integral equation

x(2) = K[x(1)],
equivalent to the differential equation
L[x(n)] =0,

where K[x(t)] a certain integral operator.
If the following equality holds true for the trial function x(t):

x(2) = K[x(0)] = R(2),

then R(t) is called the integral residual of x(t).
Definition 7. Let there be an ordinary differential equation

L[x(n] =0,

such that x*(t) is the exact solution of the equation. If x(t) is an approximate solution of the equa-
tion, then the difference

Ax(7) = x(2) - x(1)
is called the error of the approximate solution x(t).

Remark 1. Differential residuals, integral residuals and errors for systems of ODEs are
introduced similarly.

Example solution of equation by Tau-method

The Lanczos method gives approximate polynomial solutions on a certain fixed interval for
LODEs with polynomial coefficients and polynomial right-hand sides of the form

LEx()] = x9(1) + a,(0x" (1) + O + a,()x'(1) + a,(x(0) fif{) = 0,

where a,(t), f(t) are polynomials; x(t) is an unknown function.
For illustration, consider a simple example:

Llx(O)] =x"(¢) + &x'(¢) + 2x(¢) = O,
x(0) =0,x'(0)=1.

©)

The exact solution of Eq. (3) is x*(t) = texp(fit2/2). Suppose that the exact solution is unknown
and it is necessary to find an approximate solution to problem (3) at 0 <t < 4. The Weierstrass
approximation theorem (see, for example, monograph [33]) guarantees that any continuous func-
tion can be approximated on a fixed interval of finite size with arbitrarily high accuracy by a poly-
nomial of the appropriate degree. This statement serves as the basis for finding an approximate
solution in the form of a polynomial for the given problem.

We search for an approximate solution to problem (3) as a 7th-degree polynomial with indef-
inite coefficients b,:

x(f) = b,+ byt + b2+ O+b.1. 4

After substituting expression (4) into Eq. (3), the right-hand side (differential residual) turns
out to be a polynomial:

O(1) = (2b,+ 2b,) + (3b,+ 6b.)t + (4b,+ 12b,)? + (5b,+20b,)F +

®)
+ (6b,+ 30b,)t* + (7b + 42b.)°+ 8b 1°+ 9b.1'.
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We need to bring differential residual (5) as close to zero as possible; for example, by satisfying
the condition Q(t) = 0. However, this is possible only when the exact solution of the equation is a
polynomial of the required (or lower) degree. The statement ébring the residual as close to zero as
possiblei is not clearly defined and cannot be regarded as unambiguous in a mathematical sense.
For example, we set as many coefficients of the lower-degree terms in residual (5) as possible
equal to zero, provided that some coefficients are used to satisfy the initial conditions. This is
sufficient for residual (5) to exclude terms with multipliers 1, t, t2, t3, t4, t% and even 5. Then the
solution is as follows:

b,=b,=b,=b,=0,b=1,b=-1/2,b.=1/8, b =-1/48,

O(f) =-3/16¢'.

As expected, this result is a truncated Taylor series for the function texp(fit?/2). Fig. 1 shows
a comparison of the exact solution with the approximate polynomial solution (4) with coef-
ficients (6) for t [0,4]. Obviously, this solution is unsatisfactory, despite the high degree of
the polynomial.

6)

One of the possible reasons for this fail-

x,x* ure is that although the differential residual
0.6 Q(t) = n3t’/16 is small near the point t = 0, this
residual is unreasonably large in the vicinity of
0.4 the point t = 4. Apparently, if we require that
the residual be approximately the same over the
0.2 entire interval, then we can expect a significantly
better result.
0 i 5 3 T { The first step proposed by Lanczos is to
\ remove the ill-defined empirical conditions. In
-0.2 the new formulation of the problem, it is neces-
sary to find the coefficients b,, b, i b, ., T, for
Fig. 1. Exact (x*(t)) and approximate (x(t)) which function (5) satisfies the conditions
solutions of differential equation (3) - () — — . /6 7
(thin and bold lines, respectively); ¥(0) =0, x(0) = L LIx()] =t 71"
the coefficients of the polynomial x(t) The problem has not actually changed, but
are determined by Egs. (6) now the system of equations is well-defined

from an algebraic standpoint. The corresponding
SLAE has a unique solution. Naturally, this solution coincides with solution (6).
The next important step proposed by Lanczos consists in replacing the differential residual
Tt°+7t’ (i.e., a function that is small at one end of the interval but large at the other end) with
a differential residual

Tl (1) + LT (1),
where Ts(t) and T7(t) are transformed Chebyshev polynomials T (t) and T,(t) of the corresponding
degree [2, 34, 35].

These polynomials are rescaled fromt [Al, +1]tot [0, 4] and deviate least from zero on
the interval t [0.4]:

T(t)=321°— 481"+ 181°— 1,
T (1) = 641" — 1127°+ 567°— 7.
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Now the differential residual Q(t) on the right-hand side of the equation is approximately the
same at all points of the interval under consideration. Then it is logical to assume that the error
of the approximate solution is also approximately the same over the entire interval. This hypoth-
esis is supported by the fact that the error of the approximate solution is zero at all points of the
interval provided that the residual Q(t) is zero at all of its points. However, minimization of the
residual does not necessarily mean minimization of the error (see the example below).

Solution (4), obtained for Eq. (3) using the Lanczos Tau-method, contains the
following coefficients:

b,= 0, b, = 1.000000000, b, = 0.052400600, b,~ —0.880052000,
b,~ 0.442647000, b~ —0.091658100, )
b= 0.006894820, b~ —0.000023572.

Fig. 2 illustrates the discrepancy between the exact and approximate polynomial solutions (4)
with coefficients (7) obtained using the Lanczos Tau-method. The approximate solution x(t) lies
in the range of 0A0.6 with the maximum error on the interval t [0.4] equal to 0.012. The graphs
of the exact and approximate solutions are virtually indistinguishable. Fig. 2 shows the graphs
for error and differential residual. It can be seen that the accuracy of the approximate solution
obtained using the Lanczos Tau-method is satisfactory.

a) b)
AX 0
0.010! 0.10]
0.005 0.05)

0 i 2 3 \/ 7 0 T 2 3 T
-0.005 -0.05
_0_010 '0.10‘
Fig. 2. Error of approximate solution obtained by Lanczos Tau-method (a)
and its differential residual (b)

Monograph [34] shows that expanding the approximate solution into a truncated Chebyshev
series often yields higher accuracy than the Lanczos method. However, approximate solutions
obtained using the truncated Chebyshev series also do not guarantee the highest possible accu-
racy. The goal of this study is to create a modification of the Lanczos Tau-method providing the
highest possible accuracy of the approximate solution.

Indeed, a small (with respect to the minimax norm) differential residual in the differential
equation does not mean a small minimax error of the solution. As an example, consider the equa-
tion y”(t) + y(t) = 0 with an exact solution

Y'(f) = c,cost + c.sint
and the equation z"'(t) + z(t) = esint with the exact solution
Z'(f) = c,cost + c,sint — g(tcost i sinz)/2.
No matter how small the differential residual Q(t) = esint is in the second equation, the dif-

ference between these two solutions with the same initial conditions becomes arbitrarily large as
the interval t [0,T] increases.

Difference between errors and residuals

The error Ax(t) is the difference between the exact solution x’(t) and the approximate solu-
tion x(t). The differential residual Q(t) is the deviation of the right-hand side of the differential
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equation after an approximate solution is substituted. The theorem on the unique solution for
ODEs states:

11f the differential residual is zero everywhere, then the error is zero everywhere, and vice versa.T

The Lanczos Tau-method is an attempt to make the differential residual as close to zero as
possible, assuming that this keeps the error as close to zero as possible. As proved above, this
statement is incorrect.

To find the relationship between the error and the differential residual, it is necessary to use
the integral form of the equation. Suppose that there is an equation

YD) + e (D) + O + e )y + (1) =0, (®)

where c, (1), _cz(t), 0, ¢,() and c(t) are continuous on the interval t  [t,,T]. Eq. (8) is equivalent
to the equation

n-1
I n-—. t_t
J’(t):yo +y0(l‘—t0)+...+y(() g ((n_oj)_)| -

©)

o] @l () b, ()5 () +elr) deec

hy 1o

where y(t,) =y, Y'(t,) =Y, O, y"(t) =y are the initial conditions for Eq. (8).
Picardis theorem [36] on the existence and uniqueness of a solution to a LODE uses, in par-
ticular, a recurrent sequence of functions y (t) defined by the equalities

Vi@ = N, (0], (10)

where N[y()] is the integral operator on the right-hand side of expression (9).

Regardless of the initial function y (t) and the size of the considered finite interval t  [t,T],
iterations quickly converge to the solution of integral equation (9), i.e., to the solution y(t) of
differential equation (8). The given solution is unique and definite for any t  [t,, T].

Analyzing the proof of Picardis theorem, we find that

max |y (t) - (t)| < C max |yk+1 (t) -V (t)

t [10.7] t [1o.7] ’ (11)
where the constant C is determined only by the coefficients of Eq. (8) and the interval [t,,T]. A
more accurate estimate leads to the equality C = C /k!

Importantly, the constant C in Eq. (11) does not depend on the choice of initial function y (t),
chain of functions y, () or solution y(t).

This result can be formulated as follows.

Theorem 4 (about the integral residual). Assume that y(t) = N[y(t)] is the integral equation (9)
obtained from differential equation (8); y(t), z(t) are the exact and approximate solutions of Eqgs. (8)
and (9), respectively; R(t) is the integral residual for z(t), given by the relation

z(1) = N[z()] + R(2). (12)

Then the error y(t) A z(t) satisfies the relation

max y(t) —z(t)| < C max |R (t)

t [t.7] t [t.7]

, (13)

where the constant C is determined only by the coefficients of Eq. (8) and the interval [t , T].
Proof. Integration by parts gives the relations
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;c et =es(1)5(0) =60 (1) (0) fea (1) ()
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= (00w ) (6) [0~ ) () 52

—j'dt cr- (1) y(1) = ¢ (8) (1) ‘ch—z (1) y(e)ar = (13)
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/) -jzc;_z ()5 far e () s(e)ar -
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~Ch-2 (to)y(to) ~Ci2 (to)y'(to)m+c;—2 (to)y(to)ﬂ1

1 1!

t

J’dt Idt J'cn3 t)dt  =..

Integral equation (9) is transformed into an equivalent integral equation of the form

»(1)= +J'dt (0 +Idt () »(2) +...+jdt(hn(t)y(t)+c(t))

where h, (t) are some continuous functions (e.g., polynomials) defined by coefficients c, (t) after
integration by parts; H(t) is a polynomial of degree n fi 1 with the coefficients given by complex
expressions involving the values of the known functions (coefficients of the equation and their
derivatives) at t = t, and the known initial conditions for y(t).

Importantly, H(t) does not depend on the unknown solution y(t).

Iterations

Yeu ()= H (1) + Idt h( )+jdt n (1), (t)+...+j'dt(hn ()3 (1) +< (1)

converge quickly under any initial condition y(t). To prove this, we introduce the notations

Ay, (t) =Via (t) f yk( ) M = max |Ay0(

t [t.7]

(1),

t[t ]

The iterations for Ay, (t) take the form

Ayk+l Idt h’l Ayk +Idt h Ayk + +Ih Ayk

whence we obtain the following estimates for the interval t [t T]:
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Ay, (1) < M,
Ay, (0] < M(ATH AHAT2H,AR2\+.. +AT'H At'In!) < MGAL,
AV, () < MG(ATH,AZ/2! +ATPHAG/3\+...) < MGXARI2)

Ay (O] < MG*ALTRY,
where At = (t A t)/AT, AT=T At; 0 <At <1, G is a constant:
G=ATH + AT’H,+ ... + AT"H .
A sequence of iterative values
Ved(0) = yo(0) + Ayp(0) + Ay, () + ... + Ay, ()

converges uniformly on the interval t [t T], since the sum of the increments Ay (t) is majorized
by uniformly absolutely-convergent series:

Ave() + Ay, () + ... + Ay (O < Ay, (O] + Ay, (D + ... +
+ Ay (O] + ... < M exp(GA?).

Therefore, there is a limit 'y, (t) — y(1); it gives the solution y(t) of integral equation (9) and
differential equation (8), as well as an error estimate:

D(0) = vy < [Avy(0)] + 1AV, ()] + ... HAY (D) +...<
< M exp(GA?) < MC,

(14)

although this may turn out to be a very rough estimate of the constant C used in inequality (12).
Let y,(t) = z(t), where z(t) satisfies Eq. (12). Then the following equalities hold true:

y,(0) = N[z(0)] = z(2) A R(D), Ayo(1) = ,(1) i y (1) = AR(2),
M = max|Ay, (1)| = max|R(?)|.

Combining this relation with Eq. (14), we obtain relation (12).

Theorem 4 is proved.

This proof bears significant similarities to the proof of Picardis theorem for systems of
LODEs [30], but with minor modifications. Inequality (13) means that in order to minimize the
difference between the approximate solution z(t) and the exact solution y(t), we should minimize
the modulus of the function R(t) in Eqg. (12). Returning from Eq. (9) to Eq. (8), equality (12) is
transformed into equality

2Z0(1) + ¢ ()0 0(r) + O + ¢ ()z + c(f) = Q) = d"R(D)/dr". (15)

Eqg. (15) shows that the differential residual for the Tau-method is the nth derivative of the error
with an accuracy up to a constant factor (see inequality (13)). In particular, if the sum of Chebyshev
polynomials is used as a perturbation for the right-hand side of differential equations, as is done
in the original Lanczos method, then the error of the approximate solution is an n-fold integral of
the sum composed of Chebyshev polynomials. Therefore, the error of the approximate solution for
high-order differential equations may be far from the function deviating least from zero.

Similar statements are true for systems of LODEs with continuous coefficients.

Optimized Tau-method for solving differential equations

Suppose that there is a LODE (8) where the leading coefficient is equal to, and the remaining
coefficients and the free term are polynomials of the independent variable. As discussed in the previ-
ous section, an optimal approximate solution is obtained by selecting the right-hand side in the form
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R(1)= 3wl (1), (16)

where Tk+n(t) are first-kind Chebyshev polynomials of least deviation from zero, with an argument
scaled from the interval [-1, +1] to the interval [t T]; 7, are constants to be determined later.
The number of terms in sum (16) and the degrees of the polynomials correspond to the differ-
ential residual in the right-hand side of differential equation (8) after substituting an approximate
polynomial solution with indefinite coefficients.
If the integral form

n-1
r n-. t_t —
Z(t):yo +y0(t—to)+...+y(() 1)¢+ ZTkam (t)_
(17)

is converted to a differential equation, the output signal is equal to
() () o) v, ()24 e() = T 1S, 0) as)

where the polynomials §k (t) are defined as

S, (t)=d"T,, (¢)/dr".

Similarly to the original Lanczos method, Eq. (18) allows to determine both the coefficients of
the approximate solution z(t) and the coefficients t,. In addition, analysis of Eq. (17) shows that
the initial conditions of the approximate solution z(t) should be calculated as

0 = 4'2(1)

5 2 ,7=0,1 ..., nAlL (19)

=
:y(j) + Z_[k d Tk+n (t)

0 dt’

t=ty t=ty

Combining Egs. (19) and linear equations derived from Eq. (18), we can unambiguously find
all the indefinite coefficients. This result can be formulated as follows.

Theorem 5. Let the optimized Tau-method be obtained by combining relations (18) for the dif-
ferential residual of the approximate solution z(t) and relations (19) for the initial conditions of the
approximate solution z(t), where S, (t) =d"T,., (t)/dt” and T,,, (t) are Chebyshev polynomials
of degree k + n, recalculated from the interval [A1,+1] to the interval [t,,T]. Then the error of the
approximate solution z(t), calculated as an exact analytical solution of the perturbed problem (18),
(19), satisfies the relation

el (1) =20 = € o

RE0

5 (20)

sCth

where the constant C in Eq. (20) is determined only by the coefficients of Eq. (8) and the interval
[t,, T], and the approximate solution z(t) obtained by this technique is close to the optimal minimax
approximation of the exact solution y(t).

Proof. The statement of the theorem follows directly from Theorem 4 if the weighted sum
of scaled first-kind Chebyshev polynomials is used as the integral residual. The final inequality in
Eqg. (20) follows from the fact that the minimax norm of each of the scaled Chebyshev polyno-
mials on the interval under consideration equals unity.

Theorem 5 is proved
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Remark 2. Strictly speaking, the sum of several scaled Chebyshev polynomials is not the
polynomial that deviates least from zero on the interval under consideration, and therefore the
approximate solution obtained differs from the optimal minimax approximation of the exact
solution of the differential equation. The deviation of the error of the approximate solution from
the error of the true minimax approximation to the exact solution y(t) is determined by the de
la Vallée Poussin theorem (see Theorem 1) after analysis of the local minima and maxima of the
value of the right-hand side in inequality (20). _

Remark 3. In the case when exact initial conditions are required, the polynomials 7., (t) are
represented as

Ton ()= (1=1) T (1= 1) (T =15)),

where T~ (t) are the polynomials deviating least from zero, with the weight t" on the normalized
interval t  [0,1].

This procedure gives a large error but allows to set accurate initial conditions. Algorithms for
numerical calculation of polynomials are discussed in [25A27].

Example. Consider an approximate solution of problem (3) in the form of a polynomial

x() =yt ettt fro e frelftol. (21)

_ Substituting this solution into Eq. (3), we conclude (see Eq. (5)) that two auxiliary polynomials
S (t) and S, (t) with the leading terms t® and t” are required:

S (1) = dzjjz(t) S ()= dzaTjjz(t) '

Ty(t) = 1281°— 2561°+160t* + 327°1i 1,
T,(t) =2561° - 5761+ 4327° — 1207°+ 91.

In view of Eqgs. (19) for the initial conditions, we obtain the following relations:
x"(¢) + o' (¢) + 2x(¢) = 1,55 (1) + T, S, (1),
x(0)-1,7;(0) - 1,7, (0) =0,
x'(0)-1,7;(0) - 1,7, (0) =1.
We obtain the following solution of the corresponding SLAE with respect to unknown coefficients:
¢,~0.00234716, c¢,~ 0.92262700,
c,=0.41914500, ¢,~ -1.45266000,

¢,~0.78428300, ¢,~-0.20136600,
¢;~ 0.02406430, ¢,~-0.00106550.

(22)

Figs. 3 and 4 illustrate the accuracy of the approximate solution and its first and second-order
derivatives. Since there are no visual differences between the graphs of approximate and exact
solutions, such graphs are not shown in Fig. 3. The maximum error on the interval t [0.4] is
0.0023 for the approximate solution; the error for the first-order derivative is 0.0770; the absolute
error for the second-order derivative reaches 0.8400.
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Fig. 3. Characteristics of approximate solution of Eq. (3) obtained by the optimized Tau-method:
a is the error of this solution, b is its differential residual
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Fig. 4. First (a, b) and second (c, d) derivatives of approximate (x(t)) and exact (x*(t))
solutions of Eq. (3) (a, ¢) and error of derivatives for approximate solution (b, d).
Results were obtained by the optimized Tau-method

Discussion

As mentioned in Remark 2 to Theorem 5, the result may differ from the optimal minimax
polynomial if the proposed algorithm uses more than one auxiliary polynomial. To find the true
optimal solution, it is necessary to consider a general variational problem, where the free param-
eters of the approximate solution are used to obtain the least deviating polynomial for the right-
hand side of the integral equation.

However, the process of solving such a problem is poorly algorithmized. Substituting the true,
least deviating polynomial in the right-hand side of the integral equation by the sum of Chebyshev
polynomials makes it possible to reduce the general variational problem to simple algebraic cal-
culations. Even if the error of the approximate solution obtained does not turn out to be the true
minimax error, this error is still sufficiently small.

The undoubted advantage of the algorithm under consideration is that it allows to obtain
approximate analytical solutions when the coefficients of the equation and/or the initial condi-
tions and/or endpoints of the interval under consideration are algebraic expressions depending
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on the parameters. This allows to investigate and optimize solutions without numerically solving
differential equations for each set of parameters under consideration.

Conclusion

Based on the analysis carried out, we can formulate the following generalizing statements.

1. Minimization of differential residuals of an n-th order LODE or a system of first-order
LODEs is not equivalent to minimization of errors of approximate solutions. The polynomial
differential residuals in the right-hand sides of the equations used in the Lanczos method should
be nth-order derivatives of Chebyshev polynomials and not Chebyshev polynomials themselves.

2. Using approximate initial conditions for approximate solutions gives the researcher more
freedom in constructing approximate solutions and ensures greater accuracy. Optimal variations
of the initial conditions follow from the analysis of integral residuals, which are linear combi-
nations of scaled Chebyshev polynomials with abstract coefficients calculated subsequently from
SLAE of the optimized Tau-method.

3. Derivatives of approximate solutions are not the best approximations to derivatives of exact
solutions, even if approximate solutions turn out to be the best approximations to exact solutions.
To obtain good approximations for derivatives of exact solutions, it is necessary to transform a lin-
ear differential equation with polynomial coefficients into a system of first-order linear differential
equations and then apply the Lanczos method to this system. This approach also introduces more
free coefficients for varying the approximate solution and, therefore, provides greater accuracy for
the best approximate solution.

A separate publication will consider the potential offered by replacing a single differential
equation with a system of differential equations in combination with the optimized Tau-method.

The proposed approach is an optimization of the original Lanczos Tau-method for the
following reasons.

Firstly, the new method optimizes the error of the approximate solution, whereas the origi-
nal Tau-method optimizes only the differential residual. However, the error of the approximate
solution for high-order differential equations, calculated by multiple iterated integration of the
minimum differential discrepancy, may turn out to be very far from the minimum achievable
error if the differential residual is not identically zero. The same considerations hold true when
some authors use orthogonal polynomials of other types to optimize differential residuals of
differential equations.

Secondly, the proposed method introduces a controlled perturbation of the initial conditions.
This gives the researcher more freedom to optimize the approximate solution, consequently yield-
ing results with greater accuracy.

Thirdly, error-oriented analysis of integral residuals shows that equations with leading coeffi-
cients of polynomials should be considered using adjusted tau algorithms to obtain good accuracy
for approximate solutions.

We intend to analyze the special case of the optimized Tau-method, focusing on differential
equations with a leading coefficient of the polynomial in a future study.
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Introduction

Spacecraft engineering must anticipate how various factors in the space environment influence
the structural components and onboard electronics. To address this, ground-based laboratories
are established, space experiments are conducted, and models of the behavior of materials in
outer space are constructed. Besides various types of space radiation (protons, electrons, etc.),
spacecraft are also bombarded by space debris and micrometeoroids. Typically, multilayer struc-
tures with specialized coatings (such as thermal control coatings, heat pipes, heat exchangers,
optical glasses, solar panels, antennas, electric vacuum insulation, etc.) make up the elements of
spacecraft directly exposed to these impacts. Even collisions with particles that do not penetrate
these elements lead to degradation of their surfaces, gradually altering optical, electrical, and
mechanical characteristics, ultimately compromising the spacecraftis performance. As lifespans
of spacecraft are extended, detection of micrometeoroids and the ever-increasing amounts of
man-debris, along with protection of spacecraft protection pose crucial challenges. Furthermore,
the concentrations of high-speed man-made dust particles in near-Earth orbit have been growing
in recent years [1A12].

Sensors based on different physical principles are used to control the distribution of microparti-
cles (micrometeoroids and space debris particles) in near-Earth space [11A15]. Film-based detec-
tors are of particular interest, allowing for large sensitive surface and relatively low mass [13f21].

In this paper, we consider the concept of a film detector for high-speed microparticles based
on a spiral film inductor allowing to determine the impact sites of high-speed microparticles using
spectral analysis of the data obtained. Only one measurement channel was used instead of a large
number of multiplexers, as is customary in available equivalents [18].

Model of primary transducer (excluding parasitic parameters)

A film inductor made of conductive material deposited on a dielectric substrate is proposed as
the primary transducer of the detector for high-speed microparticles (Fig. 1,a). The surface of the
other side of the substrate is modified by metallization.

The inductance of such a circular spiral film inductor can be calculated by the following
formula [22/A28]:

2 2
1=0033937 —+ " g
8a+llc ¢
_D0+Di _Do_Di
a= , C= ,
4 2

K,=0.570 i 0.145:In (WIh),

where L, nH, is the inductance of the inductor coil; n is the number of turns in the coil; D, D_,
pum, are its inner and outer diameters, respectively; h, um, is the thickness of the dielectric sub-
strate; W, um, is the width of the strip; (some geometric parameters are shown in Fig. 1,a); K, is
a factor accounting for the presence of a ground plane.

The factor K decreases as it approaches the ground plane, so it was assumed to be equal to
unity in [24].

© O4edaet A. 1., Eagada 1. 1., 2025. Ecaaocdéi: Naféo- 1'40404004Meeé TTER0A0 Te+4ieeé 0T addneods Taoda A3EBeaTaT.

50



4 Experimental Technique and Devices
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Fig. 1. Cross-sections of inductor coils without break (a)
and with break (b); their geometric parameters are shown
Inset: micrograph of bowl-shaped depression (crater)

When a high-speed microparticle collides with the metal strip, a crater forms, producing a
break (Fig. 1,b). The size of the formed crater can be roughly estimated by the empirical models
presented in [29]:

D/d - Kl p(;).333 V0.6671

where K, is a coefficient whose value depends on the nature of the materials of the metal strip
and the microparticles; D, d, cm, are the diameters of the crater and microparticles, respectively;
Py g/cm?, is the density of the incident microparticle; V, km/s, is the speed of the microparticle.
The break in the metal strip leads to the formation of an electrical capacitance series-con-
nected to the metal strip (see Figs. 1 and 2). The nominal value of this capacitance can be calcu-
lated using model of a coplanar capacitor based on a microstrip line [30A33]:
1
Cg - Eceven’
m 0.9
A €
Ceven = W pe— eK" N~
w 9.

(op]

m =ﬂ—1, for0.3<

e 0.16 Sl’
(w/r)°

S
W

K, =197-2% for o.3s%s1.

Wi

where C , pF, is the capacitance of the broken strip; m, K, C__ are intermediate variables used
for calculating the capacitance of the broken strip; Sy bm, is the width of the break in the metal
strip equal to the diameter of the crater from a high-speed collision; W, cm, is the width of the
metal strip; h, mm, is the height of the dielectric substrate; ¢ is the dielectric constant of the

material to which the strip is attached.
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Fig. 2. Schematic model of coplanar capacitor formed from break
of the metal strip (see Fig. 1) (a) and its equivalent circuit (b):
S, is the width of the strip; C, is the capacitance of the broken strip; C, is the parasitic capacitance
of the strip relative to metallization on the other side of the dielectric substrate
M Our preliminary calculations show that the
capacitance of the coplanar capacitor is small
compared with the turn-to-turn capacitance of
S he film ind herefore, C, can b i
L L the film inductor, therefore, C  can be approxi-
. ° mately estimated as the capacitance between two
adjacent turns of the coil where break occurred (in

accordance with the expressions given in [21, 34]).

Thus, a coil with a break (see Figs. 1, 2)

Fig. 3. Equivalent circuit of broken inductor coil: can be represented as two inductively coupled

inductances of the larger and smaller coils L, L,;  coils, series-connected through an electrical

their mutual inductance M; capacitance C, (see  capacitance (Fig. 3). The mutual inductance

Fig. 2). Each bold dot indicates the point where M can be estimated by the following analytical
current flows into the inductor expression [25]:

_UO Dol
M=—"N N,————
't (1) (A=)

A, 1 1 A 1
2(a0-8)n < +%(A5_5s) o1+ (T-F) -1

where N,, N, are the numbers of turns in the larger and smaller coils; D DI , cm,are the outer
and mner dlameters of the larger coil, respectively; d_, d, , cm, are the ouier and inner diameters
of the smaller coil, respectively (see Fig. 1,b); 6 = D /D ; A =D, /D ;0=D,/D, ;A= 9.870,
A, = 3.701, A, = 2.313 are the coefficients taken from [251 ’ 2

The results of computer simulation carried out
using the above analytical expressions are shown
in Fig. 4. It was taken into account in the simula-

L.OE+2;

1.0E+1

2 1oE0 smesmemzesccnn 110N that the outer diameter of the coil was taken
3 equal to 10 cm (the dimensions were chosen so
2 10E-1 that the coil could be placed on the outer wall of
£ o2 a CubeSat spacecraft), the inner diameter of the
g spiral was 1 cm, the strip width was 250 um and
# 1.0E-3 ? the number of turns was 90. The inductance of
1.0E-4 s o s a0 the coil was approximately 9.65-10™ H.
’ f, GHz The simulation results showed that the total

impedance of the broken coil at high frequen-

Fig. 4. Variation in normalized impedance cies tends to the impedance of an intact coil.

of broken inductor coil for different pairs The resonance frequencies are clearly detected

of parameters (ratio k = N/N__ and in this case. They depend on the parameters of

capacitance C,, pF): 0.7, 0.005 (curve 1); 0.7, the inductor, the location of the break and the
0.05 (2); 0.5, 0.05 (3); 0.9, 0.05 (4); 0.7, 0.005 (5) nominal value of the resulting capacitance.
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Cs Model of primary transducer taking
into account parasitic parameters

11 Each real coil has parasitic parameters: elec-
trical capacitance and resistance, which can be
estimated by the following expressions [22, 23]
L R (Fig. 5):

R=K MmanR,
C) e Cr et w ’

K =1+0.333 1+i ,
/4

C,=35107° D, +0.06,

Fig. 5. Equivalent circuit of broken coil

taking into account parasitic parameters: where R, Q/0, is the sheet resistance of the film;
parasitic turn-to-turn capacitance C,, parasitic C,, pF, is the parasitic turn-to-turn capacitance;
coil resistance R S, um, is the gap between the turns of the induc-

tor coil; K is the correction factor accounting for
current crowding in the corners of the conductor.
The simulation results for the dependence of the coil impedance on frequency (taking into
account parasitic parameters) in Fig. 6 indicate that an additional resonance appears on the fre-
quency response curve due to parasitic elements.

Z, kQIT

1000
100f

10} -

0.1

0.01 x ! : J
0 10 20 30 40 50

f, MHz

Fig. 6. Dependence of impedance on frequency (taking into account parasitic parameters)
for different pairs of parameters (ratio k and capacitance C , pF):
0.9, 0.05 (curve 2); 0.5, 0.05 (3); 0.7, 0.05 (4); 0.7, 0.5 (5); 0.7, 5.0 (6); 0.7, 0.025 (7);
curve 1 corresponds to inductance without break

Experimental results

A prototype of a circular inductor coil with a diameter of 100 mm was made for the exper-
iments (Fig. 7); a close-up photograph of the break made by a scalpel cut is also shown. The
width of the metal strip was about 200 um, the width between the strips was about 250 um. A
LiteVNAG4 vector network analyzer with a frequency range of 50 kHzR6.3 GHz was used to
determine the amplitude and phase characteristics of the film detector. The analyzer, bundled
with the NanoVNA-App software, was connected to a personal computer. The measurement
results were saved to a database on the PC and then analyzed using the GNU Octave program.
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Fig. 7. Photographs of experimental waveform
(top) and prototype detector (bottom)
based on the inductor (the break point

is marked by an arrow)

The screen shows curves of the magnitude of the total

impedance, impedance phase and standing wave

ratio (yellow, blue, and green lines, respectively).
Inset: enlarged region of the coil with the break

>

The obtained frequency response of the film
inductor for different strip parameters is shown
in Fig. 8. The turn numbering starts from the
outer diameter of the coil. Importantly, multiple
resonances are observed. Further analysis was
performed only for the first two resonances.

Fig. 9 shows the experimental dependences
of the position of the first (Resl) and second
(Res2) resonance peaks on the position of the
break point as well as the approximation of
experimental data by power functions. It can be
seen that the behavior of the experimental curves
obtained is in good agreement with the results of
computer simulation.

As it turned out, the dependence of the reso-
nant frequency f of the detector on the positions
of the break points are well approximated by a
function of the form

f=kINY,

where N is the turn number (numbering starts
from the outer diameter of the coil); k is a con-
stant (k, = 59.89, k,= 121.34 for the first and sec-
ond resonances, respectively); a is the exponent
(a, = 0.589, a, = 0.571 for the first and second
resonances, respectively). For small N (5A15),
the resonant frequency shift reaches 1 MHz per
turn, so that not only the radial position of the
particle impact area, but also its sector (part of
the arc length when the number N is not an
integer) is determined with high accuracy. For
large N (60RA75), the resonant frequency shift is

on the order of 20 kHz per turn, also allowing to determine the particleis impact sector, albeit

with a lower accuracy.
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0 10 20 30 40 50 60 70 80

Coil number N

Fig. 9. Experimental (points) and approximating (lines) dependences
of resonant frequency of the detector on the positions of the break points
for the first (Resl) and second (Res2) resonances

Conclusion

In this paper, we propose to use a film inductor as a detector for incident high-speed micro-
particles. This configuration eliminates the need for complex multiplexer arrays commonly used
in sensors of this type. The presented results of computer and laboratory simulation of this config-
uration indicate that the film inductor is suitable for detection of high-speed microparticles with
sizes from 100 um in CubeSat spacecraft.

Analyzing the results, we found that the location of the break point in the metal strip of the
inductor coil can be determined by analyzing the resonance frequency shift on the frequency
response curve. It is possible to reliably determine the location of the break if the number of the
broken turn is greater than 5.
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Introduction

Magnetic fluids, which are colloids whose solid phase is a magnetically ordered material, find
diverse different practical applications [1, 2]. They are also of interest for research: for example,
recent studies considered the behavior of such fluids embedded in biological systems [3fi5] and
other complex media [6-8]. Optoelectronic devices (modulators, sensors, tunable filters, etc.) with
an active medium based on magnetic fluids are considered in many works [9f12].

A key factor to take into account in exploiting the optical properties of these substances is that
a high-intensity laser beam alters the concentration of magnetic nanoparticles. This effect can be
attributed to several mechanisms, the primary one being thermal (see [13] and references therein).
A change in concentration leads to a change in the refractive index n and the appearance of a
lens-like inhomogeneity in the sample, the so-called thermal blooming or thermal lensing (TL),
on which the light diffracts. This is in fact a type of self-diffraction. TL under high-intensity laser
radiation is characteristic for many materials, in particular, it has been observed in magnetic
fluids [14, 15].

The common technique for studying TL is focusing a laser beam in a medium, measuring the
diffraction of the same beam on the inhomogeneity induced by it. The information obtained from
such experiments is essential both for developing photonics devices and for understanding the
nature of the processes occurring in such systems.

Since laser radiation induces TL and diffracts on it, its characteristics (power, beam shape,
etc.) cannot be varied without it modifying the object studied.

In this paper, to study the effect of thermal lensing, we propose to use an auxiliary low-in-
tensity laser illuminating the induced inhomogeneity at a certain angle. The advantage of this
approach is independent probing of the studied object.

Experimental

Samples. The samples were made from a commercial magnetic fluid with a solid fraction con-
sisting of magnetite nanoparticles with an average diameter of about 10 nm. The solvents were
kerosene and water with added organic oils and stabilizers (surfactants that prevent aggregation).
They were diluted with the appropriate carrier to concentrations ¢ = 1fA3 vol.%. The fluid was
placed in a cell with the thickness d = 60 pum.

Experimental setup. Fig. 1 shows a diagram of the experimental setup. The primary light source
(a helium-neon laser) had a wavelength of 633 nm and a power of 17 MW. Its radiation was
focused on the sample with a lens; according to estimates of focal spot size, the optical irradiance
in it was 18 MW/m?2. Radiation from an auxiliary semiconductor laser with a wavelength of 660 nm
© Aegdendda A. A, Teadwaéta E. A, Edciiei . E., OTo6aita RB. A, 2025. Ecaacdsi: Nareo-Tacddacdineeé

TTEROATTE+AMEeé 0TeaddNe080 1400 AGELETAT.
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Fig. 1. Schematic of experimental setup: primary and auxiliary lasers 1, 2, respectively;
focusing lenses 3; electromagnet 4; cell 5 with sample; diffraction spots 6, 7
from primary and auxiliary beams, respectively; screen 8,
digital CMOS (Complementary Metal-Oxide-Semiconductor) camera 9
Inset: region of laser beam focused on the sample, with the waist parameters

and a power of 12 MW was focused onto the sample. The irradiance from this laser beam on the
inhomogeneity induced by the primary laser did not exceed 4 kW/m? (by our estimate), i.e., it
could not have any significant influence on it. Each of the two beams formed its own diffraction
pattern on the translucent screen located behind the cell.

The cell with the magnetic fluid was placed in an electromagnet generating field with the
strength H orthogonal to its plane, variable from zero to 60 kA/m.

The dimensions of the TL were estimated assuming its boundary is approximately defined by
the caustic (see inset in Fig. 1); the parameters characterizing the laser beam waist were used:
its diameter at the beam focus 2w, and the Rayleigh length z_.. They were calculated using well-
known formulas, equaling 35 and 900 um, respectively, for the geometry of our optical circuit.
Since the thickness of the cell d is much smaller than the Rayleigh length z,, we assumed that
the inhomogeneity had an approximately cylindrical shape with a diameter of about 35 um and
a length of 60 um.

Results

Several series of diffraction patterns were obtained in the experiments under different condi-
tions and for different samples (Fig. 2).

Pronounced diffraction patterns appearing as concentric rings were observed in both beams for
the kerosene-based magnetic fluid (see Fig. 2,a), which were noticeably influenced by the appli-
cation of the magnetic field (see Fig. 2,b). The spot in the auxiliary beam was elongated, and an
increase in the angle a led to an increase in its ellipticity (see Fig. 2,c). The spot sizes in water-
based samples were much smaller than in the kerosene-based samples (Fig. 2,d shows an image
obtained at about three times the screen distance from the cell). It is evident that the diffraction
rings are poorly resolved (the diffraction pattern from the auxiliary beam, located on the right in
Fig. 2,d, is magnified by several times for clarity). For this reason, only the results obtained for
kerosene-based samples are given below.

The size D of the diffraction patterns depended on the magnetic field strength H, while the
variation in this size can be conveniently characterized by a normalized parameter

O(H) = D(H)ID,

where D(H), D, are the average diameters of the outer ring of the diffraction spot at field strength
H and at H = 0, respectively.
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Fig. 2. Examples of diffraction patterns from
different samples under different conditions:
samples based on kerosene, ¢ = 2 vol.% (afic) and
water, ¢ = 3 vol.% (d); applied magnetic fields
H =0 (a, ¢, d) and H = 56 kA/m (b); images
from primary (left) and auxiliary (on the right)
beams are shown (a,b,d); angle a (see Fig. 1) was
equal to 20°. The difference in Fig. 2,c: here both
images are from auxiliary beams: at a = 35° on the
left and at o = 55° on the right
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Fig. 3. Dependences of relative sizes of diffraction

spots on magnetic field strength in kerosene-based

magnetic fluids at different concentrations ¢, vol.%:
1.0 (curve 1), 1.5 (2), 3.0 (3)

Data are shown for primary (shaded symbols) and

auxiliary (unshaded symbols) laser beams at angle o. = 20°

The dependences of Q on the magnetic field
strength for some concentrations ¢ are shown in
Fig. 3. The angle a was chosen small here so that
the elliptical distortion of the response in the
auxiliary beam was negligible. It can be seen that
the shapes of the Q(H) curves for the responses
in the primary and auxiliary beams coincide. The
concentration dependences Q(¢) are shown in
Fig. 4, illustrating the increase in the relative size
of diffraction spots with increasing concentration.

Discussion

Analyzing the obtained experimental results,
we can interpret them as follows. If a cylindri-
cal inhomogeneity induced by radiation from the
primary laser is placed in an additional radiation
field from the auxiliary laser directed to the axis
of the main laser at an angle, then another dif-
fraction pattern similar to the primary one should
appear on the screen; this is in fact exactly what
is observed. The diffraction spot from the auxil-
iary beam becomes more elliptical with increas-
ing angle a between the axes of the two lasers,
which correlates with the elongation in the pro-
jection of the cylindrical inhomogeneity under
side illumination, so that the number of resolved
rings in the diffraction pattern decreases.

Since the size of the diffraction patterns is much
smaller in the case of the water-based magnetic
fluid, it is logical to assume that the characteristic
size of TL in them should be estimated as larger
than in kerosene-based samples. This assumption
is consistent with the results obtained in [13],
finding that such magnetic fluids tend to form
large nanoparticle aggregates under laser radiation,
significantly exceeding 2w, (beam waist diameter).

Fig. 4. Concentration dependences of relative
sizes of diffraction spots in kerosene-based
magnetic fluids at magnetic field strengths
H = 4.0 KA/m (1) and 16 KA/m (2)
Data are shown for primary (shaded symbols)
and auxiliary (unshaded symbols) laser beams
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The behavior of optical responses in the magnetic field is qualitatively explained by the prop-
erties of magnetic fluids. It is known that chain-like aggregates arise in them under the influence
of magnetic fields, with the diameters ranging from units to several tens of micrometers (for liquid
media, where kerosene or water are solvents and the magnetic field strength H is more than 8
kA/m) [16, 17]. These sizes of the aggregates are comparable to the diameter 2w, i.e., the inho-
mogeneity induced by laser radiation is commensurate with the magnetically induced aggregate. It
is natural to assume that the shape of this object does not radically change upon application of the
magnetic field. However, the spatial distribution of particles (and the refractive index n associated
with their concentration [17]) in the object is transformed due to dipole interaction of magnetic
moments aligned with the vector of the magnetic field. An increase in the divergence of the laser
beam passing through the TL was observed in kerosene-based samples with increasing magnetic
field strength, indicating a decrease in the size of the TL.

Evidently, the graphs of the functions Q(H) for different concentrations ¢ are almost similar,
reaching saturation at a magnetic field of about 15 kA/m (see Fig. 3). The value of the field
strength at saturation we obtained differs from the values typical for magnetic fluids, however,
it is in good agreement with the data on the dependence of the refractive index n on the field
strength H [17]. The diffraction patterns of water-based magnetic fluids are almost independent
of the magnetic field. This likely happens because the structure formed in the is larger and denser
than in kerosene-based samples [13].

Conclusion

Based on our findings, we can conclude that using auxiliary laser beams to probe light-induced
inhomogeneities in magnetic fluids can serve as an effective method for characterizing their phys-
ical properties. Its advantage is that inhomogeneities induced by high-intensity radiation can be
probed independently using a weak laser beam.

Within the proposed approach, such inhomogeneities can be probed without altering the con-
ditions under which they form, only tuning the auxiliary laseris illumination parameters.
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concentrations of various fillers, the values of percolation thresholds were determined. The
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Introduction

Polymer nanocomposite film materials show promise for applications in sensor devices for
wearable electronics. These materials are characterized by a wide variety of structures, making
it possible to achieve the necessary properties such as lightness, flexibility, wear and corrosion
resistance, as well as to obtain products in diverse shapes. Devices based on polymer nanocom-
posites are miniature, so, while they are in constant contact with the body, they should be barely
noticeably to the user. Therefore, development of new sensor materials can contribute to rapid
progress in many fields, for example, in medicine to monitor human health [1], in sports to track
the performance of athletes [2], in hazardous workplace environments to monitor the health sta-
tus of workers, in the gaming industry to simulate immersive scenarios and in the fashion industry
to create smart fabrics capable of adapting to external stimuli [3].

© OTiéTa A. T., Etangyoeay 1. E., Aafeeidaa A. N., Aardiyio A. Y., OTéT+eT T. A., 2025. Ecaacdéin: Naréo-
TA040400aMeeé TTES0A0 Te+aneeé 0T2a40Me0d0 Ta00a AGESETAT.
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One of the promising applications for polymer nanocomposites is in flexible stretchable strain
sensors [4, 5]. For this purpose, a conductive filler is introduced into the polymer matrix. Its
particles form a conductive network, which partially collapses under deformation, leading to an
increase in the resistance of the material. Composites containing metal fillers are characterized by
low flexibility and elasticity; they are sensitive to strain only in a limited range [6], while polymer
composites based on carbon fillers have significantly better parameters.

In view of this, research is underway to determine the properties of composites based on var-
ious polymers using graphite [7], graphene [8] or carbon nanotubes (CNTSs) [9] as fillers. The
properties of the obtained materials significantly depend on the technology used for synthesis, the
type of polymer matrix and its concentrations of filler particles.

We developed a technology for synthesis of polymer composites based on styrene-butadiene
rubber (SBR) as a matrix, as well as graphite, graphene and CNTs as fillers.

This paper presents a comparative study on the influence of concentrations of vari-
ous carbon fillers on the conductive, piezoresistive, and mechanical properties of synthesized
SBR-based composites.

Materials and methods

Preparation of samples. We used Sigma-Aldrich styrene butadiene rubber as a non-conduc-
tive polymer matrix, Super P Conductive Carbon Black graphite powder, graphene powder, and
TUBALL single-walled carbon nanotubes as fillers.

To obtain a composite film, a weighed portion of the filler powder (graphite, graphene, or
CNTs) was mixed in carbon tetrachloride (solvent) using a magnetic stirrer; the procedure was
carried out in a sealed flask to prevent evaporation of the solvent and the ingress of air bubbles
into the solution. Next, SBR polymer granules were introduced into this dispersion system at a
concentration of 5.9 wt.% (relative to the solvent) and mixing continued until the polymer was
completely dissolved. The resulting solution was poured into a PTFE mold and dried for 1 hour
under a fume hood until completely dry. The composite film was then removed from the PTFE
mold with tweezers.

To determine the percolation threshold and measure the mechanical and electrical properties
depending on filler concentration, we synthesized samples with graphite and graphene concen-
trations from 13 wt.% to 33 wt.% and CNT concentrations from 0.25 wt.% to 2.5 wt.% (relative
to the finished composite). The filler concentration was selected taking into account the average
size and shape of its particles, using a model estimating the percolation threshold in a material of
a given thickness.

Measurement procedure. The resistivity of all films obtained from synthesized composites, as
well as its dependence on the degree of stretching of the samples, were measured by the four-
probe van der Pauw method. The experiment was conducted by the following steps: the film
sample was fixed in a measuring cell with a movable crosshead, after which electrical contacts
were connected to it. During the stepwise movement of the movable crosshead, the sample was
stretched to a certain length; the resistivity was measured after each step.

The mechanical properties of composite polymer films were investigated with the same setup,
but without connecting the contacts. To measure the strength and relaxation ability of the mate-
rial, the samples were repeatedly stretched, each time increasing the tension in increments of 10
mm. At the final time step of each stretching test, the sample was held for 5 seconds, then the
tensile stress was abruptly removed and the length of the sample was measured with a caliper after
25 seconds. To measure the relaxation time, the samples were stretched by 400% of the initial
length, and after the load was removed, the length of the sample was measured every 20 seconds
until the relaxation effect disappeared.

Results and discussion

Study of percolation properties. To analyze changes in the conductive properties of composites
under deformation, it is necessary to take into account the percolation threshold for particles of a
conductive filler placed in a dielectric polymer matrix. The structural parameter of the compos-
ite that characterizes these properties is the degree of overlap of the particles [10]. A continuous
conductive cluster is formed at a high concentration of particles, with the particles directly touch-
ing each other. As the concentration decreases, the arrangement of the particles becomes more
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dispersed and the conduction mechanism changes to a hopping mechanism. A further decrease
in particle concentration, taking into account their average size in one or more directions, sig-
nificantly reduces the probability of charge carrier hopping and the conductivity of the composite
abruptly tends to zero. The concentration of filler particles at which the composite stops conduct-
ing electric current is the percolation threshold.

Samples with filler concentrations at which hopping conductivity prevails are promising for
subsequent use as active elements of sensing devices. The hopping probability (and hence the
value of conductivity) exponentially depends on the distance between the conductive particles,
which is why such composites have the greatest strain sensitivity.

For this reason, to obtain samples with high strain sensitivity, it is necessary to determine
the value of the percolation threshold in synthesized composites for fillers with different
structures and particle sizes. Fig. 1 shows experimentally obtained dependences of resistiv-
ity of the studied samples on the concentration of fillers: graphene, graphite and CNTs (at
room temperature).

a) b)
100 - oo
A graphite 100 -
® graphene
® CNT
g g
Sl 2
% % S0}
(=X a (o}
A
0 o . o
0 1 2
Mass fraction of filler, % Mass fraction of filler, %

Fig. 1. Dependences of resistivity on filler concentration for composites
containing graphene or graphite (a) and CNTs (b)

As can be seen from the above data, there is a sharp increase in resistivity for samples with
graphite and graphene with about 37 wt.% and 30 wt.% concentrations, respectively. This may
be due to the collapse of the percolating cluster and a transition of the clusteris conductivity to
the hopping type. For a CNT-based composite, such a change in the conductive properties of the
composite is observed at significantly lower concentrations of the filler (below 1 wt.%).

To clarify the conductivity mechanism, we plotted the dependences of In(p) on Nfi® (where N is
the concentration of particles) based on the obtained data. Filler particles in the matrix are con-
sidered as a set of nodes surrounded bv closed surfaces of the same shape, randomly distributed in

space. When the surfaces intersect, a conductive

In(p, mQ-cm) chain of nodes is formed, with the electron tun-
neling occurring between these nodes (the Milleri
Abrahams model for nearest-neighbor hopping).
The localization length of the wave function (hop-
ping distance) can be determined from the slope
of the dependence of In(p) on N7 (see Fig. 2 for

A graphite

& grphen composites with graphite and graphene). Based

Ll oA on the calculations, we established a hopping
: ; ‘ distance of 5.4 A for the composite with graph-

08 L0 e ite, 1.1 A for the composite with graphene and

N, nm 60 A for the composite with CNTs. Note that a

similar calculation within the framework of the

Fig. 2. Dependences of log resistivity two-dimensional problem (circle approximation)

for composites with graphite and graphene  yielded localization lengths of the order of 107!
on Nf® (N is the particle concentration) cm, which is physically unreasonable.

71



4 St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 3 >

Thus, to further calculate the percolation threshold, we use the three-dimensional model of the
structure, although Monte Carlo simulations on the properties of a composite with graphene [11]
considered graphene particles as two-dimensional circular nano-disks.

Our hypothesis is that flat graphene flakes coagulate, forming three-dimensional agglomerates
during synthesis of the composite. For this reason, to interpret the results, we used the model
proposed in [12] and schematically shown in Fig. 3. Here, spheres with small radius are agglom-
erates of conductive filler particles, spheres with large radius are non-conductive particles which
are approximations of regions filled with a non-conductive matrix, and the circle in the inset
connecting the filler particles is the tunneling space. As stated in [12], the percolation threshold

depends on the ratio A of the sizes of conductive and non-conductive particles:

A=dld,

where d, d, are the sizes of conductive and non-conductive particles, respectively.

The higher the value of A, the lower the percolation threshold. This model of the structure

formed in the composite allows to explain the difference in the values of the percolation threshold
subsequently found for composites with different fillers.
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Fig. 3. Model of composite structure:
spheres of small and large radii are, respectively,
agglomerates of conductive and non-conductive
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Fig. 4. Logarithmic dependences of
normalized conductivity /o, of composites
with  graphite, graphene and CNTs
on logarithm of the difference in filler

concentration ¢ and its value ¢_ corresponding
to the percolation threshold

To analyze the percolation model, we synthe-
sized samples with different fillers with selected
concentrations, considering their conductive
properties in the absence of deformation.

The percolation threshold was determined
graphically using the paired point method
according to the well-known expression for con-
ductivity o (S):

6 =0,(9—9,)"
where ¢, ¢, are the filler concentration and its
value corresponding to the percolation threshold
(wt.% relative to the final composite); t is the
critical exponent (depending on the dimension-
ality of the structure); o, S, is the conductivity
of the filler [13].

Calculations were carried out based on data
for the samples with filler concentrations at
which a significant decrease in conductivities of
composites is observed, i.e., a continuous cluster
of conductive particles collapses.

Dependences of Ig(c/c,) on Ig(e A ¢) were
constructed to determine the critical exponent
(Fig. 4).

Similar to [14], we simultaneously varied the
values of ¢, and t to obtain an optimal linear
relationship approximating the experimental
data (see Fig. 4). The initially known range of
possible values of the critical exponent t was used
as a basis.

As a result, the critical exponent and the corre-
sponding percolation threshold were determined
for each of the composites. According to the cal-
culation results, the values of the critical expo-
nent were t = 2.38, 2.08 and 2.37 for composites
with graphite, graphene and CNTSs, respectively.
These values generally correspond to the problem
with spheres. Small deviations from the theoreti-
cal value may be associated with partial violation
of dimensionality [13]. The obtained values of the
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critical exponent correspond to certain percolation thresholds, amounting to 12.0% and 16.5% for
composites with graphite and graphene, respectively. The slight difference in these values can be
explained, as mentioned above, by the difference in the values of A for composites with different fill-
ers in accordance with the model in [12]. The percolation threshold for the CNT-based composite
was 0.1%, i.e., it turned out to be significantly lower than the values obtained for composites with
graphite and graphene. Note that the value we obtained is in good agreement with the literature data
for CNT-based composites [15, 16]. Such a small value of the percolation threshold is clearly due to
the structural properties of the filler, namely, a very high aspect ratio of CNTs, making it possible
to form a continuous conductive cluster even at their low content in the composite.

Study of strainfiresistance relationship of samples Next, the main functional property of the
obtained composites was investigated: the sensitivity of their electrical resistance to the degree of
stretching. Fig. 5 shows the variation in the resistivity of composites under uniaxial stretching in
the deformed regions where they are conductive. Here, the relative elongation of the sample is
plotted as a percentage along the abscissa: 6 = AL/L -100% (L is the initial length of the sample,
AL is the variation in its length during stretching). The resistivity of the sample p, normalized to
its value p, in the absence of applied stress, is plotted along the ordinate.

As expected, the lower the filler concentration in the matrix, the lower the elongation at
which the resistivity in the sample starts to change. A significant increase in filler concentration
leads to a decrease in stretching sensitivity of the composite: such samples had to be stretched
to a much longer length for a noticeable change in resistivity. This effect of filler concentration
on the sensitivity to tensile strain can be explained by an increase in the distance between its
particles, which turns out to be equivalent to a decrease in filler concentration in the context of
electrical conductivity.

Furthermore, as pointed out in [17], stretching of the composite leads to a change in the
critical exponent t, which in turn indicates a change in the dimensionality of the structure,
and consequently, the value of the percolation threshold, since the latter depends on both the
dimensionality of the structure and the size ratio of conductive and non-conductive particles (as
mentioned above).

As can be seen from Fig. 5, at the minimum concentration of the introduced filler, the graphite
composite (13 wt.%) turned out to be the most sensitive to stretching, which begins to sharply
change its resistivity when stretched by 2A3%. The resistivity of the graphene composite at its
minimum concentration (16 wt.%) changed with a relative elongation of 12%, and that of the
composite with CNTs (0.25 wt.%) with an elongation of more than 40%. In addition, an increase
in concentration for composites with graphite and graphene expands the range of applied stresses
where the composite preserves its resistivity. This effect is less pronounced for composites with
CNTs, which may be due to the characteristics of the formed structure, for example, the curva-
ture of nanotubes inside the composite [18].

The values of the gauge factor were calculated for different types of composites:

GF = (Apmax/po)/(ALmax/LO)’

where p,, L, are the resistivity and length of the sample before stretching; Ap ., AL__ are the
maximum values of changes in its resistance and length, respectively.

This factor characterizes the strain sensitivity of the compositeis resistance and can be used to
compare data obtained for different composites [19].

Table 1 shows the values of the gauge factor for different types and concentrations of fillers.
As can be seen from the data, composites with graphene filler are characterized by the highest
sensitivity to stretching. The maximum sensitivity for all types of fillers is observed for compos-
ites with moderate concentrations (24 wt.% for graphene and graphite and 0.50 wt.% for CNT5).
Analyzing the data in Table 1, we can conclude that the gauge factor first increases and then
decreases with an increase in filler concentration. A likely explanation for this is that an increase
in this concentration leads to two different effects. On the one hand, the range of strains where
the composite preserves conductive properties is expanded (see Fig. 5), which should lead to a
decrease in the GF value. On the other hand, the resistivity of the composite decreases in the
absence of deformation (see Fig. 1), which should lead to an increase in GF. As a result of the
competition between these two effects, an optimal concentration exists for each filler type, at
which the maximum value of the gauge factor is achieved.
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Fig. 5. Change in normalized resistivity of composite samples with graphite (a), graphene (b)
and CNTs (c) in different concentrations, under stretching (elongation & = AL/L )

Table 1

Gauge factor for samples of various
composites subjected to stretching

Filler |Concentration, % | GF value
16 534.7
Graphene 24 26661.0
33 340.4
13 224.3
Graphite 24 1005.0
33 481.9
0.25 25.3
CNTs 0.50 40.3
0.75 8.4

Study of mechanical properties. As the first
step in analysis of the mechanical properties of
synthesized composites, we estimated their ulti-
mate tensile strength, the nature of deformations
developing in them under uniaxial static stretch-
ing and their relaxation properties.

First, the samples were repeatedly stretched
in 10 mm increments until collapse. The length
L of the sample was measured after each step
(25 seconds after stress release). The obtained
results are presented in Table 2 and in Fig. 6,
showing the dependences of the ratio L/L (L,
is the initial length of the sample) on its relative
elongation under stretching.

The data in Table 2 indicate that the maxi-
mum tensile strength in the case of the filler with
CNTs is observed in the sample with the highest
filler concentration, while the tensile strength in
the graphene composite sample decreases grad-

ually with increasing filler concentration. The ultimate tensile strength for the composite with
graphite first increases with increasing filler concentration, then dropping abruptly.

An increase in filler concentration in the composite with CNTs expands the range of strain val-
ues at which the sample almost completely returns to its initial length (see Fig. 6,c and Table 2).
This suggests that deformation within these strain ranges is purely elastic in nature. Increasing the
CNT concentration in the composite improves its elastic properties, i.e., the higher the concen-
tration, the fewer defects and residual strains the sample accumulates under uniaxial stretching.
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The reason for this improvement may be related to both the three-dimensionality of the structure
formed by introducing CNTSs into the polymer matrix and the properties of individual particles of
the filler itself. It is due to these characteristics that composites with CNTs can be considered the
most promising for creating flexible sensor electronics devices. Residual strains arise in them only
after reaching a certain critical strain value, which increases progressively with increasing filler
concentration (see Fig. 6,c and the data in Table 2).

Table 2
Mechanical properties of polymer composite sample under stretching
Filler Concentration | Elastic strain range | Ultimate tensile strength
%
16 565
Graphene 24 A 542
33 401
13 485
Graphite 24 fi 708
33 380
0.25 150 585
CNTs 0.50 250 556
0.75 440 659
a)
LB, Ll

® 13% ® 16%

A 24% A 24%
* 3% * 3%
1.0
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Fig. 6. Dependences of relative elongation L/L of composite samples with graphite (a),
graphene (b) and CNTs (c) in different concentrations on applied strain § = AL/L
(measurements were carried out 25 seconds after each stress release)
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In the case of composites with graphite or graphene fillers (see Fig. 6, a, b), the samples did
not preserve their initial length even when minimal stresses were applied to them, which points
to the emergence of irreversible plastic strains (along with elastic ones). Note that in both cases,
the slope of the dependences in Fig. 6 increases progressively with increasing filler concentration,
which indicates an increase in the proportion of residual strains, i.e., the effect of their accu-
mulation during repeated stretching of the sample. There are two differences in the reaction of
composites to repeated stretching for different types of fillers.

Firstly, the slope of the curves in Fig. 6 corresponding to composites with graphene is signifi-
cantly greater than that for composites with graphite at the same (or similar) filler concentrations.
This indicates that the proportion of residual strains is higher in the first case than in the second
one. Secondly, a steeper increase in this slope is observed with increasing filler concentration for
composites with graphene, i.e., the effect of accumulation of residual strains is more pronounced
in this type of composites.

The results of the study on the relaxation properties of synthesized composites (for cases
with CNT and graphene fillers) after 400% strain are shown in Fig. 7. Evidently, in the case of
CNTs, samples that did not return to their initial length in 25 seconds after stress relief (at filler
concentrations of 0.25 and 0.50%) exhibit almost complete relaxation within 60A80 seconds (see
Fig. 7,a). In contrast, graphene composites do not return to their initial length (see Fig. 7,b) even
2A3 minutes after the load is removed. This result may be associated with jamming from flat filler
particles inside polymer matrices during stretching. The sample with 33% graphene concentration
undergoes virtually no relaxation; relaxation in the sample with 16% graphene concentration is
weak and the sample with 24% graphene concentration exhibits the best relaxation properties, in
terms of both the relaxation rate and degree.

a) b)

® 025%
A 050%

1 ;
0 50 100 0 50 100 150
Time, s Time, s

Fig. 7. Time evolution of relative elongation of composite samples with CNTs (a)
and graphene (b) in different concentrations after stress release

Therefore, the filler concentration of 24% is close to critical for this material: once it is
reached, the mechanical properties of the composite stop improving and start deteriorating. Note
that this result indirectly corresponds to the data obtained in [20], analyzing the properties of
composites based on polyvinyl acetate with graphene filler, considering samples in a narrower
range of graphene concentrations than in our study (up to its possible critical value). However,
the study found that its gradual increase initially leads to a sharp improvement in the mechanical
properties of the composite, but this improvement subsequently slows down.

Conclusion

In this paper, we considered the electrical and mechanical properties of composites based on
styrene butadiene rubber (SBR) with three different types of carbon fillers (graphite, graphene
and carbon nanotubes), varying their concentrations. Analyzing the dependences of resistivity of
composites on filler concentration, we determined the dimensionality of the filler particles formed
during synthesis (which turned out to be close to three-dimensional in all cases), as well as the
percolation thresholds, amounting to 0.1 wt.% for the composite with CNTs, 12.0 wt.% for the
composite with graphite and 16.5 wt.% for the composite with graphene.
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It was found that an increase in the concentration of all fillers in the SBR matrix broadens
the range of the applied uniaxial stresses where the composite slightly changes its resistivity.
However, this effect was less pronounced for the CNT-based composite compared with graphite
and graphene-based composites. Sequentially increasing the concentration of all fillers in the SBR
matrix led first to an increase in sensitivity of composite resistance to stretching and then to its
decrease. Consequently, the greatest sensitivity was observed in composites containing about 24
wt.% of graphite or graphene filler and in composites with 0.5 wt.% CNT. The highest sensitivity
of resistance to stretching was found in the composite with 24 wt.% of graphene filler; its gauge
factor reached 2661, which is due to a high conductivity of this composite in an undeformed state
and a narrow stress range where it preserves resistance.

Studies of mechanical properties of the obtained composites revealed that the ultimate ten-
sile strength of graphene composites decreases with increasing filler concentration, that of CNT
composites increases and that of graphite composites first increases and then sharply decreases.
Furthermore, an increase in the CNT concentration in the composite expands the range of uniax-
ial strain over which the deformation remains elastic. In contrast, even the application of minimal
stresses in composites with graphene and graphite leads to the emergence of plastic deformation.
The proportion of this plastic deformation increases with repeated stretching of the sample as
filler concentration is increased; this increase is more significant in the case of graphene com-
pared with graphite. Composites with graphene exhibit the maximum values of the gauge factor,
while composites with CNTs exhibit the best relaxation properties.

Thus, our studies and analysis indicate that composites with graphene are the most promising
materials for further development of flexible sensor electronics devices from the standpoint of
strain sensitivity of resistance, while CNT-based composites exhibit the best mechanical proper-
ties. Further research is necessary to optimize both the electrical and mechanical properties of
polymer composites based on carbon fillers.
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. ntroducti . I
The Multi-Purpose Detector (MPD) [15 is one oipﬂwe two experimental facilities at the NICA

(Nuclotron-based lon Collider fAcility) [2], the flagship project of the Joint Institute for Nuclear
Research (Dubna, Moscow Region, Russia).

The main objectives of the MPD experiment are to study the boundary of the phase transition
and to find a critical point in the phase diagram of nuclear matter by analyzing particle produc-
tion in heavy ion collisions in the energy range \/S_NN = 4A1l GeV [3].

The phase boundary of nuclear matter determines the transition of hadron matter to quark-
gluon plasma (QGP) [4, 5] with an increase in temperature T and/or the baryonic chemical
potential p,. The formation of the QGP and the corresponding phase transition in nucleus-nu-
cleus collisions were experimentally confirmed at energies exceeding 100 GeV [4fi6], which
corresponds to temperatures of about 200 MeV and p, = 10 MeV achieved in the collision.
Nevertheless, study of the rest of the phase diagram and the search for QGP signatures in nuclear
collisions at lower energies (below or around 100 GeV) remain major challenges.

To identify the potential signatures of a phase transition in nucleus-nucleus collisions at NICA
energies, it is necessary to determine the available range of temperature T and baryonic chemical
potential p,. The values of T and p, can be estimated by analyzing the characteristics of charged
hadron production using the statistical model and the Blast-Wave model [7, 8] based on the
approach of relativistic hydrodynamics.

This paper presents the invariant spectra for transverse mass m_measured for charged had-
rons (n*, K*, p, p) in collisions of bismuth nuclei (Bi+Bi) at \/S_NN = 9.2 GeV; these results were
obtained based on simulation data using the UrQMD hybrid generator [9] and the MPDroot
package [1] reproducing the operation of the detector system at the MPD experiment.

Analysis of the obtained spectra is carried out within the framework of the statistical model
and the Blast-Wave model. The results are considered in the context of the phase diagram of
nuclear matter.

Evolution of nucleus-nucleus collisions

The process of evolution of relativistic collisions can be divided into four main stages:

initial stage,

thermalization and collective flow,

chemical freeze-out,

kinetic freeze-out [10].

Initial stage corresponds to primary interaction of colliding nuclei, accompanied by the
exchange of gluons and quarks. This process leads to rapid heating of the system and potential
production of QGP (if the values of T___, and i, necessary for the phase transition are reached).

Second stage. As a result of subsequent interactions between the particles, the system is ther-
malized, after which collective flow begins.

Third stage. Chemical freeze-out occurs when the particle system expands to a state where
inelastic reactions altering its composition cease and the final particle ratios are established.

According to the statistical model, after the onset of chemical freeze-out, the antiproton to
proton yield ratio is determined by the value of the baryonic chemical potential p; [11]:

© EadeTiTaaA. 1., AddareeTaR. A, EToTaA. T., 2025. Ecaacdsi: NaTeo- 1404040040eeé TTE040 Te+afiéeé 6T1eaadMe0ad

T8006a A&eeeTaT.

83



4 St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 3 >

— 2 = n
=exp —-& @p—T—wT——ﬁ- 1)

Fourth stage. After chemical freeze-out starts, the particle system continues to expand and
cool. When the mean free path of the particles becomes larger than the size of the system, elastic
collisions stop, fixing the momentum distribution of the particles, which corresponds to the onset
of kinetic freeze-out.

Phenomenological models such as Blast-Wave are used to study the characteristics of kinetic
freeze-out [7, 8]. This model is based on the relativistic hydrodynamic approach and describes the
collective motion of particles in an expanding system.

Blast-Wave model. The basis of the model is that heated matter has a high temperature, dis-
tributed nonuniformly: the temperature in the center of the particle system is higher than at its
periphery, which creates a pressure gradient. According to the equations of hydrodynamics, mat-
ter flows outward from the center, forming a blast wave.

According to the Blast-Wave model, all hadrons are produced from quarks and gluons simul-
taneously, so consequently they acquire the same average velocity of radial flow. In this case, the
expansion of the hadron system is described in terms of relativistic hydrodynamics.

The invariant spectra for the transverse mass m, =+/ps +m. can be described by the follow-
ing formula within the Blast-Wave model:

dN 'CI rdrm, I, prSinhp K, pTcoshp’ @
mydm;, T, T,

where C is the normalization constant; B is the average velocity of radial flow; T is the kinetic
freeze-out temperature; R is the maximum radius of the expanding system during the freeze-out
stage; 1,, K, are the modified Bessel functions; p(r) is the transverse acceleration depending on
the particle coordinate,

p(r) = tanh_l(BT) r/R.
C, B;, T, are the free parameters of the model.

Measurement procedure

We used simulation data from 15,000,000 Bi+Bi collisions at \/S_NN = 9.2 GeV; the data were
obtained using the MPDroot package [1]. The latter uses the hybrid UrQMD event generator [9]
including a hydrodynamic approach; in addition, MPDroot allows reproducing the response of
the detector subsystems of the MPD experiment via the Geant4 package [12, 13].

Detection of charged hadrons in MPD is carried out by analyzing, firstly, the energy losses of
particles measured in the TPC (Time Projection Chamber), and secondly, the time of flight of
the particles measured by the ToF (Time-of-Flight) detector. The details of the simulation and
the particle detection procedure can be found in [3, 14].

Analysis of characteristics of charged hadron production

Determination of kinetic freeze-out parameters. Fig. 1 shows the invariant m_ spectra measured for
charged hadrons at different centrality bins in Bi+Bi collisions at \/_ =9.2 GeV The lines show
the fit of the obtained spectra by the corresponding function of the Blast Wave model (see Eq. (2)).

Fitting of the invariant m_ spectra of different particles with the Blast-Wave function was car-
ried out in the following ranges.

Charged hadron type Approximation range, GeV
T, T e, 0.5011.00
K P 0.12A1.00
K 0.40M1.00
SR 0.20f1.00

84



Nuclear Physics
A ysics

~ 10°f T T T T T T T ]
= B A0-10%  w10-20% | 40-10%  ¥10-20% ]
B i . ¢ 20-30% 4 30-40% 1 _ ¢ 20-30% + 30-40%

- *ﬁ T « 40-60% = 60-80% ’*** T « 40-60% = 60-80% E
% 102 "u ** Rl ** E
= F I " ]
o
© E + ‘\\

Ty t .
7 "ﬁf’ffﬁ#ﬂ;; 'ﬁ*ffﬁm;;

104F i3
~ 1050 ; : : 1 T I 1 I 1 .
= B 40-10% v10-20% | A40-10% ¥ 10-20% ]
3 i . +20-30% +30-40% | _ ¢ 20-30% + 30-40%
- F K « 40-60% u 60-80% K o 40-60% = 60-80%
Q& 1?
~= .
S _,
=
o
o
107"k
1074
i |
3 - A0-10%  ¥10-20% _ A0-10% ¥ 10-20%
S F p ¢ 20-30% 4 30-40% + p + 20-30% + 30-40%
o 102 o 40-60% = 60-80% - o 40-60% = 60-80%
— -
2 .
= :
o
o, o f
10°°F
107}

Fig. 1. Invariant transverse mass spectra measured for ==, K*, p, p particles
at different centrality bins in Bi+Bi collisions at energy \/S_NN = 0.2 GeV.
Fits to the spectra with the corresponding function of the Blast-Wave model (see Eq. (2))
are shown by straight lines

The fitting ranges were chosen so as to achieve the best agreement with the simulation data. It
was found that the difference between the simulation data and the Blast-Wave function did not
exceed 1%.

Since the Blast-Wave function is integral, the free fitting parameters (C, T, B,) are sensitive to
variation in the fitting range, the choice of initial parameter values and the constraints imposed
on the parameter values. The impact of these factors was taken into account by estimating the
systematic uncertainties.

For this purpose, the fitting parameters (given below) were varied by £10%. These were the
following conditions:

range bounds;

initial parameter values;

constraints on parameter values.

The final values of systematic uncertainties were determined by the quadrature sum of the per-
centage differences between the final values of the parameters and those obtained under different
fitting conditions.

Fig. 2 shows the final values of the parameters T, and B, obtained by fitting of invariant m_
with the Blast-Wave function for different types of charged hadrons (n*, K*, p, p) depending on
centrality of Bi+Bi collisions. Systematic uncertainties are represented by boxes.

We found that the kinetic freeze-out temperature T shows no significant dependence on either
the collision centrality or the type of charged hadrons. The average value of the kinetic freeze-out
temperature T, = 109 MeV (red dashed line in Fig. 2,a).
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Fig. 2. Kinetic freeze-out temperature T, (a) and average velocity B, of radial flow of particle
system (b) depending on centrality of Bi+Bi collisions. The bars correspond to systematic
uncertainty in determining the values of T and B
The average value of T, = 109 MeV (red horizontal dashed line)

The average velocities . of radial particle flow show a decreasing trend with a decrease in
the overlap of colliding nuclei (this corresponds to an increase in centrality as a percentage).
Nevertheless, the decrease in B values in peripheral collisions, compared with the central ones,
is insignificant taking into account systematic uncertainty.

Determination of phase transition parameters. The values of the baryonic chemical potential
and temperature corresponding to the phase transition are estimated by calculating the antiproton
to proton yield ratios (p/p).

The values of (p/p) measured in different centrality bins of Bi+Bi collisions are shown
in Fig. 3,a. Evidently, they do not show a significant dependence on the collision centrality and
the transverse momentum p.. The average value of the ratio (p/p) = 0.025 (shown by a red hori-
zontal red dashed line) was used for further calculations.

According to calculations within the framework of quantum chromodynamics, the phase tran-
sition boundary can be expressed by the following formula [15]:

\/3/3

Ty = \/J340n (220)* +55p* 1517, ®3)

The baryonic chemical potential p can be expressed in terms of temperature and the p/p ratio
by Eq. (1). Thus, the temperature and the baryonic chemical potential corresponding to the phase
transition can be found as the intersection point of the curve expressed by Eq. (3) and the straight
line given by Eq. (1).

The following values of T, and p, were obtained, corresponding to the phase transition in
Bi+Bi collisions at NICA energies:

T, = 131 MeV, p, = 247 MeV.

Visualization of the obtained results on the phase diagram. Fig. 3,b shows the phase diagram of
nuclear matter. The red line indicates the phase boundary calculated by Eq. (3). The lines cor-
respond to the temperatures in terms of the baryonic chemical potential and the value found for
P/p = 0.025 (see Eq. (2). The purple line in Fig. 3,b expresses the dependence T(,,p/p), obtained
using the value p/p = 0.025 corresponding to Bi+Bi collisions at S, = 9.2 GeV.

Using Eq. (2), we additionally calculated the value of the baryonic chemical potential p, cor-
responding to the kinetic freeze-out temperature in Bi+Bi collisions at \/_ 9.2 GeV (the tem-
perature was determined earlier using the Blast-Wave model). The found value of p, = 205 MeV.

The Kinetic freeze-out and phase transition temperatures corresponding to the energy of the

PHENIX experiment (NS, = 200 GeV) are given for comparison. The dependence T(,,p/p) as
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Fig. 3. Antiproton to proton yield ratios p/p as functions of transverse momentum,
measured in different centrality bins (%) of Bi+Bi collisions at \/S_NN = 9.2 GeV (a)
and corresponding phase diagram of nuclear matter
(dependence of temperature on baryonic chemical potential) (b)

a straight line (shown in Fig. 3,b in black) is obtained taking into account the value of p/p = 0.79
measured in the PHENIX experiment at V'S, = 200 GeV.

The blue dots in Fig. 3,b mark the values of the temperature and the baryonic chemical poten-
tial of the particle system during a collision at the kinetic freeze-out stage, and the red ones mark
these values at the phase transition stage.

Conclusion

We report on the transverse mass spectra of charged hadrons n*, K=, p, p obtained in sim-
ulations of Bi+Bi collisions at \/S_NN = 9.2 GeV using the hybrid UrQMD generator and the
MPDroot package.

Analyzing the obtained spectra of charged hadrons within the Blast-Wave model, we found the
values of the kinetic freeze-out temperature T, and the average velocity B of the particle systemis
radial flow depending on collision centrality.

Calculating the antiproton to proton yield ratios allowed to determine the temperatures T, and
Tocpr @s Well as the baryonic chemical potential p, corresponding to the kinetic freeze-out and
phase transition. The following parameter values were obtained:

T,= 109 MeV, p, = 205 MeV for kinetic freeze-out;
T = 131 MeV, p, = 247 MeV for phase transition.

The presented results make it possible to estimate the accessible range of values for the tem-
perature T and the baryonic chemical potential p,, which is important for potential signatures of
the phase transition in nucleon-nucleon collisions at NICA energies.
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Introduction

Study of the proton structure and the formation of its spin remains one of the key challenges in
modern physics [1]. Various experimental facilities are constructed to solve this problem, among
them, in particular, the SPD experiment at the NICA collider currently under construction at the
Joint Institute for Nuclear Research (Dubna, Russia) [1].

Gluons play a major role to the total spin of the proton [1], described by gluon helicity func-
tions Ag(x), integrated to obtain the total contribution to proton spin. An effective approach to
obtaining the values of Ag(x) is to measure the double longitudinal spin asymmetry (DLSA) A
occurring in collisions of longitudinally polarized protons [1].

DLSA can be measured for various particles, including charged and neutral pions [2], as well
as (J/y) mesons [3]. A particular interest lies in the direct photons produced in electromagnetic
interactions of proton partons, in particular, in the Compton scattering reaction gq(g) — yq [4].
The advantage of direct photon measurement is in the simpler theoretical description that does
not require hadronization models.

Despite this advantage, direct photon measurements are fraught with difficulties, including
small sample size and problems with isolating direct photons against the background of photons
from decay of secondary particles, for example, the decay of the n° mesons [4].

An approach using a generative adversarial network (GAN) was proposed in a previous paper
to solve the problem of small samples [5]. It was proved that the GAN can faithfully reproduce
the characteristics of direct photons produced in collisions of longitudinally polarized protons,
allowing to calculate the asymmetries.

This paper develops the proposed approach to expand the capabilities of our GAN model [5].

For this purpose, we introduce the parameter of the initial collision energy \/ﬁ which should
provide results for arbitrary energies in a given range. Such an interpolation should provide
improved accuracy in determining the values of Ag(x), consequently yielding better estimates for
the contribution of gluons to the proton spin.

Computational procedure

To verify that the GAN could be expanded to predict direct photon production at different
energies \/ﬁ and in the absence of experimental data, the model was trained on pre-generated
simulation data. The PYTHIA8 program was used as a Monte Carlo generator [5, 6].

The main parameters of the Pythia8 program used in this study were as follows [5]:

PromptPhoton: qg2ggamma = on,

PromptPhoton: ggbar2ggamma = on,

Multipartoninteractions: pTORef = 2.2,

NNPDF31 nlo_as 0118 [7] (for unpolarized events),

NNPDFpolll 100 [8] (for polarized events).

The energy range of 9A27 GeV was considered for the initial collision energy \/% The choice
of the range was dictated by the experimental conditions of the SPD at the NICA facility [4]. To
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train the model, samples were generated at \/ﬁ =9, 15, 21, and 27 GeV for collisions of both
unpolarized and polarized protons (the term éeventsi is used throughout the paper). The size of
each sample was 500,000 events (collisions).

Similar to the procedure adopted in the previous paper [5], the z-components of the momen-
tum p, ., of the first and p, @ of the second partons, as well as the p, -, P, and p,-components of
the momentum of the produced direct photon were extracted from the generated samples Instead
of the components P, , and P, o WE used their transformed versions T(p, ql) and T(p, qz) to train
the GAN, in accordance with the results from [5].

The GAN loss function remained unchanged and was a least square function [5]. The number
of epochs for training was increased to 2,000. The batch size was also increased to 2,000. The
gradient descent optimizer was replaced by Adam with the following parameter values:

The training step of 2:10™ was taken for the generator and discriminator, the forgetting
factors B, = 0.9 and B, = 0.5 for the gradients and the second moments of the gradients,
respectively [9].

The architecture of the generator is based on the results of our previous work [5].
A 128-dimensional vector whose elements are normally distributed is fed to the input of the
generator. The initial energy \/s and the polarization type of the event are used as condi-
tional variables. Conditional varlables are combined with a 128-dimensional vector so that
the generator can adapt its output to different generation scenarios. The number of hidden
layers was increased to 8. Each hidden layer has 512 neurons and a Leaky RelL U activation
function with a dropout of 0.2 [10]. Next, the ResidualAdd procedure was applied to each
hidden layer [11] to make the training process with a large number of hidden layers more sta-
ble. The ResidualAdd procedure is that the output of each layer after the activation function
is summed with the output of the previous layer. This approach allows to mitigate the gra-
dient vanishing problem in deep neural networks [11]. The output of the generator contains
5 generated values:

. ) T, ,) Pap, ..

The discriminator has almost the same architecture as the generator. The input of the discrim-
inator is fed 6 values generated by the generator, along with conditional variables. The parameters
of the hidden layers of the discriminator repeat the parameters of the hidden layers of the gener-
ator with one exception: Spectral Normalization is applied to each hidden layer [12]. The output
from the discriminator contains one neuron reflecting the degree of confidence of the discrimina-
tor that the input is real data as opposed to those obtained using the generator.

Simulation results
To illustrate the performance of the GAN at different initial Vs

Sy ONly a part of the complete

set of parameters is shown below; these are p,,, and p; = in + pi , as well as the DLSA values.

The remaining values are not shown because their distributions are similar.

Fig. 1,a shows the distributions of the parton momentum p, “ in collisions of unpolarized pro-
tons. The simulation results obtained by PYTHIA8 and the GAN predictions were compared for
\/ﬁ of 9, 15, 21 and 27 GeV, at which the model was trained, as well as for intermediate ener-
gies of 12, 18, 24 and 30 GeV. Each subsequent distribution in the graphs in Fig. 1 was shifted
by 10 GeV for clarity (to separate the distributions). Analyzing the graphs, we can see that the
GAN model provides good predictive accuracy for both the energies at which the training was
performed and the interpolated values.

A similar picture is observed in Fig. 1,b, showing the distributions of the transverse momen-
tum p_ for photons in collisions of polarized protons. Notably, the model preserves the prediction
accuracy in this case. 2p

Fig. 2 shows the dependences of asymmetries A  on the momentum fraction x, = \/L

SNN

direct photons, calculated from GAN predictions and PYTHIAS8 simulations. It follows from
this figure that GAN predictions yield A | values coinciding with the PYTHIA8 values (with an
accuracy up to the uncertainty) over the entrre range of initial energies \s

of
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Fig. 1. Comparison of GAN predictions (solid lines) and simulations (dashed lines)
for momentum distributions of partons p, “ (a) and direct photons p_ (b)
in collisions of unpolarized (a) and polarized (b) protons at different initial \/ﬁ
(see the legends: the energies are given in GeV; odd values were obtained during training and even values

were interpolated). Number of events N, = 500,000; the PYTHIA8 program was used for simulation
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Fig. 2. Asymmetry A | as function of momentum fraciton x_ of direct photons in collisions of

longitudinally polarized protons, at different initial energies of s in the range of 1230 GeV.
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Conclusion

This paper continues to developed the generative adversarial network (GAN) developed earlier
for predicting the characteristics of direct photon production in proton collisions. The modelis
predictive capabilities were expanded to extracting the characteristics of direct photon at various
initial energies Vs, in the range of 9727 GeV.

We confirmed that the model predicts the results of proton collisions with high accuracy both
for the energies at which the training was performed and at intermediate values. From this, we
can conclude that the model is capable of interpolating the given parameters based on the initial
energies \/% The accuracy of the predictions is preserved collisions of both unpolarized and
longitudinally polarized protons (p~p~(?).

In addition, we established that the GAN model preserves the kinematic dependences
between the generated parameters, allowing to calculate the values of double longitudinal spin
asymmetry A . The A, values can also be obtained at any energies \/ﬁ in the considered range
of 9A30 GeV.
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Abstract. This paper presents the results of nuclear modification factors for hadrons in
deuteron-deuteron collisions at energies of \s = 13.5 GeV and Vs, = 27.0 GeV. We have
applied the widely-used nuclear-modified parton distribution functions and parton distribution
functions for free nucleons to determine nuclear modification factors (NMFs) of J/y, D*and
n° mesons. The obtained results showed the NMFs values of J/y and =° ones to remain close to
unity over the entire transverse momentum range from 0.5 to 4.5 GeV/c. The NMFs values of
D=* ones decreased sharply with increasing the transverse momentum at \/_— 13.5 GeV, but
they remained close to unity at Vs, = 27.0 GeV.
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araar

Measurement of production of D*, (J/y), n° mesons in proton-proton (p+p) interactions at
\/_ 27.0 GeV and deuteron-deuteron (d+d) interactions at energy Vs, = 13.5 GeV/nucleon [1]

is ‘one of the intended goals in the planned SPD experiment [2] at the NICA collider [3].

The main mechanism behind the production of D* and (J/y) mesons at the given energies is

the fusion of a gluon pair (gg), leading to the production of a quark-antiquark pair (cc) [4].

As follows from Fig. 1,a, a quark-antiquark pair (cc) can produce a (J/y) meson during
hadronization. The scheme for production of D* mesons is shown in Fig. 1,b: cd — D*, ©d — D",
The (J3/y) mesons can be detected through weak muon decay modes within the framework of

the SPD project [4]:
Jhy —
D= mesons are to be detected in the following decay channels [4]:
D" — n*K'nt* (BF = 0.094),

D"— n"K*n" (BF = 0.094).

Thus, study of the processes associated with the production of D* and (J/y) mesons yields
information about the properties and role of gluons in proton-proton and deuteron-deuteron
interactions (as well as in the nucleon-nucleon interactions). In particular, information about

gluon distribution functions in nucleons and nuclei can be extracted.

a) b)

Fig. 1 [4]. Feynman diagrams for production of (J/y) meson (a) and D* mesons (b)
Production occurs through fusion of a gluon pair (gg),
leading to the production of a quark-antiquark pair (cc)

© Ilanaes 1. C., bepnuukos f. A., 2025. Uznatens: Caukrt-IletepOyprckuii monutexHuueckuit yHuBepcuteT [letpa

Benukoro.
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Measurements of the yields of neutral pions consisting of uz and dd quarks can help verify and
refine the existing models describing the production of these particles. Comparing the yields of
neutral pions with heavier particles, such as D* and J/y mesons can provide insights into the role
of heavy quarks in high-energy collisions of nucleons and nuclei.

Parton distribution functions (PDFs) are commonly used in studies of hadron production.
The PDF f(x,Q?) is used to describe the probability of finding the ith parton in the hadron; x is
the parton parameter determining the fraction of the nucleon momentum carried by the parton;
Q? is a quantity following the expression

QZ: ﬁqzl
where @? is the four-momentum of the virtual particle [5].

The range of large x is of particular interest, as there is a significant discrepancy between the
theoretical predictions for the gluon distribution function in the deuteron and the gluon distribu-
tion function in the nucleon [4].

Nuclear-modified parton distribution functions (nPDFs) were obtained to analyze the nucle-
on-nucleus and nucleus-nucleus collisions [6]. The fundamental difference between these func-
tions and PDFs taken for free nucleons is that they take into account the nucleonic composition
of nuclei and interactions between nucleons in the nucleus.

According to the factorization theorem [7], the differential cross section for the production of
the hadron H can be represented as follows in the collinear approximation:

d’o .
EH—3=ZJZ f, de, D/,
dp, &

where f, f are the PDFs; dégb is the cross section of the hard parton subprocess; a, b, ¢ are the
interacting partons; D" is the fragmentation function.

Different PDFs influence the cross section for hadron production, provided that the same
fragmentation functions are applied to each particle.

The goal of this study is to determine the characteristics of the production of hadrons in col-
lisions of deuterium nuclei (d+d).

The nPDFs (with nuclear modifications) and PDFs (for free nucleons) were used to simulate
(d+d) collisions.

Computational procedure

Hadron yields in (d+d) collisions at \/ﬁ = 13.5 and 27.0 GeV were analyzed in this paper
based on the simulation data we obtained using the Pythia8 software package [8].

The simulations were run using two types of functions:

parton distribution functions obtained for free nucleons (PDFs);

nuclear-modified (in this case in the deuteron) parton distribution functions (nPDFs).

Because the collision energy of deuteron beams is much higher than the binding energy of
nucleons in the deuteron (2.23 MeV), a model of unbound (free) nucleons can be used for the
deuteron, using PDFs for free nucleons within the parton model. Collisions of deuteron beams
can be represented via PDFs as collision of each nucleon of one deuteron nucleus with each
nucleon of another deuteron nucleus. There are four possible combinations of nucleon-nucleon
collisions: pp, pn, np, nn. Since the total cross sections of these interactions are approximately
similar [9], these interactions can be reasonable assumed to be equally probable without signifi-
cant loss of accuracy.

It was found in our previous paper [10] that different combinations of interacting nucleons
making up the deuterium nucleus produce different numbers of direct photons. However, this
dependence should not be observed during the formation of (J/y) and D* mesons, since the prob-
abilities of their formation do not depend on the electric charge of the quark. The cross section
for the production of the quark-antiquark pair due to gluon-gluon interaction is proportional to
the square of the strong interaction constant [4].

An alternative approach to the study of deuteron beam collisions are nPDFs obtained for deu-
terons [11A13]. A variety of functions is used because they originate from different experimental
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data, which may cause discrepancies in the results obtained. For this reason, we selected three
different nPDFs to ensure the reliability and comparability of the data.

Since the Pythia8 program allows using only one PDF in the calculations, we used the
weight w to speed up the calculation of all the nPDFs we selected (the formula for calculating it
is given in [14]):

e S 0%) X i (%, 0°)
x1fip(x1;Q2) xzfip(xz;Qz),

where x f”(x ,Q%), x,f*(x,,Q?) are the nPDFs for deuterons in the first and second nuclei;
x, F(x,Q%), x,2(x,,Q?) are the PDFs obtained for free protons in the first and second nuclei.

This weight w characterizes the ratio of the probabilities of detecting the parton for two
different PDFs with the same values of variables x and Q2. Thus, using a weight in the calcu-
lations makes it possible to obtain hadron spectra for both PDFs and nPDFs within a single
simulation run.

Due to the low probability that (J/y) and D* mesons are produced in (d+d) collisions, we used
custom settings in Pythia8 to increase the production statistics of (J/y) and D* mesons (see the
Appendix). Importantly, the proposed modifications do not have any effect on the physical inter-
pretation of the results obtained.

The PDFs are taken from the LHAPDF6 software package [14] connected directly to the
Pythia8 collision generator. Computer analysis included application of the following PDFs (the
numbers are highlighted in bold, see also the captions to the figures).

For PDFs: nNNPDF30 nlo_as 0118 p [11] (FI), TUJU21 nlo_1 1 [12] (FII), nCTE-
Q15HIX_FullNuc_1_1 [13] (FIII);

for nPDFs: nNNPDF30_nlo_as 0118 A2 z1 [11] (FIV), TUJU21 nlo 2 1 [12] (FV),
NCTEQ15HIX_FullNuc_2_1 [13] (FVI).

The nuclear modification factor (NMF) R, was used to quantify the differences in the hadron
spectra obtained from (d-+d) collisions using nPDFs and PDFs.

The value of R, can be calculated by the following relation [15]:

€y

1 d*N, !dp,.dy
N, d°N, ldp.dy’

2

dd —
coll

The numerator of Eqg. (2) contains the invariant spectrum of hadrons obtained in collisions
of deuterium nuclei in the ranges of rapidity dy and transverse momentum dp,. This spectrum is
normalized by the number of binary nucleon-nucleon collisions N_,, (for d+d). The denominator
in Eq. (2) contains the invariant spectrum of hadrons measured in (p+p) interactions for the same
ranges of rapidity and transverse momentum.

The rapidity range (Jy] < 3) in this paper is taken from [16].

Results and discussion

Fig. 2 shows the values of R, for hadrons as a function of transverse momentum p_ at
Vs, = 13.5 GeV and Vs, = 27.0 GeV in the rapidity range |y| < 3 using different PDFs (see
functions FIAFIII).

Fig. 3 shows the values of R, for hadrons as a function of transverse momentum p. at
Vs, = 13.5 GeV and Vs, = 27.0 GeV in the rapidity range |y| < 3 using different nPDFs
(see functions FIVAFVI).

It can be seen from Fig. 2 and Fig. 3 that the NMFs for D*, (J/y) and n° mesons, calcu-
lated using nPDFs and PDFs, have similar values over the entire p, range under consideration.
Nevertheless, small differences in the values of R, obtained by the functions FIl and FV may
indicate the presence of nuclear phenomena influencing the particle production process.

The results for NMFs R, obtained using the remaining functions (FI, FI11, FIV, FVI) do not
exceed unity, which predicts the absence of possible nuclear phenomena during the production of
(J/y) and n°® mesons in deuteron-deuteron collisions.
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We should also note that the values of R
at \/sNN = 13.5 GeV, in contrast to collisions at QSNN

Fig. 3. Dependences similar to those in Fig. 2, at \s,,, = 13.5 GeV (afic)

and \/E; = 27.0 GeV (dif), for the remaining nPDFs: FIV (a, d); FV(b, e); FVI (c, f)

for D* mesons decrease with increasing p,
= 27.0 GeV, where the values of R, remain

close to unity. The reason for this behavior of the dependences requires additional research.
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Conclusion

We calculated the nuclear modification factors of D*, (J/y) and n®mesons in (d+d) interactions
at \s,, =13.5 and Vs, =27.0 GeV energies depending on the transverse momentum p. in the
rapidity range |y| < 3 s using PDFs (FIAFIII) and nPDFs (FIVAFVI).

Applying the weight (see Eq. (1)) for hadron spectra allowed to speed up the computations.

We established that using either PDFs or nPDFs yields very slight differences in the values of
R, for hadrons.

We found that the ratios of the invariant spectra for (J/y) and n° mesons in (d+d) and (p+p)
collisions differ insignificantly at the studied energies for all selected sets of PDFs and nPDFs. The
invariant spectra of D* mesons in (d +d) interactions at \/ﬁ = 13.5 GeV are decreased compared

to the invariant spectra in (p+p) interactions with an increase in the transverse momentum p..

Appendix
Parameter settings of the Monte Carlo event generator
in Pythia8 for increasing meson production
Parameter | Position| |Parameter | Position
For (Jly) mesons For D* mesons
Charmonium:all on HardQCD:gg2ccbar on
PhaseSpace:pTHatMin 0.1 HardQCD:qgbar2ccbar on
PhaseSpace:pTHatMax 10.0 PhaseSpace:mHatMin 0.0
PhaseSpace:pTHatMinDiverge 0.5 PhaseSpace:pTHatMinDiverge 0.5
BeamRemnants:primordial KT on BeamRemnants:primordial KT on
BeamRemnants:primordial K Tsoft 0.9 BeamRemnants:primordial K Tsoft 1.1
BeamRemnants:primordialK Thard 1.8 BeamRemnants:primordialK Thard 1.8
BeamRemnants:halfScaleForKT 2.0 BeamRemnants:halfScaleForKT 2.0
BeamRemnants:halfMassForKT 4.0 BeamRemnants:halfMassForKT 4.0
BeamRemnants:reducedKTatHighY 0.5 BeamRemnants:reducedKTatHighY 0.7
BeamRemnants:primordialKTremnant| 0.4 BeamRemnants:primordialK Tremnant | 0.4
443:0onMode off
443:onlfAll 13013
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Introduction
The classical integral of motion of a relativistic particle Y, has the invariant form

1_ 2

mcC
where V is the particle velocity, C is the light speed, m is the particle mass, f = 1.

For analytical and numerical calculations in Refs. [1 — 8], the integral of motion is understood
as a constant (Y = const), however, this case is satisfied only for a constant particle velocity
(B = const). Ignoring the nonlinear functional dependence y = y(r, t), for finding the trajectory
of a charged particle R(r, t) in the field of an electromagnetic wave

0

R(r,t)z_[p—;dﬁxzf%\r/’t)dﬁx, (@)

where p_ is the momentum of particle oscillation in the field of an electromagnetic wave,
P = qE(r, 1)/w; E(r, 1) is the electric field strength of the wave;  is the particle charge; W is the
particle oscillation frequency; ¥ is a certain constant that determines the initial phase of the wave;
r is the particle position at time t.

In many papers (see, for example, Refs. [1 — 8]), as a rule, integration is performed over the
space-time coordinate & = t — nr/c and supposing that y = const. In this case, there are no
relativistic effects of particle acceleration.

The angular integral of motion 0 is defined from Hamiltonian mechanics

oH' _ ———
EZ QEQE —l:P:I‘IP, (3)

where H'=H /(mcz)z./Qg Q¢ is the Hamiltonian of a freely moving particle,

1 1
f=—— _ Q; =———, nis the normal vector, and H'(B = 0) = 1 [9, 10].
Qs 1-np Qs 1+1p B=0) [ |

As is known, the integral angle or the so-called angular integral of motion is expressed from

Eq. (3) and has the following form:
6= cosh™ (,[QrQ; . )

where E = ,/Qg Q; is the dimensionless particle energy, E = 0.
From Egs. (3) and (4) it can be seen that the energy and momentum of the system take the
following values:

E =,/Q;Q; =cosh6, nP=,/Q;Q; —1=sinh8, ®)

which express the laws of conservation of energy and momentum for the particle

E2=P2+1, (6)

E=¢g/mc?= /QgQg:\/ﬁ?,P:p/mc:nJQgQQ—L (7)

From Egs. (4) — (7) and Ref. [10], for 8, r, t, and y, we have the following functional
relationship:

where

6=6(rtVY). )

Using the functional dependence (8), it is easy to show that the trajectory of the relativistic
particle (see Eq. (3)) can be represented as a function of the integral angle 0:

(8 6
R(e):‘[py(—(e))de+xzj%de+x. 9)
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From Eq. (8) we also have a mutually functional dependence with the space-time coordinate
& =¢&(0).

It is of interest to study in this paper the mutually functional dependence of the laws of
conservation of energy and momentum of a particle in a mutually invariant form depending on
8=06(y) and y =y (), that is

E?=P?+ 2yE —V?, (10)

where y* = 2E —V.

From the rapid development of such areas as the double special theory of relativity and grav-
itomagnetism [11 — 16], it follows that it is necessary to introduce differential forms, which in
the future will help to give a more extensive answer to such a question as: “Do we observe the
violation of the Lorentz invariant form in gamma-ray bursts?”

The purpose of this work is to search for new forms of the of motion and to study the mutual
functional relationship between integrals. Based on the Hamiltonian and Lagrange formalisms,
successively derive generalized formulas that are applicable to the motion of a particle in any con-
figuration of electromagnetic fields. Thus, in Refs. [17 — 19], the effectiveness of using Lorentz
coordinates in terms of rapidity has been demonstrated & = & (8). In Ref. [20], Lorentz coordi-
nates with associated parameters were applied to describe the dynamics of a charged particle in
the field of a plane wave and in the field of a one-dimensional Gaussian laser beam.

The method of coupled parameters was first introduced in relativistic hydrodynamics [21],
where these parameters were defined as physical quantities of a hydrodynamic system, such
as pressure, volume, and entropy, depending on a single parameter, such as temperature. In
the special theory of relativity, the method of coupled parameters has been applied in Refs.
[10, 17 — 20] based on eigenfunctions and eigenvalues, where it has been demonstrated that the
chosen parameters being related to the invariance of the obtained results across different reference
frames.

In this work, we will also show that the use of integrals of motion with coupled parameters and
their eigenvalues can describe the dynamics of a particle more efficiently than its presentation in
the orthogonal form [22]. Further, based on the task, on the eigenfunctions and eigenvalues, we
will find the eigenvalues of the integrals of motion y and 6 from the operators of differentiation

with respect to time = % velocity ﬁz diB and angular displacement 8= %

This work presents an approach that allows transitioning from certain eigenfunctions in the
special theory of relativity with associated parameters to eigenvalues in various representations of
the integrals of motion, which facilitate working with these eigenvalues.

A problem for eigenfunctions and eigenvalues from y

We introduce the direct integral of motion from & =t — nr/c as a derivative with respect to
time t:

d¢ . _
E_Qt =1 ana (11)
where
Q =1-nB, Q =1+nB, (12)

conjugate expressions.
The relationship between Q;", Q; and Qt is expressed by the following relationships:

Q =1-1(1-Q),Q =1+f(1-Q),Q +Q =2 (13)

Using Egs. (7), (11), and (12), we represent the integral of motion (1) in the following form:

y =%= Q. /QQ; =QE. (14)

Eigenfunctions and eigenvalues from the integral of motion y (14) are obtained by differenti-
ating with respect to time t, that is,
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dy _dQ dE
dt  dt E+Q dt’ (15)

where dQ )
=t -_f(1-0) =-f(1-0'Q" 16
= (1-Q) (1-QQ) (16)

is the function from Ref. [10].
dQ,
d

The expression

E has the form in the closed Lorentz group, viz.

A ST [T NN G | a7

Under the closed Lorentz group, we will understand when all relations in the equations are
closed, that is, they have a connection QQ, or Qg Qs -

Under the open Lorentz group, we will understand when there is one “free” integral of motion
Q. or QE in the equations. It is possible to choose an invariant form. For example, for the integral
of motion (see Eq. (14)) we have

V' =EQ'E=E-nP=inv,y  =Q E=E+nP =inv. (18)
The time derivative of the energy has the form [10]
% _po=npp2 (19)
dt
The particle velocity can also be represented in the following form:
g B=fn(1-Q). (20)
Expanding % E from Eq. (15) in an open group, we get
dQ,
—LE=-1@P, 21
it B (21)
%:—fBP+QtP3, (22)
QP =By = npy, (23)
?j—t:—fBP+ByP2:—fBP(1—fyP). (24)
In Eq. (24) on the right side, multiplying and dividing by y we get the function ft(y),
dy
1 =1 , 25
5= )y (25)
-fBP(1- fyP
f(y)=—2 L= 1VP) 18P, g2 (26)
y y
Representations BP in the open Lorentz group have the form
BP =fn(1 - Q)M(Q, — 1)y = y(Q; + Q,—2). (27)

Due to the invariance in Eq. (26), for nP? can be represented compactly N3 in an open
group, and P? in a closed group,

B=f(1- Qt)a P? = QT+QT_ -1. (28)

Representation f (y) in f (y*). The representation of NBP? from Eq. (26) for the case f = +1
has the form
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B =n(1-Q), (29)

nB'P? = (1-Q)(QQ: -1)=P?-Q; +Q". (30)

Substituting Eqs. (27) and (28) into Eq. (26), and passing from representations f(y) to f(y*),
we obtain ,

f(v)=-(Q +Q -2)+P*-Q; +Qr, 31)

f(y) = —P2 (32)

From Egs. (31) and (32) we also have the form
Q +Q
fly)=————+1. 33
(v) > (33)

Representation f(y) in f(y"). The representation of NBP? from Eq. (26) for the case f = -1
has the form

B =-n(1-Q), (34)
nB P’ =-(1-Q)(Q/Q; -1)=-P*+Q P?, (35)
QP =Q (QQ -1)=Q -Q, (36)
nBP? =-(1-Q )(QQ; -1)=-P*+Q; -Q, (37)
-fBP(1- fyP
f(v)= P (y Y )=Qg+Q;—2—P2+Qg—Q;, (38)
f(v)=Q +Q -2-P*, (39)
f(y) =P (40)
From Egs. (39) and (40) there is also the following form:
Qi+
f (v )_—2 1, (41)
Summarizing the obtained results — Eqs. (32) and (40), we have that
f(y) =P (42)

Representation Y in y* and y7. The representation of y* and Yy~ in the closed Lorentz group
has the form

y+y—=1. (43)
Differentiating Eq. (43) with r(espec)t to time, we obtain
dy'y dy* _ . dy
——*2=0, or —Vy +——y" =0. 44
dt at | " a ) 9
The eigenfunction and eigenvalue problems for y* and y~ have the forms
dy* L. dy” -
=y =) (43)

dt

where f(y*) and f(y") are eigenfunctions y* and y~ in time t.
Substituting Eq. (45) in Eq. (44) we obtain

f(y) + 1) =0. (46)
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Representation of y* and y" in differential form with respect to Q,:' and Qg . Using the re-
lations Q" +Q; =2 and QQ; =1, we represent y* and y~ in the form

y'=42Q -1,y =2Q; -1,
S O
e J2Q -1 ! 207 -1

In differential form, y* and y~ with respect to Qg and Qg , have the following form:
dy” _ _ dy _ . dy” _\eody? \3
— =Y ==Y ==Y ) =Y - (48)
aor - aor e ) =)

The fulfillment of properties of Eq. (48) can be easily verified by differentiating y* y~ = 1, with
respect to Q; or Q;.

(47)

CodQr A _ ,
The representation of —— and —— in differential form is as follows:
g g
dQ, \a dQ; \4
—E=—(y), = =-(y7)". (49)
dQE dQE
Energy and momentum in y* and y~ have the following relationships:
y'+y =2E=2Q,, (50)
Yy —Y"=2nP = 2f(Q, - 1)y. (51)
Expanding Eq. (51), we obtain a following equation for f = +1:
Y -y =2Q0y" -2y (52)
for f = —1 we have
Y -y =-2Qy 2y (53)

Representation of functions f,(y*) and f(y") in y* and y". Let us represent the functions f(y~)
from Eq. (41) and ft(y*) from Eq. (33) using the invariant forms

Q/ :ﬂ+% and QE_ :ﬂ+1

3
2 2 2
in the representation y* and y-, which have the form
+\2 \2
f(y+):_(V) +(v) 21 (54)
‘ 4 2°
2 2
Ao () ) e
f =41 >~ <+ 55
()= (55)
Adding and subtracting Eqgs. (54) and (55), we have
f(y) +1(y) =0, (56)
2 2
_ o)y
ft(y)—ft(y):—( ) 2( ) +1, (57)
Alternately multiplying Egs. (56) and (57) by (y*)? and (y~)2, we obtain a mutually invariant
form of eigenvalues:
f(y ) + F(y)(v)? =0, fly)(y)* + f(y)(y)* =0, (58)
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lr)-elr) (o f =Ly 5
r)-ntr) =20y w0

The invariance property of the energy and momentum of a particle expressed in terms of the
integral of motion y and Qz' To write the invariance property as

f(y) +f(y)=P>*-P>=0, 61)
and
P2 = P2, (62)
let us represent P as an open Lorentz group in the form
(P> = (P7)’, (63)

where the invariance property holds 2P = 2P* = 2P— =y~ — y* = inv.
The momentum P of the particle is represented in the following form:

P=1(Q,—1)y = BQy = BE = —(Q,— 1)Qyy. (64)

Substituting the values of the pulse in the open group P* = (QE+ —1) y"and P" =- (Qg —1) y
in Eq. (63), we obtain

(Q-2)y "= (Qr-2)y (65)

(-1 (v) =(Q -1 (v, (66)

() -2 +1 (v7) = (i) —20c+1 (v). (67)

Using the invariance property of the energy E =Q;y = Qg vyt = QY ", in Eq. (67) we have
+ +)2 - -
(=20 +1)(v") = (-20: +1)(v")

Substituting properties Q; = Q; (y+ )2 and Qf =Q; (y‘ )2 in Eq. (68), we derive an invariant
form

2

(68)

+ - -\?2 +)2 + - - +
2(Qe =) =(v) ~(v') = (v +v ) (v -v') ()
From the difference Qg and Qg, we obtain
Q¢ —Q =2nBQ;Q;. (70)
From the invariance property of the velocities 3 = 3" = *, we have the conservation law
Q¢ +Qf =2Q;Q;, (71)
also for 3"
Qf —Q =-2Q;Q; +2Q;, (72)
as well for B*
Qf —Q =2Q;Q; —2Q;. (73)
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Substituting the values of the energy

E? = Qng_ = I
in Egs. (72) and (73), we obtain
() () 2
Q-Q; =- > +2Q;, (74)
o ) )2 (75)
Q —Q¢ = 5 —2Q;.
Substituting Eq. (74) into Eq. (69), we have the form
-\2 +\2 + _\2 +\2
() =) -2ra=(v) -(v) (76)
Similarly, substituting Eq. (75) into Eq. (69), we obtain
-\?2 +\2 - _\2 +12
) +(v) +2-aQc=(v) -(v)" %)
Adding Egs. (76) and (77), we have the value of the invariant form
. _ \2 +\2
2Q; -2Q; =(y’) =(v') . (78)
Subtracting Eq. (76) from Eq. (77), we have
1/ .y +)2 . i}
S ) +(r) ~1=qi+q (79

Invariant forms of the integrals y* and y© of particle motion. The invariant form of the in-
tegrals of motion (y~)? and (y*)? has the following form:

() +b)= @) +(@) e=zpfaleva)-2 @
(r) - (v) =2(0; -07) = anBoi; =2nB(Q; +7) =10 D)

We introduce invariant functions that have the form
g:1+82 :(y_)2+(y+)2’h:(y_)z_(y+)2 __nB (82)

1-p?2 2 4 C1-p2
The functions g and h belong to the same class: their partial derivatives with respect to [ are
their eigenvalues and reflect the closure property of the Lorentz group:

dg —_ +tA- — 2 dh - tA- — 2

B 4hQ; Q; = 4hE Fr 9Q; Q; = gE”. (83)
Taking the derivatives of the integrals of motion y~ and y* (see Eq. (18)) with respect to [3,

we obtain

o - v ) e e )
n = - = =y =y )y, fly )=7—F=FE". (84)
dp (Qt+) (Qt+) B( ) B( ) (Q:)
Similarly, for y* we have
dy’ A )
n%zf(yﬁ)y f(vy)=-E2 (85)
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As can be seen, for Egs. (84) and (85) the following properties of the invariant form hold:

fi(y) + f,(y) =0, (86)
d d AV
d‘é n% f,(v) (v -v)=2nPE?, (87)
d d N
nd—\é— d\é =1, (v)(v +v)=2€% (88)

From properties (5), (6), and (7) of the invariance of the energy E and momentum P with
respect to [3, we have

dP _ s GE
dp dp

Taking the derivative of the integrals of motion (18), we obtain the invariant form

dE, 4P _dy
B "dp B’

and substituting the values (89), (85) into Eq. (90) we obtain that the integrals of motion y~ and
y* are invariant with respect to differentiation with respect to 3.

From properties (5), (6) and (7) of the invariance of energy and momentum with respect to
time t, we obtain:

=BE°® =PE*. (89)

(90)

n d—P = P’E. 91)
dt
Differentiating Eq. (18) with respect to time t and substituting the values (91), (45) and (19),
we obtain the mutually invariant form (18). The fulfillment of the invariant form of Egs. (19),
(89) and (91) is also easy to check by differentiating the conservation law (6) with respect to time
t or velocity [.
Reverse energy of a relativistic particle. We introduce the inverse energy function as

E,=—=—="=/Q'Q,. 92
TETQy QQ 92)

The invariant form of the inverse energy has the form

Qt = Qt V - Qt_ t= \/ Qt+Qt_ . (93)

From the properties obtained above, we introduce invariant relations using the reciprocal en-
ergy of the particle:

EE, = 1. (94)
P?E, = (QiQ; ~1)Qy =Qiy - Qy". (95)

’E; = (QQ; -1)Qy = QY -QY (96)

PE, = fn(Q, -1 )y%= n(Q; -1)Q = fn(1-Q) =B. (97)
P'E; =B'=PE; =P, (98)

P'E, =n(1-Q’)=B". P'E; =-(1-Q/) =P (99)
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Pseudopotential energy of a relativistic particle. We introduce the pseudopotential energy
function as

E,=Qy=QE. (100)
EE, = V2 (101)
E'E;=EE;=(y'), (102)
E'E, =EE; =(y) " (103)

Reverse momentum of a relativistic particle. The reverse momentum of a particle has the
form

1_0Q
nP =~ =_~t 104
 nP nPy (164)

and

P _i: Qt :Qt+y_ :Qt_y+

“"nP nBy nB  np’
where N = nf" = np*.

Decomposition into a spectrum in terms of y* and yf of the squared momentum P2 and
squared energy E? of the particle. The connections of the integrals of the motion of the particle
Yy and Yy~ through the energy of the particle has the form

(105)

y"+y =2E. (106)
Squaring Eq. (106) we obtain , ,
+ + -
—(V ) (y ) +£= EZ2. (107)
4 2
Subtracting one from both sides of the equation, we have
2 2
+ + -
—(y ) (y ) ) (108)
4 2

Using the invariant property of integrals of motion

) +(v) 2

QQ; = 3 (109)
we have
P?=Q;Q; -1=(E-1)(E+1), (110)
and
(1-Q7)(Q: -1) = (E-1)(E +1). (111)

Adding y*y~ = 1 to the left side of Eq. (111), we obtain
(v -Qiv*)(Qy -v')=(E-1)(E+1), (112)
and using the invariance property
E=Qv=Qy" =Qv,
we have

(" -B)(E-y)=(E-DE+I). (113)
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Revealing Eq. (113), we obtain a representation of the square momentum of the particle:
V'E+EY”

2

Dividing Eq. (114) by energy, we have

—E2=P?+1. (114)

+ +v
V¥V (115)
2
Substituting into the left part of Eq. (115) the values of the invariant form of the energy of the
particle

E=Qv=QY",
we obtain )
)+t
=Q;. (116)
2
Similarly, substituting the values of the invariant form of the particle energy
E=Qy=Qy
into the left part of Eq. (115), we obtain ,
)+t
Q. (117)

Adding Egs. (116) and (117), we have the following form:

M+1:Q§+QE‘, (118)
and \2 _\2
(y ) ;(y _) =2Q;Q; -1=P*+E”. (119)
Subtracting Eq. (117) from Eq. (116), we obtain
M =Q; -Q; =2nBQ;Q; = 2nBE?, (120)

Expressing 2nf3, we obtain 12 ) B _
2nB=Q -Q =(Q;) _(Q‘z) _lo-a )Z(Qt ) (121)

Converting Eq. (119), we obtain the value of the square of the particle energy:

) +0) 1

E2=Q/Q; = :
Q¢ Q¢ > > (122)
Similarly, for the value of the square of the particle momentum, we obtain
2 2
- y')+y) 1
P*=Q/Q; -1=—( )+l -5 (123)
2 2
Using the relations between the integrals of motion
Qf +Q =2Q:Q;, Q' +Q =2, (124)
it is easy to collect the particle momentum from the invariant forms of the integrals of motion

Q, and QE:
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Q +Q; -(Q +Q)=2QQ; —2=2P". (125)
Multiplying P? from Eq. (125) by 2nf =Q, —Q,’, we obtain
Qi -Q -Q; +Q =2npP?. (126)
Adding and subtracting Egs. (125) and (126), we have
QP =Q-Q, QP =Q;-Q. (127)
The relation for the particle energy has the following invariant relations:
QE*=Qf, QE*=Q;. (128)

Representation of integrals of motion as a functiony =y (Q, , P, E, Pg, Eg). From the prob-
lems on eigenfunctions and eigenvalues from the above paragraphs, it is convenient to represent
the integrals of motion y* and Yy~ as invariant functions

y=(1-Q) EP? - fQnP, (129)
y= Eg —fQnP. (130)
The Yy values (129) and (130) are expressed in terms of a one-to-one correspondence:
E nP
E, + fnPg =f22 (131)
Y
yt=E+fnP. (132)

Angular integral of motion 0

The functional dependencies y = y(Q,) and Q, = Q (y) have been introduced above. We now
define the integral angle, or angular integral of motion, as a function y = y(8).
The integrals of motion from Eq. (18) with the application of Eq. (5) take the form

y* = cosh 6 —sinh 8 = exp(-0), y~ = cosh 6 + sinh 8 = exp(0). (133)

Generalizing the Eqgs. (133), the integral of motion Y has the following relation with the an-
gular integral of motion 6

y = cosh 8 —fsinh 6 = exp(—0). (134)

Substituting the integral of motion (134) in the invariant form of the particle energy E = sz,
we obtain
Q,=1-ftanh 6, (135)

where in Eq. (135) Qt+ and Q, take the forms

Q =1-tanh®, Q  =1+tanh®. (136)

t

It is easy to show from Eq. (135) that the particle velocity has the form
np = tanh 6. (137)

Substituting the particle energy and momentum values of the from Eq. (5), it can be seen that

nB = VE?-1 B= P
E 'V preq (138)
thus, the functions 3 = B(P, E), P = P(B) and E = E(3) have a mutual functional dependence.
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Multiplying Q" and Q, from Eq. (136), we have
Q'Q =1-tanh®6, Q;Q; =cosh’ 6. (139)

Expressing from Eq. (135) QE, we obtain

Q= 0.5-[exp(2f0) + 1], (140)
where
L1 o1
Q; 25 exp(29)+1 » Qg :E exp(—26)+1 . (141)
From (140) we obtain the invariant form of the integral of motion Yy:
(V)2 =2Q, — 1 = exp(2f6), y = exp(f6), (142)

where the choice of f = +1 or f = =1 is determined by the principle of relativity.

Representation of the space-time characteristics depending on the integral of motion 6. By
representing the integral of motion (134) as a function differentiable with respect to 8, we obtain
the eigenvalue of the function V:

y' = —fexp(—0) = —fy. (143)

From the representations of the principle of the particle motion for the space-time Lorentz
coordinate, we have

g=t-f 0 (144)
C
where
t=1-—'  nr=ipn 1-Q) ; (145)
(1-Q) 2 v
using Eq. (135) we can be sure that the angular integral of motion has the following dependence:
t =1 —coth 6, nr = 0.5In(tanh?6). (146)
Differentiating Eq. (146) with respect to 6, we obtain
a__1_ oo (147)
de sinh“6 dB coshBsinhB
where
np :ngﬁztanhﬁ, (148)
doe dt
the value from Eq. (137).
Differentiating & from Eq. (144) with respect to 6, we obtain
d
e v .V . Q _Q (149)
d6 sinh?’Bcosh® P?E  sinh’6 P
Using the differential form from Eq. (147) { = P? = sinh26, we have
d¢ _d&de dE
______ =0. (150)
dt de dt de =Q

Lagrangian and Hamiltonian formalisms for a free particle in the representation 0. The

doe
Lagrangian depending on 6 and ( = E has the following representations:

1

__:— / _: = . 151
L QQ = coshe \/m (151)
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The derivatives of the differential forms of 8 and { from Eq. (151) have the form
oL’ _ sinh® _nP

- Sinhs _nb. 152
08 cosh’0 E (152)
oL’ 1 1 1
= = == 153
0¢ 2(Z+1)g 2cosh®® 2E3 ( )
d odL’ 3pd
& o | 2E" (>

The Lagrangian function of the integral of motion Qt and the coordinate g = —fnr/c from Eq.
(146) has the following form in the representation 0:

o __ 1_+Qt_ =-f sinh@ = - fnP, (155)
aQt \/Qt Qt
d oL _ g ~) _ : _ 156
i 50 ——f(\/QEQz -JQ'Q )——ftanhesmhe——fBP, (156)
‘2: =—f (\/Q§Qg - ) = —f tanh®sinh 6 = - fBP. (157)
It follows from Eqgs. (155) and (157) that
& =np. (158)
0q
Also, from Eq. (135), we have a partial differential form
9 __ f cosh? 6. (159)
0Q,
From Egs. (158) and (159) we have the following differential form:
@: - f coshBsinh6. (160)
oq
The Lagrange equation of the second kind as a function L' = L'(q, t, Q, 6, {) has the following
form:
d oL" oC d o¢ oL oL'0Q, _
— —+— = — - =t 61
dt 97 99 dt 0Q 96 08 aq (161)
From Egs. (134), (140) and (50) we have that the Hamiltonian of a free particle is
H'=Qy=E= cosh 8. (162)

Substituting Egs. (162) and (3) into the integral of motion (134), we obtain a generalized in-
tegral of motion in the form

oH'
00

Due to the fact that y* and Yy~ are invariants of motion different in direction and from the
principle of relativity, we obtain

y=H'-f (163)

N oH" _ , OH'

“H' -2 v =H+ 2 164

y P y % (164)
i oH' °

v =(H') - =1 165

vy =(H") 36 (165)

where Eq. (165) expresses the law of conservation of energy in Hamiltonian form.
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Using Lagrangian and Hamiltonian formalisms, it is convenient to introduce the following
equation describing the conservation law by (:

AL (166)
0¢

The classical action function for a particle that has no charge has the form [23]
oS’ rpmul
E:_ Qt Qt =L" (167)

As is known, in the Hamilton — Jacobi equation [23], when substituting Eq. (167), we have
the following form:

oS’ Q 1 5
H'+ —=Q,y-——t=cosh6- =H’
ot QY y cosh® (168)
where H is the displacement Hamiltonian.
Differentiating Eq. (168) with respect to 8, we have
' tanh (8 ' '
ﬁ:sinh(e)Jra”_():an,E:a_L_fa_L, (169)
00 cosh(9) E 00 0Q
and
ﬁ - 6_L =n (170)
06 06
Representing Eq. (168) as a function H = H(Q), we obtain
5 1 4 p?
R =,/(+1- = = =BP. (171)
VCHL {21 P71
Differentiating Eq. (171) with respect to {, we have
O’ Z+2 _cosh’@+1_dL' L (172
14 2(Z+1)§ 2cosh®®  9C¢ 2 )
The relationship between derivatives (169) and (172) has the following form:
sinh(ZO)ﬂ = ﬂ, (173)
lol4 00
where o 5
i _00__ 100

Thus, it is established mutually expressible between y = y(0) and 6 = 6(y), where the explicit
relationship 0 depending on y has the form

2
o=arctanh f - v (175)
1+y
Conclusions

In this work, based on the integrals of motion y =y(r, t, Q, 0) and 8 = 6(r, t, Q, y), new rel-
ativistic forms have been obtained, which can be used to analyze the motion of particles, both in
electromagnetic and gravitational fields.

From the problem on eigenfunctions and eigenvalues, the integral of motion was shown to
have a relativistic invariant form, when taking the derivative with respect to time t and velocity 3.
A mutually invariant relationship between y = y(8) and 0 = 0(y) was derived.

The generalized integral of motion y = y(8) from Eq. (163) was obtained using the Hamiltonian
formalism.
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Thus, in the future, to analyze the motion of a relativistic particle in electromagnetic fields,
not only the invariant form y from Eq. (1) should be taken into account, but also the contribution
of the scalar @ and vector A potentials, that is, the integral of motion should be considered as a
function of y = y(Q,, A, @).

Relations of mutually invariant differential forms with generalized forms of mo-
tion were obtained. The Lagrange equation of the second kind was derived as a function of
L'=L'(q, t, Q. 0, (). The Lagrangian formalism showed the mutual correspondence between
L'=L'(q, Q) and L' = L'(6, ().

The functions of reverse energy and reverse momentum, the functions of pseudopotential
energy and pseudopotential momentum were introduced. Their connection with the integral of
motion Y was shown.

Using these conclusions, it is further interesting to generalize such problems as the motion of
a charged particle in electromagnetic fields of various configurations in the presence of stationary
and variable electric and magnetic fields and to study relativistic effects that occur when particles
are accelerated and decelerated by electromagnetic fields. Our findings will be also useful in the
future for the development of such areas as double special relativity and gravitomagnetism.
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ATiToaoey. Toe Tréfaree ecieaid éTeddareé 0160380 4aéTé TadaoTa To iTadée
AddToeee 1 Yéedda é iTadée OeIToATeT Adad0 é ofieTerarep &aéraile+anéTar
TTadaaTey aacée, TTyagdiep 1Ta06 yooaéoTa & 1Tand OTol étedaareé. O&éi daatod
A TOTO&0EATAA0N TTAGTAD € GTdAAcATep, dacdaaToal 104 48y 4a6Té AddToeée A YEsada,
a ToeTararee & arTeédd oTenonl Aagéai, éToToldd Trefdaapory iTadélip OeTToATET,
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Introduction

While the BernoullifiEuler model well describes the bending vibrations in thin beams, more
complex models are required to describe the dynamics of relatively thick beams. The Timoshenko
model differs from the BernoulliiEuler model by accounting for the shear in beam cross-sections:
this means that these cross-sections are not necessarily perpendicular to the beam centerline (the
cross-sections remain flat in both models). Additionally, the Timoshenko model accounts for
rotational inertia of the beam cross-sections. There are also intermediate models accounting for
only one of these two effects (shear or rotational inertia of the cross-sections), but they are infe-
rior to the Timoshenko model in accuracy and are used much less frequently.

The transition from the BernoullinEuler model to the Timoshenko model in the problem of
free bending vibrations in beams expectedly transforms the solution, complicating it. First, the
existing eigenmodes and eigenfrequencies of vibrations are slightly modified: the eigenmodes gain
a shear component, while the frequencies are shifted to the left (toward decreasing). Secondly, a
completely new part of the spectrum of eigenfrequencies and eigenmodes appears: these are the
modes in which shear deformations prevail over bending ones. Thus, the behavior of the beams
changes not only quantitatively, but also qualitatively.

Evidently, the influence of these factors becomes more pronounced with increasing thickness
of the given beam; also growing with increasing vibration frequency, since the Timoshenko model
specifically provides a better description of high-frequency dynamics compared to the Bernoullifi
Euler model. Therefore, it is more correct to use the Timoshenko model in problems on high-fre-
quency dynamics of beams, for example, in simulations of damping of elastic waves, [1, 2].

The BernoulliiEuler model is often used to describe the behavior of thin beams in problems
where active vibration suppression is considered not as blocking of elastic waves but as damping
of certain vibration modes [3] (in particular, this model was selected in several of our earlier
studies [4, 5]). The natural questions, then, are how an increase in beam thickness influences the
efficiency of control in such problems and at what point this influence becomes significant.

To find answers to these questions, it is necessary to make a transition to the Timoshenko
model, considering several cases with beams of different thicknesses.

Several studies confirmed that effective active damping of Timoshenko beam vibrations can
be achieved with piezoelectric sensors and actuators using both the proportional control law [6]
and state observers [7]. However, these studies did not compare the efficiency of control systems
(CS) for beams of different thicknesses. It was shown in [8] that using the control law synthesized
for the BernoullifiEuler beam to dampen the vibrations of the Timoshenko beam can lead to
instability of a closed system.

Thus, the influence of the factors inherent to the Timoshenko model on the operation of sys-
tems for controlling beam vibrations remains an important issue.

This paper continues the research carried out in [4, 5], reporting on the control of vibrations
in elastic beams using observers was.

The goal of this study consists in numerical analysis of the influence of contributors in the
Timoshenko model appearing with an increase in beam thickness on the efficiency of control
systems for active damping of beam vibrations using observers.

In this study, the thickness of the beam varies over a wide range of values: from 1/250 to 1/10
of the length of the beam. The control inputs considered are either concentrated forces (in this
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case, the transverse displacements of the beam in the corresponding cross-sections are fed to the
input of the control system) or concentrated moments (in this case, the rotation angles of the
corresponding cross-sections of the beam are measured).

Optimization methods involving formulation and solution of matrix Riccati equations are
widely used to synthesize optimal control systems with an observer. However, this approach to
synthesis of CS cannot be directly applied in this study, since the size of the elements of the
observation and control matrices in the problem considered is limited not by the factors adopted
within the framework of this approach, but by others.

These limiting factors in the standard formulation of the optimization problem are the depen-
dence of the quality functional on the magnitude of the control inputs (for the control matrix)
and the measurement noise (for the observation matrix). On the contrary, the limiting factor in
this study is the excitation of higher modes by the CS which are not controlled, because of the
phase shift in control inputs due to a delay in the control loop (the so-called spillover effect).
Accounting for this particular factor as the main one is dictated by our experience in cnducting
experimental studies on active damping of metal beam vibrations in a metal beam [9].

An alternative approach to optimal synthesis of CS is the Linear Matrix Inequalities (LMI)
method, however, the given problems are not directly reduced to LMI for the case of control
with an observer, so this method is also ineffective in this study. In view of this circumstance, the
synthesis of CS in the study was carried out by the NelderfiMead numerical optimization method.

Peculiarities of the Timoshenko beam model

The BernoullifiEuler beam model is widely used to describe the bending vibrations in thin
beams. This model is based on the assumption that the cross-sections of the beam always remain
perpendicular to its centerline (i.e., there is no cross-section shear). Thus, the state of the beam
under bending deformation is fully described by the transverse displacement function of the beam
centerline depending on the longitudinal coordinate. Furthermore, this model does not account
for the rotational inertia of the beam cross-sections.

A model describing bending vibrations in thicker beams was proposed by Stepan Timoshenko
in 1921 [10]. This model accounts for both the shear deformation and the rotational inertia of
the beam cross-sections. Thus, the Timoshenko model uses two functions of the longitudinal
coordinate to fully describe the dynamics of the beam: the transverse displacement w and the
rotation angle of the cross-section @. The equations of bending vibrations of the beam for the
model under consideration can be written as follows (for simplicity, we assume that the beam has
a constant cross-section):

PAW+ KAG (¢'-w") =g,

N €
pld+KAG(¢-w)-El$p"=m,
where p is the bulk density of the beam material; A and | are the area and moment of inertia of the
beam cross-sections; E and G are Youngis modulus and shear modulus of the beam material; K is
the dimensionless Timoshenko shear coefficient (depends on the shape of the beam section and is
commonly taken equal to 5/6 for a rectangular cross-section); g, m are the distributed transverse
force and the bending moment applied to the beam.

The two second-order equations above can be combined into one fourth-order equation for
the beamis transverse displacement w:

d*w E ., pld'w I Bl .,
o +pAw -pl 1+E w +p——=q+p—q—mq -m. )

El .
KG dt KAG

If the shear stiffness of the beam KAG tends to infinity and we neglect the rotational inertia of
the beam cross-sections pl, the distinctive effects of the Timoshenko model disappear, and Eq. (2)
is reduced to an equation describing the bending vibrations of the BernoullifnEuler beam.

The solution to the problem of free beam vibrations is significantly transformed with the tran-
sition from the BernoullifiEuler beam model to the Timoshenko model. Details of the solution
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to this problem for the Timoshenko model are discussed in [11, 12]; in particular, a simply sup-
ported beam and its set of eigenfrequencies and eigenmodes are considered.

A similar formulation of the problem is used in this study. The complete solution is rather
cumbersome, so here we will briefly provide only basic information about it.

The solution to the problem of free vibrations in a BernoullifiEuler beam is an infinite series
(spectrum) of eigenfrequencies and their corresponding eigenmodes. The frequency spectrum has
a lower bound (the first eigenfrequency), but there is no upper bound. The Timoshenko model is
the more complex form of the BernoullifiEuler model, so the solution for it contains all the same
elements, i.e., frequencies and modes, but with a certain correction: the frequencies decrease
slightly, and the modes acquire a shear component; in addition, the model adds new solutions:
frequencies and their corresponding modes.

Thus, a new frequency spectrum is added, and this spectrum also has a lower bound, the
transition frequency:

KAG
—_ 3)
pl

Q =

The presence of an eigenmode corresponding to the given frequency depends on the boundary
conditions. In the case of a simply supported beam, this mode exists and represents the rotation
of all beam cross-sections by the same angle (i.e., constant shear deformation along the length of
the beam) in the absence of transverse displacement. The new part of the spectrum originating
from the transition frequency includes vibration modes for which shear deformations prevail over
bending ones. The frequencies in this region of the spectrum also grow to infinity with an increase
in the sequence number.

Problem statement

The goal of the study is to synthesize CS with observers and numerically compare their efficiency
for active damping of forced bending vibrations in Timoshenko beams with different thicknesses.

A schematic of the beam with applied input for two configurations of control elements con-
sidered is shown in Fig. 1. A 1 m long simply supported aluminum beam with a rectangular
cross-section is subjected to an external perturbation, which is a concentrated bending moment
M, applied to the beam at a distance of 0.4 m from the left end. The study considers three cases
of beams with different cross-sections: 4 x 25 mm, 20 x 25 mm and 10 x 10 cm.

a) b)

———— I -

- ~ - ~

Y

I3

F

13

—A A

i3

M

i3

T

Fig. 1. Schematics of control object with applied control inputs:
concentrated forces F, and F, (a), concentrated moments M, and M, (b);
beam length |, external bending moment M,

The paper considers two configurations of the CS.

Case A. The sensors measure the transverse displacement in two cross-sections of the beam,
dividing it into three equal parts, and the control input consists of concentrated transverse forces
applied in the same cross-sections.

Case B. The control system is designed differently from case A in that the it is the rota-
tion angles of these cross-sections that are measured and the input is applied as concentrated
bending moments.
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Control is aimed at dampening forced vibrations at the two lowest resonant frequencies of the
beam. The vibration modes corresponding to these frequencies (more precisely, their components
in the form of transverse displacement, since there are also other components in the form of
rotation angles) are also shown in Fig. 1.

In this paper, we consider CS with observers, widely used for feedback control in the case
when the state of an object cannot be directly measured and an adequate model of the object is
known. A detailed mathematical description of this method with respect to the problems consid-
ered in this paper can be found in our earlier works [4, 5]. To set each such CS, it is necessary
to define the observation and control matrices; the NelderiiMead optimization method built into
the computing package used was selected for this purpose in our study. Then the results generated
by the synthesized systems for beams of different thicknesses are compared.

Modeling of object without control

Before constructing CS, it is necessary to model the object itself. This section is dedicated to
modeling of beams without control. It consists of the expansion in terms of the beamis vibration
eigenmodes, calculated together with the eigenfrequencies using the Timoshenko beam model.

First of all, we should verify that the mathematical model of beam behavior used is cor-
rect, subsequently determining the number of eigenmodes in the model sufficient to adequately
describe the required dynamics. For this purpose, the frequency response obtained for this model
as an eigenmode expansion were compared with the frequency response obtained for beams with
the same parameters by finite element analysis.

Three-node beam elements were used in all FE models. The beam was divided into 200 ele-
ments with a length of 5 mm, each model contained a total of 401 nodes.

Fig. 2 shows the frequency

¢, dB ' ' ‘ ‘ response of beam 111 (the thick-
110k - est one, with the thickness of 10
cm), calculated by applying the
first (left) concentrated control
moment to the beam and mea-
suring the rotation angle in the

/ ,//// f.;'i \h / A \ same cross-section (obtained by
. VA;’ L NS any \/ / both methods). Two solutions
i i 2 ‘X

1201 ¢ -
130§ |
-14o='§
150

are given for two numbers of
eigenmodes taken into account
for the second of these models:
-180 : : : ‘ ' configuration A consists
% ‘ L 15 D 25 fKHz  of 25 traditional modes (their
equivalents are included in the

Fig. 2. Comparison of the frequency response for moment BernoullifiEuler beam model),

160 f ¢

70+

versus rotation angle in beam IIl (10 cm thick) obtained one transitional mode, and
for two models: FE (curvel) and models with eigenmode 15  shear-dominated  forms
expansion (curves 2, 3), taking into account from the new spectrum of the

41 (2) and 71 (3) modes Timoshenko model;

configuration B consists of 45
traditional modes, one transitional mode and 25 shear mode.

The ordinate axis on the frequency response curves here and below has a logarithmic scale,
therefore, the quantities plotted along this axis (transverse displacement or rotation angle) are
measured in decibels (dB).

As evident from Fig. 2, there is a good agreement between the two models considered, and
the proposed number of modes taken into account (45 + 1 + 25) turns out to be sufficient for
an adequate description of beam dynamics within the framework of the problem solved in a
wide frequency range. A similar comparison was carried out for two other beam configurations
(I and I1), with the following numbers of modes taken into account in the simulations selected
for them:

45 + 1 + 25 for beam Il (same as for beam Il1),

45 for beam | (traditional vibration modes).
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¢, dB : , ; . x Y ; The comparison shows that
the eigenmode expansion of the
Timoshenko beam model used
in the study is correct.

It should be noted here
that with the beam dimensions
adopted (length of 1 m, thick-
ness of 10 cm), the finite ele-
ment beam model itself, like the
Timoshenko model, may not
be entirely accurate due to the
. warping of the beam cross-sec-
140 s/, tions. Investigation of this cir-

cumstance is beyond the scope
of this work, since our goal was
Fig. 3. Comparison of frequency response for moment versus to compare the Timoshenko and
rotation angle @ in Timoshenko beams Ifilll taking into BernoullifiEuler models, and
account scaling (curve numbers correspond to beam numbers):  the thickness-to-length ratio

120

beam 1 taking into account 45 modes; beams Il and 111 both  (1:10) of beam Ill was chosen

taking into account 71 modes; BernoullifiEuler beam model as the limit for the correct use of
taking into account 45 modes (BE curve) the Timoshenko model.

The frequency f is normalized by the frequency of the first resonance f, When an adequate model of

for each of the beams the object is selected, it becomes

possible to compare the fre-
quency response for beams of different thicknesses. Such a comparison is of particular interest,
since it is the differences between these frequencies that will have the key influence on the syn-
thesis process and the efficiency of CS constructed for each of the beams.

Fig. 3 shows a comparison of the frequency characteristics obtained for the first control
moment acting on the beam, measuring the rotation angle in the same section for each of the
beams. To compare these characteristics in the same graph, it is necessary to coordinate their
scale on both axes. The frequencies along the abscissa axis were normalized by the frequency of
the first resonance of each beam, since this value increases exactly by n times with an increase in
the thickness of the BernoulliEuler beam by n times. The rotation angles of the cross-section
(ordinate axis) were also normalized, since the vibration amplitude of the BernoullifiEuler beam
decreases by n® times with an increase in its thickness of beam by n times and by n times with
an increase in width. Moreover, the vibration amplitude of the beam decreases inversely with an
increase in beam width, and the width of beam 111, as mentioned earlier, is 4 times the width of
beams | and I1. For this reason, the values of the rotation angles in this graph were multiplied by
125 for beam 11, and by 62,500 for beam 111 (the ordinate axis in Fig. 3 also has a logarithmic
scale, and the logarithm of the angle was calculated after multiplying it by a multiplying factor).

Fig. 3 also shows the reference characteristic corresponding to the BernoullifiEuler beam
model (its BE curve nearly coincides with the curve for beam 1).

Importantly, if this particular model were used for beams of different thicknesses, then all
the curves on the graph would have coincided with the reference one. Furthermore, all synthesis
results and efficiency indicators of CS for different beams would also have been the same with
an accuracy up to the similarity coefficients. Therefore, the graph shown in Fig. 3 illustrates pre-
cisely the influence of the Timoshenko beam model, becoming more pronounced with increasing
beam thickness.

Let us analyze how the influence of the Tymoshenko model manifests on the graph. A com-
parison of the curves for beams | and Il shows that the resonant frequencies are shifted to the
left (towards a decrease) and this shift increases with increasing frequency. This is even more
pronounced for beam Ill, where a new factor is also noticeable: a significant change in the
structure of the solution to the right of a certain boundary. This boundary is located in the
vicinity of the transition frequency (mentioned earlier in the section on the characteristics of the
Timoshenko model): for beam 111, it exceeds the first eigenfrequency by about 68 times. A new
part is added to the spectrum present in the BernoullifiEuler model starting from this transition
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frequency: modes with a predominant shear component. This feature is not observed on the graph
for beams | and 11, since for them the value of the transition frequency significantly (by several
orders of magnitude) exceeds the value of the first eigenfrequency, therefore not falling within the
considered range.

Synthesis of control systems

Consider the operation of CS with state observers used to actively dampen beam vibrations in
this study. Only the basic equations are given here; a more detailed description of this method as
applied to the problems considered in this paper can be found in [4, 5].

We assume that n lower vibration modes must be taken into account for satisfactory descrip-
tion of the dynamics of an object. We introduce the state vector q":

a"=(q . G G ... G), (4)

where g, is the generalized coordinate corresponding to the ith mode of the beamis vibrations; g,
is the generalized velocity.
In this case, the objectis behavior can be described by the following equations:

q"=Aq"+Bu+Dd, (5)

y=Cq", (6)

where d is the vector of external perturbations; y, u are the vectors of measured signals and control
inputs; A, B, C are the matrices defining the behavior of the object and its interaction with drives
(actuators) and sensors.

We assume that observation and control are carried out for k lowest vibration modes of
the object (k < n). The observeris objective is to evaluate the state vector g* corresponding to
these modes:

k

q“ =(q, G G a)" - 7)

The observer forms an estimate of this vector é} using the known matrices A®, B®, C® describ-
ing the dynamics of the k lowest modes of the object and this estimate is then used to define the
vector of control inputs:

a= A% +B%+L(y-cl), ®

u=-Ra, )

where L, R are the observation and control matrices that must be set correctly (so that the control
objective is achieved).

Within framework of this study, we consider the matrices A®, B® and C® to be known (they
are obtained from matrices A, B and C by eliminating unnecessary columns and rows), so only
the matrices L and R are to be determined to define the CS. Observation and control in the given
problem are carried out for two modes using two sensors and two actuators. Since observation and
control of these modes are carried out separately, the matrices L and R can be set as follows [5]:

K2Lx2 R Rd
L4><2 = KLd T2><2’ I:22><4 = I:2><2 szz KZXZ ' (10)
2x2

where K-, K-, KR, KR are 2 x 2 diagonal matrices; T, F are modal matrices (mode analyzer and syn-
thesizer) [4, 5, 9], determining how each control loop uses each sensor and actuator in its operation.

Since the sensors and actuators are located symmetrically on the beam, and the beamis eigen-
modes are symmetrical or antisymmetric, the modal matrices in this study have a specific form,
presented below. In the case when the transverse displacement is measured and the control input
is applied as concentrated forces, they can be set as follows:
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m_ 05 05 0 = 1 1 |
05 -05" 1 -1 (11)

In the case when the rotation angles are measured, and the control inputs are concentrated
moments, the modal matrices take the form:

(2) _ 05 _05 (2) _ 1 1

= ,F@ = .
05 05 -1 1 (12)

Thus, taking into account the structure of the matrices K-, K¢, KR and K® to be set (they are
diagonal and have the size of 2 x 2), it is necessary to optimally select 8 parameters to fully define
the CS in the case of simultaneous damping of two vibration modes. If the objective of the CS is
to dampen only one of the resonances, then only 4 parameters should be determined.

The optimization problem for the given number of parameters was solved by the NelderfiMeade
optimization method. The objective function for damping of a single mode was the height of the
corresponding resonant peak on the frequency response of the beam with the control switched
on. If both modes were to be damped, the objective function was set as the sum of the heights
of both resonant peaks. In addition, a penalty was added to this function in case of violation of
stability margins in the closed system.

The Nyquist criterion was used for stability analysis, modified for the case of two inputs and
two outputs of the control system (it is described in detail in [13]). The aspects of numerical
simulation of a closed system with observers are discussed in [4]. It contains, in particular, a
formulation of the problem where a link simulating a delay with the transfer function R®!(s) is
introduced into the control loop:

i 1
Rdl(s):1+rs' (13)

where T is the time constant and s is the complex variable.
This exact formulation is used in this study. To preserve the similarity of the problem formu-
lations for different beams, a specific time constant is selected in each formulation:

T, =0.005s, T, =1T| =0.001s, T, =i'[| =0.0002s, (14)
5 25

where T, is the time constant for controlling the oscillations of the ith beam.

Example. As an example, consider the one of the synthesized systems, namely, the system for
beam Il (cross-section of 20x25 mm), measuring angles and controlling moments while simulta-
neously damping the first and second vibration modes of the beam. The diagonal matrices defin-
ing observation and control were obtained in the following form:

| —81.63 0 L 7601 0 ,
K= , = 10°,
0 -63.24 0 79.78
(15)
(R = -5393 0 102 K™= 37.25 0
0 13.82 ’ 0 -149.3

Fig. 4 shows a Nyquist plot for the resulting system (the general view and an enlarged frag-
ment of the vicinity of the origin). The stability margins for all synthesized CS were set such
that the systemis Nyquist plot did not intersect a circle with 0.5 radius centered at (A 1.0) (this
corresponds to an amplitude margin of 6 dB and a phase margin of 29°). Evidently, all stability
requirements are satisfied for this CS.
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Fig. 4. Example of a Nyquist plot for one of the synthesized control systems:
general view (a), enlarged fragment (b)

Comparison of results obtained from different CS

This section provides an overview of the results obtained from all synthesized CS for beams of
different thicknesses.

As already noted, to determine the efficiency of control, the values of the height y of the first
and second resonant peaks on the frequency response of the beam with control were analyzed
against the height of these peaks in the absence of control. The choice of the frequency response
curve itself should be explained: we considered the total energy of steady-state vibrations of the
beam exposed to a harmonically varying external perturbation in the form of a concentrated
moment, depending on the frequency of the applied input. This quantity was calculated by the
following formula for each value of the frequency w:

E (0) = szQf (@), (16)

where Q, is the steady-state amplitude of the ith generalized coordinate of the vibration mode, n
is the number of generalized coordinates (beam vibration modes) in the model.

As with all frequency characteristics in this study, the amplitude of the quantity considered
here was expressed in decibels (dB).

Expression (16) corresponds to the total energy of beam vibrations, since all vibration modes
(with transverse displacement X.(x) and rotation ,(x) components) are normalized as:

W(x,t):ZXi(x)qi (t), ¢(x,t):ZCDi(x)qi (t) @7)

J::(pAXi(X)Xi(X)+p'q’i(x)q’j(x))dxz5aj (18)

where 9, is the Kronecker symbol.

The control results for all systems are summarized in Table. A decrease in amplitude at the
first (Resl) and second (Res2) resonances as a result of control is observed for all three beams,
cases of control using both concentrated forces and moments are considered. Vibration damp-
ing was carried out either for only one of the modes, or simultaneously for both modes for each
formulation. The best results for each beam and each of the resonances are highlighted in bold.

Fig. 5 shows the frequency response of beams with and without control for CS simultaneously
operating at both resonances. To compare the results obtained for different beams on the same
graph, the frequency response was scaled along both axes as done in Fig. 3.
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Table

Decrease in beam vibration amplitudes at resonance
for different control systems

Amplitude decrease,
Beam Control method | Damping scenario dB, at resonance

Resl (Ay,) Res2 (Ay,)

Forces Separately 35.47 29.4

I Together 34.05 29.5

(1, 4a, 4b) Separately 31.18 25.91

Moments Together 30.16 2478

Forces Separately 35.44 29.73

1 Together 33.79 29.73

(2, 5a, 5b) Separately 31.14 25.93

Moments Together 30.16 2477

Forces Separately 35.03 27.9

Il Together 34.16 27.9

(3, 63, 6b) Separately 30.59 25.21

Moments Together 29.79 23.97

Note. The numbers of the curves in Fig. 5 corresponding to each beam are given in parentheses
in the left column.

Analyzing the data in Table and Fig. 5, we can conclude that the CS obtained make it possible
to efficiently dampen the forced vibrations of the beam at both the first and second resonances.
The main conclusion is that the efficiency of the synthesized CS only changes insignificantly as
the beam thickness increases over a wide range. This means that the considered control method
allows to efficiently control the vibrations in not only thin but also relatively thick beams. A
noticeable trend is that the damping efficiency decreases slightly with increasing thickness of the
beam both at each resonance in the case of separate damping and as the sum of parameters at
both resonances in the case of simultaneous damping. This effect is almost unnoticeable for the
results for beams | and Il compared but manifests clearly for beam I11. A possible explanation for
this result is that the frequency response curves are virtually identical at low frequencies for beams
I and Il in the absence of control, while the resonant peaks on the frequency response curve of
beam |11 shift to the left with increasing frequency, compared with the frequency response of

S

Fig. 5. Frequency response for beams Ifi 111 (a, b) without control (curves 1A3),
with force-based control (curves 4afi6a)
and with moment-based control (curves 4bfiéb) (see Table)
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thinner beams; accordingly, the gains in the CS are more noticeably limited by the deterioration
in stability at higher frequencies and the efficiency of the CS decreases.

Notably, the observed difference is caused not so much by the influence of the new part of
the frequency spectrum and the corresponding shear modes found in the solution to the prob-
lem on the Timoshenko beam vibrations, but rather by the édeformationi of its scaled frequency
response near the lower resonant frequencies with increasing beam thickness (this effect can also
be observed in Fig. 3). The influence of the new part of the spectrum is small, since the transition
frequency bounding this part of the spectrum from below for all the beams considered signifi-
cantly exceeds the cutoff frequency of the open system for all synthesized CS (even in the case
of beam 111, the first quantity is about an order of magnitude higher than the second and the
difference is even more significant for the remaining beams).

In addition, the presented results show that control using displacements and concentrated
forces is carried out far more efficiently than with systems using rotation angles and concentrated
moments. This is explained by the fact that the resonant amplitudes on the forcefdisplacement
curve of the beam (without control) decrease significantly faster with increasing frequency than
on momentfrotation angle curve, i.e., the influence of control for the first systems is more pro-
nounced at lower frequencies than at higher ones, therefore, the damping efficiency at lower
frequencies increases, and the decrease in stability at high frequencies decreases.

Another observation concerns the results given in Table: as a rule, the vibrations at the first and
second resonances are dampened individually somewhat more efficiently than together, this effect
is characteristic of CS both with and without observers, as discussed in our earlier studies [4, 5].
An explanation for this result is that when two loops are switched on simultaneously in the CS,
the degree of stability of the closed system decreases, so the gain coefficients must be reduced,
consequently decreasing the efficiency of the CS.

Conclusion

The paper considers the problem of active damping of forced vibrations in metal beams using
control systems with state observers. We analyzed the influence of beam thickness on control effi-
ciency. For this purpose, the problem was solved numerically using the Timoshenko beam model
for different beam thicknesses, varying over a wide range. The study focuses specifically on the
effects of the Timoshenko model, since the BernoullifnEuler model would yield identical results
for the dynamics of beams with different thicknesses.

We found that the proposed CS remain efficient for all the beams considered in the case of
damping beam vibrations at lower resonances. Only a slight decrease in vibration damping effi-
ciency was observed with a significant increase in beam thickness; a reasonable explanation was
given for this effect.

The following directions are of the greatest interest for future studies:

modeling of beam vibration control using specific piezoelectric sensors and actuators,

damping of beam vibrations at higher resonant frequencies,

variation of the object model in the observer, including the expansion of the number of beam
eigenmodes included in this model.

Other promising directions are accounting for cross-section warping for thick beams and
measurement noise during synthesis of the control system, as well as analysis of various quality
functionals for optimization of the parameters of the control system. It is also of interest to solve
the problem on damping of elastic waves in the Timoshenko beam.
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Introduction

As more new materials are created and their range of applications expands, new challenges
arise, associated with describing the state of objects under thermomechanical loads, taking into
account the influence of various characteristics of the internal structure. Simulations of the behav-
ior of materials that are inhomogeneous at the meso-level can be divided into two stages: at the
first stage, effective properties are determined using micromechanical methods, and at the second
stage, the problem is solved at the macro-level.

As a rule, calculations of the effective properties assume that the fields are continuous at the phase
interfaces in the material [1]. However, this hypothesis may prove invalid in some cases. In particular,
in the context of the problem on determining the diffusion properties, segregation (impurity depo-
sition) [2] cannot be described if the concentration field is assumed to be continuous [3]. Cracking,
grain refinement, etc., can lead to the formation of additional bypasses of accelerated diffusion [4],
which, in turn, contradicts the assumption of continuity of the normal component of the flux.
© OoTéTaa E. 1., AsarTita T. 1., Aeééiu+daneay A. T., 2025. Ecaacdél: Nateo-T404d04004neeé TTé@0A0Te+aneeé

6T24407e040 Ta0da A3BEETaT.
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Any disruption of field continuity means the presence of imperfect contact (IC) [5]. ICs of
the above types have been taken into account in a number of studies describing various processes.
For example, the diffusion process was considered in [6fA8] taking into account segregation in a
material consisting of a matrix and isolated inhomogeneities. The model introduced a parameter
equal to the ratio of concentrations on the outer and inner sides of the phase interface (the segre-
gation parameter). Thermal processes in two-phase materials containing isolated inhomogeneities
were considered in [9A11] taking into account various types of imperfect contact. It was assumed
that the inhomogeneities have a coating with extreme properties (it is an insulator or supercon-
ductor). We carried out generalization and comparison of different approaches to simulation of
imperfect contacts in [12].

The presence of imperfect contacts that must be taken into account to determine the effec-
tive diffusion permeability can directly affect both the impurity distribution in the macroscopic
sample and its stressfistrain state, as the latter can change as a result of impurity accumulation.
We analyzed the effect of segregation on diffusion and mass elasticity in [13]. Impurity deposi-
tion at the phase interface between matrix and inhomogeneity was modeled only by setting the
segregation parameter.

This study focuses on analysis of the influence of two types of imperfect contacts (segregation
and the formation of additional bypasses of accelerated diffusion). These contacts are investigated
by different approaches: determining a jump in the field and considering an inhomogeneity with
a thin coating of extreme properties.

The analysis is presented for a two-phase material consisting of a matrix and less conductive,
arbitrarily oriented inhomogeneities shaped like prolate spheroids. This microstructure is typical,
in particular, for polycrystals used in simulation of grains with inhomogeneities and grain bound-
aries with the matrix [7]. Hydrogen-assisted degradation is a major issue in polycrystals, as the
accumulation of hydrogen leads to fracture of metals [14, 15].

Simulation stages

Coupled processes of mass transfer and change in the stressfistrain state of the material in the
presence of two types of imperfect contacts at the phase interface (segregation and formation of
additional bypasses for accelerated diffusion) on a smaller scale is modeled in two stages. At the
first stage, the effective diffusion permeability of the material is determined taking into account
its internal structure; at the second stage, the coupled problem of mass transport and elasticity is
solved, taking into account the macroscopic properties found.

To determine the effective diffusion permeability D", we limit ourselves to considering linear
macroisotropic material, i.e.,

Def = Dl

(I is a unit tensor); this material consists of an isotropic matrix with the permeability D, = DI
and isotropic inhomogeneities with permeability D, = D1, shaped as prolate spheroids with an
arbitrary orientation distribution.

Consider different types of imperfect contacts at the phase interface. Segregation is modeled
by taking into account the discontinuity of the concentration field c. The additional bypasses of
accelerated diffusion are modeled by taking into account the normal component of the flux J .

We solve the initial boundary-value quasi-static problem of elasticity caused by mass transport
for a long cylinder with radius r,. We assume that stresses and strains arise in the cylinder solely
due to accumulation of diffusing species with a constant concentration maintained on the lateral
surface. We consider two cases: with and without taking into account the phenomenon of pres-
sure-induced diffusion, where the pressure gradient gives rise to an additional diffusion flux.

Next, we present a mathematical formulation of the problem for each simulation stage, dis-
cussing the methods for solving it.

Determination of effective material properties

These properties of the material are obtained from the solution to the homogenization problem
for a representative volume V, which is a material point of the continuum at the macro-level [9].
The macroscopic diffusion permeability tensor D relates the volume-averaged flux J and the
concentration gradient c, in accordance with classical Fickis law:
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<J>,=-D" < ¢>,. @)
It is assumed that the conservation law is fulfilled at each point of the representative volume:
J(x) =0, @)

where x is the radius vector, and the flux is linearly related to the concentration gradient by
the formula

I(x)=-D(x) ¢(x), ©)
where D(X) is the diffusion permeability tensor of the material at point x.

It is convenient to define a homogeneous Hill condition on the boundary X of the
representative volume:

c(x)|Z =G, X. 4)

The presence of imperfect contacts is taken into account either by setting the field jump at the
interface between matrix (+) and the inhomogeneity (f), or by considering inhomogeneities with
a thin coating with extreme properties. In the latter case, it is first assumed that the inhomoge-
neity is represented by confocal ellipsoids whose semi-axes b, b,, b, and a,, a,, a, are related as

b>=a*+& (i=1,2,3), & =const,

while the properties of the layer D_ formed by two ellipsoids are finite.

Then the passage to the limit is carried out at { — 0 and either at D, — 0, or at D, - o,
depending on the type of imperfect contact [10, 11].

As a result, the presence of segregation can be taken into account in the model either by setting
the parameter s_such that the concentration jump is defined as

[c]= (s, —1)c(X)

x-r=" ®)

(I is the interface of the inhomogeneity with the external normal n ), or by setting the dimensionless
parameter  of the equivalent surface resistance, expressed as follows for spheroidal inhomogeneities

_1+2y* D, . ¢

T U ©

B

where y is the ratio of the spheroid semi-axes, y = a,/a; S is the surface area of the spheroid
divided by (4/3)na2.

Similarly, the formation of additional bypasses of accelerated diffusion is taken into account
either by setting the parameter s,

[Jn]:(sf_l)nr J(X)

' )

x-T-

characterizing a jump in the normal component of the flux, or by setting a dimensionless equiv-
alent surface permeability A, which, in the case of spheroids, takes the form

142y 1
2yS Da’

lim, o . &D,. ®)

The problem of determining the effective properties consists of two stages. At the first stage,
the problem of isolated inhomogeneity in an infinite matrix is solved. At the second stage, a
homogenization scheme is used to account for the presence of multiple inhomogeneities.

Based on the solution to the problem of isolated inhomogeneity, we can obtain an expression
for the tensor characterizing the contribution of inhomogeneity to the required property [1].
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The tensor H characterizing the contribution to the diffusion permeability can be obtained from
the representation of the average flux as

<J> =- DO+%H G,. ©)

Expression (9) takes into account that the average concentration gradient does not depend on
the microstructure and is completely determined by boundary condition (4):

< ¢>,=G,.

The sum of the contribution tensors is a microstructural parameter that can be used to express
the macroscopic characteristics of a material. Expressions for the tensors corresponding to the con-
tributions of ellipsoidal and, in particular, spheroidal inhomogeneities were obtained and analyzed
in [8A12]. The presence of various imperfect contacts was taken into account in two ways: by set-
ting the field jump and by considering the inhomogeneity with a coating with extreme properties.

Let us give the final expressions for the contribution tensors of spheroids taking into account
various factors:

- 3 -
Hsc — D0 Dl Sc DO 9+ Z Dl Sc DO nn (10)
f,D,+(1-f,)s.D, & (1-2f,)D, +2f;s.D,
accounting for the discontinuity of the concentration field using the parameter s ;
S
D, -D, - foDoB*
HP =D, L 0+
f,D, + (1~ f,) D, +(1-f,) DOBV( f,—F)
S (11)
D, -D, -(1-2f,) D,B=
+ Y nn

(1-2f,)D, +2f,D, +2f0D083(1—2f0 -F)

accounting for the discontinuity of the concentration field using the dimensionless equivalent
surface resistance f3;

s $¢D, - D, s¢D, —D,

H" =D, + nn (12)

fis;D,+ D, (1-f,)  (1-2f,)s,D, +2f,D,

accounting for the discontinuity of the normal component of the flux using the parameter s;
D, -D, +)\Dl§(1— fy)
H* = D, L 0+
f,D, + (1~ f,) D, + f,AD, = (1~ f, + F,)
y
S (13)
D,-D, +2f,AD, —
+ y nn

(1-2f,)D, +2f,D, +(1—2f0)AD13(2f0 +F,)
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accounting for the discontinuity of the normal component of the flux using the dimensionless
equivalent surface diffusion permeability A.

The following notations are used in Egs. (10)A(13): n is the unit vector along the symmetry axis
of the spheroid; 8 = I A nn; F , F, are functions of the parameter y for which the equalities hold true:

f (1+2y?)—-y?
Fn: O( Y) Y ,Fe:—ZFn,
1+ 2y°

>

where

To determine the effective properties of a material with multiple inhomogeneities, we use the
MorifiTanaka method [1, 16], giving physically consistent results for both small and large vol-
ume fractions of inclusions. We analyzed this method along with several others for materials with
imperfect contacts earlier in [8]. Let us outline the main points of the method and present the
results for effective diffusion permeability.

Within the framework of the MorifiTanaka method, inhomogeneities are treated as isolated
and the interaction between them is taken into account by placing them in an effective field aver-
aged over the matrix rather than in the initial field G satisfying expression (4):

G" =( c),. (14)

The very presence of an imperfect contact as well as its type and the approach to account for
it directly influence the effective field. Note that for the MorifiTanaka method to be applied, we
need to take into account the discontinuity of the concentration field/normal component of the
flux at two stages: when we solve the problem of the isolated inhomogeneity and when we use
the homogenization scheme, since the parameters responsible for imperfect contact appear not
only in expressions for contribution tensors [8]. Indeed, taking into account various factors, the
effective diffusion permeability of a material with spheroidal inhomogeneities is defined as follows
in terms of the contribution tensors:

-1 -1
. 1 s 1 1 S
D =D0+VZViHiC (1-p)1+ P VZViHiC (15)

C

accounting for imperfect contact using the parameter s ;

. 1 1
D" :DO+VZViH? (1-p)1 +VZVi><

1+B§fO 1+B§(1—2f0) (16)
x y S Hlﬁliei + y S H383inini
Dl_DO_DOBV fo Dl_Do_DoBV(l_Zfo)

accounting for the imperfect contact using the parameter (3, here the tensors correspond-
ing to the contributions of individual inhomogeneities are represented in coordinate form
as H* =Hf (1-nn)+Hgnn;
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-1

1 11
eff _ St _ _ St
D _D0+V_Z. VH;" (1-p)1+(s,D,~D,) v Z VH (17)
accounting for imperfect contact using the parameter s;

e 1 1
D :Do'l'vlzviHiA (1_ p)|+VZViX

(18)
X 1 H1A1i9i + 5

Dl—D0+D1)\§(1—fO) Dl—D0+2D1)\Vf0

1

A
H33inini

accounting for imperfect contact using the parameter A.

In the case when the inhomogeneities have the same properties and the same shape (while
their sizes may generally be different), the summation operation in expressions (15)fA(18) can be
replaced by averaging over the orientations of the inhomogeneities.

WY V= p(),

which is reduced to averaging the tensor 6 and the dyadic nn in expressions (10)f(13) for the
contribution tensors.

Consequently, we obtain the following final formulas for calculating the effective diffusion per-
meability of macroisotropic material consisting of isotropic phases (taking into account the arbitrary
orientation distribution of inhomogeneities and, accordingly, equality <nn> = (J/B)I holding true):

HE /L H
D*" —14 pA%c A :2 %o-l- %0

b (1-p)+ PA, ° 3
(ofs. -1)

(19)

accounting for imperfect contact using the parameter s, (the dimensionless parameter a = D,/D,

is introduced here);
H7 H 7
eff 2 Y + %
D =1+ PA; A = D°3 D, )

D, (1-p)+pB,’

S S (20)
1+B=f 1+~ (1-2f
BB =_ y i Hfl +1 y ( 0) HES
3a-1-p> 1, Do 3g-1-p3(1-27,) D
y y
accounting for imperfect contact using the parameter ;
HSf HSf

o oA, ML+
=1+ A= 21
Dy PA, ! 3 (21)

(1- p)+(

as; —1)
accounting for imperfect contact using the parameter s;
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| >
H}\ H)\
Deﬁ =1+ pA)\ A_2 %0+ %0
D, (1-p)+pB,’ 3 ’
22
B =2 1 Hﬁ+1 1 H2, 2
=2 =
3a-1+ak > (1-,) D0 3a-142aK > 1, Do
y y

accounting for imperfect contact using the parameter A.

Solution to coupled problem of mass transport and elasticity

Now let us describe the diffusion process at the macro-level. The diffusion equation has the
following local form:

—=- ], (23)

where t is the time.
The diffusion flux J can generally be driven by both a concentration gradient ¢c and a pressure
gradient P (pressure-induced diffusion; P = ftrg, where ¢ is the stress tensor):

J=-D*( c+Ac P), (24)

where A = Ma,/(3pRT) (M is the molar mass, q, is the volumetric coefficient of thermal expan-
sion, p is the density, R is the universal gas constant, T is the temperature).
Along with the case when the flux is given by expression (24), let us consider classical Fickis law:

J=-D ¢ (25)

The presence of imperfect contacts at the meso-level is taken into account here in the coef-
ficient D*", determined from one of the formulas (19)A(22) depending on the type of imperfect
contact and the model used.

The stressfstrain state of the material satisfies the equilibrium equation

o=0. (26)

As a rule, the accumulation of diffusing species leads only to volumetric expansion of the
material. In this case, the constitutive relations between stress and strain € are given by the
DuhamelfiNeumann equations:

0 =—Pl+2udeve, P=-K(tre-a, (c-¢,))1, 27)

where i) is the reference concentration; K and p are the bulk modulus and the shear
modulus, respectively.

Strains in linear material are defined in terms of the displacement gradient as € —( u)

Example problem for long cylinder. Now let us consider an initial boundary-value problem for
a long cylinder. We write a system of equations in a cylindrical coordinate system (r,¢,z); the unit
basis vectors are denoted, respectively, as e, e, e,

A constant concentration c, is maintained on the lateral surface of the cylinder, and this sur-
face is free from loading:

S

cl_ =c, e cx|r:r0 =0. (28)

r=r,
The following conditions are satisfied in the center of the cylinder:

oc

—| =0, ue,|_ <o, 29
ar o |r—0 ( )

The following integral equilibrium condition holds true in accordance with Saint-Venantis
principle and the plane section hypothesis:
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fo

J’eZ ordr =0. (30)
0
Assuming axial symmetry, the solution to the problem takes the following form:
ou,
u=u,(r)e +u,(z)e,, 5 =g =const, c =c(r). (31)
Z

The initial concentration distribution is assumed to be zero:
L, =C =0. (32)

In accordance with expression (27) and taking into account assumptions (31), the nonzero
components of the stress tensor take the following form:

P+4—“ ou, u

1 r
0-rr == -—— —t&
3 or 2 r
4u u 1 ou
o, =——P+— L -—— eg+—L |
At 3 r 2 or (33)
0, =-P 4_“ _1 aur + Y )
3 2 or r

and the pressure P takes the form

ou u
P=-K a—rf+Tr+e—0(VC : (34)

Let us turn to the dimensionless formulation of the problem, introducing the following scales:

radius of the cylinder r, for the radial coordinate r and the radial displacement u;

quantity 4p/3 for the components of the stress tensor ¢, and pressure P;

concentration ¢, maintained on the lateral surface for the concentration c.

The scale for time t is denoted as T.

Then the final system of equations, supplemented by initial and boundary conditions, takes the
following form (the notations are preserved for dimensionless quantities):

i aur +&_P :0,
or or r
P=-k %+i+s—a\,c ,
o r
ur|_ <o, -P+ au'—l &+£ =0,
r=0 or 2 r i

(3%)
1

I -P+ zz—1 aur+u_r rdr =0,

] 2 0 r

r% =F i r _C + Akca_P
ot or or or
C|r:1 =1, @ = 0’ c = O’
or |, o
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where the dimensionless coefficients k = 3K/4u, A = 4u/3A are introduced; F is the diffusion
Fourier number, F =D*T/r?2.

Note that the presence of imperfect contacts in the dimensionless formulation of the problem
is taken into account only in the diffusion Fourier number, since it includes the effective diffusion
permeability. For a fixed time scale and the same cylinder radius, varying the parameter F means
varying D¢

System of equations (35) was solved numerically using the implicit finite difference method.
A one-dimensional spatial mesh was introduced along the r axis, concentration and radial dis-
placements were set in nodes, stresses (including pressure) and strains were set in cells.

Analysis of results

Consider the influence of imperfect contacts on the solution to the coupled problem of mass
transport and elasticity. Let us consider several models in this case. First, let us find a solution
with and without taking into account pressure-induced diffusion. Secondly, let us consider two
types of imperfect contacts: | and II.

I. Segregation occurs.

I1. Additional bypasses of accelerated diffusion arise in the material.

We use two approaches to account for imperfect contact within the framework of each model.

1. The field jump is defined as a ratio of the quantities from the outer and inner sides of
inhomogeneity boundary.

2. An inhomogeneity with a thin coating of extreme properties is introduced.

Let us compare the results obtained with those for the case of perfect contacts at the matrix/
inhomogeneity interface. To compare the approaches, let us express the parameters s. and s; in
terms of the equivalent surface resistance 3 and permeability A, respectively:

S, =1+, s; =1+2A; (36)

then both approaches to accounting for imperfect contacts produce the same results in the case
of spherical inhomogeneities.

The analysis is carried out for the example of a material consisting of a matrix and arbitrarily
oriented prolate spheroidal inhomogeneities with a ratio of semi-axis lengths y = 10; we adopt the
ratio of diffusion permeabilities a = D,/D, = 0.2.

Let us first present the results for effective properties of the material with imperfect contacts.
The effect of segregation is illustrated in Fig. 1.

As can be seen from Fig. 1, the diffusion permeability decreases with an increase in the volume
fraction of inhomogeneities p, while the presence of imperfect contact leads to a more pronounced
change in the property (see Fig. 1,a). Fig. 1,b shows the dependences of effective permeability on
parameter (3 at fixed volume fraction of inhomogeneities p = 0.9. It can be seen that the difference

a) b)
o, D, ol D,
1.0 0.25

0.8
0.6

0.4

0.2
0

0 2 4 6 8 1003

Fig. 1. Dependences of effective diffusion coefficient on volume fraction of inhomogeneities p
for two values of parameter 8 (a2) and on parameter 3 (b) for the case of segregation (1), simulated
by approaches 1 and 2 (solid and dashed lines, respectively), see also the explanations in the text
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between approaches to accounting for imperfect contact increases with increasing B. The differ-
ence remains insignificant with the selected characteristics of the structure.

The influence of the presence of bypasses for accelerated diffusion is shown in Fig. 2. Evidently,
the presence of imperfect contact at the phase interface increases the diffusion permeability, compared
with the case of its absence. Depending on the value of the parameter A, the diffusion permeability
can either decrease with an increase in the volume fraction of inhomogeneities, or increase, which is
explained by the simultaneous influence of two competing factors, the presence of less conductive inho-
mogeneities in the matrix and bypasses of accelerated diffusion. Evidently, an increase in the param-
eter A entails an increase in the difference between approaches to accounting for imperfect contact.

? Deﬁ)DO K De)pl)o
N ' 4
3 3
2 2
1 1
0: 0

0 2 4 6 8 10 A

Fig. 2. Dependences of effective diffusion coefficient on volume fraction of inhomogeneities p

at 4 values of parameter A (a) and parameter A (b) for the case of bypasses for accelerated

diffusion (11), simulated by approaches 1 and 2 (solid and dashed lines, respectively), see also
the explanations in the text

We solve the coupled problem of mass transport and elasticity with the following parameter
values: k = 1.6, A = 49.3, o, = 4.5-10° (typical parameters for aluminum). The presence of imper-
fect contacts influences the value of the effective diffusion permeability and, consequently, the
diffusion Fourier number F. Consider the values of D*/D, obtained at p = 0.9 and, depending on
the type of imperfect contact, at f = 10 or A = 10 (see column 3 in Table). Note that the ratios of
the diffusion Fourier numbers corresponding to different values of the effective diffusion permea-
bility are more important for analysis than the absolute values of F. We introduce the notation F,

Table
Diffusion characteristics of material: calculation results
Model Parameter value
IC type | Approach to accounting for IC DD, F.
Without accounting for IC 0.26 F,=2.25-10™
1 0.08 F,=03F,
[
2 0.10 F,=04F,
1 3.68 F,=142F,
|
2 3.25 F,=125F,
Notations: D“/D, is the dimensionless effective diffusion permeability; F, is the diffu-
sion Fourier number; IC is the imperfect contact. The numbers I, 11, 1, 2 are explained in
the text.

Note. The calculations were carried out for the material consisting of a matrix and arbi-
trarily oriented, prolate spheroidal inhomogeneities with a ratio of semi-axis lengths y = 10.
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for the Fourier number corresponding to the value of D*/D, obtained without taking into account
imperfect contacts (s, = s, = 1, p = A = 0). The value of F_ is calculated at D*" = 1.10"* m?/s
(typical parameter for aluminum), r, = 0.004 m, T = 3600 s = 1 h. The values of the diffusion
Fourier number are given in Table (last column).

The concentration profiles and pressure dependences on the radius (cylindrical coordinate sys-
tem) at different values of diffusion Fourier number at time t = 100 are shown in Fig. 3. Note that
the results obtained without and with taking into account pressure-induced diffusion coincided
with the given material parameters (the value of parameter A, is small, so the pressure gradient
multiplied by it turns out to be much smaller than the concentration gradient).

a) c b) P
1.0 1 — 3.E-06 -
] R/ ] —Fp
08 -7 s 2.E-06 ] —Fy
=" / 4” ] F
1 . Y ] —.
061 [ —Fo S 1.6-06 P
1 | —F s /! ] —F
1| -F 7 ] —F
0.4 ] FZ e 1 0.E+00 1 4 | =
] —F3 v /7 EmmmsmmT DI - .
02] [~ T4 7 27 =X E— — =
1 “’,/ V/"/ N
............. el ]
e : -2.E-06
0 0.2 0.4 0.6 0.8 10, 0 0.2 0.4 0.6 0.8 1.0

Fig. 3. Dependences of concentration (a) and pressure (b) on radius
(coordinate along the polar axis) at different values of diffusion Fourier number
(see Table) at time t = 100

Fig. 3 shows that the presence of imperfect contacts and the approach to accounting for them
for has a significant influence on the concentration of diffusing species in the material and on its
distribution. In particular, the presence of segregation for which a decrease in the diffusion rate is
observed can considerably reduce the concentration of impurities in the material. The concentration
gradient increases, which leads to more pronounced pressure drops. Such a variation in pressure, in
turn, can be critical in problems of hydrogen degradation where local characteristics are important.
The presence of bypasses for accelerated diffusion can lead to a significant increase in the concen-
tration in the material, directly influencing its behavior in case of aggressive environments. The
approach where the field jump is set as the ratio of the field values from the outer and inner sides of
the inhomogeneity interface (both in the case of segregation and in the case of additional bypasses of
accelerated diffusion) affects the result to a greater extent. The difference between models I1-1 and
11-2 used to simulate the discontinuity of the normal component of the flux is particularly significant.

The effect of pressure-induced diffusion was studied separately and is shown in Fig. 4. This
effect occurs at higher values of the thermal expansion coefficient than the characteristic value
for aluminum. In particular, the graphs in Fig. 4 are plotted for o, = 0.2. For clarity, the figure

a) b)
C P
Ww—————= 0.10
1 e mT I VY ]
08 -~ /]
] // y ]
] F. / 0.05 -
06 ] 3 yd ]
] // //
] F |
0.4 ] 0 / 1
] o7 0.00 -
, ]
0.2 4 /
] ,// // F1
= p
e .0.05
0 0.2 0.4 0.6 0.8 1.0

Fig. 4. Dependences of concentration (a) and pressure (b) of diffusing species on radius (coordinate
along the polar axis) at different values of diffusion Fourier number (see Table), taking into
account (dashed lines) and without taking into account (solid lines) pressure-induced diffusion
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shows the results obtained at three values of F, from Table: at the value obtained without taking
into account imperfect contacts as well as at the maximum and minimum values from the con-
sidered range. Fig. 4 shows that the presence of pressure-induced diffusion leads to an increase
in the concentration of the diffusing species in the material, a decrease in both the concentration
gradient and the pressure difference in all cases.

Thus, the presence, type, and approach to accounting for imperfect contacts influences the
distribution of diffusing species in the material and its stressfistrain state.

Conclusion

We obtained a solution to the coupled problem (in particular, to the one-way coupled prob-
lem) of diffusion and elasticity, describing the materialis elastic behavior due to impurity accu-
mulation taking into account the presence of imperfect contacts at the phase interface. Two types
of imperfect contacts were considered: the presence of segregation (leading to discontinuity of the
concentration field) and the presence of additional bypasses of accelerated diffusion (leading to
discontinuity of the normal component of the flux). Each type of imperfect contact was taken into
account within the framework of two approaches: by setting the ratio of the field magnitudes from
the outer and inner sides of the inhomogeneity interface and by considering an inhomogeneity
with a thin coating of extreme properties.

The microstructure was taken into account at the stage when the effective properties of
the material were determined by the MorifiTanaka homogenization method based on tensors
describing the contributions to diffusion permeability.

The analysis was carried out for an axisymmetric sample made of two-phase material with arbi-
trarily oriented prolate spheroidal inhomogeneities characterized by lower diffusion permeability
than the matrix.

It was established that the type of imperfect contact and the approach to accounting for it can
have a significant effect on the distribution of impurities in the sample and on the internal pres-
sure. This can be crucial, for example, in the case of saturation of metals with harmful impurities.

Thus, to improve the accuracy of stressfistrain analysis, it is necessary to take into account the
specifics of impurity transport and the presence of defects, so that the assumption of continuity
of fields at the phase interfaces may have to be consequently abandoned.
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SELF-SYNCHRONIZATION STABILITY OF VIBRATION
EXCITERS OF A TWO-MASS APPARATUS FOR PROCESSING
GRANULAR MATERIALS

V. S. Sizikov
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Abstract. The article studies stability conditions for self-synchronization of vibration
exciters in antiphase oscillation regime of working tools of an apparatus for granular materials
processing. The apparatus operating regime provides grinding, attrition and mixing processing
of material grains combined with a transportation process. The condition of stable antiphase
rotation regime of vibration excitersi rotors has been found with implementation of integral
criterion of stability of synchronous motions. The condition of stable self-synchronization
rotation regime of vibrational excitersi rotors was found with the usage of integral criterion of
stability of synchronous movements. The obtained relationships allow one to choose parameters
of apparatus construction and to specify vibrational working toolis operating regimes that
perform effective implementation of process of granular material treatment.
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Introduction

The phenomenon of self-synchronization of unbalanced rotors of vibration exciters consists of
vibration-induced interaction between them, so that they rotate synchronously at equal or com-
mensurate speeds and with specified mutual phases [1]. This interaction is particularly important
for processing of granular materials, including such stages as crushing, transportation, attrition,
mixing, and others.

A key requirement for mechanical processing of a material is controlled excitation of vibration
patterns. This involves generating specific directions of vibrational loads and trajectories of the
machineis components. Such synthesis allows to optimize many processes.

Vibration is widely used in technologies for processing rocks, powders and other granular
materials in the mining, construction, chemical and foundry industries. The main directions
for improving these technological processes are reducing the energy and material consumption
throughout design and production of vibration machinery.

The discovery of the self-synchronization effect led to a qualitative leap in vibration technol-
ogy. Introducing this effect into engineering practices has contributed to great advances in a wide
range of vibration technology in our country and abroad. Large contributions to this field were
made by such outstanding scientists as Blekhman, Vaisberg, Lavrov, Ragulskis and others [1f6].

Self-synchronization of vibration exciters remains a promising direction; a class of multi-mass
vibration systems has appeared, allowing to optimize various processes during operation at reso-
nance, reduce loads on the base and implement specialized operating modes for treating granular
materials using several components [1]. In view of this, multi-mass machines with self-synchro-
nizing vibration exciters mounted on several components present an attractive option. Examples
of such machines are two-mass vibration crushers, vibrating screens, equipment for beneficiation
of granular materials [2, 4].

Modern systems and methods for forced synchronization control of rotors in vibration equip-
ment allow to preset phase relationships and rotational speeds, allowing to further optimize the
material processing techniques based on vibration methods [10, 12].

A promising method for vibrational processing of granular materials is impact on the material
layer by the working tools of a two-mass system, forming a longitudinal channel with flat walls,
with an unbalanced vibration exciter installed on each wall (Fig. 1) [9]. The rotation of the vibra-
tion exciter rotors induces plane-parallel oscillations of each wall along elliptical trajectories.

The processing of the material layer includes two main periods of impact from the walls on
the layer:

compression of the layer by compressive forces when the walls approach each other (Fig. 1,a),
accompanied by generation of stresses in the layer and intense abrasion of the surface of material
grains during their relative movement within the layer;

decompression of the layer when the walls move away from each other (Fig. 1,b), accom-
panied by loosening of the layer and its relative movement along the working channel by
microthrow motion.

Simultaneously with processing, the material is transported along the working channel.

An extensive monograph [1] considers the phenomenon of self-synchronization of dynamic
systems, obtaining various conditions for stability of self-synchronization of vibration exciters in
single-mass and multi-mass systems. Furthermore, a recent paper reports on synchronous anti-
phase and in-phase rotation of rotors in vibration exciters of a two-mass system in a single assem-
bly [11]. However, self-synchronization of rotors in such systems with vibration exciters located
on both walls is insufficiently studied.

© NécgeéTa A. N., 2025. Ecaacdéi: Natéo- Taoddaodaneeé TTeeod0 1e+4feeé 0Teaadneodd Taoda A3BeaTaT.
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Fig. 1. Schematic for volumetric vibrational impact on layer of processed granular medium
by walls of two-mass system generating synchronous anti-phase oscillations along elliptical
trajectories (4): a, b correspond to periods of compression and decompression of the layer,
respectively; c is the cross-section of the working channel
The figure shows walls (1), unbalanced vibration exciters (2), springs (3) connecting the walls;
arrows indicate the movements of walls 1 and rotations of vibration exciter rotors 2

Analysis of the operating modes in a two-mass system based on the described mathematical
model allows to determine the parameters for attrition of granular material in with the highest
compressive forces simultaneously with transportation. The best combination of these parameters
is achieved under synchronous anti-phase oscillations of the walls along elliptical trajectories in
opposite directions, maintained by self-synchronization of anti-phase counter-rotation of rotors
in vibration exciters (see Fig. 1).

The goal of our study is therefore to find the optimal values of the design and operating
parameters of the two-mass system, ensuring stable self-synchronization of anti-phase rotation of
vibration exciter rotors in opposite directions.

The design parameters include the masses and dimensions of the walls, their moments of
inertia, the stiffness of the springs and their positions along the walls. The operating parameters
include the frequencies and amplitudes of the wall oscillations.

The solution to this problem should help determine the range of parameter values for the
impact of the walls on the processed material, which serves as a basis for formulating recommen-
dations for design and operation of systems for beneficiation of mineral granular materials [7].

Depending on the direction and phase difference of rotation of unbalanced rotors, the system
can generate various modes of relative motion of the walls, each the most favorable for a spe-
cific type of processing procedure [8]. For example, one of the oscillation modes for attrition of
material grains involving the walls moving with relative oscillation phase shifts in the transverse
and longitudinal directions equal to n (Fig. 2). In this case, the walls move in one direction with
co-rotation of the vibration exciter rotors (for example, clockwise). This allows to induce two
types of deformations in the material layer: compression and shear deformations.

The requirements for the magnitude of compressive and shear stresses generated in the layer
for attrition of the material depend on the oscillation frequency of the walls and the magnitude
of the exciting force induced by vibration exciters.

Self-synchronization in vibration exciters under the described synchronous anti-phase
counter-rotation of their rotors is analyzed in two stages:

research of self-synchronization stability in vibration exciters of a two-mass system under load
taking into account the interaction with the processed material;

research of self-synchronization stability in vibration exciters in idle motion regime.

This study focuses only on the second stage, analyzing the stability of rotation in the systemis
vibration exciter rotors in idle motion regime.

Calculations

To analyze the self-synchronization stability in rotors of the systemis vibration exciters, we used
the integral criterion for stability of synchronous motion [1], consisting of finding the condition
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d)

Fig. 2. Trajectories and phase diagrams for
wall oscillations with phase ¢ at phase shift
¢ = 1 in longitudinal (¢) and transverse (sy)
directions:
trajectories of upper and lower walls (a), arrows
indicate their directions; vertical coordinates of
lower (y") and upper (y) walls (b, c); horizontal
coordinates of lower (x") and upper (x) walls (d, e);
numbers of points 19 and 1'A9" correspond to
positions of the walls at the same points in time

for positive quadratic form of the function D,
which is the average value of the Lagrange func-
tion of the system over the period:

2w
w

D=— [ (T -N")dt,
o _0[( ) 1)

where T® and T® are the kinetic and potential
energies of the oscillatory subsystem.

We compose the equations for kinetic and
potential energy of the two-mass mechanical
system. The mathematical model for analyzing
the self-synchronization stability of the rotors is
shown in Fig. 3.

Two unbalanced vibration exciters in the
mathematical model are placed on identical flat
walls with mass M, each with a moment of inertia
| relative to the CoM. The walls are placed par-
allel to each other and are connected by a pair of
elastic springs with the total stiffness c,_and c, in
the longitudinal and transverse dlrectlons placed
at the same distances | relative to the wall CoM.
The walls can move in a plane perpendicular to
the rotation axes of the rotors. The position of the
walls is determined by the absolute coordinates
X, ¥, and x,, y, of their CoM and the rotation
angles Y, and y, of each wall relative to the CoM.
The rotors of each of the two vibration exciters,
assumed to be identical, are characterized by
angles ¢, (9,) around the rotation axis, mass m of
unbalanced part of the rotor, eccentricity € and
distance r from the rotation axis to the CoM of
each wall. The subscript 1 refers to the lower wall,
and 2 to the upper one.

The equations of translational motion of the
walls have the form:

—Mx, + Fcos¢, —c,(x —X,) =0; 2
—-Mx, + Fcosd, —c,(x, = %) =0; 3)
—My, — Fsin ¢1—cy(yl—y2):o; (4)

-My, -Fsin¢, —c (y,-y,)=0, (5)

where F = mew? is the amplitude value of the
exciting force of one vibration exciter.

The laws of rotation for the rotors can be written as follows:

¢, =0, (wt+a,), ¢, =0, (wt+a,), (6)

where g, g, are the counterclockwise (+1) and clockwise (fi1) directions of rotation of the rotors;

a,, a, are the initial phases of their rotation.

The strains of the left and right springs connecting the walls under rotation at angles y, and y,
relative to the CoM (Fig. 4) are expressed as follows:

D =-Isiny, +1siny,, A

right :ISin LIJZ _ISianl' (7)
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c,~0 m

Fig. 3. Mathematical model for synchronous anti-phase oscillations of walls in two-mass system:
mass of each wall M; moment of inertia | of each wall; stiffnesses c,, c, of the springs in the longitudinal
and transverse directions; distances | from centers of mass (CoM) of the walls to the springs; coordinates
X;, y; of wall CoM; rotation angles ), of each wall relative to CG; rotation angles ¢, of the rotors around the
rotation axis; eccentricity € and distance r from the rotation axis of the rotors to wall CGs
(subscripts 1 and 2 correspond to the lower and upper walls, respectively)

a) b)
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Fig. 4. Models used to determine the deformations of springs and moments
arising upon rotation of upper (a) and lower (b) walls relative to the CoM

-

Egs. (7) do not take into account the deformations of elastic elements in the transverse direc-
tion because they are small compared with longitudinal deformations.

Taking into account expressions (7), each wall of the system is subjected to moments from
rotational inertia, exciting force of the vibration exciter, and deformations of the right and left
springs (see Fig. 4). The equations of rotational motion of the walls relative to the CoM have
the form:

Cy Cy — N
—ILpl+Frcos¢l—7lAleﬂ+?lA =0, (€))

right

c c
—Il]JZ—FI’COSCI)Z—?ylA +?"IAIeft =0. 9)

right

Because the rotation angles of the walls ¢, and , are small (siny, = ¢, siny, = ), they can
be rewritten as follows:

—ly, + Freosd, +c,1? (g, —y,) =0; (10)
=1y, —Frcosd, +c I*(p, —y,) =0. (11)
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We search for a solution for steady-state forced oscillations of the walls in the form

X = Acosd, + A, cosd,; (12)
X, =B, cos¢, + B, cos¢,; 13)
y, =C;sin¢, +C,sin¢,; (14)
Y. = DlSin ¢2 +D, sin ¢1- (15)

After substituting solutions (12) and (13) into the equations of motion of system (2) and (3),
we determine the unknown constants A, A,, B, and B,:

_ F(c, -Mw?) B Fc,
A= (M@ Y (L-A2)’ A = (16)

(M) (1—A2)’

_ F(c,~Mw’) - Fc, .
T MO A-RY) T (MR (=AD) )

where A, =&, p, = ﬁ
(] M
Evidently, the parameter p, in the expressions obtained determines the natural frequency of the
walls in the longitudinal direction for an equivalent mechanical model for the two-mass system
with identical masses M, connected by a spring with the stiffness c_(Fig. 5,a).
Substituting expressions (14) and (15) for transverse displacements of the walls into equations
of motion (4) and (5), we similarly determine the unknown constants C,, C,, D, and D,:

N F (M w? -c,) -Fe, 1)
= N, = ; 1
(M)’ (L-\?) (M)’ (L-\?)
F(Mw?’~-c,) -Fc
D, = o~ D, = —— (19)
(Mw?)?(L-2%) (M) (1-A2)
2C
where A, 2%, p, = Vy

Similar to the oscillations of the walls in the longitudinal direction, the parameter P, in the
expressions obtained characterizes the natural frequency of the wall oscillations in the transverse
direction for the equivalent mechanical model of the system consisting of two masses M con-
nected by a spring with the stiffness c, (see Fig. 5,b).

a) b) ©)
Y M

H

c}a’

/L)
o\

L

Fig. 5. Equivalent mechanical models for free oscillations of walls in longitudinal (a)
and transverse (b) directions; equivalent mechanical model for their rotational oscillations (c)
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We also search for solutions to the equations of rotational oscillations of the walls relative to
the CoM as harmonic functions of the form

_Frc, I’ - 1w?) _ —Frc)®> ’?
AN T (0 aay )
Frc,I? _—Fr(c,I” - 1?) 23

BTN T ey an)

/2c |2
where A, :&, p = Y
w |

The obtained frequency p_ of free rotational oscillations of the walls corresponds to the equiv-
alent mechanical model of the two-mass system with the same moments of inertia I connected to
each other by a spring with the torsional stiffness c |I? (see Fig. 5,c).

In accordance with the accepted mathematical model (see Fig. 3), kinetic and potential ener-
gies of oscillatory motion of the walls have the form:

T(I) =M (X12 + y12) +M (X22 + yzz) +1 (quz + l1-122) , (24)
2 2 2
A0 =2cp 22 cn 2acpPU?+w?—2
- 2Cy left 2Cy right "'Cy (qu '~|J2 llJlllJz)- (25)

The condition for stable self-synchronization of the rotors is that the averaged Lagrange func-
tion of the system taking the form [1] be positive definite:

21

D= TO_® :ﬁf(T“)—I'I“’)dt. (26)
214

Substituting solutions (12)A(15), (20), (21) for wall displacements into expressions for kinetic
and potential energies (24) and (25) and calculating integral (26) for one period of the systemis
oscillations, we obtain the following form for the averaged Lagrange function:

D=2 2(0,0,(C,C, + DD,)) + 26" (FF, +E|E,) -
2 2 27)
-c,I*(E,E, + RF, —2(EF, + E,F,))cos(a, —a,) = N cos(a, —a,),

where N =%(;L)2((71(I2(C1C2 +D,D,)) +IE(J02(F1F2 +EE,) —Cy|2(E1E2 +FRF, -2(EF, +E,FR)).

For self-synchronization of vibration exciter rotors to be stable under oppositely directed
synchronous rotation of the rotors, i.e., at zero initial phase difference o, i a, and at g, = +1,
0, = Al, the quadratic form of the averaged Lagrange function D must be positive definite. This
is ensured when it has a rough minimum and the multiplier N in expression (27) is negative, i.e.,

_%wz(clcz +D,D,) +IE°02(F1F2 +EE,) _CyIZ(E1E2 +RF,-2(EF, +E,R)) <0.  (28)

After substituting the constants C, C,, D,, D,, E, and E, from the expressions (18), (19), (22) and
(23) into this inequality, we obtain a condition for stable self-synchronization of vibration exciters in
the given mode, allowing to optimize the design and operating parameters of the two-mass system:

1’r?(c,1” -3M w?) Mw’ -c,
>
2\2 2 2 2 2 2"
(10?)(10? - 2¢,17) ~ Mo’ (Mo’ —2c,)

(29)
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Let us analyze the expression obtained for oscillations of the walls below resonance, defined
by the relations ¢, > 3Mw? and 2c I>> lw?.
. y . . y o . . . . .
In this case, the following inequality must hold true for self-synchronization of vibration exciters:

¢, ~Mw? >FF@JL6Mwﬁ
Mw’(Mw?-2c)®  (10?)*(2c1? ~10%)

(30)

It can be seen from here that the stability of the given oscillation mode can be increased by
increasing the frequency w of the exciting force and the moment of inertia J of the wall, decreas-
ing the mass M of the wall, the distance | from the wall CoM to the points where the springs are
attached and the distance r from the wallis center of mass to the axis of rotor.

The stability condition for synchronous anti-phase oscillations of the walls is satisfied automat-
ically for oscillations below resonance for which the relations ¢, > Mw?/2 & c I?> lw? hold true,
since the left-hand side of inequality (29) is always negative and the right side is positive.

Numerical values of the design parameters based on the solution of inequality (29) can be
selected by any suitable numerical method, for example, the iteration method.

Conclusion

We found a condition for stable self-synchronization of vibration exciters in a system with
two flat walls generating synchronous anti-phase oscillations along elliptical trajectories in oppo-
site directions. The obtained expression allows to optimize the design and operating parameters
of the system (frequency of the exciting force, mass of the walls and their moments of inertia,
distances from the CoM of the walls to the points where the springs are attached and the dis-
tance from the CoM of each wall to the axis of the vibration exciter rotor) at the design stage
to ensure the required oscillation mode of the walls, combining crushing of the material grains
with transportation.

Further research will be aimed at finding the conditions for stable self-synchronization of
rotors in vibration exciters of two-mass systems in operating modes with relative phase shifts
and rotation directions providing optimal parameters for attrition and compression procedures in
granular materials.
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YCNOBUA NYBNNKALNN CTATEWN
B XYypHase «Hay4HO-TeEXHUYECKMe BELOMOCTH
CaHKT-TNeTepbyprckoro rocyAapCTBEHHOrO NMONTEXHNYECKOTO YHNBEPCUTETA.
PU3NKO-MaTEMATNYECKME HAYKN»

1.0OBLME MONOXKEHNA

KypHan «Hay4Ho-TexHuueckue sefioMocTy CaHKT-IMeTep6byprckoro rocynapcTBeHHOro NnonTEXHUYECKOro YHUBEP-
cuTeTa. PU3NKO-MATEMATUYECKME HayKN» ABAETCA NMEepPUOANYECKVM NMeYaTHbIM HayYHbIM PeLeH3VpYeMbIM U3[aHuEM.
3apervctpuposaH B ®efepanbHoi cnyxbe no Haa3opy B chepe MHPOPMALMOHHBIX TEXHOMOMMIA U MAcCOBbIX KOMMY-
Hukauunii (CeunaeTensctBo M NedC77-52144 ot 11 gekabps 2012 r.) n pacnpoCTpaHsAeTcs Mo MOAMUCKE areHTCTBa
«Pocreyarb» (MHAEKC n3paHnsa 71823).

C 2008 ropa »ypHan n3fasasics B COCTaBe CepuasibHOro usgaHus “"Hay4yHo-TexHuueckue segomoctu CH6rmy™.
CoxpaHsis MpPeemMCTBEHHOCTb M MPOJO/Kass HayyHble U Ny6nMKaumoHHble TPaguUMU CepUasibHOro U3faHus
«Hay4Ho-TexHn4eckue BegoMocTn CI6I TTY», )XypHasn nsgasanu nog CABOEHHbIMU MeXAyHapoLHbIMM CTaHaapT-
HbIMK ceprasibHbIMM HoMepamu ISSN 1994-2354 (cepuanbHblin) 2304-9782. B 2012 rogy OH 3aperMcTpyMpoBaH Kak
camocTosiTeNlbHOe Nepuoguyeckoe nsganue ISSN 2304-9782 (CeuaeTtensctso 0 peructpauum M Ne @C77-52144 ot 11
fekabps 2012 r.). C 2012 r. HayaT BbIMYCK XYpHana B ABYA3bIY4HOM O(hOPMIEHUN.

W3naHne BxoguT B MNepeyeHb BeyLLMX HayUHbIX PeLeH3MpYeMbIX XXYPHaI0B U u3gaHuin (nepedeHb BAK) u npu-
HUMaeT 15 neyaTyt MaTepuasibl HayYHbIX UCCMeLOBaHMi, a TaKkxKe CTaTbh A1 Ony6nnKoBaHWs OCHOBHbIX pe3y/bTaToB
AvccepTaumii Ha COMCKaHWe YYeHOM CTeneHy LOKTOpa HayK M KaHAuAaTa HayK Mo CAedyHLyM OCHOBHbLIM Hay4HbIM
HanpaeneHusm: Pusnka, MatemaTnka, MexaHrKa, BK/IHOUasA crefyrowme Wwngpsbl HayYHbIX cneumansHocTeld: 1.1.8.,
119,132,133,134,135,136.,13.7,1.38,13.11, 1.3.19.

XypHan npeactaeneH B PeepatmHom >ypHane BUHNTI PAH 1 BKtOUEH B (hOHJ, HayYHO-TEXHUYECKOR NnTepa-
Typbl (HT/T) BUHNTW PAH, a Takxe B MeXAYyHapOAHO cucTeme no nepuoguyeckum mnsganmsam «Ulrich’s Periodicals
Directory». ViHaekcmpoBaH B 6a3ax AaHHbIX «POCCUMIACKUIA MHAEKC HayyHOro umTuposaHus» (PUIHLL), Web of Science
(Emerging Sources Citation Index).

MepuognyHOCTb BbIXOAa XypHana — 4 HoMepa B rog.

Pefakuus >kypHana cobntofaeT npasa MHTEMIEKTyalbHOV CO6CTBEHHOCTU M CO BCEMM aBTOPaMU HayuHbIX CTaTeli
3aK/TH04aeT M3LaTebCKNIA TMLEH3NOHHBIN 40T0BOP.

2. TPEBOBAHVA K MPEACTABJ/TAEMbIM MATEPVAJIAM
2.1. OhopmMsieHVEe MaTepuasnioB

1. PekomeHayemblli 06bem cTateli — 12-20 cTpaHuy, hopmata A-4 ¢ y4eTOM rpadmyeckux BAOXKEHWA. KonmuecTso
rpagmyecKmx BNOXKEHWI (AnarpaMm, rpagmkoB, PUCYHKOB, (hoTorpauii 1 T.M.) He LO/HKHO NPEBbILATb WECTH.

2. Yuncno aBTOPOB CTaTbK, KaK NpPasuo, He LOMKHO MPEeBbILLAThb MATW YeNoBeK.

3. ABTOPbI JO/MKHbI MPUAEPXKMBATLCA CeaytoLLeli 0606LLEHHON CTPYKTYpbI CTaTbi: BBOAHAS YaCTb (AKTYaNbHOCTb,
cyLecTsytoLime npobnembl — 06vem 0,5 — 1 €Tp.); OCHOBHas YacTb (MOCTaHOBKA W ONUCaHWe 3afa4vn, MeTOAMKa 1ccre-
[0BaHNs, U3N0XEHWE U 06CYXKAEHNE OCHOBHbIX PE3Y/bTATOB); 3aK/IHOUMTENbHAsA YacTb (NPes/ioKeHUs, BblIBOAbl — 00beM
0,5—1 c1p.); cnucok nutepatypbl (opopmneHre no FOCT 7.0.5-2008).

B cnvckn nutepaTypbl peKOMEH/YeTCS BK/KOUaTb CCbIIKM HAa Hay4Hble CTarbi, MOHOrpagmu, COOpHUKKN CTaTei,
COOPHVIKIN KOH(ePEHLiA, 3NeKTPOHHbIe PECYPChI C yKa3aHUeM AaTbl 06paLLeHUs, NaTeHTbI.

Kak npaBuno, HeXkenaTesibHbI CCbIKM HA AyCcCepTaLmm 1 aBTopedepatbl AUccepTaLmii (Takme CCbIIKM LOMNYCKatoT-
cA, eCNK pe3ynbTaTbl UCCNeA0BaHUI eLLe He Omy6IMKOBaHbI, W He NPeLCcTaB/eHbl JOCTaTO4HO NOAPOOHO).

B crnvckn nuTtepaTtypbl HE PEKOMEHJYeTCA BK/KOYATb CCbIIKM Ha Y4YebHUKW, Yy4ebHO-MeTofMyeckue mnocobus,
KOHcneKTbl fiekuyyii, FOCTbl M Ap. HOPMATUBHbIE JOKYMEHTbI, Ha 32KOHbI 1 MOCTAHOB/EHNS, & TAKKe Ha apXMBHbIe JOKY-
MEHTbI (EC/IN BCe ke HeobX0AMMO yKa3aTb Takne MCTOUHUKN, TO OHY O(hOPMAAKOTCA B BUE CHOCOK).

PekoMeHLyeMblii 06bEM CrIMCKA MTEpaTypbl ANs 0630pHbIX CTaTel — He MeHee 50 MCTOYHUMKOB, AN OCTabHbIX
cTareli — He mMeHee 10.

[lons NCTOYHMKOB aBHOCTbIO MeHee 5 NeT [JO/MKHa COCTaBNATb He MeHee NMOM0BWHbI. [JonyCTVMbI NPOLLEHT camoLy-
TUpoBaHUs — He BbiLle 10 —20. O6beM CCbINOK Ha 3apyOeXXHbIE UCTOUHUKM [O/MKeH ObITh He MeHee 20%.

4. YK (UDC) othopmnseTcsa u popmupyetcs B cootseTcTaum ¢ FTOCT 7.90-2007.

5. Habop TekcTa ocyllecTsnseTcs B pegakrope MS Word.

6. PopMynbl HabupatoTcs B pegaktope MathType (He Bo BCTpoeHHOM pepakTope Word) (Menkue hopmMysibl, CUMBO-
Nibl 1 0603HaYeHMs HabupatoTcs 6e3 1CNob30BaHNA pefakTopa popmyn). Tabnuubl HabMParTCS B TOM Xe (hopmaTte, YTo
1 OCHOBHOWi TEKCT. B TekcTe OyKBa «&» 3aMeHAeTCS Ha OyKBY «e» 1 OCTaBMIAETCA TOMbKO B (haMUmnsX.

7. PucyHku (B hopmare .tiff, .omp, .jpeg) n Tabnmubl oopmnaoTcs B BUAE 0TAEMbHbIX (aiinos. LLpudt — Times
New Roman, pasmep LUpn{Ta 0CHOBHOTO TeKcTa — 14, nHTepsan —1,5. Tabnuubl 60M1bLLOT0 pasmepa MoryT 6bITh Habpa-
Hbl Kernem 12. MapameTpbl CTpaHULbI: MOs cnesa — 3 CM, CBepXy M CHU3Y — 2 CM, cnpasa — 1,5 cM. TekcT pasmMeLLaeTcs
6e3 3HakoB nepeHoca. Ab3auHblii oTCTyn — 1 cm.
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2.2. lpegcTasneHne maTepuranos

1. MNpeacTaBneHre BCEX MATepPManoB OCYLLECTBAAETCSH B 3MEKTPOHHOM BUAE Yepe3 3MEKTPOHHYIO pefakuuio
(http://journals.spbstu.ru). Mocne perncTpaymm B CUCTEMe 3/1EKTPOHHON pefakuuny aBToMaTnyeckn hopmmnpyeTcs
NepcoHabHbIli NPodunb aBTopa, NO3BONAKLLMIA B3aVMOAENCTBOBATb Kak C pefakLnen, Tak U C PeLeH3eHTOM.

2. BmecTe ¢ maTepuanaMu ctaTby AOMKHO BbiTb MPeACTaBIEHO IKCMEPTHOE 3aK/OUEHNE O BO3MOXHOCTU ONy-
6/1MKOBaHWA MaTepnasnioB B OTKPbLITOW neyaru.

3. ®aiin cTatby, NOfaBaeMblli Yepe3s 3/IEKTPOHHYIO PefaKLmMIo, AOMKEH COAEPXKaTb TONbKO CaM TeKCT 6e3 Ha3Ba-
HWS, CNMCKA MTEPaTypbl, aHHOTaL MK W K/OYEBbIX CNOB, (hamuanii U cBefeHunii 06 aBTopax. Bece aTu nons 3anon-
HAKTCA 0TAENbHO Yepe3 3NeKTPOHHYH0 pefakLuio.

2.3. PaccMOoTpeHve maTeprasioB

MpefocTaBneHHble MaTepuansl (M. 2.2) nepBoHavasbHO PacCMaTpUBAIOTCA PefaKLMOHHOW KONnervein n nepega-
IOTCA AN19 peLeH3npoBaHmns. ocne ofobpeHns maTepranos, COrMacoBaHUA Pas/iMyHbIX BOMPOCOB C aBTOPOM (Mpw
HeobX0o4MMOCTW) pefaKLMOHHAasA KONernsa coobLLaeT aBTopy peLleHne 06 ony6ivMkoBaHWmM cTatbi. B cnyyae oTkasa B
ny6nuKaumm cTaTbi pefakLys HarnpasiseT aBTopy MOTVBUPOBAaHHbIV O0TKa3.

Mpwn OTKNOHEHUW MaTeprasioB 13-3a HapyLLEHWA CPOKOB Nojaun, TpeboBaHWil No 0hOPMIIEHMIO UM KaK He 0TBeYa-
OLLMX TEMATUKE YKYpHasa MaTepuasbl He Ny6vKyoTCs U He BO3BpaLLatoTCs.

PefakLMOoHHasa KONMerns He BCTyNaeT B JUCKYCCUIO C aBTOPaMM OTK/IOHEHHbLIX MaTeprasos.

Mpu nocTynnieHny B pefakLyio 3HaUMTENIbHOTO KONMYECTBA CTaTei NX MpUeM B O4epeHO HOMEP MOXET 3aKOH-
yntcs JOCPOYHO.

E-mail: physics@spbstu.ru,
O4é. daaaéoee 8 (812) 552-62-16.

Caéo x00iaéa: https://physmath.spbstu.ru/
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