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Original article
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CRITICAL SCATTERING OF SYNCHROTRON RADIATION 
IN THE LEAD ZIRCONATE-TITANATE (PZT2.4)  

USING THE LAST MODEL FOR THE SOFT MODE
S. B. Vakhrushev1,2,3, S. A. Reimers2,3✉, Iu. A. Bronwald1

  1 Ioffe Institute, St. Petersburg, Russia;
2 Peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russia;

3 Pacific National University, Khabarovsk, Russia
✉ serafim.reimers@yandex.ru

Abstract. In this work, an experimental and theoretical studies of critical scattering for the 
PbZr0.976Ti 0.024O3 (PZT2.4) compound in the vicinity of the Brillouin zone center have been 
carried out taking into account the mode coupling. The scattering measurements were carried 
out at the European Synchrotron Radiation Facility (ESRF). One-dimensional profiles of the 
scattering intensity dependence on the wave vector were obtained using specially developed 
programs. The Last model was used for the optical soft mode in the Brillouin zone center. The 
frequencies and polarization vectors of the renormalized modes were determined by quantitative 
analysis of the scattering profile for the soft direction [1 0 1]. Good agreement between the 
calculated results of the model and the experimental data was achieved. The polarization 
vector’s change of the lowest transverse acoustic mode was traced as a function of the reduced 
wave vector.

Keywords: ferroelectric, antiferroelectric, phase transition, lattice dynamics, critical scattering

Funding: The research was supported by the Ministry of Science and Higher Education of 
the Russian Federation (Project No. FEME-2024-0005).

Сitation: Vakhrushev S. B., Reimers S. A., Bronwald Iu. A., Critical scattering of 
synchrotron radiation in the lead zirconate-titanate (PZT2.4) using the Last model for the soft 
mode, St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 18 (3) 
(2025) 9–19. DOI: https://doi.org/10.18721/JPM.18301
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КРИТИЧЕСКОЕ РАССЕЯНИЕ СИНХРОТРОННОГО  
ИЗЛУЧЕНИЯ В ЦИРКОНАТЕ-ТИТАНАТЕ СВИНЦА (PZT2.4) 

С ИСПОЛЬЗОВАНИЕМ МОДЕЛИ ЛАСТА ДЛЯ МЯГКОЙ МОДЫ
С. Б. Вахрушев1,2,3, С. А. Реймерс2,3✉, Ю. А. Бронвальд1

1 Физико-технический институт им. А. Ф. Иоффе РАН, Санкт-Петербург, Россия;
2 Санкт-Петербургский политехнический университет Петра Великого, Санкт-Петербург, Россия;

3 Тихоокеанский государственный университет, г. Хабаровск, Россия
✉ serafim.reimers@yandex.ru

Аннотация. В работе проведено экспериментальное и теоретическое исследование 
критического рассеяния для соединения PbZr0,976Ti0,024O3 (PZT2.4), в окрестности 
центра зоны Бриллюэна с учетом межмодового взаимодействия. Измерение рассеяния 
проводилось на Европейском источнике синхротронного излучения (ESRF). Одномерные 
профили зависимости интенсивности рассеяния от волнового вектора были получены 
с использованием специально разработанных программ. Для оптической мягкой моды 
в центре зоны Бриллюэна была использована модель Ласта. Путем количественного 
анализа профиля рассеяния для мягкого направления [1  0  1] определены частоты и 
векторы поляризации перенормированных мод. Достигнуто хорошее согласие модельного 
расчета с экспериментальными данными. Прослежено изменение вектора поляризации 
низшей поперечной акустической моды как функции приведенного волнового вектора.

Ключевые слова: сегнетоэлектрик, антисегнетоэлектрик, фазовый переход, динамика 
решетки, критическое рассеяние

Финансирование: Работа выполнена при финансовой поддержке Министерства науки 
и высшего образования Российской Федерации (проект № FEME-2024-0005).

Ссылка для цитирования: Вахрушев С. Б., Реймерс С. А., Бронвальд Ю. А. Критическое 
рассеяние синхротронного излучения в цирконате-титанате свинца (PZT2.4) с использованием 
модели Ласта для мягкой моды // Научно-технические ведомости СПбГПУ. Физико-
математические науки. 2025. Т. 18. № 3. С. 9–19. DOI: https://doi.org/10.18721/JPM.18301

Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://
creativecommons.org/licenses/by-nc/4.0/)

Introduction

Comprehensive analysis of X-ray or neutron diffraction patterns of any crystal, even the 
most perfect ones, shows a diffuse component consisting of some streaks, spots or halos around 
the main reflections in addition to the sharp Bragg peaks. This background component is com-
monly known as diffuse scattering. It provides valuable data about the inherently present static or 
dynamic disorder. Lonsdale and Smith [1] described the very first observations of diffuse scatter-
ing in the early 20th century.

There are many excellent books and reviews on the general aspects of diffuse scattering and its 
application to analysis of diverse physical problems. The most common type of such scattering is 
thermal diffuse scattering (TDS) by crystal lattice vibrations [2, 3]. The TDS intensity I can be 
described by the following expression:

2
TDS 0 2

1( ) ( , ) ( ),
( )

I I Fλ
λ λ

= δ − −∑
ω

Q Q q Q q
q

τ (1)
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where Q is the scattering vector; q = Q – τ is the reduced wave vector; τ is the reciprocal lattice 
vector; ωλ is the frequency of mode λ; Fλ(Q,q) is the inelastic structure factor.

The factor Fλ(Q,q) is determined by the crystal structure (the position rμ of the atoms in the 
unit cell) and the polarization vectors of the phonon modes eλ

μ(q):

ì( )( )
( , ) ( ( )),

2
iWf

F e e
M

µ ⋅−µ λ
λ µ

µ
µ

= ⋅∑ Q rQQ
Q q Q e q (2)

where Mμ is the atomic mass; e–Wμ(Q) is the Debye–Waller factor; rμ is the position of atom μ in 
the unit cell; eλ

μ(q) is the phonon eigenvector for wave vector q and mode λ, corresponding to 
atom μ; fμ(Q) is the atomic form factor.

It follows from Eq. (1) that TDS by acoustic phonons should be observed in the vicinity of 
Bragg peaks in all crystals. The frequency of acoustic phonons with small reduced wave vectors 
is proportional to the magnitude of q. Thus, TDS intensity is inversely proportional to q2 and the 
anisotropy is determined by the anisotropy of the sound velocity.

Another important type of TDS is critical scattering by fluctuations in the order parameter in 
crystals undergoing a phase transition. Critical scattering can be localized around different points 
of the Brillouin zone, and this localization depends on the symmetry of the order parameter.

Critical scattering in ferroelectrics is of particular interest to us and we intend to focus on it 
closely in the paper. Apparently, this type of scattering in ferroelectrics was described for the first 
time in [4]. Similar to the case of diffuse scattering by acoustic phonons, critical scattering in 
ferroelectrics is concentrated in the vicinity of the Brillouin zone center.

One of the characteristics of critical scattering in intrinsic ferroelectrics is significant suppres-
sion of the longitudinal scattering component. This phenomenon was first discovered in [5]. In 
the case of a cubic isotropic ferroelectric, the expression for the intensity of critical scattering in 
the paraelectric phase takes the form

( )
( )2 2

0

2 2

sin ,
,

I
I

q

κ
= + =

+ κ

Q q
Q q


τ (3)

where I0 is the peak scattering intensity at q = 0, proportional to static susceptibility χ0; κ2 is the 
square of the inverse correlation length of short-range ferroelectric order.

Cross-sections of surfaces with constant diffuse scattering intensity by planes containing the 
vector τ yield constant-intensity contours in the form of two tangent circles (lemniscates) with a 
zero intensity line coinciding with τ. Taking into account cubic anisotropy somewhat complicates 
the expressions, however, the intensity remains equal to zero in the case of q || τ.

Thus, diffuse scattering in the paraelectric phase in the vicinity of the Brillouin zone center 
includes two components: thermal diffuse scattering by acoustic phonons and critical scattering 
from the soft mode. Analysis of the data for the vicinities of several nodes of the reciprocal lattice 
allows to separate these components.

However, the problem becomes significantly more complicated in the presence of mode coupling 
between transverse optical and acoustic modes. The problem of mode coupling in ferroelectric per-
ovskites was theoretically analyzed in detail in [6–8]. It was found that this coupling leads to significant 
renormalization of phonon frequencies at q ≠ 0 and mixing of polarization vectors of these modes. 
The Vaks model was applied in [9] to analyze the phonon spectra of potassium tantalate (KTaO3) and 
in [10–12] to analyze the critical dynamics in lead zirconate (PbZrO3). Renormalization of phonon 
mode frequencies was correctly described in all cases. As for the mixing of polarization vectors in 
these papers, only general expressions were given for the polarization vectors νλμα (α is the Cartesian 
coordinate, λ and μ are defined above) of renormalized modes in terms of phonon eigenvectors at 
q = 0, where there is no coupling. However, their specific type was not determined due to the uncer-
tainty of the eigenvector for soft mode. The diffuse scattering patterns given in [10–12] can only be 
regarded as qualitative, since they take into account only the directions of ion displacements.

Our paper analyzes diffuse scattering in a solid solution of lead zirconate titanate PbZr0.976Ti0.024O3 
(PZT2.4) using the Last model to describe the eigenvector of the soft mode.
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Experimental
The measurements were carried out for a sample measuring approximately 1.00 × 0.05 × 0.05 

mm, cut from a single crystal of PZT2.4 solid solution grown at the Southern Federal University 
using the technology described in [13]. The sample was ground and etched in boiling hydrochloric 
acid to remove the damaged surface layer.

The experiment was conducted using the equipment of the European Synchrotron Radiation 
Facility (ESRF). The needle-like sample was mounted into a special holder. The holder had the 
angular range of 150°, allowing to cover a large volume of the reciprocal space. The sample was 
placed in a nitrogen flux to control its temperature. The wavelength of incident radiation was 
0.95 Е. A low-noise Pilatus 2M detector was used; the distance from the sample to the detector 
was 135 mm. The measurements were carried out both under cooling and under heating with a 
temperature step of 1 °C over a range from 30 to 300 °C.

Software tools developed in MatLab and Java were used to construct one-dimensional profiles 
of the dependence of scattering intensity on the wave vector. Such diffuse scattering profiles were 
obtained from a three-dimensional intensity distribution by voxelization. Instead of traditional 
cubic voxels, we used a voxel that was a straight circular cylinder whose axis coincides with the 
direction of the profile. Varying the parameters of the cylindrical voxel, we selected its optimal 
size providing the necessary statistics: a sufficient number of primary detector pixels inside the 
voxel and the resolution of the wave vector q. The voxel radius was 0.2 r.l.u. (reciprocal lattice 
unit equal to 2π/a), the step was 0.1 r.l.u.

Vaks model with calculation of eigenvectors
We adopted the hypothesis that diffuse scattering is associated with the lowest phonon modes. 

As shown in [6, 7, 9], calculation and analysis of the corresponding lattice dynamics are simplified 
in the long-wavelength limit if high-energy optical modes are neglected; in this case, the latter 
do not give a significant contribution to diffuse scattering. The resulting simplified Hamiltonian 
takes into account only five modes: three acoustic (2TA (transverse) + LA (longitudinal)) and two 
low-energy transverse optical (2TO).

The simplified Hamiltonian has the following form:

( ) ( ) ( )(5) ˆ ˆ1 2 ,ˆ
2 q q q q q q q q q q q q

q

H A S V− − − − − −
 = + + + λ + +∑  u u u q u x x x x x q x u q x    (4)

where u1, u2, u3 and x1, x2 (components of vectors u and x) are the normal coordinates for modes 
2TA + LA and 2TO in the reference frame (X′Y′Z′), with the Z′-axis parallel to the reduced wave 
vector q, respectively; Â, Ŝ, V̂ are tensors.

These tensors describe the contribution of short-range interactions and can be written as

( ) ( )2 ,ˆ a l t

a l tA q A g A g A g= + +q (5)

( ) ( )2 ,ˆ a t

a tS q S g S g= +q (6)

( ) ( )2 ,ˆ a t

a tV q V g V g= +q (7)

where ;  ;  .t l ag n n g n n g n nαβ αβ α β αβ α β αβ αβγδ γ δ= δ − = = γ
In this equation, n = q/q is a unit vector in the direction of q; γαβγδ is a tensor invariant with 

respect to the symmetry operations of a cubic point group such that

γαβγδ = 1 for α = β = γ = δ and γαβγδ = 0 in all other cases.

The tensor Â(q) defines the speed of sound and can be determined from the elastic modulus C, 
the tensor Ŝ(q) defines the curvature of the transverse optical mode and the tensor V̂(q) defines 
the constant of interaction between acoustic and optical branches.

The five-mode Hamiltonian was represented as the sum of isotropic and anisotropic components:

( ) ( ) ( )(5) , , , , , , , , ,is t t t l anis a a aH H q S A V A H S A V= λ +q q (8)
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Diagonalization of the Hamiltonian H(5)(q) allows to obtain a set of frequencies ωλ(q) of renor-
malized modes and a matrix of polarization vectors Dλ(q) expressed in terms of the eigenvectors 
of uncoupled modes in the X′Y′Z′ coordinate system considered above. As a first approximation 
of the eigenvectors, we can select the polarization vectors of phonon modes in the center of the 
Brillouin zone V λ0

μa (λ0 is the number of non-renormalized phonon branch, μ is the number of the 
atom in the unit cell, α is the Cartesian coordinate).

We use the following numbering of atoms in the cell:
1 for Pb, r1 = (0 0 0); 2 for Zr (Ti), r2 = (½ ½ ½); 3 for OI, r3 = (½ 0 ½);
4 for OII, r4 = (0 ½ ½); 5 for OIII, r5 = (½ ½ 0). ri is the coordinate of the ith atom in the cell 

in fractions of the lattice parameter a= 4.6 Å.
The matrix Dλj can be transformed into a three-dimensional array of eigenvectors pνλlα in the 

Cartesian coordinate system if the metric matrix M(n) is used [9]:
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1

3 1 2
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1 32
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,
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The case l = 1 corresponds to the contribution of non-renormalized acoustic phonons and 
l = 2 corresponds to the contribution of non-renormalized optical phonons.

Let us introduce the eigenvector matrices e (1)
αμ and e (2)

αμ which are the partial contributions of the 
atom μ to the displacements corresponding to the acoustic and optical modes, respectively. The 
index α = 1, 2, 3 determines the direction of the displacements.

The values of the elements e(1)
αμ can be determined from the condition that the displacements 

of all atoms in the cell be equal [14]:

(1)

const.
e

u
m

αµ
αµ

µ

= = (13)

Such a priori definition of e (2)
αμ is impossible for a soft optical mode. The irreducible repre-

sentation Γ15 enters the mechanical representation for the perovskite structure four times, so 
accordingly, three optical modes of this symmetry should be observed. The Ewald mode, the Last 
mode, and the Axe mode are often chosen as such modes with mutually orthogonal polarization 
vectors [15]. It is typically assumed that the soft mode for lead-containing ferroelectrics with a 
rhombohedral structure is the Last mode. It is also assumed that the Pb2+ cation is displaced rel-
ative to the group of ions formed by the oxygen octahedron and the central cation.

To simplify the problem, we use the diatomic approximation, assuming that the optical mode 
can be described if the above group is regarded as a virtual A2 cation.

For the acoustic mode, we can write the following representation without loss of generality:

Pb A2 A2 A2 A2

(1)
Pb A2 A2 A2 A2 1

Pb A2 A2 A2 A2

.

m m m m m

e m m m m m CC

m m m m m

αµ

 
 

=  
   

(14)

with the normalizing coefficient

1 Pb A24 ,CC m m= +

where mPb is the mass of the Pb2+ cation, mA2 is the sum of the masses of all ions included in the 
virtual A2 ion.

Evidently,

(1)

const.
e

u
m

αµ
αµ

µ

= =

For the optical mode, taking into account the constancy of the center of mass, we obtain:

A2

Pb

(2) A2
2

Pb

A2

Pb

1 1 1 1
4 4 4 4

1 1 1 1
4 4 4 4

1 1 1 1
4 4 4 4

m
m

m
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m

m
m

αµ

 
− 
 
 

= − 
 
 
− 
 

(15)

with the normalizing coefficient A2
2

Pb

1 .4
m

CC
m

= +

Indeed, the displacement of the center of mass turns out to equal zero:
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We build an array of 5 × 5 × 3 eigenvectors (number of modes × number of atoms × 3 
coordinates) νλμα:

(1) (2)
1 2 .v pv e pv eλµα λ α αµ λ α αµ= × + × (17)

Then we can write the following expression for the structure factor of the mode λ:
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QrQr

Q q

(18)

The values of the atomic scattering factors are calculated by the formulas given in [16].

Analysis of experimental data
We analyzed one-dimensional scans along the [1 0 1] direction through the reciprocal lattice 

nodes (1 0 –1) and (0 0 3). The diffuse scattering intensity at point Q was calculated as follows:

( ) ( ) ( )
5

2
0 2

1

1, Bck,I I Fλ
λ= λ

= +∑
ω

Q Q q
q (19)

where ω2
λ(q) is the square of the frequency of the renormalized mode λ, equal to λth eigenvalue 

of the Hamiltonian H(5)(q); the expression F 2
λ(Q,q) is calculated by Eq. (18); I0 is the scale factor; 

the term Bck is the background.
Parameters Al, At, Aa, St, Sa (in (meV)2/(r.l.u.)2) were assumed to be equal to the values for pure 

lead zirconate, given in [12]:

A
l 
= 2508, A

t 
= 879, A

a 
= –111, S

t 
= 1800, S

a 
= –610.

The results were processed in two stages. At the first stage, the parameters Vt, ω2
0, the scale 

multiplier and background were fitted for the node (1 0 –1). Since the experimental data for 
different nodes were normalized differently, only the scale factor and background were fitted for 
node (0 0 3) and the remaining parameters were taken from the fit for node (1 0 –1).

Experimental data in Fig. 1 are shown by dots and their statistical errors are shown by ver-
tical bars. The central region –0.05 ≤ q ≤ 0.05 to which Bragg scattering makes a contribution 
was excluded from the fit. It can be seen that the calculated curves completely coincide with the 
experimental ones within the limits of statistical errors.

As a result of the fitting, we obtained the following parameter values:

V
t 
= 1073 (meV)2/(r.l.u.)2, ω2

0 = 4.58 (meV)2.
For comparison, we calculated the diffuse scattering intensity without taking into account the 

polarization vectors (red dashed lines in Fig. 1). In this case, the dependence ω2
λ(q) and directions 

of atomic displacements pνλlα (12) were used.
For acoustic phonons, taking into account expression (18), we can write an expression for 

structure factors at q = 0 (Q = τ):
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( ))
( ( )) ( )) ( ))).

~ cos(
cos( cos( cos(

F f f h k l

f h k h k h k

+ π + + +
+ π + + π + π +

(20)

Therefore,

F(1 0 –1) ~ fPb + fZr – fO,

F(0 0 3) ~ fPb – fZr – fO.
(21)

In the case of node (1 0 –1) with the larger structure factor, renormalization of the polariza-
tion vectors for acoustic phonons makes a relatively small contribution to intensity, that is, such 
a simplified calculation gives only qualitative agreement with the experiment (see Fig. 1,a).

On the other hand, renormalization of the polarization vectors plays an important role in the 
case of node (0 0 3) with a small elastic structure factor. It should be noted here that data anal-
ysis in the vicinity of several nodes of the reciprocal lattice is required to reliably determine the 
parameters of the Hamiltonian H(5)(q). The fundamental principles for determining dispersion 

curves were addressed in [2]. While exact deter-
mination of phonon dispersion curves is impos-
sible in the general case, the polarization vectors 
can be found.

We established the dependency νλμα(q).
Fig. 2 shows the reduced displacements

N
v

u
m

λµα
λµα

µ

=

along the x-axis (α = 1) for lead (μ = 1) and 
zirconium (μ = 2) atoms for the lowest phonon 
mode (which is transverse acoustic polarized in 
the (x 0 z) plane). At q = 0, the given displace-
ments are equal, as they should be for acoustic 
vibrations. As q increases, the contribution of 
lead displacements increases dramatically. The 
obtained result is in good agreement with the 
assumption made in [10] that it is the softening 

a) b)

Fig. 1. Experimental (points) and calculated (lines) dependences of diffuse scattering intensity I 
on reduced wave vector q for two scattering vectors: Q = (1 + q, 0, –1 + q) (a) and (q, q, 3) (b)
Calculated data were obtained using polarization vectors (blue solid lines) and taking into account only the 
type of dispersion curves and the direction of displacements (red dashed lines). The statistical errors of the 

experiment are shown by vertical bars

Fig. 2. Dependences of reduced displacements 
along the x-axis for lead (red solid line) and 
zirconium (blue dashed line) for the lowest 

phonon mode
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of the renormalized transverse acoustic phonon branch that causes the transition to the antifer-
roelectric phase and that this transition is associated with antiparallel displacements of lead ions.

Conclusion
The study develops an approach to quantifying diffuse scattering in the vicinity of the Brillouin 

zone center in perovskite-like crystals in the presence of mode coupling. Phonon dispersion 
curves were calculated using the Vaks model. The polarization vectors of renormalized phonon 
modes were described as a linear combination of eigenvectors of transverse acoustic and optical 
phonons in the center of the Brillouin zone, where mode coupling is absent. The Last model 
was used to describe the soft mode associated with the ferroelectric phase transition. This model 
assumes that the lead cation oscillates relative to a rigid-body group of atoms including an oxygen 
octahedron and a central cation. The mixing coefficients depending on the reduced wave vector 
were determined from diagonalization of the five-mode Hamiltonian. The developed approach 
was used to analyze diffuse scattering in solid solution of the PZT2.4 ferroelectric.

A comparison between the experimental data and the calculations was carried out for the 
vicinity of the reciprocal lattice nodes (1 0 –1) and (0 0 3). It was confirmed that the proposed 
formalism provides a good description of the experimental data in both nodes simultaneously.

The approach we proposed and developed allows to efficiently analyze data simultaneously in 
several Brillouin zones and reliably determine the parameters of the dynamic Hamiltonian. We 
established the dependence of reduced atomic displacements on the reduced magnitude of the 
wave vector, confirming the predominant role of renormalization of the acoustic phonon branch 
for the antiferroelectric transition associated with antiparallel displacements of the lead ion.
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on the interaction of forced, parametric, and self-oscillation with a limited-power energy 
source, a widely used computed model of a self-oscillating system receiving energy from such 
a source was used. Solutions of nonlinear differential equations of the model were constructed 
using the direct linearization method (DLM), which is distinguished from the known ones 
by its simplicity its simplicity and low time costs. The friction force characteristic causing 
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the velocity of the energy source in nonstationary and stationary motion cases were derived. 
Using the Routh – Hurwitz criteria, the stability of stationary movements was considered. The 
influence of NPE on the interaction of forced, parametric and self-oscillations was investigated 
by calculations. The latter showed NPE to change the shape of the amplitude curves inherent 
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Аннотация. С целью выявления действия нелинейного (кубического) параметрического 
возбуждения (НПВ) на взаимодействие вынужденных, параметрических и автоколебаний 
при источнике энергии ограниченной мощности использована широко применяемая 
расчетная модель автоколебательной системы, получающая энергию от такого источника. 
Решения нелинейных дифференциальных уравнений модели построены методом 
прямой линеаризации (ПЛ), которому свойственны простота и малые затраты времени. 
Характеристика силы трения, вызывающая автоколебания, линеаризована методом ПЛ. 
Выведены уравнения для амплитуды, фазы колебаний и скорости источника энергии 
в нестационарном и стационарном случаях движения. С использованием критериев 
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Рауса – Гурвица рассмотрена устойчивость стационарных движений. Влияние НПВ 
на взаимодействие вынужденных, параметрических и автоколебаний исследовано и 
расчетным путем; расчеты показали, что НПВ изменяет форму амплитудных кривых, 
присущих линейному воздействию, оказывает существенное влияние на устойчивость 
движения.
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Introduction

The interaction of forced, parametric and self-oscillations is the most complex of the four 
classes of mixed oscillations according to the classification introduced in monograph [1]; they 
consist of a combination of oscillation types [2–4]. Of these four classes of mixed oscillations, 
the interaction of forced and parametric oscillations under cubic nonlinear parametric excitation 
(NPE) is considered in [5] without taking into account the properties of the energy source.

Taking the specified properties into account gained significance in connection with environ-
mental problems, climate change and the reduction of energy resources. The need to take into 
account the properties of the energy source, which in the theory of oscillations is associated with 
the well-known Sommerfeld effect, is consistently stressed in fundamental monograph [6]. Many 
works have been published in this field all over the world, including books and articles [1, 7–17]. 
The connection between the level of energy consumed during the operation of parts, the accuracy 
of their processing and the oscillations is shown [18].

In this paper, we consider mixed forced, parametric and self-oscillations with NPE and limited 
power of the energy source. The direct linearization method (DLM) was used to solve nonlinear 
differential equations describing these oscillations [19].

Calculation model
Under the influence of frictional force, 

self-oscillations arise in many technical 
objects [20–24]. The model we consider is widely 
used to describe them (Fig. 1). A body with mass 
m is connected to the housing by means of a 
spring and a damper. It lies on a belt driven by 
a motor of limited-power with the torque M(φ·) 
and the total moment of inertia I of the rotat-
ing parts. A friction force T(U) arises between 
the body and the belt, depending on the relative 
velocity U:

0,  ,U V x V r= − = ϕ
where r0 is the radius of the pulley rotating the 
belt, r0 = const; φ· is the angular velocity of the 
motor rotor.

Taking into account the external driving force 
λsin(ν1t) and NPE bx3cos(νt) acting on the body, 
the equations of motion of the system have the 
following form:

Fig. 1. Model of system considered: 
body mass m; angular velocity of motor rotor φ·; 

torque M(φ·); friction force T; 
radius r0 of the pulley rotating the belt; 
spring constant c0 and damping ratio k0
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0 0 1
3( ) sin cosmx k x c x T U t bx t+ + = + λ ν − ν  (1)

0( ) ( )I M r T Uϕ = ϕ − 

where k0, c0, λ, b, ν1, ν are constants.
We take the friction force as a functional dependence, which is widespread in real (including 

cosmic) conditions [25]:

T(U) = T0(sgnU – α1U + α3U
3), (2)

where T0 is the normal reaction force, T0 = const; α1, α3 are constants; sgnU = 1 at U > 0 and 
sgnU = –1 at U < 0. In the case of U = 0, i.e., at relative rest, the inequalities –T0 ≤ T(0) ≤ T0 
hold true.

Using the DLM [19], we replace the nonlinear components of the friction force T(U) with a 
linear component:

0( ) (sgn ),T TT U T U B k x= + +  (3)

where BT = –α1u + α3u
3 + 3N2α3ua2p2, 2 2

3 3
( ),Tk N a p h= −α −  2 2

0 3
,3( ) /h u u N= −
 

2
0 1 33 ,u = α α  

N2 = (2r + 1)/(2r + 3), 
3

(2 3) (2 5).N r r= + +
The quantity r, included in the expressions for numerical coefficients N2 and N̅3, represents a 

linearization accuracy parameter whose value is not limited, but it is sufficient to select it in the 
interval (0, 2). The coefficients N̅n and Nn are compared in [26] with the coefficients obtained by 
averaging [27–30] for different values of the degree of nonlinearity n, establishing the acceptable 
agreement for the results obtained by both methods.

In view of substitution (3), Eqs. (1) take the form

10 0
3(sgn ) sin cos ,Tmx k x c x T U B t bx t+ + = + + λ ν − ν  (4)

0 0( ) (sgn ),T TI M r T U B k xϕ = ϕ − + +  
where k = k0 – T0kT.

Solution of the equations
As shown in monograph [1], the solutions of equations with function (2) at U > 0 and U < 0 

are fundamentally different, so they should be considered separately.
We represent these cases with expressions

u ≥ ap, u < ap,
where u = r0Ω (Ω is the averaged velocity φ·).
Let us consider solutions (4) for the main resonances with frequencies ω ≈ ν1 and ω ≈ ν/2, since 

they are of primary practical interest.
Using the change of variables with averaging [19], we obtain the expressions

sin ,  .cos ,  ,  / 2,  x a px ap t p= ψ ψ = + ξ = ν= − ψ ϕ = Ω (5)

Next, we consider two cases.
i) u ≥ ap, then

0

2

0
0

3

2 3
0

0

1 2 2 cos 0.5 sin 2
4
1 2 ( ) 2 sin cos 2 ,

4

( ) (1 ) ;

( ),= − + λ ξ − ξ

ξ  = ω − + λ ξ + ξ 

 = − +  T

u

r

da
aA ba

dt pm

d
am p ba

dt pma

rdu
M r T B

dt I

(6a)
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ii) u < ap, then

0

2

0 0
0

3 0

2 3
0

0
0

2 2 281 2 2 cos 0.5 sin 2 ,
4
1 2 ( ) 2 sin cos 2 ,

4

( ) (1 ) (3 2 ) ,∗

 
= − + λ ξ − ξ − − π 

ξ  = ω − + λ ξ + ξ 

 = − + − π− ψ π 
T

u

r

Tda
aA ba a p u

dt pm ap

d
am p ba

dt pma

r r Tdu
M r T B

dt I

(6b)

2
0 0where .c mω =

The conditions 0,  0a = ξ =  in the case u ≥ ap provide the following relations for determining 
the stationary values of a and ξ:

(λ2b2a6 + b2a6L – λ4 + 2λ2L – L2 – 4b2a8A2)2 – 4 λ2b4a12L = 0,

tgξ = D(Dba3 – 4λ)/8aA,
(7)

where L = λ2 + ba4[ba2 + 2m(ω2
0 – p2)], A = p(k0 – T0kT), D = 2(λ±√L)/ba3. 

To determine the stationary values of the velocity u from the third equation in (6a), we have, 
provided that 0u = , an expression of the form 

M(u/r0) – S(u) = 0, (8)

where S(u) is the load on the energy source from the oscillatory system.
In the case u < ap, to determine the amplitude of stationary oscillations, we have an approx-

imate dependence ap ≈ u and the stationary values of the velocity u are determined by Eq. (8) 
taking into account the expression for the load

S(u) = r0T0[(1 + B
T
) + π–1(3π – 2ψ*)],

following from the third equation in (6b) for 0.u =

Stability of stationary oscillations
To determine the stability of stationary oscillations of the system, we compose the variational 

equations for Eqs. (6), for which we use the Routh–Hurwitz criteria. As a result, we obtain the 
following conditions:

D1 > 0, D3 > 0, D1D2 – D3 > 0,
where D1 = –(b11 + b22 + b33),

D2 = b11b33 + b11b22 + b22b33 – b23b32 – b12b21 – b13b31,

D3 = b11b23b32 + b12b21b33 + b22b13b31 – b11b22b33 – b12b23b31 – b13b21b32.

In the case of velocities u ≥ ap, we have expressions of the form
2

0 0
0 0 13

0
11 12  0,,  ( ),  T T

r r TB B
b Q r T b

I u
b

I a

∂ ∂= −
∂

== −
∂

{ }2 2 20
0 021 22 3 3

1,  4 (3 ) 3 sin 2 ,  
2 8

T
T k

b a b p k T N a p h ba
m u pm

∂  = = − + α − − ξ ∂

31
3

23
1 2 sin c ,os 2   ,

4
0bb ba

pm
 = λ ξ =ξ +



St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 3

24

3 3
232 33

1 1( sin cos 2 ),  cos sin 2 .
2 2

b ba b ba
pma pma

 = − λ ξ − ξ = λ ξ − ξ 

In the case u < ap, only the coefficients change and the expressions take the form

2
0 0 0

0
0 0

011 122 2 2 2 2 2

2 2,  ,T T
r r T r TB B u

b Q r T b
I u I aa p u a a p u

   ∂ ∂= − − = − +   
∂ ∂ π −   π −    

0
0 221 2 2 2 2

4 ,
2

T
uTka

b T
m u a p a p u

 ∂= + 
∂ π −  

{ }2 2 2 0
0 0

2

22 3 3 2 2 2 2 2

21 4 (3 ) 3 sin 2 ,
8

T u
b p k T N a p h ba

pm ma p a p u
 = − + α − − ξ −  π −

where 2 2 2
1 3 3 2

( 3 3 ),TB
u N a p

u

∂ = − α − α − α
∂

 2
32

6 ,TB
N uap

a

∂ = α
∂

 36 ,Tk
u

u

∂ = − α
∂

 Q = dM(u/r0)/du.

Calculations
To obtain information on the effect of cubic NPE on the dynamics of mixed forced, paramet-

ric and self-oscillations, calculations were performed using the following parameter values:

ω0 = 1 s–1, b = 0.686 N·cm–1, λ = 0.196 N, k0 = 0.196 N·s·cm–1, T0 = 4.9 N,

α1 = 0.84 s·cm–1, α3 = 0.18 s3·cm–3, r0 = 1 cm, I = 9.8 N·S·cm2.
When calculating the amplitude for the linearization coefficient kT, the number N̅3 = 3/4 was 

used, which is obtained with the linearization accuracy parameter value r = 1.50. For the linear-
ization coefficient BT, the number N2 = 3/5 (r = 0.65) was used. The quantities in the figures and 
in the text below are normalized.

Fig. 2 shows the frequency response curves a(ν) obtained by calculations based on 
Eq. (7). The horizontal lines labeled aa correspond to the amplitudes of self-oscillations arising at 
velocities u = 1.14 and 1.20.

a) b)

Fig. 2. Frequency response curves at velocities u = 1.14 (a) and 1.20 (b). 
The blue curves are shown for comparison and represent a linear parametric excitation 

of the form xcos(νt). The horizontal lines labeled aa show the level of self-oscillation amplitudes. 
The shaded sectors reflect the slope Q of the energy source characteristic (Q = dM(u/r0)/du) 

and correspond to stable amplitudes (at point A and in other positions)
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The horizontal section on the blue curve (see Fig. 2,a) corresponds to the approximate depen-
dence ap ≈ u = 1.14. The oscillations are stable for the energy source characteristics whose slope Q 
lies within the shaded sector (Q = dM(u/r0)/du).

The blue curves represent the linear parametric excitation xcos(νt) and are shown for compar-
ison with NPE x3cos(νt). This comparison shows the difference in the effect of linear and non-
linear parametric excitations on the dynamics of the system. The amplitude levels, shapes of the 
excitation curves and widths of the resonance regions differ for these excitations. A difference may 
also be observed in the number of amplitudes at the same frequency. For example, it can be seen 
from Fig. 2,a that the frequencies near point A have three amplitudes under linear excitation, and 
four under nonlinear excitation. On the other hand, Fig. 2,b shows that frequencies with more 
than one amplitude are absent under NPE but present under linear excitation.

The solution to differential equations (1) was also obtained numerically. The characteristic of 
the energy source for the solution was taken in the form

0( ) .M M Qϕ = − ϕ 

The slope varied within the range 0 < Q ≤ 20, where the value of Q = 20 corresponds to 
an angle of approximately 87°. As an example, Fig. 3 shows a graph for one of the solutions 

obtained for different values of the parameters 
M0, Q, p. The numbers in the frames (in blue) 
were obtained computationally. In the case of 
the solution shown in Fig. 3, the values of the 
parameters M0 = 5.9889, Q = 5 were taken, 
allowing to reach the mode with the average 
angular velocity of the motor rotor φ· = 1.1401 
(Y in the frame in the figure); this mode corre-
sponds sufficiently well to the velocity u = 1.14. 
The value a ≈ 0.991 was obtained for the ampli-
tude (Y in the frames), close to the value of 1.07 
obtained by solving Eq. (7).

We also analyzed the influence of the param-
eters M0, Q, characterizing the energy source, 
on dynamic processes. As noted above, the solu-
tions of the equations for the cases u ≥ ap, u < ap 
are fundamentally different, and there exists 
some boundary value of the velocity ub separat-
ing these cases. A transition from one state to 
another can happen in the system at the bound-
ary value of the velocity ub. It depends on the 
slope of the energy source characteristic and its 
location relative to the curve of the load on the 
source. The transition takes place at flat charac-
teristics M(φ·) and is associated with the load S(u) 
on the energy source from the oscillatory system, 
depending on function (2), expressed by Eq. (8).

As an example, Fig. 4 shows a graph of the 
above-mentioned transition at certain values of 
motor parameters and energy source characteris-
tic. Given the same slope Q = 0.4986 (the angle 
of inclination is about 26°), a very small (1·10–10) 
difference in the values of M0, equal to 0.

As noted above, the amplitude of stationary 
oscillations at u < ap is determined by the approx-
imate dependence ap ≈ u. Since the load on the 
energy source depends on the amplitude of the 
oscillations, its graphs differ under conditions u 

Fig. 3. Dependences х(t) and φ· (t) for the values 
of the motor parameters M0 = 5.9889, Q = 5.

The data were obtained at p = 1

Fig. 4. Time evolution of the x-coordinate 
and angular velocity of the rotor φ(t) for the 

characteristic M0 = 0.8780994695
(data were obtained at p = 1)



St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 3

26

≥ ap and u < ap. Fig. 5 schematically shows only 
fragments of the curves for the dependences of 
the load S and the torque M on the velocity u, 
over a narrow variation range of u, where the 
transition from point A to point B takes place 
(corresponding to the data in Fig. 4) at a fixed 
position of the energy source characteristic at the 
boundary velocity ub corresponding to point A. 
Different transitions with a description of the full 
load curves for different classes of oscillations are 
described in detail in monograph [1], so they are 
not given here.

In addition to the results presented in this 
paper, differential equations (6) were also solved numerically. The results are not shown here due 
to limitations of space. We only note that the results of these solutions are in good agreement 
with those for Eqs. (7).

Conclusion
As follows from our findings, nonlinear parametric excitation has specific characteristics com-

pared with linear parametric oscillation, namely:
it significantly changes the shape of the amplitude curves;
it has a considerable effect on the stability of oscillations.
Comparing the results for these excitations, we find for the interaction of an oscillatory system 

with nonlinear parametric excitation (in the case of an energy source with limited power) that a 
number of effects of the same nature occur as with linear parametric excitation. It seems inap-
propriate to describe the nature of these effects here, since they have been thoroughly explored 
in monograph [1].
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Introduction
The Lanczos Tau-method1 allows to obtain approximate polynomial solutions for linear ordi-

nary differential equations (LODEs) with polynomial coefficients and polynomial right-hand 
functions [1, 2]. These solutions should have maximum accuracy in a finite interval under consid-
eration in accordance with the minimax norm, which is the opposite of approximation by ordinary 
least squares and/or approximation by series of orthogonal polynomials of various types [3–5].

This article discusses the reasons why polynomial solutions obtained using the original Lanczos 
algorithm may turn out to be suboptimal and suggests effective ways to improve the algorithm. 
General theoretical considerations are supported by numerical examples.

Initially, the Tau-method was proposed in [1] and subsequently described in detail in mono-
graph [2] with a large number of illustrative examples. The basic mathematical definitions allow-
ing to rigorously describe the method are given in [6]. A case considered in [7] concerns an inter-
val divided into small segments, subsequently applying the Tau-method to each small segment to 
obtain a smooth and accurate approximate piecewise polynomial solution.

Another approach to improving the accuracy of this method is described in [8]. Recurrent 
schemes of the Tau-method, when the degree of the approximating polynomial is increased in 
steps, without recalculating it from zero, are considered in [9, 10]. The errors of approximate 
solutions are analyzed in [11, 12]. Extensions of the Tau-method to linear differential equations 
with coefficients differing from polynomial to nonlinear differential equations, partial differential 
equations, etc., are discussed in [13–15].

Revived interest in techniques for constructing approximate solutions of ODEs, systems of 
integral equations and other objects can be traced in recent publications. The Lanczos Tau-
method is also used, but with the construction of a shifted Legendre basis for solving time-delay 
systems [16]; the approximation of differential operators is applied (the same as in our paper) 
with shifted Chebyshev polynomials [17], expansions of functions with respect to Hermite and 
Laguerre polynomials are presented [18].

In addition, the special Tau Toolbox was developed2, in particular for solving ODEs (includ-
ing nonlinear ones) and their systems, as well as integral equations [19–21]. Applications of this 
toolbox to expansion of solutions with respect to Sobolev polynomials and solutions of singular 
integral equations can be found in [22, 23]. The coefficients of approximating formulas are sought 
in [24] when the Chebyshev alternation is reached. This approach is used in the approximation 
of Fermi–Dirac functions based on an iterative procedure.

More recent studies consider Chebyshev approximations of functions [25, 26]; several text-
books deal with a wider range of issues related to the search for approximate solutions and sub-
stantiation of their properties [27–29].

Thus, interest in this major research problem does not weaken.

1 The name Tau-method was proposed and introduced by Cornelius Lanczos (a Hungarian physicist and 
mathematician) in [1]: the additional free terms for the Chebyshev polynomials on the right-hand side of 
differential equations were denoted with the subscripts τ.

2 The package can be downloaded from the website https://bitbucket.org/tautoolbox/tautoolbox/src/main/.
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The Tau-method was originally formulated as a way to approximate special functions of 
mathematical physics that could be expressed using ODEs. This method has become a powerful 
and accurate tool for numerical solution of complex differential and functional equations. The 
approach proposed by Lanczos is to approximate the solution of a given problem by calculating 
the exact solution of some approximate problem close to the original one. The solution of the 
differential equation along this path is approximated by a polynomial which is an exact solution to 
the differential equation obtained by adding the polynomial terms of the perturbation to its right-
hand side. The perturbation terms are chosen so as to guarantee the existence of an analytical 
polynomial solution to the perturbed equation.

If the coefficients of the equation and/or the initial conditions and/or the boundaries of the 
interval depend on any parameters, then the output is an algebraic expression depending on these 
parameters. This is an undoubted advantage of the Tau-method, compared with classical numerical 
methods that produce individual solutions for fixed numerical values of parameters. The method can 
greatly simplify analysis, allowing to optimize solutions to parameter-dependent differential equations.

The following section contains various definitions and theorems to be used further for this study.
The section ‘Example solution of equation by Tau-method’ illustrates the steps of the Lanczos 

Tau-method; here a linear differential equation with polynomial coefficients and a known analyt-
ical non-polynomial solution is solved.

The section ‘Difference between errors and residuals’ analyzed the fundamental difference 
between the error (the discrepancy between the exact and approximate solutions) and the differ-
ential residual (the parasitic value on the right-hand side of the differential equation after sub-
stituting the approximate solution). Minimization of the differential residual is not equivalent to 
minimization of the error, and therefore Chebyshev polynomials or some other orthogonal poly-
nomials used to minimize the differential residual do not provide an optimal approximate solution.

The following section describes an optimized Tau-method for solving reduced LODEs with 
polynomial coefficients. The integral form of a LODE and Picard’s theorem make it possible to 
prove the statement that the residual of integral form is proportional to the error of the approximate 
solution. Therefore, if the perturbation of integral form is the sum of Chebyshev polynomials, the 
approximate solution obtained by the Tau-method is close to optimal. The optimized Tau-method 
introduces perturbations both to the right-hand side of the differential equation and to the initial 
conditions of the approximate solution (the latter differs significantly from the original Tau-method).

The section ‘Discussion’ compares the approaches to the problem and analyzes the advantages 
of the proposed modification of the method.

The main results are summarized in Conclusion.

Necessary definitions and general theorems
This section contains definitions and general theorems used later in this study. Details and 

proofs of the corresponding statements can be found in books [3–5].
Definition 1. A polynomial of the form

P(x) = a0 + a1x + … + a
n
xn

of degree n is the minimax approximation of the given function f(x) with the given weight w(x) 
≠ 0 on the given interval x ∊ [xa, xb], if P(x) is the solution to the variational problem

[ ]
( ) ( ) ( )( )

,
max min

a bx x x
w x f x P x

∈
− → (1)

where minimization is performed over all possible sets of coefficients a0, a1, …, an-1, an.
Definition 2. A reduced polynomial of the form

P(x) = a0 + a1x + …+ a
n–1x

n–1 + xn

of degree n is called the polynomial of least deviation from zero on the given interval x ∊ [xa, xb] 
with the given weight w(x) ≠ 0 if P(x) is the solution to the variational problem

[ ]
( ) ( )

,
max min,

a bx x x
w x P x

∈
→ (2)

where minimization is performed over all possible sets of coefficients a0, a1, …, an–1.
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The lower part a0 + a1x + …+ an–1x
n–1 of a polynomial of degree n of least deviation from 

zero is a polynomial of degree n – 1 providing a minimax approximation (solution to variational 
problem (1)) for the function f(x) = –xn with the weight w(x).

Definition 3. A set of m points

x1 < x2 < …< x
m

is called a Chebyshev alternation of size m for a function h(x) on the interval [xa, xb] if the points 
xk ∊ [xa, xb] are alternating local minima and maxima of h(x) with equal absolute values, so that

h(x
k
) = (–1)kε and |ε| = max|h(x)| for x ∊ [x

a
, x

b
].

Theorem 1 (de la Vallée Poussin theorem). Suppose there is a polynomial Q(x) of degree n, 
a function f(x), an interval [xa,xb] and a weight function w(x) ≠ 0. Let us also assume that there are 
n + 2 points (de la Vallée Poussin alternation)

x
a 
≤ x1 < x2 < … < x

n+2 ≤ x
b
,

in which the expression w(x)[f(x) – Q(x)] has nonzero values with alternating signs:

+λ1, –λ2, …, + (–1)n+2 λ
n+2

(it is assumed that λk > 0 for ∀k )).
If λ is the minimax deviation from zero for

w(x) [f(x) – P(x)],
where the optimal polynomial P(x) is the solution of the variational problem (1), then

λ ≥ min{λ1, λ2, …, λ
n+2}.

If the given points xk are also local minima and maxima forw(x)[f(x) – Q(x)], then

λ ≤ max{λ1, λ2, …, λ
n+2}.

Theorem 2 (Chebyshev’s alternation theorem). If there exists a Chebyshev alternation of size 
n + 2 on the interval [xa, xb] for the function w(x) [f(x) – P(x)], where w(x) ≠ 0 and f(x) are the 
given functions, and P(x) is a polynomial of degree n, then this polynomial P(x) is the only solution 
to variational problem (1). If the functions w(x) ≠ 0 and f(x) are continuous on the interval [xa,xb], 
then variational problem (1) has a unique solution P(x), and this solution satisfies the condition of 
Chebyshev’s theorem, i.e., there is a Chebyshev alternation of dimension n + 2 on the interval [xa,xb] 
for the function w(x)[f(x) – P(x)].

Theorem 3 (Chebyshev criterion). If a Chebyshev alternation of size n + 1 exists for a function 
w(x)P(x) on the interval [xa,xb], where w(x) ≠ 0 is the given function, and P(x) is a polynomial of 
degree n with the leading coefficient equal to unity, then the polynomial P(x) is a unique solution to 
the variational problem (2), i.e., the polynomial of least deviation from zero. If the function w(x) ≠ 0 
is continuous on the interval [xa,xb], then variational problem (2) has a unique solution, and this 
solution satisfies the Chebyshev criterion, i.e., a Chebyshev alternation of size n + 1 exists for function 
w(x)P(x) on the interval [xa,xb].

Algorithms allowing to calculate polynomials for minimax approximations and polynomials of 
least deviation from zero for the given weight w(x) ≠ 0 on the given interval [xa,xb] are considered 
in [30–32].

Definition 4. Polynomials Tn(x) of degree n, defined as

T
n
(x) = cos(n arccos x)

for –1 ≤ x ≤ +1 are called first-kind Chebyshev polynomials.
According to Definition 2 and Theorem 3, the polynomials Tn(x)/2

n–1 are polynomials of 
degree n that deviate least from zero on the interval x ∊ [–1,+1] with weight w(x) = 1. The devi-
ation is equal to 1/2n–1.

Definition 5. Let there be an ordinary differential equation of the form

L[x(t)] = 0,
where L[x(t)] is a certain differential operator.
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If the following equality holds true for the trial function x(t):

L[x(t)] = Q(t),
then Q(t) is called the differential residual of x(t).

Definition 6. Let there be an integral equation

x(t) = K[x(t)],
equivalent to the differential equation

L[x(t)] = 0,
where K[x(t)] a certain integral operator.

If the following equality holds true for the trial function x(t):

x(t) – K[x(t)] = R(t),
then R(t) is called the integral residual of x(t).

Definition 7. Let there be an ordinary differential equation

L[x(t)] = 0,
such that x*(t) is the exact solution of the equation. If x(t) is an approximate solution of the equa-
tion, then the difference

∆x(t) = x(t) – x*(t)
is called the error of the approximate solution x(t).

Remark 1. Differential residuals, integral residuals and errors for systems of ODEs are 
introduced similarly.

Example solution of equation by Tau-method
The Lanczos method gives approximate polynomial solutions on a certain fixed interval for 

LODEs with polynomial coefficients and polynomial right-hand sides of the form

L[x(t)] = x(n)(t) + a1(t)x
(n–1)(t) + … + a

n–1(t)x′(t) + a
n
(t)x(t) – f(t) = 0,

where ak(t), f(t) are polynomials; x(t) is an unknown function.
For illustration, consider a simple example:

L[x(t)] = x′′(t) + tx′(t) + 2x(t) = 0,

x(0) = 0, x′(0) = 1.
(3)

The exact solution of Eq. (3) is x*(t) = texp(–t2/2). Suppose that the exact solution is unknown 
and it is necessary to find an approximate solution to problem (3) at 0 ≤ t ≤ 4. The Weierstrass 
approximation theorem (see, for example, monograph [33]) guarantees that any continuous func-
tion can be approximated on a fixed interval of finite size with arbitrarily high accuracy by a poly-
nomial of the appropriate degree. This statement serves as the basis for finding an approximate 
solution in the form of a polynomial for the given problem.

We search for an approximate solution to problem (3) as a 7th-degree polynomial with indef-
inite coefficients bk:

x(t) = b0 + b1t + b2t
2 + …+b7t

7. (4)

After substituting expression (4) into Eq. (3), the right-hand side (differential residual) turns 
out to be a polynomial:

Q(t) = (2b0 + 2b2) + (3b1+ 6b3)t + (4b2 + 12b4)t
2 + (5b3+20b5)t

3 +

+ (6b4+ 30b6)t
4 + (7b5 + 42b7)t

5 + 8b6t
6 + 9b7t

7.
(5)
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We need to bring differential residual (5) as close to zero as possible; for example, by satisfying 
the condition Q(t) ≡ 0. However, this is possible only when the exact solution of the equation is a 
polynomial of the required (or lower) degree. The statement ‘bring the residual as close to zero as 
possible’ is not clearly defined and cannot be regarded as unambiguous in a mathematical sense. 
For example, we set as many coefficients of the lower-degree terms in residual (5) as possible 
equal to zero, provided that some coefficients are used to satisfy the initial conditions. This is 
sufficient for residual (5) to exclude terms with multipliers 1, t, t2, t3, t4, t5 and even t6. Then the 
solution is as follows:

b0 = b2 = b4 = b6 = 0, b1 = 1, b3 = –1/2, b5 = 1/8, b7 = –1/48,

Q(t) = –3/16t7.
(6)

As expected, this result is a truncated Taylor series for the function texp(–t2/2). Fig. 1 shows 
a comparison of the exact solution with the approximate polynomial solution (4) with coef-
ficients (6) for t ∊ [0,4]. Obviously, this solution is unsatisfactory, despite the high degree of 
the polynomial.

One of the possible reasons for this fail-
ure is that although the differential residual 
Q(t) = –3t7/16 is small near the point t = 0, this 
residual is unreasonably large in the vicinity of 
the point t = 4. Apparently, if we require that 
the residual be approximately the same over the 
entire interval, then we can expect a significantly 
better result.

The first step proposed by Lanczos is to 
remove the ill-defined empirical conditions. In 
the new formulation of the problem, it is neces-
sary to find the coefficients b0, b1 – b7, τ6, τ7 for 
which function (5) satisfies the conditions

x(0) = 0, x′(0) = 1, L[x(t)] ≡ τ6t
6 + τ7t

7.
The problem has not actually changed, but 

now the system of equations is well-defined 
from an algebraic standpoint. The corresponding 

SLAE has a unique solution. Naturally, this solution coincides with solution (6).
The next important step proposed by Lanczos consists in replacing the differential residual 

τ6t
6+τ7t

7 (i.e., a function that is small at one end of the interval but large at the other end) with 
a differential residual

( ) ( )6 6 7 7 ,T t T tτ + τ

where T̅6(t) and T̅7(t) are transformed Chebyshev polynomials T6(t) and T7(t) of the corresponding 
degree [2, 34, 35].

These polynomials are rescaled from t ∊ [–1, +1] to t ∊ [0, 4] and deviate least from zero on 
the interval t ∊ [0.4]:

( ) ( )6 6 7 7 ,T t T tτ + τ

( ) ( )7 76 6 ,  1 ,
2

1
2

t
T t T

t
T t T

   = −     
= −

T6(τ) = 32τ6 – 48τ4 + 18τ2 – 1,

T7(τ) = 64τ7 – 112τ5 + 56τ3 – 7τ.

Fig. 1. Exact (x*(t)) and approximate (x(t)) 
solutions of differential equation (3) 
(thin and bold lines, respectively); 

the coefficients of the polynomial x(t) 
are determined by Eqs. (6)
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Now the differential residual Q(t) on the right-hand side of the equation is approximately the 
same at all points of the interval under consideration. Then it is logical to assume that the error 
of the approximate solution is also approximately the same over the entire interval. This hypoth-
esis is supported by the fact that the error of the approximate solution is zero at all points of the 
interval provided that the residual Q(t) is zero at all of its points. However, minimization of the 
residual does not necessarily mean minimization of the error (see the example below).

Solution (4), obtained for Eq. (3) using the Lanczos Tau-method, contains the 
following coefficients:

b0 = 0, b1 = 1.000000000, b2 ≈ 0.052400600, b3 ≈ –0.880052000,

b4 ≈ 0.442647000, b5 ≈ –0.091658100,

b6 ≈ 0.006894820, b7 ≈ –0.000023572.

(7)

Fig. 2 illustrates the discrepancy between the exact and approximate polynomial solutions (4) 
with coefficients (7) obtained using the Lanczos Tau-method. The approximate solution x(t) lies 
in the range of 0–0.6 with the maximum error on the interval t ∊ [0.4] equal to 0.012. The graphs 
of the exact and approximate solutions are virtually indistinguishable. Fig. 2 shows the graphs 
for error and differential residual. It can be seen that the accuracy of the approximate solution 
obtained using the Lanczos Tau-method is satisfactory.

Monograph [34] shows that expanding the approximate solution into a truncated Chebyshev 
series often yields higher accuracy than the Lanczos method. However, approximate solutions 
obtained using the truncated Chebyshev series also do not guarantee the highest possible accu-
racy. The goal of this study is to create a modification of the Lanczos Tau-method providing the 
highest possible accuracy of the approximate solution.

Indeed, a small (with respect to the minimax norm) differential residual in the differential 
equation does not mean a small minimax error of the solution. As an example, consider the equa-
tion y′′(t) + y(t) = 0 with an exact solution

y*(t) = c1cost + c2sint

and the equation z′′(t) + z(t) = εsint with the exact solution

z*(t) = c1cost + c2sint – ε(tcost – sint)/2.
No matter how small the differential residual Q(t) = εsint is in the second equation, the dif-

ference between these two solutions with the same initial conditions becomes arbitrarily large as 
the interval t ∊ [0,T] increases.

Difference between errors and residuals
The error ∆x(t) is the difference between the exact solution x*(t) and the approximate solu-

tion x(t). The differential residual Q(t) is the deviation of the right-hand side of the differential 

a) b)

Fig. 2. Error of approximate solution obtained by Lanczos Tau-method (a) 
and its differential residual (b)
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equation after an approximate solution is substituted. The theorem on the unique solution for 
ODEs states:

“If the differential residual is zero everywhere, then the error is zero everywhere, and vice versa.”
The Lanczos Tau-method is an attempt to make the differential residual as close to zero as 

possible, assuming that this keeps the error as close to zero as possible. As proved above, this 
statement is incorrect.

To find the relationship between the error and the differential residual, it is necessary to use 
the integral form of the equation. Suppose that there is an equation

y(n)(t) + c1(t)y
(n–1)(t) + … + c

n
(t)y + c(t) = 0, (8)

where c1(t), c2(t), …, cn(t) and c(t) are continuous on the interval t ∊ [t0,T]. Eq. (8) is equivalent 
to the equation

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( )
0 0

1
1 0

0 0 0 0

1
1

...
1 !

... ... ... ,

n

n

t t
n

n

t t

t t
y t y y t t y

n

c t y t c t y t c t dt dt

−
−

−

−
′= + − + + −

−

 − + + + ∫ ∫
(9)

where y(t0) = y0, y′(t0) = y′0, …, y(n–1)(t0) = y(n–1)
0 are the initial conditions for Eq. (8).

Picard’s theorem [36] on the existence and uniqueness of a solution to a LODE uses, in par-
ticular, a recurrent sequence of functions y k(t) defined by the equalities

y
k+1(t) = N[y

k
(t)], (10)

where N[y(t)] is the integral operator on the right-hand side of expression (9).
Regardless of the initial function y0(t) and the size of the considered finite interval t ∊ [t0,T], 

iterations quickly converge to the solution of integral equation (9), i.e., to the solution y(t) of 
differential equation (8). The given solution is unique and definite for any t ∊ [t0,T].

Analyzing the proof of Picard’s theorem, we find that

[ ]
( ) ( )

[ ]
( ) ( )

0 0
1, ,

max max ,k k k
t t T t t T

y t y t C y t y t+∈ ∈
− ≤ − (11)

where the constant C is determined only by the coefficients of Eq. (8) and the interval [t0,T]. A 
more accurate estimate leads to the equality C = C0/k!

Importantly, the constant C in Eq. (11) does not depend on the choice of initial function y0(t), 
chain of functions yk(t) or solution y(t).

This result can be formulated as follows.
Theorem 4 (about the integral residual). Assume that y(t) = N[y(t)] is the integral equation (9) 

obtained from differential equation (8); y(t), z(t) are the exact and approximate solutions of Eqs. (8) 
and (9), respectively; R(t) is the integral residual for z(t), given by the relation

z(t) = N[z(t)] + R(t). (12)

Then the error y(t) – z(t) satisfies the relation

[ ]
( ) ( )

[ ]
( )

0 0, ,
max max ,
t t T t t T

y t z t C R t
∈ ∈

− ≤ (13)

where the constant C is determined only by the coefficients of Eq. (8) and the interval [t0,T].
Proo f .  Integration by parts gives the relations
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

0 0

0 0 0 0

0

1 1 1 0 0 1

2 2 2 0 0 2

0
2 2 0 0 2 2 0 0

2 2 0

,

1!

t t

n n n n

t t

t t t t

n n n n

t t t t

t

n n n n

t

n n

c t y t dt c t y t c t y t c t y t dt

dt c t y t dt dt c t y t c t y t c t y t dt

t t
c t y t c t y t c t y t dt c t y t

dt c t y t c t y t

− − − −

− − − −

− − − −

− −

′ ′= − −

   
′′ ′ ′ ′ ′= − − =         

−
′ ′= − − − −

′ ′− −

∫ ∫

∫ ∫ ∫ ∫

∫

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

0 0

0 0 0

0 0 0

0 2

2 2 2

0 0
2 0 0 2 0 0 2 0 0

3

2

,
1! 1!

...

t t

n

t t

t t t

n n n

t t t

n n n

t t t

n

t t t

c t y t dt

c t y t c t y t dt dt c t y t dt

t t t t
c t y t c t y t c t y t

dt dt c t y t dt

−

− − −

− − −

−

 
′′− =   

 
′ ′′= − + −   

− −
′ ′− − +

  
′′′  =     

∫ ∫

∫ ∫ ∫

∫ ∫ ∫

(13)

Integral equation (9) is transformed into an equivalent integral equation of the form

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
0 0 0

1 2 ... ,
t t t

n

t t t

y t H t dt h t y t dt h t y t dt h t y t c t
  
 = + + + + +     

∫ ∫ ∫

where hk(t) are some continuous functions (e.g., polynomials) defined by coefficients ck(t) after 
integration by parts; H(t) is a polynomial of degree n – 1 with the coefficients given by complex 
expressions involving the values of the known functions (coefficients of the equation and their 
derivatives) at t = t0 and the known initial conditions for y(t).

Importantly, H(t) does not depend on the unknown solution y(t).
Iterations

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
0 0 0

1 1 2 ...
t t t

k k k n k

t t t

y t H t dt h t y t dt h t y t dt h t y t c t+

  
 = + + + + +     

∫ ∫ ∫

converge quickly under any initial condition y0(t). To prove this, we introduce the notations

( ) ( ) ( )
[ ]

( )
[ ]

( )
0 0

0, ,1 max ,  max .– ,  k k kk k
t t T t t T

M y t Ht hy t y t ty
∈ ∈+∆ = = ∆ =

The iterations for ∆yk(t) take the form

( ) ( ) ( ) ( ) ( ) ( ) ( )
0 0 0

1 1 2 ... ,
t t t

k k k n k

t t t

y t dt h t y t dt h t y t h t y t dt+

  
 ∆ = ∆ + ∆ + + ∆     

∫ ∫ ∫

whence we obtain the following estimates for the interval t ∊ [t0,T]:
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|∆y0(t)| ≤ M,

|∆y1(t)| ≤ M(∆TH1∆t+∆T2H2∆t2/2!+…+∆TnH
n
∆tn/n!) ≤ MG∆t,

|∆y2(t)| ≤ MG(∆TH1∆t2/2! +∆T2H2∆t3/3!+…) ≤ MG2∆t2/2!

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

|∆y
k
(t)| ≤ MGk∆tk/k!,

where ∆t = (t – t0)/∆T, ∆T=T – t0; 0 ≤ ∆t ≤ 1, G is a constant:

G =∆TH1 + ∆T2H2 + … + ∆Tn H
n
.

A sequence of iterative values

y
k+1(t) = y0(t) + ∆y0(t) + ∆y1(t) + … + ∆y

k
(t)

converges uniformly on the interval t ∊ [t0,T], since the sum of the increments ∆y k(t) is majorized 
by uniformly absolutely-convergent series:

|∆y0(t) + ∆y1(t) + … + ∆y
k
(t)| ≤ |∆y0(t)| + |∆y1(t)| + … +

+ |∆y
k
(t)| + … ≤ M exp(G∆t).

Therefore, there is a limit yk+1(t) → y(t); it gives the solution y(t) of integral equation (9) and 
differential equation (8), as well as an error estimate:

|y(t) – y0(t)| ≤ |∆y0(t)| + |∆y1(t)| + … +|∆y
k
(t)| +…≤

≤ M exp(G∆t) ≤ MC,
(14)

although this may turn out to be a very rough estimate of the constant C used in inequality (12).
Let y0(t) = z(t), where z(t) satisfies Eq. (12). Then the following equalities hold true:

y1(t) = N[z(t)] = z(t) – R(t), ∆y0(t) = y1(t) – y0(t) = –R(t),

M = max|∆y0(t)| = max|R(t)|.
Combining this relation with Eq. (14), we obtain relation (12).
Theorem 4 is proved.
This proof bears significant similarities to the proof of Picard’s theorem for systems of 

LODEs [30], but with minor modifications. Inequality (13) means that in order to minimize the 
difference between the approximate solution z(t) and the exact solution y(t), we should minimize 
the modulus of the function R(t) in Eq. (12). Returning from Eq. (9) to Eq. (8), equality (12) is 
transformed into equality

z(n)(t) + c1(t)z
(n–1)(t) + … + c

n
(t)z + c(t) = Q(t) = dnR(t)/dtn. (15)

Eq. (15) shows that the differential residual for the Tau-method is the nth derivative of the error 
with an accuracy up to a constant factor (see inequality (13)). In particular, if the sum of Chebyshev 
polynomials is used as a perturbation for the right-hand side of differential equations, as is done 
in the original Lanczos method, then the error of the approximate solution is an n-fold integral of 
the sum composed of Chebyshev polynomials. Therefore, the error of the approximate solution for 
high-order differential equations may be far from the function deviating least from zero.

Similar statements are true for systems of LODEs with continuous coefficients.

Optimized Tau-method for solving differential equations
Suppose that there is a LODE (8) where the leading coefficient is equal to, and the remaining 

coefficients and the free term are polynomials of the independent variable. As discussed in the previ-
ous section, an optimal approximate solution is obtained by selecting the right-hand side in the form
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( ) ( ),k k n

k

R t T t+= τ∑ (16)

where T̅k+n(t) are first-kind Chebyshev polynomials of least deviation from zero, with an argument 
scaled from the interval [-1, +1] to the interval [t0,T]; τk are constants to be determined later.

The number of terms in sum (16) and the degrees of the polynomials correspond to the differ-
ential residual in the right-hand side of differential equation (8) after substituting an approximate 
polynomial solution with indefinite coefficients.

If the integral form

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
0 0

1
1 0

0 0 0 0

1
1

...
1 !

... ... ... .

n

n

k k n

k

t t
n

n

t t

t t
z t y y t t y T t

n

c t z t c t z t c t dt dt

−
−

+

−

−
′= + − + + + τ −

−

 − + + + 

∑

∫ ∫
(17)

is converted to a differential equation, the output signal is equal to

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1
1 ... ,n n

n k k

k

z t c t z t c t z c t S t
−+ + + + = τ∑ (18)

where the polynomials ( )kS t  are defined as

( ) ( ) .n n

k k nS t d T t dt+=

Similarly to the original Lanczos method, Eq. (18) allows to determine both the coefficients of 
the approximate solution z(t) and the coefficients τk. In addition, analysis of Eq. (17) shows that 
the initial conditions of the approximate solution z(t) should be calculated as

( ) ( ) ( ) ( )
0 0

0 0 0,  1,,   ,  –1. 
j j

j j k n

kj j
k

t t t t

d z t d T t
z y

d
j n

t dt

+

= =

= …= = + τ∑ (19)

Combining Eqs. (19) and linear equations derived from Eq. (18), we can unambiguously find 
all the indefinite coefficients. This result can be formulated as follows.

Theorem 5. Let the optimized Tau-method be obtained by combining relations (18) for the dif-
ferential residual of the approximate solution z(t) and relations (19) for the initial conditions of the  
approximate solution z(t), where ( ) ( )n n

k k nS t d T t dt+=  and ( )k nT t+  are Chebyshev polynomials 
of degree k + n, recalculated from the interval [–1,+1] to the interval [t0,T]. Then the error of the 
approximate solution z(t), calculated as an exact analytical solution of the perturbed problem (18), 
(19), satisfies the relation

[ ]
( ) ( )

[ ]
( )

0 0, ,
max max ,k k n k
t t T t t T

k k

y t z t C T t C+∈ ∈
− ≤ τ ≤ τ∑ ∑ (20)

where the constant C in Eq. (20) is determined only by the coefficients of Eq. (8) and the interval 
[t0,T], and the approximate solution z(t) obtained by this technique is close to the optimal minimax 
approximation of the exact solution y(t).

Proo f .  The statement of the theorem follows directly from Theorem 4 if the weighted sum 
of scaled first-kind Chebyshev polynomials is used as the integral residual. The final inequality in 
Eq. (20) follows from the fact that the minimax norm of each of the scaled Chebyshev polyno-
mials on the interval under consideration equals unity.

Theorem 5 is proved
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Remark 2. Strictly speaking, the sum of several scaled Chebyshev polynomials is not the 
polynomial that deviates least from zero on the interval under consideration, and therefore the 
approximate solution obtained differs from the optimal minimax approximation of the exact 
solution of the differential equation. The deviation of the error of the approximate solution from 
the error of the true minimax approximation to the exact solution y(t) is determined by the de 
la Vallée Poussin theorem (see Theorem 1) after analysis of the local minima and maxima of the 
value of the right-hand side in inequality (20).

Remark 3. In the case when exact initial conditions are required, the polynomials ( )k nT t+  
are 

represented as

( ) ( ) ( ) ( )( )*
0 0 0 ,n

k n nT t t t T t t T t+ = − − −

where T*
n(t) are the polynomials deviating least from zero, with the weight tn on the normalized 

interval t ∊ [0,1].
This procedure gives a large error but allows to set accurate initial conditions. Algorithms for 

numerical calculation of polynomials are discussed in [25–27].
Example. Consider an approximate solution of problem (3) in the form of a polynomial

x(t) = c0 + c1t + c2t
2 + c3t

3 + c4t
4 + c5t

5 + c6t
6 + c7t

7. (21)

Substituting this solution into Eq. (3), we conclude (see Eq. (5)) that two auxiliary polynomials 
( )6S t  and ( )7S t  with the leading terms t 6 and t 7 are required:

( ) ( ) ( ) ( )2 2
8 9

6 72 2,  ,
d T t d T t

S t S t
dt dt

= =

( ) ( )8 8 9 91 ,  1 ,
2 2
t t

T t T T t T
   = − = −      

T8(τ) = 128τ8 – 256τ6+160τ4 + 32τ2 – 1,

T9(τ) = 256τ9 – 576τ7 + 432τ5 – 120τ3 + 9τ.
In view of Eqs. (19) for the initial conditions, we obtain the following relations:

( ) ( ) ( ) ( ) ( )6 6 7 72 ,x t tx t x t S t S t′′ ′+ + ≡ τ + τ

( ) ( ) ( )6 8 7 90 0 0 0,x T T− τ − τ =

( ) ( ) ( )6 8 7 90 0 0 1.x T T′ ′ ′− τ − τ =

We obtain the following solution of the corresponding SLAE with respect to unknown coefficients:

c0 ≈ 0.00234716, c1 ≈ 0.92262700,

c2 ≈ 0.41914500, c3 ≈ –1.45266000,

c4 ≈ 0.78428300, c5 ≈ –0.20136600,

c6 ≈ 0.02406430, c7 ≈ –0.00106550.

(22)

Figs. 3 and 4 illustrate the accuracy of the approximate solution and its first and second-order 
derivatives. Since there are no visual differences between the graphs of approximate and exact 
solutions, such graphs are not shown in Fig. 3. The maximum error on the interval t ∊ [0.4] is 
0.0023 for the approximate solution; the error for the first-order derivative is 0.0770; the absolute 
error for the second-order derivative reaches 0.8400.
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Discussion
As mentioned in Remark 2 to Theorem 5, the result may differ from the optimal minimax 

polynomial if the proposed algorithm uses more than one auxiliary polynomial. To find the true 
optimal solution, it is necessary to consider a general variational problem, where the free param-
eters of the approximate solution are used to obtain the least deviating polynomial for the right-
hand side of the integral equation.

However, the process of solving such a problem is poorly algorithmized. Substituting the true, 
least deviating polynomial in the right-hand side of the integral equation by the sum of Chebyshev 
polynomials makes it possible to reduce the general variational problem to simple algebraic cal-
culations. Even if the error of the approximate solution obtained does not turn out to be the true 
minimax error, this error is still sufficiently small.

The undoubted advantage of the algorithm under consideration is that it allows to obtain 
approximate analytical solutions when the coefficients of the equation and/or the initial condi-
tions and/or endpoints of the interval under consideration are algebraic expressions depending 

a) b)

Fig. 3. Characteristics of approximate solution of Eq. (3) obtained by the optimized Tau-method: 
a is the error of this solution, b is its differential residual

c) d)

a) b)

Fig. 4. First (a, b) and second (c, d) derivatives of approximate (x(t)) and exact (x*(t)) 
solutions of Eq. (3) (a, c) and error of derivatives for approximate solution (b, d).

Results were obtained by the optimized Tau-method
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on the parameters. This allows to investigate and optimize solutions without numerically solving 
differential equations for each set of parameters under consideration.

Conclusion
Based on the analysis carried out, we can formulate the following generalizing statements.
1. Minimization of differential residuals of an n-th order LODE or a system of first-order 

LODEs is not equivalent to minimization of errors of approximate solutions. The polynomial 
differential residuals in the right-hand sides of the equations used in the Lanczos method should 
be nth-order derivatives of Chebyshev polynomials and not Chebyshev polynomials themselves.

2. Using approximate initial conditions for approximate solutions gives the researcher more 
freedom in constructing approximate solutions and ensures greater accuracy. Optimal variations 
of the initial conditions follow from the analysis of integral residuals, which are linear combi-
nations of scaled Chebyshev polynomials with abstract coefficients calculated subsequently from 
SLAE of the optimized Tau-method.

3. Derivatives of approximate solutions are not the best approximations to derivatives of exact 
solutions, even if approximate solutions turn out to be the best approximations to exact solutions. 
To obtain good approximations for derivatives of exact solutions, it is necessary to transform a lin-
ear differential equation with polynomial coefficients into a system of first-order linear differential 
equations and then apply the Lanczos method to this system. This approach also introduces more 
free coefficients for varying the approximate solution and, therefore, provides greater accuracy for 
the best approximate solution.

A separate publication will consider the potential offered by replacing a single differential 
equation with a system of differential equations in combination with the optimized Tau-method.

The proposed approach is an optimization of the original Lanczos Tau-method for the 
following reasons.

Firstly, the new method optimizes the error of the approximate solution, whereas the origi-
nal Tau-method optimizes only the differential residual. However, the error of the approximate 
solution for high-order differential equations, calculated by multiple iterated integration of the 
minimum differential discrepancy, may turn out to be very far from the minimum achievable 
error if the differential residual is not identically zero. The same considerations hold true when 
some authors use orthogonal polynomials of other types to optimize differential residuals of 
differential equations.

Secondly, the proposed method introduces a controlled perturbation of the initial conditions. 
This gives the researcher more freedom to optimize the approximate solution, consequently yield-
ing results with greater accuracy.

Thirdly, error-oriented analysis of integral residuals shows that equations with leading coeffi-
cients of polynomials should be considered using adjusted tau algorithms to obtain good accuracy 
for approximate solutions.

We intend to analyze the special case of the optimized Tau-method, focusing on differential 
equations with a leading coefficient of the polynomial in a future study.
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Abstract. In the paper, a model of a detector of high-speed microparticles (micrometeoroids 
and space debris) is proposed, made in the form of a round spiral film inductance coil. The 
design of the gauge ensures the creation of frequency resonance that occurs when the metal 
strip of the coil is broken. The obtained results of a laboratory and computer simulations of the 
detector showed that the film coil is suitable for recording high-speed microparticles larger than 
100 μm on a spacecraft such as CubeSаt. The fracture point of the inductance coil can be found 
by analyzing the shift of the resonant frequency of the amplitude-frequency characteristic. In 
this case, the reliable determination of the point becomes possible if the number of the broken 
turn is greater than 5.
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ДАТЧИК МИКРОМЕТЕОРОИДОВ И ЧАСТИЦ КОСМИЧЕСКОГО 
МУСОРА НА ОСНОВЕ ПЛЕНОЧНОЙ КАТУШКИ ИНДУКТИВНОСТИ

А. М. Телегин✉, М. П. Калаев
Самарский национальный исследовательский университет имени академика С. П. Королёва,  

г. Самара, Россия
✉ talex85@mail.ru

Аннотация. В работе предложена модель датчика высокоскоростных микрочастиц 
(микрометеороидов и частиц космического мусора) в виде круглой спиральной пленочной 
катушки индуктивности. Конструкция датчика обеспечивает создание частотного 
резонанса, возникающего при разрыве металлической полоски катушки. Полученные 
результаты компьютерного и лабораторного моделирования данной конструкции 
показали, что пленочная катушка пригодна для регистрации высокоскоростных 
микрочастиц размерами более 100 мкм на космических аппаратах типа CubeSаt. Место 
разрыва металлической полоски катушки индуктивности можно определять с помощью 
анализа сдвига резонансной частоты амплитудно-частотной характеристики. При этом 
надежное определение места разрыва становится возможным, если номер разорванного 
витка больше 5.
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Introduction

Spacecraft engineering must anticipate how various factors in the space environment influence 
the structural components and onboard electronics. To address this, ground-based laboratories 
are established, space experiments are conducted, and models of the behavior of materials in 
outer space are constructed. Besides various types of space radiation (protons, electrons, etc.), 
spacecraft are also bombarded by space debris and micrometeoroids. Typically, multilayer struc-
tures with specialized coatings (such as thermal control coatings, heat pipes, heat exchangers, 
optical glasses, solar panels, antennas, electric vacuum insulation, etc.) make up the elements of 
spacecraft directly exposed to these impacts. Even collisions with particles that do not penetrate 
these elements lead to degradation of their surfaces, gradually altering optical, electrical, and 
mechanical characteristics, ultimately compromising the spacecraft’s performance. As lifespans 
of spacecraft are extended, detection of micrometeoroids and the ever-increasing amounts of 
man-debris, along with protection of spacecraft protection pose crucial challenges. Furthermore, 
the concentrations of high-speed man-made dust particles in near-Earth orbit have been growing 
in recent years [1–12].

Sensors based on different physical principles are used to control the distribution of microparti-
cles (micrometeoroids and space debris particles) in near-Earth space [11–15]. Film-based detec-
tors are of particular interest, allowing for large sensitive surface and relatively low mass [13–21].

In this paper, we consider the concept of a film detector for high-speed microparticles based 
on a spiral film inductor allowing to determine the impact sites of high-speed microparticles using 
spectral analysis of the data obtained. Only one measurement channel was used instead of a large 
number of multiplexers, as is customary in available equivalents [18].

Model of primary transducer (excluding parasitic parameters)
A film inductor made of conductive material deposited on a dielectric substrate is proposed as 

the primary transducer of the detector for high-speed microparticles (Fig. 1,a). The surface of the 
other side of the substrate is modified by metallization.

The inductance of such a circular spiral film inductor can be calculated by the following 
formula [22–28]:

2 2

0.033937 ,
8 11 g

a n
L K

a c

⋅= ⋅ ⋅
⋅ + ⋅

,  ,
4 2

o i o iD D D D
a c

+ −= =

K
g 
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where L, nH, is the inductance of the inductor coil; n is the number of turns in the coil; Di, Do, 
μm, are its inner and outer diameters, respectively; h, μm, is the thickness of the dielectric sub-
strate; W, μm, is the width of the strip; (some geometric parameters are shown in Fig. 1,a); Kg is 
a factor accounting for the presence of a ground plane.

The factor Kg decreases as it approaches the ground plane, so it was assumed to be equal to 
unity in [24].
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When a high-speed microparticle collides with the metal strip, a crater forms, producing a 
break (Fig. 1,b). The size of the formed crater can be roughly estimated by the empirical models 
presented in [29]:

0.333 0.667
1/ ,pD d K V= ⋅ρ ⋅

where K1 is a coefficient whose value depends on the nature of the materials of the metal strip 
and the microparticles; D, d, cm, are the diameters of the crater and microparticles, respectively; 
ρp, g/cm

3, is the density of the incident microparticle; V, km/s, is the speed of the microparticle.
The break in the metal strip leads to the formation of an electrical capacitance series-con-

nected to the metal strip (see Figs. 1 and 2). The nominal value of this capacitance can be calcu-
lated using model of a coplanar capacitor based on a microstrip line [30–33]:
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where Cg, pF, is the capacitance of the broken strip; me, Ke, Ceven are intermediate variables used 
for calculating the capacitance of the broken strip; Sg, μm, is the width of the break in the metal 
strip equal to the diameter of the crater from a high-speed collision; W, cm, is the width of the 
metal strip; h, mm, is the height of the dielectric substrate; ε is the dielectric constant of the 
material to which the strip is attached.

a) b)

Fig. 1. Cross-sections of inductor coils without break (a) 
and with break (b); their geometric parameters are shown

Inset: micrograph of bowl-shaped depression (crater)
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Our preliminary calculations show that the 
capacitance of the coplanar capacitor is small 
compared with the turn-to-turn capacitance of 
the film inductor, therefore, Cg can be approxi-
mately estimated as the capacitance between two 
adjacent turns of the coil where break occurred (in 
accordance with the expressions given in [21, 34]).

Thus, a coil with a break (see Figs. 1, 2) 
can be represented as two inductively coupled 
coils, series-connected through an electrical 
capacitance (Fig. 3). The mutual inductance 
M can be estimated by the following analytical 
expression [25]:

( ) ( )
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where N1, N2 are the numbers of turns in the larger and smaller coils; Do1
, Di1

, cm,are the outer 
and inner diameters of the larger coil, respectively; do1

, di1
, cm, are the outer and inner diameters 

of the smaller coil, respectively (see Fig. 1,b); θ = Do2
/Do1

; Δ = Di1
/Do1

; δ = Di2
/Do1

; A3 = 9.870, 
A5 = 3.701, A7 = 2.313 are the coefficients taken from [25].

The results of computer simulation carried out 
using the above analytical expressions are shown 
in Fig. 4. It was taken into account in the simula-
tion that the outer diameter of the coil was taken 
equal to 10 cm (the dimensions were chosen so 
that the coil could be placed on the outer wall of 
a CubeSat spacecraft), the inner diameter of the 
spiral was 1 cm, the strip width was 250 μm and 
the number of turns was 90. The inductance of 
the coil was approximately 9.65·10–5 H.

The simulation results showed that the total 
impedance of the broken coil at high frequen-
cies tends to the impedance of an intact coil. 
The resonance frequencies are clearly detected 
in this case. They depend on the parameters of 
the inductor, the location of the break and the 
nominal value of the resulting capacitance.

a) b)

Fig. 2. Schematic model of coplanar capacitor formed from break 
of the metal strip (see Fig. 1) (a) and its equivalent circuit (b):

Sg is the width of the strip; Cg is the capacitance of the broken strip; Cp is the parasitic capacitance 
of the strip relative to metallization on the other side of the dielectric substrate

Fig. 3. Equivalent circuit of broken inductor coil:
inductances of the larger and smaller coils L1, L2; 
their mutual inductance M; capacitance Cg (see 
Fig. 2). Each bold dot indicates the point where 

current flows into the inductor

Fig. 4. Variation in normalized impedance 
of broken inductor coil for different pairs 
of parameters (ratio k = N/Nmax and 
capacitance Cg, pF): 0.7, 0.005 (curve 1); 0.7, 
0.05 (2); 0.5, 0.05 (3); 0.9, 0.05 (4); 0.7, 0.005 (5)
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Model of primary transducer taking 
into account parasitic parameters

Each real coil has parasitic parameters: elec-
trical capacitance and resistance, which can be 
estimated by the following expressions [22, 23] 
(Fig. 5):

,shK a n R
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where Rsh, Ω/□, is the sheet resistance of the film; 
C3, pF, is the parasitic turn-to-turn capacitance; 
S, μm, is the gap between the turns of the induc-
tor coil; K is the correction factor accounting for 

current crowding in the corners of the conductor.
The simulation results for the dependence of the coil impedance on frequency (taking into 

account parasitic parameters) in Fig. 6 indicate that an additional resonance appears on the fre-
quency response curve due to parasitic elements.

Experimental results

A prototype of a circular inductor coil with a diameter of 100 mm was made for the exper-
iments (Fig. 7); a close-up photograph of the break made by a scalpel cut is also shown. The 
width of the metal strip was about 200 μm, the width between the strips was about 250 μm. A 
LiteVNA64 vector network analyzer with a frequency range of 50 kHz–6.3 GHz was used to 
determine the amplitude and phase characteristics of the film detector. The analyzer, bundled 
with the NanoVNA-App software, was connected to a personal computer. The measurement 
results were saved to a database on the PC and then analyzed using the GNU Octave program.

Fig. 5. Equivalent circuit of broken coil 
taking into account parasitic parameters:

parasitic turn-to-turn capacitance C3, parasitic 
coil resistance R

Fig. 6. Dependence of impedance on frequency (taking into account parasitic parameters) 
for different pairs of parameters (ratio k and capacitance Cg, pF): 

0.9, 0.05 (curve 2); 0.5, 0.05 (3); 0.7, 0.05 (4); 0.7, 0.5 (5); 0.7, 5.0 (6); 0.7, 0.025 (7); 
curve 1 corresponds to inductance without break
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The obtained frequency response of the film 
inductor for different strip parameters is shown 
in Fig. 8. The turn numbering starts from the 
outer diameter of the coil. Importantly, multiple 
resonances are observed. Further analysis was 
performed only for the first two resonances.

Fig. 9 shows the experimental dependences 
of the position of the first (Res1) and second 
(Res2) resonance peaks on the position of the 
break point as well as the approximation of 
experimental data by power functions. It can be 
seen that the behavior of the experimental curves 
obtained is in good agreement with the results of 
computer simulation.

As it turned out, the dependence of the reso-
nant frequency f of the detector on the positions 
of the break points are well approximated by a 
function of the form

f = k/Nα,
where N is the turn number (numbering starts 
from the outer diameter of the coil); k is a con-
stant (k1 = 59.89, k2= 121.34 for the first and sec-
ond resonances, respectively); α is the exponent 
(α1 = 0.589, α2 = 0.571 for the first and second 
resonances, respectively). For small N (5–15), 
the resonant frequency shift reaches 1 MHz per 
turn, so that not only the radial position of the 
particle impact area, but also its sector (part of 
the arc length when the number N is not an 
integer) is determined with high accuracy. For 
large N (60–75), the resonant frequency shift is 

on the order of 20 kHz per turn, also allowing to determine the particle’s impact sector, albeit 
with a lower accuracy.

Fig. 7. Photographs of experimental waveform 
(top) and prototype detector (bottom) 
based on the inductor (the break point 

is marked by an arrow)
The screen shows curves of the magnitude of the total 
impedance, impedance phase and standing wave 
ratio (yellow, blue, and green lines, respectively). 

Inset: enlarged region of the coil with the break

Fig. 8. Frequency response of film inductor with different broken turns 
(N is the number of the broken turn)
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Conclusion
In this paper, we propose to use a film inductor as a detector for incident high-speed micro-

particles. This configuration eliminates the need for complex multiplexer arrays commonly used 
in sensors of this type. The presented results of computer and laboratory simulation of this config-
uration indicate that the film inductor is suitable for detection of high-speed microparticles with 
sizes from 100 μm in CubeSat spacecraft.

Analyzing the results, we found that the location of the break point in the metal strip of the 
inductor coil can be determined by analyzing the resonance frequency shift on the frequency 
response curve. It is possible to reliably determine the location of the break if the number of the 
broken turn is greater than 5.
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auxiliary laser. The optical response of the medium was recorded as diffraction patterns formed 
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Аннотация. В статье предложен новый метод экспериментального исследования 
магнитной жидкости, основанный на эффекте индуцирования в ней так называемой 
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излучения. Такая линза – это светоиндуцированная неоднородность, и она представляет 
собой область с пространственно-изменяющимся показателем преломления, которая 
формируется в результате перераспределения концентрации наночастиц в жидкой 
среде и теплового расширения жидкости-носителя. Указанная область просвечивается 
световым пучком вспомогательного лазера малой интенсивности. Оптический отклик 
среды регистрируется в виде дифракционных картин, образующихся от каждого из 
двух лазерных пучков. Установлено, что размеры дифракционных пятен зависят от 
напряженности приложенного внешнего магнитного поля.
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Introduction
Magnetic fluids, which are colloids whose solid phase is a magnetically ordered material, find 

diverse different practical applications [1, 2]. They are also of interest for research: for example, 
recent studies considered the behavior of such fluids embedded in biological systems [3–5] and 
other complex media [6-8]. Optoelectronic devices (modulators, sensors, tunable filters, etc.) with 
an active medium based on magnetic fluids are considered in many works [9–12].

A key factor to take into account in exploiting the optical properties of these substances is that 
a high-intensity laser beam alters the concentration of magnetic nanoparticles. This effect can be 
attributed to several mechanisms, the primary one being thermal (see [13] and references therein). 
A change in concentration leads to a change in the refractive index n and the appearance of a 
lens-like inhomogeneity in the sample, the so-called thermal blooming or thermal lensing (TL), 
on which the light diffracts. This is in fact a type of self-diffraction. TL under high-intensity laser 
radiation is characteristic for many materials, in particular, it has been observed in magnetic 
fluids [14, 15].

The common technique for studying TL is focusing a laser beam in a medium, measuring the 
diffraction of the same beam on the inhomogeneity induced by it. The information obtained from 
such experiments is essential both for developing photonics devices and for understanding the 
nature of the processes occurring in such systems.

Since laser radiation induces TL and diffracts on it, its characteristics (power, beam shape, 
etc.) cannot be varied without it modifying the object studied.

In this paper, to study the effect of thermal lensing, we propose to use an auxiliary low-in-
tensity laser illuminating the induced inhomogeneity at a certain angle. The advantage of this 
approach is independent probing of the studied object.

Experimental
Samples. The samples were made from a commercial magnetic fluid with a solid fraction con-

sisting of magnetite nanoparticles with an average diameter of about 10 nm. The solvents were 
kerosene and water with added organic oils and stabilizers (surfactants that prevent aggregation). 
They were diluted with the appropriate carrier to concentrations φ = 1–3 vol.%. The fluid was 
placed in a cell with the thickness d = 60 μm.

Experimental setup. Fig. 1 shows a diagram of the experimental setup. The primary light source 
(a helium-neon laser) had a wavelength of 633 nm and a power of 17 MW. Its radiation was 
focused on the sample with a lens; according to estimates of focal spot size, the optical irradiance 
in it was 18 MW/m2. Radiation from an auxiliary semiconductor laser with a wavelength of 660 nm 
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and a power of 12 MW was focused onto the sample. The irradiance from this laser beam on the 
inhomogeneity induced by the primary laser did not exceed 4 kW/m2 (by our estimate), i.e., it 
could not have any significant influence on it. Each of the two beams formed its own diffraction 
pattern on the translucent screen located behind the cell.

The cell with the magnetic fluid was placed in an electromagnet generating field with the 
strength H orthogonal to its plane, variable from zero to 60 kA/m.

The dimensions of the TL were estimated assuming its boundary is approximately defined by 
the caustic (see inset in Fig. 1); the parameters characterizing the laser beam waist were used: 
its diameter at the beam focus 2w0 and the Rayleigh length zR. They were calculated using well-
known formulas, equaling 35 and 900 μm, respectively, for the geometry of our optical circuit. 
Since the thickness of the cell d is much smaller than the Rayleigh length zR, we assumed that 
the inhomogeneity had an approximately cylindrical shape with a diameter of about 35 μm and 
a length of 60 μm.

Results
Several series of diffraction patterns were obtained in the experiments under different condi-

tions and for different samples (Fig. 2).
Pronounced diffraction patterns appearing as concentric rings were observed in both beams for 

the kerosene-based magnetic fluid (see Fig. 2,a), which were noticeably influenced by the appli-
cation of the magnetic field (see Fig. 2,b). The spot in the auxiliary beam was elongated, and an 
increase in the angle α led to an increase in its ellipticity (see Fig. 2,c). The spot sizes in water-
based samples were much smaller than in the kerosene-based samples (Fig. 2,d shows an image 
obtained at about three times the screen distance from the cell). It is evident that the diffraction 
rings are poorly resolved (the diffraction pattern from the auxiliary beam, located on the right in 
Fig. 2,d, is magnified by several times for clarity). For this reason, only the results obtained for 
kerosene-based samples are given below.

The size D of the diffraction patterns depended on the magnetic field strength H, while the 
variation in this size can be conveniently characterized by a normalized parameter

Q(H) = D(H)/D0,
where D(H), D0 are the average diameters of the outer ring of the diffraction spot at field strength 
H and at H = 0, respectively.

Fig. 1. Schematic of experimental setup: primary and auxiliary lasers 1, 2, respectively; 
focusing lenses 3; electromagnet 4; cell 5 with sample; diffraction spots 6, 7 

from primary and auxiliary beams, respectively; screen 8, 
digital CMOS (Complementary Metal-Oxide-Semiconductor) camera 9

Inset: region of laser beam focused on the sample, with the waist parameters
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The dependences of Q on the magnetic field 
strength for some concentrations φ are shown in 
Fig. 3. The angle α was chosen small here so that 
the elliptical distortion of the response in the 
auxiliary beam was negligible. It can be seen that 
the shapes of the Q(H) curves for the responses 
in the primary and auxiliary beams coincide. The 
concentration dependences Q(φ) are shown in 
Fig. 4, illustrating the increase in the relative size 
of diffraction spots with increasing concentration.

Discussion
Analyzing the obtained experimental results, 

we can interpret them as follows. If a cylindri-
cal inhomogeneity induced by radiation from the 
primary laser is placed in an additional radiation 
field from the auxiliary laser directed to the axis 
of the main laser at an angle, then another dif-
fraction pattern similar to the primary one should 
appear on the screen; this is in fact exactly what 
is observed. The diffraction spot from the auxil-
iary beam becomes more elliptical with increas-
ing angle α between the axes of the two lasers, 
which correlates with the elongation in the pro-
jection of the cylindrical inhomogeneity under 
side illumination, so that the number of resolved 
rings in the diffraction pattern decreases.

Since the size of the diffraction patterns is much 
smaller in the case of the water-based magnetic 
fluid, it is logical to assume that the characteristic 
size of TL in them should be estimated as larger 
than in kerosene-based samples. This assumption 
is consistent with the results obtained in [13], 
finding that such magnetic fluids tend to form 
large nanoparticle aggregates under laser radiation, 
significantly exceeding 2w0 (beam waist diameter).

Fig. 2. Examples of diffraction patterns from 
different samples under different conditions: 
samples based on kerosene, φ = 2 vol.% (a–c) and 
water, φ = 3 vol.% (d); applied magnetic fields 
H = 0 (a, c, d) and H = 56 kA/m (b); images 
from primary (left) and auxiliary (on the right) 
beams are shown (a,b,d); angle α (see Fig. 1) was 
equal to 20°. The difference in Fig. 2,c: here both 
images are from auxiliary beams: at α = 35° on the 

left and at α = 55° on the right

Fig. 3. Dependences of relative sizes of diffraction 
spots on magnetic field strength in kerosene-based 
magnetic fluids at different concentrations φ, vol.%: 

1.0 (curve 1), 1.5 (2), 3.0 (3)
Data are shown for primary (shaded symbols) and 
auxiliary (unshaded symbols) laser beams at angle α = 20°

Fig. 4. Concentration dependences of relative 
sizes of diffraction spots in kerosene-based 
magnetic fluids at magnetic field strengths 

H = 4.0 kA/m (1) and 16 kA/m (2)
Data are shown for primary (shaded symbols) 
and auxiliary (unshaded symbols) laser beams
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The behavior of optical responses in the magnetic field is qualitatively explained by the prop-
erties of magnetic fluids. It is known that chain-like aggregates arise in them under the influence 
of magnetic fields, with the diameters ranging from units to several tens of micrometers (for liquid 
media, where kerosene or water are solvents and the magnetic field strength H is more than 8 
kA/m) [16, 17]. These sizes of the aggregates are comparable to the diameter 2w0, i.e., the inho-
mogeneity induced by laser radiation is commensurate with the magnetically induced aggregate. It 
is natural to assume that the shape of this object does not radically change upon application of the 
magnetic field. However, the spatial distribution of particles (and the refractive index n associated 
with their concentration [17]) in the object is transformed due to dipole interaction of magnetic 
moments aligned with the vector of the magnetic field. An increase in the divergence of the laser 
beam passing through the TL was observed in kerosene-based samples with increasing magnetic 
field strength, indicating a decrease in the size of the TL.

Evidently, the graphs of the functions Q(H) for different concentrations φ are almost similar, 
reaching saturation at a magnetic field of about 15 kA/m (see Fig. 3). The value of the field 
strength at saturation we obtained differs from the values typical for magnetic fluids, however, 
it is in good agreement with the data on the dependence of the refractive index n on the field 
strength H [17]. The diffraction patterns of water-based magnetic fluids are almost independent 
of the magnetic field. This likely happens because the structure formed in the is larger and denser 
than in kerosene-based samples [13].

Conclusion
Based on our findings, we can conclude that using auxiliary laser beams to probe light-induced 

inhomogeneities in magnetic fluids can serve as an effective method for characterizing their phys-
ical properties. Its advantage is that inhomogeneities induced by high-intensity radiation can be 
probed independently using a weak laser beam.

Within the proposed approach, such inhomogeneities can be probed without altering the con-
ditions under which they form, only tuning the auxiliary laser’s illumination parameters.
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школы прикладной физики и космических технологий Санкт-Петербургского политехнического 
университета Петра Âеликого.
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Аннотация. Исследованы проводящие и механические свойства полимерных 
композитов на основе бутадиен-стирольного каучука и трех различных углеродных 
наполнителей: графита, графена и углеродных нанотрубок (УНТ). На основании 
анализа концентрационных зависимостей удельного сопротивления определены 
значения порогов перколяции. Исследована чувствительность сопротивления 
композитов к степени их одноосного растяжения и обнаружено, что наибольшие 
значения коэффициента тензочувствительности наблюдаются в композитах с 
графеном. Показано, что в случае наполнителя из УНТ деформации, возникающие 
под действием приложенных напряжений, имеют упругий характер, а после снятия 
напряжения эти композиты полностью релаксируют к своему исходному размеру. В 
композитах с графитом и графеном возникают пластические деформации даже при 
минимальных напряжениях, а их полной релаксации не происходит.

Ключевые слова: полимерный композиционный материал, бутадиен-
стирольный каучук, углеродный наполнитель, электропроводность, коэффициент 
тензочувствительности
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Introduction
Polymer nanocomposite film materials show promise for applications in sensor devices for 

wearable electronics. These materials are characterized by a wide variety of structures, making 
it possible to achieve the necessary properties such as lightness, flexibility, wear and corrosion 
resistance, as well as to obtain products in diverse shapes. Devices based on polymer nanocom-
posites are miniature, so, while they are in constant contact with the body, they should be barely 
noticeably to the user. Therefore, development of new sensor materials can contribute to rapid 
progress in many fields, for example, in medicine to monitor human health [1], in sports to track 
the performance of athletes [2], in hazardous workplace environments to monitor the health sta-
tus of workers, in the gaming industry to simulate immersive scenarios and in the fashion industry 
to create smart fabrics capable of adapting to external stimuli [3].
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One of the promising applications for polymer nanocomposites is in flexible stretchable strain 
sensors [4, 5]. For this purpose, a conductive filler is introduced into the polymer matrix. Its 
particles form a conductive network, which partially collapses under deformation, leading to an 
increase in the resistance of the material. Composites containing metal fillers are characterized by 
low flexibility and elasticity; they are sensitive to strain only in a limited range [6], while polymer 
composites based on carbon fillers have significantly better parameters.

In view of this, research is underway to determine the properties of composites based on var-
ious polymers using graphite [7], graphene [8] or carbon nanotubes (CNTs) [9] as fillers. The 
properties of the obtained materials significantly depend on the technology used for synthesis, the 
type of polymer matrix and its concentrations of filler particles.

We developed a technology for synthesis of polymer composites based on styrene-butadiene 
rubber (SBR) as a matrix, as well as graphite, graphene and CNTs as fillers.

This paper presents a comparative study on the influence of concentrations of vari-
ous carbon fillers on the conductive, piezoresistive, and mechanical properties of synthesized 
SBR-based composites.

Materials and methods
Preparation of samples. We used Sigma-Aldrich styrene butadiene rubber as a non-conduc-

tive polymer matrix, Super P Conductive Carbon Black graphite powder, graphene powder, and 
TUBALL single-walled carbon nanotubes as fillers.

To obtain a composite film, a weighed portion of the filler powder (graphite, graphene, or 
CNTs) was mixed in carbon tetrachloride (solvent) using a magnetic stirrer; the procedure was 
carried out in a sealed flask to prevent evaporation of the solvent and the ingress of air bubbles 
into the solution. Next, SBR polymer granules were introduced into this dispersion system at a 
concentration of 5.9 wt.% (relative to the solvent) and mixing continued until the polymer was 
completely dissolved. The resulting solution was poured into a PTFE mold and dried for 1 hour 
under a fume hood until completely dry. The composite film was then removed from the PTFE 
mold with tweezers.

To determine the percolation threshold and measure the mechanical and electrical properties 
depending on filler concentration, we synthesized samples with graphite and graphene concen-
trations from 13 wt.% to 33 wt.% and CNT concentrations from 0.25 wt.% to 2.5 wt.% (relative 
to the finished composite). The filler concentration was selected taking into account the average 
size and shape of its particles, using a model estimating the percolation threshold in a material of 
a given thickness.

Measurement procedure. The resistivity of all films obtained from synthesized composites, as 
well as its dependence on the degree of stretching of the samples, were measured by the four-
probe van der Pauw method. The experiment was conducted by the following steps: the film 
sample was fixed in a measuring cell with a movable crosshead, after which electrical contacts 
were connected to it. During the stepwise movement of the movable crosshead, the sample was 
stretched to a certain length; the resistivity was measured after each step.

The mechanical properties of composite polymer films were investigated with the same setup, 
but without connecting the contacts. To measure the strength and relaxation ability of the mate-
rial, the samples were repeatedly stretched, each time increasing the tension in increments of 10 
mm. At the final time step of each stretching test, the sample was held for 5 seconds, then the 
tensile stress was abruptly removed and the length of the sample was measured with a caliper after 
25 seconds. To measure the relaxation time, the samples were stretched by 400% of the initial 
length, and after the load was removed, the length of the sample was measured every 20 seconds 
until the relaxation effect disappeared.

Results and discussion
Study of percolation properties. To analyze changes in the conductive properties of composites 

under deformation, it is necessary to take into account the percolation threshold for particles of a 
conductive filler placed in a dielectric polymer matrix. The structural parameter of the compos-
ite that characterizes these properties is the degree of overlap of the particles [10]. A continuous 
conductive cluster is formed at a high concentration of particles, with the particles directly touch-
ing each other. As the concentration decreases, the arrangement of the particles becomes more 
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dispersed and the conduction mechanism changes to a hopping mechanism. A further decrease 
in particle concentration, taking into account their average size in one or more directions, sig-
nificantly reduces the probability of charge carrier hopping and the conductivity of the composite 
abruptly tends to zero. The concentration of filler particles at which the composite stops conduct-
ing electric current is the percolation threshold.

Samples with filler concentrations at which hopping conductivity prevails are promising for 
subsequent use as active elements of sensing devices. The hopping probability (and hence the 
value of conductivity) exponentially depends on the distance between the conductive particles, 
which is why such composites have the greatest strain sensitivity.

For this reason, to obtain samples with high strain sensitivity, it is necessary to determine 
the value of the percolation threshold in synthesized composites for fillers with different 
structures and particle sizes. Fig. 1 shows experimentally obtained dependences of resistiv-
ity of the studied samples on the concentration of fillers: graphene, graphite and CNTs (at 
room temperature).

As can be seen from the above data, there is a sharp increase in resistivity for samples with 
graphite and graphene with about 37 wt.% and 30 wt.% concentrations, respectively. This may 
be due to the collapse of the percolating cluster and a transition of the cluster’s conductivity to 
the hopping type. For a CNT-based composite, such a change in the conductive properties of the 
composite is observed at significantly lower concentrations of the filler (below 1 wt.%).

To clarify the conductivity mechanism, we plotted the dependences of ln(ρ) on N–1/3 (where N is 
the concentration of particles) based on the obtained data. Filler particles in the matrix are con-
sidered as a set of nodes surrounded by closed surfaces of the same shape, randomly distributed in 

space. When the surfaces intersect, a conductive 
chain of nodes is formed, with the electron tun-
neling occurring between these nodes (the Miller–
Abrahams model for nearest-neighbor hopping). 
The localization length of the wave function (hop-
ping distance) can be determined from the slope 
of the dependence of ln(p) on N–1/3 (see Fig. 2 for 
composites with graphite and graphene). Based 
on the calculations, we established a hopping 
distance of 5.4 Å for the composite with graph-
ite, 1.1 Å for the composite with graphene and 
60 Å for the composite with CNTs. Note that a 
similar calculation within the framework of the 
two-dimensional problem (circle approximation) 
yielded localization lengths of the order of 10–11 
cm, which is physically unreasonable.

a) b)

Fig. 1. Dependences of resistivity on filler concentration for composites
containing graphene or graphite (a) and CNTs (b)

Fig. 2. Dependences of log resistivity 
for composites with graphite and graphene 
on N–1/3 (N is the particle concentration)
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Thus, to further calculate the percolation threshold, we use the three-dimensional model of the 
structure, although Monte Carlo simulations on the properties of a composite with graphene [11] 
considered graphene particles as two-dimensional circular nano-disks.

Our hypothesis is that flat graphene flakes coagulate, forming three-dimensional agglomerates 
during synthesis of the composite. For this reason, to interpret the results, we used the model 
proposed in [12] and schematically shown in Fig. 3. Here, spheres with small radius are agglom-
erates of conductive filler particles, spheres with large radius are non-conductive particles which 
are approximations of regions filled with a non-conductive matrix, and the circle in the inset 
connecting the filler particles is the tunneling space. As stated in [12], the percolation threshold 
depends on the ratio λ of the sizes of conductive and non-conductive particles:

λ = dс/di
,

where dc, di are the sizes of conductive and non-conductive particles, respectively.
The higher the value of λ, the lower the percolation threshold. This model of the structure 

formed in the composite allows to explain the difference in the values of the percolation threshold 
subsequently found for composites with different fillers.

To analyze the percolation model, we synthe-
sized samples with different fillers with selected 
concentrations, considering their conductive 
properties in the absence of deformation.

The percolation threshold was determined 
graphically using the paired point method 
according to the well-known expression for con-
ductivity σ (S):

σ = σ0·(φ – φс)
t,

where φ, φс are the filler concentration and its 
value corresponding to the percolation threshold 
(wt.% relative to the final composite); t is the 
critical exponent (depending on the dimension-
ality of the structure); σ0, S, is the conductivity 
of the filler [13].

Calculations were carried out based on data 
for the samples with filler concentrations at 
which a significant decrease in conductivities of 
composites is observed, i.e., a continuous cluster 
of conductive particles collapses.

Dependences of lg(σ/σ0) on lg(φ – φc) were 
constructed to determine the critical exponent 
(Fig. 4).

Similar to [14], we simultaneously varied the 
values of φс and t to obtain an optimal linear 
relationship approximating the experimental 
data (see Fig. 4). The initially known range of 
possible values of the critical exponent t was used 
as a basis.

As a result, the critical exponent and the corre-
sponding percolation threshold were determined 
for each of the composites. According to the cal-
culation results, the values of the critical expo-
nent were t = 2.38, 2.08 and 2.37 for composites 
with graphite, graphene and CNTs, respectively. 
These values generally correspond to the problem 
with spheres. Small deviations from the theoreti-
cal value may be associated with partial violation 
of dimensionality [13]. The obtained values of the 

Fig. 3. Model of composite structure:
spheres of small and large radii are, respectively, 
agglomerates of conductive and non-conductive 
particles (an approximation of regions filled with 
a non-conductive matrix). Inset: the tunneling 
space is shown by a circle with small radius 

connecting the filler particles (powder)

Fig. 4. Logarithmic dependences of 
normalized conductivity σ/σ0 of composites 
with graphite, graphene and CNTs 
on logarithm of the difference in filler 
concentration φ and its value φc corresponding 

to the percolation threshold
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critical exponent correspond to certain percolation thresholds, amounting to 12.0% and 16.5% for 
composites with graphite and graphene, respectively. The slight difference in these values can be 
explained, as mentioned above, by the difference in the values of λ for composites with different fill-
ers in accordance with the model in [12]. The percolation threshold for the CNT-based composite 
was 0.1%, i.e., it turned out to be significantly lower than the values obtained for composites with 
graphite and graphene. Note that the value we obtained is in good agreement with the literature data 
for CNT-based composites [15, 16]. Such a small value of the percolation threshold is clearly due to 
the structural properties of the filler, namely, a very high aspect ratio of CNTs, making it possible 
to form a continuous conductive cluster even at their low content in the composite.

Study of strain–resistance relationship of samples Next, the main functional property of the 
obtained composites was investigated: the sensitivity of their electrical resistance to the degree of 
stretching. Fig. 5 shows the variation in the resistivity of composites under uniaxial stretching in 
the deformed regions where they are conductive. Here, the relative elongation of the sample is 
plotted as a percentage along the abscissa: δ = ΔL/L0∙100% (L0 is the initial length of the sample, 
ΔL is the variation in its length during stretching). The resistivity of the sample ρ, normalized to 
its value ρ0 in the absence of applied stress, is plotted along the ordinate.

As expected, the lower the filler concentration in the matrix, the lower the elongation at 
which the resistivity in the sample starts to change. A significant increase in filler concentration 
leads to a decrease in stretching sensitivity of the composite: such samples had to be stretched 
to a much longer length for a noticeable change in resistivity. This effect of filler concentration 
on the sensitivity to tensile strain can be explained by an increase in the distance between its 
particles, which turns out to be equivalent to a decrease in filler concentration in the context of 
electrical conductivity.

Furthermore, as pointed out in [17], stretching of the composite leads to a change in the 
critical exponent t, which in turn indicates a change in the dimensionality of the structure, 
and consequently, the value of the percolation threshold, since the latter depends on both the 
dimensionality of the structure and the size ratio of conductive and non-conductive particles (as 
mentioned above).

As can be seen from Fig. 5, at the minimum concentration of the introduced filler, the graphite 
composite (13 wt.%) turned out to be the most sensitive to stretching, which begins to sharply 
change its resistivity when stretched by 2–3%. The resistivity of the graphene composite at its 
minimum concentration (16 wt.%) changed with a relative elongation of 12%, and that of the 
composite with CNTs (0.25 wt.%) with an elongation of more than 40%. In addition, an increase 
in concentration for composites with graphite and graphene expands the range of applied stresses 
where the composite preserves its resistivity. This effect is less pronounced for composites with 
CNTs, which may be due to the characteristics of the formed structure, for example, the curva-
ture of nanotubes inside the composite [18].

The values of the gauge factor were calculated for different types of composites:

GF = (Δρmax/ρ0)/(ΔLmax/L0),
where ρ0, L0 are the resistivity and length of the sample before stretching; Δρmax, ΔLmax are the 
maximum values of changes in its resistance and length, respectively.

This factor characterizes the strain sensitivity of the composite’s resistance and can be used to 
compare data obtained for different composites [19].

Table 1 shows the values of the gauge factor for different types and concentrations of fillers. 
As can be seen from the data, composites with graphene filler are characterized by the highest 
sensitivity to stretching. The maximum sensitivity for all types of fillers is observed for compos-
ites with moderate concentrations (24 wt.% for graphene and graphite and 0.50 wt.% for CNTs). 
Analyzing the data in Table 1, we can conclude that the gauge factor first increases and then 
decreases with an increase in filler concentration. A likely explanation for this is that an increase 
in this concentration leads to two different effects. On the one hand, the range of strains where 
the composite preserves conductive properties is expanded (see Fig. 5), which should lead to a 
decrease in the GF value. On the other hand, the resistivity of the composite decreases in the 
absence of deformation (see Fig. 1), which should lead to an increase in GF. As a result of the 
competition between these two effects, an optimal concentration exists for each filler type, at 
which the maximum value of the gauge factor is achieved.
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Study of mechanical properties. As the first 
step in analysis of the mechanical properties of 
synthesized composites, we estimated their ulti-
mate tensile strength, the nature of deformations 
developing in them under uniaxial static stretch-
ing and their relaxation properties.

First, the samples were repeatedly stretched 
in 10 mm increments until collapse. The length 
L of the sample was measured after each step 
(25 seconds after stress release). The obtained 
results are presented in Table 2 and in Fig. 6, 
showing the dependences of the ratio L/L0 (L0 
is the initial length of the sample) on its relative 
elongation under stretching.

The data in Table 2 indicate that the maxi-
mum tensile strength in the case of the filler with 
CNTs is observed in the sample with the highest 
filler concentration, while the tensile strength in 
the graphene composite sample decreases grad-

ually with increasing filler concentration. The ultimate tensile strength for the composite with 
graphite first increases with increasing filler concentration, then dropping abruptly.

An increase in filler concentration in the composite with CNTs expands the range of strain val-
ues at which the sample almost completely returns to its initial length (see Fig. 6,c and Table 2). 
This suggests that deformation within these strain ranges is purely elastic in nature. Increasing the 
CNT concentration in the composite improves its elastic properties, i.e., the higher the concen-
tration, the fewer defects and residual strains the sample accumulates under uniaxial stretching. 

c)

a) b)

Fig. 5. Change in normalized resistivity of composite samples with graphite (a), graphene (b) 
and CNTs (c) in different concentrations, under stretching (elongation δ = ΔL/L0)

Tab l e  1

Gauge factor for samples of various 
composites subjected to stretching

Filler Concentration, % GF value

Graphene
16 534.7
24 26661.0
33 340.4

Graphite
13 224.3
24 1005.0
33 481.9

CNTs
0.25 25.3
0.50 40.3
0.75 8.4
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The reason for this improvement may be related to both the three-dimensionality of the structure 
formed by introducing CNTs into the polymer matrix and the properties of individual particles of 
the filler itself. It is due to these characteristics that composites with CNTs can be considered the 
most promising for creating flexible sensor electronics devices. Residual strains arise in them only 
after reaching a certain critical strain value, which increases progressively with increasing filler 
concentration (see Fig. 6,c and the data in Table 2).

c)

a) b)

Fig. 6. Dependences of relative elongation L/L0 of composite samples with graphite (a), 
graphene (b) and CNTs (c) in different concentrations on applied strain δ = ΔL/L0 

(measurements were carried out 25 seconds after each stress release)

Tab l e  2

Mechanical properties of polymer composite sample under stretching

Filler Concentration Elastic strain range Ultimate tensile strength
%

Graphene
16

–
565

24 542
33 401

Graphite
13

–
485

24 708
33 380

CNTs
0.25 150 585
0.50 250 556
0.75 440 659
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In the case of composites with graphite or graphene fillers (see Fig. 6, a, b), the samples did 
not preserve their initial length even when minimal stresses were applied to them, which points 
to the emergence of irreversible plastic strains (along with elastic ones). Note that in both cases, 
the slope of the dependences in Fig. 6 increases progressively with increasing filler concentration, 
which indicates an increase in the proportion of residual strains, i.e., the effect of their accu-
mulation during repeated stretching of the sample. There are two differences in the reaction of 
composites to repeated stretching for different types of fillers.

Firstly, the slope of the curves in Fig. 6 corresponding to composites with graphene is signifi-
cantly greater than that for composites with graphite at the same (or similar) filler concentrations. 
This indicates that the proportion of residual strains is higher in the first case than in the second 
one. Secondly, a steeper increase in this slope is observed with increasing filler concentration for 
composites with graphene, i.e., the effect of accumulation of residual strains is more pronounced 
in this type of composites.

The results of the study on the relaxation properties of synthesized composites (for cases 
with CNT and graphene fillers) after 400% strain are shown in Fig. 7. Evidently, in the case of 
CNTs, samples that did not return to their initial length in 25 seconds after stress relief (at filler 
concentrations of 0.25 and 0.50%) exhibit almost complete relaxation within 60–80 seconds (see 
Fig. 7,a). In contrast, graphene composites do not return to their initial length (see Fig. 7,b) even 
2–3 minutes after the load is removed. This result may be associated with jamming from flat filler 
particles inside polymer matrices during stretching. The sample with 33% graphene concentration 
undergoes virtually no relaxation; relaxation in the sample with 16% graphene concentration is 
weak and the sample with 24% graphene concentration exhibits the best relaxation properties, in 
terms of both the relaxation rate and degree.

Therefore, the filler concentration of 24% is close to critical for this material: once it is 
reached, the mechanical properties of the composite stop improving and start deteriorating. Note 
that this result indirectly corresponds to the data obtained in [20], analyzing the properties of 
composites based on polyvinyl acetate with graphene filler, considering samples in a narrower 
range of graphene concentrations than in our study (up to its possible critical value). However, 
the study found that its gradual increase initially leads to a sharp improvement in the mechanical 
properties of the composite, but this improvement subsequently slows down.

Conclusion
In this paper, we considered the electrical and mechanical properties of composites based on 

styrene butadiene rubber (SBR) with three different types of carbon fillers (graphite, graphene 
and carbon nanotubes), varying their concentrations. Analyzing the dependences of resistivity of 
composites on filler concentration, we determined the dimensionality of the filler particles formed 
during synthesis (which turned out to be close to three-dimensional in all cases), as well as the 
percolation thresholds, amounting to 0.1 wt.% for the composite with CNTs, 12.0 wt.% for the 
composite with graphite and 16.5 wt.% for the composite with graphene.

a) b)

Fig. 7. Time evolution of relative elongation of composite samples with CNTs (a) 
and graphene (b) in different concentrations after stress release
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It was found that an increase in the concentration of all fillers in the SBR matrix broadens 
the range of the applied uniaxial stresses where the composite slightly changes its resistivity. 
However, this effect was less pronounced for the CNT-based composite compared with graphite 
and graphene-based composites. Sequentially increasing the concentration of all fillers in the SBR 
matrix led first to an increase in sensitivity of composite resistance to stretching and then to its 
decrease. Consequently, the greatest sensitivity was observed in composites containing about 24 
wt.% of graphite or graphene filler and in composites with 0.5 wt.% CNT. The highest sensitivity 
of resistance to stretching was found in the composite with 24 wt.% of graphene filler; its gauge 
factor reached 2661, which is due to a high conductivity of this composite in an undeformed state 
and a narrow stress range where it preserves resistance.

Studies of mechanical properties of the obtained composites revealed that the ultimate ten-
sile strength of graphene composites decreases with increasing filler concentration, that of CNT 
composites increases and that of graphite composites first increases and then sharply decreases. 
Furthermore, an increase in the CNT concentration in the composite expands the range of uniax-
ial strain over which the deformation remains elastic. In contrast, even the application of minimal 
stresses in composites with graphene and graphite leads to the emergence of plastic deformation. 
The proportion of this plastic deformation increases with repeated stretching of the sample as 
filler concentration is increased; this increase is more significant in the case of graphene com-
pared with graphite. Composites with graphene exhibit the maximum values of the gauge factor, 
while composites with CNTs exhibit the best relaxation properties.

Thus, our studies and analysis indicate that composites with graphene are the most promising 
materials for further development of flexible sensor electronics devices from the standpoint of 
strain sensitivity of resistance, while CNT-based composites exhibit the best mechanical proper-
ties. Further research is necessary to optimize both the electrical and mechanical properties of 
polymer composites based on carbon fillers.
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Аннотация. В работе представлены инвариантные спектры по поперечной массе для 
заряженных адронов в столкновениях ядер висмута (Bi + Bi) при энергии 9,2 ГэВ, 
полученные путем моделирования с использованием гибридного генератора UrQMD 
и пакета MPDroot. Проведен анализ спектров в рамках статистической и Blast-Wave 
моделей, в результате которого получены значения температуры и барионных химических 
потенциалов, соответствующих стадиям кинетического и химического вымораживания 
в столкновениях Bi + Bi. Полученные результаты рассмотрены в контексте фазовой 
диаграммы ядерной материи.

Ключевые слова: кварк-глюонная плазма, заряженные адроны, MPD, NICA, фазовая 
диаграмма; ядерная материя
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Introduction
The Multi-Purpose Detector (MPD) [1] is one of the two experimental facilities at the NICA 

(Nuclotron-based Ion Collider fAcility) [2], the flagship project of the Joint Institute for Nuclear 
Research (Dubna, Moscow Region, Russia).

The main objectives of the MPD experiment are to study the boundary of the phase transition 
and to find a critical point in the phase diagram of nuclear matter by analyzing particle produc-
tion in heavy ion collisions in the energy range √SNN = 4–11 GeV [3].

The phase boundary of nuclear matter determines the transition of hadron matter to quark-
gluon plasma (QGP) [4, 5] with an increase in temperature T and/or the baryonic chemical 
potential μB. The formation of the QGP and the corresponding phase transition in nucleus-nu-
cleus collisions were experimentally confirmed at energies exceeding 100 GeV [4–6], which 
corresponds to temperatures of about 200 MeV and μB ≈ 10 MeV achieved in the collision. 
Nevertheless, study of the rest of the phase diagram and the search for QGP signatures in nuclear 
collisions at lower energies (below or around 100 GeV) remain major challenges.

To identify the potential signatures of a phase transition in nucleus-nucleus collisions at NICA 
energies, it is necessary to determine the available range of temperature T and baryonic chemical 
potential μB. The values of T and μB can be estimated by analyzing the characteristics of charged 
hadron production using the statistical model and the Blast-Wave model [7, 8] based on the 
approach of relativistic hydrodynamics.

This paper presents the invariant spectra for transverse mass mT measured for charged had-
rons (π±, K±, p, p̅) in collisions of bismuth nuclei (Bi+Bi) at √SNN = 9.2 GeV; these results were 
obtained based on simulation data using the UrQMD hybrid generator [9] and the MPDroot 
package [1] reproducing the operation of the detector system at the MPD experiment.

Analysis of the obtained spectra is carried out within the framework of the statistical model 
and the Blast-Wave model. The results are considered in the context of the phase diagram of 
nuclear matter.

Evolution of nucleus-nucleus collisions
The process of evolution of relativistic collisions can be divided into four main stages:
initial stage,
thermalization and collective flow,
chemical freeze-out,
kinetic freeze-out [10].
Initial stage corresponds to primary interaction of colliding nuclei, accompanied by the 

exchange of gluons and quarks. This process leads to rapid heating of the system and potential 
production of QGP (if the values of TQGP and μB necessary for the phase transition are reached).

Second stage. As a result of subsequent interactions between the particles, the system is ther-
malized, after which collective flow begins.

Third stage. Chemical freeze-out occurs when the particle system expands to a state where 
inelastic reactions altering its composition cease and the final particle ratios are established.

According to the statistical model, after the onset of chemical freeze-out, the antiproton to 
proton yield ratio is determined by the value of the baryonic chemical potential μB [11]:
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Fourth stage. After chemical freeze-out starts, the particle system continues to expand and 
cool. When the mean free path of the particles becomes larger than the size of the system, elastic 
collisions stop, fixing the momentum distribution of the particles, which corresponds to the onset 
of kinetic freeze-out.

Phenomenological models such as Blast-Wave are used to study the characteristics of kinetic 
freeze-out [7, 8]. This model is based on the relativistic hydrodynamic approach and describes the 
collective motion of particles in an expanding system.

Blast-Wave model. The basis of the model is that heated matter has a high temperature, dis-
tributed nonuniformly: the temperature in the center of the particle system is higher than at its 
periphery, which creates a pressure gradient. According to the equations of hydrodynamics, mat-
ter flows outward from the center, forming a blast wave.

According to the Blast-Wave model, all hadrons are produced from quarks and gluons simul-
taneously, so consequently they acquire the same average velocity of radial flow. In this case, the 
expansion of the hadron system is described in terms of relativistic hydrodynamics.

The invariant spectra for the transverse mass 2 2
0T Tm p m= +  can be described by the follow-

ing formula within the Blast-Wave model:

0 1
0 0

sinh cosh ,
R

T T
T

T T

p pdN
C rdrm I K

m dm T T

   ρ ρ=    
   

∫ (2)

where C is the normalization constant; βT is the average velocity of radial flow; T0 is the kinetic 
freeze-out temperature; R is the maximum radius of the expanding system during the freeze-out 
stage; I0, K1 are the modified Bessel functions; ρ(r) is the transverse acceleration depending on 
the particle coordinate,

1( ) tanh ( ) / .Tr r R−ρ = β ⋅
C, βT, T0 are the free parameters of the model.

Measurement procedure
We used simulation data from 15,000,000 Bi+Bi collisions at √SNN = 9.2 GeV; the data were 

obtained using the MPDroot package [1]. The latter uses the hybrid UrQMD event generator [9] 
including a hydrodynamic approach; in addition, MPDroot allows reproducing the response of 
the detector subsystems of the MPD experiment via the Geant4 package [12, 13].

Detection of charged hadrons in MPD is carried out by analyzing, firstly, the energy losses of 
particles measured in the TPC (Time Projection Chamber), and secondly, the time of flight of 
the particles measured by the ToF (Time-of-Flight) detector. The details of the simulation and 
the particle detection procedure can be found in [3, 14].

Analysis of characteristics of charged hadron production
Determination of kinetic freeze-out parameters. Fig. 1 shows the invariant mT spectra measured for 

charged hadrons at different centrality bins in Bi+Bi collisions at √SNN = 9.2 GeV. The lines show 
the fit of the obtained spectra by the corresponding function of the Blast-Wave model (see Eq. (2)).

Fitting of the invariant mT spectra of different particles with the Blast-Wave function was car-
ried out in the following ranges.

Charged hadron type Approximation range, GeV
π+, π– ...................... 0.50–1.00
K+, p̅ ....................... 0.12–1.00
K– ........................... 0.40–1.00
p ............................. 0.20–1.00
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The fitting ranges were chosen so as to achieve the best agreement with the simulation data. It 
was found that the difference between the simulation data and the Blast-Wave function did not 
exceed 1%.

Since the Blast-Wave function is integral, the free fitting parameters (C, T0, βT) are sensitive to 
variation in the fitting range, the choice of initial parameter values and the constraints imposed 
on the parameter values. The impact of these factors was taken into account by estimating the 
systematic uncertainties.

For this purpose, the fitting parameters (given below) were varied by ±10%. These were the 
following conditions:

range bounds;
initial parameter values;
constraints on parameter values.
The final values of systematic uncertainties were determined by the quadrature sum of the per-

centage differences between the final values of the parameters and those obtained under different 
fitting conditions.

Fig. 2 shows the final values of the parameters T0 and βT obtained by fitting of invariant mT  
with the Blast-Wave function for different types of charged hadrons (π±, K±, p, p̅) depending on 
centrality of Bi+Bi collisions. Systematic uncertainties are represented by boxes.

We found that the kinetic freeze-out temperature T0 shows no significant dependence on either 
the collision centrality or the type of charged hadrons. The average value of the kinetic freeze-out 
temperature T0 = 109 MeV (red dashed line in Fig. 2,a).

Fig. 1. Invariant transverse mass spectra measured for π±, K±, p, p̅ particles 
at different centrality bins in Bi+Bi collisions at energy √SNN = 9.2 GeV. 

Fits to the spectra with the corresponding function of the Blast-Wave model (see Eq. (2)) 
are shown by straight lines



St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 3

86

The average velocities βT of radial particle flow show a decreasing trend with a decrease in 
the overlap of colliding nuclei (this corresponds to an increase in centrality as a percentage). 
Nevertheless, the decrease in βT values in peripheral collisions, compared with the central ones, 
is insignificant taking into account systematic uncertainty.

Determination of phase transition parameters. The values of the baryonic chemical potential 
and temperature corresponding to the phase transition are estimated by calculating the antiproton 
to proton yield ratios (p̅/p).

The values of (p̅/p) measured in different centrality bins of Bi+Bi collisions are shown 
in Fig. 3,a. Evidently, they do not show a significant dependence on the collision centrality and 
the transverse momentum pT. The average value of the ratio (p̅/p) = 0.025 (shown by a red hori-
zontal red dashed line) was used for further calculations.

According to calculations within the framework of quantum chromodynamics, the phase tran-
sition boundary can be expressed by the following formula [15]:

2 4 4 23 / 34 340 (220) 55 15 .QGPT = π + µ − µ
π

(3)

The baryonic chemical potential μ can be expressed in terms of temperature and the p̅/p ratio 
by Eq. (1). Thus, the temperature and the baryonic chemical potential corresponding to the phase 
transition can be found as the intersection point of the curve expressed by Eq. (3) and the straight 
line given by Eq. (1).

The following values of TQGP and μB were obtained, corresponding to the phase transition in 
Bi+Bi collisions at NICA energies:

TQGP = 131 MeV, μ
B
 = 247 MeV.

Visualization of the obtained results on the phase diagram. Fig. 3,b shows the phase diagram of 
nuclear matter. The red line indicates the phase boundary calculated by Eq. (3). The lines cor-
respond to the temperatures in terms of the baryonic chemical potential and the value found for 
p̅/p = 0.025 (see Eq. (2). The purple line in Fig. 3,b expresses the dependence T(μB,p/p), obtained 
using the value p̅/p = 0.025 corresponding to Bi+Bi collisions at √SNN = 9.2 GeV.

Using Eq. (2), we additionally calculated the value of the baryonic chemical potential μB cor-
responding to the kinetic freeze-out temperature in Bi+Bi collisions at √SNN = 9.2 GeV (the tem-
perature was determined earlier using the Blast-Wave model). The found value of μB = 205 MeV.

The kinetic freeze-out and phase transition temperatures corresponding to the energy of the 
PHENIX experiment (√SNN = 200 GeV) are given for comparison. The dependence T(μB,p̅/p) as 

a) b)

Fig. 2. Kinetic freeze-out temperature T0 (a) and average velocity βT of radial flow of particle 
system (b) depending on centrality of Bi+Bi collisions. The bars correspond to systematic 

uncertainty in determining the values of T0 and βT
The average value of T0 = 109 MeV (red horizontal dashed line)
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a straight line (shown in Fig. 3,b in black) is obtained taking into account the value of p̅/p = 0.79 
measured in the PHENIX experiment at √SNN = 200 GeV.

The blue dots in Fig. 3,b mark the values of the temperature and the baryonic chemical poten-
tial of the particle system during a collision at the kinetic freeze-out stage, and the red ones mark 
these values at the phase transition stage.

Conclusion
We report on the transverse mass spectra of charged hadrons π±, K±, p, p̅ obtained in sim-

ulations of Bi+Bi collisions at √SNN = 9.2 GeV using the hybrid UrQMD generator and the 
MPDroot package.

Analyzing the obtained spectra of charged hadrons within the Blast-Wave model, we found the 
values of the kinetic freeze-out temperature T0 and the average velocity βT of the particle system’s 
radial flow depending on collision centrality.

Calculating the antiproton to proton yield ratios allowed to determine the temperatures T0 and 
TQGP, as well as the baryonic chemical potential μB corresponding to the kinetic freeze-out and 
phase transition. The following parameter values were obtained:

T0 ≈ 109 MeV, μ
B
 ≈ 205 MeV for kinetic freeze-out;

TQGP ≈ 131 MeV, μ
B
 ≈ 247 MeV for phase transition.

The presented results make it possible to estimate the accessible range of values for the tem-
perature T and the baryonic chemical potential μB, which is important for potential signatures of 
the phase transition in nucleon-nucleon collisions at NICA energies.

a) b)

Fig. 3. Antiproton to proton yield ratios p̅/p as functions of transverse momentum, 
measured in different centrality bins (%) of Bi+Bi collisions at √SNN = 9.2 GeV (a) 

and corresponding phase diagram of nuclear matter 
(dependence of temperature on baryonic chemical potential) (b)
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Abstract. This paper presents the development of the Generative Adversarial Network 
(GAN) model to study the properties of direct photons produced in proton-proton collisions. 
The study aims to extend the capabilities of our model (developed previously) by introducing 
the initial collision energy parameter √sNN in the range from 9 to 27 GeV. The model has 
been trained on the data generated using PYTHIA8 and tested both at training energies and at 
intermediate energy values. Special attention was paid to the ability of the model to preserve 
kinematic dependencies and to reproduce the double longitudinal spin asymmetry ALL. The 
results proved the possibility of using the GAN to interpolate the characteristics of direct 
photons in terms of collision energy.
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АСИММЕТРИИ ПРЯМЫХ ФОТОНОВ  
В ПРОДОЛЬНО-ПОЛЯРИЗОВАННЫХ ПРОТОН-ПРОТОННЫХ 

СТОЛКНОВЕНИЯХ ПРИ ЭНЕРГИЯХ 9 – 27 ГЭВ
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Аннотация. В работе представлено развитие модели генеративно-состязательной сети 
(ГСС) для изучения характеристик прямых фотонов, образующихся при столкновениях 
протонов. Исследование направлено на расширение возможностей ранее разработанной 
нами модели путем введения параметра начальной энергии столкновения √sNN в диапазоне 
27  –  9 ГэВ. Модель обучена на данных, сгенерированных с помощью PYTHIA8, и 
протестирована как при энергиях обучения, так и при промежуточных значениях энергии. 
Особое внимание уделено способности модели сохранять кинематические зависимости 
и воспроизводить двойную продольную спиновую асимметрию ALL. Результаты доказали 
возможность использования ГСС для интерполяции характеристик прямых фотонов по 
энергии столкновения.
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Introduction

Study of the proton structure and the formation of its spin remains one of the key challenges in 
modern physics [1]. Various experimental facilities are constructed to solve this problem, among 
them, in particular, the SPD experiment at the NICA collider currently under construction at the 
Joint Institute for Nuclear Research (Dubna, Russia) [1].

Gluons play a major role to the total spin of the proton [1], described by gluon helicity func-
tions Δg(x), integrated to obtain the total contribution to proton spin. An effective approach to 
obtaining the values of Δg(x) is to measure the double longitudinal spin asymmetry (DLSA) ALL 
occurring in collisions of longitudinally polarized protons [1].

DLSA can be measured for various particles, including charged and neutral pions [2], as well 
as (J/ψ) mesons [3]. A particular interest lies in the direct photons produced in electromagnetic 
interactions of proton partons, in particular, in the Compton scattering reaction gq(q̄) → γq [4]. 
The advantage of direct photon measurement is in the simpler theoretical description that does 
not require hadronization models.

Despite this advantage, direct photon measurements are fraught with difficulties, including 
small sample size and problems with isolating direct photons against the background of photons 
from decay of secondary particles, for example, the decay of the π0 mesons [4].

An approach using a generative adversarial network (GAN) was proposed in a previous paper 
to solve the problem of small samples [5]. It was proved that the GAN can faithfully reproduce 
the characteristics of direct photons produced in collisions of longitudinally polarized protons, 
allowing to calculate the asymmetries.

This paper develops the proposed approach to expand the capabilities of our GAN model [5].
For this purpose, we introduce the parameter of the initial collision energy √sNN, which should 

provide results for arbitrary energies in a given range. Such an interpolation should provide 
improved accuracy in determining the values of ∆g(x), consequently yielding better estimates for 
the contribution of gluons to the proton spin.

Computational procedure
To verify that the GAN could be expanded to predict direct photon production at different 

energies √sNN and in the absence of experimental data, the model was trained on pre-generated 
simulation data. The PYTHIA8 program was used as a Monte Carlo generator [5, 6].

The main parameters of the Pythia8 program used in this study were as follows [5]:
PromptPhoton: qg2qgamma = on,
PromptPhoton: qqbar2ggamma = on,
MultipartonInteractions: pT0Ref = 2.2,
NNPDF31_nlo_as_0118 [7] (for unpolarized events),
NNPDFpol11_100 [8] (for polarized events).
The energy range of 9–27 GeV was considered for the initial collision energy √sNN. The choice 

of the range was dictated by the experimental conditions of the SPD at the NICA facility [4]. To 
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train the model, samples were generated at √sNN = 9, 15, 21, and 27 GeV for collisions of both 
unpolarized and polarized protons (the term ‘events’ is used throughout the paper). The size of 
each sample was 500,000 events (collisions).

Similar to the procedure adopted in the previous paper [5], the z-components of the momen-
tum pz q1 of the first and pz q2 of the second partons, as well as the px-, py- and pz-components of 
the momentum of the produced direct photon were extracted from the generated samples. Instead 
of the components pz q1 and pz q2, we used their transformed versions T(pz q1) and T(pz q2) to train 
the GAN, in accordance with the results from [5].

The GAN loss function remained unchanged and was a least square function [5]. The number 
of epochs for training was increased to 2,000. The batch size was also increased to 2,000. The 
gradient descent optimizer was replaced by Adam with the following parameter values:

The training step of 2·10–4 was taken for the generator and discriminator, the forgetting 
factors β1 = 0.9 and β2 = 0.5 for the gradients and the second moments of the gradients, 
respectively [9].

The architecture of the generator is based on the results of our previous work [5]. 
A 128-dimensional vector whose elements are normally distributed is fed to the input of the 
generator. The initial energy √sNN and the polarization type of the event are used as condi-
tional variables. Conditional variables are combined with a 128-dimensional vector so that 
the generator can adapt its output to different generation scenarios. The number of hidden 
layers was increased to 8. Each hidden layer has 512 neurons and a Leaky ReLU activation 
function with a dropout of 0.2 [10]. Next, the ResidualAdd procedure was applied to each 
hidden layer [11] to make the training process with a large number of hidden layers more sta-
ble. The ResidualAdd procedure is that the output of each layer after the activation function 
is summed with the output of the previous layer. This approach allows to mitigate the gra-
dient vanishing problem in deep neural networks [11]. The output of the generator contains 
5 generated values:

T(p
z q1), T(p

z q2), px
, p

y
, p

z
.

The discriminator has almost the same architecture as the generator. The input of the discrim-
inator is fed 6 values generated by the generator, along with conditional variables. The parameters 
of the hidden layers of the discriminator repeat the parameters of the hidden layers of the gener-
ator with one exception: Spectral Normalization is applied to each hidden layer [12]. The output 
from the discriminator contains one neuron reflecting the degree of confidence of the discrimina-
tor that the input is real data as opposed to those obtained using the generator.

Simulation results
To illustrate the performance of the GAN at different initial √sNN, only a part of the complete  

set of parameters is shown below; these are pzq1 and 2 2
x yTp p p= + , as well as the DLSA values.  

The remaining values are not shown because their distributions are similar.
Fig. 1,a shows the distributions of the parton momentum pz q1 in collisions of unpolarized pro-

tons. The simulation results obtained by PYTHIA8 and the GAN predictions were compared for 
√sNN of 9, 15, 21 and 27 GeV, at which the model was trained, as well as for intermediate ener-
gies of 12, 18, 24 and 30 GeV. Each subsequent distribution in the graphs in Fig. 1 was shifted 
by 10 GeV for clarity (to separate the distributions). Analyzing the graphs, we can see that the 
GAN model provides good predictive accuracy for both the energies at which the training was 
performed and the interpolated values.

A similar picture is observed in Fig. 1,b, showing the distributions of the transverse momen-
tum pT for photons in collisions of polarized protons. Notably, the model preserves the prediction 
accuracy in this case.

Fig. 2 shows the dependences of asymmetries ALLon the momentum fraction 
2 T

T

NN

p
x

s
=  of  

direct photons, calculated from GAN predictions and PYTHIA8 simulations. It follows from 
this figure that GAN predictions yield ALL values coinciding with the PYTHIA8 values (with an 
accuracy up to the uncertainty) over the entire range of initial energies √sNN.
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b)

a)

Fig. 1. Comparison of GAN predictions (solid lines) and simulations (dashed lines) 
for momentum distributions of partons pz q1 (a) and direct photons pT (b) 

in collisions of unpolarized (a) and polarized (b) protons at different initial √sNN(see the legends: the energies are given in GeV; odd values were obtained during training and even values 
were interpolated). Number of events Nev = 500,000; the PYTHIA8 program was used for simulation

Fig. 2. Asymmetry ALL as function of momentum fraciton xT of direct photons in collisions of 
longitudinally polarized protons, at different initial energies of √sNN in the range of 12–30 GeV.
The data were obtained using GAN and PYTHIA8 (orange squares and blue circles, respectively)

The error bars are comparable in size to the data points
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Conclusion
This paper continues to developed the generative adversarial network (GAN) developed earlier 

for predicting the characteristics of direct photon production in proton collisions. The model’s 
predictive capabilities were expanded to extracting the characteristics of direct photon at various 
initial energies √sNN in the range of 9–27 GeV.

We confirmed that the model predicts the results of proton collisions with high accuracy both 
for the energies at which the training was performed and at intermediate values. From this, we 
can conclude that the model is capable of interpolating the given parameters based on the initial 
energies √sNN. The accuracy of the predictions is preserved collisions of both unpolarized and 
longitudinally polarized protons (p→p→(←)).

In addition, we established that the GAN model preserves the kinematic dependences 
between the generated parameters, allowing to calculate the values of double longitudinal spin 
asymmetry ALL. The ALL values can also be obtained at any energies √sNN in the considered range 
of 9–30 GeV.
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Abstract. This paper presents the results of nuclear modification factors for hadrons in 
deuteron-deuteron collisions at energies of √sNN = 13.5 GeV and √sNN = 27.0 GeV. We have 
applied the widely-used nuclear-modified parton distribution functions and parton distribution 
functions for free nucleons to determine nuclear modification factors (NMFs) of J/ψ, D± and 
π0 mesons. The obtained results showed the NMFs values of J/ψ and π0 ones to remain close to 
unity over the entire transverse momentum range from 0.5 to 4.5 GeV/c. The NMFs values of 
D± ones decreased sharply with increasing the transverse momentum at √sNN = 13.5 GeV, but 
they remained close to unity at √sNN = 27.0 GeV.
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СРАВНИТЕЛЬНЫЙ АНАЛИЗ ОСОБЕННОСТЕЙ РОЖДЕНИЯ 
АДРОНОВ В ДЕЙТРОН-ДЕЙТРОННЫХ ВЗАИМОДЕЙСТВИЯХ 

ПРИ ЭНЕРГИЯХ 13,5 И 27,0 ГЭВ
Д. С. Шапаев✉, Я. А. Бердников
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Аннотация. В статье представлены результаты исследования факторов ядерной 
модификации адронов в столкновениях ядер дейтерия при значениях энергии √sNN = 13,5 ГэВ 
и √sNN = 27,0 ГэВ. Проведено сравнение полученных факторов ядерной модификации (J/
ψ)-, D±- и π0-мезонов с использованием функций партонного распределения свободных 
нуклонов и ядерно-модифицированных функций партонного распределения. Полученные 
результаты показали, что факторы ядерной модификации (J/ψ)- и π0-мезонов остаются 
близкими к единице на всем исследуемом диапазоне 0,5–4,5 ГэВ/с поперечного импульса. 
Значения факторов ядерной модификации D±-мезонов резко снижаются при увеличении 
поперечного импульса при энергии √sNN = 13,5 ГэВ, тогда как при энергии √sNN = 27,0 ГэВ 
значения остаются близкими к единице.
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Introduction
Measurement of production of D±, (J/ψ), π0 mesons in proton-proton (p+p) interactions at 

√spp = 27.0 GeV and deuteron-deuteron (d+d) interactions at energy √sNN = 13.5 GeV/nucleon [1] 
is one of the intended goals in the planned SPD experiment [2] at the NICA collider [3].

The main mechanism behind the production of D± and (J/ψ) mesons at the given energies is 
the fusion of a gluon pair (gg), leading to the production of a quark-antiquark pair (cc̅) [4].

As follows from Fig. 1,a, a quark-antiquark pair (cc̅) can produce a (J/ψ) meson during 
hadronization. The scheme for production of D± mesons is shown in Fig. 1,b: cd̅ → D+, c̅d → D–.

The (J/ψ) mesons can be detected through weak muon decay modes within the framework of 
the SPD project [4]:

J/ψ → μ+μ–.
D± mesons are to be detected in the following decay channels [4]:

D+ → π+K–π+ (BF = 0.094),

D– → π–K+π– (BF = 0.094).
Thus, study of the processes associated with the production of D± and (J/ψ) mesons yields 

information about the properties and role of gluons in proton-proton and deuteron-deuteron 
interactions (as well as in the nucleon-nucleon interactions). In particular, information about 
gluon distribution functions in nucleons and nuclei can be extracted.

a) b)

Fig. 1 [4]. Feynman diagrams for production of (J/ψ) meson (a) and D± mesons (b)
Production occurs through fusion of a gluon pair (gg), 
leading to the production of a quark-antiquark pair (cc̅)
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Measurements of the yields of neutral pions consisting of uu̅ and dd̅ quarks can help verify and 
refine the existing models describing the production of these particles. Comparing the yields of 
neutral pions with heavier particles, such as D± and J/ψ mesons can provide insights into the role 
of heavy quarks in high-energy collisions of nucleons and nuclei.

Parton distribution functions (PDFs) are commonly used in studies of hadron production. 
The PDF fi(x,Q

2) is used to describe the probability of finding the ith parton in the hadron; x is 
the parton parameter determining the fraction of the nucleon momentum carried by the parton; 
Q2 is a quantity following the expression

Q2 = –q2,
where q2 is the four-momentum of the virtual particle [5].

The range of large x is of particular interest, as there is a significant discrepancy between the 
theoretical predictions for the gluon distribution function in the deuteron and the gluon distribu-
tion function in the nucleon [4].

Nuclear-modified parton distribution functions (nPDFs) were obtained to analyze the nucle-
on-nucleus and nucleus-nucleus collisions [6]. The fundamental difference between these func-
tions and PDFs taken for free nucleons is that they take into account the nucleonic composition 
of nuclei and interactions between nucleons in the nucleus.

According to the factorization theorem [7], the differential cross section for the production of 
the hadron H can be represented as follows in the collinear approximation:

3

3
, ,

ˆ ,c H

H a b ab c

a b cH

d
E f f d D

dp

σ = ⊗ ⊗ σ ⊗∑

where fa, fb are the PDFs; dσ̂c
ab is the cross section of the hard parton subprocess; a, b, c are the 

interacting partons; DH
c is the fragmentation function.

Different PDFs influence the cross section for hadron production, provided that the same 
fragmentation functions are applied to each particle.

The goal of this study is to determine the characteristics of the production of hadrons in col-
lisions of deuterium nuclei (d+d).

The nPDFs (with nuclear modifications) and PDFs (for free nucleons) were used to simulate 
(d+d) collisions.

Computational procedure
Hadron yields in (d+d) collisions at √sNN = 13.5 and 27.0 GeV were analyzed in this paper 

based on the simulation data we obtained using the Pythia8 software package [8].
The simulations were run using two types of functions:
parton distribution functions obtained for free nucleons (PDFs);
nuclear-modified (in this case in the deuteron) parton distribution functions (nPDFs).
Because the collision energy of deuteron beams is much higher than the binding energy of 

nucleons in the deuteron (2.23 MeV), a model of unbound (free) nucleons can be used for the 
deuteron, using PDFs for free nucleons within the parton model. Collisions of deuteron beams 
can be represented via PDFs as collision of each nucleon of one deuteron nucleus with each 
nucleon of another deuteron nucleus. There are four possible combinations of nucleon-nucleon 
collisions: pp, pn, np, nn. Since the total cross sections of these interactions are approximately 
similar [9], these interactions can be reasonable assumed to be equally probable without signifi-
cant loss of accuracy.

It was found in our previous paper [10] that different combinations of interacting nucleons 
making up the deuterium nucleus produce different numbers of direct photons. However, this 
dependence should not be observed during the formation of (J/ψ) and D± mesons, since the prob-
abilities of their formation do not depend on the electric charge of the quark. The cross section 
for the production of the quark-antiquark pair due to gluon-gluon interaction is proportional to 
the square of the strong interaction constant [4].

An alternative approach to the study of deuteron beam collisions are nPDFs obtained for deu-
terons [11–13]. A variety of functions is used because they originate from different experimental 
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data, which may cause discrepancies in the results obtained. For this reason, we selected three 
different nPDFs to ensure the reliability and comparability of the data.

Since the Pythia8 program allows using only one PDF in the calculations, we used the 
weight w to speed up the calculation of all the nPDFs we selected (the formula for calculating it 
is given in [14]):

/ 2 / 2
1 1 2 2

2 2
1 1 2 2

( ; ) ( ; ) ,
( ; ) ( ; )

p d p d

i i

p p

i i

x f x Q x f x Q
w

x f x Q x f x Q
= ⋅ (1)

where x1 fi
p/d(x1,Q

2), x2 fi
p/d(x2,Q

2) are the nPDFs for deuterons in the first and second nuclei; 
x1 f i

d(x1,Q
2), x2 f i

p(x2,Q
2) are the PDFs obtained for free protons in the first and second nuclei.

This weight w characterizes the ratio of the probabilities of detecting the parton for two 
different PDFs with the same values of variables x and Q2. Thus, using a weight in the calcu-
lations makes it possible to obtain hadron spectra for both PDFs and nPDFs within a single 
simulation run.

Due to the low probability that (J/ψ) and D± mesons are produced in (d+d) collisions, we used 
custom settings in Pythia8 to increase the production statistics of (J/ψ) and D± mesons (see the 
Appendix). Importantly, the proposed modifications do not have any effect on the physical inter-
pretation of the results obtained.

The PDFs are taken from the LHAPDF6 software package [14] connected directly to the 
Pythia8 collision generator. Computer analysis included application of the following PDFs (the 
numbers are highlighted in bold, see also the captions to the figures).

For PDFs: nNNPDF30_nlo_as_0118_p [11] (FI), TUJU21_nlo_1_1 [12] (FII), nCTE-
Q15HIX_FullNuc_1_1 [13] (FIII);

for nPDFs: nNNPDF30_nlo_as_0118_A2_Z1 [11] (FIV), TUJU21_nlo_2_1 [12] (FV), 
nCTEQ15HIX_FullNuc_2_1 [13] (FVI).

The nuclear modification factor (NMF) Rdd was used to quantify the differences in the hadron 
spectra obtained from (d+d) collisions using nPDFs and PDFs.

The value of Rdd can be calculated by the following relation [15]:

2

2

/1 ,
/

dd T
dd

coll pp T

d N dp dy
R

N d N dp dy
= ⋅ (2)

The numerator of Eq. (2) contains the invariant spectrum of hadrons obtained in collisions 
of deuterium nuclei in the ranges of rapidity dy and transverse momentum dpT. This spectrum is 
normalized by the number of binary nucleon-nucleon collisions Ncoll (for d+d). The denominator 
in Eq. (2) contains the invariant spectrum of hadrons measured in (p+p) interactions for the same 
ranges of rapidity and transverse momentum.

The rapidity range (|y| < 3) in this paper is taken from [16].

Results and discussion
Fig. 2 shows the values of Rdd for hadrons as a function of transverse momentum pT at 

√sNN = 13.5 GeV and √sNN = 27.0 GeV in the rapidity range |y| < 3 using different PDFs (see 
functions FI–FIII).

Fig. 3 shows the values of Rdd for hadrons as a function of transverse momentum pT at 
√sNN = 13.5 GeV and √sNN = 27.0 GeV in the rapidity range |y| < 3 using different nPDFs 
(see functions FIV–FVI).

It can be seen from Fig. 2 and Fig. 3 that the NMFs for D±, (J/ψ) and π0 mesons, calcu-
lated using nPDFs and PDFs, have similar values over the entire pT range under consideration. 
Nevertheless, small differences in the values of Rdd obtained by the functions FII and FV may 
indicate the presence of nuclear phenomena influencing the particle production process.

The results for NMFs Rdd obtained using the remaining functions (FI, FIII, FIV, FVI) do not 
exceed unity, which predicts the absence of possible nuclear phenomena during the production of 
(J/ψ) and π0 mesons in deuteron-deuteron collisions.
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We should also note that the values of Rdd for D± mesons decrease with increasing pT 
at √sNN = 13.5 GeV, in contrast to collisions at √sNN = 27.0 GeV, where the values of Rdd remain 
close to unity. The reason for this behavior of the dependences requires additional research.

Fig. 2. Dependences of NMFs for mesons J/ψ (●), D± (▲), π0 (■) on transverse momentum 
(see Eq. (2)) in (d+d) collisions at √sNN = 13.5 GeV (a–c) and √sNN = 27.0 GeV (d–f), 

in the rapidity range |y| < 3, using different PDFs: FI(a, d); FII(b, e); FIII(c, f); 
numbering of the functions is given in the text

The vertical bars correspond to statistical uncertainties

Fig. 3. Dependences similar to those in Fig. 2, at √sNN = 13.5 GeV (a–c) 
and √sNN = 27.0 GeV (d–f), for the remaining nPDFs: FIV (a, d); FV(b, e); FVI (c, f)
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Conclusion
We calculated the nuclear modification factors of D±, (J/ψ) and π0mesons in (d+d) interactions 

at √sNN =13.5 and √sNN =27.0 GeV energies depending on the transverse momentum pT in the 
rapidity range |y| < 3 s using PDFs (FI–FIII) and nPDFs (FIV–FVI).

Applying the weight (see Eq. (1)) for hadron spectra allowed to speed up the computations.
We established that using either PDFs or nPDFs yields very slight differences in the values of 

Rdd for hadrons.
We found that the ratios of the invariant spectra for (J/ψ) and π0 mesons in (d+d) and (p+p) 

collisions differ insignificantly at the studied energies for all selected sets of PDFs and nPDFs. The 
invariant spectra of D± mesons in (d +d) interactions at √sNN = 13.5 GeV are decreased compared 
to the invariant spectra in (p+p) interactions with an increase in the transverse momentum pT.

Appendix

Parameter settings of the Monte Carlo event generator  
in Pythia8 for increasing meson production

Parameter Position
For (J/ψ) mesons

Charmonium:all on
PhaseSpace:pTHatMin 0.1
PhaseSpace:pTHatMax 10.0
PhaseSpace:pTHatMinDiverge 0.5
BeamRemnants:primordialKT on
BeamRemnants:primordialKTsoft 0.9
BeamRemnants:primordialKThard 1.8
BeamRemnants:halfScaleForKT 2.0
BeamRemnants:halfMassForKT 4.0
BeamRemnants:reducedKTatHighY 0.5
BeamRemnants:primordialKTremnant 0.4
443:onMode off
443:onIfAll 13–13

Parameter Position
For D± mesons

HardQCD:gg2ccbar on
HardQCD:qqbar2ccbar on
PhaseSpace:mHatMin 0.0
PhaseSpace:pTHatMinDiverge 0.5
BeamRemnants:primordialKT on
BeamRemnants:primordialKTsoft 1.1
BeamRemnants:primordialKThard 1.8
BeamRemnants:halfScaleForKT 2.0
BeamRemnants:halfMassForKT 4.0
BeamRemnants:reducedKTatHighY 0.7
BeamRemnants:primordialKTremnant 0.4
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Аннотация. В работе исследованы собственные функции и собственные значения от 
интегралов движения γ и быстроты θ. Для производных от γ и θ получена форма движе-
ния относительно собственного времени и скорости частицы. Показано, что интегралы 
движения являются взаимно-выражаемыми. Введены обратные значения для энергии 
Eg = 1/E и импульса Pg = 1/P свободной релятивистской частицы. Найдены свойства 
интеграла движения γ, который выражается через обратный импульс Pg и обратную 
энергию Eg как функциональная зависимость γ = γ(Eg, Pg). С использованием форма-
лизма Лагранжа и Гамильтона получены уравнения движения L' = L'(q, Q) и H' = H'(θ). 
На основе Гамильтонова формализма выведен обобщенный интеграл движения γ = γ(θ). 
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Introduction
The classical integral of motion of a relativistic particle γ0 has the invariant form

( ) ( ) ( )0
0 2

1
exp , tanh , exp ,

1

mc f
mc f f

c mc
− γγ = = − θ = = θ γ = = − θ
−β

n nVn
β

β
 

       (1)

where V is the particle velocity, с is the light speed, m is the particle mass, f = ±1. 
For analytical and numerical calculations in Refs. [1 – 8], the integral of motion is understood 

as a constant (γ = const), however, this case is satisfied only for a constant particle velocity  
(β = const). Ignoring the nonlinear functional dependence γ = γ(r, t), for finding the trajectory 
of a charged particle R(r, t) in the field of an electromagnetic wave

( ) ( ),
, ,

q t
t dt dt= + = +

γ ωγ∫ ∫E E rpR r χ χ                                (2)

where pE is the momentum of particle oscillation in the field of an electromagnetic wave,  
pE = qE(r, t)/ω; E(r, t) is the electric field strength of the wave; q is the particle charge; ω is the 
particle oscillation frequency; χ is a certain constant that determines the initial phase of the wave; 
r is the particle position at time t.

In many papers (see, for example, Refs. [1 – 8]), as a rule, integration is performed over the 
space-time coordinate ξ = t – nr/c and supposing that γ = const. In this case, there are no 
relativistic effects of particle acceleration.

The angular integral of motion θ is defined from Hamiltonian mechanics

1 ,H Q Q P+ −
ξ ξ

′∂ = − = =
∂θ

nP                                        (3)

where 2/ ( )H H mc Q Q+ −
ξ ξ′ = =  is the Hamiltonian of a freely moving particle, 

1 1, ,
1 1

Q Q+ −
ξ ξ= =

− +n nβ β
 n is the normal vector, and H'(β = 0) = 1 [9, 10].

As is known, the integral angle or the so-called angular integral of motion is expressed from 
Eq. (3) and has the following form:

( )1cosh ,Q Q− + −
ξ ξθ =                                           (4)

where E Q Q+ −
ξ ξ=  is the dimensionless particle energy, E ≥ 0.

From Eqs. (3) and (4) it can be seen that the energy and momentum of the system take the 
following values:

cosh ,  1 sinh ,E Q Q Q Q+ − + −
ξ ξ ξ ξ= = θ = − = θnP                         (5)

which express the laws of conservation of energy and momentum for the particle 

E2 = P2 + 1,                                                   (6)
where 

2

2

1/ , / 1.
1

E mc Q Q mc Q Q+ − + −
ξ ξ ξ ξ= ε = = = = −

−β
P p n                   

(7)

From Eqs. (4) – (7) and Ref. [10], for θ, r, t, and γ, we have the following functional 
relationship:

θ = θ(r, t, γ).                                                 (8)

Using the functional dependence (8), it is easy to show that the trajectory of the relativistic 
particle (see Eq. (3)) can be represented as a function of the integral angle θ:

( ) ( )
( )

( )
( )

.
q

d d
θ θ

θ = θ+ = θ+
γ θ ωγ θ∫ ∫Ep E

R χ χ                                 (9)
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From Eq. (8) we also have a mutually functional dependence with the space-time coordinate 
ξ = ξ(θ).

It is of interest to study in this paper the mutually functional dependence of the laws of 
conservation of energy and momentum of a particle in a mutually invariant form depending on  
θ = θ (γ) and γ = γ (θ), that is

E2 = P2 + 2γE – γ2,                                           (10)

where γ–1 = 2E – γ.
From the rapid development of such areas as the double special theory of relativity and grav-

itomagnetism [11 – 16], it follows that it is necessary to introduce differential forms, which in 
the future will help to give a more extensive answer to such a question as: “Do we observe the 
violation of the Lorentz invariant form in gamma-ray bursts?”

The purpose of this work is to search for new forms of the of motion and to study the mutual 
functional relationship between integrals. Based on the Hamiltonian and Lagrange formalisms, 
successively derive generalized formulas that are applicable to the motion of a particle in any con-
figuration of electromagnetic fields. Thus, in Refs. [17 – 19], the effectiveness of using Lorentz 
coordinates in terms of rapidity has been demonstrated ξ = ξ (θ). In Ref. [20], Lorentz coordi-
nates with associated parameters were applied to describe the dynamics of a charged particle in 
the field of a plane wave and in the field of a one-dimensional Gaussian laser beam.

The method of coupled parameters was first introduced in relativistic hydrodynamics [21], 
where these parameters were defined as physical quantities of a hydrodynamic system, such 
as pressure, volume, and entropy, depending on a single parameter, such as temperature. In 
the special theory of relativity, the method of coupled parameters has been applied in Refs.  
[10, 17 – 20] based on eigenfunctions and eigenvalues, where it has been demonstrated that the 
chosen parameters being related to the invariance of the obtained results across different reference 
frames.

In this work, we will also show that the use of integrals of motion with coupled parameters and 
their eigenvalues can describe the dynamics of a particle more efficiently than its presentation in 
the orthogonal form [22]. Further, based on the task, on the eigenfunctions and eigenvalues, we 
will find the eigenvalues of the integrals of motion γ and θ from the operators of differentiation 

with respect to time ˆ ,dt
dt

=  velocity ˆ d
d

β =
β

 and angular displacement ˆ .d
d

θ =
θ

This work presents an approach that allows transitioning from certain eigenfunctions in the 
special theory of relativity with associated parameters to eigenvalues in various representations of 
the integrals of motion, which facilitate working with these eigenvalues.

A problem for eigenfunctions and eigenvalues from γ
We introduce the direct integral of motion from ξ = t – nr/c as a derivative with respect to 

time t:
1 ,t

d Q f
dt
ξ = = − nβ                                             (11)

where
1 , 1 ,t tQ Q+ −= − = +n nβ β                                         (12)

conjugate expressions.
The relationship between ,t tQ Q+ −  and Qt is expressed by the following relationships:

( ) ( )1 1 , 1 1 , 2.t t t t t tQ f Q Q f Q Q Q+ − + −= − − = + − + =                      (13)

Using Eqs. (7), (11), and (12), we represent the integral of motion (1) in the following form:

.t
t t

t t

Q Q Q Q Q E
Q Q

+ −
ξ ξ+ −

γ = = =                                    (14)

Eigenfunctions and eigenvalues from the integral of motion γ (14) are obtained by differenti-
ating with respect to time t, that is,
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,t
t

dQd dEE Q
dt dt dt
γ = +                                           (15)

where
( ) ( )21 1t

t t t
dQ f Q f Q Q
dt

+ −= − − = − −                                 (16)

is the function from Ref. [10]. 

The expression tdQ E
dt

 has the form in the closed Lorentz group, viz.

( ) ( )1 .t
t t t t

dQ E f Q Q Q Q f Q Q Q Q
dt

+ − + − + − + −
ξ ξ ξ ξ= − − = − −                    (17)

Under the closed Lorentz group, we will understand when all relations in the equations are 
closed, that is, they have a connection t tQ Q+ −  or .Q Q+ −

ξ ξ
Under the open Lorentz group, we will understand when there is one “free” integral of motion 

Qt or Qξ in the equations. It is possible to choose an invariant form. For example, for the integral 
of motion (see Eq. (14)) we have

inv, inv.t tQ E E Q E E+ + − −γ ≡ ≡ − ≡ γ ≡ ≡ + ≡nP nP
                    

(18)

The time derivative of the energy has the form [10]

3 2.dE P P
dt

= ≡ nP                                              (19)

The particle velocity can also be represented in the following form:

β = fn(1 – Qt).                                                        (20)

Expanding tdQ E
dt

 from Eq. (15) in an open group, we get

,tdQ E f
dt

= − Pβ                                               (21)

3 ,t
d f Q P
dt
γ = − +Pβ                                            (22)

QtP = βγ = nβγ,                                              (23)

( )2 1 .d f P f f P
dt
γ = − +βγ = − − γP Pβ β                              (24)

In Eq. (24) on the right side, multiplying and dividing by γ we get the function ft(γ),

( ) ,t
d f
dt
γ = γ γ                                                 (25)

( ) ( ) 21
.t

f f P ff P
− − γ

γ = = − +
γ γ

P P n
β β β                            (26)

Representations βP in the open Lorentz group have the form

βP = fn(1 – Qt)fn(Qξ – 1)γ = γ(Qξ + Qt – 2).                         (27)

Due to the invariance in Eq. (26), for nβP2 can be represented compactly nβ in an open 
group, and P2 in a closed group,

β = fn(1 – Qt), 
2

î î 1.P Q Q+ −= −                                     (28)

Representation ft (γ) in ft (γ
+). The representation of nβP2 from Eq. (26) for the case f = +1 

has the form
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( )1 ,tQ+ += −nβ                                                (29)

( )( )2 21 1 .t tP Q Q Q P Q Q+ + + − − +
ξ ξ ξ= − − = − +nβ                          (30)

Substituting Eqs. (27) and (28) into Eq. (26), and passing from representations ft(γ) to ft(γ
+), 

we obtain

( ) ( ) 22 ,t t tf Q Q P Q Q+ + + − +
ξ ξγ = − + − + − +                            (31)

ft(γ
+) = –P2.                                                (32)

From Eqs. (31) and (32) we also have the form

( ) 1.
2t

Q Q
f

+ −
ξ ξ+ +

γ = − +                                          (33)

Representation ft(γ) in ft(γ–). The representation of nβP2 from Eq. (26) for the case f = –1 
has the form

( )1 ,tQ− −= − −nβ                                               (34)

( )( )2 2 21 1 ,t tP Q Q Q P Q P− − + − −
ξ ξ= − − − = − +nβ                          (35)

( )2
î î î1 ,t t tQ P Q Q Q Q Q− − + − + −= − = −                                 (36)

( )( )2 21 1 ,t tP Q Q Q P Q Q− − + − + −
ξ ξ ξ= − − − = − + −nβ                        (37)

( ) ( ) 21
2 ,t t t

f f P
f Q Q P Q Q− − − + −

ξ ξ

− − γ
γ = = + − − + −

γ
Pβ

                  (38)

( ) 22 ,tf Q Q P− + −
ξ ξγ = + − −                                       (39)

ft(γ
–) = P2.                                                 (40)

From Eqs. (39) and (40) there is also the following form:

( ) 1.
2t

Q Q
f

+ −
ξ ξ− +

γ = −                                           (41)

Summarizing the obtained results – Eqs. (32) and (40), we have that

ft(γ) = –fP2.                                                 (42)

Representation γ in γ+ and γ–. The representation of γ+ and γ– in the closed Lorentz group 
has the form

γ+ γ– = 1.                                                              (43)

Differentiating Eq. (43) with respect to time, we obtain

( )
0,

d

dt

+ −γ γ
=  or 0.d d

dt dt

+ −
− +γ γγ + γ =                                (44)

The eigenfunction and eigenvalue problems for γ+ and γ– have the forms

( ) ( ), ,t t
d df f
dt dt

+ −
+ + − −γ γ= γ γ = γ γ                                  (45)

where ft(γ
+) and ft(γ–) are eigenfunctions γ+ and γ– in time t.

Substituting Eq. (45) in Eq. (44) we obtain

ft(γ
+) + ft(γ

–) = 0.                                             (46)
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Representation of γ+ and γ– in differential form with respect to +
ξQ  and .−ξQ  Using the re-

lations 2t tQ Q+ −+ =  and QtQξ = 1, we represent γ+ and γ– in the form

2 1, 2 1,

1 1, .
2 1 2 1

Q Q

Q Q

+ − − +
ξ ξ

− +

− +
ξ ξ

γ = − γ = −

γ = γ =
− −

                                    (47)

In differential form, γ+ and γ– with respect to Q−
ξ  and ,Q+

ξ  have the following form:

( ) ( )3 3
, , , .d d d d

dQ dQ dQ dQ

+ − − +
− + − +

− + − +
ξ ξ ξ ξ

γ γ γ γ= γ = γ = − γ = − γ                     (48)

The fulfillment of properties of Eq. (48) can be easily verified by differentiating γ+ γ– = 1, with 
respect to Q−

ξ  or .Q+
ξ

The representation of 
dQ
dQ

+
ξ
−
ξ

 and 
dQ
dQ

−
ξ
+
ξ

 in differential form is as follows:

( ) ( )4 4
, .

dQ dQ
dQ dQ

+ −
ξ ξ− +
− +
ξ ξ

= − γ = − γ
                                               

 (49)

Energy and momentum in γ+ and γ– have the following relationships:

γ+ + γ– = 2E = 2Qξγ,                                           (50)

γ– – γ+ = 2nP = 2f(Qξ – 1)γ.                                      (51)

Expanding Eq. (51), we obtain a following equation for f = +1:

2 2 ;Q− + + + +
ξγ − γ = γ − γ                                          (52)

for f = –1 we have
2 2 .Q− + − − −

ξγ − γ = − γ + γ                                         (53)

Representation of functions ft(γ
+) and ft(γ

–) in γ+ and γ–. Let us represent the functions ft(γ
–) 

from Eq. (41) and ft(γ+) from Eq. (33) using the invariant forms 

( )2

1
2 2

Q
−

+
ξ

γ
= +  and 

( )2

1 ,
2 2

Q
+

−
ξ

γ
= +  

in the representation γ+ and γ–, which have the form

( ) ( ) ( )2 2

1 ,
4 2tf

+ −
+

γ + γ
γ = − −                                      (54)

( ) ( ) ( )2 2

1 .
4 2tf

+ −
−

γ + γ
γ = +                                        (55)

Adding and subtracting Eqs. (54) and (55), we have

ft(γ
+) + ft(γ

–) = 0,                                             (56)

( ) ( ) ( ) ( )2 2

1,
2t tf f

+ −
− +

γ + γ
γ − γ = +                                 (57)

Alternately multiplying Eqs. (56) and (57) by (γ+)2 and (γ–)2, we obtain a mutually invariant 
form of eigenvalues:

ft(γ
+)(γ+)2 + ft(γ

–)(γ+)2 = 0, ft(γ
+)(γ–)2 + ft(γ

–)(γ–)2 = 0,                      (58)



St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 2025. Vol. 18. No. 3

114

( ) ( ) ( ) ( ) ( )
4

2 21
,

2t tf f
+

− + + +
γ +

 γ − γ γ = + γ 
                          (59)

( ) ( ) ( ) ( ) ( )
4

2 21
.

2t tf f
−

− + − −
+ γ

 γ − γ γ = + γ                                   
 (60)

The invariance property of the energy and momentum of a particle expressed in terms of the 
integral of motion γ and Qξ. To write the invariance property as

ft(γ
–) + ft(γ

+) = P2 – P2 = 0,                                             (61)
and 

P2 = P2,                                                    (62)

let us represent P as an open Lorentz group in the form

(P+)2 = (P–)2,                                                (63)

where the invariance property holds 2P = 2P+ = 2P– = γ– – γ+ ≡ inv.
The momentum P of the particle is represented in the following form:

P = f(Qξ – 1)γ = βQξγ = βE = –f(Qt – 1)Qξγ.                          (64)

Substituting the values of the pulse in the open group ( )1P Q+ + +
ξ= − γ  and ( )1P Q− − −

ξ= − − γ  
in Eq. (63), we obtain

( ) ( )2 2
1 1 ,Q Q+ + − −

ξ ξ
   − γ = − γ                                        (65)

( ) ( ) ( ) ( )2 2 2 2
1 1 ,Q Q+ + − −

ξ ξ− γ = − γ                                   (66)

( ) ( ) ( ) ( )2 2 2 2
2 1 2 1 .Q Q Q Q+ + + − − −

ξ ξ ξ ξ
   − + γ = − + γ      

                     (67)

Using the invariance property of the energy ,E Q Q Q+ + − −
ξ ξ ξ= γ = γ = γ  in Eq. (67) we have

( )( ) ( )( )2 2
2 1 2 1 .Q Q+ + − −

ξ ξ− + γ = − + γ                              (68)

Substituting properties ( )2
Q Q− + +

ξ ξ= γ  and ( )2
Q Q+ − −

ξ ξ= γ  in Eq. (68), we derive an invariant 
form

( ) ( ) ( ) ( )( )2 2
2 .Q Q+ − − + + − − +

ξ ξ− = γ − γ = γ + γ γ − γ                        (69)

From the difference Q+
ξ  and ,Q−

ξ  we obtain

2 .Q Q Q Q+ − + +
ξ ξ ξ ξ− = nβ                                           (70)

From the invariance property of the velocities β = β– = β+, we have the conservation law

2 ,Q Q Q Q+ + + +
ξ ξ ξ ξ+ =                                              (71)

also for β–

2 2 ,Q Q Q Q Q+ − + + +
ξ ξ ξ ξ ξ− = − +                                        (72)

as well for β+

2 2 .Q Q Q Q Q+ − + + −
ξ ξ ξ ξ ξ− = −                                         (73)
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Substituting the values of the energy 

( ) ( )2 2

2
2

4
E Q Q

− +
+ −
ξ ξ

γ + γ +
= =  

in Eqs. (72) and (73), we obtain

( ) ( )2 2
2

2 ,
2

Q Q Q
− +

+ − +
ξ ξ ξ

γ + γ +
− = − +                                  (74)

( ) ( )2 2
2

2 .
2

Q Q Q
− +

+ − −
ξ ξ ξ

γ + γ +
− = −                                   (75)

Substituting Eq. (74) into Eq. (69), we have the form

( ) ( ) ( ) ( )2 2 2 2
2 4 .Q− + + − +

ξ− γ − γ − + = γ − γ                              (76)

Similarly, substituting Eq. (75) into Eq. (69), we obtain

( ) ( ) ( ) ( )2 2 2 2
2 4 .Q− + − − +

ξγ + γ + − = γ − γ                               (77)

Adding Eqs. (76) and (77), we have the value of the invariant form 

( ) ( )2 2
2 2 ,Q Q+ − − +

ξ ξ− = γ − γ                                       (78)

Subtracting Eq. (76) from Eq. (77), we have

( ) ( )2 21 1 .
2

Q Q− + + −
ξ ξ

 γ + γ + = +  
                                   (79)

Invariant forms of the integrals γ+ and γ– of particle motion. The invariant form of the in-
tegrals of motion (γ–)2 and (γ+)2 has the following form:

( ) ( ) ( ) ( ) ( )
22 2 2 2 2
2

12 2 2,
1t tQ Q E Q Q− + + − + +

ξ ξ
+β γ + γ = + = = + −   −β

            (80)

( ) ( ) ( ) ( )2 2

2

42 4 2 .
1

Q Q Q Q Q Q− + + − + − + −
ξ ξ ξ ξ ξ ξγ − γ = − = = + =

−β
nn n ββ β            (81)

We introduce invariant functions that have the form

( ) ( ) ( ) ( )2 2 2 2
2

2 2

1 , .
1 2 4 1

g h
− + − +γ + γ γ − γ+β= = = =

−β −β
nβ

                      
(82)

The functions g and h belong to the same class: their partial derivatives with respect to β are 
their eigenvalues and reflect the closure property of the Lorentz group:

2 24 4 , .dg dhhQ Q hE gQ Q gE
d d

+ − + −
ξ ξ ξ ξ= = = =

β β
                           (83)

Taking the derivatives of the integrals of motion γ– and γ+ (see Eq. (18)) with respect to β, 
we obtain

( )
( )
( )

( ) ( ) ( )
( )

2 2

2
2 2 2, .

t t t

d f f E
d Q Q Q

+ +− +
− − − −

β β+ + +

γ γγ γ= = γ = γ γ γ = =n
β

                    

 (84)

Similarly, for γ+ we have

( ) ( ) 2, .d f f E
d

+
+ + +
β β

γ = γ γ γ = −n
β

                                  (85)
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As can be seen, for Eqs. (84) and (85) the following properties of the invariant form hold:

fβ(γ
+) + fβ(γ

–) = 0,                                            (86)

( )( ) 22 ,d d f E
d d

+ −
− − +

β
γ γ+ = γ γ − γ =n n nP
β β

                           (87)

( )( ) 32 .d d f E
d d

− +
− − +

β
γ γ− = γ γ + γ =n n
β β

                              (88)

From properties (5), (6), and (7) of the invariance of the energy E and momentum P with 
respect to β, we have

3 3 2, .d dEE E E
d d

= = =P Pβ
β β

                                   (89)

Taking the derivative of the integrals of motion (18), we obtain the invariant form

,dE d d
d d d

−γ+ =Pn
β β β

                                             (90)

and substituting the values (89), (85) into Eq. (90) we obtain that the integrals of motion γ– and 
γ+ are invariant with respect to differentiation with respect to β.

From properties (5), (6) and (7) of the invariance of energy and momentum with respect to 
time t, we obtain:

2 .d P E
dt

=Pn                                                  (91)

Differentiating Eq. (18) with respect to time t and substituting the values (91), (45) and (19), 
we obtain the mutually invariant form (18). The fulfillment of the invariant form of Eqs. (19), 
(89) and (91) is also easy to check by differentiating the conservation law (6) with respect to time 
t or velocity β.

Reverse energy of a relativistic particle. We introduce the inverse energy function as

1 1 .t
g t t

QE Q Q
E Q

+ −

ξ

= = = =
γ γ

                                    (92)

The invariant form of the inverse energy has the form

.t
g t t t t

QE Q Q Q Q+ − − + + −= = γ = γ =
γ

                                (93)

From the properties obtained above, we introduce invariant relations using the reciprocal en-
ergy of the particle:

EEg = 1.                                                   (94)

( )2 1 .g t tP E Q Q Q Q Q− + − − + + + − +
ξ ξ ξ= − γ = γ − γ                              (95)

( )2 1 ,g t tP E Q Q Q Q Q+ + − + − − − + −
ξ ξ ξ= − γ = γ − γ                              (96)

( ) ( ) ( )1 1 1 .t
g t t

QE f Q f Q Q f Qξ ξ= − γ = − = − =
γ

P n n n β                   (97)

,g gE E+ + + − − −= = =P Pβ β                                         (98)

( ) ( )1 , 1 .g t g tE Q P E Q+ − + + − + − −= − = = − − = βP n β
                             

 (99)
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Pseudopotential energy of a relativistic particle. We introduce the pseudopotential energy 
function as

2 .p t tE Q Q E= γ =                                             (100)

EEp = γ2,                                                 (101)

( )2
,p pE E E E+ + − + += = γ                                        (102)

( )2
.p pE E E E+ − − − −= = γ                                        (103)

Reverse momentum of a relativistic particle. The reverse momentum of a particle has the 
form

1 ,t
g

Q= =
γ

nP
nP nβ

                                           (104)

and 

1 ,t t t
g

Q Q Q+ − − +γ γ= = = =
γ

nP
nP n n nβ β β                                      

 (105)

where nβ = nβ– = nβ+.
Decomposition into a spectrum in terms of γ+ and γ– of the squared momentum P2 and 

squared energy E2 of the particle. The connections of the integrals of the motion of the particle 
γ+ and γ– through the energy of the particle has the form

γ+ + γ– = 2E.                                               (106)

Squaring Eq. (106) we obtain 

( ) ( )2 2

21 .
4 2

E
+ −γ + γ

+ =                                        (107)

Subtracting one from both sides of the equation, we have

( ) ( )2 2

2 21 1 .
4 2

E P
+ −γ + γ

− = − =                                   (108)

Using the invariant property of integrals of motion

( ) ( )2 2

1 ,
4 2

Q Q
+ −

+ −
ξ ξ

γ + γ
= +                                      (109)

we have 

( )( )2 1 1 1 ,P Q Q E E+ −
ξ ξ= − = − +                                   (110)

and

( )( ) ( )( )1 1 1 1 .Q Q E E+ −
ξ ξ− − = − +                                  (111)

Adding γ+γ– = 1 to the left side of Eq. (111), we obtain

( )( ) ( )( )1 1 ,Q Q E E+ + + − − −
ξ ξγ − γ γ − γ = − +                            (112)

and using the invariance property 

,E Q Q Q+ + − −
ξ ξ ξ= γ = γ = γ  

we have
(γ+ – E) (E – γ–) = (E – 1)(E + 1).                                       (113)
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Revealing Eq. (113), we obtain a representation of the square momentum of the particle:

2 2 1.
2

E E E P
+ −γ + γ = = +                                        (114)

Dividing Eq. (114) by energy, we have 

.
2

E
+ −γ + γ =                                               (115)

Substituting into the left part of Eq. (115) the values of the invariant form of the energy of the 
particle 

,E Q Q+ +
ξ ξ= γ = γ

 
we obtain

( )2
1

.
2

Q
+

−
ξ

γ +
=                                              (116)

Similarly, substituting the values of the invariant form of the particle energy

E Q Q− −
ξ ξ= γ = γ  

into the left part of Eq. (115), we obtain

( )2
1

,
2

Q
−

+
ξ

γ +
=                                              (117)

Adding Eqs. (116) and (117), we have the following form:

( ) ( )2 2

1 ,
2

Q Q
+ −

+ −
ξ ξ

γ + γ
+ = +                                     (118)

and

( ) ( )2 2

2 22 1 .
2

Q Q P E
+ −

+ −
ξ ξ

γ + γ
= − = +                               (119)

Subtracting Eq. (117) from Eq. (116), we obtain

( ) ( )2 2

22 2 ,
2

Q Q Q Q E
− +

+ − + −
ξ ξ ξ ξ

γ − γ
= − = =n nβ β                         (120)

Expressing 2nβ, we obtain

( ) ( ) ( )( )2 2

2 .
2 2 2
t t t t t t

t t

Q Q Q Q Q Q
Q Q

− + − + + −
− +

− +
= − = − =nβ                (121)

Converting Eq. (119), we obtain the value of the square of the particle energy:

( ) ( )2 2

2 1 .
2 2

E Q Q
+ −

+ −
ξ ξ

γ + γ
= = +                                   (122)

Similarly, for the value of the square of the particle momentum, we obtain

( ) ( )2 2

2 11 .
2 2

P Q Q
+ −

+ −
ξ ξ

γ + γ
= − = −                                (123)

Using the relations between the integrals of motion 

2 , 2,t tQ Q Q Q Q Q+ − + − + −
ξ ξ ξ ξ+ = + =                                            (124)

it is easy to collect the particle momentum from the invariant forms of the integrals of motion 
Qt and Qξ:
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( ) 22 2 2 .t tQ Q Q Q Q Q P+ − + − + −
ξ ξ ξ ξ+ − + = − =                            (125)

Multiplying P2 from Eq. (125) by 2 ,t tQ Q− += −nβ  we obtain

22 .t tQ Q Q Q P+ − − +
ξ ξ− − + = nβ                                    (126)

Adding and subtracting Eqs. (125) and (126), we have

2 2, .t t t tQ P Q Q Q P Q Q− + − + − +
ξ ξ= − = −                                (127)

The relation for the particle energy has the following invariant relations:

2 2, .t tQ E Q Q E Q− + + −
ξ ξ= =                                         (128)

Representation of integrals of motion as a function γ = γ (Qt , P, E, Pg, Eg). From the prob-
lems on eigenfunctions and eigenvalues from the above paragraphs, it is convenient to represent 
the integrals of motion γ+ and γ– as invariant functions

( )2 21 ,t g tQ EP fQγ = − − nP                                      (129)

γ = Eg – fQtnP.                                             (130)

The γ values (129) and (130) are expressed in terms of a one-to-one correspondence:

,g g
g g

E
E f f+ =

γ
nP

nP                                         (131)

γ–1 = E + fnP.                                               (132)

Angular integral of motion θ

The functional dependencies γ = γ(Qt) and Qt = Qt(γ) have been introduced above. We now 
define the integral angle, or angular integral of motion, as a function γ = γ(θ).

The integrals of motion from Eq. (18) with the application of Eq. (5) take the form

γ+ = cosh θ – sinh θ = exp(–θ), γ– = cosh θ + sinh θ = exp(θ).               (133)

Generalizing the Eqs. (133), the integral of motion γ has the following relation with the an-
gular integral of motion θ

γ = cosh θ – fsinh θ = exp(–fθ).                                  (134)

Substituting the integral of motion (134) in the invariant form of the particle energy E = Qξγ, 
we obtain

Qt = 1 – ftanh θ,                                             (135)

where in Eq. (135) tQ+
 and tQ−

 take the forms

1 tanh , 1 tanh .t tQ Q+ −= − θ = + θ                                    (136)

It is easy to show from Eq. (135) that the particle velocity has the form

nβ = tanh θ.                                              (137)

Substituting the particle energy and momentum values of the from Eq. (5), it can be seen that

2

2

1 , ,
1

E
E P

−= =
+

Pnβ β                                     (138)

thus, the functions β = β(P, E), P = P(β) and E = E(β) have a mutual functional dependence.
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Multiplying tQ+  and tQ−  from Eq. (136), we have

2 21 tanh , cosh .t tQ Q Q Q+ − + −
ξ ξ= − θ = θ                               (139)

Expressing from Eq. (135) Qξ, we obtain

Qξ = 0.5·[exp(2fθ) + 1],                                        (140)
where

( ) ( )1 1exp 2 1 , exp 2 1 .
2 2

Q Q+ −
ξ ξ= θ + = − θ +                              (141)

From (140) we obtain the invariant form of the integral of motion γ:

(γ–f)2 = 2Qξ – 1 = exp(2fθ), γ–f = exp(fθ),                          (142)

where the choice of f = +1 or f = –1 is determined by the principle of relativity.
Representation of the space-time characteristics depending on the integral of motion θ. By 

representing the integral of motion (134) as a function differentiable with respect to θ, we obtain 
the eigenvalue of the function γ:

γ' = –fexp(–fθ) = –fγ.                                          (143)

From the representations of the principle of the particle motion for the space-time Lorentz 
coordinate, we have

,t f
c

ξ = − nr                                               (144)

where

( ) ( )211 , ln 1 ;
1 2 t

t

ft Q
Q

 = − = − −
nr                              (145)

using Eq. (135) we can be sure that the angular integral of motion has the following dependence:

t = 1 – coth θ, nr = 0.5ln(tanh2θ).                                   (146)

Differentiating Eq. (146) with respect to θ, we obtain

2

1 1, ,
sinh cosh sinh

dt d
d d

= =
θ θ θ θ θ

rn                               (147)

where

tanh ,d d
d dt

θ= = θ
θ
rn nβ                                         (148)

the value from Eq. (137).
Differentiating ξ from Eq. (144) with respect to θ, we obtain

2 2 2 2 .
sinh cosh sinh

t tQ Qd
d P E P
ξ γ γ= = = =
θ θ θ θ

                         (149)

Using the differential form from Eq. (147) ζ = P2 = sinh2θ, we have

.t
d d d d Q
dt d dt d
ξ ξ θ ξ= = θ =

θ θ
                                       (150)

Lagrangian and Hamiltonian formalisms for a free particle in the representation θ. The 

Lagrangian depending on θ and 
d
dt

ζ θ=  has the following representations:

1 1 .
cosh 1

t
t t

QLL Q Q
mc

+ −′ = = − = − = − = −
γ θ +ζ

                      
(151)
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The derivatives of the differential forms of θ and ζ from Eq. (151) have the form

2

sinh ,
cosh

L
E

′∂ θ= =
∂θ θ

nβ
                                         (152)

( )
3 3 3
2

1 1 1 ,
2cosh 22 1

L
E

′∂ = = =
∂ζ θζ +

                              (153)

3

4

3 .
2

d L P
dt E

′ ∂ = − ∂ζ 
                                          (154)

The Lagrangian function of the integral of motion Qt and the coordinate q = –fnr/c from Eq. 
(146) has the following form in the representation θ:

1 sinh ,t

t t t

QL f f
Q Q Q+ −

′ −∂ = − = − θ = −
∂

nP                              (155)

( ) tanh sinh ,t t
t

d L f Q Q Q Q f f
dt Q

+ − + −
ξ ξ

 ′∂ = − − = − θ θ = − ∂ 
Pβ              (156)

( ) tanh sinh .t t
L f Q Q Q Q f f
q

+ − + −
ξ ξ

′∂ = − − = − θ θ = −
∂

Pβ                  (157)

It follows from Eqs. (155) and (157) that

.tQ
q

∂ =
∂

nβ                                                  (158)

Also, from Eq. (135), we have a partial differential form

2cosh .
t

f
Q
∂θ = − θ
∂

                                           (159)

From Eqs. (158) and (159) we have the following differential form:

cosh sinh .f
q
∂θ = − θ θ
∂

                                        (160)

The Lagrange equation of the second kind as a function L' = L'(q, t, Qt, θ, ζ) has the following 
form:

0.t

t

Qd L d L L
dt dt Q q

 ′ ′ ′  ∂∂ ∂ ∂ ∂ ∂+ − =  ∂ ∂θ ∂ ∂θ ∂θ ∂   

ζ ζ
ζ                           (161)

From Eqs. (134), (140) and (50) we have that the Hamiltonian of a free particle is

H' = Qξγ = E = cosh θ.                                        (162)

Substituting Eqs. (162) and (3) into the integral of motion (134), we obtain a generalized in-
tegral of motion in the form

.HH f
′∂′γ = −

∂θ
                                             (163)

Due to the fact that γ+ and γ– are invariants of motion different in direction and from the 
principle of relativity, we obtain

, ,H HH H+ −′ ′∂ ∂′ ′γ = − γ = +
∂θ ∂θ

                                  (164)

( )
2

2 1,HH+ − ′∂ ′γ γ = − = ∂θ 
                                     (165)

where Eq. (165) expresses the law of conservation of energy in Hamiltonian form.
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Using Lagrangian and Hamiltonian formalisms, it is convenient to introduce the following 
equation describing the conservation law by ζ:

2 0.H L
′∂ ′+ =

∂ζ
                                              (166)

The classical action function for a particle that has no charge has the form [23]

.t t
S Q Q L
t

+ −′∂ ′= − =
∂

                                          (167)

As is known, in the Hamilton – Jacobi equation [23], when substituting Eq. (167), we have 
the following form:

1 ˆcosh ,
cosh

tQSH Q H
t ξ

′∂′ ′+ = γ − = θ− =
∂ γ θ                            (168)

where Ĥ is the displacement Hamiltonian.
Differentiating Eq. (168) with respect to θ, we have

( ) ( )
( )

ˆ tanh
sinh ,

cosh t

H L Lf
E Q

θ′ ′ ′∂ ∂ ∂= θ + = + = −
∂θ θ ∂θ ∂

nnP β                    (169)

and 

ˆ
.H L′ ′∂ ∂− =

∂θ ∂θ
nP                                             (170)

Representing Eq. (168) as a function Ĥ = Ĥ(ζ), we obtain
2

2

1ˆ 1 .
1 1 1

PH
P

ζ′ = ζ + − = = =
ζ + ζ + +

Pβ                        (171)

Differentiating Eq. (171) with respect to ζ, we have

( )

2

3 3
2

ˆ 2 cosh 1 .
2cosh 22 1

H L L′ ′∂ ζ + θ+ ∂= = = −
∂ζ θ ∂ζζ +

                            (172
)

The relationship between derivatives (169) and (172) has the following form:

( )
ˆ ˆ

sinh 2 ,H H′ ′∂ ∂θ =
∂ζ ∂θ

                                          (173)

where 

( ) 1sinh 2 .
2

f
q

∂ζ ∂θθ = = −
∂θ ∂                                       (174)

Thus, it is established mutually expressible between γ = γ(θ) and θ = θ(γ), where the explicit 
relationship θ depending on γ has the form

2

2

1arctan .
1

h f
  − γθ =   + γ  

                                      (175)

Conclusions

In this work, based on the integrals of motion γ = γ(r, t, Qt, θ) and θ = θ(r, t, Qt, γ), new rel-
ativistic forms have been obtained, which can be used to analyze the motion of particles, both in 
electromagnetic and gravitational fields.

From the problem on eigenfunctions and eigenvalues, the integral of motion was shown to 
have a relativistic invariant form, when taking the derivative with respect to time t and velocity β. 
A mutually invariant relationship between γ = γ(θ) and θ = θ(γ) was derived. 

The generalized integral of motion γ = γ(θ) from Eq. (163) was obtained using the Hamiltonian 
formalism. 
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Thus, in the future, to analyze the motion of a relativistic particle in electromagnetic fields, 
not only the invariant form γ from Eq. (1) should be taken into account, but also the contribution 
of the scalar φ and vector A potentials, that is, the integral of motion should be considered as a 
function of γ = γ(Qt, A, φ).

Relations of mutually invariant differential forms with generalized forms of mo-
tion were obtained. The Lagrange equation of the second kind was derived as a function of  
L' = L'(q, t, Qt, θ, ζ). The Lagrangian formalism showed the mutual correspondence between  
L' = L'(q, Qt) and L' = L'(θ, ζ). 

The functions of reverse energy and reverse momentum, the functions of pseudopotential 
energy and pseudopotential momentum were introduced. Their connection with the integral of 
motion γ was shown.

Using these conclusions, it is further interesting to generalize such problems as the motion of 
a charged particle in electromagnetic fields of various configurations in the presence of stationary 
and variable electric and magnetic fields and to study relativistic effects that occur when particles 
are accelerated and decelerated by electromagnetic fields. Our findings will be also useful in the 
future for the development of such areas as double special relativity and gravitomagnetism.
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Abstract. When describing bending vibrations of elastic beams, the transition from the 
Bernoulli – Euler model to the Timoshenko model leads to a complication in the dynamic 
behavior of the beam and to the emergence of new dynamic effects and a new spectrum of 
vibration modes. The aim of this study is to test control approaches developed for Bernoulli – 
Euler beams, for thicker beams described by the Timoshenko model, and to study the influence 
of beam thickness on the efficiency of such approaches. For this purpose, the problem of 
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Аннотация. При описании изгибных колебаний упругих балок переход от модели 
Бернулли – Эйлера к модели Тимошенко ведет к усложнению динамического 
поведения балки, появлению новых эффектов и новых форм колебаний. Цель работы 
– протестировать подходы к управлению, разработанные для балок Бернулли – Эйлера, 
в применении к более толстым балкам, которые описываются моделью Тимошенко, 
и исследовать влияние толщины балок на эффективность таких подходов. Для этого 
проведен численный анализ задачи активного гашения вынужденных колебаний 
шарнирно-опертых металлических балок с помощью систем управления с наблюдателями 
состояния, где в качестве управляющих воздействий выступают сосредоточенные силы 
или моменты. Показано, что для задачи гашения колебаний балки Тимошенко по 
низшим формам предложенный подход остается эффективным для широкого диапазона 
значений толщины рассматриваемых балок.
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Introduction

While the Bernoulli–Euler model well describes the bending vibrations in thin beams, more 
complex models are required to describe the dynamics of relatively thick beams. The Timoshenko 
model differs from the Bernoulli–Euler model by accounting for the shear in beam cross-sections: 
this means that these cross-sections are not necessarily perpendicular to the beam centerline (the 
cross-sections remain flat in both models). Additionally, the Timoshenko model accounts for 
rotational inertia of the beam cross-sections. There are also intermediate models accounting for 
only one of these two effects (shear or rotational inertia of the cross-sections), but they are infe-
rior to the Timoshenko model in accuracy and are used much less frequently.

The transition from the Bernoulli–Euler model to the Timoshenko model in the problem of 
free bending vibrations in beams expectedly transforms the solution, complicating it. First, the 
existing eigenmodes and eigenfrequencies of vibrations are slightly modified: the eigenmodes gain 
a shear component, while the frequencies are shifted to the left (toward decreasing). Secondly, a 
completely new part of the spectrum of eigenfrequencies and eigenmodes appears: these are the 
modes in which shear deformations prevail over bending ones. Thus, the behavior of the beams 
changes not only quantitatively, but also qualitatively.

Evidently, the influence of these factors becomes more pronounced with increasing thickness 
of the given beam; also growing with increasing vibration frequency, since the Timoshenko model 
specifically provides a better description of high-frequency dynamics compared to the Bernoulli–
Euler model. Therefore, it is more correct to use the Timoshenko model in problems on high-fre-
quency dynamics of beams, for example, in simulations of damping of elastic waves, [1, 2].

The Bernoulli–Euler model is often used to describe the behavior of thin beams in problems 
where active vibration suppression is considered not as blocking of elastic waves but as damping 
of certain vibration modes [3] (in particular, this model was selected in several of our earlier 
studies [4, 5]). The natural questions, then, are how an increase in beam thickness influences the 
efficiency of control in such problems and at what point this influence becomes significant.

To find answers to these questions, it is necessary to make a transition to the Timoshenko 
model, considering several cases with beams of different thicknesses.

Several studies confirmed that effective active damping of Timoshenko beam vibrations can 
be achieved with piezoelectric sensors and actuators using both the proportional control law [6] 
and state observers [7]. However, these studies did not compare the efficiency of control systems 
(CS) for beams of different thicknesses. It was shown in [8] that using the control law synthesized 
for the Bernoulli–Euler beam to dampen the vibrations of the Timoshenko beam can lead to 
instability of a closed system.

Thus, the influence of the factors inherent to the Timoshenko model on the operation of sys-
tems for controlling beam vibrations remains an important issue.

This paper continues the research carried out in [4, 5], reporting on the control of vibrations 
in elastic beams using observers was.

The goal of this study consists in numerical analysis of the influence of contributors in the 
Timoshenko model appearing with an increase in beam thickness on the efficiency of control 
systems for active damping of beam vibrations using observers.

In this study, the thickness of the beam varies over a wide range of values: from 1/250 to 1/10 
of the length of the beam. The control inputs considered are either concentrated forces (in this 
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case, the transverse displacements of the beam in the corresponding cross-sections are fed to the 
input of the control system) or concentrated moments (in this case, the rotation angles of the 
corresponding cross-sections of the beam are measured).

Optimization methods involving formulation and solution of matrix Riccati equations are 
widely used to synthesize optimal control systems with an observer. However, this approach to 
synthesis of CS cannot be directly applied in this study, since the size of the elements of the 
observation and control matrices in the problem considered is limited not by the factors adopted 
within the framework of this approach, but by others.

These limiting factors in the standard formulation of the optimization problem are the depen-
dence of the quality functional on the magnitude of the control inputs (for the control matrix) 
and the measurement noise (for the observation matrix). On the contrary, the limiting factor in 
this study is the excitation of higher modes by the CS which are not controlled, because of the 
phase shift in control inputs due to a delay in the control loop (the so-called spillover effect). 
Accounting for this particular factor as the main one is dictated by our experience in cnducting 
experimental studies on active damping of metal beam vibrations in a metal beam [9].

An alternative approach to optimal synthesis of CS is the Linear Matrix Inequalities (LMI) 
method, however, the given problems are not directly reduced to LMI for the case of control 
with an observer, so this method is also ineffective in this study. In view of this circumstance, the 
synthesis of CS in the study was carried out by the Nelder–Mead numerical optimization method.

Peculiarities of the Timoshenko beam model
The Bernoulli–Euler beam model is widely used to describe the bending vibrations in thin 

beams. This model is based on the assumption that the cross-sections of the beam always remain 
perpendicular to its centerline (i.e., there is no cross-section shear). Thus, the state of the beam 
under bending deformation is fully described by the transverse displacement function of the beam 
centerline depending on the longitudinal coordinate. Furthermore, this model does not account 
for the rotational inertia of the beam cross-sections.

A model describing bending vibrations in thicker beams was proposed by Stepan Timoshenko 
in 1921 [10]. This model accounts for both the shear deformation and the rotational inertia of 
the beam cross-sections. Thus, the Timoshenko model uses two functions of the longitudinal 
coordinate to fully describe the dynamics of the beam: the transverse displacement w and the 
rotation angle of the cross-section φ. The equations of bending vibrations of the beam for the 
model under consideration can be written as follows (for simplicity, we assume that the beam has 
a constant cross-section):

( )
( )

,

,

Aw AG w q

I AG w EI m

′ ′′ρ + κ ϕ − =
 ′ ′′ρ ϕ+ κ ϕ− − ϕ =




(1)

where ρ is the bulk density of the beam material; A and I are the area and moment of inertia of the 
beam cross-sections; E and G are Young’s modulus and shear modulus of the beam material; κ is 
the dimensionless Timoshenko shear coefficient (depends on the shape of the beam section and is 
commonly taken equal to 5/6 for a rectangular cross-section); q, m are the distributed transverse 
force and the bending moment applied to the beam.

The two second-order equations above can be combined into one fourth-order equation for 
the beam’s transverse displacement w:

4 2 4

4 41 .d w E I d w I EIEI Aw I w q q q m
dx G G dt AG AG

ρ ρ  ′′ ′′ ′+ ρ −ρ + + = + − − κ κ κ κ 
   (2)

If the shear stiffness of the beam κAG tends to infinity and we neglect the rotational inertia of 
the beam cross-sections ρI, the distinctive effects of the Timoshenko model disappear, and Eq. (2) 
is reduced to an equation describing the bending vibrations of the Bernoulli–Euler beam.

The solution to the problem of free beam vibrations is significantly transformed with the tran-
sition from the Bernoulli–Euler beam model to the Timoshenko model. Details of the solution 
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to this problem for the Timoshenko model are discussed in [11, 12]; in particular, a simply sup-
ported beam and its set of eigenfrequencies and eigenmodes are considered.

A similar formulation of the problem is used in this study. The complete solution is rather 
cumbersome, so here we will briefly provide only basic information about it.

The solution to the problem of free vibrations in a Bernoulli–Euler beam is an infinite series 
(spectrum) of eigenfrequencies and their corresponding eigenmodes. The frequency spectrum has 
a lower bound (the first eigenfrequency), but there is no upper bound. The Timoshenko model is 
the more complex form of the Bernoulli–Euler model, so the solution for it contains all the same 
elements, i.e., frequencies and modes, but with a certain correction: the frequencies decrease 
slightly, and the modes acquire a shear component; in addition, the model adds new solutions: 
frequencies and their corresponding modes.

Thus, a new frequency spectrum is added, and this spectrum also has a lower bound, the 
transition frequency:

.AG
I

∗ κΩ =
ρ

(3)

The presence of an eigenmode corresponding to the given frequency depends on the boundary 
conditions. In the case of a simply supported beam, this mode exists and represents the rotation 
of all beam cross-sections by the same angle (i.e., constant shear deformation along the length of 
the beam) in the absence of transverse displacement. The new part of the spectrum originating 
from the transition frequency includes vibration modes for which shear deformations prevail over 
bending ones. The frequencies in this region of the spectrum also grow to infinity with an increase 
in the sequence number.

Problem statement
The goal of the study is to synthesize CS with observers and numerically compare their efficiency 

for active damping of forced bending vibrations in Timoshenko beams with different thicknesses.
A schematic of the beam with applied input for two configurations of control elements con-

sidered is shown in Fig. 1. A 1 m long simply supported aluminum beam with a rectangular 
cross-section is subjected to an external perturbation, which is a concentrated bending moment 
M0 applied to the beam at a distance of 0.4 m from the left end. The study considers three cases 
of beams with different cross-sections: 4 × 25 mm, 20 × 25 mm and 10 × 10 cm.

The paper considers two configurations of the CS.
Case A. The sensors measure the transverse displacement in two cross-sections of the beam, 

dividing it into three equal parts, and the control input consists of concentrated transverse forces 
applied in the same cross-sections.

Case B. The control system is designed differently from case A in that the it is the rota-
tion angles of these cross-sections that are measured and the input is applied as concentrated 
bending moments.

a) b)

Fig. 1. Schematics of control object with applied control inputs: 
concentrated forces F1 and F2 (a), concentrated moments M1 and M2 (b); 

beam length l, external bending moment M0
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Control is aimed at dampening forced vibrations at the two lowest resonant frequencies of the 
beam. The vibration modes corresponding to these frequencies (more precisely, their components 
in the form of transverse displacement, since there are also other components in the form of 
rotation angles) are also shown in Fig. 1.

In this paper, we consider CS with observers, widely used for feedback control in the case 
when the state of an object cannot be directly measured and an adequate model of the object is 
known. A detailed mathematical description of this method with respect to the problems consid-
ered in this paper can be found in our earlier works [4, 5]. To set each such CS, it is necessary 
to define the observation and control matrices; the Nelder–Mead optimization method built into 
the computing package used was selected for this purpose in our study. Then the results generated 
by the synthesized systems for beams of different thicknesses are compared.

Modeling of object without control
Before constructing CS, it is necessary to model the object itself. This section is dedicated to 

modeling of beams without control. It consists of the expansion in terms of the beam’s vibration 
eigenmodes, calculated together with the eigenfrequencies using the Timoshenko beam model.

First of all, we should verify that the mathematical model of beam behavior used is cor-
rect, subsequently determining the number of eigenmodes in the model sufficient to adequately 
describe the required dynamics. For this purpose, the frequency response obtained for this model 
as an eigenmode expansion were compared with the frequency response obtained for beams with 
the same parameters by finite element analysis.

Three-node beam elements were used in all FE models. The beam was divided into 200 ele-
ments with a length of 5 mm, each model contained a total of 401 nodes.

Fig. 2 shows the frequency 
response of beam III (the thick-
est one, with the thickness of 10 
cm), calculated by applying the 
first (left) concentrated control 
moment to the beam and mea-
suring the rotation angle in the 
same cross-section (obtained by 
both methods). Two solutions 
are given for two numbers of 
eigenmodes taken into account 
for the second of these models:

configuration A consists 
of 25 traditional modes (their 
equivalents are included in the 
Bernoulli–Euler beam model), 
one transitional mode, and 
15 shear-dominated forms 
from the new spectrum of the 
Timoshenko model;

configuration B consists of 45 
traditional modes, one transitional mode and 25 shear mode.

The ordinate axis on the frequency response curves here and below has a logarithmic scale, 
therefore, the quantities plotted along this axis (transverse displacement or rotation angle) are 
measured in decibels (dB).

As evident from Fig. 2, there is a good agreement between the two models considered, and 
the proposed number of modes taken into account (45 + 1 + 25) turns out to be sufficient for 
an adequate description of beam dynamics within the framework of the problem solved in a 
wide frequency range. A similar comparison was carried out for two other beam configurations 
(I and II), with the following numbers of modes taken into account in the simulations selected 
for them:

45 + 1 + 25 for beam II (same as for beam III),
45 for beam I (traditional vibration modes).

Fig. 2. Comparison of the frequency response for moment 
versus rotation angle in beam III (10 cm thick) obtained 
for two models: FE (curve1) and models with eigenmode 

expansion (curves 2, 3), taking into account 
41 (2) and 71 (3) modes
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The comparison shows that 
the eigenmode expansion of the 
Timoshenko beam model used 
in the study is correct.

It should be noted here 
that with the beam dimensions 
adopted (length of 1 m, thick-
ness of 10 cm), the finite ele-
ment beam model itself, like the 
Timoshenko model, may not 
be entirely accurate due to the 
warping of the beam cross-sec-
tions. Investigation of this cir-
cumstance is beyond the scope 
of this work, since our goal was 
to compare the Timoshenko and 
Bernoulli–Euler models, and 
the thickness-to-length ratio 
(1:10) of beam III was chosen 
as the limit for the correct use of 
the Timoshenko model.

When an adequate model of 
the object is selected, it becomes 
possible to compare the fre-

quency response for beams of different thicknesses. Such a comparison is of particular interest, 
since it is the differences between these frequencies that will have the key influence on the syn-
thesis process and the efficiency of CS constructed for each of the beams.

Fig. 3 shows a comparison of the frequency characteristics obtained for the first control 
moment acting on the beam, measuring the rotation angle in the same section for each of the 
beams. To compare these characteristics in the same graph, it is necessary to coordinate their 
scale on both axes. The frequencies along the abscissa axis were normalized by the frequency of 
the first resonance of each beam, since this value increases exactly by n times with an increase in 
the thickness of the Bernoulli–Euler beam by n times. The rotation angles of the cross-section 
(ordinate axis) were also normalized, since the vibration amplitude of the Bernoulli–Euler beam 
decreases by n3 times with an increase in its thickness of beam by n times and by n times with 
an increase in width. Moreover, the vibration amplitude of the beam decreases inversely with an 
increase in beam width, and the width of beam III, as mentioned earlier, is 4 times the width of 
beams I and II. For this reason, the values of the rotation angles in this graph were multiplied by 
125 for beam II, and by 62,500 for beam III (the ordinate axis in Fig. 3 also has a logarithmic 
scale, and the logarithm of the angle was calculated after multiplying it by a multiplying factor).

Fig. 3 also shows the reference characteristic corresponding to the Bernoulli–Euler beam 
model (its BE curve nearly coincides with the curve for beam I).

Importantly, if this particular model were used for beams of different thicknesses, then all 
the curves on the graph would have coincided with the reference one. Furthermore, all synthesis 
results and efficiency indicators of CS for different beams would also have been the same with 
an accuracy up to the similarity coefficients. Therefore, the graph shown in Fig. 3 illustrates pre-
cisely the influence of the Timoshenko beam model, becoming more pronounced with increasing 
beam thickness.

Let us analyze how the influence of the Tymoshenko model manifests on the graph. A com-
parison of the curves for beams I and II shows that the resonant frequencies are shifted to the 
left (towards a decrease) and this shift increases with increasing frequency. This is even more 
pronounced for beam III, where a new factor is also noticeable: a significant change in the 
structure of the solution to the right of a certain boundary. This boundary is located in the 
vicinity of the transition frequency (mentioned earlier in the section on the characteristics of the 
Timoshenko model): for beam III, it exceeds the first eigenfrequency by about 68 times. A new 
part is added to the spectrum present in the Bernoulli–Euler model starting from this transition 

Fig. 3. Comparison of frequency response for moment versus 
rotation angle φ in Timoshenko beams I–III taking into 
account scaling (curve numbers correspond to beam numbers): 
beam I taking into account 45 modes; beams II and III both 
taking into account 71 modes; Bernoulli–Euler beam model 

taking into account 45 modes (BE curve)
The frequency f is normalized by the frequency of the first resonance f1 

for each of the beams
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frequency: modes with a predominant shear component. This feature is not observed on the graph 
for beams I and II, since for them the value of the transition frequency significantly (by several 
orders of magnitude) exceeds the value of the first eigenfrequency, therefore not falling within the 
considered range.

Synthesis of control systems
Consider the operation of CS with state observers used to actively dampen beam vibrations in 

this study. Only the basic equations are given here; a more detailed description of this method as 
applied to the problems considered in this paper can be found in [4, 5].

We assume that n lower vibration modes must be taken into account for satisfactory descrip-
tion of the dynamics of an object. We introduce the state vector qn:

( )1 1 ,Tn
n nq q q q q= … …  (4)

where qi is the generalized coordinate corresponding to the ith mode of the beam’s vibrations; q̇i 
is the generalized velocity.

In this case, the object’s behavior can be described by the following equations:

,n nq Aq Bu Dd= + + (5)

,ny Cq= (6)

where d is the vector of external perturbations; y, u are the vectors of measured signals and control 
inputs; A, B, C are the matrices defining the behavior of the object and its interaction with drives 
(actuators) and sensors.

We assume that observation and control are carried out for k lowest vibration modes of 
the object (k ≤ n). The observer’s objective is to evaluate the state vector qk corresponding to 
these modes:

( )1 1 .Tk
k kq q q q q=    (7)

The observer forms an estimate of this vector q̂ using the known matrices A(1), B(1), C(1) describ-
ing the dynamics of the k lowest modes of the object and this estimate is then used to define the 
vector of control inputs:

( ) ( ) ( )( )1 1 1ˆ ˆ ˆ ,q A q B u L y C q= + + − (8)

ˆ,u Rq= − (9)

where L, R are the observation and control matrices that must be set correctly (so that the control 
objective is achieved).

Within framework of this study, we consider the matrices A(1), B(1) and C(1) to be known (they 
are obtained from matrices A, B and C by eliminating unnecessary columns and rows), so only 
the matrices L and R are to be determined to define the CS. Observation and control in the given 
problem are carried out for two modes using two sensors and two actuators. Since observation and 
control of these modes are carried out separately, the matrices L and R can be set as follows [5]:

2 2
4 2 2 2 2 4 2 2 2 2 2 2

2 2

, ,
L

R Rd
Ld

K
L T R F K K

K
×

× × × × × ×
×

 
 = =   

 
(10)

where KL, KLd, KR, KRd are 2 × 2 diagonal matrices; T, F are modal matrices (mode analyzer and syn-
thesizer) [4, 5, 9], determining how each control loop uses each sensor and actuator in its operation.

Since the sensors and actuators are located symmetrically on the beam, and the beam’s eigen-
modes are symmetrical or antisymmetric, the modal matrices in this study have a specific form, 
presented below. In the case when the transverse displacement is measured and the control input 
is applied as concentrated forces, they can be set as follows:
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( ) ( )1 10.5 0.5 1 1
,  .

0.5 0.5 1 1
T F

   
= =   − −    (11)

In the case when the rotation angles are measured, and the control inputs are concentrated 
moments, the modal matrices take the form:

( ) ( )2 20.5 0.5 1 1
,  .

0.5 0.5 1 1
T F

−   
= =   −   

(12)

Thus, taking into account the structure of the matrices KL, KLd, KR and KRd to be set (they are 
diagonal and have the size of 2 × 2), it is necessary to optimally select 8 parameters to fully define 
the CS in the case of simultaneous damping of two vibration modes. If the objective of the CS is 
to dampen only one of the resonances, then only 4 parameters should be determined.

The optimization problem for the given number of parameters was solved by the Nelder–Meade 
optimization method. The objective function for damping of a single mode was the height of the 
corresponding resonant peak on the frequency response of the beam with the control switched 
on. If both modes were to be damped, the objective function was set as the sum of the heights 
of both resonant peaks. In addition, a penalty was added to this function in case of violation of 
stability margins in the closed system.

The Nyquist criterion was used for stability analysis, modified for the case of two inputs and 
two outputs of the control system (it is described in detail in [13]). The aspects of numerical 
simulation of a closed system with observers are discussed in [4]. It contains, in particular, a 
formulation of the problem where a link simulating a delay with the transfer function Rdel(s) is 
introduced into the control loop:

( ) 1 ,
1

delR s
s

=
+ τ

(13)

where τ is the time constant and s is the complex variable.
This exact formulation is used in this study. To preserve the similarity of the problem formu-

lations for different beams, a specific time constant is selected in each formulation:

I II I III I
1 10.005 s,  0.001s,  0.0002 s,
5 25

τ = τ = τ = τ = τ = (14)

where τi is the time constant for controlling the oscillations of the ith beam.
Example. As an example, consider the one of the synthesized systems, namely, the system for 

beam II (cross-section of 20x25 mm), measuring angles and controlling moments while simulta-
neously damping the first and second vibration modes of the beam. The diagonal matrices defin-
ing observation and control were obtained in the following form:

3

2

81.63 0 76.01 0
, 10 ,

0 63.24 0 79.78

53.93 0 37.25 0
10 , .

0 13.82 0 149.3

L Ld

R Rd

K K

K K

 −   
= = ⋅    −    


−    = ⋅ =    −   

(15)

Fig. 4 shows a Nyquist plot for the resulting system (the general view and an enlarged frag-
ment of the vicinity of the origin). The stability margins for all synthesized CS were set such 
that the system’s Nyquist plot did not intersect a circle with 0.5 radius centered at (– 1.0) (this 
corresponds to an amplitude margin of 6 dB and a phase margin of 29°). Evidently, all stability 
requirements are satisfied for this CS.
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Comparison of results obtained from different CS
This section provides an overview of the results obtained from all synthesized CS for beams of 

different thicknesses.
As already noted, to determine the efficiency of control, the values of the height y of the first 

and second resonant peaks on the frequency response of the beam with control were analyzed 
against the height of these peaks in the absence of control. The choice of the frequency response 
curve itself should be explained: we considered the total energy of steady-state vibrations of the 
beam exposed to a harmonically varying external perturbation in the form of a concentrated 
moment, depending on the frequency of the applied input. This quantity was calculated by the 
following formula for each value of the frequency ω:

( ) ( )2 2

1

,
n

i
i

E Q
=

ω = ω ω∑ (16)

where Qi is the steady-state amplitude of the ith generalized coordinate of the vibration mode, n 
is the number of generalized coordinates (beam vibration modes) in the model.

As with all frequency characteristics in this study, the amplitude of the quantity considered 
here was expressed in decibels (dB).

Expression (16) corresponds to the total energy of beam vibrations, since all vibration modes 
(with transverse displacement Xi(x) and rotation i(x) components) are normalized as:

( ) ( ) ( ) ( ) ( ) ( )
1 1

, ,  ,
n n

i i i i
i i

w x t X x q t x t x q t
= =

= ϕ = Φ∑ ∑ (17)

( ) ( ) ( ) ( )( )
0

l

i j i j ijAX x X x I x x dxρ +ρ Φ Φ = δ∫ (18)

where δij is the Kronecker symbol.
The control results for all systems are summarized in Table. A decrease in amplitude at the 

first (Res1) and second (Res2) resonances as a result of control is observed for all three beams, 
cases of control using both concentrated forces and moments are considered. Vibration damp-
ing was carried out either for only one of the modes, or simultaneously for both modes for each 
formulation. The best results for each beam and each of the resonances are highlighted in bold.

Fig. 5 shows the frequency response of beams with and without control for CS simultaneously 
operating at both resonances. To compare the results obtained for different beams on the same 
graph, the frequency response was scaled along both axes as done in Fig. 3.

a) b)

Fig. 4. Example of a Nyquist plot for one of the synthesized control systems: 
general view (a), enlarged fragment (b)
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Analyzing the data in Table and Fig. 5, we can conclude that the CS obtained make it possible 
to efficiently dampen the forced vibrations of the beam at both the first and second resonances. 
The main conclusion is that the efficiency of the synthesized CS only changes insignificantly as 
the beam thickness increases over a wide range. This means that the considered control method 
allows to efficiently control the vibrations in not only thin but also relatively thick beams. A 
noticeable trend is that the damping efficiency decreases slightly with increasing thickness of the 
beam both at each resonance in the case of separate damping and as the sum of parameters at 
both resonances in the case of simultaneous damping. This effect is almost unnoticeable for the 
results for beams I and II compared but manifests clearly for beam III. A possible explanation for 
this result is that the frequency response curves are virtually identical at low frequencies for beams 
I and II in the absence of control, while the resonant peaks on the frequency response curve of 
beam III shift to the left with increasing frequency, compared with the frequency response of 

a) b)

Fig. 5. Frequency response for beams I– III (a, b) without control (curves 1–3), 
with force-based control (curves 4a–6a) 

and with moment-based control (curves 4b–6b) (see Table)

Tab l e

Decrease in beam vibration amplitudes at resonance
for different control systems

Beam Control method Damping scenario
Amplitude decrease, 

dB, at resonance
Res1 (Δy1) Res2 (Δy2)

I
(1, 4a, 4b)

Forces Separately 35.47 29.4
Together 34.05 29.5

Moments Separately 31.18 25.91
Together 30.16 24.78

II
(2, 5a, 5b)

Forces Separately 35.44 29.73
Together 33.79 29.73

Moments Separately 31.14 25.93
Together 30.16 24.77

III
(3, 6a, 6b)

Forces Separately 35.03 27.9
Together 34.16 27.9

Moments Separately 30.59 25.21
Together 29.79 23.97

Note .  The numbers of the curves in Fig. 5 corresponding to each beam are given in parentheses 
in the left column.
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thinner beams; accordingly, the gains in the CS are more noticeably limited by the deterioration 
in stability at higher frequencies and the efficiency of the CS decreases.

Notably, the observed difference is caused not so much by the influence of the new part of 
the frequency spectrum and the corresponding shear modes found in the solution to the prob-
lem on the Timoshenko beam vibrations, but rather by the ‘deformation’ of its scaled frequency 
response near the lower resonant frequencies with increasing beam thickness (this effect can also 
be observed in Fig. 3). The influence of the new part of the spectrum is small, since the transition 
frequency bounding this part of the spectrum from below for all the beams considered signifi-
cantly exceeds the cutoff frequency of the open system for all synthesized CS (even in the case 
of beam III, the first quantity is about an order of magnitude higher than the second and the 
difference is even more significant for the remaining beams).

In addition, the presented results show that control using displacements and concentrated 
forces is carried out far more efficiently than with systems using rotation angles and concentrated 
moments. This is explained by the fact that the resonant amplitudes on the force–displacement 
curve of the beam (without control) decrease significantly faster with increasing frequency than 
on moment–rotation angle curve, i.e., the influence of control for the first systems is more pro-
nounced at lower frequencies than at higher ones, therefore, the damping efficiency at lower 
frequencies increases, and the decrease in stability at high frequencies decreases.

Another observation concerns the results given in Table: as a rule, the vibrations at the first and 
second resonances are dampened individually somewhat more efficiently than together, this effect 
is characteristic of CS both with and without observers, as discussed in our earlier studies [4, 5]. 
An explanation for this result is that when two loops are switched on simultaneously in the CS, 
the degree of stability of the closed system decreases, so the gain coefficients must be reduced, 
consequently decreasing the efficiency of the CS.

Conclusion
The paper considers the problem of active damping of forced vibrations in metal beams using 

control systems with state observers. We analyzed the influence of beam thickness on control effi-
ciency. For this purpose, the problem was solved numerically using the Timoshenko beam model 
for different beam thicknesses, varying over a wide range. The study focuses specifically on the 
effects of the Timoshenko model, since the Bernoulli–Euler model would yield identical results 
for the dynamics of beams with different thicknesses.

We found that the proposed CS remain efficient for all the beams considered in the case of 
damping beam vibrations at lower resonances. Only a slight decrease in vibration damping effi-
ciency was observed with a significant increase in beam thickness; a reasonable explanation was 
given for this effect.

The following directions are of the greatest interest for future studies:
modeling of beam vibration control using specific piezoelectric sensors and actuators,
damping of beam vibrations at higher resonant frequencies,
variation of the object model in the observer, including the expansion of the number of beam 

eigenmodes included in this model.
Other promising directions are accounting for cross-section warping for thick beams and 

measurement noise during synthesis of the control system, as well as analysis of various quality 
functionals for optimization of the parameters of the control system. It is also of interest to solve 
the problem on damping of elastic waves in the Timoshenko beam.
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Аннотация. В работе исследовано влияние неидеальных контактов (НК) на границах раздела 
фаз неоднородного (на микроуровне) материала на транспорт примеси и на напряженно-
деформированное состояние среды (на макроуровне), вызванное ее накоплением. 
Рассмотрены два типа НК: сегрегация (оседание примеси), когда нарушается непрерывность 
концентрации, и образование обходных путей ускоренной диффузии, когда нарушается 
непрерывность нормальной компоненты потока. Моделирование связанных процессов 
массопереноса и изменения напряженно-деформированного состояния среды включает 
два этапа. На первом определяется эффективная диффузионная проницаемость материала 
с помощью методов микромеханики. На втором этапе решается задача массоупругости 
на макроуровне. Анализ проведен на примере длинного цилиндра, представленного как 
двухфазный материал, состоящий из матрицы и менее проницаемых сфероидальных 
неоднородностей, имеющих вытянутую форму и произвольно распределенных по 
ориентациям. Показано, что тип НК и способ его учета могут оказывать существенное 
влияние на распределение примеси в образце и на величину внутреннего давления.
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Introduction
As more new materials are created and their range of applications expands, new challenges 

arise, associated with describing the state of objects under thermomechanical loads, taking into 
account the influence of various characteristics of the internal structure. Simulations of the behav-
ior of materials that are inhomogeneous at the meso-level can be divided into two stages: at the 
first stage, effective properties are determined using micromechanical methods, and at the second 
stage, the problem is solved at the macro-level.

As a rule, calculations of the effective properties assume that the fields are continuous at the phase 
interfaces in the material [1]. However, this hypothesis may prove invalid in some cases. In particular, 
in the context of the problem on determining the diffusion properties, segregation (impurity depo-
sition) [2] cannot be described if the concentration field is assumed to be continuous [3]. Cracking, 
grain refinement, etc., can lead to the formation of additional bypasses of accelerated diffusion [4], 
which, in turn, contradicts the assumption of continuity of the normal component of the flux.
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Any disruption of field continuity means the presence of imperfect contact (IC) [5]. ICs of 
the above types have been taken into account in a number of studies describing various processes. 
For example, the diffusion process was considered in [6–8] taking into account segregation in a 
material consisting of a matrix and isolated inhomogeneities. The model introduced a parameter 
equal to the ratio of concentrations on the outer and inner sides of the phase interface (the segre-
gation parameter). Thermal processes in two-phase materials containing isolated inhomogeneities 
were considered in [9–11] taking into account various types of imperfect contact. It was assumed 
that the inhomogeneities have a coating with extreme properties (it is an insulator or supercon-
ductor). We carried out generalization and comparison of different approaches to simulation of 
imperfect contacts in [12].

The presence of imperfect contacts that must be taken into account to determine the effec-
tive diffusion permeability can directly affect both the impurity distribution in the macroscopic 
sample and its stress–strain state, as the latter can change as a result of impurity accumulation. 
We analyzed the effect of segregation on diffusion and mass elasticity in [13]. Impurity deposi-
tion at the phase interface between matrix and inhomogeneity was modeled only by setting the 
segregation parameter.

This study focuses on analysis of the influence of two types of imperfect contacts (segregation 
and the formation of additional bypasses of accelerated diffusion). These contacts are investigated 
by different approaches: determining a jump in the field and considering an inhomogeneity with 
a thin coating of extreme properties.

The analysis is presented for a two-phase material consisting of a matrix and less conductive, 
arbitrarily oriented inhomogeneities shaped like prolate spheroids. This microstructure is typical, 
in particular, for polycrystals used in simulation of grains with inhomogeneities and grain bound-
aries with the matrix [7]. Hydrogen-assisted degradation is a major issue in polycrystals, as the 
accumulation of hydrogen leads to fracture of metals [14, 15].

Simulation stages
Coupled processes of mass transfer and change in the stress–strain state of the material in the 

presence of two types of imperfect contacts at the phase interface (segregation and formation of 
additional bypasses for accelerated diffusion) on a smaller scale is modeled in two stages. At the 
first stage, the effective diffusion permeability of the material is determined taking into account 
its internal structure; at the second stage, the coupled problem of mass transport and elasticity is 
solved, taking into account the macroscopic properties found.

To determine the effective diffusion permeability Deff, we limit ourselves to considering linear 
macroisotropic material, i.e.,

Deff = DeffI
(I is a unit tensor); this material consists of an isotropic matrix with the permeability D0 = D0I 
and isotropic inhomogeneities with permeability D1 = D1I, shaped as prolate spheroids with an 
arbitrary orientation distribution.

Consider different types of imperfect contacts at the phase interface. Segregation is modeled 
by taking into account the discontinuity of the concentration field c. The additional bypasses of 
accelerated diffusion are modeled by taking into account the normal component of the flux Jn.

We solve the initial boundary-value quasi-static problem of elasticity caused by mass transport 
for a long cylinder with radius r0. We assume that stresses and strains arise in the cylinder solely 
due to accumulation of diffusing species with a constant concentration maintained on the lateral 
surface. We consider two cases: with and without taking into account the phenomenon of pres-
sure-induced diffusion, where the pressure gradient gives rise to an additional diffusion flux.

Next, we present a mathematical formulation of the problem for each simulation stage, dis-
cussing the methods for solving it.

Determination of effective material properties
These properties of the material are obtained from the solution to the homogenization problem 

for a representative volume V, which is a material point of the continuum at the macro-level [9]. 
The macroscopic diffusion permeability tensor Deff relates the volume-averaged flux J and the 
concentration gradient c, in accordance with classical Fick’s law:
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.eff
V Vc< > = − ⋅ < ∇ >J D (1)

It is assumed that the conservation law is fulfilled at each point of the representative volume:

( ) 0,∇⋅ =J x (2)

where x is the radius vector, and the flux is linearly related to the concentration gradient by 
the formula

( ) ( ) ( ) ,c= − ⋅∇J x D x x (3)

where D(x) is the diffusion permeability tensor of the material at point x.
It is convenient to define a homogeneous Hill condition on the boundary Σ of the 

representative volume:

( ) 0 .c
Σ
= ⋅x G x (4)

The presence of imperfect contacts is taken into account either by setting the field jump at the 
interface between matrix (+) and the inhomogeneity (–), or by considering inhomogeneities with 
a thin coating with extreme properties. In the latter case, it is first assumed that the inhomoge-
neity is represented by confocal ellipsoids whose semi-axes b1, b2, b3 and a1, a2, a3 are related as

2 2  1, 2,3 ,   const,( )i ib a i= + ξ = ξ =

while the properties of the layer Ds formed by two ellipsoids are finite.
Then the passage to the limit is carried out at ξ → 0 and either at Ds → 0, or at Ds → ∞, 

depending on the type of imperfect contact [10, 11].
As a result, the presence of segregation can be taken into account in the model either by setting 

the parameter sc such that the concentration jump is defined as

( ) ( ) ,[ ] 1cc s c
→Γ−

= −
x

x (5)

(Γ is the interface of the inhomogeneity with the external normal n Γ), or by setting the dimensionless 
parameter β of the equivalent surface resistance, expressed as follows for spheroidal inhomogeneities

2
1

0, 02

1 2 lim ,
2 sD

s

D
S a Dξ→ →

+ γ ξβ =
γ

(6)

where γ is the ratio of the spheroid semi-axes, γ = a3/a; S is the surface area of the spheroid 
divided by (4/3)πa2.

Similarly, the formation of additional bypasses of accelerated diffusion is taken into account 
either by setting the parameter sf,

( ) ( ) ,[ ] 1n fJ s Γ →Γ−
= − ⋅

x
n J x (7)

characterizing a jump in the normal component of the flux, or by setting a dimensionless equiv-
alent surface permeability λ, which, in the case of spheroids, takes the form

2

0,2
1

1 2 1 lim .
2 sD sD

S D a ξ→ →∞
+ γλ = ξ
γ

(8)

The problem of determining the effective properties consists of two stages. At the first stage, 
the problem of isolated inhomogeneity in an infinite matrix is solved. At the second stage, a 
homogenization scheme is used to account for the presence of multiple inhomogeneities.

Based on the solution to the problem of isolated inhomogeneity, we can obtain an expression 
for the tensor characterizing the contribution of inhomogeneity to the required property [1]. 
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The tensor H characterizing the contribution to the diffusion permeability can be obtained from 
the representation of the average flux as

1
0 0.V

V
V

 < > = − + ⋅  
J D H G (9)

Expression (9) takes into account that the average concentration gradient does not depend on 
the microstructure and is completely determined by boundary condition (4):

0.Vc< ∇ > =G

The sum of the contribution tensors is a microstructural parameter that can be used to express 
the macroscopic characteristics of a material. Expressions for the tensors corresponding to the con-
tributions of ellipsoidal and, in particular, spheroidal inhomogeneities were obtained and analyzed 
in [8–12]. The presence of various imperfect contacts was taken into account in two ways: by set-
ting the field jump and by considering the inhomogeneity with a coating with extreme properties.

Let us give the final expressions for the contribution tensors of spheroids taking into account 
various factors:

( ) ( )
3

1 0 1 0
0

10 1 0 0 0 1 0 01 1 2 2
cs c c

ic c

D s D D s DD
f D f s D f D f s D=

 
+ 

− −=
+ − − + 

∑H nnθ (10)

accounting for the discontinuity of the concentration field using the parameter sc;

( ) ( ) ( )

( )

( ) ( )

1 0 0

0

1 0

0

0 0 0 0

0

0

0

1 0 0

1 0 00 0 0

1 1

1 2

1 2 2 2 1 2 n

SD D f D
D Sf D f D f D f F

SD D f D

Sf D f D f D f F

θ

β

 − − β γ= 
 + − + − β −
 γ

− − − β γ 
− + + β −


+

+
−

γ

H

nn

θ

(11)

accounting for the discontinuity of the concentration field using the dimensionless equivalent 
surface resistance β;

( ) ( )
1 0 1 0

0
0 1 0 0 0 1 0 01 1 2 2

fs f f

f f

s D D s D D
D

f s D D f f s D f D
 − −

=  
+ − − + 

+


H nnθ (12)

accounting for the discontinuity of the normal component of the flux using the parameter sf;

( )

( ) ( )

( ) ( ) ( )

1 0 1

0

1 0 1

1 0 1

1 0 1

0

0

0 0 0

0

0 0 0 01 1

1

1 1
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SD D D f
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+ + λ +
γ

− −


+

+

H θ

(13)
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accounting for the discontinuity of the normal component of the flux using the dimensionless 
equivalent surface diffusion permeability λ.

The following notations are used in Eqs. (10)–(13): n is the unit vector along the symmetry axis 
of the spheroid; θ = I – nn; Fn, Fθ are functions of the parameter γ for which the equalities hold true:

( )0
2 2

21

1 2
,  2 ,

2 nnF F F
f

θ

γ γ+
= −

−
=

+ γ
where

( ) ( )
( ) ( )

2

2

0 2 2

2 2

11 arctan ,  1
11

,  
2 1 11 ln ,  1.

2 1 1

g
f g g

−

 − γ
γ ≤

γγ − γ− γ γ = = γ = 
− γ  γ + γ −   γ ≥  γ γ − γ − γ −  

To determine the effective properties of a material with multiple inhomogeneities, we use the 
Mori–Tanaka method [1, 16], giving physically consistent results for both small and large vol-
ume fractions of inclusions. We analyzed this method along with several others for materials with 
imperfect contacts earlier in [8]. Let us outline the main points of the method and present the 
results for effective diffusion permeability.

Within the framework of the Mori–Tanaka method, inhomogeneities are treated as isolated 
and the interaction between them is taken into account by placing them in an effective field aver-
aged over the matrix rather than in the initial field G0 satisfying expression (4):

0
.eff

V
c= ∇G (14)

The very presence of an imperfect contact as well as its type and the approach to account for 
it directly influence the effective field. Note that for the Mori–Tanaka method to be applied, we 
need to take into account the discontinuity of the concentration field/normal component of the 
flux at two stages: when we solve the problem of the isolated inhomogeneity and when we use 
the homogenization scheme, since the parameters responsible for imperfect contact appear not 
only in expressions for contribution tensors [8]. Indeed, taking into account various factors, the 
effective diffusion permeability of a material with spheroidal inhomogeneities is defined as follows 
in terms of the contribution tensors:

( )
11

0 1 0
1 1 11c cs seff

i i
i c

i
i

iV p V
V s V

−−  
 = + ⋅ − + − ⋅ 
   

∑ ∑D D H I D D H (15)

accounting for imperfect contact using the parameter sc;

( )

( )
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1

0

1

1
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3

0

3

1 11

1 1 1 2

1 2
i i

eff
i i

i i

i

i

i i

V p V
V V

S Sf f
H HS SD D D f D D D f

β

−

β β

= + ⋅ − + ×

 +β +β −  γ γ  × +
 − − β − − β − γ γ 

∑ ∑D D H I

n nθ
(16)

accounting for the imperfect contact using the parameter β, here the tensors correspond-
ing to the contributions of individual inhomogeneities are represented in coordinate form 
as ( )11 33 ;H Hβ β β= − +H I nn nn
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( ) ( )
1

1

0 1 0
1 11f fs seff

i f
i

i i
i

iV p s V
V V

−
− = + ⋅ − + − ⋅  

∑ ∑D D H I D D H (17)

accounting for imperfect contact using the parameter sf;

( )

( )

0

1
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i

i i i
i

j

i
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i

V p V
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H HS SD D D f D D D f

λ

−

λ λ

= + ⋅ − + ×




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 
 
 × +



λ 

 γ γ 

∑ ∑D D H I

n nθ
(18)

accounting for imperfect contact using the parameter λ.
In the case when the inhomogeneities have the same properties and the same shape (while 

their sizes may generally be different), the summation operation in expressions (15)–(18) can be 
replaced by averaging over the orientations of the inhomogeneities.

1 ... ... ,ii
V V p=∑

which is reduced to averaging the tensor θ and the dyadic nn in expressions (10)–(13) for the 
contribution tensors.

Consequently, we obtain the following final formulas for calculating the effective diffusion per-
meability of macroisotropic material consisting of isotropic phases (taking into account the arbitrary 
orientation distribution of inhomogeneities and, accordingly, equality ( )1 3=nn I  holding true):

( ) ( )

3311

0 0

0

2
1 ,  

31
1

cc

c

c
c

ss

eff
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s
s
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pA D DD ApAD p

s

+
= + =

− +
α −

(19)

accounting for imperfect contact using the parameter sc (the dimensionless parameter α = D1/D0 
is introduced here);
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( )
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(20)

accounting for imperfect contact using the parameter β;
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3311

0 0

0

2
1 ,  

3
1

1

ff

f

f
f

ss

eff
s

s
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(21)

accounting for imperfect contact using the parameter sf;
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( )

( )
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eff
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(22)

accounting for imperfect contact using the parameter λ.

Solution to coupled problem of mass transport and elasticity
Now let us describe the diffusion process at the macro-level. The diffusion equation has the 

following local form:

,c
t
∂ = −∇⋅
∂

J (23)

where t is the time.
The diffusion flux J can generally be driven by both a concentration gradient c and a pressure 

gradient P (pressure-induced diffusion; P = –trσ, where σ is the stress tensor):

( ) ,effD c Ac P= − ∇ + ∇J (24)

where A = MαV/(3ρRT) (M is the molar mass, αV is the volumetric coefficient of thermal expan-
sion, ρ is the density, R is the universal gas constant, T is the temperature).

Along with the case when the flux is given by expression (24), let us consider classical Fick’s law:

.effD c= − ∇J (25)

The presence of imperfect contacts at the meso-level is taken into account here in the coef-
ficient Deff, determined from one of the formulas (19)–(22) depending on the type of imperfect 
contact and the model used.

The stress–strain state of the material satisfies the equilibrium equation

0.∇⋅ =σ (26)

As a rule, the accumulation of diffusing species leads only to volumetric expansion of the 
material. In this case, the constitutive relations between stress and strain ε are given by the 
Duhamel–Neumann equations:

( )( )02 dev ,  tr ,VP P K c c= − + µ = − −α −I Iσ ε ε (27)

where с0 is the reference concentration; K and μ are the bulk modulus and the shear 
modulus, respectively.

Strains in linear material are defined in terms of the displacement gradient as ( ) .s= ∇uε
Example problem for long cylinder. Now let us consider an initial boundary-value problem for 

a long cylinder. We write a system of equations in a cylindrical coordinate system (r,φ,z); the unit 
basis vectors are denoted, respectively, as er, eφ, ez.

A constant concentration c1 is maintained on the lateral surface of the cylinder, and this sur-
face is free from loading:

0 0
1,  0.rr r r r

c c
= =
= ⋅ =e σ (28)

The following conditions are satisfied in the center of the cylinder:

0
0

0,  .r r
r

c
r =

=

∂ = ⋅ < ∞
∂

u e (29)

The following integral equilibrium condition holds true in accordance with Saint-Venant’s 
principle and the plane section hypothesis:
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0

0

0.
r

z rdr⋅ =∫e σ (30)

Assuming axial symmetry, the solution to the problem takes the following form:

( ) ( ) ( ),  const, .z
r r z z

uu r u z c c r
z

∂= + = ε = =
∂

u e e (31)

The initial concentration distribution is assumed to be zero:

00
0.

t
c c

=
= = (32)

In accordance with expression (27) and taking into account assumptions (31), the nonzero 
components of the stress tensor take the following form:

4 1 ,
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3 2
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zz
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u uP
r r

u uP
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ϕϕ

∂ µ  σ = − + − + ε  ∂   
 ∂ µ  σ = − + − ε +  ∂  
 ∂ µ  σ = − + ε − +  ∂  

(33)

and the pressure P takes the form

.r r
V

u uP K c
r r

∂ = − + + ε −α ∂ 
(34)

Let us turn to the dimensionless formulation of the problem, introducing the following scales:
radius of the cylinder r0 for the radial coordinate r and the radial displacement ur;
quantity 4μ/3 for the components of the stress tensor σii and pressure P;
concentration c1 maintained on the lateral surface for the concentration c.
The scale for time t is denoted as T.
Then the final system of equations, supplemented by initial and boundary conditions, takes the 

following form (the notations are preserved for dimensionless quantities):
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(35)
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where the dimensionless coefficients k = 3K/4μ, Ak = 4μ/3A are introduced; F is the diffusion 
Fourier number, 2

0 .effF D T r=
Note that the presence of imperfect contacts in the dimensionless formulation of the problem 

is taken into account only in the diffusion Fourier number, since it includes the effective diffusion 
permeability. For a fixed time scale and the same cylinder radius, varying the parameter F means 
varying Deff.

System of equations (35) was solved numerically using the implicit finite difference method. 
A one-dimensional spatial mesh was introduced along the r axis, concentration and radial dis-
placements were set in nodes, stresses (including pressure) and strains were set in cells.

Analysis of results
Consider the influence of imperfect contacts on the solution to the coupled problem of mass 

transport and elasticity. Let us consider several models in this case. First, let us find a solution 
with and without taking into account pressure-induced diffusion. Secondly, let us consider two 
types of imperfect contacts: I and II.

I. Segregation occurs.
II. Additional bypasses of accelerated diffusion arise in the material.
We use two approaches to account for imperfect contact within the framework of each model.
1. The field jump is defined as a ratio of the quantities from the outer and inner sides of 

inhomogeneity boundary.
2. An inhomogeneity with a thin coating of extreme properties is introduced.
Let us compare the results obtained with those for the case of perfect contacts at the matrix/

inhomogeneity interface. To compare the approaches, let us express the parameters sc and sf in 
terms of the equivalent surface resistance β and permeability λ, respectively:

1 ,  1 2 ;c fs s= +β = + λ (36)

then both approaches to accounting for imperfect contacts produce the same results in the case 
of spherical inhomogeneities.

The analysis is carried out for the example of a material consisting of a matrix and arbitrarily 
oriented prolate spheroidal inhomogeneities with a ratio of semi-axis lengths γ = 10; we adopt the 
ratio of diffusion permeabilities α = D1/D0 = 0.2.

Let us first present the results for effective properties of the material with imperfect contacts. 
The effect of segregation is illustrated in Fig. 1.

As can be seen from Fig. 1, the diffusion permeability decreases with an increase in the volume 
fraction of inhomogeneities p, while the presence of imperfect contact leads to a more pronounced 
change in the property (see Fig. 1,a). Fig. 1,b shows the dependences of effective permeability on 
parameter β at fixed volume fraction of inhomogeneities p = 0.9. It can be seen that the difference 

a) b)

Fig. 1. Dependences of effective diffusion coefficient on volume fraction of inhomogeneities p 
for two values of parameter β (a) and on parameter β (b) for the case of segregation (I), simulated 
by approaches 1 and 2 (solid and dashed lines, respectively), see also the explanations in the text
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between approaches to accounting for imperfect contact increases with increasing β. The differ-
ence remains insignificant with the selected characteristics of the structure.

The influence of the presence of bypasses for accelerated diffusion is shown in Fig. 2. Evidently, 
the presence of imperfect contact at the phase interface increases the diffusion permeability, compared 
with the case of its absence. Depending on the value of the parameter λ, the diffusion permeability 
can either decrease with an increase in the volume fraction of inhomogeneities, or increase, which is 
explained by the simultaneous influence of two competing factors, the presence of less conductive inho-
mogeneities in the matrix and bypasses of accelerated diffusion. Evidently, an increase in the param-
eter λ entails an increase in the difference between approaches to accounting for imperfect contact.

We solve the coupled problem of mass transport and elasticity with the following parameter 
values: k = 1.6, A = 49.3, αV = 4.5·10-6 (typical parameters for aluminum). The presence of imper-
fect contacts influences the value of the effective diffusion permeability and, consequently, the 
diffusion Fourier number F. Consider the values of Deff/D0 obtained at p = 0.9 and, depending on 
the type of imperfect contact, at β = 10 or λ = 10 (see column 3 in Table). Note that the ratios of 
the diffusion Fourier numbers corresponding to different values of the effective diffusion permea-
bility are more important for analysis than the absolute values of F. We introduce the notation F0 

a) b)

Fig. 2. Dependences of effective diffusion coefficient on volume fraction of inhomogeneities p 
at 4 values of parameter λ (a) and parameter λ (b) for the case of bypasses for accelerated 
diffusion (II), simulated by approaches 1 and 2 (solid and dashed lines, respectively), see also 

the explanations in the text

Tab l e

Diffusion characteristics of material: calculation results

Model Parameter value
IC type Approach to accounting for IC Deff/D0 Fi

Without accounting for IC 0.26 F0 = 2.25·10–4

I
1 0.08 F1 = 0.3 F0

2 0.10 F2 = 0.4 F0

II
1 3.68 F3 = 14.2 F0

2 3.25 F4 = 12.5 F0

Nota t i on s :  Deff/D0 is the dimensionless effective diffusion permeability; Fi is the diffu-
sion Fourier number; IC is the imperfect contact. The numbers I, II, 1, 2 are explained in 
the text.
No t e .  The calculations were carried out for the material consisting of a matrix and arbi-
trarily oriented, prolate spheroidal inhomogeneities with a ratio of semi-axis lengths γ = 10.
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for the Fourier number corresponding to the value of Deff/D0 obtained without taking into account 
imperfect contacts (sc = sf = 1, β = λ = 0). The value of F0 is calculated at Deff = 1·10-12 m2/s 
(typical parameter for aluminum), r0 = 0.004 m, T = 3600 s = 1 h. The values of the diffusion 
Fourier number are given in Table (last column).

The concentration profiles and pressure dependences on the radius (cylindrical coordinate sys-
tem) at different values of diffusion Fourier number at time t = 100 are shown in Fig. 3. Note that 
the results obtained without and with taking into account pressure-induced diffusion coincided 
with the given material parameters (the value of parameter Ak is small, so the pressure gradient 
multiplied by it turns out to be much smaller than the concentration gradient).

Fig. 3 shows that the presence of imperfect contacts and the approach to accounting for them 
for has a significant influence on the concentration of diffusing species in the material and on its 
distribution. In particular, the presence of segregation for which a decrease in the diffusion rate is 
observed can considerably reduce the concentration of impurities in the material. The concentration 
gradient increases, which leads to more pronounced pressure drops. Such a variation in pressure, in 
turn, can be critical in problems of hydrogen degradation where local characteristics are important. 
The presence of bypasses for accelerated diffusion can lead to a significant increase in the concen-
tration in the material, directly influencing its behavior in case of aggressive environments. The 
approach where the field jump is set as the ratio of the field values from the outer and inner sides of 
the inhomogeneity interface (both in the case of segregation and in the case of additional bypasses of 
accelerated diffusion) affects the result to a greater extent. The difference between models II-1 and 
II-2 used to simulate the discontinuity of the normal component of the flux is particularly significant.

The effect of pressure-induced diffusion was studied separately and is shown in Fig. 4. This 
effect occurs at higher values of the thermal expansion coefficient than the characteristic value 
for aluminum. In particular, the graphs in Fig. 4 are plotted for αV = 0.2. For clarity, the figure 

a) b)

Fig. 3. Dependences of concentration (a) and pressure (b) on radius 
(coordinate along the polar axis) at different values of diffusion Fourier number 

(see Table) at time t = 100

a) b)

Fig. 4. Dependences of concentration (a) and pressure (b) of diffusing species on radius (coordinate 
along the polar axis) at different values of diffusion Fourier number (see Table), taking into 
account (dashed lines) and without taking into account (solid lines) pressure-induced diffusion
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shows the results obtained at three values of F0 from Table: at the value obtained without taking 
into account imperfect contacts as well as at the maximum and minimum values from the con-
sidered range. Fig. 4 shows that the presence of pressure-induced diffusion leads to an increase 
in the concentration of the diffusing species in the material, a decrease in both the concentration 
gradient and the pressure difference in all cases.

Thus, the presence, type, and approach to accounting for imperfect contacts influences the 
distribution of diffusing species in the material and its stress–strain state.

Conclusion
We obtained a solution to the coupled problem (in particular, to the one-way coupled prob-

lem) of diffusion and elasticity, describing the material’s elastic behavior due to impurity accu-
mulation taking into account the presence of imperfect contacts at the phase interface. Two types 
of imperfect contacts were considered: the presence of segregation (leading to discontinuity of the 
concentration field) and the presence of additional bypasses of accelerated diffusion (leading to 
discontinuity of the normal component of the flux). Each type of imperfect contact was taken into 
account within the framework of two approaches: by setting the ratio of the field magnitudes from 
the outer and inner sides of the inhomogeneity interface and by considering an inhomogeneity 
with a thin coating of extreme properties.

The microstructure was taken into account at the stage when the effective properties of 
the material were determined by the Mori–Tanaka homogenization method based on tensors 
describing the contributions to diffusion permeability.

The analysis was carried out for an axisymmetric sample made of two-phase material with arbi-
trarily oriented prolate spheroidal inhomogeneities characterized by lower diffusion permeability 
than the matrix.

It was established that the type of imperfect contact and the approach to accounting for it can 
have a significant effect on the distribution of impurities in the sample and on the internal pres-
sure. This can be crucial, for example, in the case of saturation of metals with harmful impurities.

Thus, to improve the accuracy of stress–strain analysis, it is necessary to take into account the 
specifics of impurity transport and the presence of defects, so that the assumption of continuity 
of fields at the phase interfaces may have to be consequently abandoned.
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Аннотация. Работа направлена на поиск условий устойчивой самосинхронизации 
вибраторов для противофазного режима колебаний рабочих органов аппарата 
для переработки зернистых сред. Режим работы аппарата обеспечивает процессы 
измельчения, истирания и перемешивания зерен материала, совмещенные с процессом 
транспортирования. С использованием интегрального критерия устойчивости 
синхронных движений получено условие устойчивой самосинхронизации роторов 
вибровозбудителей в противофазном режиме их вращения. Найденные соотношения 
позволяют выбирать оптимальные значения параметров конструкции аппарата и задавать 
режимы колебаний вибрационных рабочих органов, обеспечивающие эффективное 
осуществление процессов технологической переработки зернистых материалов.

Ключевые слова: двухмассовый аппарат, стенки рабочих органов, самосинхронизация 
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Introduction

The phenomenon of self-synchronization of unbalanced rotors of vibration exciters consists of 
vibration-induced interaction between them, so that they rotate synchronously at equal or com-
mensurate speeds and with specified mutual phases [1]. This interaction is particularly important 
for processing of granular materials, including such stages as crushing, transportation, attrition, 
mixing, and others.

A key requirement for mechanical processing of a material is controlled excitation of vibration 
patterns. This involves generating specific directions of vibrational loads and trajectories of the 
machine’s components. Such synthesis allows to optimize many processes.

Vibration is widely used in technologies for processing rocks, powders and other granular 
materials in the mining, construction, chemical and foundry industries. The main directions 
for improving these technological processes are reducing the energy and material consumption 
throughout design and production of vibration machinery.

The discovery of the self-synchronization effect led to a qualitative leap in vibration technol-
ogy. Introducing this effect into engineering practices has contributed to great advances in a wide 
range of vibration technology in our country and abroad. Large contributions to this field were 
made by such outstanding scientists as Blekhman, Vaisberg, Lavrov, Ragulskis and others [1–6].

Self-synchronization of vibration exciters remains a promising direction; a class of multi-mass 
vibration systems has appeared, allowing to optimize various processes during operation at reso-
nance, reduce loads on the base and implement specialized operating modes for treating granular 
materials using several components [1]. In view of this, multi-mass machines with self-synchro-
nizing vibration exciters mounted on several components present an attractive option. Examples 
of such machines are two-mass vibration crushers, vibrating screens, equipment for beneficiation 
of granular materials [2, 4].

Modern systems and methods for forced synchronization control of rotors in vibration equip-
ment allow to preset phase relationships and rotational speeds, allowing to further optimize the 
material processing techniques based on vibration methods [10, 12].

A promising method for vibrational processing of granular materials is impact on the material 
layer by the working tools of a two-mass system, forming a longitudinal channel with flat walls, 
with an unbalanced vibration exciter installed on each wall (Fig. 1) [9]. The rotation of the vibra-
tion exciter rotors induces plane-parallel oscillations of each wall along elliptical trajectories.

The processing of the material layer includes two main periods of impact from the walls on 
the layer:

compression of the layer by compressive forces when the walls approach each other (Fig. 1,a), 
accompanied by generation of stresses in the layer and intense abrasion of the surface of material 
grains during their relative movement within the layer;

decompression of the layer when the walls move away from each other (Fig. 1,b), accom-
panied by loosening of the layer and its relative movement along the working channel by 
microthrow motion.

Simultaneously with processing, the material is transported along the working channel.
An extensive monograph [1] considers the phenomenon of self-synchronization of dynamic 

systems, obtaining various conditions for stability of self-synchronization of vibration exciters in 
single-mass and multi-mass systems. Furthermore, a recent paper reports on synchronous anti-
phase and in-phase rotation of rotors in vibration exciters of a two-mass system in a single assem-
bly [11]. However, self-synchronization of rotors in such systems with vibration exciters located 
on both walls is insufficiently studied.
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Analysis of the operating modes in a two-mass system based on the described mathematical 
model allows to determine the parameters for attrition of granular material in with the highest 
compressive forces simultaneously with transportation. The best combination of these parameters 
is achieved under synchronous anti-phase oscillations of the walls along elliptical trajectories in 
opposite directions, maintained by self-synchronization of anti-phase counter-rotation of rotors 
in vibration exciters (see Fig. 1).

The goal of our study is therefore to find the optimal values of the design and operating 
parameters of the two-mass system, ensuring stable self-synchronization of anti-phase rotation of 
vibration exciter rotors in opposite directions.

The design parameters include the masses and dimensions of the walls, their moments of 
inertia, the stiffness of the springs and their positions along the walls. The operating parameters 
include the frequencies and amplitudes of the wall oscillations.

The solution to this problem should help determine the range of parameter values for the 
impact of the walls on the processed material, which serves as a basis for formulating recommen-
dations for design and operation of systems for beneficiation of mineral granular materials [7].

Depending on the direction and phase difference of rotation of unbalanced rotors, the system 
can generate various modes of relative motion of the walls, each the most favorable for a spe-
cific type of processing procedure [8]. For example, one of the oscillation modes for attrition of 
material grains involving the walls moving with relative oscillation phase shifts in the transverse 
and longitudinal directions equal to π (Fig. 2). In this case, the walls move in one direction with 
co-rotation of the vibration exciter rotors (for example, clockwise). This allows to induce two 
types of deformations in the material layer: compression and shear deformations.

The requirements for the magnitude of compressive and shear stresses generated in the layer 
for attrition of the material depend on the oscillation frequency of the walls and the magnitude 
of the exciting force induced by vibration exciters.

Self-synchronization in vibration exciters under the described synchronous anti-phase 
counter-rotation of their rotors is analyzed in two stages:

research of self-synchronization stability in vibration exciters of a two-mass system under load 
taking into account the interaction with the processed material;

research of self-synchronization stability in vibration exciters in idle motion regime.
This study focuses only on the second stage, analyzing the stability of rotation in the system’s 

vibration exciter rotors in idle motion regime.

Calculations
To analyze the self-synchronization stability in rotors of the system’s vibration exciters, we used 

the integral criterion for stability of synchronous motion [1], consisting of finding the condition 

a) b) c)

Fig. 1. Schematic for volumetric vibrational impact on layer of processed granular medium 
by walls of two-mass system generating synchronous anti-phase oscillations along elliptical 
trajectories (4): a, b correspond to periods of compression and decompression of the layer, 

respectively; c is the cross-section of the working channel
The figure shows walls (1), unbalanced vibration exciters (2), springs (3) connecting the walls; 

arrows indicate the movements of walls 1 and rotations of vibration exciter rotors 2
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for positive quadratic form of the function D, 
which is the average value of the Lagrange func-
tion of the system over the period:

2 /
( ) ( )

0

( ) ,
2

I ID T dt
π ωω= −Π

π ∫ (1)

where T(I) and П(I) are the kinetic and potential 
energies of the oscillatory subsystem.

We compose the equations for kinetic and 
potential energy of the two-mass mechanical 
system. The mathematical model for analyzing 
the self-synchronization stability of the rotors is 
shown in Fig. 3.

Two unbalanced vibration exciters in the 
mathematical model are placed on identical flat 
walls with mass M, each with a moment of inertia 
I relative to the CoM. The walls are placed par-
allel to each other and are connected by a pair of 
elastic springs with the total stiffness cx and cy in 
the longitudinal and transverse directions, placed 
at the same distances l relative to the wall CoM. 
The walls can move in a plane perpendicular to 
the rotation axes of the rotors. The position of the 
walls is determined by the absolute coordinates 
x1, y1 and x2, y2 of their CoM and the rotation 
angles ψ1 and ψ2 of each wall relative to the CoM. 
The rotors of each of the two vibration exciters, 
assumed to be identical, are characterized by 
angles φ1 (φ2) around the rotation axis, mass m of 
unbalanced part of the rotor, eccentricity ε and 
distance r from the rotation axis to the CoM of 
each wall. The subscript 1 refers to the lower wall, 
and 2 to the upper one.

The equations of translational motion of the 
walls have the form:

1 1 1 2cos ( ) 0;xMx F c x x− + ϕ − − = (2)

2 2 2 1cos ( ) 0;xMx F c x x− + ϕ − − = (3)

1 1 1 2sin ( ) 0;yMy F c y y− − ϕ − − = (4)

2 2 2 1sin ( ) 0,yMy F c y y− − ϕ − − = (5)

where F = mεω2 is the amplitude value of the 
exciting force of one vibration exciter.

The laws of rotation for the rotors can be written as follows:

1 1 1 2 2 2( ),  ( ),t tϕ = σ ω +α ϕ = σ ω +α (6)

where σ1, σ2 are the counterclockwise (+1) and clockwise (–1) directions of rotation of the rotors; 
α1, α2 are the initial phases of their rotation.

The strains of the left and right springs connecting the walls under rotation at angles ψ1 and ψ2 
relative to the CoM (Fig. 4) are expressed as follows:

2 1 2 1sin sin ,  sin sin .left rightl l l l∆ = − ψ + ψ ∆ = ψ − ψ (7)

e)

d)

c)

b)

a)

Fig. 2. Trajectories and phase diagrams for 
wall oscillations with phase ψ at phase shift 
ε = π in longitudinal (εx) and transverse (εy) 

directions:
trajectories of upper and lower walls (a), arrows 
indicate their directions; vertical coordinates of 
lower (y′) and upper (y) walls (b, c); horizontal 
coordinates of lower (x′) and upper (x) walls (d, e); 
numbers of points 1–9 and 1′–9′ correspond to 
positions of the walls at the same points in time
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Eqs. (7) do not take into account the deformations of elastic elements in the transverse direc-
tion because they are small compared with longitudinal deformations.

Taking into account expressions (7), each wall of the system is subjected to moments from 
rotational inertia, exciting force of the vibration exciter, and deformations of the right and left 
springs (see Fig. 4). The equations of rotational motion of the walls relative to the CoM have 
the form:

1 1cos 0;
2 2
y y

left right

c c
I Fr l l− ψ + ϕ − ∆ + ∆ = (8)

2 2cos 0.
2 2
y y

right left

c c
I Fr l l− ψ − ϕ − ∆ + ∆ = (9)

Because the rotation angles of the walls ψ1 and ψ2 are small (sinψ1 ≈ ψ1, sinψ2 ≈ ψ2), they can 
be rewritten as follows:

2
1 1 2 1cos ( ) 0;yI Fr c l− ψ + ϕ + ψ −ψ = (10)

2
2 2 1 2cos ( ) 0.yI Fr c l− ψ − ϕ + ψ −ψ = (11)

Fig. 3. Mathematical model for synchronous anti-phase oscillations of walls in two-mass system:
mass of each wall M; moment of inertia I of each wall; stiffnesses cx, cy of the springs in the longitudinal 
and transverse directions; distances l from centers of mass (CoM) of the walls to the springs; coordinates 
xi, yi of wall CoM; rotation angles ψi of each wall relative to CG; rotation angles φi of the rotors around the 

rotation axis; eccentricity ε and distance r from the rotation axis of the rotors to wall CGs 
(subscripts 1 and 2 correspond to the lower and upper walls, respectively)

a) b)

Fig. 4. Models used to determine the deformations of springs and moments 
arising upon rotation of upper (a) and lower (b) walls relative to the CoM
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We search for a solution for steady-state forced oscillations of the walls in the form

1 1 1 2 2cos cos ;x A A= ϕ + ϕ (12)

2 1 2 2 1cos cos ;x B B= ϕ + ϕ (13)

1 1 1 2 2sin sin ;y C C= ϕ + ϕ (14)

2 1 2 2 1sin sin .y D D= ϕ + ϕ (15)

After substituting solutions (12) and (13) into the equations of motion of system (2) and (3), 
we determine the unknown constants A1, A2, B1 and B2:

2

1 22 2 2 2 2 2

( ) ,  ;
( ) (1 ) ( ) (1 )

x x

x x

F c M FcA A
M M

− ω= =
ω −λ ω −λ

(16)

2

1 22 2 2 2 2 2

( ) ,  ,
( ) (1 ) ( ) (1 )

x x

x x

F c M FcB B
M M

− ω= =
ω −λ ω −λ

(17)

where 
2,  .x x

x x
p cp

M
λ = =

ω
Evidently, the parameter px in the expressions obtained determines the natural frequency of the 

walls in the longitudinal direction for an equivalent mechanical model for the two-mass system 
with identical masses M, connected by a spring with the stiffness cx (Fig. 5,a).

Substituting expressions (14) and (15) for transverse displacements of the walls into equations 
of motion (4) and (5), we similarly determine the unknown constants C1, C2, D1 and D2:

2

1 22 2 2 2 2 2

( )
,  ;

( ) (1 ) ( ) (1 )
y y

y y

F M c Fc
Ñ Ñ

M M
ω − −

= =
ω −λ ω −λ

(18)

2

1 22 2 2 2 2 2

( )
,  ,

( ) (1 ) ( ) (1 )
y y

y y

F M c Fc
D D

M M
ω − −

= =
ω −λ ω −λ

(19)

where 
2

,  .y y
y y

p c
p

M
λ = =

ω
Similar to the oscillations of the walls in the longitudinal direction, the parameter py in the 

expressions obtained characterizes the natural frequency of the wall oscillations in the transverse 
direction for the equivalent mechanical model of the system consisting of two masses M con-
nected by a spring with the stiffness cy (see Fig. 5,b).

a) b) c)

Fig. 5. Equivalent mechanical models for free oscillations of walls in longitudinal (a) 
and transverse (b) directions; equivalent mechanical model for their rotational oscillations (c)
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We also search for solutions to the equations of rotational oscillations of the walls relative to 
the CoM as harmonic functions of the form

2 2 2

1 22 2 2 2 2 2

( )
,  ;

( ) (1 ) ( ) (1 )
y y

c c

Fr c l I Frc l
E E

I I
− ω −

= =
ω −λ ω −λ

(22)

2 2 2

1 22 2 2 2 2 2

( )
,  ,

( ) (1 ) ( ) (1 )
y y

c c

Frc l Fr c l I
F F

I I
− − ω

= =
ω −λ ω −λ

(23)

where 
22

,  .yc
cñ

c lp p
I

λ = =
ω

The obtained frequency pc of free rotational oscillations of the walls corresponds to the equiv-
alent mechanical model of the two-mass system with the same moments of inertia I connected to 
each other by a spring with the torsional stiffness cyl

2 (see Fig. 5,c).
In accordance with the accepted mathematical model (see Fig. 3), kinetic and potential ener-

gies of oscillatory motion of the walls have the form:
2 2 2 2 2 2

( ) 1 1 2 2 1 2( ) ( ) ( ) ,
2 2 2

I x y x yT M M I+ + ψ +ψ= + +
    

(24)

( ) 2 2 2 2 2
1 2 1 2

1 1 ( 2 ).
2 2

I
y left y right yc c c lΠ = ∆ + ∆ ψ + − ψ≈ ψ ψ (25)

The condition for stable self-synchronization of the rotors is that the averaged Lagrange func-
tion of the system taking the form [1] be positive definite:

2

( ) ( ) ( ) ( )

0

( ) .
2

I I I ID T T dt

π
ωω= 〈 −Π 〉 = −Π

π ∫
(26)

Substituting solutions (12)–(15), (20), (21) for wall displacements into expressions for kinetic 
and potential energies (24) and (25) and calculating integral (26) for one period of the system’s 
oscillations, we obtain the following form for the averaged Lagrange function:

2 2
1 2 1 2 1 2 1 2 1 2

2
1 2 1 2 1 2 2 1 1 2 1 2

( ( )) ( )
2 2

( 2( )) cos( ) cos( ),y

M ID C C D D F F E E

c l E E F F E F E F N

= ω σ σ + + ω + −

− + − + α −α = α −α
(27)

where 2 2 2
1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 2 1( ( )) ( ) ( 2( )).

2 2 y
M IN C C D D F F E E c l E E F F E F E F= ω σ σ + + ω + − + − +

For self-synchronization of vibration exciter rotors to be stable under oppositely directed 
synchronous rotation of the rotors, i.e., at zero initial phase difference α1 – α2 and at σ1 = +1, 
σ2 = –1, the quadratic form of the averaged Lagrange function D must be positive definite. This 
is ensured when it has a rough minimum and the multiplier N in expression (27) is negative, i.e.,

2 2 2
1 2 1 2 1 2 1 2 1 2 1 2 1 2 2 1( ) ( ) ( 2( )) 0.

2 2 y
M IC C D D F F E E c l E E F F E F E F− ω + + ω + − + − + < (28)

After substituting the constants C1, C2, D1, D2, E1 and E2 from the expressions (18), (19), (22) and 
(23) into this inequality, we obtain a condition for stable self-synchronization of vibration exciters in 
the given mode, allowing to optimize the design and operating parameters of the two-mass system:

2 2 2 2 2

2 2 2 2 2 2 2

( 3 )
.

( ) ( 2 ) ( 2 )
y y

y y

l r c l M M c
I I c l M M c

− ω ω −
>

ω ω − ω ω −
(29)
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Let us analyze the expression obtained for oscillations of the walls below resonance, defined 
by the relations cy > 3Mω2 and 2cyl

2 > Iω2.
In this case, the following inequality must hold true for self-synchronization of vibration exciters:

2 2 2 2 2

2 2 2 2 2 2 2

( 3 )
.

( 2 ) ( ) (2 )
y y

y y

c M l r c l M
M M c I c l I

− ω − ω
>

ω ω − ω − ω
(30)

It can be seen from here that the stability of the given oscillation mode can be increased by 
increasing the frequency ω of the exciting force and the moment of inertia J of the wall, decreas-
ing the mass M of the wall, the distance l from the wall CoM to the points where the springs are 
attached and the distance r from the wall’s center of mass to the axis of rotor.

The stability condition for synchronous anti-phase oscillations of the walls is satisfied automat-
ically for oscillations below resonance for which the relations cy > Mω2/2 и cyl

2 > Iω2 hold true, 
since the left-hand side of inequality (29) is always negative and the right side is positive.

Numerical values of the design parameters based on the solution of inequality (29) can be 
selected by any suitable numerical method, for example, the iteration method.

Conclusion
We found a condition for stable self-synchronization of vibration exciters in a system with 

two flat walls generating synchronous anti-phase oscillations along elliptical trajectories in oppo-
site directions. The obtained expression allows to optimize the design and operating parameters 
of the system (frequency of the exciting force, mass of the walls and their moments of inertia, 
distances from the CoM of the walls to the points where the springs are attached and the dis-
tance from the CoM of each wall to the axis of the vibration exciter rotor) at the design stage 
to ensure the required oscillation mode of the walls, combining crushing of the material grains 
with transportation.

Further research will be aimed at finding the conditions for stable self-synchronization of 
rotors in vibration exciters of two-mass systems in operating modes with relative phase shifts 
and rotation directions providing optimal parameters for attrition and compression procedures in 
granular materials.
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3. Авторы должны придерживаться следующей обобщенной структуры статьи: вводная часть (актуальность, 

существующие проблемы – объем 0,5 – 1 стр.); основная часть (постановка и описание задачи, методика иссле-
дования, изложение и обсуждение основных результатов); заключительная часть (предложения, выводы – объем 
0,5 – 1 стр.); список литературы (оформление по ГОСТ 7.0.5-2008).

В списки литературы рекомендуется включать ссылки на научные статьи, монографии, сборники статей, 
сборники конференций, электронные ресурсы с указанием даты обращения, патенты.

Как правило, нежелательны ссылки на  диссертации и авторефераты диссертаций (такие ссылки допускают-
ся, если результаты исследований еще не опубликованы, или не представлены достаточно подробно).

В списки литературы не рекомендуется включать ссылки на учебники, учебно-методические пособия, 
конспекты лекций, ГОСТы и др. нормативные документы, на законы и постановления, а также на архивные доку-
менты (если все же необходимо указать такие источники, то они оформляются в виде сносок).

Рекомендуемый объем списка литературы для обзорных статей  – не менее 50 источников, для остальных 
статей – не менее 10. 

Доля источников давностью менее 5 лет должна составлять не менее половины. Допустимый процент самоци-
тирования – не выше 10 – 20. Объем ссылок на зарубежные источники должен быть не менее 20%.

4. УДК (UDC) оформляется и формируется в соответствии с ГОСТ 7.90-2007.
5. Набор текста осуществляется в редакторе МS Word.
6. Формулы набираются в редакторе MathType (не во встроенном редакторе Word) (мелкие формулы, симво-

лы и обозначения набираются без использования редактора формул). Таблицы набираются в том же формате, что 
и основной текст. В тексте буква «ё» заменяется на букву «е» и оставляется только в фамилиях.

7. Рисунки (в формате .tiff, .bmp, .jpeg) и таблицы оформляются в виде отдельных файлов. Шрифт – Times 
New Roman, размер шрифта основного текста – 14, интервал – 1,5. Таблицы большого размера могут быть набра-
ны кеглем 12. Параметры страницы: поля слева – 3 см, сверху и снизу – 2 см, справа – 1,5 см. Текст размещается 
без знаков переноса. Абзацный отступ – 1 см. 
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2.2. Представление материалов
1. Представление всех материалов осуществляется в электронном виде через электронную редакцию 

(http://journals.spbstu.ru). После регистрации в системе электронной редакции автоматически формируется 
персональный профиль автора, позволяющий взаимодействовать как с редакцией, так и с рецензентом.

2. Вместе с материалами статьи должно быть представлено экспертное заключение о возможности опу-
бликования материалов в открытой печати.

3. Файл статьи, подаваемый через электронную редакцию, должен содержать только сам текст без назва-
ния, списка литературы, аннотации и ключевых слов, фамилий и сведений об авторах. Все эти поля запол-
няются отдельно через электронную редакцию.

2.3. Рассмотрение материалов
Предоставленные материалы (п. 2.2) первоначально рассматриваются редакционной коллегией и переда-

ются для рецензирования. После одобрения материалов, согласования различных вопросов с автором (при 
необходимости) редакционная коллегия сообщает автору решение об опубликовании статьи. В случае отказа в 
публикации статьи редакция направляет автору мотивированный отказ.

При отклонении материалов из-за нарушения сроков подачи, требований по оформлению или как не отвеча-
ющих тематике журнала материалы не публикуются и не возвращаются.

Редакционная коллегия не вступает в дискуссию с авторами отклоненных материалов.
При поступлении в редакцию значительного количества статей их прием в очередной номер может закон-

чится ДОСРОЧНО.

E-mail: physics@spbstu.ru, 
Тел. редакции 8 (812) 552-62-16.
Cайт жóрнала: https://physmath.spbstu.ru/
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