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THE ELECTRONIC STRUCTURE OF GALLIUM OXIDE 
NANOCRYSTALS DOPED WITH SHALLOW DONORS

A. A. Revin, A. A. Konakov, D. S. Korolev✉

National Research Lobachevsky State University of Nizhni Novgorod, Nizhni Novgorod, Russia

✉ dmkorolev@phys.unn.ru

Abstract. The results of theoretical calculations of electronic states of the gallium oxide 
(Ga

2
O

3
) nanocrystals both doped with donor impurity and undoped have been presented in 

the paper. In the envelope function approximation, the structure, states and energy levels 
of size quantization in the nanocrystals were determined. According to our calculations, the 
electron-hole pair forms a bound state of the exciton type in the nanocrystal. The typical donor 
impurities in Ga

2
O

3
, such as silicon and tin, were shown to create bandgap states localized in a 

spatial domain being several times smaller than the nanocrystal’s volume. Forming a compact 
neutral pair, the electron and donor ions have no noticeable influence on the states of the 
optically excited electron-hole pairs. The effect of impurity implantation on recombination 
processes was also discussed.

Keywords: nanocrystal, gallium oxide, electronic structure, donor impurity, quantum size 
effect

Funding: The reported study was funded by Russian Science Foundation (Grant No. 21-79-
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Научная статья
УДК 538.915
DOI: https://doi.org/10.18721/JPM.17301

ЭЛЕКТРОННАЯ СТРУКТУРА НАНОКРИСТАЛЛОВ 
ОКСИДА ГАЛЛИЯ, ЛЕГИРОВАННЫХ МЕЛКИМИ ДОНОРАМИ

А. А. Ревин, А. А. Конаков, Д. С. Королев✉

Нижегородский государственный университет им. Н. И. Лобачевского, г. Нижний Новгород, Россия
✉ dmkorolev@phys.unn.ru

Аннотация. Приведены результаты теоретических расчетов электронных состояний 
нанокристаллов оксида галлия (Ga

2
O

3
)
 
как легированных донорной примесью, так и 

нелегированных. Определены структура, состояния и энергетические уровни размерного 
квантования в нанокристаллах в приближении огибающей функции. Согласно расчетам, 
электронно-дырочная пара образует в нанокристалле связанное состояние экситонного 
типа. Показано, что типичные донорные примеси в Ga

2
O

3
, такие как кремний и олово, 

создают в запрещенной зоне состояния, локализованные в пространственной области, в 
несколько раз меньшей объема нанокристалла. Образуя компактную нейтральную пару, 
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электрон и донорный ион не оказывают какого-либо заметного влияния на состояния 
оптически возбужденных электронно-дырочных пар. Обсуждается также влияние 
внедрения примеси на рекомбинационные процессы.

Ключевые слова: нанокристалл, оксид галлия, электронная структура, донорная 
примесь, квантово-размерный эффект
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Introduction
Wide-bandgap semiconductors are one of the most promising materials for use in electronics. 

Gallium oxide, a semiconductor material serving as parent compound for 4th-generation elec-
tronics devices, is becoming increasingly popular. Due to its characteristics, primarily a suffi-
ciently wide band gap of about 4.5–5.2 eV, gallium oxide is one of the best candidates for power 
electronics devices, UV radiation detectors, gas sensors, etc. [1–3]. Another important advantage 
is the technology for producing monocrystalline substrates of large diameter.

Much focus has been placed on developing and exploring the methods for obtaining materials 
based on gallium oxide (single crystal growth, epitaxy and thin film deposition), modifying its 
properties, and finding potential applications in instrumentation [4–6]. Numerous experimental 
as well as theoretical works consider the band structure, electronic states and parameters of defect 
levels in bulk gallium oxide [7–9].

A major direction in technologies for materials based on gallium oxide is the creation of 
nanostructures. Practical applications primarily include light-emitting and photodetector devices 
based on these nanostructures [10, 11]. However, widespread use is limited, as main methods for 
chemical synthesis of nanostructures that are incompatible with microelectronic technology.

This limitation can be overcome by ion beam synthesis of Ga
2
 O

3
 nanocrystals (NC) in dielec-

tric matrices (for example, silicon or aluminum oxides) on silicon substrates [12]. The advantage 
of ion synthesis, in addition to full compatibility with silicon technology, is the option for doping 
the material with impurity atoms, allowing to control the property modifications of synthesized 
samples. Despite vigorous experimental research on this topic, there are virtually no theoretical 
papers on gallium oxide nanostructures.

Structures with gallium oxide NC exhibit strong UV and blue luminescence, which can be 
used both to synthesize LED structures and to convert UV radiation into visible light [13, 14]. 
The photoluminescence spectra of such nanostructures differ from the emission spectra of bulk 
Ga

2
O

3
 samples. However, explanations of the observed patterns, in particular, accounting for 

size quantization in the luminescence of nanoparticles, are exclusively qualitative [15]. The effect 
of doping by shallow donors on the band structure and electronic states of Ga

2
O

3
 NC remains 

completely unexplored.
This paper presents a theoretical study of the electronic structure of gallium oxide NC without 

doping impurities as well as NC doped with a shallow donor impurity.

Electronic structure of gallium oxide nanocrystals  
without impurities (in the zero approximation)

Since the impurity potential should be considered as a perturbation to study the effect of 
shallow donors on the structure of quasiparticle states in NC, let us start by briefly describing the 
structure of electron and hole states in pure Ga

2
O

3
 NC.
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The problem of size quantization of electrons and holes in gallium oxide was solved in the enve-
lope approximation. The equation for determining the eigenfunctions and eigenvalues has the form

2 2 2 2

2 2 2

1 1 1
( ) ( ) ( ) ( ),

2 x y z

F U r F EF
m x m y m z

 ∂ ∂ ∂
− + + + =  ∂ ∂ ∂ 

r r r


(1)

where m
y
, m

z
 are the components of the anisotropic effective mass of electron or hole; E is the 

energy; F(r) is the envelope function; the potential U(r) is assumed to be central.
We assume that U(r) is a spherical well of finite depth (Fig. 1). The magnitude of conduction 

band discontinuity is about 3 eV, and that of valence band discontinuity is about 1 eV [4]. We also 
neglect the anisotropy of effective masses [16], as taking it into account for electrons produces 
corrections beyond the accuracy of calculations, while the magnitude of corrections for holes is 
slightly larger but still remains small.

Then the solution of Eq. (1) is obtained as follows:

( )
( , ),  ,

( )
( , ),  ,

l
klm lm

l
klm lm

j kr
A Y r R

r

h i r
B Y r R

r

ψ = θ ϕ <

κ
ψ = θ ϕ >

(2)

is the radius of the nanocrystal; 

( )02

2

2m V E
k

−
=


; 2

2

2m E
κ =


; j

l
(kr) are the  

spherical Bessel functions; h
l
(ikr) are the Hankel 

functions of an imaginary argument.
The undefined constants are found from 

the condition for normalization and continuity 
of the wave function. The energy spectrum of 
Ga

2
O

3
 NC is found from the condition for con-

tinuity of the logarithmic derivative.
Fig. 2 shows the ground-state (1s) energy dependences of the conduction electron and 

hole, measured from the bottom of the conduction band (up) and the top of the valence band 
(down), respectively.

Fig. 1. Potential U(r) of spherical well 
(R is its radius) with finite depth U

0

a) b)

Fig. 2. Energy dependences of 1s-state of electron (a) and hole (b) on radius of β-Ga
2
O

3
 NC
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Analyzing the graphs, we can conclude that the 
obtained energies of the ground-state levels of size 
quantization differ slightly from the energy levels 
of an infinite spherical well, so wave functions of 
an infinite spherical well can be used in the cal-
culations below as wave functions of the ground 
and low-lying excited states. Notably, proximity 
of wave functions is much more important than 
that of energies for such an approximation.

Fig. 3 shows the radial densities given by 
the ground-state wave functions for finite and 
infinite wells. Evidently, the wave functions are 
close everywhere, it is justified to use infinite 
well functions.

Dividing the system of equations for holes 
and electrons into two independent equations of 
type (1) is not always justified (see, for example, 
[17]); in general, a hole and an electron affect 
each other’s states and it is necessary to solve 
a system of equations that are not divided into 
independent equations for an electron and a hole.

Let us estimate the interaction energy of particles in states (2) in accordance with the per-
turbation theory. This estimate can allow to determine whether their states can be considered 
independent. Apparently, this energy is a diagonal matrix element of the Coulomb interaction:

ˆ1 1 1 1 ,e h e hE s s V s s= (3)

where 1 1e hs s  is the ground-state vector of the electron–hole system.
The wave function corresponding to this vector is equal to the product of the ground-state 

wave functions of the electron–hole system.
The Coulomb interaction operator V̂  in coordinate representation has the form

2

ˆ ,
s e h

e
V = −

ε −r r
(4)

where r
e
, r

h
 are the radius vectors of the electron and the hole, respectively; ε

s
 is the static 

dielectric constant.
The dependence of the Coulomb interaction 

energy on the radius of the nanocrystal is shown 
in Fig. 4. As seen from the graph, the magnitude 
of the direct electron–hole Coulomb interaction 
is comparable to the size quantization energies 
obtained from independently considered equa-
tions of type (1). This suggests that the sepa-
ration of electrons and holes into independent 
particles apparently does not occur, with an 
exciton produced in Ga

2
O

3
 NC, while an exci-

ton polaron can appear against the background 
of strong interaction between charge carriers and 
polar optical phonons.

Importantly, the approximation used for the 
hole spectra is highly qualitative, allowing to con-
firm that the size quantization in Ga

2
O

3
 NC does 

not affect the width of the optical band gap, but 
using hole wave functions in form (2) can yield 
inaccuracies. The reason for this is that, firstly, 

Fig. 3. Comparison of radial probability 
densities r2|ψ|2 for spherical wells of finite 
(solid line) and infinite (dashed line) depths
Density is expressed in ‘natural’ units for a finite 

well (rel. u.): k
0
 = √2mU

0
/ℏ2

Fig. 4. Dependence of electron–hole 
Coulomb interaction energy on nanocrystal 

radius
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the multi-valley structure of the valence band was not taken into account in the construction of 
the kp procedure, and, secondly, there are several closely lying valence bands, such that the dis-
tance between them is comparable to the magnitude of the valence band discontinuity used in the 
study. The latter apparently suggests that a multi-band model should be used to study hole states. 
However, these issues require separate consideration and are beyond the scope of this paper.

Electronic structure of impurity atoms in gallium oxide nanoinclusions

Bulk materials are characterized by clear separation of defects into shallow and deep ones. This 
separation primarily depends on the degree of localization of the potential producing this defect. 
The potential of deep centers is highly localized and acts within a single unit cell. Although shal-
low defects may include a part of the potential limited by the unit cell (the so-called potential of 
the central cell [18]), they also always include a long-range Coulomb part of the potential, so they 
are often called Coulomb centers. It follows then that deep defects virtually do not change the 
structure of the states they produce in nanoscale systems, since they cannot ‘sense’ the boundaries 
of NC. On the other hand, the states of shallow defects can vary greatly. The radii of discrete 
localized electronic states that they induce in a bulk material can be of the same order or even 
larger than the sizes of nanoinclusions, i.e., the NC boundaries that generate the confinement 
potential should inevitably be included in the problem. In view of this, it is much more important 
to find the states for shallow donors in NC than those for deep centers.

Let us consider how the addition of impurity atoms affects the electron and hole spectra of 
gallium oxide NC. The Hamiltonian in Eq. (1) takes the following form in the approximation of 
the envelope function in the presence of a shallow donor:

2ˆˆ ( ) ( , ),
2

p
H U V

m
= + +r r h (5)

where m is the effective mass of electron or hole in the isotropic approximation, U(r) is the poten-
tial of the spherical well, V(r,h) is the potential of the donor, depending on the position of the 
donor at a point with a radius vector h.

The impurity potential contains two terms:

( ),CV V W= + r (6)

where W(r) is the short-range potential of the central cell, depending on the nearest neighbors of  

the donor; V
C
 is the Coulomb term of the potential, 

2

0
C

s

e
V

r
=
ε

.

The short-range potential can be calculated using the dielectric function, or taken into account 
phenomenologically, if the positions of impurity levels in bulk material are known. The data avail-
able on the levels of different donor impurities is somewhat contradictory. It can be assumed for 
silicon [19] that the level only slightly differs from the hydrogen-like one (whose value is about 27 
MeV) in most cases. The position of the level for tin can vary from 16 MeV [20] to 60 MeV [21] 
according to different sources, and the concentrations of donors are almost equal (9∙1017 and 
10∙717 cm–3, respectively). A decrease in the energy of the donor level compared to the hydro-
gen-like one is associated with electron delocalization, due to changes in the dielectric constant 
or the influence of neighboring impurities; an increase in the energy level is generally associated 
with a strong potential of the central cell. Theoretical analysis is complex because these scenarios 
happen at almost equal concentrations. Therefore, we neglect the potential of the central cell in 
the first approximation to calculate the structure of the hydrogen-like donor.

Let us calculate the correction for the ground-state energy of the electron–hole system in 
accordance with the perturbation theory, where the perturbation potential has the following form:

2

0 ,C

s

e
V = ±

ε −r h
(7)

where h is the radius vector of the impurity atom.
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The plus sign is assigned to holes, since the donor is positively charged and the hole repels, the 
minus sign is assigned to electrons.

The following parameters were chosen for the calculations: the radius of the nanocrystal was 
R = 10 nm, the functions of an infinite well were used as wave functions due to the above-de-
scribed reasons, the unperturbed energies amounted to E

1se
 ≈ 13 MeV and E

1sh
 ≈ 1 MeV. Graphs 

for the dependence of first-order energy corrections for electrons and holes are shown in Fig. 5.

It can be seen from the graphs that the first-order correction to the ground state is not small 
compared to the ground-state energy, regardless of the position of the donor in the nanocrystal. 
It follows then that the potential of the donor cannot be considered small, which must be taken 
into account by the finite series sum of perturbation theory. Therefore, a different method should 
be used for calculating the spectrum.

A suitable technique for calculating the energy levels of electrons and holes is the Rayleigh–
Ritz variational method [22]. Notably, other quantities for which the wave function is used may be 
far from reality, although the energy levels are calculated rather accurately in this approximation.

Let us first consider the case of a donor in the center of a nanocrystal. Judging from the data 
in Fig. 5, the electronic structure is influenced by the donor to the greatest extent. It is natural 
to select a trial function for the electronic ground state that is similar to both the function of a 
spherical well and the function of the hydrogen atom. Therefore, the trial wave function is taken 
in the following form:

sin

exp( ),e

r

RA r
r

π⋅

ψ = −α (8)

where α, A are constants; α is the variational parameter, A is the normalization constant.
Fig. 6 shows the radial distribution of the electronic ground-state energy level in a nanocrystal 

with a Coulomb impurity donor.
The graph shows that the donor levels of the doped nanocrystal are only slightly different 

from those of the bulk material in the case of the hydrogen-like potential; the radius of the 
wave function is α–1 ~ 1 nm, i.e., the donor, as in the bulk material, forms a neutral system of a 
rather small radius, which has virtually no effect on the optically excited electron–hole pair. The 
evidence for this is that the electron–hole densities are concentrated in states (2) in a spherical 
layer whose radius is approximately equal to half the radius of the nanocrystal (see Fig. 3), and 
the system, including a donor electron and an ion, has an effective range of α ~ 1 nm. This result 
suggests that an optically excited electron–hole pair in a doped gallium oxide nanocrystal behaves 

a) b)

Fig. 5. Dependences of corrections to ground-state energy of electrons (a) and holes (b) 
on position of donor in nanocrystal (first-order perturbation theory)
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the same as in a nanocrystal without a doping 
impurity, and the width of the optical band gap 
practically does not depend on the doping level 
of the nanocrystal.

An important difference between a doped 
nanocrystal and an undoped one is the pres-
ence of an extra electron, which has a high (on 
the order of the band gap width) energy of the 
bulk material in the ground state, i.e., an addi-
tional recombination channel associated with the 
Auger process appears after optical excitation of 
the electron–hole pair. Auger recombination 
can play an important practical role for develop-
ing ultraviolet detectors based on structures with 
gallium oxide nanocrystals. This follows from the 
fact that the electron is always in a localized state 
in an undoped nanocrystal. Since the electronic 
wave function differs slightly from the function 
of an infinite well, the probability of an electron 
hopping between nanocrystals tends to zero, i.e., 

photocurrent flow is unlikely in NC arrays that do not contain impurities.
In contrast, an electron can fall into the region of continuous spectrum between the vacuum 

level and the bottom of the conduction band of the dielectric matrix during Auger recombination. 
The electronic wave function is delocalized in this energy range, so the electron can successfully 
move through the entire NC array, generating a photocurrent.

Conclusion

The paper reports on the electronic structure of a β-Ga
2
O

3
 nanocrystal doped with a shallow 

donor. It was established that the Coulomb potential cannot be considered as a small perturba-
tion, since it strongly affects the electronic state of the entire system, creating a state close to the 
impurity state for a bulk semiconductor.

The approach used in the study serves as an excellent approximation for electrons, since the 
conduction band has a single minimum, well separated from the other bands in terms of energies. 
On the other hand, this approximation is qualitative in nature for holes and is applicable only for 
estimating the width of the optical band gap.

Further research should be carried out, accounting for the multi-valley structure in the multi-
band model and the strong interaction of the hole with optical polar phonons, which can be 
considerably stronger in low-dimensional systems.

The results obtained can be used to develop light-emitting and photodetector devices based on 
gallium oxide nanocrystals.
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Аннотация. Проведены исследования слоев фосфида бора ВР и гетеропереходов 
BP/n-Si, сформированных методом плазмохимического осаждения при температуре 
350 °С на подложках n-Si с использованием диборана и фосфина. Установлено, что 
увеличение мощности водородной плазмы позволяет избежать пиннинга уровня 
Ферми на границе BP/n-Si. Дополнительное разбавление потоком водорода приводило 
к увеличению проводимости слоя ВР, а поведение вольтамперной характеристики 
структуры Au/BP/n-Si (золотой электрод) становилось выпрямляющим. Методом 
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Introduction
Extensive research is underway to find novel semiconductor materials to replace amorphous 

silicon serving as emitters in solar cells on single-crystal silicon substrates. It was theoretically 
confirmed in [1] that boron phosphide (BP) is one of the most promising binary compounds for 
p-type emitters on n-Si substrates, since it has an indirect band gap, and also a large difference 
between the energies of indirect (2 eV) and direct (4 eV) transitions, producing a large discon-
tinuity in the conduction band at the p-BP/n-Si heterojunction, allowing to form hole-selective 
contacts. Very few papers were published on BP growth by plasma-enhanced chemical vapor 
deposition (PECVD) and epitaxy [2–4], only considering the structural properties of the layers.

Our previous work [5] studied the electrophysical properties of BP layers grown by PECVD in 
the temperature range of 250–350 °C; significant embedding of carbon atoms was found for them 
with trimethylboron used as a boron source. Fermi level pinning was observed at the BP/n-Si 
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interface for structures based on these layers. For this reason, diborane was used as a boron source 
in subsequent experiments [6], making it possible to increase the optical band gap of BP to 1.9 eV. 
No peaks corresponding to carbon were detected in the Raman spectra of the sample, pointing 
to its amorphization [7].

This paper analyzes the electrophysical properties of boron phosphide layers and BP/n-Si het-
erojunctions based on them, grown using diborane and phosphine.

Experimental

Growth of structures. Deposition of BP layers was carried out in an Oxford PlasmaLab 100 
PECVD system (13.56 MHz) equipped with phosphine (PH

3
) and diborane (B

2
H

6
) lines serving 

as sources of phosphorus and boron atoms, respectively. 100% PH
3
 gas and 2% B

2
H

6
/H

2
 mixture 

were used. BP layers were deposited on three-inch polished substrates of single-crystal silicon with 
a thickness of 380 µm.

These substrates were fabricated by the Czochralski method, doped with phosphorus and 
had an electrical resistivity of 5–10 Ω·cm. The silicon substrates were treated in a 10% aqueous 
solution of hydrofluoric acid (HF/H

2
O) to remove the natural oxide immediately before they 

were loaded into the process chamber. Boron phosphide layers were deposited at a fixed tem-
perature of 350 °C and identical pressure of 1000 mTorr at a ratio of gas mixture and gas flows 
B

2
H

6
/H

2 
: PH

3
 = 2 : 1 for 20 minutes with different plasma power (20 and 200 W) and additional 

dilution with hydrogen (100 cm3/min) (see Table). The obtained thicknesses of the grown layers 
are also given in Table.

An ohmic contact was formed on the back side of the silicon substrate by deposition of a thin 
(5 nm) highly doped layer of gallium phosphide (n-GaP) followed by thermal sputtering of sil-
ver (Ag) in the BOC Edwards Auto500 deposition system. Gold was thermally deposited on the 
front side of boron phosphide samples through a mask with holes 1 mm in diameter to form a 
Schottky barrier.

Measurements. The current–voltage characteristics of the samples were recorded at room tem-
perature using a Keithley 2400 Source Measure Unit.

Admittance spectroscopy measurements were carried out with the Keysight E4980A-001 
Precision RLC Meter at frequencies from 20 Hz to 2 MHz with a test signal amplitude of 
50 mV in a Janis CCS-400H/204 closed-cycle helium cryostat in the temperature range from 
40 to 400 K.

Results and discussion

The obtained dark current–voltage characteristics are shown in Fig. 1. Analyzing these depen-
dencies, we can conclude that the layers grown without hydrogen dilution exhibit symmetrical 
curves for forward and reverse bias voltages, and the conductivity of the boron phosphide layer 
increases with increasing plasma power from 20 to 200 watts. Adding hydrogen flow at a rate of 
100 cm3/min to the gas mixture produces a straightening effect on the current–voltage character-
istic: when a positive potential is applied, an exponential increase in current through the sample 
occurs, and when a negative potential is applied, a weak current occurs, suggesting the exis-
tence of a space charge region at the interface between the gold electrode and boron phosphide 
(Au/BP), due to the presence of a potential barrier.

Tab l e

Growth conditions and thicknesses of grown boron phosphide layers

Process Dilution with H
2
 gas Plasma power, W Thickness, nm

I
Not used

20 285

II 200 276

III 100 cm3/min 200 360

Note. The layers were grown at a temperature of 350 °C, the pressure was 1000 mTorr.
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It was previously found [8] that the obtained 
layers have a donor-type conductivity. This 
result made it possible to measure the capac-
itance–voltage characteristics at different tem-
peratures. According to the data obtained, the 
capacitance of a sample grown in low-power 
plasma weakly depends on the applied volt-
age in the range from -20 to +20 V at various 
temperatures. This happens because the width 
of the space charge region in silicon does not 
change with varying voltage to Fermi level pin-
ning; pinning appears due to the high defect 
concentration of defects at the heterointerface. 
A similar phenomenon was observed earlier for 
thin layers of BP grown with a trimethylboron 
precursor at different plasma parameters [5]. 
However, profiling of the Au/BP/n-Si structure 
could be carried out for the structure grown 
using diborane, due to an increase in plasma 
power to 200 W and dilution of gas flows with 
hydrogen. It was found that at low temperatures 

(below 100 K), the space charge region extends to the silicon substrate if reverse bias (V ≤ 0 В) 
is applied. As the temperature increases, the magnitude of the reverse voltage at which silicon 
profiling begins increases, and much higher negative voltages (below -4 V) should be applied 
at room temperature than at a temperature of 100 K. This behavior of the dependence may be 
related to the presence of defects in boron phosphide layers and at the BP/n-Si interface. The 
data obtained confirm the validity of admittance spectroscopy measurements, allowing to detect 
defects of this type.

Fig. 2 shows the detected capacitance–frequency spectra for all samples at zero DC bias. 
The observed capacitance stages mean an additional contribution to the sample capacitance. 
This contribution may be due to the response from the point defect level or the exchange of 
carriers on the surface states formed at the BP/Si heterointerfaces.

A similar series of stages in the range of 100 – 180 K is observed in samples grown at 200 
W, corresponding to a response with an activation energy of 0.19 and 0.17 eV for samples 
grown with hydrogen dilution (see Fig. 2,c), and without dilution (see Fig. 2,b), respectively. In 
addition, it was found that the capacitance stage shifts towards higher frequencies at the same 
temperature with an increase in the amplitude of the applied reverse bias (from -1 to -4 V). This 
leads to an increase in the calculated activation energy of this response at a displacement value 
of -4 V: up to 0.82 and 0.46 eV for samples grown with hydrogen dilution and without dilution, 
respectively (the data are not shown in Fig. 2).

The dependence of the activation energy on voltage indicates a response from surface states 
at the BP/Si heterointerface. According to the results of computer simulation performed in the 
AFORS-HET software, the response in this case is associated with the transition of electrons 
from surface states to the conduction band of silicon: when a reverse bias voltage is applied, 
the quasi-Fermi level shifts towards the mid-gap, which leads to an increase in the transition 
energy. The obtained result explains the previously observed temperature dependences of the 
voltage–capacitance characteristics [8]. At low temperatures, the isotype Au/BP/n-Si hetero-
junction is characterized by classical behavior, where the BP layer is completely depleted due 
to weak doping. At V

DC
 = 0 V, the space charge region extends to silicon, and at the reverse 

bias voltage, profiling of charge carrier concentration in the silicon substrate occurs. The cal-
culated band diagram of the Au/BP/n-Si structure at 100 K is shown in Fig. 3,a. However, 
with an increase in temperature, the surface states induce an additional charge at the BP/n-Si 
heterointerface, leading to a change in the shape of band bending. This change, in turn, 
requires the application of a larger reverse bias amplitude to deplete the silicon region at the 
interface with boron phosphide at a certain test frequency (the band diagram at 300 K is shown 
in Fig. 3,b).
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A high-temperature defect with activation energies of 0.65 and 0.58 eV was detected in both 
samples grown without additional hydrogen flow for processes with plasma power of 20 and 
200 W, respectively. In this case, the values do not depend on the DC bias voltage applied, unlike 
the responses described above; therefore, the detected defect is associated with a defect level in 
the boron phosphide layer. Since the study of defects in BP layers by capacitive techniques was 
carried out for the first time, their nature is presently unknown, however, it is reasonable to 
assume that it is a deep level associated with the structural properties of the layer, which we intend 
to explore in future experiments.

Conclusion

BP/n-Si heterojunctions obtained by plasma deposition of boron phosphide layers with dibo-
rane and phosphine flows were analyzed for the first time by capacitive techniques. Using diborane 
instead of trimethylboron as a boron source allowed to eliminate Fermi level pinning at the BP/n-Si 
heterointerface with an increase in plasma power from 20 to 200 W. Pinning was eliminated due to 
the absence of parasiting diffusion of carbon into the structure and improvement of the stoichio-
metric composition of BP, while introducing an additional hydrogen flow to dilute the gas mixture 
increased the conductivity of the n-BP layer. Nevertheless, surface states appear at the BP/n-Si 
interface (detected by admittance spectroscopy); their presence generates an additional charge at the 
interface at room temperature, therefore, much higher reverse voltages must be applied to spread 
the depleted region onto the silicon substrate. Furthermore, deep levels with energies Е

а
 = 0.58 – 

0.65 eV were found in boron phosphide layers grown without additional hydrogen flow.
Thus, the optimal approach is growing boron phosphide layers with a diborane flow at high 

plasma power (200 W), additionally diluting the hydrogen flow (at a flow rate of 100 cm3/min), 
since this helps minimize defect production in boron phosphide layers and at the BP/n-Si interface.
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Abstract. This article presents the technology for the formation of optical microcavities 
based on the GaP(NAs) semiconductor material system on silicon. For the first time, a plasma 
etching mode which ensures the achievement of an aspect ratio of 5:1 and low roughness of the 
side walls has been proposed in etching layers of III–V groups. A technological approach was 
also put forward to ensure optical separation of the microcavity with the Si substrate, that being 
important for efficient localization of light in the photonic structure. The optical studies and 
numerical calculation showed the presence of modulations in the micro-photoluminescence 
spectra of microstructures caused by the appearance of Fabry – Perot resonances. This research 
is an important step in the development of the technology of creation and application of 
combined structures with silicon-based optical waveguides.
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Аннотация. В статье представлена технология формирования оптических 
микрорезонаторов, основанных на системе полупроводниковых материалов GaP(NAs) 
на кремниевой подложке. Впервые разработан режим плазмохимического травления, 
при котором достигается аспектное соотношение 5:1 при травлении слоев, состоящих 
из элементов III – V групп, и низкая шероховатость боковых стенок. Предложен 
технологический подход, обеспечивающий оптическое разделение микрорезонатора с 
кремниевой подложкой, что важно для эффективной локализации света в фотонной 
структуре. Проведенные оптические исследования и численный расчет показали 
наличие модуляций в спектрах микрофотолюминесценции микроструктур; модуляции 
обусловлены возникновением резонансов Фабри – Перо. Выполненное исследование 
является важным шагом в развитии технологии создания и применения комбинированных 
структур с оптическими волноводами на кремниевой основе.

Ключевые слова: оптический микрорезонатор GaP(NAs) на кремнии, плазмохимическое 
травление, спектр микрофотолюминесценции
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Introduction
Consistent progress in computing systems is slowed down by the limited bandwidth of tradi-

tional information transmission systems via metal conductors. For this reason, systems providing 
an alternative means for data transmission, for example, as optical signal, are of particular inter-
est in microelectronics. The integration of photonics and microelectronics has been discussed 
for the past 30 years; technologies have been successfully combined to develop complementary 
MOSFETs (CMOS) and high-speed light sources, increasing the speed of on-chip processing and 
transmission of data as well as improving the durability and compactness of the devices [1].
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Group IV compounds (silicon and germanium) are used in light-emitting structures and 
photodiodes on Si, mainly due to their compatibility with the CMOS platform [2]. On the 
other hand, light emission from such materials is limited, so effective light-emitting devices 
are yet to be constructed [3, 4]. In turn, most group III–V elements have a direct-bandgap 
semiconductor structure, allowing to fabricate thin-film LEDs, effective microscopic solar 
cells, laser structures, etc.

The disadvantage of devices based on group III–V elements is the high cost of the substrate 
material based on gallium arsenide (GaAs) and indium phosphide (InP), while large amounts 
of it are lost during the manufacturing process. Furthermore, the diameters of GaAs and InP 
substrates produced do not exceed 150 and 100 mm, respectively; in contrast, the standard 
diameter of silicon or silicon-on-insulator substrates is 450 mm.

In turn, to reduce the cost of fabricated transistors, photonic or optoelectronic circuits, 
it is necessary to increase the diameter of the substrates used, which is still technologically 
impossible for wafers made of materials based on group III–V elements.

One of the approaches to fabricating silicon-based optoelectronic devices is directly grow-
ing group III–V semiconductor structures on silicon substrates. This low-cost technology 
generally provides a reliable way to integrate silicon-based optoelectronic circuits [5]. This, 
however, brings a new challenge, as dislocations appear in the epitaxial layer, induced by the 
mismatch between the crystal lattices of the grown structure and the silicon substrate, which 
can cause the entire structure to malfunction.

Technologies circumventing this limitation are based on different types of buffer layers [6, 7] 
or texturing silicon substrates [8–11] for effective relaxation of elastic stresses, allowing for 
synthesis of high-quality epitaxial layers. For example, the dislocation density in the GaAs 
layer was decreased to the level of 2.4·107 cm–2 in [12] by using a combination of sequen-
tial synthesis of buffer layers and thermal annealing. An efficient LED structure operating 
in the red spectral region was created by this technique. A GaN microdisk cavity grown 
on silicon was considered in [13], exhibiting ultraviolet lasing under pulsed excitation of a 
semiconductor structure.

An important particular case of directly growing layers of III–V group structures on silicon 
is the GaP/GaP(NAs) system, allowing to completely solve the problem of lattice mismatch 
between the synthesized layers and silicon. Even though GaP is an indirect-bandgap semi-
conductor, adding only 0.5 mol.% nitrogen makes this material direct-bandgap [14], while 
the 2% composition is lattice-matched with the silicon crystal lattice and has a bandgap of 
about 2 eV.

Simultaneously adding nitrogen and arsenic atoms makes it possible to modulate the 
decrease in the bandgap of the semiconductor material up to about 1.5 eV, while maintaining 
lattice match with silicon.

To date, researchers have managed to significantly improve the quality of epitaxially grown 
GaP(NAs) on Si substrate, allowing to create LEDs and photosensors based on it [15, 16], 
even achieving laser generation in structures with quantum wells [17, 18]. One of the signifi-
cant advantages of the GaP/GaP(NAs) system is the possibility of using an indirect-bandgap 
GaP semiconductor to manufacture waveguides or cavity structures based on it [19].

A common problem in fabricating photonic circuits on silicon is low localization of light 
in the cavity and absorption of the optical mode by the substrate. A possible solution to this 
problem is the formation of voids between the cavity and the GaP/GaP(NAs) photonic struc-
tures, which can be created, for example, by removing the substrate under the sections of the 
photonic circuit (by etching).

This paper presents the results on the manufacturing technology for microdisk cavities 
based on the GaP(NAs) system grown on Si substrate, along with analysis of the optical prop-
erties of the obtained structures.

Experimental

The GaP/GaP(NAs) heterostructure under study with layer thicknesses of 500/900/200 nm 
was synthesized on a silicon substrate using the molecular beam epitaxy method in the Veeco 
GEN III system.
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Solid solution composition 
in active region of heterostucture, %
P ........................................82.0
As ..................................... 14.5
N ...................................... 2.6 ± 3.0

The selected composition corresponds to a bandgap of 1.83 eV. A detailed description of the 
process of synthesis and characterization of epitaxial layers is presented in [20].

Fabrication of optical structures. The fabrication process consisted of several stages.
At the first stage, a micropattern was produced by contact optical lithography from an AZ1518 

photoresist using the SUSS MJB4 mask aligner. The diameter of the microstructures varied in the 
range of 6–40 µm.

At the second stage, plasma cryogenic etching of the layers of the synthesized heterostructure 
was carried out using the Plasmalab 100 ICP etching system (Oxford Instruments), allowing to 
independently control the concentration of reactive ions by generating inductively coupled plasma 
and their directional transport. To achieve optimal etching conditions, the process parameters 
were varied. The etching parameters are given in Table.

The modification of GaP/GaP(NAs)/GaP heterostructures was monitored at all stages of the 
fabrication process using a scanning electron microscope (SEM) from Zeiss Supra.

Optical characterization of formed structures. The study was carried out using the micro-pho-
toluminescence (µ-PL) method. The measuring circuit included a lens used both to focus the 
pumping laser radiation and to collect visual and spectral data. The µ-PL spectra in different 
regions of the sample were imaged using a lens mounted on an XYZ stage with at least 300 nm 
travel. The sample was fixed on a copper heat sink and placed in a cryostat to maintain a constant 
temperature. A 457 nm continuous-wave solid-state laser from CNI Optics was used to perform 
optical pumping of the semiconductor structure.

All µ-PL measurements were carried out at room temperature (300 K).

Results and discussion

Fig. 1 shows SEM images for the microdisk structures after etching. Analyzing the SEM 
images, we concluded that the operating conditions allow for etching of the layers of the het-
erostructure with a high level of selectivity to the silicon substrate. Notably, etching with the 
selected basic parameters (see Table, Structure I) exhibits significant erosion of the sidewalls of 
the semiconductor material and photoresist (see Fig. 1,a), which may be due to the insufficient 
directionality of the etching process. An increase in the RF power (Structure II) led to a decrease 
in erosion of the sidewalls of the resist and an improvement in the quality of the sidewalls of the 
structure, preserving their verticality (see Fig. 1,b). A significant roughness of the sidewall surface 
of the semiconductor structure was still observed after etching, as well as a decrease in the residual 
thickness of the photoresist compared to Structure I, which indicated insufficient stability of the 

Tab l e

Etching modes of GaP/GaP(NAs)/GaP heterostructure

Technological parameter
Parameter value for structure

I II III IV

Temperature, °C –20 –70 –20

ICP power, W 1000

RF power, W 30 100

Pressure, mTorr 5

BCl
3
/Cl

2
 flow ratio 40 : 5

Process time, min 6
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photoresist. To optimize the etching modes, the structure was additionally cooled to -70 °C while 
maintaining the remaining parameters (Structure III). As seen from Fig. 1,c, this step provided a 
decrease in both vertical and lateral erosion of the photoresist, as well as an improvement in the 
quality of the sidewalls of the structure. In turn, a deterioration in the verticality of the sidewalls 
was observed for the selected etching mode, which is one of the drawbacks in the manufacturing 
of disk cavities.

Another approach to increasing the strength of the photoresist is baking, in which chemical 
bonds in the photoresist are cross-linked and polymerized. To ensure crosslinking, the photoresist 
was heat-treated at 150 °C for 2 minutes, after which the etching of the structure was performed 
with the same conditions as that of Structure II. A SEM image of the structure after etching 
is shown in Fig. 1,d. Comparing the result obtained with that for Structure II, we observe an 
increase in the quality of the sidewall surface of the semiconductor structure, with high verti-
cality of the walls maintained. Importantly, a decrease in the lateral dimensions of the structure 
is observed, which is associated with a change in the shape of the photoresist mask after the 
annealing procedure.

Since size correction can be performed at the lithography stage, and high quality of the struc-
ture’s sidewall surface can be achieved, Sample IV was used for further manipulations.

For optical isolation of microcavity structures from silicon, plasma etching of the silicon sub-
strate was carried out at the next technological stage from the front side in a SF

6
/O

2
 gas mixture 

with flows of 36 and 4 cm3/min, respectively, with an ICP power of 2500 W and an RF power 
of 150 W. The selected mode ensured full selectivity of silicon etching, did not affect the formed 
microstructure layers based on group III–V elements. Figs. 1, e, f show the SEM images of 
microstructures in sample IV after etching of the silicon substrate. The etching depth of silicon 
was 2.5 µm with lateral etching under the structure at a distance of 1.5 µm, which is sufficient to 
maintain optical modes at the periphery of microcavities.

Fig. 2 shows the µ-PL measurement results at 300 K with continuous-wave pumping using 
a high-aperture 100x lens focusing the laser beam into a spot with a diameter of about 0.5 µm. 
Fig. 2,a shows an optical image of the microdisk structure with a diameter of 40 µm and inte-
gral PL intensity spectra obtained by raster scanning. Evidently, the µ-PL signal is present over 
the entire disk; it is amplified by 1.4–1.5 times at the periphery of the disk, compared with the 
central part, which indicates a more efficient optical pumping of the semiconductor structure. A 
µ-PL peak is detected in the emission spectrum (see Fig. 2,b), with a maximum at a wavelength 
of 670–680 nm. Unlike traditional direct-bandgap materials based on group III–V elements, 
the detected µ-PL signal is characterized by a wide asymmetric emission band stretched into 
the long-wavelength region of the spectrum. This spectrum is typical for semiconductor solid 

Fig. 1. SEM images of microdisk structures I–IV (a, b, c, d, respectively) 
after photoresist etching on upper surface; after etching of silicon substrate (e, f)

Panoramic view (e) and formed microdisk 6 µm in diameter (f) are shown
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solutions of dilute nitrides. The shape of the obtained spectrum suggests inhomogeneous com-
position of the semiconductor material, associated with the peculiarities of nitrogen embedding 
during epitaxial synthesis, in particular, the formation of dimerized nitrogen as well as nitrogen 
emitting levels in the bandgap. Therefore, a significant part of the µ-PL signal is due to emission 
through nitrogen impurity centers, with transition energy below the effective bandgap. This effect 
is most evident if dynamic µ-PL measurements are carried out with a significant decrease in the 
overall pumping level (see Fig. 2,c). The dependence of the µ-PL signal intensity on the wave-
length observed through imaging shows an increase in the overall signal intensity at the periphery 
of the disk, as well as the appearance of pronounced signal modulation due to standing optical 
waves (Fabry–Perot modes) along the growth axis of the structure, in the region of silicon etching 
under the microdisks. Notably, the resonances associated with whispering gallery modes were not 
observed in the experiment.

As mentioned above, an increase in the integral µ-PL intensity near the edge of the microdisk 
may be due to both an increase in the absorption of laser radiation and an improvement in the 
output of the µ-PL signal. To separate the contributions from these phenomena, a numerical 
calculation of the propagation of electromagnetic radiation incident on the microdisk was carried 
out (the Comsol Multiphysics program was used). Experimental data on the spectral dependences 
of the refractive and absorption coefficients of gallium phosphide and silicon substrate were used 
in the calculations [21]. Similar parameters for the GaP(NAs) compound were taken for a solid 
solution with a similar composition synthesized on a gallium phosphide substrate [16]. The calcu-
lations performed showed that all radiation that was not reflected from the boundary of the upper 
GaP layer during optical pumping of the semiconductor structure was absorbed in the GaP(NAs) 
layer, i.e., the presence of silicon under the microdisk practically does not affect the pumping 
level of the semiconductor structure.

The µ-PL process is characterized by emission with the quantum energy near the band edge 
of a semiconductor material. Because of this circumstance, the GaP(NAs) absorption coefficient 
at µ-PL wavelengths is significantly reduced. By analogy with the data in [16], we found that the 
absorption coefficient α takes values of no more than 1.5 µm–1, inducing resonant optical effects 
in the geometry under consideration.

c) d)

a) b)

Fig. 2. Optical studies of GaP(NAs) structure:
optical (left) and integral spectral (right) images of the microdisk (а); µ-PL spectra at three points 

of the disk (b, see Fig. 2,a); µ-PL spectra at two pumping values (c); calculated distribution 

of the electric field amplitude in layers of the structure with and without Si substrate (d)
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The numerical calculation confirmed the occurrence of Fabry–Perot resonances associated 
with the appearance of standing waves along the growth axis of the structure in the absence of 
silicon under the layers of the resonant structure (see Fig. 2,d). The amplitude of the signal at the 
resonant wavelengths increased by 1.6 times (the maximum value), which is in good agreement 
with experimental data.

In turn, the average light propagation distance α–1 in the semiconductor structure remains 
significantly less than the perimeter of the microdisk cavities under consideration, which makes it 
impossible for resonant peaks associated with whispering gallery modes to appear without reduc-
ing the absorption coefficient.

It is known that a decrease in the absorption coefficient in a semiconductor structure can be 
achieved by injecting charge carriers and increasing the optical bandgap of the material [22].

Conclusion

The paper considered the formation of microdisk cavities based on a system of GaP/GaP(NAs)/
GaP semiconductor materials synthesized on a silicon substrate using optical lithography and dry 
etching methods.

The etching mode was selected to ensure a low level of sidewall roughness while maintaining 
the verticality of this wall. The combination of etching modes for the GaP/GaP(NAs) and Si 
systems, which are highly selective to the given group of materials, made it possible to create 
microdisk cavities with a suspended region near the periphery of the structures.

Micro-photoluminescence spectroscopy revealed the formation of optical Fabry–Perot modes 
along the growth axis of the semiconductor structure at the periphery of the microcavities.

The technology proposed in the paper can be used to manufacture not only cavities, but also 
other optical structures, such as waveguides, filters, lasers, etc.
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Аннотация. В статье представлены результаты исследования полимерных пленок на 
основе смеси полиэтилена высокого давления (низкой плотности) (ПЭВД) с сополиме-
ром этилена и винилацетата (СЭВА, сэвилен). Использование методов термоактиваци-
онной, инфракрасной и диэлектрической спектроскопии позволило описать процессы 
релаксации электрического заряда в исследуемых полимерных смесях. Исходя из по-
лученных данных, было сделано предположение о существовании в образцах процесса 
альфа-релаксации в области 250 – 280 K. Обнаружено повышенное значение энергии 
активации, соответствующей релаксационному процессу, в образцах ПЭВД/СЭВА, по 
сравнению с образцом ПЭВД. Этот эффект трактуется как появление в смесях более 
глубоких ловушек носителей заряда. Зависимости, полученные методом диэлектриче-
ской спектроскопии, свидетельствуют о наличии в объектах исследования прыжкового 
механизма проводимости. 
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Introduction

The electret effect is observed in dielectrics and consists in the ability of a material to maintain 
a polarized state for a long time in the absence of an external electric field [1]. Today, electrets 
are successfully used in various fields of science and technology. The most popular fields of 
application are electronics (microphones, electromechanical transducers, sensors), high-tech 
industry (electret filters), medicine (applicators, implants), etc. [1 – 3].

Low-density polyethylene (LDPE) is used to produce electrets because it has good dielectric 
properties and is inexpensive to produce. However, the disadvantage of polyethylene is the 
relatively short relaxation time of the electret state [1]. One of the most successful ways to 
improve the electret properties of polymers is the creation of composite materials by introducing 
chemical additives, foaming, mixing with solid dispersed fillers or with other polymers [4 – 7]. 
The method of combining one or several layers of polymer films is also promising [9]. These 
techniques make it possible to improve a set of properties of polymers, including electrical, 
mechanical and deformation characteristics.

Currently, the attention of researchers is attracted to a material called EVA, which is a copolymer 
of ethylene and vinyl acetate (EVA, SEVA, sevilen). The properties of EVA are determined by the 
vinyl acetate content. It is known that elasticity and adhesive properties of material are improved 
if it contains vinyl acetate. Improving elasticity has practical implications for electret material 
when it is used for active packaging, electret patches, and also as a component for stretchable 
bioelectronics [10, 11].
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Earlier studies of the electret properties of EVA and its compositions with polyethylene  
[8, 9] did not provide a clear answer to the question of how the vinyl acetate content affects the 
dielectric properties and stability of the electret state. Nevertheless, it can be assumed that the 
EVA content has a positive effect on the electret properties of the composites.

In this connection, the purpose of our work was to identify the features of polarization processes 
in mixtures of LDPE and EVA using dielectric and thermal activation spectroscopy.

Research methods and materials

Blends of LDPE with EVA copolymer, differing in the ratio of components, were selected as 
samples for research. The film samples had a thickness of about 300 μm. 

The blending of polymers was carried out on laboratory microrollers at a temperature of  
130 ± 5 °C for 3 min. The films were prepared by pressing method at a temperature of 170 ± 5 °C 
for 5 min. Samples of blends of LDPE and EVA were provided by the Kazan National Research 
Technological University (Republic of Tatarstan, Russia). 

The electrical properties were studied using thermal activation, infrared and dielectric 
spectroscopy methods.

Temperature dependences of thermostimulated depolarization (TSD) currents were recorded 
in the heating mode at a constant speed on a TSC-II installation (Setaram). Attenuated total 
internal reflection (ATR) spectra of the samples under study were recorded using an FSM 1202 
Fourier spectrometer (an infrared range). Dielectric spectroscopy measurements were carried out 
using a Concept 41 installation (Novocontrol Technologies GmbH&Co). 

Experimental results and discussion

The study of the frequency dependence of the imaginary part of the complex permittivity 
ε'' (the loss factor) revealed the existence of a dispersion maximum of this value in a wide 
temperature range (253 – 283 K). The shift of the ε'' maximum to the region of higher frequencies 
with increasing temperature was detected (Fig. 1). This shift of the maximum is typical of 
dipole-segmental losses (α-relaxation). It is observed in the mentioned graphs for nonpolar 
polymers and is bound up with orientational rotations of the polar units of the macromolecule 
[12]. Polyethylene contains a small number of polar groups (carbonyl and hydroxyl ones  
>C=O, –O–H, etc.). It also contains methyl groups –CH

3
 and >C=C< bonds, which have small 

dipole moments. A rise in the maximum on the frequency dependence curves obtained for a 
mixture of polymers was also observed with increasing temperature (Fig. 1, b). The maximum 
value of ε'' for the mixture is several times higher than that for the original polymer.

The relaxation process was also observed in the TSD spectra over the temperature range  
273 – 283 K (Fig. 2). The course of the process does not depend on the percentage of blend 
components, and the maximum height escalates with increasing proportion of EVA. This behavior 
of the TSD peak can be explained by an increase in the number of relaxers in the polymer. It is 
also known from Ref. [13] that the height of the maximum related to α-relaxation on the frequency 
dependence of the loss factor ε'' is determined by the number of dipoles and their moments.

a) b)

Fig. 1. Frequency dependences of the loss factor for LDPE (a) and LDPE+EVA (b) samples at 
different temperatures
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Fig. 2. Temperature dependences of TSD currents for various ratios of LDPE and EVA

Fig. 3. Infrared transmission spectra for the samples of LDPE (1), 
LDPE/EVA 90/10 mixtures (2), and EVA (3)

Mixing the LDPE and EVA polymer materials led to the appearance of side polar groups  
–O–(C=O)–CH

3
 in the polymer chain. There are a lot of transmission bands in the IR spectra for 

EVA samples and LDPE/EVA mixtures (Fig. 3). For example, one can observe stretching vibrations 
of the >C=O groups of polyvinyl acetate (1715 cm–1), bending vibrations of the –CH

3
 bonds of the 

acetyl group (1373 cm–1), stretching vibrations of the ~C–O–C~ ether groups in the composition 
of polyvinyl acetate (1134 cm–1). Thus, the number of dipoles that contributed to dipole-segmental 
relaxation increased with increasing the proportion of EVA in the blend.

Complex dispersion dependences of dielectric parameters and features of the disordered structure 
of a polymer system suggest that the detected relaxation processes should be bound up with the 
existence of not only one relaxation time, but with a whole set of them. 

The Havriliak – Negami (HN) model was used to study the features of the spectrum of relaxers. 
The Havriliak – Negami function is an empirical modification of the Debye relaxation model. 
Nevertheless, unlike the Debye model, the HN model explains the asymmetry and width of the 
dielectric dispersion curve. It also establishes a relation between the dispersion of permittivity in the 
polymer systems and relaxation parameters [14 –16]:

HN
HN

( ) ,
1 ( )i

∗
∞ βα

∆ε
ε ω = ε +

 + ωτ 
                                        (1)
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where ε∞ is the high-frequency limit of the real part of the dielectric constant; Δε is the dielectric 
increment (the difference between the low-frequency limit and high-frequency one); ω = 2πf; αHN, 
βHN are the shape parameters describing, respectively, the asymmetric and symmetric expansions 
of the relaxation time distribution function (RTDF); in this case α = 1.00 is the Cole – Davidson 
distribution, and β = 1.00 is the Cole – Cole one.

The HN parameters for the studied relaxation processes were determined according to Eq. (1) 
using Winfit 3.3 software (Novocontrol Technologies GmbH). The obtained values of relaxation 
parameters are presented in Table. Taking into account the approximation error, we can conclude 
that a non-Debye oscillatory process (with a set of relaxation time values) obeying the Cole – Cole 
model over the studied ranges of frequency and temperature is observed in LDPE samples and 
LDPE/EVA blends.

Tab l e

Temperature dependences of relaxation parameters 
for the polymer systems under study

Polymer 
system

Average 
temperature, K α

max
, μs β

HN

LDPE

263 0.8561 0.33200

273 0.4185 0.35310

283 0.1748 0.39110

293 0.8419 0.35620

LDPE/
EVA

253 0.8522 0.22790

263 0.7116 0.27470

273 0.9217 0.32050

283 0.1016 0.34650

Foo tno t e . Parameter β
HN

 = 0.10000 at all specified 

temperatures for the both systems.

Fig. 4. Temperature dependences of the most probable 
relaxation time τmax for the samples of LDPE (1) and 
LDPE/EVA (2); the found values of activation energies 

Ea are 0.69 eV (1) and 1.37 eV (2)

The activation energy Ea was 
determined from the temperature 
dependence of the most probable 
relaxation time τmax (Fig. 4) for the 
samples of the both systems. It turned 
out to be equal to 0.69 eV and 1.37 eV 
for the LDPE and LDPE/EVA samples, 
respectively. An approximately twofold 
increase in the Ea value for the blend 
samples may be bound up with the 
appearance of deeper traps in the energy 
spectrum. The appearance of these traps 
may be caused by two reasons. The first 
one is the rotation of the polar groups of 
the EVA molecules. The second one is 
the charge accumulation at the polymer 
boundary in the blends of LDPE and 
EVA.

The frequency dependence of the 
specific conductivity σ' for LDPE 
sample and the blend of two polymers 
is characterized by a growth in σ' with 
an increasing field frequency (Fig. 5). 
This corresponds to the power-law 
dependence in the form σ'(ω) ~ ωs. 
In this case, the s value increases with 
increasing temperature (Fig. 6).

When s value becomes greater than 
1, the movement of charge carriers is 
considered localized [17, 18]. These 
results can be explained within the theory 
of nonstationary hopping electrical 
conductivity in disordered systems [19].

In the system in question, there 
is a hopping mechanism of charge 
transfer at the indicated values of 
frequency and temperature. The signs 
of such a mechanism are the power 
law of conductivity dispersion and the 
characteristic change in exponent with 

temperature [20]. This mechanism involves charge carriers jumping through a disordered structure 
and overcoming energy barriers. It should be noted that the fundamental parameter in this 
process is the energy required to complete the jump. It is also necessary to take into account the 
distributions of the energy barriers magnitudes. 
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a) b)

Fig. 5. Frequency dependences of specific conductivity for the samples of LDPE (a) 
and LDPE/EVA (b) at different temperatures

Fig. 6. Temperature dependences of the exponent 
for the samples of LDPE (1) and LDPE/EVA (2)

In the samples under study, such charge 
carriers can be negatively and positively charged 
hydrogen vacancies in the polymer chains  
[21, 22]. Such vacancies are created during 
the interaction between water molecules and 
its ions (H

3
O+, OH–) with hydrogen atoms, 

which are contained in the structural groups of 
–CH

2
–, >CH–, –CH

3
 chains. The EVA chains 

contain side polar groups –O–(–C=O)–CH
3 
and 

polyethylene molecules contain >CH– groups. 
Notice that the specific conductivity of 

LDPE/EVA blends is more than that of pure 
polyethylene. This can be explained by the fact 
that EVA has greater electrical conductivity 
than LDPE.

To explain the resulting linear frequency dependence of conductivity it is convenient to use 
the model proposed by the authors of Ref. [20]. According to this model, the frequency versus 
temperature characteristic of the AC conductivity σac (ω, T) forms as a result of tunneling the 
center-to-center bipolaron transitions. This also assumes that there is no correlation between the 
potential barrier height and the jump distance. 

For the case of the strong spatial correlations, when the pair correlation function 

f (r) = Ae– βr > 1,

the expression for the AC conductivity can be written as

( )
3

4 /2

2

4

0

( ) 2( ) ln ,
48 cos( / 2 ) 2

ph ph
ac

eA N E
β α  ω ων ν α −β

σ ω =   β α α εε ω α +β   
                      (2)

where ω is the cyclic frequency; νph is the phonon frequency (similar to that in a crystal); ε is the 
static dielectric constant; α–1 is the localization radius; r is the center-to-center jump distance; 
N(E) is the concentration of centers in unit interval energies.

Eq. (2) explains the linear frequency dependence in the region of medium and high frequencies, 
taking into account that

s = 1 + β/2α, β = 1,610–7 cm–1.
It can be concluded that the main contribution to dynamic conductivity is made by spatially 

correlated pairs of defects, for example, dangling bonds, etc.
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Summary

Based on the results of the studies, it can be argued that the process of α-relaxation has been 
observed in blends of LDPE and EVA in the temperature range 250 – 280 K. The activation 
energies corresponding to this process in LDPE films and in the films of blends are 0.69 and  
1.37 eV, respectively. The increased value of activation energy in the LDPE/EVA samples 
compared to the LDPE one can be explained by the appearance of deeper traps in the blends. 
These traps are bound up with the rotation of the polar groups in the EVA molecules or with the 
charge accumulation at the interface of two polymers.

The frequency dependence of the conductivity of the samples indicated the presence of hopping 
conductivity. Charge carriers involved in the conductivity can be negatively and positively charged 
hydrogen vacancies in polymer chains.
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Abstract. In this study, a numerical simulation of the tunnel effect in the n-GaN/p-Si 
heterostructure has been performed. Variations of band diagrams, current-voltage characteristics 
and cutoff frequencies of the diode heterostructures under study were obtained depending on 
the doping levels of GaN and Si. The dopant concentration values were found for implementing 
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ЧИСЛЕННОЕ МОДЕЛИРОВАНИЕ ТУННЕЛЬНОГО ЭФФЕКТА 
В ГЕТЕРОСТРУКТУРЕ НИТРИДА ГАЛЛИЯ НА КРЕМНИИ
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Аннотация. В работе выполнено численное моделирование туннельного эффекта 
в системе n-GaN на кремнии Si p-типа проводимости. Получены вариации зонных 
диаграмм, вольтамперных характеристик и частот отсечки соответствующих диодных 
гетероструктур в зависимости от уровней легирования GaN и Si. Установлены 
значения концентраций легирующей примеси для реализации режимов обращенного и 
туннельного диодов. В режиме туннельного диода наибольшая плотность туннельного 
тока и предельная частота генерации составили 24,6 кА/см2 и 17 ГГц, соответственно.

Ключевые слова: моделирование туннельного эффекта, нитрид галлия, кремний, 
нитевидный нанокристалл, туннельный диод
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Introduction

Over the past 70 years, various microwave semiconductor devices have been developed, in 
particular, p–i–n diodes, Schottky diodes, Gunn diodes, as well as tunnel and backward diodes, 
whose operation is based on the tunneling effect. This class of elements occupies an important 
niche, since it is widely used in circuits for detection, mixing, amplification and generation of 
high-frequency signals.

Tunnel diodes are commonly manufactured based on gallium arsenide (GaAs) and germa-
nium (Ge), and based on silicon (Si) in very rare cases. Narrow-gap semiconductors (ger-
manium) are primarily used because such materials are characterized by a higher probability 
of carrier tunneling [1], which increases the efficiency of the device. However, on the other 
hand, due to the narrow band gap, temperature instability of its characteristics is observed, 
even though tunnel diodes are less sensitive in this regard than, for example, high-speed p–i–n 
diodes or Schottky diodes. Using silicon is certainly advisable from both the economic and 
the technological perspectives, interband tunneling current is significantly limited due to the 
law of momentum conservation, which greatly narrows the applications of components based 
on these materials [2]. Compared with silicon tunnel diodes, materials fabricated from group 
III–V elements (for example, GaAs) can provide a much higher ratio of peak-to-valley current 
due to their direct-bandgap nature, low effective tunneling masses and the possibility of using 
diverse variations of heterostructures based on them [3]. Gallium arsenide has low thermal con-
ductivity, is prepared by a rather complex procedure with consequently high production cost. 
In addition, synthesizing n-GaAs from impurity concentrations above 2·1019 cm–3 is a major 
technological challenge [4].

These drawbacks stimulate intense research in this field: new systems of materials are consid-
ered, in particular those integrated with the silicon platform [5–7].

GaN heterostructures on silicon (GaN/Si) are considered a promising system of materials, 
combining the advantages of GaN (wide-bandgap material, direct-bandgap structure, high ther-
mal, chemical and radiation resistance) with silicon technology that is well-developed and easily 
accessible. However, these semiconductors are poorly compatible due to a significant mismatch 
in the lattice constant and the coefficient of thermal expansion.

An alternative approach involves nanowire crystals (NWs), whose main advantage high crys-
talline perfection, almost regardless of chosen growth substrate, which significantly expands the 
possibilities of integrating GaN with other materials. Moreover, research into GaN NWs indicates 
that such objects are well suited for creating a wide class of components, for example, field-effect 
transistors in the so-called gate–all-around configuration or core-shell structure [8, 9], Schottky 
diodes [10], photodiodes [11], piezogenerators [12].

In addition to high crystalline quality, GaN NWs offer a range of major benefits, including in 
tunnel devices:

the structure has low electrical capacitance because of small transverse dimensions of the NW [10], 
which generally do not exceed 100–200 nm (relatively high capacitances are characteristic for 
tunnel junctions, due to small width of the space charge region);

single GaN NWs can switch currents with densities up to 2 MA/cm2 [13], which is in demand 
for high-current tunnel devices [14];
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GaN NWs with a doping level up to 1020 cm–3 can be synthesized [15], allowing to control the 
range of operating frequencies and output characteristics of structures;

electronic components can operate in adverse conditions and aggressive environments, due to 
the material properties of GaN;

large surface-area-to-volume ratio due to high aspect ratio characteristic for NWs, which con-
tributes to efficient heat dissipation [16].

The significant potential of NWs and the development of methods for their synthesis have 
attracted the attention of many researchers; in particular, InAs/InSb, InAs/GaSb, GaAsSb, 
InGaAs NWs are increasingly used in tunnel diodes in recent years [7, 17–20]. However, the 
tunnel effect itself in the GaN NW/Si system still remains unexplored.

This paper is dedicated to theoretical study of the tunneling effect in the GaN NW hetero-
structure on silicon.

Description of the model

The tunneling effect was simulated for the n-GaN/p-Si system using the COMSOL Multiphysics 
package. Since the typical diameter of GaN NWs is 100–200 nm, and the characteristic thickness 
of the space charge region in tunnel diodes is about 10 nm, it can be argued that the distribution 
of the electric field is mainly directed across the heterointerface and almost independent of the 
position in the plane within the NW (Fig. 1). For this reason, a one-dimensional model of the 
system was chosen for the calculation.

Numerical simulation was carried out within the framework of the Roosbroeck model [21], 
taking into account the Fermi–Dirac statistics for charge carriers. The parameters of semicon-
ductor materials were taken from monograph [22]. The process of carrier recombination by 
the Shockley–Reed–Hall mechanism was taken into account to correctly describe the thermal 
emission current in silicon. The tunneling current was calculated within the framework of the 
non-local tunneling model [23] using the following expression:
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of electrons and holes, respectively; e is the electron charge; h is Planck’s constant (ħ = h/2π).

a) b)

Fig. 1. Schematic model of GaN NW/Si system (a) and distribution of electric 
intensity across n-GaN NW/p-Si heterointerface at n = p = 1019 cm–3 (b)

(COMSOL Multiphysics software package was used)
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The tunneling probability was calculated using the Wentzel–Kramers–Brillouin approxima-
tions with the averaged wave vector k for electrons and holes:
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The quantities x
1
 and x

2
 represent the bounds of the energy barrier for electrons with the total 

energy E and are determined by the condition for equality of E = E
C
 and E = E

V
, respectively.

Synthesis of NWs revealed that semiconductor layers in the heterojunction region were stressed 
due to mismatch with the substrate in terms of the lattice parameter and the coefficient of thermal 
expansion. However, in the case of GaN on silicon, NWs with fully relaxed layers at the base due 
to the formation of ultrathin interfacial layers (less than 2 nm) [24–26]. Therefore, this effect was 
not taken into account in the present calculation.

Results and discussion

The doping levels of Si and GaN were used as variable parameters in the calculation. For 
silicon, the range of these values was (1–10)·1019 cm–3, which corresponds to the impurity con-
centration in heavily doped commercial substrates. For GaN, this parameter varied over a wider 
range: (5–1000)·1017 cm–3, which is due, on the one hand, to background doping of synthesized 
NWs, and, on the other hand, to the upper bound of NW doping with silicon, in accordance with 
the technique described in the literature [15].

Fig. 2 shows the band diagrams without voltage biasing for three structural configurations. In 
this case, the first (Fig. 2,a) and the third (Fig. 2,c) configuration correspond to the minimum and 
maximum limits for the considered dopant concentrations. Evidently, in the case of maximum 
concentrations, the valence band of Si and the conduction band of GaN overlap (see Fig. 2,c).

This picture is typical for tunnel diodes, when a small bias in any direction is accompanied by 
active carrier tunneling, since electrons in the GaN conduction band have access to levels in the 
Si valence band (forward bias) with the same energy and vice versa (reverse bias). The minimum 
width of the barrier is about 3 nm.

For minimum doping levels (see Fig. 2,a), GaN turns out to be non-degenerate and there is 
no band overlap, therefore the tunneling current is absent at near-zero bias. Furthermore, the 
barrier width in steady state is approximately 40 nm, so active tunneling is only possible in the 
case of significant reverse bias reducing the barrier width. In general, this picture is typical for a 
conventional p–n diode rectifiers.

Fig. 2,b shows some intermediate situation when the top of the Si valence band coincides with 
the bottom of the GaN conduction band. The forward bias of the structure in such a configura-
tion is accompanied by an increase in the diffusion current, while a small reverse bias leads to 
the appearance of tunneling current. According to the band diagram, the height of the barrier 
for electrons moving from GaN to Si along the conduction band is approximately equal to the 
width of the Si bandgap, which means that the structure becomes well-conducting at voltages of 
about +1 V. The reverse bias is characterized by two factors: an increase in the overlap zone and 
a decrease in the barrier width, which in combination cause a sharp increase in the tunneling 
current. As a result, the conductivity of the structure is significantly higher in the reverse than in 
the forward direction for a voltage range of the order of ±1 V. This behavior applies to backward 
diodes, where the current–voltage characteristic is inverted compared with the classical type.
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The obtained series of current–voltage 
characteristics of the structures are shown in 
Fig. 3. The graphs show characteristic peaks, 
after which an increase in voltage is accompa-
nied by a decrease in current. This is called the 
negative differential resistance (NDR) region, a 
distinctive trait of tunnel diodes. A peak corre-
sponds to the situation when the overlap of the 
Si valence band above the Fermi level and the 
GaN conduction band below the Fermi level 
reaches a maximum value. The highest cal-
culated value of the peak current density was 
24.6 kA/cm2 (see Fig. 3,c) at a voltage of 190 
mV (for n = р = 1020 cm–3).

This result is comparable with the experi-
mental as well as theoretical [27] data for diode 
structures (including those with NWs) based 
on GaAs [28–30], Ge/Si [31], Si [32] and 
GaSb/InAsSb [33], where the peak current den-
sity ranges from several up to tens of kA/cm2.

The positions of both current and voltage 
peaks are shifted towards zero as the doping 
level of GaN decreases, as this leads to smaller 
band overlap. For the same reason, the peak-to-
peak voltage (the voltage at which the current 
through the tunnel diode reaches its maximum 
for the second time) is shifted towards lower val-
ues. Note that the peak-to-peak voltage in our 
case weakly depends on the dopant concentra-
tion in GaN in the range of (5–500)·1017 cm–3, 
however, it is quite sensitive to Si doping.

a) b) c)

Fig. 2. Energy band diagram of n-GaN/p-Si structures for various doping configurations, cm–3: 
n = 5·1017, р = 1·1019 (a); n = 2·1018, р = 1·1019 (b); n = р =1·1020 (c)

The shaded region in Fig. 2,c corresponds to filling with holes in Si and with electrons in GaN
The interfaces of the layers are taken as the origin for the abscissa, 

and the Fermi level E
F
 as the origin for the ordinate

Fig. 3. Calculated current–voltage 
characteristics for different doping levels 
doping of n-GaN (see legend) and p-Si, 

1019 cm–3: 1 (a), 5 (b), 10 (c)
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As the simulation did not take into account defects on the GaN/Si interface, there is a hor-
izontal section with zero current on the current–voltage characteristics after the NDR region. 
In real diode structures, the valley current does not reach zero, since in the absence of an 
overlap zone, the corresponding carriers can travel under the barrier along the energy levels of 
defects. As a result, the valley gains a rounder shape. The defect density at the heterointerface 
in the GaN NW/Si system can be modified using hydrogen passivation, which we demonstrated 
earlier [34].

Since this type of device is characterized by operation at high frequencies, we calculated the 
dependence of the cutoff frequency (the maximum generation frequency for tunnel diodes) of 
the structures on the doping level of GaN (Fig. 4). Tunnel diodes typically operate in the NDR 
region of the current–voltage characteristic, therefore, the cutoff frequency is determined from 
the condition that the real part of the diode’s complex resistance be negative [35].

It can be proved that in this case the expression for the cutoff frequency f
cutoff

 is written 
as follows:

min

1
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| is the absolute value of the minimum resistance in the NDR region, C
j
 is the capac-

itance of the p–n junction.
We should note here that expression (6) in fact 

includes the differential resistance in the corre-
sponding region, which is not a constant. Using 
its minimum value |R

 in
| is generally accepted.

Analysis of the data in Fig. 4 shows that an 
increase in the dopant concentration in both GaN 
and Si is accompanied by a nonlinear shift of the 
cutoff to a higher frequency region. The upper 
bound of the cutoff frequency is in the region 
of 17 GHz, which corresponds to almost peak 
doping levels of GaN and Si. Even if it becomes 
technologically possible to further increase the 
concentration, it still will not lead to a signifi-
cant expansion of the operating frequency range.

Importantly, the cutoff frequency increases 
by several times for dopant concentrations in sil-
icon between 1·1019 and 5·1019 cm–3. The curves 
for p = 5·1019 and 1·1020 cm–3 differ to a much 
smaller extent. Considering these data along with 
the current–voltage characteristics, we can con-

clude that the doping levels of gallium nitride and silicon should be chosen at least as high as 
3·1019 and 5·1019 cm–3, respectively, to implement tunnel diodes combining high peak current 
density with high performance.

Conclusion

In this paper, numerical simulation of the tunneling effect in the n-GaN NW/p-Si hetero-
structure is carried out in a wide range of doping levels (in the one-dimensional approximation).

It is established that the backward diode mode is implemented at a dopant concentration 
of about 2·1018 and 1·1019 cm–3 for GaN and Si, respectively, while concentrations of at least 
3·1019 cm–3 for GaN and 5·10 19cm–3 for Si should be chosen for tunnel diodes.

It was observed from the current–voltage characteristics that the calculated peak tunnel cur-
rent density was 24.6 kA/cm2, which is in good agreement with the experimental results for 
structures based on GaAs and Ge as the main industrial materials for tunneling-effect devices. 
Frequency analysis of the structure generation led to the conclusion that its limiting frequency for 
tunnel diodes of the GaN/Si system is at the level of 17 GHz.

Fig. 4. Calculated dependences 
of the structure’s cutoff frequency on doping 
level of n-GaN for different doping levels 
of p-silicon, 1019 cm–3: 1 (1), 5 (2), 10 (3)
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Аннотация. В работе анализируются связанные упругие и диффузионные процессы, 
возникающие в результате нестационарных изгибных колебаний ортотропной пластины, 
имеющей консольное закрепление с одной стороны и шарнирное опирание по сторонам, 
примыкающим к консоли. Для математического описания физико-механических 
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процессов используется модель пластины Тимошенко, дополненная уравнениями 
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Introduction

The paper considers the interaction of mechanical and diffusion fields appearing in calcula-
tions of thin-walled structural elements (beams, plates or shells) operating under unsteady exter-
nal loads, in the presence of aggressive environments and high temperatures (oil and gas pipelines, 
heating systems, etc.).

It is known that mechano-diffusion processes are especially pronounced in highly elastic poly-
mers. However, the interaction of mechanical and diffusion fields in such materials is essentially 
nonlinear, and their description requires models based on relations describing mass transfer pro-
cesses for arbitrary elastic deformations accounting for the geometric and physical nonlinearity of 
the material properties [1].

Experimental studies on mechano-diffusion have been widely conducted since the mid-1950s. 
One of the more in-depth papers on the subject [2] analyzes the effect of deformations on mass 
transfer in a copper-coated polycrystalline nickel plate with a tensile load applied to its edges. The 
experiments revealed a significant difference (up to 53%) in the average concentrations in plate 
thickness in the presence and absence of loads.

Despite persistent interest in elasticity problems accounting for diffusion (as well as tempera-
ture and other fields) since the 1950s, relatively few studies dealt with mathematical modeling of 
mechano-diffusion processes in rods, plates and shells.

Several noteworthy studies [3–9] consider the influence of temperature and diffusion factors 
on the stress–strain state of a shallow transversally isotropic shell. A variational formulation of 
the thermodiffusion problem for contacting smooth layered shells is given in [6]. A quasi-static 
approximation of the axisymmetric stressed state of a heated transversally isotropic spherical 
shell with a circular hole under diffusion saturation is proposed in [7, 8]. Boundary value prob-
lems describing thermo-mechano-diffusion phenomena in Bernoulli–Euler beams and Kirchhoff 
plates are solved in [9–16].

As evident from this brief overview, the main attention focus was on analysis of quasi-static 
thermo-mechano-diffusion processes. The unsteady models considered in [11, 14] are only 
intended for solving problems for Kirchhoff plates [11] and Euler–Bernoulli beams [14].

A model of unsteady elastic diffusion vibrations of the plate is proposed in this paper, based on 
the Timoshenko hypotheses [17–20].

In view of the known difficulties with solving problems for cantilever beams and plates, it is 
proposed to use the method of equivalent boundary conditions based on replacing the considered 
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complex problem with some auxiliary one, which differs from the initial statement only by the 
boundary conditions. These conditions are selected so that it is possible to obtain an analyti-
cal solution to the auxiliary problem, which, in this case, is found using Fourier series and the 
Laplace transform. Next, relations are constructed coupling the right-hand sides of the boundary 
conditions of both problems. The solution to the initial problem is expressed in terms the solution 
to the auxiliary one.

The proposed approach was previously used for solving problems of unsteady elastic diffu-
sion vibrations of cantilever Euler–Bernoulli [21, 22] and Timoshenko [23] beams as well as for 
simulation of mechano-diffusion processes in cylindrical bodies.

Another practical application is that sensors based on microcantilevers shaped as small beams 
and plates are widely used for physical, chemical and biological measurements [24–26]. Their 
operating principle is that the vibration modes of these beams change if a certain mass of matter is 
adsorbed on their surface. Such devices are widely used in medicine, in particular for diagnostics 
of diseases, detection of point mutations, monitoring blood glucose levels, etc.

Statement of the main problem

The problem of unsteady vibrations in a rectangular orthotropic multi-component Timoshenko 
cantilever plate. The sides adjacent to the cantilever are hinge-supported. The plate has dimensions 

* *

1 2l l×  and thickness h*. Loading and fixing conditions for the edges of the plate are shown in Fig. 1.

The equation for transverse vibrations of the plate, taking into account diffusion, has the fol-
lowing form [17, 18]:
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Fig. 1. Statement of main problem:
h is the thickness of the cantilever plate; Q is the transverse force distributed along the free edge
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The dots correspond to the time derivative. All quantities in Eqs. (1) and in Fig. 1 are dimen-
sionless. The following notations are used for them:
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where t is the time; x*
i
 are the rectangular Cartesian coordinates; w* is the deflection of the plate; 

χ
i
 are the rotation angles of the fiber normal to the mid-surface; l is the characteristic length of 

the problem; H
q
 is the concentration increment of the qth material component in the composi-

tion of the (N+1)-component medium; n(q)
0
 is the initial concentration of the qth material; C

ijkl
 are 

the elastic constants; ρ is the density of the plate material; α(q)
ij are the coefficients characterizing 

the relationship between mechanical and diffusion fields; D(q)
ij
 are the diffusion coefficients; R is 

the universal gas constant; T
0
 is the initial temperature of the medium; Q is the transverse force 

distributed along the free edge x
1
 = l

1
; τ(q) is the relaxation time of diffusion fluxes [27]; k

T
 = √5/6  

is the coefficient taking into account the nonuniform distribution of tangential stresses along the 
thickness of the plate [19, 28].

Eqs. (1) are supplemented by zero initial conditions and boundary conditions, taking the fol-
lowing form for the case of cantilever support along the edge x

1
 = 0:
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Formulation and solution of the auxiliary problem

The problem is solved by the method of equivalent boundary conditions [21–23], where instead 
of problem (1), (2), an auxiliary problem is first considered, described by the same Eqs. (1), but 
with different boundary conditions (the geometry of the given region is preserved is preserved). 
These boundary conditions are formulated as follows:
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Here ( )1 2 ,f x τ  and ( )2 2 ,f x τ  are unknown functions to be subsequently determined. The 
initial conditions remain zero.

The solution of problem (1), (2) is sought in integral form (i = 1,2):
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where G
ik
 are Green’s functions satisfying the initial boundary value problem:
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( ) ( )

2 2 2

2 2 344
2 66 22 22 2 2

1 2 2

2
3,1

12 66 2

11 2 2

12

,

k k kT
k k

N
j j kk

j

G G GC k
G C C G

x x h x

GG
C C

x x x

+

=

 ∂ ∂ ∂
= + + − + ∂ ∂ ∂ 

∂∂
+ + + α

∂ ∂ ∂∑



(5)

( )
( ) ( )

( ) ( ) ( ) ( )

1 2 2

3, 3, 3,

1 22 2
1 1 2

3 3 3 3

1 2 1 2
11 12 21 223 2 2 3

1 1 2 1 2 2

1 !

;

k kK
q q k q q k q q k

k
k

q q q qk k k k

G G G
D D

k x x

G G G G

x x x x x x

−
+ + +

=

τ ∂ ∂ ∂
= + +

− ∂τ ∂ ∂

∂ ∂ ∂ ∂
+Λ +Λ +Λ +Λ

∂ ∂ ∂ ∂ ∂ ∂

∑

( ) ( ) ( )
1

1

2 1 1 2 2 2

1 2
12 1 3, 2 2 3 0

11 2 0

1 2 3, 3, 3,0 0 0 0

, 0,

0, 0, 0, 0, 0,

N
jk k

j k k k x
j

x

k k q k q k q kx x x x x l

G G
C G x G

x x

G G G G G

+ =
= =

+ + += = = = =

 ∂ ∂
+ + α = δ δ τ δ − ξ = ∂ ∂ 

= = = = =

∑
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( )

( )

( ) ( ) ( ) ( )

( )

2 2 2

2

2 2

2 2

1 1

1 1

1 2
12 22 2 3, 3 30

11 2 0

1 2
12 22 2 3, 1

11 2

3
1 3 2 1 1 2

1

3,

1

1

0, 0, 0,

0, 0,

, ,

N
jk k

j k k kx x l
j

x

N
jk k

j k k x l
j

x l

k
k k k kx l

x l

q q k

G G
C C G G G

x x

G G
C C G G

x x

G
G x G x

x

G
D

x

+ = =
= =

+ =
= =

=
=

+

 ∂ ∂
+ + α = = = ∂ ∂ 

 ∂ ∂
+ + α = = ∂ ∂ 

 ∂
− = δ δ τ δ − ξ = δ δ τ δ − ξ ∂ 

∂
+ Λ

∂

∑

∑

( ) ( )

1 1 1 1

2 2

1 2 1 2
11 122

1 1 2 2 1

0, 0.
q qk k k k

x l x l

G G G G

x x x x x
= =

   ∂ ∂ ∂ ∂
+ Λ = + =   ∂ ∂ ∂ ∂ ∂   

(6)

Using the Laplace transform and Fourier series expansion, problem (5), (6) is reduced to a 
system of linear algebraic equations:

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

2

1 1 2 55 3

1 3, 1

1

2

1 2 2 44 3

2 3, 2

1

2 2

55 1 44 2 3 3

, , ,

, ,

, , ,

, ,

, ,

L L L

nm knm nm knm T n knm

N
q L

n q knm knm

q

L L L

nm knm nm knm T m knm

N
q L

m q knm knm

q

L L L

T n knm T m knm knm

k s G s K G s C k G s

G s F

K G s k s G s C k G s

G s F

C k G s C k G s k s G

+
=

+
=

ξ + ξ − λ ξ −

−λ α ξ = ξ

ξ + ξ − µ ξ −

−µ α ξ = ξ

− λ ξ − µ ξ +

∑

∑

( ) ( )
( ) ( ) ( ) ( ) ( )

3

3, 3, 1 1 2 2 3,

, ,

, , , ,

knm

L L L

q nm q knm qnm knm qnm knm q knm

s F

k s G s M G s M G s F+ + +

ξ = ξ

ξ − ξ − ξ = ξ

(7)

where the following notations are used:

( ) ( )

( ) ( )

2 2 2 2 2 2 2 2

1 55 66 2 44 66 222 2

2 2 2 2 2

3 55 44 12 66

12 12
,  ,

,  ,

nm T n m nm T n m

nm T n T m nm n m

k s s C k C k s s C k C C
h h

k s s C k C k K C C

= + + λ + µ = + + λ + µ

= + λ + µ = + λ µ

( ) ( )( ) ( ) ( )( )2 2 2 2

1 11 21 2 12 22, ,
q q q q

qnm n n m qnm m n mM M= λ Λ λ +Λ µ = µ Λ λ +Λ µ

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

1
1 2 2

1 1 2 3, 1 2

01 2

2

2 12 1 3 55 3

1 2 1 2

3, 11 2 1

1 2 1

4
1 sin , ,

!

4 4
1 sin ,  1 sin ,

4 1
1 sin , ,

2

kK
n q q qk

knm n k k m q nm n m

k

n n

knm m k m knm T k m

nq

q knm n k n k m n m

F k s s D D
l l k

F C F C k
l l l l

F n
l l l

−
+

+
=

+

τ ξ = λ − δ − δ µ ξ = + λ + µ 

ξ = µ − δ µ ξ ξ = − δ µ ξ

π   ξ = Λ λ δ −λ − δ µ ξ λ = + µ    

∑

2

;
m

l

π
=

( )
( )
( )

( )
( )
( )

1 1 2 1 1 2

2 1 2 2 1 2

0 1

1 2 1 2

, , , , cos sin

, , , , sin cos ,  3.

, , , , sin sin

L L

k knm n m

L L

k knm n m

n m
L L

pk pknm n m

G x x s G s x x

G x x s G s x x p

G x x s G s x x

∞ ∞

= =

   ξ ξ λ µ
      ξ = ξ λ µ ≥   
   ξ ξ λ µ      

∑∑ (8)
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Solving system (7), we obtain:

( ) ( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( ) ( ) ( )

( )

( ) ( )
( ) ( ) ( ) ( )

( )

3 3

3 3 3

3 0

3, 3,

3, 3, 3,

3,

, sin ,  1, 2 ,

, sin ,  ,

, sin ,  .

iknmL Ls Ls

iknm iknm m iknm

nm

knm knmL Ls Ls

knm knm m knm

nm nm

q knm q knmL Ls Ls

q knm q knm m q knm

q nm qnm

P s
G s G s G s i

P s

F P s
G s G s G s

k s Q s

F P s
G s G s G s

k s Q s

+ +
+ + +

+

ξ = µ ξ = =

ξ
ξ = + µ ξ =

ξ
ξ = + µ ξ =

(9)

Here ( )iknmP s , ( )nmP s , and ( )pnmQ s  are polynomials with respect to s, taking the form

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( )

( )

1 1 2 2 3

4

44 55 1 2 32

2 2 2 1 1 1

1 1

3 2 1 1 2

1

3 1 2

12

nm nm nm nm nm nm nm nm

nm T m n nm nm nm nm

N N
j j

m nm jnm jnm n nm jnm jnm

j j

N
j j

nm m j n j jnm

j

n m nm i j ij i

P s k s S s k s S s K S s s

K C C k k s k s k s s
h

S s M s S s M s

S s M M s

k s M M

= =

=

= + − Π +  
 + µ λ − Π −  

−µ α Π −λ α Π +

+ µ α + λ α Π +

+λ µ Α Π

∑ ∑

∑

( )
1 1

,
N N

jnm

j i

s
= =
∑∑

(10)

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

3, 3,

1 1,

3,

1, ,

, ,

, ,

n n

nm q nm inm q nm

q q q i

n

ijnm q nm ijnm jinm

q q i j

s k s s k s

s k s s s

+ +
= = ≠

+
= ≠

Π = Π =

Π = Π = Π

∏ ∏

∏

( ) ( ) ( ) ( ) ( ) ( )0 3 3,, ,nm nm nm qnm q nm nmQ s k s P s Q s k s P s+= =

( ) ( ) ( )
( ) ( ) ( )

2 2

3 55 1 44 2

3, 1 1 2 2

, , , ,

, , , ,

knm T n knm T m knm

q knm qnm knm qnm knm

P s C k P s C k P s

P s M P s M P s+

ξ = λ ξ + µ ξ

ξ = ξ + ξ

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

11 1 3 2 2

11 2

12 3 3 1 2

11 2

4
1

4
1

N
n j

nm n nm nm m nm jnm jnm

j

N
n j

m nm nm n nm jnm jnm

j

P s S s s k s M s
l l

C S s s k s M s
l l

=

=

 
= λ − Π −µ α Π − 

 
 

− µ − Π −λ α Π − 
 

∑

∑

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2

1 1 11 3 2 11

1 11 2

3

3 11 2

1 11 2

4
1

4
1 ,

N N
n j j j j

n n nm jnm m nm jnm

j j

N N
n j

n m nm ji j jinm

j i

S s s S s s
l l

k s M s
l l

= =

= =

 
− λ − λ α Λ Π −µ α Λ Π + 

 

+ − λ µ Α Λ Π

∑ ∑

∑∑
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( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

12 1 3 2 2

11 2

1 1 11 3 2 11

1 11 2

2

3 11 2

1 11 2

4
,

4

4
,

N
j

nm nm nm m nm jnm jnm

j

N N
j j j j

n n nm jnm m nm jnm

j j

N N
j

n m nm ij jnm ijnm

j i

P s S s s k s M s
l l

S s s S s s
l l

k s M s
l l

=

= =

= =

 
ξ = − Π −µ α Π + 

 
 

+ λ λ α Λ Π −µ α Λ Π + 
 

+ λ µ Α Λ Π

∑

∑ ∑

∑∑

( ) ( ) ( ) ( ) ( )2

13 55 4 22
11 2

4 12
1 ,

N
n

nm T nm nm n m j jnm jnm

j

P s C k S s s M s
l l h =

 
= − Π −λ µ Α Π 

 
∑

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

21 3 3 2 1

11 2

12 2 3 1 1

11 2

2

2 2 11 3 1 11

1 11 2

3

3

1 2

4
1

4
1

4
1

4
1

N
n j

nm n nm nm m nm jnm jnm

j

N
n j

m nm nm n nm jnm jnm

j

N N
n j j j j

n m nm jnm n nm jnm

j j

n

n m

P s S s s k s M s
l l

C S s s k s M s
l l

S s s S s s
l l

k
l l

=

=

= =

 
= − λ − Π −µ α Π + 

 
 

+ µ − Π −λ α Π − 
 

 
− λ − µ α Λ Π −λ α Λ Π − 

 

− − λ µ

∑

∑

∑ ∑

( ) ( ) ( )11 1

1 1

,
N N

j

nm ji jnm jinm

j i

s M s
= =

Α Λ Π∑∑

( ) ( ) ( ) ( ) ( )2

23 55 5 12
11 2

4 12
1 ,

N
n

nm T nm nm n m j j jnm

j

P s C k S s s M s
l l h =

 
= − Π +λ µ Α Π 

 
∑

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

22 3 3 2 1

11 2

2 2 11 3 1 11

1 11 2

2

3 11 1

1 11 2

4

4

4
,

N
j

nm nm nm m nm j jnm

j

N N
j j j j

n m nm jnm n nm jnm

j j

N N
j

n m nm ji jnm jinm

j i

P s S s s k s M s
l l

S s s S s s
l l

k s M s
l l

=

= =

= =

 
= Π −µ α Π + 

 
 

+ λ µ α Λ Π −λ α Λ Π + 
 

+ λ µ Α Λ Π

∑

∑ ∑

∑∑

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )
( ) ( )

2 4 2

1 2 3 44 1 2 2 12

2 4 2 2

2 1 3 55 55 2 44 12

4

3 3 44 552

12
, ,

12
, ,

12
,

j i j i

nm nm nm T m ji

j j

nm nm nm T n j T

nm nm nm T m n

S s k s k s C k
h

S s k s k s C k k C C
h

S s K k s C C k
h

= − µ Α = α α −α α

= − λ Α = α − α

= − µ λ

( ) ( ) ( ) ( )2 2

4 55 2 44 5 1 44 55, .nm T n nm nm m nm T nm m nm nS s k C k s K C S s k k s C K C= λ − µ = µ − λ      

The transition to the Laplace space of initial values for rational functions GLs
pknm

(s) defined by 
equalities (9) is carried out by subtractions and tables of operational calculus [29]. Numerical 
analysis shows that these functions have only prime poles. Therefore, their initial values are writ-
ten as follows:
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( ) ( ) ( ) ( )2 2

4 55 2 44 5 1 44 55, .nm T n nm nm m nm T nm m nm nS s k C k s K C S s k k s C K C= λ − µ = µ − λ      

( ) ( ) ( )( )

( ) ( ) ( )
( )

( ) ( ) ( ) ( )

( ) ( )

1

22 2
55 3

3 3

1 11 2 3

1

3, 3, 3,

1 1

11 2

1 5, 1,2, 1, , 1,3 ,

4 1
,

4 1

jnm

jnm

jnm

q
jnm jnm

sjs

iknm iknm

j

n s
sj T ks

knm knm

j j nm jnm

K
sj js

q knm q knm q knm

j j

nq

n k n

G A e K N K i q N k

C k e
G A e

l l k s

G A e A e

Σ
τ

=

τΣ+ Σ+
τ

= =Σ+

Σ +
τ γ τΣ+

+ + +
= =

τ = Σ = + + + = = =

− δ
τ = +

′

τ = + +

Λ λ δ −λ − δ
+

∑

∑ ∑

∑ ∑
( )

( )( )
2

1

11 2 3,

,

q
jnm

k

q
j j nm jnm

e

l l k

γ τ

= +

 
 

′ γ
∑

(11)

( ) ( )
( )

( ) ( )
( ) ( )

( ) ( )
( )

( )
( )( )

( )( )

3

0

3,3,

3, 3,

, 1, , 1, 2 ,

, ,

iknm jnmj r iknm rnm

iknm knm

nm rnmnm jnm

q

q knm jnmq knm jnmj i

q kl q knm q
qnm jnm qnm jnm

P s P s
A A j r

Q sP s

PP s
A A

Q s Q

++ Σ+
+ +

= = = Σ = Σ +
′′

γ
= =

′ ′ γ

(12)

where s
jnm

, 1,j = Σ  are the zeros of the polynomial P
nm

(s); γ(q)
jnm

 are the zeros of the polynomial  
k

q+3,nm
(s); 

,i nmsΣ+  are the zeros of the polynomial k
3nm

(s), found by the formulas

2 2 2 2

1, 55 44 2, 55 44,  .nm T n m nm T n ms ik C C s ik C CΣ+ Σ+= − λ + µ = λ + µ

Thus, taking into account solutions (8) and (9), the Green functions of auxiliary problem (1), 
(2) have the form

( ) ( )

( ) ( )

( ) ( )

1 1 2 1 1 2

0 1 1

2 1 2 1 1 2

0 1 2

1 2 1 2

0 1

1
, , , cos sin sin , ,

2

, , , sin cos sin , ,

, , , sin sin sin , 3,

s

k knm n m m n

n m

s

k knm n m m m

n m

s

pk pknm n m m

n m

G x x G x x n
l

m
G x x G x x

l

G x x G x x p

∞ ∞

= =

∞ ∞

= =

∞ ∞

= =

π  ξ τ = τ λ µ µ ξ λ = + 
 
π

ξ τ = τ λ µ µ ξ µ =

ξ τ = τ λ µ µ ξ ≥

∑∑

∑∑

∑∑

(13)

where the functions G s
lknm

(τ) are found by Eqs. (11) and (12).
Assuming that α(q)

i  = 0 in Eqs. (10), we obtain Green’s functions for the elastic 
Timoshenko plate.

Solution of the main problem

Next, we substitute the solution of problem (1), (3) into boundary conditions (2). As a result, 
we arrive at a system of integral equations relative to the functions ( )1 2 ,f x τ  and ( )2 2 ,f x τ , intro-
duced into boundary conditions (3):
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( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( )

2 2

2

2

2

1 2 13 2 3

10 0 0 0

2
1 1 2 2 1 2

12

1 1 20 0

2

1 3, 1 2

1 10 0

13 1 2

0, , , , 0, , , , ,

, , , , , ,
,

, , , ,

, , ,

l l

k k

k

l

k k

k

k

l N
j

j k k

k j

G x t f t d dt G x t f t d dt

G l x t G l x t
C f t d dt

x x

G l x t f t d dt

G l x t

τ τ

=

τ

=

τ

+
= =

ξ τ − ξ ξ = − ξ τ − ξ ξ

∂ ξ τ − ∂ ξ τ − 
+ ξ ξ + ∂ ∂ 

+ α ξ τ − ξ ξ =

∂ ξ τ −
= −

∂

∑∫ ∫ ∫ ∫

∑∫ ∫

∑∑∫ ∫
( ) ( )

( ) ( ) ( )

2

2

23 1 2

12 3

1 20 0

1 3,3 1 2 3

10 0

, , ,
,

, , , , .

l

l N
j

j

j

G l x t
C f t d dt

x x

G l x t f t d dt

τ

τ

+
=

∂ ξ τ − 
+ ξ ξ − ∂ 

− α ξ τ − ξ ξ

∫ ∫

∑∫ ∫

(14)

Based on the form of Green’s functions (13), the external load ( )3 2 ,f x τ  is represented as 
a series

( ) ( )3 2 3 2

1

, sin .m m

m

f x f x
∞

=

τ = τ µ∑ (15)

We search for functions ( )2 ,kf x τ  ( )1,2k =  in similar form:

( ) ( )2 2

1

, sin .k km m

m

f x f x
∞

=

τ = τ µ∑ (16)

If we substitute series (15) and functions (16) into system (14), then we arrive at a system of 
first-kind Volterra integral equations:

( ) ( ) ( )
2

1 0

,ijm jm im

j

a t f t dt

τ

=

τ − = ϕ τ∑∫ (17)

where the following notations are used:

( ) ( ) ( ) ( )11 11 12 12

0 0

, ,s s

m mn m mn

n n

a G a G
∞ ∞

= =

τ = τ τ = τ∑ ∑

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

21 12 21 11 1 3,1

0 1

22 12 22 12 1 3,2

0 1

1 ,

1 ,

N
n js s s

m m mn n mn j mn

n j

N
n js s s

m m mn n mn j mn

n j

a C G G G

a C G G G

∞

+
= =

∞

+
= =

 
τ = − − µ τ −λ τ + α τ 

 
 

τ = − − µ τ −λ τ + α τ 
 

∑ ∑

∑ ∑
(18)

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

1 13 3

00

2 12 23 13 3

00

1 3,3 3

0 10

,

1

1 .

s

m mn m

n

n s s

m m mn n mn m

n

N
n j s

j mn m

n j

G t f t dt

C G t G t f t dt

G t f t dt

τ ∞

=
τ ∞

=
τ ∞

+
= =

ϕ τ = − τ−

 ϕ τ = − µ τ− + λ τ− − 

− − α τ−

∑∫

∑∫

∑ ∑∫
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Integration by parts reduces system (17) to

( ) ( ) ( ) ( ) ( )
*2

1 0 0

,
jm

ijm im ijm ijm

j

f t
A t dt A a t dt

t

τ τ

=

∂
τ − = ϕ τ τ =

∂∑∫ ∫ (19)

so that it is subsequently solved numerically. Integrals in system (19) are approximated by the 
midpoint rectangle rule [21–23]:

( ) ( ) ( ) ( ) ( )1/2 1/2 1/2

0

,
kt

jm k k

ijm k t ij jm t ijm

f t
A t t dt h A y h S

t

∗
− −∂

− = +
∂∫

where h
t
 = τ/N

t
 is the partitioning step, N

t
 is the number of partition points on the segment [0,τ]. 

The remaining quantities are determined as

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

1
1/2 1/2 1/2

1/2

1

1/2 1/2

1
,  ,  ,

2

,  ,  0, .

k
k k r r

k t k t ijm ij jm

r

k jm k k jm k k

jm jm ijm ijm k t

t kh t k h S A y

f t f t t
y y A A t k N

−
− − + −

−
=

∗ ∗
−

 = = − = 
 

∂ ∂ −
= = = =

∂τ ∂τ

∑
(20)

Thus, system of integral equations (19) is reduced to a sequence of systems of linear 
algebraic equations
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( )

( )
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whose solutions are found by Cramer’s rule:
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Now, if we represent convolutions (4) as
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and substitute equalities (21) there, we obtain a solution to the initial problem (1), (2) on bending 
of the Timoshenko cantilever plate.

Passage to the limit to the steady-state problem

If we impose for boundary conditions (3) that

( ) ( ) ( ) ( ) ( )3 3 1, 2 ,  k kf f H k f f Hτ = τ = τ = τ 

(H(τ) is the Heaviside function), and pass to the limit at τ → ∞, we obtain a solution to the prob-
lem of bending in the plate exposed to static load applied to the free edge.

The Green functions ( ) ( )1 2, ,
st

mkG x x ξ  of the static problem are expressed in terms of the Green 
functions ( )1 2, , ,mkG x x ξ τ  of the dynamic problem using the relations given in [22, 30]:

( ) ( ) ( ) ( )

( ) ( )

1 2 1 2

1 2 1 2
0 0
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1
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G x x G x x H

sG x x s G x x s
s
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→ →

ξ = ξ τ ∗ τ =  

 = ξ = ξ  

(23)

where the asterisk indicates the time convolution.
By carrying out this passage to the limit in convolutions (4), we obtain a solution to the steady-

state problem in the form
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where
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Relation (8) and solution (9) are taken into account here.
The static analogue of system of equations (17) is written as

2

1

.ijm jm im

j

a f
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= ϕ∑   (26)

Similar to notations in (18), the following notation is introduced in Eq. (26):
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The solution of system (26) is found by Eq. (21). The following correspondences are used in 
this case:

( ) ( ) ( )1 2 1/2 1/2
,  ,  .

k k

im jm ijm ijm im imy f A a b
− −↔ ↔ ↔ϕ 

Computational example

To simulate physical and mechanical processes, let us take a three-component plate (N = 2), 
consisting of an alloy of aluminum, zinc and copper (it is assumed that zinc and copper diffuse 
in duralumin). The characteristics of the plate and the required external conditions are given 
in Table.

We assume that the plate has the following dimensions: l *
1
 = 0.01 m, l *

2
 = 0.01 m, h* = 0.0005 m. 

The load on the free edge x
1
 = l

1
 is set in the following form:

( ) ( ) 3

3 2 2, sin ,  10 .f x H x −τ = −ε τ ε = (27)

Substituting data from (27) into equality (22), taking into account the found Green functions (13) 
and functions ( ) /kmf∂ τ ∂τ  from (21), we obtain plate deflections, rotations of normal fibers and 
concentration increments for zinc and copper. The results of the calculations are shown in 
Figs. 2–4.

Tab l e

Computational parameters and their values [30]

Parameter Notation Unit Value

Elastic constants
C

1122
N/m2

6.93·1010

C
1313

= C
2323 

= C
1212

2.56·1010

Density of material ρ kg/m3 2700

Characteristic length of problem l × h* (l = h*) m 5.0·104

Initial concentration 

zinc

copper

n
0

(1)

n
0

(2)

– 0.0084

0.0450

Initial ambient temperature T
0

K 700

Coefficients of diffusion
D

11

*(1) = D
22

*(1)

m2/s
2.62·10–12

D
11

*(2) = D
22

*(2) 2.89·10–15

Molar mass

zinc

copper

m(1)

m(2)

kg/mol 0.027

0.064

Field coupling coefficients
α

11

* (1) = α
 22

* (1)

J/kg
1.55·107

α
11

* (2) = α
 22

* (2) 6.14·107



St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2024. Vol. 17. No. 3

70

We used 40 terms of the Fourier series and 40 partition points for solving integral equation (19) 
to calculate unsteady mechanical fields. Numerical calculations show that an increase in these 
parameters does not lead to visible changes in the results obtained. For example, the difference 
between the 20th and 40th terms of the series is less than 1% for plate deflections, and about 
3% for rotations of normal fibers. Steady diffusion fields were calculated using 100 terms of the 
Fourier series.

Comparing the results for the elastic diffusion model and the elastic model (for ( )
0

q

ij

∗α = ) for 
the calculations of bending in the Timoshenko cantilever plate, we find that the effect of mass 
transfer on the mechanical field of the plate is negligible in the given time range. Thus, the graphs 
in Fig. 2 and 3 are equally applicable for both elastic and elastic diffusion problems. On the other 
hand, the deflections and rotations of normal fibers under unsteady loads are about twice as large 
as those under static loads (shown by bold lines in Figs. 2 and 3).

In particular, the considered passages to the limit for the elastic and static models serve to 
verify the algorithm proposed in the study for solving the unsteady problem for the Timoshenko 
cantilever plate. The solution of the steady-state problem is analytical, which is also very import-
ant for estimating the accuracy of the performed calculation.

a) b)

Fig. 2. Calculated distributions of plate deflections w on the plane (a) and in space (b): 
from the fixed end (x

1
 = 0) to the free end (x

1
 = l

1
 is the load application point) 

at different time instants (a); at time τ = 3.3·102 (2.66·105 s) (b)

a) b)

Fig. 3. Calculated distributions of rotations χ
1
 in normal fiber on the plane (a) and in space (b): 

from the fixed end (x
1
 = 0) to the free end (x

1
 = l

1
) at different time instants (a);

at the time τ = 3.3·102 (2.66·105 s) (b)
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Fig. 4 shows the steady-state diffusion fields of zinc and copper in the composition of the given 
alloy, initiated by bending deformations of the plate. At a given unsteady load (27), these are the 
limit values for the concentration increments of diffusing materials at τ → ∞.

The concentration increments found are very small, which is confirmed by experimental 
studies [31], according to which the effect of mechanical loads on the diffusion field becomes 
pronounced mainly during plastic deformations. Thus, elastic deformations have little effect on 
the kinetics of mass transfer.

Earlier numerical studies considered the case of hinge-supported beams [32], confirming that 
diffusion starts to affect the displacement field after a certain period of time, manifesting primarily 
as phase shifts of elastic and elastic diffusion vibrations relative to each other. However, these dif-
ferences are observed over a time range significantly exceeding that shown in Figs. 2 and 3. In this 
case, calculations require a manifold increase in the number of partition points used to solve integral 
equation (19), which significantly increases the computational complexity of the algorithm and can 
be realistically achieved only in cases where the problem can be solved analytically, such as in [32].

Conclusion

We proposed a model of unsteady mechano-diffusion vibrations of a Timoshenko cantilever 
plate with hinged support on the sides adjacent to the cantilever. We developed a complex algo-
rithm combining variable separation and equivalent boundary conditions, yielding a solution to 
the corresponding initial boundary value problem. The proposed algorithm was verified based on 
the limiting transition to the elastic problem for a bendable Timoshenko plate, along with the 
comparison with the solution of the steady-state elastic diffusion problem.

The calculation performed for the case of a three-component plate makes it possible to sim-
ulate the interaction of mechanical and diffusion fields in a bendable plate. It was found that 
unsteady bending of the console initiates diffusion fluxes in each of the components. The intensity 
of the resulting mass transfer is extremely low and essentially does not produce a reverse effect on 
the mechanical fields in the bendable plate, which is verified by comparing the obtained solution 
with the solution of the elastic problem for the Timoshenko plate.
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в широком частотном диапазоне (25 Гц – 1 МГц) при температурах от 294 до 398 K. 
Установлено, что добавка 2 масс.% фуллеренола приводит к значительному поглощению 
такой пленкой света в УФ-области спектра (ИК-спектры обоих образцов пленок оказались 
идентичными), а также к снижению диэлектрической проницаемости ε′. На частотных 
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составили около 1,5 эВ. Предложено объяснение наблюдаемых эффектов.
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Introduction
Inorganic metal oxides and semiconductors are most often used in organic field-effect tran-

sistors (OFETs) as gate dielectrics [1], which significantly complicates their manufacturing tech-
nology and limits the applicability of printing techniques used for production of these OFETs. 
Therefore, replacing inorganic dielectric films in these transistors with polymer dielectrics that 
can be obtained by solution-casting remains a major challenge [2].

It is suggested that polymer nanocomposite materials can meet such criteria [3–5]. The diverse 
range of water-soluble polymer nanocomposites are of particular interest. For instance, polyvinyl 
alcohol (PVA) and composites based on it show promise as materials for organic electronics [6–9].

PVA whose monomer unit has the formula (CH(OH)–CH
2
)
n
– is a water-soluble thermo-

plastic polymer with good film-forming characteristics. The glass transition temperature of this 
polymer is T

g
 ≈ 358 K, but it is also a crystallizing polymer (melting point in a nitrogen medium 

is 503 K). Due to the large number of hydrogen bonds, PVA molecules form dense crystallites 
randomly oriented inside amorphous regions [10].

The dielectric properties of PVA are fairly well-studied [11–15]. The dielectric permittivity 
shows significant dispersion in the low-frequency region of the spectrum under heating. The 
low-frequency dielectric permittivity ε in PVA reaches values of the order of 102 at T ≥ T

g
, while 

ε ≈ 6 at a high frequency [11]. The frequency dependence of the dielectric loss tangent tgδ in PVA 
is characterized by the presence of a peak in the low-frequency region of the spectrum, whose 
location depends on temperature and shifts to higher frequencies under heating of the sample.

It is hypothesized that the cause for this behavior of the dielectric properties of PVA is the 
interphase polarization effect. It is suggested in [11] that it occurs due to blocking of charge carri-
ers at the electrodes, leading to the formation of a double electric layer at the electrode–polymer 
interface. A more complex picture is considered in [12], supposing that the two structural phases 
with differing electrical characteristics in PVA are macromolecular globules and the boundaries 
between them. The study concludes that structures consisting of grains separated by barrier layers 
(Koops model [16]) can be produced in PVA. The combination of such identical structures acting 
as macro-relaxors determines the overall properties of the sample. However, the authors of the 
above studies do not provide any quantitative estimates.

Adding a small amount of carbon nanoparticles to polymer matrices (up to 1–3 wt%) can dra-
matically modify the properties of the matrix material (see, for example, [17, 18]). Such polymer 
nanocomposites have broad applications in organic electronics [19].
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This paper considers the properties of polymer nanocomposite films based on PVA and poly-
hydroxylated fullerene (fullerenol) С

60
(ОН)

44
 as filler (PVA + C

60
(OH)

44
 composite) were studied. 

Like PVA, fullerenol C
60
(OH)

44
 is highly soluble in water, allowing to use this modification of 

fullerene as one of the components for water-soluble nanocomposite dielectrics. Its concentration 
in the PVA matrix can be used to purpose, it is possible to tailor the electrical characteristics of 
the resulting composite material.

There is no information in the literature on the electrophysical and dielectric properties of 
such composites. Dielectric spectroscopy is commonly used to study the dielectric characteristics 
in wide temperature and frequency ranges, providing data about the morphological structure of 
matter through its relaxation properties associated with molecular dynamics [20].

The goal of our study was to obtain the characteristics of conductivity and dielectric properties 
of the PVA + C

60
(OH)

44
 composite, analyzing their specifics to identify the types of interaction 

of the matrix with the filler in the given material.

Experimental procedure

The experimental samples were films prepared from PVA and PVA + C
60
(OH)

44
 nanocompos-

ite with a thickness of 60–70 µm. Grade 16/1 PVA (GOST 10779-78) was used for to manufac-
ture the films.

A 5 wt% PVA solution was poured onto the bottom of Petri dishes, dried at room temperature 
for four days, after which the films were separated from the substrate. To prepare PVA + C

60
(OH)

44
 

nanocomposite films, an aqueous solution of fullerenol was gradually added to the PVA solution 
so that the concentration of C

60
(OH)

44
 in PVA + С

60
(ОН)

44
 films was 2 wt%. Fullerenol was pro-

duced by the technique described in [21].
The optical properties of the films were studied at room temperature. An SF-56 spectropho-

tometer was used to measure the transmittance of the films. The IR spectra of the samples were 
recorded with a Shimadzu IRSpirit QATR-S FTIR spectrometer.

To carry out electrical measurements, graphite electrodes with a diameter of 37 mm were sten-
cil-printed on both sides of the film using a conductive varnish spray based on colloidal graphite 
from SOLINS®GRAPHITE. The surface resistance of the carbon coating was approximately 
1500 Ohms/square.

Next, the film samples were kept in a thermostat for 5 hours at a temperature of 398 K and 
a pressure of about 14 Pa. The heat treatment was intended for removing water and aerosol 
residues from the samples. Notably, according to the data in [22], the degree of crystallinity of 
PVA films obtained from aqueous solution reaches about 46% if they are annealed at a tem-
perature of 393 K.

The frequency dependences of capacitance and dielectric loss tangent tgδ were measured with 
an E7-20 LCR meter in the frequency range from 25 Hz to 1 MHz at a temperature from 294 
to 398 K. Since films were annealed at 398 K before the measurements, it was assumed that the 
measurement process at temperatures below 398 K should not affect the results and the degree of 
crystallinity of the film should not change.

The dielectric permittivity ε and the dielectric loss factor ε′′ (ε′′ = ε · tgδ) were calculated using 
the formula for a parallel-plate capacitor based on the experimental values of capacitance and 
dielectric loss tangent tgδ measured at various temperatures and frequencies.

The resistance of films at DC voltage in the above temperature range was measured using a 
KEITHLEY 610 electrometer.

Experimental results and discussion

PVA films prepared by the above-described technique were transparent in the visible and 
near-IR and UV regions of the spectrum (Fig. 1). The transmittance of the PVA film was about 
90% at a wavelength λ = 380 nm, subsequently remaining almost unchanged.

Adding fullerenol to PVA caused the films to change color to yellowish brown, with a significant 
level of light absorption by this component in the UV region of the spectrum. The PVA + C

60
(OH)

44
 

composite film turned out to be almost opaque at wavelengths λ below 350 nm. The transmittance 
increased monotonously at higher wavelengths, reaching a value of about 80% only at the upper 
bound of the range, at a wavelength λ = 1100 nm.



79

Physical Materials Technology

The shape of IR spectra of the samples we 
obtained is in good agreement with the data 
known from the literature [23–25]. It can be 
seen from Fig. 2 that adding fullerenol does 
not produce any significant changes in the 
shape and position of the peaks. On the other 
hand, a notable decrease is observed in the 
intensity of the 3280 cm–1 band, correspond-
ing to stretching of the covalent O–H bond, 
and the band at 2917 cm–1, corresponding to 
asymmetric stretching of the =CH

2
 group. The 

low–intensity absorption band at 1590 cm–1 
(see the inset in Fig. 2), observed for the sam-
ple containing fullerenol C

60
(OH)

44
, can be 

attributed to the presence of C=C bonds in 
fullerenol [26–28].

Fig. 3 shows the frequency dependences 
of dielectric permittivity in PVA (curves 1–4) 
and PVA + C

60
(OH)

44
 composite (curves 1′–4′) 

films at different temperatures in the range of 
294–384 K. Evidently, the values of ε for both 
the PVA film and the composite film are small 
and weakly depend on frequency at 294 K. 
Heating the films to a temperature close to 
the glass transition temperature of PVA leads 
to a significant increase in the low-frequency 
range of the spectrum at frequencies f below 
10 kHz. The shapes of the ε(f) curves turn out 
to be similar for both film samples. The ε(f) 
dependences are characterized by a monotonic 
decrease in ε with an increase in frequency at 
all measurement temperatures. The value of ε 
in PVA is always slightly higher than that in 
the PVA + C

60
(OH)

44
 composite in the entire 

frequency range at temperatures not exceeding 
the glass transition temperature of PVA.

Fig. 1. Optical transmittance spectra 
of PVA (1) and PVA+C

60
(OH)

44
 (2) films 

at room temperature

Fig. 2. IR spectra of PVA (1) 
and PVA+ C

60
(OH)

44
 (2) at room temperature

(the inset shows the difference in the spectra 

in the region of 1600 cm–1 at high magnification)

Fig. 3. Frequency dependences of dielectric permittivity in PVA film at 294 (1), 368 (2), 375 (3) 
and 384(4) K and PVA + C

60
(OH)

44
 composite film at 294 (1′), 363 (2′), 371 (3′) and 384 (4′) K
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Fig. 4 shows the temperature dependences of the dielectric permittivity of the studied films 
at a frequency of 25 Hz. The values of ε in PVA films and the PVA + C

60
(OH)

44
 composite are 

approximately equal to 10 and nearly coincide at temperatures below 340 K. The increase in 
the dielectric permittivity observed in the temperature range of 340–375 K, i.e., in the T

g
 tem-

perature range of PVA, is so rapid that at T = 375 K, ε ≈ 400 for the PVA film and ε ≈ 300 for 
the PVA + С

60
(ОН)

44
 composite film. With a further increase in temperature, both film samples 

exhibit a significant decrease in the growth rate of ε (the curves reach saturation).
The frequency dependences of the dielectric loss factor are shown in Fig. 5. Analysis of these 

data shows that peaks (f
max

) are observed on the curves at elevated temperatures, whose positions 
shift towards high frequencies with an increase in the measurement temperature.

Notably, according to the literature data (see, for example, [12]), such peaks are also observed 
at lower temperatures, but they are located in the region of infra-low frequencies. In particular, 
that study recorded a maximum of tgδ for PVA at 300 K at a frequency of several hertz.

Consequently, the explanation for the small values of ε′′ that we observed at room temperature 
is that this quantity was measured on the right (high-frequency) slope of the curve with a maxi-
mum that was not reached during our measurements.

The dependence of lg[f
max

(1/T)] in the given frequency range (Fig. 6) is close to linear for 
both PVA and the PVA + C

60
(OH)

44
 composite, i.e., it can be assumed that the position of 

the peak is described by the Arrhenius equation with the activation energy E
a
. The activation 

energies are almost the same for PVA and the polymer nanocomposite, amounting to about 

Fig. 4. Temperature dependences of dielectric permittivity in PVA (1) 
and PVA + C

60
(OH)

44
 composite (2) films at a frequency of 25 Hz

Fig. 5. Frequency dependences of dielectric loss factor for PVA film at 294 (1), 368 (2), 375 (3) 
and 384 (4) K and for PVA + C

60
(OH)

44
 film at (1′), 363 (2′), 371 (3′) and 384 (4′) K
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1.5 eV, however, the value of f
max

 for PVA turns 
out to be slightly lower. Furthermore, the quan-
tity E

a
 is generally associated with large-scale 

motion, for example, with segmental mobility in 
macromolecular chains [29].

Fig. 7 shows the temperature dependences of 
DC conductivity of the films considered. The 
conductivity of both materials increases expo-
nentially with increasing temperature. It can be 
seen that the conductivities of the nanocompos-
ite film and the PVA film are approximately the 
same up to a temperature of about 370 K. At 
temperatures above 370 K, the conductivity of 
the PVA film begins to prevail over the conduc-
tivity of the nanocomposite film, and this differ-
ence increases with further heating. 

Interestingly, the differences in the electrical 
characteristics of PVA and nanocomposite films 
become pronounced only at temperatures lying 
either in the region of glass transition temperature 
of PVA or above it. We believe that the differences 
are due to the following reasons. As noted above, 
PVA is a crystalline polymer, so that amorphous 
regions occupy about half of the volume of the 
studied PVA samples in the given conditions. It 
seems logical to assume that this is also typical for 
nanocomposite films. Since the sizes of fullerenol 
C

60
(OH)

44
 molecules are quite large (their diame-

ter is estimated to be 1.5 ± 0.4 nm [11]), fullere-
nol molecules are accumulated mainly in the least 
ordered amorphous regions of the polymer. This 
may prevent the formation of a double electric 
layer at the interface, as well as the migration of 
charge carriers through the barrier layers. As a 
result, there is a decrease in both the capacitance 
of the material and its conductivity.

Conclusion

This paper reports on analysis of the optical and electrical properties of films prepared from 
polyvinyl alcohol (PVA) and nanocomposite material based on it with added fullerenol C

60
(OH)

44
 

(PVA + C
60
(OH)

44
)
.

We found that even a small addition of fullerenol to PVA produces a modification in its col-
oration and significant absorption of light in the UV region of the spectrum.

A noticeable difference in the dielectric constant, dielectric loss factor and conductivity of 
the films was observed only at temperatures above the glass transition temperature of PVA. At 
elevated temperatures, the DC conductivity of the composite film and its dielectric permittiv-
ity at low frequencies turn out to be lower than the corresponding values for the PVA film. We 
believe that the reason  for the observed difference is the accumulation of fullerenol molecules in 
amorphous barrier layers between PVA crystallites, preventing the formation of a double electric 
layer between the barriers and the crystallites as well as the migration of charge carriers through 
these barriers.

Fig. 6. Temperature dependences 
for logarithm of frequency at which 

the maximum ε′′ is located in PVA (1) 
and in PVA+C

60
(OH)

44
 composite (2)

Fig. 7. Temperature dependences 
of DC conductivity of PVA (1) 
and PVA + C

60
(OH)

44
 (2) films
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Abstract. In the paper, the effect of bombardment with Ar+ ions on the composition, elec-
tronic and crystal structure of the surface layers of bulk single crystal samples and CdF

2
(111) 

films has been studied using the methods of Auger electron and ultraviolet photoelectron spec-
troscopy, high-energy electron diffraction and recording the angular dependences of the reflec-
tance factor of inelastically reflected electrons. The effect of this bombardment on the density 
of states of valence electrons and energy band parameters of CdF

2
 was investigated for the first 

time. The degree of disorder of CdF
2
 into components and evaporation of fluorine from the 

surface layers was established to depend on the energy and dose of Ar+ ions. The complete 
evaporation of F in the form of a diatomic gas was shown for the first time to be observed in 
the energy range of 1 – 2 keV at a saturation dose.  
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Аннотация. В работе изучено влияние бомбардировки ионами аргона Ar+ на состав, 

электронную и кристаллическую структуру поверхностных слоев объемных монокри-
сталлических образцов и пленок фторида кадмия CdF

2
(111). Для этого использованы 

методы оже-электронной и ультрафиолетовой фотоэлектронной спектроскопии, диф-
ракции быстрых электронов и регистрация угловой зависимости коэффициента от-
ражения неупругоотраженных электронов. Впервые изучено влияние указанной бом-
бардировки на плотность состояния валентных электронов и энергетические зонные 
параметры CdF

2
(111). Установлено, что степень разупорядочения CdF

2
 на составляю-

щие и испарение фтора с поверхностных слоев зависит от энергии и дозы ионов Ar+. 
Впервые показано, что полное испарение фтора в виде двухатомного газа наблюдается 
в области энергий 1 – 2 кэВ при дозе насыщения.

Ключевые слова: эпитаксиальный слой, гетероструктуры, ионная бомбардировка, 
оже-спектр, фотоэлектронный спектр, неупорядоченный слой, плотность электронных 
состояний
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Introduction

The great interest in epitaxial fluoride layers is associated both with the unique properties of the 
latter and with the wide potential possibilities of their application in opto- and microelectronics 
[1 – 13]. In particular, metal fluorides are widely used in the creation of special semiconductor 
– dielectric – semiconductor (SDS) structures in the three-dimensional integrated circuits. Of 
particular interest are CdF

2
/Si(111) heterostructures with a CaF

2
 buffer layer [9, 14, 15]. The 

minimum thickness of the CaF
2
 buffer layer was 0.9 nm [5]. In this case, CaF

2
 plays the role of 

a barrier layer for the chemical reaction between CdF
2
 and Si substrates [9]. At the same time, 

trivalent germanium turned out to be the most promising for doping CdF
2
 [16]. 

Single-crystalline cadmium fluoride is a solid dielectric that can be converted into a 
semiconductor by doping with donor impurities and subsequent heating in a reducing atmosphere 
[16 – 18].

In Refs. [19, 20], the energy position of the levels of rare earth (RE) elements in the band 
diagram of BaF

2
 and CdF

2
 crystals was determined. The role of RE3+ and RE2+ ions in the carrier 

capture, luminescence, and the formation of radiation defects was assessed. It was shown that 
the significant difference in the luminescent properties of BaF

2
:RE and CdF

2
:RE was due to the 

position of excited energy levels in the band diagram of the crystals. In Ref. [21], Shubnikov – 
de Haas oscillations and a quantum staircase of the Hall resistance were discovered in a p-CdF

2 
quantum well limited by CdB

x
F2–xδ barriers on the n-CdF

2
 surface. Thanks to the low effective 
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mass of two-dimensional holes, the observation of the quantum Hall effect became possible at 
room temperature. 

Studying the influence of various external influences, especially ion bombardment, on the 
composition, structure and physical properties of fluorides is of both fundamental and applied 
interest. In recent years, we have thoroughly studied the effect of ion bombardment on the 
composition, electronic and crystal structure, emission and optical properties of dielectric films 
and samples [12 – 27]. However, to date, the effect of low-energy ion bombardment on the 
composition and properties of CdF

2
 films has been practically unstudied.

In this work, changes in the composition, electronic and crystal structure of CdF
2
 (111) upon 

bombardment with Ar+ ions were studied for the first time.

Experimental methods

The subject of research was a single-crystal sample of CdF
2
 (111) with a thickness of about  

0.5 mm and molecular beam epitaxial (MBE) films of CdF
2
/Si(111) with a thickness of about  

500 Å. Before ion bombardment, the samples under study were degassed at T ≈ 1000 K for 3 hours 
in a vacuum (pressure P ≈ 10–7 Pa). The elemental and chemical compositions of the samples 
were determined by Auger electron spectroscopy (AES). The degree of amorphization of the 
CdF

2
 film upon bombardment with Ar+ ions and its crystallization during annealing, the type and 

parameters of the lattice were studied by high-energy electron diffraction (HEED) method and by 
measuring the angular dependences of the reflectance factor η of inelastically reflected electrons. 
To study the density of state of valence electrons and determine the parameters of energy bands, 
the method of ultraviolet photoelectron spectroscopy (UPS) was used. All measurements were 
carried out after the target was cooled to room temperature, in a vacuum with a pressure of at 
least 10−7 Pa. The choice of the (111) plane has been due to the fact that the CdF

2
(111) surface 

has the lowest free energy (ECdF2 ≈ 5·10−7 J·cm−2, ESi ≈ 1.35·10−4 J·cm−2 and is atomically smooth.

Experimental results and their discussion

The Auger spectrum of a well-cleaned CdF
2
(111) surface is shown in Fig. 1. It can be seen 

that the CdF
2
 surface contains mainly an impurity of oxygen atoms with a concentration of no 

more than 1 at.%. The CdF
2
 film surface has high crystalline perfection and an atomically smooth 

surface with a (1 × 1) structure reflection high-energy electron diffraction (RHEED) image (see 
inset in Fig. 1).

An analysis of the dependence of the intensity IF of the Auger peak from fluorine at an 
energy of 646 eV on the irradiation dose to the CdF

2
(111) surface bombarded by Ar+ ions 

with different energies E
0
 (see Fig. 2) allows us to conclude the following. The intensive 

desorption of fluorine from the surface of CdF
2
 occurs, starting from the irradiation dose  

D = (1 – 5)·1013 cm−2 and  up to D = 1016 cm−2; the rate of decrease in the intensity IF 

Fig. 1. The Auger spectrum and RHEED images 
(inset) of the pure CdF

2
(111) surface

depending on the energy E
0
. In particular, for 

E
0
 = 0.5 keV at D = 5·1016 cm−2, the intensity 

of the Auger peak corresponds to a minimum, 
but IF is not equal to zero even at D = 1017 
cm−2, and thus D = (4 – 5)·1016 cm−2 is the 
saturation dose Ds for E

0
 = 0.5 keV. For E

0
 = 

1.0 keV, a decrease in IF to zero is observed at  
D = (6 – 8)·1016 cm−2. A decrease in IF to zero 
occurred up to E

0
 = 2 keV. At E

0
 more than 

2 – 3 keV, the IF value, even at dose D more 
than 1017 cm−2, was above zero. Apparently, at 
high energies of Ar+ ions, the decomposition 
of CdF

2
 predominantly occurs in the surface 

layer and complete evaporation of fluorine 
atoms from these layers does not occur. Or, the 
evaporation of Cd and CdF

2
 as a whole may 

begin simultaneously with the evaporation of 
fluorine atoms.
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Fig. 2. Plots of the Auger F peak intensity (at 
E = 646 eV) versus the Ar+ irradiation dose D 
for CdF

2
 bombarded by Ar+ ions with different 

energy values; E
0
, keV: 0.5 (1), 1.0 (2), 2.5 (3)

To answer this question, we studied the 
dependence of IF on the depth h of a CdF

2 
layer bombarded with Ar+ ions with different 
energies at D = Ds (Fig. 3). The plots in Fig.3 
show that the intensity of the IF peak decreases 
sharply (by ~ 4 times) at E

0
 = 0.5 keV, and 

it practically does not change until the layer 
depth h = 20 – 80 Å, that corresponds to the 
projected range of Ar+ ions.

Apparently, all F atoms in the form 
of diatomic gas F

2
 evaporate from these 

layers. In the region h ≈ 25 – 50 Å, the IF 
concentration increases and, starting from  
h ≈ 50 Å, the stoichiometric composition of 
CdF

2
 is completely established. However, 

further studies showed that the CdF
2
 

layers were highly disordered to a depth of  
h ≈ 130 – 150 Å. In the case of E

0
 = 1.0 keV, 

the surface layers of the cadmium fluoride are 
completely decomposed into components to a 
depth of h = 30 – 40 Å, and almost all F atoms 
evaporate from these layers, and hence an 
amorphous cadmium film with a thickness of d 
= 30 – 40 Å is formed on the surface (see curve 
3 in Fig. 3). When CdF

2
 is bombarded by Ar+ 

ions with E
0
 = 5 keV, the greatest decomposition 

occurs at the depth of the projected range of Ar+ 
ions (h ≈ 60 – 70 Å). Apparently, most of the 
fluorine atoms go into vacuum, and the other 
part diffuses deep into the target. Therefore, the 
concentration of F increases significantly at a 
depth of h = 80 – 100 Å. 

It is known that the thickness of disordered 
layers of a single crystal under ion bombardment 
is very difficult to determine experimentally. In 
this work, the depth of such layers was assessed 
by investigation of the angular dependences of 
the reflectance factor η of inelastically scattered 
electrons at the different primary electron 
energies Ep.

The dependences of η on the angle of 
incidence of the primary beam on the surface, 
for the Si(111) system with amorphous CdF

2
 

films of various thickness values are presented in  
Fig. 4. They were recorded at Ep = 0.8 keV. It can 
be seen that the main Si(111) peak is completely 
smoothed out at a film thickness of about 50 
Å. A similar method was used to determine 
the thicknesses of the CdF

2
 films at which the 

main Si peak was smoothed out in the range  
Ep = 1 – 10 keV. The results are given in Table. 

Using the data from Table, the thickness 
of disordered layers dp in the CdF

2
(111) was 

estimated using the condition when bombarded 
with Ar+ ions with different energies E

0
 at 

doses D = Ds (Fig. 5). This plot shows that 

Fig. 3. The depth distribution profiles of F atoms 
from CdF

2
 bombarded by Ar+ ions at D = D

s
 with 

different energy values; E
0
, keV: 0.0 (1) 0.5 (2), 

1.0 (3), 5.0 (4)

Fig. 4. The dependence of η on the angle φ (the 
angle of incidence of the primary beam) for 
amorphous CdF

2
 films on Si(111) substrates; the 

film thickness values, Å: 10 (1), 20 (2), 40 (3), 
50 (4). Ep = 0.8 keV
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Tab l e

The dependence of the thickness of 
the amorphous CdF2/Si(111) films on 

the primary electron energies E
p

Ep, 
keV 0.8 1.0 3.0 5.0 10

d, Å 50 80 200 350 500
Foo tno t e : d values were found under the condition when 
the main peak on the curve η(φ) was smoothed out at a 

given value of energy Ep.

dp increases exponentially from about 130 to 
450 Å as E

0
 increases from 0.5 to 5 keV.

The photoelectron spectra of a  
CdF

2
/Si(111) epitaxial film before and after 

bombardment by Ar+ ions at E
0
 = 1 keV with 

different doses, taken at hν = 21.2 eV (Fig. 6). 
These spectra provide information about the 
density of state of the valence band electrons, 
and the area under the energy distribution 
curve is proportional to the quantum yield 
Y of photoelectrons. The top of the valence 
band Eν of CdF

2
 is taken as the reference 

point. In the spectrum of pure CdF
2
, there 

are three clearly defined maxima (peaks) 
at energies Ecν = –1.6 eV, –3.8 eV, and  
–8.1 eV. It can be assumed that peak E

1 
appears due to hybridization of the 5s level 
of Cd with the 2p level of F; the main 
contribution to the appearance of peak E

2 
is 

made by 5s levels of Cd, and that to E
3
 is 

made by 2p levels of F.
When CdF

2
 film is bombarded by Ar+ ions, 

a slight broadening of the curvilinear energy 
distribution of photoelectrons is observed 
at the dose D = 1014 cm–2, and a decrease 
in the intensity is observed at the peak of  
Ecv = –1.8 and 8.1 eV. Also, the shift of 
the peak in the initial state of the spectrum  
(Ecv = 0.6 – 1.0 eV) to the right leads to 

Fig. 5. A plot of the thickness of disordered layers 
versus the energy of Ar+ ions

Fig. 6. The photoelectron spectra of the CdF
2
 bombarded by Ar+ ions with energy E

0
 = 1 keV. 

Doses D, cm–2: 0 (1), 1∙1014 (2); 5∙1015(3), 5∙1016(4)

a decrease in the gap width Eg of the CdF
2
 film. At a dose of 5·1015 cm–2, a new peak E′ 

characteristic of cadmium appears instead of E
1
 and E

2
 peaks, and the value of Y decreases by 

about 2 times in this case [19, 23].

Conclusion

In this work, the effect of bombardment with argon ions on the composition, electronic and 
crystal structure of the surface layers of single-crystal samples and CdF

2
(111) films has been 

studied. The molecular beam epitaxial film of the CdF
2
/Si(111) with a thickness of 500 Å was 

shown to have high stoichiometric and crystalline perfection with a surface structure of 1  1. 
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It was established that the intense desorption of fluorine atoms occurred, which continued up to 
dose D = (5 – 10)·1016 cm–2. The concentration of fluorine in the surface layers were found to go 
down to zero in the region E

0
 = 1 – 3 keV, and not decrease to zero when E

0
 being greater than 

4 keV. The main mechanisms of these changes were clarified.
For the first time, the thickness of layers enriched with cadmium atoms and the thickness of 

highly disordered CdF
2
/Si(111) layers were estimated. The change in the density of state of CdF

2 
valence electrons upon bombardment by Ar+ ions with E

0
 = 1 keV was also studied for the first 

time using ultraviolet photoelectron spectroscopy (UPS) at different doses.
The results obtained in this work can undoubtedly be useful in the development of modern 

generation communications-electronics equipment. 
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Аннотация. В работе изучены закономерности изменения состава и структуры 
поверхностных слоев GaP (111) при бомбардировке электронами c энергиями 
Е

е
 = 3 – 10 кэВ и дозами D = 1017 – 1020 cм–2. Для этого использован метод оже-

электронной спектроскопии и регистрация угловой зависимости коэффициента 
неупругого отражения электронов. Установлено, что при Е

е
 = 3 кэВ поверхностные 

слои GaP обогащаются атомами P, а случае Е
0
 = 10 кэВ – атомами Ga. В обоих случаях 
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Introduction

Nanoscale heterostructures based on binary semiconductors, including gallium phosphide (GaP), 
are widely used and show potential for creating monolithic optoelectronic integrated circuits, photo-
voltaic cells, optical and electronic pumping lasers, as well as microwave electronics devices [1–6]. 
It is therefore important to accumulate data on the electronic, optical, emission and electrophysical 
properties of these structures and analyze various factors influencing their properties [7–10].

Diverse methods are used to modify the physical properties of binary compounds, includ-
ing thermal heating, etching, laser irradiation as well as ion bombardment and implantation. 
Monolithic integrated circuits on substrate surface (silicon is commonly used) are typically fabri-
cated by growing epitaxial films with a direct bandgap transition [1, 11].

GaAlP and GaAlAs nanophases and nanofilms were obtained in [12–14] by implantation of 
Al3+ ions into gallium phosphide and arsenide (GaP (111) and GaAs (111)). It was found that 
quantum-size effects appear for GaAlP nanophases with surface dimensions less than 35–40 
nm and thicknesses of 3.5–4.0 nm. Due to the large bandgap in GaAsP (2.26 eV) and favorable 
displacements of the valence band and the conduction band [15, 16], the efficiency of GaAsP/
Si-based solar cells can theoretically reach 41.9% [17].

Experimental studies and computer simulation were carried out in recent years on the effect 
of ion bombardment of inert gases on the composition and surface structure of GaP and InGaP 
films [18, 19].

For example, the effect of surface defects on the trajectory of dechanneled ions and its depen-
dence on the energy and scattering angle of these ions was studied in [19]. It was established 
experimentally that metallization of CoSi 

2
 and GaP surfaces occurs upon bombardment with Ar+ 

ions [18].
Thus, the effects of ion bombardment, heating, and laser irradiation on the composition 

and physical properties of A3B5 single crystals are well-understood. However, the effect of elec-
tron bombardment on the composition and structure of single-crystal gallium phosphide samples 
remains virtually unexplored.

The goal of this paper is to analyze the effect of electron bombardment on the composition 
and structure of the surface layer of single-crystal gallium phosphide GaP (111).

Experimental procedure

Single crystal GaP (111) samples with a diameter of about 10 mm and a thickness of 1 mm 
were selected as the object of study. The samples were studied by Auger electron spectroscopy 
(AES) and ultraviolet photoelectron spectroscopy to record the angular dependences of inelas-
tic electron backscattering coefficients. The depth distribution profiles of embedded atoms were 
obtained by Auger analysis performed by sputtering 1 keV Ar+ ions over the sample surface; the 
ion incidence angle was approximately 80–85° relative to normal, the etch rate of the surface was 
about 5 ± 1 Е/min.



99

Physical Materials Technology

Results and discussion

GaP surface was bombarded by electrons with 
energies E

e
 in the range of 3–10 keV at doses D 

ranging from 1017 to 1020 cm–2 and current density 
j of the order of 5∙10 16 electrons/cm2. No notice-
able changes were observed in the composition 
and structure of GaP surface of gallium phosphide 
with an increase in the dose to the level D ≈ 1018 
cm–2. Fig. 1 shows the dependences of surface 
concentration C

Ga 
of gallium atoms on the radi-

ation dose D for GaP bombarded with electrons 
with energies of 3 and 10 keV. It can be seen for 
the energy E

e
 = 3 keV that the surface concen-

tration C
Gа

 decreases monotonically 8–10 at.% 
in the dose range D = 1017–1019 cm–2, i.e., the 
surface is enriched with phosphorus atoms. At E

e
 

= 10 keV, C
Gа

 increases by 12–15 at.% with an 
increase in dose from 1017 to 5∙1019 cm–2. In both 
cases, a further increase in dose does not lead to 
a change in the magnitude of C

Gа
, i.e., the cor-

responding dependence curve reaches saturation. 
At E

e
 = 3 keV, the saturation dose D

s
 is 1019 cm–2, 

while D
s
 ≈ 5·1019 cm–2 at E

e
 = 10 keV. Thus, the 

surface concentration C
Gа

 at dose D = D
s
 may 

decrease or increase depending on the energy Е
е
.

Fig. 2 shows the dependence of relative surface 
concentration ∆C

Gа
 on the energy E

e
 in the range 

E
e
 = 3–10 keV at D = D

s
. It can be seen that 

the curve of this dependence passes through zero 
in the range Е

е
 = 6–7 keV. The variation rate 

of ∆C
Gа 

decreases starting from E
e
 ≈ 9 keV. GaP 

decomposes into its constituent atoms in the pro-
cess of electron bombardment, and surface disor-
dering occurs in the near-surface region of GaP.

The degree of surface disordering was estimated from the angular dependences of the inelastic 
electron backscattering coefficient η at E

dis
 = 800 eV; this coefficient is denoted as η

800
 in Fig. 3. 

The escape depth of inelastically backscattered electrons was about 100–120 Е. As evident from 
Fig. 3, the curve η(φ) of unirradiated GaP (111) shows pronounced peaks due to inelastic back-
scattering of electrons from different crystal planes. A significant decrease in the absorption inten-
sity and the shift in the main peaks were observed after irradiation with electrons with E

e
 = 3 keV. 

Complete disordering of the layers likely did not occur. At E
e
 = 10 keV, the peaks on the η(φ) 

curves were completely smoothed out, which is typical for amorphized films.
The changes in GaP composition in the near-surface layer during electron bombardment 

were estimated by recording the distribution profiles of Ga atoms at D = D
s
 over the depth h of 

the sample (Fig. 4). Evidently, at Е
е
 = 3 keV, the relative concentration ∆C

Gа
 did not change 

considerably up to a depth of 15–20 Е (see curve 1 in Fig. 4). The concentration increases 
monotonically from about –10 to +9 at.% in the range of depths h ≈ 20–110 Е; then, as the 
depth increases, it decreases approximately exponentially, approaching zero at h ≈ 160–165 Е. At 
E

e
 = 10 keV, the ∆C

Gа
(h) curve decreases as it passes through zero, then through a minimum at 

h ≈ 200 Е, grows exponentially and finally approaches zero starting from h ≈ 250 Е.
Analysis of results obtained. The main changes in the composition and structure of surface 

and near-surface layers observed during electron bombardment occur at doses D not less than 
1017 cm–2. A noticeable decomposition of GaP into constituent atoms and disordering of surface 
layers occurs at E

e
 ≈ 3 keV starting with a dose D ≈ 4∙1017 cm–2, and at E

e
 ≈ 10 keV starting with 

a dose D ≈ 1017 cm–2. With an increase in the electron irradiation dose, the degree of disordering 
in surface layers of GaP increases both in the case of Е

е
 = 3 keV and at Е

е
 = 10 keV.

Fig. 1. Surface concentration of Ga atoms 
as function of electron irradiation dose 

for GaP surface bombarded by electrons 
with energies E

e
 = 3 keV (1) and 10 keV (2)

Fig. 2. Relative surface concentration of Ga 
atoms as function of electron bombardment 

energy E
e
 = 3–10 keV at D = D

s
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Phosphorus atoms diffuse towards the sur-
face in the process of electron bombardment 
due to the difference in the atomic masses 
of phosphorus and gallium (the atomic mass 
of P is smaller than the atomic mass of Ga). 
Apparently, only a small part of GaP molecules 
decomposes at an electron energy E

e
 = 3 keV, 

and there is no noticeable evaporation of atoms 
from the surface.

Thus, the surface layers are enriched with 
P atoms and depleted in Ga atoms at depths 
of no more than 50 Е. As P atoms escape from 
the near-surface layer at h ≈ 50–90 Е, the con-
centration of Ga atoms in this layer increases 
(see Curve 1 in Fig. 4). This follows from the 
fact that the areas under the curves –∆C

Gа
(h) 

and +∆C
Gа

(h) are virtually identical. In the 
case of electron energy E

e
 = 10 keV, the main 

change in the composition occurs to depths 
h ≈ 250–300 Е. The majority of P atoms dif-
fusing to the surface evaporate; this means that 
the surface layers are enriched with Ga atoms 
to a depth of 120–150 Е. A small fraction 
of P atoms cannot diffuse up to the surface, 
and these atoms increase the concentration 
of phosphorus at depths of 160–240 Е (see 
Curve 2 in Fig. 4).

Conclusion

The study provides a first glimpse into the effect of electron bombardment on the composi-
tion and crystal structure of GaP (111) surface serving as a target in the electron energy range 
E

e
 = 3–10 keV. We detected the variations in the surface concentrations of gallium and phos-

phorus atoms and their depth distribution profiles depending on the energy and electron dose. It 
is established that at the surface region of GaP is enriched with phosphorus atoms at Е

е
 ≤ 6 keV, 

and with gallium atoms at Е
е
 ≥ 6 keV. According to the estimates obtained, the electron energy at 

which inversion of the composition of the surface layer occurs was approximately 6.4 keV.
Our findings can be useful for developing monolithic integrated circuits based on 

AIIIBV compounds.

Fig. 3. Angular distribution of inelastic 
electron backscattering by GaP surface 
before bombardment (curve 1); for GaP 
bombarded with 3 keV (curve 2) and 10 keV 

(curve 3) electrons
Vertical dash-dotted lines show the positions 

of the peaks on the curves associated with inelastic 

backscattering of electrons from various crystal 

planes of GaP. Е
dis

 = 800 eV

Fig. 4. Distribution profiles of Ga atoms over depth h of GaP sample bombarded 
by electrons with energies E

e
 = 3 keV (1) and 10 keV (2), at D = D

s
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Аннотация. В работе анализируются точные и асимптотические приближенные решения 
для симметричных и антисимметричных волн Лэмба в однородном изотропном упругом 
слое. При помощи численного аппарата теории продолжения решений нелинейных 
уравнений вычислены дисперсионные кривые для волн с различной изменяемостью 
по толщине слоя. На основе полученных результатов исследован характер поля 
перемещений и изменчивость форм колебаний в зависимости от величины волнового 
числа. Проведен анализ асимптотической корректности балочных моделей Тимошенко, 
Бернулли – Эйлера как длинноволновых асимптотик волн Лэмба.
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Introduction

Modern requirements for new generation 5G TV and radio communication devices necessitate 
expanding the frequency range used to receive and transmit the signal. The ultrahigh frequency 
(UHF) range (over 6 GHz) is considered for this purpose. However, modern models of resona-
tors used to generate and filter signals cannot operate at such high frequencies. Therefore, new 
models that ensure uninterrupted communication in a given range must be designed. While there 
are many types of elastic waves in solids, Lamb waves generated in thin layers show promise 
for solving this problem [1]. It was established that certain wave modes of this type are capable 
of transmitting microwave signal with minimal losses [2–4]. Numerous studies have considered 
this subject [5]. The design of electroacoustic transducers in a given frequency range under the 
constraints of microsystem technology relies on multiparametric calculations to select the opti-
mal resonator configuration: layer thickness, electrode gap in interdigital transducers, orientation 
of a single crystal, etc. [6–9]. Furthermore, it is necessary to determine the specific operating 
modes of resonator vibrations (their variability across the layer thickness), providing the required 
values of the electromechanical coupling factor, additionally allowing for effective excitation 
by an electric field. The solutions for such problems can be obtained by combining qualitative 
analytical estimations based on simplified models with detailed numerical calculations based on 
verified procedures.

This paper reports on the qualitative study of stationary elastic Lamb waves in a homogeneous 
isotropic elastic layer. We performed a rigorous analytical study of the dispersion curves of sym-
metric and antisymmetric Lamb waves, their asymptotic analysis, direct numerical solution of the 
problem and comparison with known models of structural mechanics.

Mathematical model used

A homogeneous isotropic elastic layer oriented along the x
1
 axis in length and along the x

3
 

axis in thickness is considered. The layer is assumed to be infinitely long with a thickness of 
2h (–h ≤ x

3 
≤ h). The problem is considered in a plane strain statement. The schematic of the 

model is shown in Fig. 1.
A system of elastodynamics equations is considered:

2 ( )grad(div( )) ,µ∇ + λ +µ = ρu u u (1)

where λ, µ are the Lamé parameters, ρ is the density of the material, u is the vector of the 
displacement field.

It is known [10] that representing system of equations (1) as

grad rot= Φ + ψu (2)

reduces it to the system of wave equations:
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2 2
1 10, 0,Φ = ψ =  (3)

where 2 2 2 2 2 2 2 2
1 3( / / ) 1/ c /x x tα α= ∂ ∂ +∂ ∂ − ⋅∂ ∂  is 

the d’Alembert operator (α = 1, 2); с
1
, с

2
 are the 

velocities of the dilatational and transverse wave, 
respectively; Φ, ψ are the potential functions.

The solution of system of equations (3) can 
be represented as follows:

1

1

( )
1 3 1 3

( )
2 3 2 3

( sinh( ) cosh( )) ,

( sinh( ) cosh( )) ,

ik x ct

ik x ct

A x B x e

C x D x e

−

−

Φ = ν + ν

ψ = ν + ν
(4)

where k is the wavenumber, 2 2k kα αν = −  (kα = ω/cα, α = 1, 2), ω is the frequency, c is the 
phase velocity.

The boundary conditions are dictated by the absence of stresses on the faces of the plate:

13 1 33 1( , , ) 0, ( , , ) 0.x h t x h tσ ± = σ ± = (5)

Applying boundary conditions (5) to solution (4), we obtain:

2
1 1 1 2 2 2

2
1 1 1 2 2 2

2
1 1 1 2 2 2

2
1

2 (cosh( ) sinh( ) ) (1 )(sinh( ) cosh( ) ) 0,

2 (cosh( ) sinh( ) ) (1 )(sinh( ) cosh( ) ) 0,

[( 2 ) ](sinh( ) cosh( ) ) 2 (cosh( ) sinh( ) ) 0,

[( 2 )

i h A h B h C h D

i h A h B h C h D

h A h B i h C h D

β ν + ν − +β ν + ν =
β ν − ν + +β ν − ν =

λ + µ β −λ ν + ν + µβ ν + ν =
λ + µ β 1 1 2 2 2]( sinh( ) cosh( ) ) 2 (cosh( ) sinh( ) ) 0,h A h B i h C h D






 −λ − ν + ν + µβ ν − ν =

(6)

The notation βα = να/k, (α = 2 ,1) is introduced here.
The solution of this system of algebraic equations is a family of dispersion curves for Lamb waves.

Symmetric waves

Consider a particular case of a symmetric wave. A wave is called symmetric when the particles 
of the medium make symmetrical horizontal and antisymmetric vertical movements relative to 
the cross-section midline. Thus, the vertical movements in the upper and lower half-spaces are 
oppositely directed and the cross-section midline (x

1
 = 0) remains undeformed. Symmetric waves 

are generally denoted as S
0
, S

1
, S

2
, ... .

Then solution (4) takes the form

1

1

( )
1 3

( )
2 3

cosh( ) ,

sinh( ) .

ik x ct

ik x ct

B x e

C x e

−

−

Φ = ν

ψ = ν
(7)

System (6) is simplified, taking the form

2
1 1 2 2

2
1 1 2 2

2 sinh( ) ) (1 )sinh( ) 0,

[( 2 ) ]cosh( ) ) 2 cosh( ) 0.

i h B h C

h B i h C

 β ν − +β ν =


λ + µ β −λ ν + µβ ν =
(8)

Using the condition for the existence of a nontrivial solution of system (8), we obtain a tran-
scendental equation of the form

2 2
1 2

2 1 2

tanh( ) (1 )
.

tanh( ) 4

h

h

ν +β
=

ν β β
(9)

This equation takes a dimensionless form

Fig. 1. Schematic of homogeneous isotropic 
thin layer; 2h is its thickness
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2 2

22

2 2

2 2

tanh( 1 ) (2 )
,

tanh( 1 ) 4 1 1

c c

c

k

c ck

−δ −
=

− −δ −

 
  

(10)

if we introduce the following notations:

 2

2 2 1

, , .,    
cc khc

c kk c
c c c

kh= = ω = ⋅ = δ =  (11)

Eq. (10) is transcendental with respect to the dimensionless phase velocity of the wave and the 
wavenumber. Limiting cases are known for Eq. (10) [11].

Consider the first limiting case when the traveling wave length is significantly greater than the 
plate thickness, i.e., λ = 2π/k ≫ 2h. Then the hyperbolic tangents of Eq. (10) are replaced by their 
arguments. Transforming Eq. (10), we obtain:

2 224(1 ) (2 ),c c−δ = − 

22 1 .c = −δ

Let µ = λ (i.e., Poisson’s ratio ν = 1/4). Then we can establish that δ2= 1/3. As a result, we 
obtain the threshold value of the dimensionless phase velocity:

.2 2 / 3 1.633...pc c ≈= =  (12)

Consider the second limiting case, when the wavelength is much smaller than the thickness, 
i.e., λ = 2π/k ≪ 2h; then the tangent ratio can be assumed to equal unity. Transformation of 
Eq. (10) takes the following form:

2 2 2 2 2(2 ) .4 1 1c c c= −− δ −   (13)

This equality is the characteristic equation of Rayleigh surface waves [10]. The value of the 
phase velocity for δ2= 1/3 is

R 0.9194... .c c ≈=  (14)

The solution of transcendental equation (10) was obtained by the numerical framework from 
the theory of continuation of solutions of nonlinear equations [11]. Fig. 2 shows the dispersion 
curves and the dependence of the phase velocity on the wavenumber for the first three branches 
of the wave solution at different values of Poisson’s ratio.

a) b)

Fig. 2. Graphs for solution of Eq. (10): dispersion curves of symmetric Lamb waves (a); 
dependences of phase velocity (b) on wavenumber
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Fig. 2,b confirms the correctness of both asymptotic estimates (long-wave and short-wave).
The fields of displacement in the layer were constructed for the results obtained. Their form 

was obtained by substituting solution (7) into Eq. (2). Fig. 3 shows the displacement fields of the 
first three wave modes at different values of the wavenumber: near the long-wave approximation 
(k ̃= 1) (a); for an arbitrary value (k ̃= 2) (b); near the short-wave approximation (k ̃= 6) (c). 
The displacement fields are constructed for a segment of an infinitely long plate (see Fig. 1); its 
segment = 2 pi/k corresponds to one period of wave oscillation. This value is plotted along the 
abscissa, the thickness of the plate is plotted along the ordinate.

The colored curves visualize the vertical displacements u
3
, the grid visualizes the horizontal 

displacements u
1
.

Analyzing the graphs, we can conclude that the number of fixed nodes increases with an 
increase in the value of the wavenumber in the layer. Notably, the point mass describes an elliptic 
trajectory during the oscillation period [12], while the behavior of the plate’s eigenmode with 
increasing wavenumber is somewhat unexpected. This generates the additional problem of ana-
lyzing the variability of the wave mode with varying wavenumber. The results for the first three 
modes of symmetric waves are shown in Fig. 4.

As evident from Fig. 4,b, the behavior of the displacement field u
3 
remains almost unchanged 

with varying wavenumber: a midline with no displacements is observed, while upper and lower 
half-spaces of the plate make antiphase oscillations along the x

3
 axis. On the other hand, the 

a) b) c)

d) e) f)

g) h) i)

Fig. 3. Displacement fields for first three modes (S0, S1, S2) of symmetric waves 
at different wavenumbers k:̃ mode S0 (a, b, c); mode S1 (d, e, f); mode S2 (g, h, i)
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behavior of displacements u
1
 changes: initially, strictly longitudinal oscillations in the horizontal 

direction are observed, but as the wavenumber k ̃approaches 1.75, a new node appears, so that 
antiphase oscillations in the horizontal direction are observed in the cross-section. It is also clear 
that the condition of the short-wave approximation is satisfied, namely, strong damping of oscil-
lations in the bulk of the layer is observed with an increase in the wavenumber. The behavior of 
the second (see Fig. 4, c, d) and third (Fig. 4, e, f) wave modes changes dramatically in the long-
wave approximation. On the other hand, this behavior is preserved for the wavenumber k ̃> 6.

Antisymmetric waves

Consider the case of antisymmetric waves. A wave is called antisymmetric when the particles 
of the medium make antisymmetric horizontal and symmetric vertical movements relative to the 
cross-section midline. The vertical oscillations of the half-spaces occur in one direction, and the 
midline is deformed. Solution (4) takes the following form:

1

1

( )
1 3

( )
2 3

sinh( ) ,

cosh( ) .

ik x ct

ik x ct

A x e

D x e

−

−

Φ = ν

ψ = ν
(15)

System of equations (8) is written as follows for the obtained solutions (15):

2
1 1 2 2

2
1 1 2 2

2 cosh( ) (1 )cosh( ) 0,

[( 2 ) ]sinh( ) 2 sinh( ) 0.

i h A h D

h A i h D

 β ν − +β ν =


λ + µ β −λ ν + µβ ν =
(16)

If we take the determinant of system (16) and perform non-dimensionalization (11), we obtain 
the following transcendental equation:

1 1 2
2 2

2 2

tanh( ) 4
.

tanh( ) (1 )

h

h

ν β β
=

ν +β
(17)

d) e) f)

a) b) c)

Fig. 4. Dependences of displacement fields u
1 
(a, c, e) and u

3
 (b, d, f) for three branches

of solutions (S0, S1, S2) of symmetric wave versus wavenumber;
branch S0 (a, b); branch S1 (c, d); branch S2 ( e, f)
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a) b)

Fig. 5. Graphs for solution of Eq. (17): dispersion curves of antisymmetric Lamb waves (a); 
dependences of phase velocity on wavenumber (b)

a) b) c)

d) e) f)

g) h) i)

Fig. 6. Displacement fields of first three modes (A0, A1, A2) 
of antisymmetric waves at different wavenumbers k:̃ 

mode A0 (а, b, c); mode A1 (d, e, f); mode A2 ( g, h, i)
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Consider the limiting cases for Eq. (17). If the wavelength significantly exceeds the thickness of 
the layer, the inequality c̃ < 1 < 1/δ holds true. After all the transformations (in accordance with 
the data presented in [10]), the transcendental equation takes the following form:

2 2 24
(1 ).

3
c k= −δ (18)

Let µ = λ (i.e., ν = 1/4); then δ2= 1/3, which implies that

.
2 2

3pc k=  (19)

Thus, we obtain a linear asymptote for the long-wave approximation from Eq. (19).
Consider another limiting case where the wavelength is much smaller than the plate thickness 

and the inequality c̃ < 1 < 1/δ holds true. Transforming Eq. (17), we arrive again at the character-
istic equation for Rayleigh surface waves (13), (14). The phase velocity for case c̃ > 1 tends to 1.

Fig. 5 shows the dispersion curves of antisymmetric oscillations and the dependence of phase 
velocity on wavenumber. Evidently (see Fig. 5,b), the results obtained for the first branch of anti-
symmetric waves satisfy both approximations. It is assumed [10] that the phase velocity for the 
remaining modes tends to unity in the case of the short-wave approximation.

The same as for symmetric oscillations, displacement fields of antisymmetric oscillations were 
constructed (Fig. 6).

As seen from Fig. 6,a, the first mode of antisymmetric oscillations resembles bending vibra-
tions of a beam. Also, similar to the symmetric case, a change in the wave mode is observed with 
an increasing wavenumber. Based on this, we analyzed the variability of the wave mode with 
varying wavenumber (Fig. 7).

d) e) f)

a) b) c)

Fig. 7. Dependences of displacement fields u
1 
(a, c, e) and u

3
 (b, d, f) 

for three branches of solutions (A0, A1, A2) of antisymmetric wave versus wavenumber;
branch A0 (а, b); branch A1 ( c, d ); branch A2 ( e, f)
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It is clear from Fig. 7,b that the amplitude of oscillations dampens rapidly in the bulk of 
the layer with increasing wavenumber, which corresponds to the short-wave approximation. 
Additionally, at low values of the parameter k,̃ oscillations are performed by the entire cross-sec-
tion, whereas in the short-wave case, oscillations occur in the upper and lower half-spaces of the 
plate, without actually interacting with each other [13]. This effect is explained by the type of 
wave, since at high values of the wavenumber (as mentioned above), the wave becomes similar 
in nature to a Rayleigh surface wave, characterized by rapid damping in the half-space [10]. In 
addition, an interesting branching effect of the nodal curve is observed in Fig. 7,a. Apparently, 
the branching occurs at the same wavenumbers at which the aforementioned antisymmetric wave 
is divided into two components formed in the upper and lower half-spaces of the plate. Based on 
these considerations, it can be expected that similar branchings will no longer be observed with 
a further increase in the wavenumber: on the contrary, complete damping of oscillations should 
happen in the bulk of the material.

Analysis of asymptotic correctness of beam models

As noted above, the long-wave approximation of the first mode of the antisymmetric wave 
resembles in form the transverse vibrations of a beam. Two models of bending vibrations of a 
beam are common and well-studied in engineering practice: the Euler–Bernoulli beam and the 
Timoshenko beam. In view of this observation, it is advisable to compare the results obtained with 
the dispersion relations for these models.

It is known [12] that the problem for the Euler–Bernoulli beam model in the case of a hinged 
support is determined by the system:

2

2

2

4 2

4
0, (0 )

( , ) 0, 0, ( 0, )

( ,0) ( ),

w w
EI x l

A

w
w x

x

t x l

w x W x

t

x

 ρ
+ = < <




= = =


=


∂
∂

∂



∂
∂

∂
(20)

where w is the vertical displacement, E is Young’s modulus, I is the moment of inertia of the 
cross-section, A is the cross-sectional area, W(x) are the initial displacement distributions, p is the 
surface density, l is the length of the beam.

The solution of system (20) can be represented as an infinite sum of traveling waves:

0

1
( , ) sin sin ,

2 n

n

n n

n n
w x t A x t x t

l l

∞

=

    = −ω
π

+ +ω        

π∑ (21)

where the frequency ω
n
 is determined by the expression

2 .( )/ /n n E Al I= πω ρ

The wavelength in this case is 2 /n l nλ = . Therefore, the phase velocity is expressed as

2
.

2
n n

n

EIA
c n

l

ω λ
π ρ

π= = (22)

For the Timoshenko beam model, the system takes the form:



St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2024. Vol. 17. No. 3

114
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∂
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 ∂

(23)

where ψ is the bending rotation, k′= 5/6 is the correction factor for the rectangular cross-section, 
G is the shear modulus.

The expression for the eigenfrequency spectrum follows from system (23):

( ) ( )( )2
2 2 2 2 2 2 2 2 2 2 4 4

2

2 2

1 1 2
,

2n

n n nη π η π π+α + ± +α + − αη

η
=

α
ω (24)

where nω  is the dimensionless frequency, 2 2 4( ) / ( )n l EIAρω=ω ; η is a dimensionless parameter 
expressing the ratio between bending and shear stiffness, 22 ( ) / ( )EI k AGl′=η ; α is a dimension-
less parameter expressing the ratio between the forces of inertia of the cross-section with respect 
to rotation and transverse displacement, 2 2/ ( )I Alα = .

Eq. (24) gives two branches of solutions for bending ,1( )nω  and shear ,2( )nω vibrations.
It was of interest to build finite element (FE) models of Euler–Bernoulli and Timoshenko 

beams. The models were constructed in the COMSOL Multiphysics package. For comparison, 
Fig. 8 shows the results of analytical and FE modeling of the Euler–Bernoulli beam and the 
Timoshenko beam, as well as the previously presented calculation results using the Lamb elastic 
wave model in a thin layer.

Analysis of the data in Fig. 8 shows that the lower branch of the solution for the Timoshenko 
beam model coincides with the first branch of the wave solution of antisymmetric Lamb waves. 
We should note that this is not a consistent pattern. As noted above, the phase velocity of the 
lower branch of the Lamb wave solution in the short-wave approximation tends to the phase 
velocity of Rayleigh surface waves c

R
, which, in turn, depends on the value of Poisson’s ratio (14). 

At the same time, the phase velocity of the wave for the Timoshenko beam model tends to the 
velocity of transverse oscillations /Tc k G′= ρ  with an increase in the wavenumber. In dimen-
sionless form, these asymptotics are the result of taking the square root of the correction factor k′.

a) b)

Fig. 8. Comparison of calculated results for three models: 
Euler–Bernoulli beams, Timoshenko beams and elastic Lamb waves; 

dispersion curves (a), dependences of phase velocity on wavenumber (b)
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As discussed above, the value of the cor-
rection factor is taken as k′ = 5/6, which was 
proposed by Reissner. Another frequently used 
value of the correction factor was proposed by 
Mindlin: k′ = π2/12. The following definition 
was proposed by Zhilin [14]:

6
' ,

5
k =

−ν
(25)

obtained by finding the solution for the frequency 
equation of plate vibration with an accuracy up 
to the second correction term.

Fig. 9 shows a comparison of the dimension-
less threshold values of the phase velocities of 
Rayleigh surface waves c

R
 and transverse oscilla-

tions c
T
 at different values of Poisson’s ratio ν and 

correction factor k′. These proposals do not coincide with the investigated Rayleigh surface wave 
model. There are, however, certain values of Poisson’s ratio at which the asymptotics coincide.

Based on this, we can conclude that coincidence of the characteristics of elastic Lamb waves 
and waves in the Timoshenko beam is observed only for a long-wave approximation, while the 
results diverge if the dimensionless wavenumber 1k hk= ⋅ ≈ .

Conclusion

We performed a qualitative analytical study of stationary Lamb waves in a homogeneous iso-
tropic thin layer. Dispersion curves and phase velocity dependences on the wavenumber were 
constructed for symmetric and antisymmetric waves in accordance with the obtained solutions. 
The displacement and variability fields were calculated for the wave mode of the first branch of 
the wave solution with variable value of the wavenumber. The characteristics of antisymmetric 
Lamb waves were compared with the wave characteristics of Euler–Bernoulli and Timoshenko 
beams. The data help determine the accuracy of long-wave and short-wave asymptotic approx-
imations for symmetric and antisymmetric Lamb waves, including approximations based on the 
application of beam models of structural mechanics.

Our findings can serve as a basis for verification of numerical methods of wave mechanics used 
in modeling wave processes in electroacoustic devices.
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Abstract. The paper presents asymptotic methods for solving the problem of small harmonic 
oscillations of a flat contour immersed in an incompressible viscous liquid. In the case of large 
values of the dimensionless viscosity parameter, asymptotic approximations up to the third 
order have been obtained. In the case of small values of this viscosity parameter, the main term 
of the asymptotic of the hydrodynamic force on an arbitrary smooth contour was constructed 
and its form was proved not to depend on the shape of the contour. The results obtained were 
confirmed by an example of the problem of oscillations of an elliptical cylinder.
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Аннотация. В работе излагаются асимптотические методы решения задачи о малых 
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Introduction
The theoretical model of a cantilever beam of arbitrary cross-section (Fig. 1), which is excited 

by an arbitrary driving force and immersed in viscous liquid, is the main one used to develop 
devices in nanotechnology and in viscosity measurements. The liquid is typically assumed to be 
incompressible, the length of the beam significantly exceeds its other dimensions. The formulation 
for a cross-section of the general form leads to the concept of the hydrodynamic function [1–3], 
describing the hydrodynamic load and taking into account the geometry of the cross-section of 
the beam. Depending on the cross-section of the beam, this hydrodynamic function must be cal-

culated numerically or (preferably) analytically.
The problem on determining the hydro-

dynamic load on an infinite cylinder making 
small-amplitude oscillations in viscous liquid has 
been the subject of numerous theoretical and 
experimental studies (see, for example, [4–8]).

Problem statement

Let a rigid (non-deformable) contour Γ 
immersed in incompressible viscous liquid with 
kinematic viscosity ν and density ρ make small 
harmonic oscillations with a given frequency ω 
and velocity amplitude u

0
. The oscillation ampli-

tude is assumed to be much smaller than the size 
of the contour. The motion of the contour is 
assumed to be plane-parallel.

To write the equations of motion in dimen-
sionless form, we introduce the characteristic 

contour size L, the characteristic velocity ωL and the characteristic pressure ρω2L2. Adopting the 
above assumptions, the linearized hydrodynamic equations of viscous incompressible liquid take 
the following form [9]:

0,

0,

p i

div

∆ −β∇ + β =
 =

v v

v
(1)

where v = (v
x
,v

y
) is the velocity vector of the liquid; p is the pressure; β is a dimensionless param-

eter, β = ω2L2/ν.
In applications, the β parameter can vary in an extremely wide range: from 10-3 [1, 10, 11] 

to 105 [12]. From now on, the dimensionless amplitude of the velocity u
0
 is assumed to be equal 

to 1 for convenience.
Let us formulate the boundary conditions of the problem.
No-slip conditions of the following form are imposed on the contour line:

,  ,n nv u v uτ τΓ Γ
= = (2)

where (v
n
,vτ) are the normal and tangential components of the velocity vector of the liquid, (u

n
,uτ) 

are the (given) velocity vector components of the contour points.
In addition, perturbations of the velocity field induced by oscillations are dampened with dis-

tance from Г:

Fig. 1. Schematic representation of cantilever 
beam of arbitrary cross-section: 

Γ is the contour, L is its characteristic size
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2 20,  .x y→ + →∞v (3)

If we use the representation of the velocity vector components in terms of two scalar functions 
(referred to as potentials for brevity [13]), namely,

,  ,x yv v
x y y x

∂ϕ ∂ψ ∂ϕ ∂ψ
= + = −
∂ ∂ ∂ ∂

then system of equations (1) and boundary conditions (2), (3) can be written as

0,

0,

.

i

p i

∆ϕ =
∆ψ + βψ =
= ϕ

(4)

2 2

,

,

, 0, .

nu
n

u
n

x y

τ

∂ϕ ∂ψ + =∂ ∂τ
∂ϕ ∂ψ − = ∂τ ∂

ϕ ψ→ + →∞


(5)

As established in [14], the hydrodynamic force R acting on a plane contour with a normal 
( ),x yn n=n , making small harmonic oscillations, is determined in terms of the potentials by 

the formula

( )( ) ,i dl
Γ

= ρω −ϕ −ψ ×∫R n n k (6)

where l is the length of the contour Г; k is the unit vector, k = (0, 0, 1).
The problem described by system of equations (4) and boundary conditions (5) is called the 

Stokes problem. Relations (4), (5) describe any kind of plane motion of the contour. The oscil-
lations in the examples discussed later in this paper occur in a direction parallel to the Ox axis.

For each equation of system (4), taking into account boundary conditions (5), we can formu-
late the corresponding boundary integral equation and thus construct a system of two boundary 
integral equations [14]:

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

* *
0 0 0

* *
0 0 0

1
, , ,

2

1
, , ,

2

n n

n

M
M M M M dl u M M M dl

M
M M M M dl u M M M dl

Γ Γ

τ
Γ Γ

 ∂ψ 
ϕ − ϕ ϕ = − ϕ  ∂τ  


∂ϕ  ψ − ψ ψ = − ψ  ∂τ 

∫ ∫

∫ ∫
(7)

where φ*(M,M
0
), ψ*(M,M

0
) are Green’s functions for the equations of system (4); φ

n
*(M,M

0
), 

ψ
n
*(M,M

0
) are their derivatives in the direction of the external normal n at the integration point; 

H(1)
0
 is the zero-order Hankel function of the first kind; r(M,M

0
) is the distance between the inte-

gration point M and observation point M
0
 lying on the contour;

( ) ( ) ( ) ( ) ( )( )1* *
0 0 0 0

0

1 1
, ln ,  , , ,

2 , 4

i
M M M M H r M M i

r M M
ϕ = ψ = β

π

( ) ( ) ( ) ( )* *
0 0* *

0 0

, ,
, ,  , .n n

M M M M
M M M M

n n

∂ϕ ∂ψ
ϕ = ψ =

∂ ∂



121

Mechanics

Asymptotics of the Stokes problem for a circular contour

The exact solution to the problem of oscillations in a circular cylinder in incompressible vis-
cous liquid at rest along the Ox axis as well as the formula for calculating the hydrodynamic drag 
of the cylinder were obtained by Stokes [4].

Let us give the asymptotic formulas obtained by the potential method in [15]. In polar coor-
dinates r, θ at β → ∞, they have the form

( ) ( ) ( )

( ) ( ) ( )

2

2

1 2 1 1
1, ~ 1, , 1, 1 cos ,

4

1 2 1 1
1, ~ 1, , 1, sin ,

4

O
ii i i

O
ii i i

∞ ∞β→∞

∞ ∞β→∞

   
ϕ θ ϕ θ + ϕ θ = − + + − θ     β ββ β β   


  ψ θ ψ θ + ψ θ = + − θ    β ββ β β   

(8)

for β → 0 and finite r,

( )
( ) ( )( )

( ) ( )

( )
( ) ( )( )

( ) ( )

( ) ( )

2 20

2 20

1
, ~ , ,

ln 2 2ln 2

1
, ~ , sin ,

ln 2 2ln 2

4 4
, cos , , sin .

r r O

i i i i

r r r O

i i i i

r r
r r

β→

β→

ϕ θ ϕ θ + β  β β + γ −  
 

ψ θ ψ θ + θ+ β
  β β + γ −   


 ϕ θ = θ ψ θ = θ






 

(9)

and, according to Eq. (6), we obtain the following expressions for R(β):

( ) ( ) ( )

( ) ( ) ( )
( ) ( )( )0 0 2 20

4 2 1
~ , 1 ,

2

8
~ , .

ln 2 2ln 2

R R R i
ii i i

i
R R R

i i i i

∞ ∞β→∞

β→

  
β β β = π − − +   ββ β β  

 π
β β β = −

  β β + γ −   

(10)

The exact expression for R(β) is given in [4, 5, 8].
Fig. 2 shows the results of calculating the modulo relative error

Fig. 2. Calculation of modulo relative error by Eqs. (8), (9)
The solid line shows the error level equal to 1% (for comparison)
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( ) ( )
( )

( ) ( )
( )

0

1 2,  
R R R R

R R

∞β − β β − β
ε = ε =

β β

(as percentages) by Eqs. (8), (9).
For clarity, Fig. 2 shows the error level of 1% (solid line). Evidently, outside the range 

lgβ ∈ (-0.8,0), i.e., at β ∉ (0.16,1), the calculation error for the hydrodynamic force on the cylinder 
contour does not exceed 1% if the appropriate asymptotics are used.

Asymptotic solution of the Stokes problem for large β values

The classical formulas obtained by Stokes suggest that asymptotic expansion of the required 

 potentials should be carried out as an asymptotic series in powers of the small parameter 
1 1

i i
=

λ β
: 

( ) ( ) ( ) ( ) ( ) ( )0 0 0 0
0 1

1 1
~ ,  ~ .k k

k k
k k

M M M M
λ→∞ λ→∞

= =

ϕ ϕ ψ ψ
λ λ∑ ∑ (11)

We introduce a local Cartesian coordinate system (x,ỹ) with the origin at the observation point 
M

0
 and the axis M

0
x̃ directed tangentially toward the contour Г.

The equation of the curve in the local coordinate system has the form ỹ = ỹ(x̃),  

while ( )
0

0 0
x

dy
y

dx =

= =





.

We define the contour Г by natural parameterization x̃ = x̃(s), ỹ = ỹ(s), where [ ]0,s L∈  is the 
arc length measured counterclockwise from the observation point M

0
.

To represent the integrals containing the function ψ* and its derivatives in system of 
equations (7) in a form convenient for obtaining asymptotics, we use integral representations of 
Hankel functions [16]:

( ) ( ) ( ) ( )1 1 2
0 1

0 0

1
,  .

4 2 4 2
rcht rchti i i r

H i r e dt H i r e sh tdt

∞ ∞
λ λλ

β = β =
π π∫ ∫ (12)

Let us write the integrals in Eqs. (12) in the following form:

Fig. 3. Local Cartesian coordinate system introduced:
Γ is the contour; M

0
 is the observation point; s is the arc length measured 

counterclockwise from the observation point M
0
; s

0
 is an arbitrary point
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
0

0

1 2

0 0

,
sL L

S s S s S s

s

I f s e ds I I f s e ds f s e ds
λ λ λλ = = λ + λ = +∫ ∫ ∫

where s
0
 is an arbitrary fixed internal point of the variation range of the parameter s: [ ]0 0,s L∈ .

According to the information from monograph [17], the following expressions are hold true:

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( )

0 1 2
1 2 3 0 0

0 0

0 1 2
2 2 3 0

0

~ , ,

~ , ,

1
.

S s k

k
s

s

S s k

k
s L

s L

f sc c c
I e c D

S s

f sc c c
I e c D

S s

d
D

S s ds

λ

λ→∞ = +
= +

λ

λ→∞ = −
= −

  λ + + + = −    ′λ λ λ   

  λ − + + + = −    ′λ λ λ   

= −
′



 (13)

To calculate the coefficients c
k
, one-sided Taylor series expansions known from differential 

geometry can be used [18]:

( ) ( ) ( )
2 3 2 3 2 3

...,  ...,  ....
6 2 6 24

s s s s
x s s y s s r s

κ κ κ′= ± + = ± κ + = ± +   (14)

In these formulas, κ is the curvature of the curve at point M
0
, ( )s′′κ = − r ; the combination 

of plus and minus signs corresponds to the Taylor expansions on the right at point s = 0 and on 
the left at point s = L.

Using the above formulas and performing simple (but laborious) calculations, we can prove 
that the following relations hold true for any function f(s) given on the contour:

( ) ( ) ( ) ( ) ( ) ( )
2

1 2
0 3 2

1 1 1
~ ,

4 2 4 4

f si
f s H i r ds f s f s

sλ→∞
Γ

 ∂
β − − + κ 

λ λ ∂ 
∫ (15)

( ) ( ) ( ) ( )1
0 ~ .

4 4

i
f s H i r ds f s

n λ→∞
Γ

∂ κ
β

∂ λ∫ (16)

The remaining step is to use these relations and substitute the asymptotic series (11) into the 
right-hand and left-hand sides of Eqs. (7), to equate the coefficients at the same powers 1/λ, 
ultimately obtaining the following groups of equations and relations:

boundary integral equations for φ(k) (k = 0, 1, 2, 3), which are approximations of the potential φ,

( ) ( ) ( ) ( ) ( ) ( ) ( )0 0 * *
0 0 0

1
, , ,

2 n nM M M M dl u M M M dl
Γ Γ

ϕ − ϕ ϕ = − ϕ∫ ∫ (17)

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )* *

0 0 0 ;
1

1,2 3, , ,  
2

,
k

k k

n

M
M M M M dl M M dl

s
k

Γ Γ

∂ψ
ϕ ϕ

∂
=− ϕ = ϕ∫ ∫ (18)

relations at contour points for ψ(k) (k = 1, 2, 3), which are approximations of the potential ψ (the 
point M

0
 is not referenced below for simplicity),

( )
( )0

1 ,u
s

τ

∂ϕ
ψ = − +

∂
(19)
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( )
( ) ( )1 1

2 ,
2 s

κψ ∂ϕ
ψ = +

∂
(20)

( )
( ) ( )

( )
( )2 1 22 2

3 1

2

1
.

2 2 8s s

κψ ∂ ψ κ ∂ϕ
ψ = + + ψ +

∂ ∂
(21)

The relations for k = 0, 1 correspond to the well-known (linear) Morison equation [19, 20]; for 
k = 2, they were obtained and proved in [21]; as for the relations for k = 3, they were obtained 
for the first time.

Importantly, the boundary integral equations (17), (18) are absolutely equivalent to the 
Neumann boundary-value problems for the Laplace equation:

( )
( )0

0 0,  ;nu
n

Γ

∂ϕ
∆ϕ = =

∂
(22)

( )
( ) ( )

0,  ,  1, 2,3.
k k

k
k

n s
Γ Γ

∂ϕ ∂ψ
∆ϕ = = − =

∂ ∂
(23)

Asymptotics of the Stokes problem for a circular contour (example). Sequentially performing 
calculations by Eqs. (22), (23) for potential φ and (19)–(21) for potential ψ, we obtain:

( )
( )

( ) ( )

( ) ( )

0
0 0

1

1

1
0, cos , , cos ,

1, 2sin ;

r

r
r r

=

 ∂ϕ
∆ϕ = = θ ϕ θ = − θ ∂

ψ θ = θ

( )
( )

( ) ( )

( ) ( )

1
1 1

1

2

2
0, 2cos , , cos ,

1, sin ;

r

r
r r

=

 ∂ϕ
∆ϕ = = − θ ϕ θ = θ ∂

ψ θ = − θ

( )
( )

( ) ( )

( ) ( )

2
2 2

1

3

1
0, cos , , cos ,

1
1, sin ;

4

r

r
r r

=

 ∂ϕ
∆ϕ = = θ ϕ θ = − θ
 ∂


ψ θ = − θ

( )
( )

( ) ( )
3

3 3

1

1 1
0, cos , , cos .

4 4
r

r
r r

=

∂ϕ
∆ϕ = = − θ ϕ θ = − θ

∂

The results obtained at r = 1 coincide with Eqs. (8).
Neumann problem for potentials φ(k) (k = 1, 2, 3). In some cases, it is possible to find solutions 

of Eqs. (22), (23) by the Fourier method [21], but numerical methods can also be used. However, 
such solutions can be obtained via conformal mapping.

The only solution to the Neumann problem, i.e.,

( )
( )

( )0,  ,
k

k

r R
r

=

∂ϕ
∆ϕ = = Φ η

∂
(24)

for the exterior of the circle r = R is given by the Dini formula [22]:
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( ) ( ) ( )
2

0

ln sin ,
2

k R t
t dt

π η−
ϕ η = Φ

π ∫ (25)

where η, t are the angular coordinates of the observation point and the integration points.
Let us introduce the conformal mapping z = z(ζ) that is the exterior of a circle of radius R to 

the exterior of the contour Г.
Let the contour Г be defined parametrically, specifically,

z(η) = x(η) + iy(η),
corresponds to the circle ζ = Reiη.

There is a single conformal mapping for which the point ζ = R on the circle corresponds to 
the point z = 1 on the contour Г and the ray Re Rζ ≥ , Im 0ζ =  on the plane ζ turns into a ray 
Re 1z ≥ , Im 0z =  on the plane z. Then the solution of the Neumann problem at the points of 
this contour can be found using the following formula [22]:

( ) ( )
( )

( )
R

R

2

0

1
ln sin .

2ite

ite

k
k t

z dt
t ζ=

ζ=

π

Γ

∂ψ η−′ϕ η = − ζ
π ∂∫ (26)

However, since

( ) ( )

( )R R

1
,

it it

k k

e e
t t z

ζ= Γ ζ=

∂ψ ∂ψ
=

∂ ∂ ′ ζ

we ultimately obtain:

( ) ( )
( )2

Ã
0 Ã

1
ln sin .

2

k
k t

dt
t

π ∂ψ η−
ϕ η = −

π ∂∫ (27)

This is the formula reconstructing the values of φ(k) (k = 1, 2, 3) on the contour Г from the  

known values of ( )k
Γ

ψ .

It is known that conformal mapping preserves the angles between curves, so the cosines of the 
angles between the normals to the contour Г and the coordinate axes (on the z plane) and the 
cosines of the angles between the normals to the circle and the coordinate axes (on the plane ζ) 
coincide at the corresponding points.

Let us prove that

( ) ( ) ( ) ( )
2 2

0 0

cos sin
, 1,2,....

sin cos
k km m

d d m
m m

π πη η   
ϕ η η = ± ψ η η =   η η   
∫ ∫ (28)

Indeed, it follows from Eqs. (27) that

( ) ( )
( )2 2 2

0 0 0

cos cos1
ln sin , 1,2,....

sin sin 2

k
k m m t

d dt dt m
m mt

π π πη η   ∂ψ η−
ϕ η η = − =   η η∂ π   
∫ ∫ ∫ (29)

On the other hand, since the following equality holds true (see the formulas in book [23]):

2 2

0 0

cos cos1 1
ln sin , 1, 2,...,

sin sin2

m mt
dt m

m mm

π πη η   η−
= − =   η ηπ    

∫ ∫ (30)

then, integrating Eq. (29) by parts, we obtain the required equality (28). The proof is obtained.
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Thus, the Fourier series for the functions φ(k), ψ(k) are harmonic conjugates to each other out-
side the contour [24].

In particular, for m = 1, cos xnη = , sin ynη = , equality (28) implies the property of potentials 
φ(k), ψ(k), useful in calculating the force:

( ) ( ) .k k

x yn dl n dl
Γ Γ

ϕ = ψ∫ ∫ (31)

As a consequence of this formula, it is sufficient to find the functions φ(k) to calculate the 
force, and then obtain information about the function ψ(k) at the contour points using local 
formulas (19)–(21).

Asymptotic solution of the Stokes problem for “small” values of β
Eqs. (9) for solving the problem of cylinder oscillations at small values of β suggest the struc-

ture of the asymptotics of such solutions for an arbitrary contour.
It follows from the equations that potentials φ, ψ for β → 0 are the sum of harmonic functions 

in the exterior of the circle, proportional to (λ2lnλ2)–1 and terms of the form 0, y = rsinθ, which 
describe homogeneous flow of an oscillating liquid.

Let the functions Φ(x,y), Ψ(x,y) represent the potential and the function of a current homo-
geneous in the entire plane of oscillatory flow of an ideal incompressible fluid. The complex 
potential of such flow follows the expression [25]:

( ) ( ) ( ), , , .W x y x y i x y= Φ − Ψ

Let us introduce the potentials

,  ′ ′ϕ = ϕ +Φ ψ = ψ +Ψ

(the primes are omitted below).
Now the system of differential equations (4) takes the form

0,

.i i

∆ϕ =
∆ψ + βψ = − βΨ

(32)

The equation for the function ψ is not homogeneous, although the boundary conditions for 
system (32) are expressed as

,

;

n

n

Γ Γ

Γ Γ

∂ϕ ∂ψ
= −∂ ∂τ


∂ψ ∂ϕ =

 ∂ ∂τ

(33)

are homogeneous, the damping conditions at infinity are as follows:

2 20, 0, .x yϕ+Φ→ ψ+Ψ→ + →∞

Let Ω
R
 be a part of the plane z = x + iy with an inner boundary Г and an arbitrary outer 

boundary γ
R
 with the diameter 2R. Applying Green’s second formula [22] to a pair of functions 

ψ, ψ* in a bounded domain Ω
R
 and placing the observation point on the contour Г, we construct 

an integral equation for the potential ψ:

( )* * * * *1
.

2
R R

n ndl dl dl i dxdy
nΓ Γ γ Ω

∂ϕ ∂ψ ψ − ψψ = − ψ + ψψ −ψ + β ψ ψ +Ψ ∂τ ∂ ∫ ∫ ∫ ∫∫ (34)
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We used the second of the boundary conditions (33) to derive this equation, the arguments of 
all functions were omitted for brevity.

We search for an asymptotic representation of the potentials φ(x,y), ψ(x,y) for β → 0 in the form

( ) ( )2 2 2 2

1 1
, , , ,

ln ln
x y x yϕ = ϕ ψ = ψ

λ λ λ λ
  (35)

where ( ),x yϕ , ( ),x yψ  are unknown real smooth functions bounded in the domain of Ω
R
, which 

are to be determined.
Notably,

( ) ( ) ( )

( ) ( )

* 2 2 *
0 0

0
0

* *
0 0

0

1 1 1 1
, ~ ln ln ln , ,

4 2 , 4

, ~ , .n n

M M M M
r M M

M M M M

β→

β→

ψ − λ + = − λ +ϕ
π π π

ψ ϕ
(36)

for finite r(M,M
0
).

We substitute relations (35), (36) into integral equation (34), multiply it by 2 2lnλ λ  and pass 
to the limit at β → 0. Then, for finite R, we obtain:

* *

0
~ ,n ndl dl

β→
Γ Γ

ψψ ψϕ∫ ∫ 

* 2 * 2 * *1 1
ln ln ,

4 4
dl dl dl dl dl

Γ Γ Γ Γ Γ

∂ϕ ∂ϕ ∂ϕ ∂ϕ ∂ϕ ψ = − λ +ϕ = − λ + ϕ = ϕ ∂τ π ∂τ π ∂τ ∂τ ∂τ ∫ ∫ ∫ ∫ ∫
    

( )*

0
0.

R

i dxdy
β→

Ω

β ψ ψ +Ψ →∫∫

As for the term

* 2 *1
ln ,

4
R

n dl
nγ

 ∂ψ  ψϕ − − λ +ϕ  π ∂  
∫



then, for an arbitrary fixed value of β and R → ∞, it can be considered arbitrarily small.
We treat the potential φ similarly. As a result, we obtain the following system:

* *

* *

1
,

2

1
.

2

n

n

dl dl

dl dl

Γ Γ

Γ Γ

∂ψ ϕ− ϕϕ = ϕ ∂τ
 ∂ϕ ψ − ψϕ = − ϕ
 ∂τ

∫ ∫

∫ ∫

 

 
(37)

The boundary integral equations (37) indicate that the functions ( ),x yϕ , ( ),x yψ are har-
monic conjugate functions in the exterior of the contour Г, and the function

( ) ( ) ( )( )2 2

1
, ,

ln
F z x y i x y= ϕ − ψ

λ λ
 

is analytical in this region.
Thus, the problem was reduced to finding the complex potential of some fictitious flow of ideal 

incompressible fluid occurring in the exterior of the contour Г of the plane z = x + iy, placed in 
homogeneous flow with a complex potential W. The solution to this classical problem is easy to 
obtain if we use a conformal mapping of such a region to the exterior of a unit circle [25].
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Let z = z(ζ), ζ = ζ(z) be known analytical functions implementing this mapping.
The complex velocity at infinity, on the plane ζ, is determined by the formula

,

.

dW dW
k

d dz

dz
k

d

∞∞

∞

   =   ζ   


  =   ζ 

(38)

The hydrodynamic force can also be found from the known function F(z). Let us confine our-
selves to the case of contour movement along the Ox axis. Then, according to Eq. (6),

( )2 20

1
~ .

ln
R i dy dx

β→
Γ

− ϕ −ψ
λ λ ∫   (39)

On the other hand (see [24]),

( ) ( )( )

( ) ( )

2 2

2 2 2 2

1

ln

1 1
.

ln ln

F z dz i dx idy

dx dy i dy dx

Γ Γ

Γ Γ

= ϕ− ψ + =
λ λ

= ϕ +ψ + ϕ −ψ
λ λ λ λ

∫ ∫

∫ ∫

 

   

 

 

Consequently, we obtain the relation

( ) ( )
0

~ Im 2 Res .
z

R i F z dz i F z
=∞β→

Γ

− = π∫ (40)

In the case of a circular contour of unit radius on the plane of the complex variable ζ = ξ + iη, 
it follows from the asymptotic formulas (9) that

( ) ( )

( )

2 2

2 2

, 4 , , 4 ,

4 1
,

ln
F

ξ ηϕ ζ η = ψ ζ η = ζ ζ

 ζ = λ λ ζ

 

and

( ) 2 20

8 1
~ Re .

ln

i
R s

β→
ζ=∞

π
β

λ λ ζ

However, 
1

Re 1s
ζ=∞

= −
ζ

, so ultimately we obtain:

( )0 2 2

8
.

ln

i
R

π
β = −

λ λ
(41)

Eq. (41) is a solution to the problem of the asymptotics of hydrodynamic force for β → 0. In 
accordance with this formula, the main term of the asymptotics of the hydrodynamic force at 
small values of β takes this form and does not depend on the shape of the smooth contour. This 
effect is mentioned in [1] for contours shaped as a circle and a plate. However, it turns out that it 
occurs in all cases. This can be verified only for the Stokes problem for an elliptic contour, which 
has an analytical solution [15].
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Asymptotics of the Stokes problem for elliptic contour

Let us illustrate the application of the constructed asymptotics with the example of the Stokes 
problem for an elliptic contour.

Asymptotic solution for “large” values of β. The asymptotic solution to this problem in the 
first approximation was obtained in [21]. To construct the following approximations, we turn to 
Eqs. (19)–(21) and (27). Their application requires numerical calculation of integrals contain-
ing functions and their derivatives, as well as numerical determination of integrals with a kernel 
containing a logarithmic singularity. The quadrature formula proposed in [26] was used for this 
procedure. Omitting the technical details, let us present only some of the calculation results.

Fig. 4 compares the calculation results of the force magnitude R
x
(β), obtained in [21] by the 

numerical solution of the Stokes problem on oscillations of an elliptical contour along a larger 
axis (parameter ε = 0.2) with the calculation results R (k)

x
(β) (k = 1, 2, 3), obtained taking into 

account one, two and three terms of the asymptotic dependences (19)–(21) and (27), respec-
tively. Note that the half-sum of the ellipse’s semi-axes was chosen as the characteristic length L.

Fig. 4 shows that the second and third approximations significantly improve the result in the 
range of “moderate” β values. A good agreement with the numerical solution for large values of 
the parameter β is already achieved by the first approximation [21].

Asymptotic solution for “small” values of β. Two terms of asymptotic expansions of potentials 
at β → 0 and finite values of ξ take the following form (the first terms were given in [15]):

( ) ( ) ( )

( ) ( ) ( )( )

0

0 0 0

0

0

2 2

2 20

2

2 20

8 1
, ~ cos 1 cos ,

1 ln 2
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, ~ sin 1 1 sin ,

1 ln 2

e
e e e

e
e e

−ξ−ξ
−ξ−ξ ξ ξ

β→

−ξ−ξ
−ξ−ξ ξ

β→


ϕ ξ η η− + ε − + ε η − ε λ λ

ψ ξ η η+ − + ε η − ε λ λ

(42)

where ε is the ratio of the ellipse’s semi-axes, ε ∈ [0,1]; ξ, η are elliptical coordinates, ξ ∈ [ξ
0
,+∞], 

η ∈ [0,2π]; x = hchξcosη, y = hshξsinη, h = √1 – ε2, ( )z x iy hch i= + = ξ + η .
The contour of the ellipse corresponds to the value ξ

0
 = arthε.

It is easy to prove that

( )( )0

0 0

2

2 2
1 1

1 0,  sin .
2

e e
e e y

−ξ−ξ ξ
ξ ξ

− + ε
+ ε − + ε = η =

Then it follows from Eqs. (42) that

Fig. 4. Comparison of caculation results for magnitude of R
x
(β) obtained in [21] 

with calculation results for magnitude of R (k)
x
(β) (k = 1, 2, 3)
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A well-known conformal mapping [24] of the form

( ) ( )11
1

2
z

− ε 
= + ε ζ + ζ 

(44)

maps the exterior of the circle |ζ| = 1 to the exterior of the ellipse with semi-axes 1 and ε.
It follows from expression (44) that
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By mapping (43) to the exterior of a unit circle
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and in accordance with Eq. (40), we obtain (as expected) that

( )0 2 2

8
.

ln

i
R

π
β = −

λ λ
(45)

Conclusion

We constructed asymptotic formulas for the problem of small harmonic oscillations of a plane 
contour immersed in incompressible viscous liquid. It was established that the main term of the 
asymptotic hydrodynamic force does not depend on the shape of a smooth contour for small val-
ues of the parameter β. The second and third asymptotic approximations obtained for large values 
of β (see Fig. 4) allow to significantly improve the results of calculating the hydrodynamic force 
in the range of moderate numbers β.

Thus, calculations of the hydrodynamic force in an arbitrary smooth contour in a wide range 
of β values can be performed using the appropriate asymptotics.
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АЛГОРИТМ ТОПОЛОГИЧЕСКОЙ ОПТИМИЗАЦИИ 
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Аннотация. Исследована проблема применения топологической оптимизации к 
упругим деформируемым телам, находящимся в условиях воздействия связанных 
электрических и механических полей. Основная задача состояла в оптимизации 
распределения электрических и механических свойств материала в заданной области 
с учетом ограничения на итоговый объем конструкции. Сформулирован и реализован 
алгоритм топологической оптимизации (в виде программного кода на языке Python) 
для тел, находящихся под действием связанных электрических и механических полей. 
Алгоритм включал в себя решение связанной задачи электроупругости с помощью 
метода конечных элементов, анализ производных целевой функции и оптимизацию 
двойственным методом в рамках метода скользящих асимптот. Алгоритм был опробован 
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в численных экспериментах на задаче оптимизации пьезоэлектрического актуатора, 
помещенного в однородное либо в линейно-распределенное электрические поля. В 
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Introduction

Structural and topological optimization (TO) is a field with long, rich history. For instance, the 
problem on the optimal weight of a column whose simply-supported end is subjected to a com-
pressive force was first solved by Lagrange [1]. One of the earliest studies on structural optimiza-
tion was written by Michell in 1904 [2]. As numerical methods, in particular, the finite element 
method (FEM), emerged in the 1960s, great strides were made in structural (including topologi-
cal) optimization [3]. Complete theories were consequently developed in the 1980s, described in 
detail by Bendsшe et al. [4, 5].

Numerous methods have been formulated for analyzing and improving the performance of 
piezoelectric structures in terms of size and geometry [6–9], structure and number of layers 
[10], optimization with respect to sub-parameters [11–13]. TO methods were commonly used in 
various fields of physics [14, 15], including piezoelectricity. Algorithms for optimization of piezo-
electric actuators [16, 17], sensors [18] and energy storage devices [19–21] were constructed by 
introducing suitable objective functions and new parameters. There are also various modifications 
of these methods, for example, taking into account the constraints on mechanical stresses [22].

The homogenization method was used to solve the problem in earlier studies [23, 24]. 
Alternative approaches were presented in the subsequent years: method for solid isotropic material 
with penalization (SIMP) [25], bi-directional evolutionary structural optimization (BESO) [26] 
and level-set method (LSM) [27].

Analysis of the literature indicates that the existing algorithms for topological optimization can 
be divided into three classes:

based on optimality criteria (heuristic);
based on derivative analysis (mathematical programming methods);
genetic algorithms for topological optimization.
We selected the method of moving asymptotes (MMA) [28] as the main optimization algo-

rithm, as it is one of the most universal and stable methods used for optimizing structures.
An algorithm for solving the topological optimization problem for the coupled electroelasticity 

problem is formulated and presented in this paper based on analysis of existing publications.
The algorithm relies on the method of moving asymptotes, a finite element solution of the 

coupled electroelasticity problem and parameterization of material properties using a modified 
SIMP method. The algorithm is implemented in Python and tested for the optimization problem 
of a piezoelectric actuator for the case of a DC electric field.

Topological optimization

Topological optimization is a mathematical method allowing to obtain the optimal distribution 
of material within a given space under given configurations of external loads, boundary conditions 
and constraints to achieve the best performance of the system.
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The most typical problem of topological optimization is minimization of the structure’s com-
pliance. Mathematically, it is equivalent to minimizing the work of external forces [5], i.e.,

min ( )exA
∈u U

u (1)

under the given constraints:

0

( ) ( ( ( ))), ,

,0 1,

ex

bA

V V

δ = δ ρ ψ ε ∀δ ∈

≤ α < α <

u u u U
(2)

where Aex(δu) is the work of external forces on the obtained displacements; ψ(ε(u)) is the free-
energy density; δu is the possible displacement; U is the allowable displacement; ρ

b
 is the density 

of the body; V, V
0
 are the final and initial volumes of the structure; α is the proportion of the 

final material.
The first constraint in Eqs. (2) is the equilibrium condition in variational form.
This problem is usually solved by discretization of the domain and using FEM. Therefore, it 

is necessary to reformulate the problem for the appropriate finite element formulation, namely,

min ,T

∈u U
f u (3)

under the following constraints:
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∑
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e
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where f is the column of forces; u is the column of displacements; K is the stiffness matrix of 
the system; v

e
 is the volume of the finite element numbered e; ρ

e
, E

e
 are the density and Young’s 

modulus of the finite element numbered e; E
per

 are the allowable values of Young’s modulus.
The method of moving asymptotes (MMA) is used as a tool for solving this problem.

Algorithm for solving the coupled electroelasticity problem (CEEP)

Governing equations for the CEEP. The relations for the linear CEEP for a piezoelectric 
material, without taking into account the temperature effect, can be written as follows [29]:

,

,

E T

S

−

+ ε

T = c S e E

D = eS E
(5)

where T is the vector of mechanical stresses; S is the vector of mechanical strains; E is the electric 
field strength; D is the vector of electric displacement; cE is the stiffness matrix at constant electric 
field E; εS is the permittivity matrix at constant strain S; e is the matrix of piezoelectric coupling 
coefficients; the superscript T indicates transposition.

The electric field strength E is determined by the relation

grad ,= − ϕE (6)

where φ is the electric potential.
For the model presented in this paper, a piezoelectric material of tetragonal crystal class [30] 

with orthotropic anisotropy is considered. This class includes most piezoelectric materials, in par-
ticular well-known materials such as lead zirconate titanate PbZr

1–x
Ti

x
O

3 
(PZT).

In view of the above, the mechanical stiffness tensor cE, the piezoelectric matrix eT and the 
dielectric constant εS for the complete three-dimensional case have the following form:
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Next, consider a plate consisting of a piezoelectric material distributed between two electrodes 
(Fig. 1).

We can make the following assumptions based on the configuration of the system considered [31]:
the ratio of the length or width of the plate to its thickness should be less than 0.1;
displacements and loads in the system can occur only in the plane of the plate;
the thickness of the electrodes is negligible compared to the thickness of the plate;
the mechanical part of the problem is linear;
the electrodes are perfectly conducting;
The piezoelectric polarization vector is directed perpendicular to the plate plane (along the 

OZ axis);
the value of the potential φ at the bottom electrode of the plate is assumed to be zero;
the electric field E is uniform along the thickness of the plate (in the direction of the OZ axis);
the electric potential φ follows a linear law along the thickness of the plate (in the direction 

of the OZ axis).

b)

a)

Fig. 1. Isometric view (a) and side view (b) of plate made 
of piezoelectric material with top and bottom electrodes
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The first two assumptions allow to use the formulation for the plane stress problem of elasticity 
theory. The assumption that the thickness of the electrodes is small allows to neglect their effect 
on the stiffness of the system. In addition, when the polarization axis of the piezoelectric material 
is oriented along the OZ direction, its behavior in the plane turns out to be isotropic. Moreover, in 
this case, the only influence exerted on the material is from the electric field in the OZ direction.

Thus, the compressed (2D) form of the piezoelectric governing equation can be written as [7]:

* * *
1 111 12 31

* * *
2 212 12 31

*
3 333

* * *
33 31 31 33

0

0
,
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0
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where the components of the matrix can be expressed in terms of the components introduced earlier:
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Governing equation (8) is used for subsequent finite element modeling of the system.
Finite element model of the system. For finite element modeling of the piezoelectric plate, the 

region was partitioned into flat rectangular linear elements with two Gaussian integration points.
The strain vector of an element can be represented as

,uS = B u (10)

where B
u
 is the matrix of partial derivatives for calculating the strain vector.

The electric field strength is generally a vector quantity calculated as the gradient of the elec-
tric potential by Eq. (6). However, the last two assumptions about the nature of the electric field 
and the orientation of the piezoelectric material (see above) make it possible to reduce the con-
sideration of the field strength to a scalar quantity, i.e., its projection on the OZ axis. Then the 
magnitude of the electric field strength is calculated as

1
,  ,E B B

h
ϕ ϕ= − ϕ = (11)

where h is the thickness of the plate.
Next, we use the Hamilton variational principle without taking into account the dissipative forces 

in the system; we can write a linear differential equation for one element in matrix form [29]:

0
,

0 0
uu u

u

φ

φ φφ

       
+ =       −       ϕ ϕ




k km u u f

k k q
(12)

where m is the matrix of inertial coefficients; k
uu
 is the local stiffness matrix; f is the vector of 

external mechanical force; q is the electric charge; k
uφ is the piezoelectric coupling matrix.

The matrix k
uφ is calculated by the formula

| | ,T T

u uh J d dφφ
Ω

= ξ η∫k B e B (13)

where ξ, η are the local coordinates of the element; J is the Jacobian of the element.
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In accordance with the FEM algorithm, local matrices and load vectors should be assembled 
into global ones, after which we can write the equation for the entire region under consideration:

.
uu u

u

φ

φ φφ

       
       

         ΦΦ




K KM 0 U FU
+ =
K -K0 0 Q

(14)

We consider the quasi-static problem of a spring mechanism under the action of an external 
electric field. This formulation gives zero derivatives of the quantities with respect to time. In 
addition, it is assumed that there is no external electric charge in the system (Q = 0). This for-
mulation of the problem leads us to the following system of equations for FEM:

.uu uφΦK U+K = F (15)

This system is used to calculate the displacement field under the influence of an external elec-
tric field. Then, after deriving the equation of the coupled problem for FEM, we can use it for 
parameterizing this problem for topological optimization.

Interpolation scheme of piezoelectric material. In this paper, an extension of the SIMP scheme 
is used to interpolate the given material, which requires the following dependences of local 
matrices on fictitious density and polarization [31]:

0
0

0
0

( ) ( ( ))

( , ,) ( ( ))(2 1)

,uu

u P

p

uu min min uu

p p

u min min u

E E E

P e e e Pφ

φ φ

ρ = +ρ −

ρ = +ρ − −

k k

k k
(16)

where E
0
, e

0
 are the numbers used to determine the initial characteristics of the element material, 

E
0
 = e

0
 = 1; ρ is the fictitious density of the element material (taking values from 0 to 1); P is the 

polarization variable determining the polarization direction of the piezoelectric material (taking 
values from 0 to 1); p

uu
, p

uφ, pP
 are the penalization factors for stiffness, piezoelectric coupling and 

polarization, respectively; E
min

 and e
min

 are small numbers for determining the minimum possible 
values for stiffness and piezoelectric coupling coefficient.

The presence of small numbers E
min

 and e
min

 is necessary to eliminate numerical uncertainties 
that arise during the iterative optimization process.

The interpolation scheme given by Eq. (16) is known as PEMAP-P (piezoelectric material with 
penalization and polarization) and was introduced by Kцgl and Silva in 2005 [25] for optimization 
of adaptive materials and, in particular, piezoelectric plates.

The polarization variables P reflect the behavior of the material in the presence of an electrostatic 
field: for P from 0 to 0.5, the material is compressed under the action of the field, and for P from 
0.5 to 1.0, it expands.

Fig. 2. Scheme of spring mechanism for problem statement:
S.-S. Support are single-sided supports; PE.-C. Plate is the piezoelectric plate; 

Movable Object; Symmetry Axis; k
s
 is the spring stiffness
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Problem statement for the piezoelectric actuator. Consider the problem of topological optimi-
zation of an electric actuator (Fig.  2). The initial scheme is a square piezoelectric plate (PE.-C. 
Plate) (Fig. 2, see also the subsection "Finite element model of the system"), whose left end is 
constrained in all degrees of freedom. The material expands or contracts under the action of an 
electric field, depending on its polarization.

The goal of the optimization is to ensure maximum displacement or pressure load generated by 
the midpoint on the right side of the plate with a constraint on the volume: V = 0.4 V

0
. The gray 

area (see Fig. 2 on the left) shows the initial region for subsequent optimization.
An additional spring with the stiffness k

s
 is attached to the midpoint on the right side to model 

the interaction of the spring mechanism with a movable object:

0 ,s sk K k= (17)

where K
s
 is a parameter characterizing the force of interaction with the movable object; k

0
 is the 

largest value in the stiffness matrix of the system, i.e., k
0
 = max K

ij
.

By varying the parameter K
s
, we can make prioritize either greater displacement of the point 

considered or the pressure load generated. For example, at K
s
 = 1.0, k

s
 = k

0
 (see Eq. (17)), and 

thus the maximum pressure load for the optimized topology is achieved. Conversely, by setting 
small values for this parameter, for example, K

s
 = 0.01, the plate is optimized accordingly to 

ensure the maximum possible displacement.
Following the classical approach to solving optimization problems for compliant mechanisms, 

described in monograph [5], we can write the statement for this problem as minimization of the 
following objective function:

,TJ = −L U (18)

with the constraints of the form

0
1

0 1,

0 1,

,0 1,
e

e

e

N

e e

e

v V V

P

=

= = α <ρ α <

< ρ ≤

< ≤

∑
(19)

where L is a vector (equal to 1 for the component that corresponds to the degree of freedom of 
the displacements that we are interested in, and equal to 0 for all other components); U is the 
displacement vector; ρ

e
, v

e
, P

e
 are the density, volume and polarization of the element numbered e.

Calculation of derivatives of the objective function. Using methods based on gradient descent, 
which include the method of moving asymptotes (selected in this paper) requires to calculate the 
derivatives of the objective function with respect to optimization variables at each iteration of 
the process:
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To avoid calculating the derivatives of the objective function with respect to displacements, the 
adjoint method is used, where an additional adjoint problem must be solved to find the values of 
the derivatives

,T T

uu− =+ΛL 0K (21)

where ΛT is a global adjoint vector, ΛT = [λ
1
, λ

2
, …, λ

ndorf
]T.
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ΛT is used to find the derivatives of the objective function:

,uT Tuu
e e e e

e e e

J ϕ∂∂∂
= + ϕ

∂ρ ∂ρ ∂ρ
λ λ

kk
u (22)

where λ
e
T is an adjoint element vector (consists of components λ

i
 of the conjugate vector ΛT belonging 

to the element numbered e); u
e
 is the displacement vector, which consists of displacements of 

nodes of the element numbered e.
We use a similar procedure and write the derivatives of the objective function with respect to 

the polarizations P
e
:
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The derivatives of the element matrices of stiffness and piezoelectric coupling are calculated 
by direct differentiation of expressions (16):
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After finding expressions for calculating the derivatives, we can use them to solve the optimi-
zation problem by the method of moving asymptotes.

Software implementation of the algorithm. The constructed algorithm of topological optimiza-
tion for the coupled electroelasticity problem, taking into account the density distribution of the 
piezoelectric material as well as its polarization, consists of the following steps.

Step 1. Change all design variables (fictitious densities) to satisfy the constraint on the 
volume fraction.

Step 2. Perform finite element calculation of the stress-strain state of the plate under the action 
of an electric field.

Step 3. Solve the coupled problem.
Step 4. Calculate the derivatives of the objective function based on design variables (densities 

and polarization).
Step 5. Construct a convex approximation of the function, find the minimum in terms of the 

dual function (the inner loop in MMA).
Step 6. Recalculate the vector of design variables (the solution found is the next step of the 

approximation point).
Step 7. Perform a convergence test. If convergence is not achieved, return to Step 2.
The algorithm was implemented in Python. A finite element solver was written for the coupled 

electroelasticity problem, along with a module for calculating derivatives. The developed modules 
were integrated with the MMA algorithm, which is publicly available.

Testing of the developed algorithm

To test the algorithm, two cases with different electric field distributions were considered: uni-
form or linear along the OX axis.

Case of uniform electric field. A uniform field distribution is obtained by setting the same 
potential values on the right and left edges of the plate.

Fig. 3 shows the obtained results of the density distribution in the material and its polarization 
for different values of the parameter K

S
 both in the case of a uniform electric field and in the case 

of a field linearly distributed along the OX axis (see the next subsection).
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In addition, the table shows the displacement gains η compared with the initial system. Evidently, 
the gain coefficient η increases with a decrease in the spring stiffness, but, on the other hand, the 
pressure load decreases as well. The optimal distribution of the material for high values of the param-
eter K

S
 has a relatively straightforward simply connected structure with single polarization (Fig. 3, 

b–c). If this parameter is reduced, more complex material distributions with different tensile and 
compressive regions become optimal (Fig. 3, d–e), making the structure more flexible and compliant.

The results obtained are in good agreement with the results presented in [31]; this allows us to 
conclude that the developed algorithm is correct.

Case of electric field linearly distributed along the OX axis. To solve the problem for the condi-
tion of a nonuniform electric field, a zero potential value was set on the left edge of the plate, and 
a non-zero value was set on the right. The calculation yielded an electric field linearly distributed 
along the OX axis.

Fig. 3, f–i shows the obtained results of the density and polarization distribution for different 
values of the parameter K

S
 for the case of a field linear along the OX axis.

Furthermore, Table summarizes the displacement gains η for comparison (also compared to 
the initial system).

The above comparison suggests that the optimization results for this problem statement turn out 
to be very similar to the corresponding results for a uniform electric field. More uniform structures 
are observed at higher K

S
 (Fig. 3, f–g), which is provided by an increase in the pressure load. Small 

values of the parameter K
S
 lead to more complex distributions of the material with tensile and com-

pressive regions (Fig. 3, h–i), which provides an increase in the displacement gain η.

f) g) h) i)
a)

b) c) d) e)

Fig. 3. Optimized distributions of material density 
and polarization at different values of the parameter K

S

The material is placed in a uniform electric field (b–e) or in a field 
linearly distributed along the OX axis (f–i); a is the initial topology; 

values of K
S: 

1.0000 (b, f), 0.1000 (c, g), 0.0125 (d), 0.0150 (h), 0.0050 (e, i)
Extension of the material is colored brown, compression is colored blue

Tab l e

Optimization results for spring mechanism in piezoelectric plate 
placed in two types of electric fields (see Fig. 3)

Parameter K
S

Displacement gain η
Homogeneous field Linear field along OX axis

1.0000 0.84 0.78
0.1000 1.04 0.93
0.0125 1.51 –
0.0150 – 1.84
0.0050 2.70 3.08

Note .  K
S
 is the parameter characterizing the force of interaction with the movable object.
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Conclusion

In this paper, we explored the applications of topological optimization to bodies exposed to 
coupled fields. Based on review of the literature, we constructed and implemented an algorithm 
in Python code to find the optimal distribution of mechanical and electrical properties of a mate-
rial, maximizing the compliance of the structure or the pressure load in a given direction with 
constraints on volume. The developed algorithm consists of solving the coupled electroelasticity 
problem by the finite element method, parameterizing the electrical and mechanical properties 
of the material by the modified SIMP method, finding derivatives of the objective function with 
respect to the design parameters, constructing a convex approximation and solving the dual opti-
mization procedure within the framework of the moving asymptote method. The algorithm was 
tested by solving the optimization problem for a piezoelectric plate with a uniform electric field. 
Additional results were obtained for the case of a linearly distributed electric field. High values 
of the spring coefficient were observed for more homogeneous structures, ensuring an increase in 
the pressure force.

Our findings are consistent with the literature data. The results for a linearly distributed electric 
field were obtained for the first time.

Our results can be useful for designing various micro-electromechanical systems, but the algo-
rithm should be further refined to account for technological constraints. One of the possible 
options in this case is to add a derivative filter to the algorithm, as well as a design variable filter.

A further direction of research is to introduce machine learning methods accelerating the con-
vergence process for the solution by the method of moving asymptotes (MMA) as well as for the 
non-iterative solution of the problem.
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Abstract. The hydrodynamic behavior of the gas of a selected pair of interacting galaxies has 
been reviewed based on numerical simulation using Illustris and IllustrisTNG. 210 halos were 
identified visually, using the Explorer; but their number was reduced due to selection taking 
into account found distances, masses and particle emission conditions, then the halos were 
refined and received specific cuts using Python. Among them, 34% did not interact at all, due 
to asymmetries ranging from 18 to 74%. The pair with ID 473420-473421 turned out to be the 

best interacting pair, and it was most marked at z = 1 and 5. This sample provided more infor-
mation about the behavior of the gas present, such as the formation of tidal tails, with a relative 
velocity of 9 to 213 km/s. The density fields were affected by distribution velocities and radial 
motion in galaxy interaction processes, the gas flow created transitions between the two disks 
in the radial velocity field, with longer jets in regions of cold gas compared to those of hot one.
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ИЗУЧЕНИЕ ПАР ИЗОЛИРОВАННЫХ 
ВЗАИМОДЕЙСТВУЮЩИХ ГАЛАКТИК 
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Аннотация. В работе рассмотрено гидродинамическое поведение газа в выбранной 
паре изолированных галактик, основанное на численном моделировании Illustris и Il-
lustrisTNG. Визуально в браузере Explorer было идентифицировано 210 ореолов, но 
их количество было уменьшено за счет выбора, учитывающего найденные расстояния, 
массы и условия выброса частиц; затем с помощью Python ореолы были доработаны и 
получили специфические разрезы. Среди них 34 % вообще не совершали взаимодействия 
ввиду наличия асимметрии (18 – 74%). Наилучшей взаимодействующей парой оказалась 
пара с идентификатором 473420-473421, причем она была лучше всего выражена при 
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значениях красного космологического смещения z = 1 и 5. Выбранная пара позволила 
получить больше информации о поведении присутствующего газа, например он 
проявляется в образовании приливных хвостов после взаимодействия с относительной 
скоростью от 9 до 213 км/с.  На поля плотности влияют скорости распределения газов 
и их радиальное движение в процессах взаимодействия галактик; поток газа создает 
переходы между двумя дисками в поле радиальных скоростей, причем с более длинными 
струями в областях холодного газа, по сравнению с таковыми в горячих областях.

Ключевые слова: ID 473420-473421, пара изолированных галактик, численное 
моделирование
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Introduction

The interaction of galaxies can occur as harassment, interaction, collision, fusion or cannibalism.  
Simulations have made it possible to describe these phenomena. The morphology and distribution 
of galaxy radial velocities are signs of recent interaction [1]. Gas-rich systems show star formation 
due to debris generated [2]. The presence of gas clouds and the density varies due to different 
coupling mechanisms such as intra clouds [3]. It was shown in Ref. [4] that cold gas inputted 
tend to smear the central metallicity of the galaxy, and M. Spavone et al. described in Ref. [5] 
that tidal encounters considerably removed the amount of mass from galaxies, and interaction 
and accretion mechanisms showed regions still being assembled. It was reported in Ref. [6] that 
gas mass flow altered the azimuth angle and became longer in directions aligned with the major 
and minor axes of the galaxies. Quantifying gas temperature, density, entropy, and cooling times 
is difficult, because entropy is sensitive to feedback energy injection, and is an indicator of gas 
cooling time [7].

Pairs of galaxies have been studied by many scientists. M. H. Hani et al. [8] analyzed 27,691 
post-merger samples with 0 < z < 1 (z is the cosmological redshift) uniformly distributed, obtaining 
star formation effects with redshift evolution. K. A. Blumenthal et al. [9] reported 446 pairs with 
z = 0, including star formation rate, galactic winds, metal enrichment, gas heating and cooling, 
black hole growth, and feedback. I. Wang et al. [10] applied CNN algorithms to report 6114 
unique R-band galaxies with different orientations by classification into galaxy merger fractions.

R. Davé et al. [11] compared gas properties from the Simba, Eagle, and IllustrisTNG databases, 
based on cold interstellar gas modeling, with luminosity functions and gas mass ratios. These 
databases have been supported by codes for numerical simulations such as Enzo, Gadget, Flash, 
Athena, Ramses, Octo-Tiger, Gizmo or Arepo [12]. The Arepo code is more precise in the 
interactions between fast moving fluids and shocks such as gas, it ensures a better description due 
to mixing, of vorticity in curved shocks and a more efficient and realistic extraction of gas from 
the created substructures [13].

The simulations involve evolution over time and other elements; for example, the gas with 
dust is released more efficiently [14]. The condensation of metals in the gas phase forms dust 
grains that can reduce and induce a change in the cooling rate of the outer parts of the galaxy, 
this implies a change in active galactic nuclei, due to the change in the accretion rate [15].  
J. S. Millard et al. [16] established that the evolution of the dust mass can generate a bias 
depending on the type of galaxies to be studied (satellite or central), leading to alterations in the 
surrounding gas.
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The study of galaxy interaction has not been significant in statistical samples for large 
cosmological simulations [8], as even multiple physical processes can generate the same process 
asymmetry [17]. The behavior of the gas in the galactic interaction process is multicomponent, 
heterogeneous, irregular and discontinuous, due to morphology, propagation speed, travel speed, 
mass, density and distance, among other factors. 

The goal of this research was to develop a simulation-based method for treating pairs of 
isolated galaxies interacting in the hydrodynamic gas behavior.

Methodology

Fig. 1 shows the methodological procedure designed to conduct the research.

Fig. 1. Diagram of the methodology used (own elaboration)

Selection of galaxy pairs, processing and reduction. It started with the review of numerical codes 
[18]; an isolated galaxy was created with Enzo, Gadget-2 simulated a pair of interacting galaxies 
without the presence of gas and dust. To include the Arepo code approach, the IllustrisTNG 
database was used with 250 TB of data, including interactions ranging from 1 Gyr to less than 500 
Myr [10]. Based on the Sublink merge tree methodology used in Ref. [8], in combination with 
the methodology used in Ref. [19], haloes were associated with their hosts and descendants, and 
at Jupyter-lab, haloes were identified with pairs of galaxies of similar masses, including interaction 
distance maxima. 

For the visualization and interactive exploration of large data sets, such as those generated 
by simulations [20], the IllustrisTNG explore 2D and 3D interface was used, layers of different 
types of particles (gas, stars, dark matter and black holes) were superimposed. Free galaxies and 
satellite galaxies were taken into account, with massive haloes of 1012 M☉ and the case of not 
containing dark matter were considered purely stellar clusters [21]. At 400 kpc/h, through visual 
identification, 210 haloes with uniform interaction were recognized, at z = 0, under criteria of 
morphology, gas displacement, formation of bridges and tidal tails.

Identifying pairs in filaments was avoided due to the dense areas of gas and dust. Galaxies 
with the presence of gas and halos with low star formation were selected to obtain average 
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temperatures of the order of 104 K [7]. Similar to classification made in Ref. [9], each image was 
visually classified as interacting or not, based on the presence of a near neighbor, perturbed disks, 
and/or tidal features. Subsequently, the mass was reduced from 1012 to 1010 M☉.

Primary and secondary orbital motion was identified; with orbital decay, the pairs could 
interact or had interacted, so it was necessary to reduce the peripheral distance to 150 kpc. When 
considering the complete trajectories, samples that would not interact or that had had distant 
contact in the past were eliminated. To increase the reduction, it was inspected again and again, 
as some were in multiple subhaloes or were in the same group.

The sizes, distances, masses and their evolution over time were refined using Python. For the 
dataset of interest and the rendered images, 512 snapshots were generated and downloaded per 
galaxy, on average 19 GB per simulation review. The samples were no longer cut when central 
galaxies with satellites were detected, because they are not separated in the recorded observations 
[21].

The slices of interest were analyzed in Jupyter-lab and the snaps in Glnemo2 to identify 
interactive dynamic behavior, subsequently in VisIt and Paraview to detect variations or perceive 
attributes that were not observed in Glnemo2. The datasets and snapshots were also analyzed in 
HDFView.

Mechanics of pairs galaxies. The interaction speeds of 100 < Vint < 400 km/s were discretized, 
with a similarity of masses and gas fraction greater than 20 %, in a high-velocity environment of 
almost frontal collision, and trajectories with traces of bridges or tails tidal [22]. 

In revising the interactions from z = 0 to z = 10, several pairs deconfigured the structures, 
causing a stretching of the field lines, and the vortex lines formed post-shock flows. These 
vortices were associated with tides, shear, and turbulence because they showed depletion and gas 
emissions [3, 23]. A normal, stationary alignment and a Mach number of 2 – 4 were needed for 
smooth interactions, which further reduced the initial samples. The post-shock wind was revised 
in prolonged interaction, generating a water hammer, the winds and jets aligned to generate a 
slowing of the flow patterns, this depended on the properties of the host galaxy.

Of the host galaxy, the circumgalactic neighborhood and the cosmic network were reviewed, 
the presence of disturbed or distorted filaments was tracked, to recognize the interaction force, 
such as the balance of forces of the tail or tidal bridges, defined as Qint (with all masses as total 
mass [9]):
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where Mn is the mass of the neighboring galaxy; Rnc is the distance from the center of the galaxy 
to the neighboring one; M

c
 is the mass of the central galaxy; D

c
 is the diameter of the plant. 

Under these criteria, the best pair that represented the interaction process was selected.
Hydrodynamics of the interacting gas. The equations of state and gravity were recognized, 

along with Poisson's equation, relaxation time, time to reach thermal equilibrium, and rate of 
energy change. The data sets were associated with the variables of the equations: conservation of 
mass, momentum and conservation of energy, which were of the following form:
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where u is the velocity of dark matter; Pij is the pressure tensor; T is the temperature; q is the 
heat flux; ε is the local warming rate.

Moreover, the velocity dispersion was taken to be 1D (for simplicity) [24].
The exclusion of current interactions was imposed in advance, and in those cases where 
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the distribution of gas in and around a satellite galaxy was confused or perturbated [13]. When 
analyzing gas, IllustrisTNG was considered to overproduce cold gas in massive galaxies and 
molecular gas in small ones [11].

Results and discussion 

Samples of galaxy pairs. As in Ref. [25], the selection of pairs was sensitive to the criteria and 
methods used. For data analysis, even training with CNN has shown 72 % accuracy between 
interactions and noninteractions [10], resulting in 28 % uncertainty. As in Ref. [9], in 34% of 
cases, there were errors in visual identification, due to vision, interpretation and visualization, the 
errors had the following sources:

i) finite resolution of the simulations;
ii) the stellar material was not the best indicator of a tail tidal force;
iii) the simulations instead of the observations; 
iv) in very large impacts, the tidal forces were not strong enough to generate visible bridges or 

tails; 
v) in cases of 1 Gyr the tide was partially noticeable, due to the evolution of the bridge or tail 

material that was deposited on the discs and could mix with the surrounding material.
The gas fraction ranged from 0.25 to 0.35, less than 10% of the paired samples contained no 

gas. The selected pairs had an asymmetry ranging from 18 to 74%, and only 26% reflected a 
symmetry being agree with that in Ref. [17]. A. B. Watts et al. described an asymmetry of more 

z
Position, ckpc/h Size (particles)

x y z Gas Dark matter Stars Black holes

0.0
9796.38 31580.00 61031.80 111249 156742 32402

1
9810.80 31577.40 61048.00 791 1724 12280

0.5
51075.10 56805.90 41085.70

0

33

0

0

51108.10 56944.60 40970.80 29

1.0
63984.00 636.11 58526.30 30

64012.50 659.74 58565.70 29

2.0
37898.40 42362.70 38639.50 23

22008.60 69636.30 14789.10 1932 7060 70

3.0
24914.00 28079.20 36573.80 0 29 0

40989.50 34735.90 39956.60 992 1864 5

4.0
3037.73 59471.70 64579.70 470 1388 8

3140.84 48911.40 63645.70 738 1089 5

5.0
17824.60 47431.50 56736.60 15 21

0
17823.10 47399.80 56704.20 13 10

6.0
40417.40 67385.70 35386.40 97 131

1
40401.40 67403.60 35880.20 44 112

10
27507.70 54003.90 67587.70 38 44 0

28187.10 16769.50 53251.80 35 48 1

Foo tno t e s . 1. Here and in the other tables the data is presented for a pair of isolated interacting 

galaxes ID 473420-473421 (snapshots 99, 67, 50, 33, 25, 21, 17, 13 and 4). 2. For each value of z the 

numbers in the 1st and 2nd rows refer to galaxes ID 473420 and ID 473421, respectively.

No t a t i on : ckpc/h is the comoving coordinate accepted in cosmology; where letter c means 

“comoving”, kpc is kiloparsec, h is hour(s) in a cell, which is a spatial location within the periodic 

simulation domain of BoxSize.

Tab l e  1

Positions and sizes of the pair of galaxes at different values of the redshift z
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Tab l e  2

Masses, metallicity and star formation rates of the pair of galaxes at the redshift z

z
Mass, 1010 M☉/h Gas 

metallicity 
Mz/Mtotal

Star 
formation 

rate, M☉/yrGas Dark matter Stars Black 
holes Wind

0.0
11.374700 79.244700 2.254370 0.003639 0.001651 0.017736 24.549200
0.087954 0.871610 0.806995 0.004752

0

0.011294 0.338937

0.5 0
0.016684

0 0

0 0

0.014662

1.0 0
0.015167

0 0
0.014662

2.0
0 0.011628 0

0
0.209526 3.569360 0.006044 0.001747 0.089967

3.0
0 0.014662 0

0
0 0

0.111012 0.942391 0.000412 0.000568 0.009249

4.0
0.051526 0.701737 0.000869

0
0.001407 0.018829

0.079690 0.550570 0.000429 0.000660 0.018412

5.0
0.001488 0.010617

0 0

0

0
0.001333 0.005056

6.0
0.010942 0.066230 0.000097

0
0.003665

0.004793 0.056624 0.000117 0.001090

10
0.003587 0.022245 0

0
0.001684

0.003486 0.024268 0.000128 0.001959

Nota t i on s : M☉/yr, M☉/h are the solar mass by year and by hour in the cell (see notation to Table 1); 

Mz /Mtotal
 is the ratio of the mass of all metals Mz to total mass.

than 40% within a virial radius, with morphologies reminiscent the hydrodynamic interaction of 
gases.

Dynamics of interaction simulation. The gas flow generated a transition strip in the radial 
velocity field, with a velocity distribution dispersing between the two disks and towards the center 
of the galaxies. In regions with cold gas, defined trails and filaments, longer, larger and redder 
tidal tails, were identified that differed in past interactions compared to recent ones. 

In perpendicular encounters, an irregular distribution of masses was obtained, with the 
rotational movement of the most massive galaxy predominating. By removing the gas from the 
parallel interaction simulations, slightly inclined orbits were identified, with compensation for 
energy, density and velocity of the particles. Velocity followed curved or parabolic orbits, higher 
masses generated lower velocities and vice versa. This allowed us to differentiate a local maximum 
in its relative velocity (pericenter) and a minimum in each apocenter [9].

Mechanics in the specific sample simulation. The pair ID 473420-473421 was the one that best 
represented the interaction; its parameters are listed in Tables 1 – 4.

According to the tables data, there is interaction of the galaxy pair at z = 0.0, 0.5 and 1.0 
(current era, 5.216 Gyr, 7.925 Gyr). At z = 2.0, 3.0 and 4.0 they move away (10.519, 11.658 
and 12.263 Gyr). At z = 5.0 and 6.0 there is interaction (12.626 and 12.871 Gyr ago), and they 
separate at z = 10 (13.071 Gyr ago), see Fig. 2.
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Tab l e  3

Speed of the pair of galaxes at the redshift z 

z
Speed, km/s

x y z Maximum Dispersal Max radial

0.0
–9.9233 325.0820 –81.7149 213.7140 124.4350 30.3153
69.5782 325.0830 –76.3504 126.2480 73.1109 3.1939

0.5
18.1919 236.0840 113.0530 9.3480 5.3219 9.9155
–20.1042 370.8730 106.8270 11.4675 5.9947 6.2147

1.0
113.9510 –154.9760 –156.2260 13.3961 6.5835 5.3254
64.8812 –89.2324 –235.2910 10.7468 5.3715 7.8986

2.0
–91.6826 –58.4907 75.3331 14.1931 7.9692 2.9171

–324.7330 213.6400 –16.7254 79.9984 49.7336 57.7372

3.0
–81.3137 162.9840 305.3210 12.3979 6.9828 10.2084

–100.1590 44.0363 –91.9193 54.9958 40.0558 39.2967

4.0
6.9603 –108.6070 –45.8049 61.7656 36.9068 28.9783

18.3043 85.7583 –151.3030 51.4435 29.4478 33.5619

5.0
49.0199 –46.2195 –157.8860 12.4697 7.5701 8.5875
62.9138 –41.1166 –153.0230 13.8873 7.7348 7.8690

6.0
–88.5341 –11.9263 188.1560 28.0516 17.0778 10.5887
–98.9697 –37.7205 127.6330 31.9846 18.8272 13.9484

10
–186.4820 57.2344 –18.4205 27.9581 16.0782 12.6381
19.9795 28.3001 –2.7225 27.7100 15.6528 12.4080

Tab l e  4

The stellar photometry and spin of the pair of galaxes at the redshift z

z
Spin projection, (kpc/h)·(km/s) Stellar photometry, mag
x y z U B R

0.0
–291.0730 2942.2300 1143.6600 –22.6033 –22.1590 –22.4746

–4.2051 83.4657 51.8481 –19.2736 –19.2736 –20.1710

0.5
0.4490 0.1847 –4.5583

0 0 0
0.0693 5.6761 2.3837

1.0
–0.6634 –2.3124 –1.3589

0 0 0
5.6909 –6.5446 –0.5885

2.0
–0.6987 0.8323 4.3076 0 0 0

–147.6000 43.1684 –8.8838 –17.2910 –16.7648 –16.9979

3.0
–0.5921 –2.9726 –3.0945 0 0 0

–84.5564 13.7292 –37.6379 –14.0718 –13.8110 –13.9165

4.0
–18.8156 –4.8045 66.8842 –15.3748 –15.0411 –15.1354
34.2060 –0.4913 22.9933 –13.6737 –13.5620 –13.7512

5.0
0.4352 0.5800 –4.4037

0 0 0
–2.4665 –0.7813 0.8567

6.0
–1.7047 24.5405 –2.1670 –13.4396 –12.9881 –12.9330
–1.0106 –2.3014 –2.7356 –12.6724 –12.4701 –12.5300

10
–0.1994 –1.6702 –0.8099 0 0 0

0.3973 –2.3438 –0.0715 –15.0174 –13.6546 –13.5246
Foo tno t e s . 1. Spin projections on the axes were computed for each as the weighted 

by mass sum of relative coordinates, multiplied by the relative velocity of all particles 

participating in the cell. 2. Mag units are taken as eight bands according to IllustrisTNG. 

No t a t i on s : U, B, R are ultraviolet, blue and red magnitudes.
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The velocity pattern at z = 0.0, 1.0 and 5.0 was similar for both galaxies in the y and z 
directions, this reflected a more stable and balanced interaction. The maximum dispersion velocity 
was 124.35 and 73.11 km/s, respectively, for galaxies 473420 and 473421 at z = 0. The interaction 
resistance was very low of lnQint = 1.5 for masses close to 1012 and 2.5 for 1010, so only the most 
distant ones contributed to a small tidal field. For the hydrodynamic analysis, greater precision 
was confirmed when analyzing the interaction part of the particles and subsequently analyzing the 
hydrodynamic part [11].

Fig. 2. Trajectory of snapshots 99, 67, 50, 33, 25, 21, 17, 13, 4 (own creation)

Gas hydrodynamics and the specific sample. Not all pairs contained gas, the halo finder did 
not associate gas particles despite the significant stellar masses. This represented 12 %, within 
the range of 7 % for Ref. [21]. Thus, gas averages were not appropriate for the interacting 
distributions [21]. Of the 300 snapshots examined, more than 60 % of the external gas had no 
effect on the internal one, the rebound caused changes in the relative speed, with small variations 
in angle and direction.

For the pair ID 473420-473421, the formation of tidal tails depended on the properties and 
geometry of the galaxies. The dominant metallicities produced massive star formation in the 
tidal tails, with strong interaction at z = 1 and 5. The specific relative velocity was from 9.34 
to 213.71 km/s from 0 to 13.071 Gyr. High speeds separated the dark matter from the hot gas 
and compressed it by rebound, for the formation of star-like bodies, according to Ref. [22]. The 
interaction decreased towards low mass regions, due to distorted morphologies. 

Galaxy 473421, with fewer particles and a smaller disk, was dominated by dark matter, generating 
similar rotation curves at z = 5. Heterogeneous, discontinuous and dispersed interactions were 
part of the evolution [13]. In Fig. 3, dramatic morphological transformations are observed, with 
deformation and distribution of gas in the galaxies, framed with rounded edges in each image.  
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Gas content showed no correlation with morphology. The gas fractions were very high and 
depended on the speed, mass and size of the galaxies.

In Fig. 3, the material was initially uncoupled and recoupled hydrodynamically and the winds 
removed the metal content of the mass, to keep it in equilibrium during the interaction. According 
to Ref. [9], the gas masses were ejected from the star-forming regions in the interactions, and the 
wind speed was proportional to the dispersion speed of the dark matter. 

In the density fields, radial motion generated dense sweep, drag, and tidal tails, so gas 
coupling was strong. This led to the transfer of the thermal and ionization state of the evolved 
gas. Density increased with size, with dispersion speed not so great; in brighter regions the 
effect of gravity was greater, compared to the external pressure of the system. According to 
Ref. [8], this could lead to a substantial improvement in the density of the interacting gas. The 
interactions resulted in gas flows, created turbulence and could compress the gas. This process 
may be involved in the formation of new bodies. Like the possible formation of stars in areas 
with excess gas or denser gas, 2/3 of the central part of the galaxies is formed in this pair. 

Fig. 3. Images of gas hydrodynamic parameters for a pair of interacting galaxies 
ID 473421 (left) and ID 473420 (right) based on simulation of TNG100-1 at z = 5. 

Parameters: cold gas density (1st row), gas temperature (2nd row), 
radial velocity (3rd row), volumetric density (4th row)

The gas entropy served as a good tool for diagnosing feedback (closed-loop) injection, because 
the gas was ejected by the shock which led to the emergence of wind with colossal kinetic energy 
not only due to the extinction of the masses, but also to the change in the thermodynamic 
properties of the gas elements itself, both inside galaxies and on their periphery. This affected 
ongoing star formation, with gas accreting up to several hundred kiloparsecs [7]. In terms of 
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massiveness, galaxy 473420 had a greater mass in the interaction process at z = 1 and 5, with little 
new gas which affected the kinetic feedback due to head-on collisions, with injection by sweeping 
and dragging of particles.

The gas metallicity was correlated with the radial velocity and flow direction along to the 
trajectories, as an indicator of the properties of the medium, the position and speed of the 
particles [6]. In interactions, the amount of gas participating in them exceeded the stellar mass, 
trajectory, density and temperature.

The hydrodynamic survey made it possible to trace the evolution before or after interaction, 
merger, contact or harassment, and the temporal influence of properties on galaxies, although 
the observations cannot trace the evolution due to the timing scheme. As in Ref. [19], the variety 
of tools and information provided by IllustrisTNG, made it possible to evaluate interactions, gas 
evolution and properties of galaxies (metallicity, morphology and star formation, orbital tracking).

Conclusions

Astrophysical and cosmological simulations require updated information, high-performance 
supercomputers and rigorous numerical codes for the analysis and interpretation of large data sets 
(gas, stars, black holes and dark matter), that, at different scales, shape the structure and evolution 
of the galaxies.

Of 210 samples of galaxy pairs, the visualization method presented disadvantages due to errors 
such as vision and interpretation of 34 %, less than 10 % did not present gas, and only 26 % 
reflected an interaction symmetry.

Of 300 snapshots, in more than 60 % the external gas did not influence the internal one, the 
interaction decreased towards low mass regions, due to distorted morphologies. The gas fractions 
depended on the speed, mass and size of the galaxies. 

The pair that best represented the interaction evolution was ID 473420-473421 at z = 0, 1 and 
5, where the distance between pairs of galaxies influenced the tidal tails, only at long distances was 
a relative degree of resistance to the interaction of 1.5 observed. The gas flow generated transitions 
in the radial velocity field between the two disks, with longer filaments in regions of cold gas 
compared to those of hot one.

The speed of the gases depended on their temperature and density, as well as on the rates 
of chemical reactions, which in turn depended on the rates of heating and cooling. These rates 
affected the interaction depending on the amount of added mass. In light interactions, bursts, 
weak flashes and short-lived asymmetries were observed, in interactions with a large amount of 
gas they were more prominent and lasting, until the system stabilized and the gas regrouped again, 
as shown in the pair ID 473420-473421.

Data availability

Related data is available at www.tng-project.org/, www.illustris-project.org/,  https://www.
youtube.com/@ingenieriacienciasbasicasy2477/videos 

REFERENCES

1. Fuentes-Carrera I., Amram P., Balkowski C., et al., Disentangling interacting galaxy pairs and entangling 
them back, ASP Conf. Ser. 390 (2008) 186–187.

2. Paudel S., Duc P. A., Ree C. H., A case study for a tidal interaction between dwarf galaxies in UGC 
6741, Astron. J. 149 (3) (2015) 114.

3. Renaud F., Bournaud F., Agertz O., et al., A diversity of starburst-triggering mechanisms in interacting 
galaxies and their signatures in CO emission, Astron. Astrophys. 625 (13 May) (2019) A65.

4. Zhang B-q., Cao Ch., Xu C. K., et al., The multi-object spectroscopy observation of seven interacting 
galaxy pairs: metallicity gradients and star formation distributions, Publ. Astron. Soc. Pac. 132 (1009) (2020) 
034101.

5. Spavone M., Iodice E., Capaccioli M., et al., VEGAS: A VST early-type galaxy survey. III. Mapping 
the galaxy structure, interactions, and intragroup light in the NGC 5018 group, Astrophys. J. 864 (2) (2018) 
149. 

6. Péroux C., Nelson D., de Voort F., et al., Predictions for the angular dependence of the gas mass flow 
rate and metallicity in the circumgalactic medium, MNRAS. 2020. Vol. 499 (2, 21 Oct) (2020) 2462–2473. 



St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 2024. Vol. 17. No. 3

158

7. Zinger E., Pillepich A., Nelson D., et al., Ejective and preventative: The IllustrisTNG black hole 
feedback and its effects on the thermodynamics of the gas within and around galaxies, MNRAS. 499 
(1, 10 Oct) (2020) 768–792. 

8. Hani M. H., Gosain H., Ellison S. L., et al., Interacting galaxies in the IllustrisTNG simulations 
– II: Star formation in the post-merge stage, MNRAS. 493 (3, 1 Apr) (2020) 3716–3731. 

9. Blumenthal K. A., Moreno J., Barnes J. E., et al., Galaxy interactions in IllustrisTNG-100, I: The 
power and limitations of visual identification, MNRAS. Monthly Notices of the Royal Astronomical 
Society. 492 (2, 1 Febr) (2020) 2075–2094. 

10. Wang I., Pearson W. J., Rodriguez-Gomez V., Towards a consistent framework of comparing 
galaxy merge in observations and simulations, Astron. Astrophys. 644 (03 Dec) (2020) A87. 

11. Davé R., Crain R. A., Stevens A. R. H., et al., Galaxy cold gas content in modern cosmological 
hydrodynamic simulations, MNRAS. 497 (1, 1 Sept) (2020) 146–166. 

12. Teófilo-Salvador E., Ambrocio-Cruz P., Rosado-Solis M., Methodological characterization and 
computational codes in the simulation of interacting galaxies, Artif. Intell. Appl. 2 (1) (2024) 45–58.

13. Yun K., Pillepich A., Zinger E., et al., Jellyfish galaxies with the IllustrisTNG simulations: I. 
Gas-stripping phenomena in the full cosmological context, MNRAS. 483 (1, 11 Febr) (2019) 1042–
1066. 

14. Armijos-Abendaсo J., Lуpez E., Llerena M., et al., Dust deficiency in the interacting galaxy 
NGC 3077, Galaxies. 5 (3) (2017) 53. 

15. Vogelsberger M., McKinnon R., O´Neil S., et al., Dust in and around galaxies: Dust in cluster 
environments and its impact on gas cooling, MNRAS. 487 (4, 21 Aug) (2019) 4870–4883. 

16. Millard J. S., B. Diemer D., Eales S. A., et al., IllustrisTNG and S2COSMOS: possible conflicts 
in the evolution of neutral gas and dust, MNRAS. Monthly Notices of the Royal Astronomical 
Society. 500 (1, 1 Jan) (2021) 871–888.

17. Watts A.B., Power C., Catinella B., et al., Global HI asymmetries in IllustrisTNG: A diversity 
of physical processes disturb the cold gas in galaxies, MNRAS. 499 (4, 15 Oct) (2020) 5205–5219. 

18. Teófilo-Salvador E., Ambrocio-Cruz P., Rosado-Solis M., Introduction to Enzo for hydrodynamic 
simulations in astrophysics, Electron. J. Comput. Inform. Biomed. Electronic. (ReCIBE). 11 (2) 
(2022) C3-17. 

19. Patton D. R., Wilson K. D., Metrow C. J., et al., Interacting galaxies in the IllustrisTNG 
simulations – I: Triggered star formation in a cosmological context // arXiv: 2003.00289v2 [Astropphysics 
of Galaxies] Preprint 30 March 2020. Pp. 1–19. https://doi.org/10.48550/arXiv.2003.00289.

20. Nelson D., Springel V., Pillepich A., et al., The IllustrisTNG simulations: Public data release, 
arXiv: 1812.05609v3[Astropphysics of Galaxies] for this version. 2021. (29 Jan) (2021) 1–30; https://
doi.org/10.48550/arXiv.1812.05609.

21. Diemer B., Stevens A. R. H., Lagos C. P., et al., Atomic and molecular gas in IllustrisTNG 
galaxies at low redshift, MNRAS. 2019. Vol. 487 (2, 1 Aug) 1529–1550. 

22. Shin E-J., Yung M., Kwon G., et al., Dark matter deficient galaxies produced via high-velocity 
galaxy collision in high-resolution numerical simulations, Astrophys. J. 899 (2) (2020) 25. 

23. Nolting C., Jones T. W., O´Neill B. J., Mendygral P. J., Interactions between radio galaxies and 
cluster shocks. I. Jet axes aligned with shock normal, Astrophys. J. 876 (2) (2019) 154. 

24. Famaey B., Khoury J., Penco R., A. Sharma A., Baryon-interacting dark matter: Heating dark 
matter and the emergence of galaxy scaling relations, J. Cosmolog. Astropart. Phys. 2020 (6) (2020) 
025. 

25. Grylls P., Shankar F., Conselice C., The significant effects of stellar mass estimation on galaxy 
pair fractions, MNRAS. 99 (2, 1 Dec) (2020) 2265–2275.

СПИСОК ЛИТЕРАТУРЫ

1. Fuentes-Carrera I., Amram P., Balkowski C., Flores H., Puech M., Yang Y., Rosado M., 
Hernбndez-Toledo H. Disentangling interacting galaxy pairs and entangling them back // ASP 
Conference Series. 2008. Vol. 390. Pathways through an Eclectic Universe. Pp. 186–187.

2. Paudel S., Duc P. A., Ree C. H. A case study for a tidal interaction between dwarf galaxies in 
UGC 6741 // The Astronomical Journal. 2015. Vol. 149. No. 3. P. 114.



159

Astrophysics

3. Renaud F., Bournaud F., Agertz O., Kraljic K., Schinnerer E., Bolatto A., Daddi E., Hughes A. A 
diversity of starburst-triggering mechanisms in interacting galaxies and their signatures in CO emission 
// Astronomy & Astrophysics.  2019. Vol. 625. 13 May. P. A65.

4. Zhang B-q., Cao Ch., Xu C. K., Zhou Z-m., Wu Y. The multi-object spectroscopy observation of 
seven interacting galaxy pairs: Metallicity gradients and star formation distributions // Publications of 
the Astronomical Society of the Pacific. 2020. Vol. 132. No. 1009. P. 034101.  

5. Spavone M., Iodice E., Capaccioli M., et al. VEGAS: A VST early-type galaxy survey. III. 
Mapping the galaxy structure, interactions, and intragroup light in the NGC 5018 group // The 
Astrophysical Journal. 2018. Vol. 864. No. 2. P. 149. 

6. Péroux C., Nelson D., de Voort F., Pilleich A., Marinacci F., Vogelsberger M., Hernquist L. 
Predictions for the angular dependence of the gas mass flow rate and metallicity in the circumgalactic 
medium // Monthly Notices of the Royal Astronomical Society. 2020. Vol. 499. No. 2. 21 October. 
Pp. 2462–2473.

7. Zinger E., Pillepich A., Nelson D., Weinberger R., Pakmor R., Springel V., Hernquist L., 
Marinacci F., Vogelsberger M. Ejective and preventative: The IllustrisTNG black hole feedback and 
its effects on the thermodynamics of the gas within and around galaxies // Monthly Notices of the 
Royal Astronomical Society. 2020. Vol. 499. No. 1. 10 October. Pp. 768–792. 

8. Hani M. H., Gosain H., Ellison S. L., Patton D. R., Torrey P. Interacting galaxies in the 
IllustrisTNG simulations – II: Star formation in the post-merge stage // Monthly Notices of the Royal 
Astronomical Society. 2020. Vol. 493. No. 3. 1 April. Pp. 3716–3731. 

9. Blumenthal K. A., Moreno J., Barnes J. E., Hernquist L., Torrey P., Claytor Z., Rodriguez-
Gomez V., Marinacci F., Vogelsberger M. Galaxy interactions in IllustrisTNG-100, I: the power and 
limitations of visual identification // Monthly Notices of the Royal Astronomical Society. 2020. Vol. 
492. No. 2. 1 February. Pp. 2075–2094. 

10. Wang I., Pearson W. J., Rodriguez-Gomez V. Towards a consistent framework of comparing 
galaxy merge in observations and simulations // Astronomy & Astrophysics. 2020. Vol. 644. 03 
December. P. A87. 

11. Davé R., Crain R. A., Stevens A. R. H., Narayanan D., Saintonge A., Catinella B., Cortese L. 
Galaxy cold gas content in modern cosmological hydrodynamic simulations // Monthly Notices of the 
Royal Astronomical Society.  2020. Vol. 497. No. 1. 1 September. Pp. 146–166. 

12. Teófilo-Salvador E., Ambrocio-Cruz P., Rosado-Solis M. Methodological characterization and 
computational codes in the simulation of interacting galaxies // Artificial Intelligence and Applications. 
2024. Vol. 2. No. 1. Pp. 45 – 58.

13. Yun K., Pillepich A., Zinger E., et al. Jellyfish galaxies with the IllustrisTNG simulations: I. Gas-
stripping phenomena in the full cosmological context // Monthly Notices of the Royal Astronomical 
Society. 2019. Vol. 483. No.1. 11 February. Pp. 1042–1066.

14. Armijos-Abendaсo J., Lуpez E., Llerena M., Aldás F., Logan C. Dust deficiency in the interacting 
galaxy NGC 3077 // Galaxies. 2017. Vol. 5. No. 3. P. 53. 

15. Vogelsberger M., McKinnon R., O´Neil S., Marinacci F., Torrey P., Kannan R. Dust in and 
around galaxies: Dust in cluster environments and its impact on gas cooling// Monthly Notices of the 
Royal Astronomical Society. 2019. Vol. 487. No. 4. 21 August. Pp. 4870–4883. 

16. Millard J. S., B. Diemer D., Eales S. A., Gomez H. L., Beeston R., Smith M. W. L. IllustrisTNG 
and S2COSMOS: possible conflicts in the evolution of neutral gas and dust// Monthly Notices of the 
Royal Astronomical Society. 2021. Vol. 500. No. 1. 1 January. Pp. 871–888. 

17. Watts A.B., Power C., Catinella B., Cortese L., Stevens A. R. H. Global HI asymmetries in 
IllustrisTNG: a diversity of physical processes disturb the cold gas in galaxies // Monthly Notices of 
the Royal Astronomical Society. 2020. Vol. 499. No. 4. 15 October. Pp. 5205–5219. 

18. Teófilo-Salvador E., Ambrocio-Cruz P., Rosado-Solis M. Introduction to enzo for hydrodynamic 
simulations in astrophysics // Computaciуn e Informбtica [Computer Science & Informatics]. 2022. 
Vol. 11. No. 2. P. C3-17. 

19. Patton D. R., Wilson K. D., Metrow C. J., Ellison S. L., Torrey P., Brown W., Hani M. H., 
McAlpine S., Moreno J., Woo J. Interacting galaxies in the IllustrisTNG simulations – I: Triggered 
star formation in a cosmological context // arXiv: 2003.00289v2 [Astropphysics of Galaxies] Preprint 
30 March 2020. Pp. 1–19. https://doi.org/10.48550/arXiv.2003.00289.



St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 2024. Vol. 17. No. 3

160

20. Nelson D., Springel V., Pillepich A. et al. The IllustrisTNG simulations: Public data release // 
arXiv: 1812.05609v3[Astropphysics of Galaxies] for this version. 2021. 29 January. Pp. 1–30. https://
doi.org/10.48550/arXiv.1812.05609.

21. Diemer B., Stevens A. R. H., Lagos C. P., et al. Atomic and molecular gas in IllustrisTNG 
galaxies at low redshift // Monthly Notices of the Royal Astronomical Society. 2019. Vol. 487. No. 2. 
1 August. Pp. 1529–1550. 

22. Shin E-J., Yung M., Kwon G., Kim J-H., Lee J., Jo Y., Kiat O. B. Dark matter deficient 
galaxies produced via high-velocity galaxy collision in high-resolution numerical simulations // The 
Astrophysical Journal. 2020. Vol. 899. No. 2. P. 25. 

23. Nolting C., Jones T. W., O´Neill B. J., Mendygral P. J. Interactions between radio galaxies and 
cluster shocks. I. Jet axes aligned with shock normal // The Astrophysical Journal. 2019. Vol. 876. 
No. 2. P. 154. 

24. Famaey B., Khoury J., Penco R., A. Sharma A. Baryon-interacting dark matter: Heating dark 
matter and the emergence of galaxy scaling relations // Journal of Cosmology and Astroparticle 
Physics. 2020. Vol. 2020. No. 6. P. 025. 

25. Grylls P., Shankar F., Conselice C. The significant effects of stellar mass estimation on galaxy 
pair fractions // Monthly Notices of the Royal Astronomical Society. 2020. Vol. 499. No. 2. 1 
December. Pp. 2265–2275.2001.06017.

© Санкт-Петербургский политехнический университет Петра Великого, 2024

Received 04.01.2024. Approved after reviewing 17.04.2024. Accepted 17.04.2024.
Статья поступила в редакцию 04.01.2024. Одобрена после рецензирования 17.04.2024. 

Принята 17.04.2024.

THE AUTHOR

TEÓFILO-SALVADOR Eduardo
National Autonomous University of Mexico (UNAM)
National School of Earth Sciences-UNAM
Scientific Research S/N, C. U., 04510, México
mca.ts.eduardo2015@gmail.com
ORCID: 0000-0001-8794-2938

СВЕДЕНИЯ ОБ АВТОРЕ

ТЕОФИЛО-САЛЬВАДОР Эдуардо – PhD (науки о Земле), профессор Национального авто-
номного университета Мексики (UNAM), профессор Национальной школы наук о Земле, UNAM; 
г. Мехико, Мексика.

Scientific Research S/N, C. U., 04510, México
mca.ts.eduardo2015@gmail.com
ORCID: 0000-0001-8794-2938



161

Научное издание

НАУЧНО-ТЕХНИЧЕСКИЕ ВЕДОМОСТИ САНКТ-ПЕТЕРБУРГСКОГО
ГОСУДАРСТВЕННОГО ПОЛИТЕХНИЧЕСКОГО УНИВЕРСИТЕТА. 

ФИЗИКО-МАТЕМАТИЧЕСКИЕ НАУКИ

«ST. PETERSBURG STATE POLYTECHNICAL UNIVERSITY JOURNAL.
PHYSICS AND MATHEMATICS»

ТОМ 17, № 3, 2024

Учредитель и издатель – Федеральное государственное автономное образовательное учреждение 
высшего образования «Санкт-Петербургский политехнический университет Петра Великого»

Журнал зарегистрирован Федеральной службой по надзору в сфере информационных 
технологий и массовых коммуникаций (Роскомнадзор).

Свидетельство о регистрации ПИ № ФС77-51457 от 19.10.2012 г.

Редакция

д-р физ.-мат. наук, профессор В. К. Иванов – председатель ред. коллегии
д-р физ.-мат. наук, профессор А. Э. Фотиади – зам. председателя ред. коллегии

д-р физ.-мат. наук, профессор В. В. Дубов
д-р физ.-мат. наук, профессор П. А. Карасёв
канд. физ.-мат. наук, доцент В. М. Капралова 

канд. физ.-мат. наук О. А. Ящуржинская – научный редактор, корректор
А. С. Колгатина – переводчик

Н. А. Бушманова – ответственный секретарь

Телефон редакции 8 (812) 552-62-16

Сайт https://physmath.spbstu.ru/

E-mail: physics@spbstu.ru

Компьютерная верстка Н. А. Бушмановой

Подписано в печать 30.09.2024. Формат 60х84/8. Печать цифровая.
Усл. печ. л.              Тираж 1000. Заказ      .

Отпечатано с готового оригинал-макета, предоставленного ИЦ "ИКИ",
в Издательско-полиграфическом центре 

Санкт-Петербургского политехнического университета.
195251, Санкт-Петербург, Политехническая ул., 29.

Тел.: (812) 552-77-17; 550-40-14.



162

УСЛОВИЯ ПУБЛИКАЦИИ СТАТЕЙ
в журнале «Научно-технические ведомости 

Санкт-Петербургского государственного политехнического университета.
Физико-математические науки»

1.ОБЩИЕ ПОЛОЖЕНИЯ 
Журнал «Научно-технические ведомости Санкт-Петербургского государственного политехнического универ-

ситета. Физико-математические науки» является периодическим печатным научным рецензируемым изданием. 
Зарегистрирован в Федеральной службе по надзору в сфере информационных технологий и массовых комму-
никаций (Свидетельство ПИ №ФС77-52144 от 11 декабря 2012 г.) и распространяется по подписке агентства 
«Роспечать» (индекс издания 71823).

С 2008 года журнал издавался в составе сериального издания "Научно-технические ведомости СПбГПУ". 
Сохраняя преемственность и продолжая научные и публикационные традиции сериального издания 
«Научно-технические ведомости СПбГПУ», журнал издавали под сдвоенными международными стандарт-
ными сериальными номерами ISSN 1994-2354 (сериальный) 2304-9782. В 2012 году он зарегистрирован как 
самостоятельное периодическое издание ISSN 2304-9782 (Свидетельство о регистрации ПИ № ФС77-52144 от 11 
декабря 2012 г.). С 2012 г. начат выпуск журнала в двуязычном оформлении.

Издание входит в Перечень ведущих научных рецензируемых журналов и изданий (перечень ВАК) и при-
нимает для печати материалы научных исследований, а также статьи для опубликования основных результатов 
диссертаций на соискание ученой степени доктора наук и кандидата наук по следующим основным научным 
направлениям: Физика, Математика, Механика, включая следующие шифры научных специальностей: 1.1.8., 
1.1.9., 1.3.2., 1.3.3., 1.3.4., 1.3.5., 1.3.6., 1.3.7., 1.3.8., 1.3.11., 1.3.19.

Журнал представлен в Реферативном журнале ВИНИТИ РАН и включен в фонд научно-технической литера-
туры (НТЛ) ВИНИТИ РАН, а также в международной системе по периодическим изданиям «Ulrich’s Periodicals 
Directory». Индексирован в базах данных «Российский индекс научного цитирования» (РИНЦ), Web of Science 
(Emerging Sources Citation Index).

Периодичность выхода журнала – 4 номера в год.
Редакция журнала соблюдает права интеллектуальной собственности и со всеми авторами научных статей 

заключает издательский лицензионный договор.

2. ТРЕБОВАНИЯ К ПРЕДСТАВЛЯЕМЫМ МАТЕРИАЛАМ
2.1. Оформление материалов

1. Рекомендуемый объем статей – 12-20 страниц формата А-4 c учетом графических вложений. Количество 
графических вложений (диаграмм, графиков, рисунков, фотографий и т.п.) не должно превышать шести.

2. Число авторов статьи, как правило, не должно превышать пяти человек.
3. Авторы должны придерживаться следующей обобщенной структуры статьи: вводная часть (актуальность, 

существующие проблемы – объем 0,5 – 1 стр.); основная часть (постановка и описание задачи, методика иссле-
дования, изложение и обсуждение основных результатов); заключительная часть (предложения, выводы – объем 
0,5 – 1 стр.); список литературы (оформление по ГОСТ 7.0.5-2008).

В списки литературы рекомендуется включать ссылки на научные статьи, монографии, сборники статей, 
сборники конференций, электронные ресурсы с указанием даты обращения, патенты.

Как правило, нежелательны ссылки на  диссертации и авторефераты диссертаций (такие ссылки допускают-
ся, если результаты исследований еще не опубликованы, или не представлены достаточно подробно).

В списки литературы не рекомендуется включать ссылки на учебники, учебно-методические пособия, 
конспекты лекций, ГОСТы и др. нормативные документы, на законы и постановления, а также на архивные доку-
менты (если все же необходимо указать такие источники, то они оформляются в виде сносок).

Рекомендуемый объем списка литературы для обзорных статей  – не менее 50 источников, для остальных 
статей – не менее 10. 

Доля источников давностью менее 5 лет должна составлять не менее половины. Допустимый процент  само-
цитирования – не выше 10 – 20. Объем ссылок на зарубежные источники должен быть не менее 20%.

4. УДК (UDC) оформляется и формируется в соответствии с ГОСТ 7.90-2007.
5. Набор текста осуществляется в редакторе МS Word.
6. Формулы набираются в редакторе MathType (не во встроенном редакторе Word) (мелкие формулы, симво-

лы и обозначения набираются без использования редактора формул). Таблицы набираются в том же формате, что 
и основной текст. В тексте буква «ё» заменяется на букву «е» и оставляется только в фамилиях.

7. Рисунки (в формате .tiff, .bmp, .jpeg) и таблицы оформляются в виде отдельных файлов. Шрифт – Times 
New Roman, размер шрифта основного текста – 14, интервал – 1,5. Таблицы большого размера могут быть набра-
ны кеглем 12. Параметры страницы: поля слева – 3 см, сверху и снизу – 2 см, справа – 1,5 см. Текст размещается 
без знаков переноса. Абзацный отступ – 1 см. 

Научно-технические ведомости СПбГПУ. Физико-математические науки. 17 (3) 2024



163

2.2. Представление материалов
1. Представление всех материалов осуществляется в электронном виде через электронную редакцию 

(http://journals.spbstu.ru). После регистрации в системе электронной редакции автоматически формируется 
персональный профиль автора, позволяющий взаимодействовать как с редакцией, так и с рецензентом.

2. Вместе с материалами статьи должно быть представлено экспертное заключение о возможности опу-
бликования материалов в открытой печати.

3. Файл статьи, подаваемый через электронную редакцию, должен содержать только сам текст без назва-
ния, списка литературы, аннотации и ключевых слов, фамилий и сведений об авторах. Все эти поля запол-
няются отдельно через электронную редакцию.

2.3. Рассмотрение материалов
Предоставленные материалы (п. 2.2) первоначально рассматриваются редакционной коллегией и переда-

ются для рецензирования. После одобрения материалов, согласования различных вопросов с автором (при 
необходимости) редакционная коллегия сообщает автору решение об опубликовании статьи. В случае отказа в 
публикации статьи редакция направляет автору мотивированный отказ.

При отклонении материалов из-за нарушения сроков подачи, требований по оформлению или как не отвеча-
ющих тематике журнала материалы не публикуются и не возвращаются.

Редакционная коллегия не вступает в дискуссию с авторами отклоненных материалов.
При поступлении в редакцию значительного количества статей их прием в очередной номер может закон-

чится ДОСРОЧНО.

E-mail: physics@spbstu.ru, 
Тел. редакции 8 (812) 552-62-16.
Cайт журнала: https://physmath.spbstu.ru/
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