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Original article
DOI: https://doi.org/10.18721/JPM.19201

THE EFFECT OF ELECTRIC FIELD SWITCHING MODES  
ON POLARIZATION PROPERTIES OF THE LEAD  

ZIRCONATE-TITANATE-BASED EPITAXIAL HETEROSTRUCTURES

M. A. Kniazeva✉, N. S. Zhukova, A. F. Vakulenko

Peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russia

✉ kniazeva.maria225@yandex.ru

Abstract. In order to extend the serviceability of ferroelectric devices, this paper proposes an 
experimental approach (for the first time) to clearing up the mechanism of polarization fatigue 
development in a lead zirconate titanate-based ferroelectric thin film. For this purpose, the 
influence of the recording pulse sequence configuration on the polarization of a selected object 
has been analyzed. The coercive field (CF) and remanent polarization of ferroelectric hysteresis 
loops were compared under two electric field application modes (they differed in the order 
of positive and negative pulses). The change in CF components was found to be insignificant 
during cyclic switching, whereas the difference between CF values reached 10% or more after 
pauses between the measurements. Experiments showed that the polarity of the final pulse of 
the switching signal set favorable conditions for stabilizing domains in the film whose dipole 
moment was aligned with the pulse polarity, and after resuming the measurements, a field of 
higher intensity was required to reverse the polarization.

Keywords: ferroelectric, epitaxial thin film, polarization fatigue, remanent polarization

Funding: The reported study was funded by Russian Science Foundation (Project 
No. 24-22-00453 “The effect of epitaxial strain on the structure switching in the antiferroelectric 
heterostructures based on lead hafnate”).

Сitation: Kniazeva M. A., Zhukova N. S., Vakulenko A. F., The effect of electric field switching 
modes on polarization properties of the lead zirconate titanate-based epitaxial heterostructures, 
St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 19 (2) (2026) 
9–15. DOI: https://doi.org/10.18721/JPM.19201

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.
org/licenses/by-nc/4.0/)

Научная статья
УДК 538.956
DOI: https://doi.org/10.18721/JPM.19201

ВЛИЯНИЕ РЕЖИМОВ ПЕРЕКЛЮЧЕНИЯ ЭЛЕКТРИЧЕСКОГО 
ПОЛЯ НА ПОЛЯРИЗАЦИОННЫЕ СВОЙСТВА ЭПИТАКСИАЛЬНЫХ 
ГЕТЕРОСТРУКТУР НА ОСНОВЕ ЦИРКОНАТА-ТИТАНАТА СВИНЦА

М. А. Князева✉, Н. С. Жукова, А. Ф. Вакуленко

Санкт-Петербургский политехнический университет Петра Великого, Санкт-Петербург, Россия
✉ kniazeva.maria225@yandex.ru

Аннотация. С целью продления работоспособности устройств на основе 
сегнетоэлектриков, в работе впервые предложен экспериментальный подход к выяснению 
механизма развития поляризационной усталости в тонкой сегнетоэлектрической 
пленке на основе цирконата-титаната свинца. Для этого проанализировано влияние 
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конфигурации последовательности записывающих импульсов на поляризацию 
выбранного объекта. При двух режимах приложения электрического поля (они 
различались порядком следования положительных и отрицательных импульсов) было 
проведено сравнение значений коэрцитивного поля (КП) и остаточной поляризации 
сегнетоэлектрических петель гистерезиса. Установлено, что в моменты циклических 
переключений изменение компонент КП незначительно, тогда как после пауз между 
измерениями разница между значениями КП достигала %10 и более. Эксперименты 
показали, что полярность завершающего импульса переключающего сигнала задает 
благоприятные условия для стабилизации в пленке доменов, дипольный момент которых 
сонаправлен с полярностью импульса, и после возобновления измерений требуется поле 
большей величины для изменения поляризации на противоположную.

Ключевые слова: сегнетоэлектрик, эпитаксиальная гетероструктура, поляризационная 
усталость, остаточная поляризация, цирконат-титанат свинца

Финансирование: Исследование выполнено при финансовой поддержке гранта 
Российского научного фонда (Проект № 24-22-00453 «Влияние эпитаксиальных 
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Introduction

Thin-film ferroelectric capacitors attract considerable interest due to their wide range of appli-
cations. One such application is ferroelectric random access non-volatile memory (FeRAM), 
combining the high speed of random-access memory with the ability to retain data when power is 
switched off [1, 2]. In such devices, information is written by applying pulses of a certain polar-
ity: a negative pulse sets the memory cell to logic “0”, while a positive pulse sets it to logic “1”. 
The key advantage of these devices lies in their material: ferroelectrics provide fast polarization 
switching and non-volatile data storage without a constant power supply.

However, one of the main obstacles to commercialization of ferroelectric devices is polariza-
tion fatigue, i.e., a decrease in remanent polarization after a large number of write cycles. As a 
result of fatigue, the states corresponding to logic “0” and “1” become less distinguishable.

This phenomenon has been the focus of much research, and several possible causes of polar-
ization fatigue have been proposed. According to [3], the main mechanisms involve inhibition of 
domain nucleation and freezing of domain walls in the ferroelectric crystal. Beyond identifying 
these mechanisms, many studies have analyzed such contributing factors as capacitor and elec-
trode materials [4–6], operating temperature [7], size effects [8], applied field parameters [9], and 
others. Nevertheless, many fundamental and applied questions remain unresolved.

The goal of this work is to find an effective approach to extending the service life of ferroelec-
tric devices that would additionally provide insight into the mechanism of polarization fatigue.

Exploratory approach to the problem

The proposed approach to identifying the mechanism of polarization fatigue in the object 
of study, a thin ferroelectric PZT film, is discussed here for the first time. Our objective was to 
experimentally assess how the configuration of the writing pulse sequence affects the polariza-
tion properties of this film. To this end, a voltage was applied to the film in each write cycle as 
a sequence consisting of two pairs of triangular pulses with positive and negative polarity. We 
needed to determine how the coercive field and remanent polarization evolve over time under two 
different pulse sequence configurations.
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In the first case, a pair of positive pulses was applied to the film first, followed by a pair of 
negative pulses.

In the second case, the order of the pulse pairs was reversed.
Two parameters of the ferroelectric hysteresis loops recorded in each write cycle were moni-

tored: the magnitudes of the remanent polarization |P
r
| and the coercive field |E

c
|.

The remanent polarization P
r
 is a vector quantity that retains its value in a ferroelectric capac-

itor after the electric field is removed; its change under repeated field application characterizes 
the polarization fatigue of the material.

The coercive field E
c
 corresponds to the electric field that must be applied to the crystal to 

reverse the sign of the polarization.
Based on the measurement results, we plotted the positive and negative components of E

c
 and P

r
 

as functions of the number of write cycles for the different sequence configurations.
Analysis of the obtained dependences makes it possible to assess the effect of the pulse sequence 

configuration on the processes occurring in the ferroelectric film.

Methods

Sample preparation. The object of study was an epitaxial PbZr
0.3

Ti
0.7

O
3
/LaSr

0.7
Mn

0.3
O

3
 

(PZT/LSMO) heterostructure grown on a SrTiO
3
 (STO) substrate by pulsed laser deposition. The 

PZT and LSMO layers (the latter serving as the bottom electrode) were 60 and 50 nm thick, respec-
tively. The fabrication procedure is described in more detail in [10], where it is given for a similar 
sample. Gold electrodes 60 nm thick were deposited onto the film (Fig. 1,а). To improve adhesion 
of the contact, a 4.8-nm chromium interlayer was deposited between the film and the electrodes.

Measurement details. The triangular pulses of the control field had an amplitude of ±8 V and 
a duration of 0.02 s. The choice of the triangular shape was dictated by the results in [11], where 
such writing pulses were used for slow cycling at a very low frequency.

The measurements were performed in series of 50 write cycles with 2-minute pauses between 
the series. The objective in the first stage of the study was to examine the polarization properties 
of the ferroelectric film over a small number of switching cycles (on the order of 103 write cycles), 
so as to focus on the film behavior in the absence of fatigue signs [3].

A ferroelectric hysteresis loop was recorded in each write cycle using the Sawyer–Tower 
method [12]. This method consists in measuring the charge of a reference capacitor series-con-
nected to the sample. The measurement circuit was modified within the framework of the dou-
ble-wave method [13, 14] to eliminate the dielectric and conductive contributions, which would 
otherwise distort the results. Fig. 1,b shows an example of a hysteresis loop recorded in each 
cycle, along with the approach used to determine the parameters of the P

r
 and E

c
 vectors.

The positive (E
c
+) and negative (E

c
–) components of the coercive field E

c
 are defined as the 

electric field at which the remanent polarization reaches half the value of the corresponding P
r
 

components (P
r
+ and P

r
–).

a) b)

Fig. 1. Photograph of electrodes deposited on the film (a); 
example of ferroelectric hysteresis loop measured in each write cycle (b); 

P
r
+, P

r

– are the remanent polarization components; E
c
+, E

c
– are the coercive field components
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Results and discussion

Fig. 2 shows the coercive field components as functions of the number of write cycles N for 
the two pulse sequence configurations. The vertical dashed line marks the point at which the 
pulse sequence configuration was changed. The differences between the measurement series, each 
consisting of 50 write cycles, are apparent from the plots. The coercive field components E

c
+ and 

E
c
– change only slightly for both pulse sequence configurations during cyclic switching, whereas 

jumps in |Е| are observed after pauses between measurements. The amplitude of these jumps can 
reach 10% or more of the initial values.

Analyzing the dependence |Е
с
|(N), we can conclude that the effect of the pulse sequence con-

figuration on Е
с
 manifests itself as a correlation between the polarity of the last applied pulse and 

the amplitude of the jump in Е
с
 after a pause between measurements.

If the preceding measurement series ended with pulses of negative polarity, then the amplitude 
of E

c
+ increased noticeably after the pause, while that of E

c
– decreased, and vice versa.

Taking into account the physical meaning of the coercive field Е
с
, this observation can be 

interpreted as follows: the polarity of the final writing pulse creates conditions under which 
domains whose dipole moments are oriented along the pulse direction become stabilized in the 
ferroelectric crystal.

Fig. 2. Coercive field components Е
с
 as functions of the number 

of write cycles for the two pulse sequence configurations 
(the vertical dashed line marks the point at which the configuration was switched)

Fig. 3. Remanent polarization components P
r
 as functions of the number 

of write cycles for the two pulse sequence configurations
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Fig. 3 shows the remanent polarization components P
r
 as functions of the number of write 

cycles. As in Fig. 2, the experimental points belonging to individual measurement series are well 
distinguishable, and the pauses between the series are accompanied mainly by minor drops in |P

r
|. 

However, unlike the dependence |Е
с
|(N), changing the pulse sequence configuration from “two 

positive–two negative” to “two negative–two positive” has no qualitative effect on the behavior 
of |P

r
|(N).

Conclusion

This study was conducted to evaluate how the configuration of switching pulses affects the 
remanent polarization and coercive field in a thin epitaxial lead zirconate titanate film. The 
analysis showed that the polarity of the final pulse applied to the film in a series of write cycles 
influences the jump in |Е

с
|, creating favorable conditions for stabilizing domains whose dipole 

moments are aligned with the pulse polarity. No correlations were found between the polarity of 
this pulse and the sign of remanent polarization after the measurements were resumed.

We plan to further develop the approach proposed in this paper. One direction for future work 
is to gradually bring the writing parameters closer to those used in practical data storage devices, 
namely, by increasing the number of write cycles and reducing pulse duration.
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Abstract. In the paper, the results of numerical modeling of the formation and propagation 
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Аннотация. Представлены результаты численного моделирования распространения 
вихревых облаков, сформированных импульсной турбулентной плавучей струей, 
для числа Рейнольдса Re = 1,5·104, параметра P = 3,65 и числа Грасгофа Gr = 
3,9·105. Была принята модель трехмерного турбулентного течения, описываемого 
нестационарными уравнениями Рейнольдса. Угол между направлениями подачи струи 
и гравитационной силы α варьировался в диапазоне от 0° до 180°. Движение вихревого 
облака прослеживалось вплоть до момента, когда максимальное значение скорости 
в облаке становилось равным 3,5% от входной скорости. Для различных значений α 
получены степенные зависимости, описывающие распространение вихревого облака 
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Introduction
Turbulent jet flows are common in nature and in engineering, arising when a liquid or gas 

is discharged through an opening due to an applied pressure difference. The dynamics of tur-
bulent jets have been studied experimentally and theoretically for many years [1, 2]. The find-
ings are essential for a wide range of applications, including the design of ventilation systems, 
where supply jets govern air distribution, heat distribution, humidity, and contaminant concen-
tration [3]. Heat sources also affect air distribution in practical scenarios of indoor ventilation; 
in some cases, their effect is comparable to that of the supplied air, and free convection devel-
ops under their influence [4].

Air in indoor ventilation systems is typically supplied at a constant flow rate. Most stud-
ies of ventilation flows have focused on the behavior of turbulent jets under steady inlet 
conditions. As requirements for air quality and thermal comfort become more stringent, 
new technical solutions are proposed. One such solution is to supply air at a variable flow 
rate, either gradual or intermittent. It is assumed that unsteady air supply could improve 
ventilation efficiency under certain conditions [5]. The effects of unsteady mechanisms for 
air supply are discussed in detail in the review [6], summarizing the available studies and 
technical solutions and concluding that the fundamentals of unsteady ventilation require 
further investigation.

This paper addresses a model problem of a single pulsed discharge of fluid into a quies-
cent environment. The vortex ring [7–9] is one of the best-known flows produced by a pulsed 
discharge. In addition to vortex rings, pulsed discharges can generate puffs and unsteady jets, 
depending on the duration and velocity of the discharge. According to [8], the vortex structures 
formed by a pulsed jet are characterized by the dimensionless parameter

P = (L
0
/d)1/3,

where d is the diameter of the orifice through which the jet is supplied, L
0
 is the piston stroke 

length (L
0 
= V

0
t
0
), t

0
, V

0
 are the duration and the velocity of the jet discharge.

The parameter P can be interpreted as a characteristic length of the volume added by the pulsed 
jet to the ambient environment, divided by the orifice diameter. Turbulent puffs (or turbulent vortex 
clouds) form at 1.6 < P < 8. Vortex rings appear at smaller P; unsteady jets develop at larger values.

Experimental modeling of turbulent puffs [10, 11] was based on a technique involving repeated 
pulsed discharges and ensemble averaging of the monitored puff parameters. This approach has 
made it possible to establish several important self-similar properties of turbulent puff propagation 
over time, predicted theoretically in [7].

A numerical study in [12] considered the formation and motion of turbulent puffs under iso-
thermal conditions, using an axisymmetric formulation. The study showed that the flow during a 
pulsed jet discharge can be divided into two phases: an initial phase, including jet discharge and 
puff formation, and a subsequent self-similar phase, where the velocity profiles within the fully 
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developed puff remain similar to each other at successive time points. The durations of these 
phases were determined. Later, numerical simulation of a pulsed gas–droplet jet in an axisym-
metric formulation was carried out in [13], finding that the flow structure resembled that of sin-
gle-phase flow for the range of governing parameters considered.

The experiments reported in [10] examined in detail the motion of vortex structures at a dis-
tance from the discharge source (the self-similar phase). The position of the turbulent puff was 
found to follow a power-law dependence for isothermal conditions: AtB, where B = 0.25. The puff 
velocity also varied over time following a power-law dependence, with an exponent B = –0.75. 
The parametric simulations in [12] were also approximated by these power-law dependences.

Unlike [12], our paper reports on numerical simulations of non-isothermal flow generated by 
a single pulsed buoyant jet discharged into a quiescent environment. We carried out a parametric 
investigation into the influence of the angle between the jet direction and the gravity vector on 
the structure of the resulting vortex flow.

Problem statement and computational procedure

Similar to the problem statement in our earlier paper [12], here we consider the flow of an 
incompressible fluid (air) in a half-space bounded by an impermeable solid wall (Fig. 1); however, 
the problem is now treated as three-dimensional.

Circular orifice 1 of diameter d (set to d = 0.05 m in the dimensional formulation) is 
located on the wall; a pulsed air jet is discharged through it normal to solid surface 2. The 

coordinate origin is located at the orifice 
center, with the z-axis directed into the 
domain normal to the bounding wall. 
The flow is assumed symmetric with 
respect to the mid-plane of the inlet ori-
fice, so a symmetry condition is applied 
at the boundary 3 (x = 0). The remaining 
boundaries of the computational domain 
(4) are open (permeable). The dimen-
sions of the computational domain are 
24d × 101d × 120d.

The fluid is at rest at the initial 
time t = 0, and its temperature T

a
 is 

assumed uniform. During the period 
0 ≤ t ≤ t

0
, fluid is discharged through 

the orifice at a constant velocity V
0
 and 

temperature T
0
. The following parameter 

values were adopted for simulations in the 
dimensional formulation:

V
0
 = 4.28 m/s, t

0
 = 0.57 s, 

ΔT = T
0
 – T

a
 = 20 K, T

a
 = 293 K.

Buoyancy effects were taken into 
account in the Boussinesq approximation: 

the value of βΔT (β is the thermal expansion coefficient) is less than 0.07. The angle α between 
the jet direction and the gravity vector (see Fig. 1) was varied from 0° to 180° (at α = 0°, the 
jet was discharged in the direction of the gravity vector). Additional coordinate axes (x′, y′, z′) 
were introduced for further data processing, with x′ = x, and the y′-axis directed opposite to 
the gravity vector.

The problem is governed by three dimensionless parameters:

Reynolds number Re = V
0
d/ν = 10·1.54,

parameter P = (V
0
t
0
/d)1/3 = 3.65,

Grashof number Gr = gβd3ΔT/ν2 = 10·3.95.

y
z x

g

V0, T0 1

2
3

4

α

120d

24d

d

71d

24d

Ta

y'
z' x

Fig. 1. Schematic diagram of computational domain: 
inlet orifice 1, wall 2, symmetry plane 3, permeable 

boundary 4; 
d is the diameter of the inlet orifice; α is the angle between 

the jet direction and the gravity vector; the values of the 

parameters V
0
, T

0
, T

a
 and α are given in the text; g is the 

gravitational acceleration
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Note that these parameters were determined from the values of the quantities during the 
discharge phase. At this stage, the Richardson number Ri = Gr/Re2 was much less than unity, 
indicating predominantly forced convection. In later phases, as the characteristic velocity of the 
turbulent puff decreased, Ri values approached unity.

The simulations were run with a quasi-structured computational mesh containing 540,000 
cells. An О-type grid topology was used for spatial discretization, with refinement near the 
orifice along both radial and axial directions; 44 cells were placed along the circumferential 
direction of the orifice and 22 along the radial direction. A mesh sensitivity study was carried 
out, showing that doubling the number of cells in each direction only slightly changed the char-
acteristics of the vortex structures, so the solution obtained with the base mesh was assumed to 
be mesh-independent.

The problem was solved numerically in the ANSYS Fluent CFD package; the computa-
tional resources of the Polytechnic Supercomputer Center (scc.spbstu.ru) were used. Unsteady 
turbulent flow and heat transfer were simulated by solving the unsteady Reynolds-averaged 
Navier–Stokes (URANS) equations. The standard k–ε turbulence model was applied for 
closure. Constant values of turbulent viscosity (ν

t0
/ν = 10) and turbulence intensity (I

0
 = 5%) 

were set at the inlet; these were converted into inlet values of k and ε in the code. These 
conditions correspond to a moderate turbulence level near the orifice. The turbulent Prandtl 
number was set to 0.9. Second-order spatial and temporal discretization schemes were used. 
The time step was 0.086V

0
/d. The total simulation time was about 3,000 convective time 

units t′ = tV
0
/d.

Motion and parameters of the turbulent puff

The motion of the vortex structure generated by the pulsed jet is illustrated for the case with 
an angle between the jet direction and the gravity vector α = 120°. The flow structure resembled 
that described in [10] during the initial phase of puff formation and propagation (for t′ < 80), due 
to the predominant role of forced convection. The contribution of natural convection becomes 
noticeable for t′ > 80. Accordingly, analysis of the flow structure in this paper focuses on the main 
phase in the propagation of the turbulent puff, after the puff has fully developed.

Fig. 2 shows the fields of velocity magnitude, vorticity magnitude, and temperature at three 
points in time after the start of the pulsed jet discharge: t′ = 86, 600, and 2910. The velocity val-
ues are normalized by the maximum velocity magnitude at each time point, |V

c
|. The center of 

the puff is taken as the point С (0, y
c
, z

c
), where the velocity magnitude reaches its maximum at 

that time. The vorticity magnitudes are normalized by the maximum vorticity at that time, Ω
max

. 
The temperature θ = (T – T

a
)/(T

max
 – T

a
) is normalized by the difference between the maximum 

temperature within the puff at that time, T
max 

, and the ambient temperature.
As seen from the vorticity field, the vortex structure at t′ = 86 is elongated in the direction of 

jet discharge, but its shape gradually approaches a sphere (see Fig. 2,а). Elevated Ω values are 
localized in a region roughly 8d × 8d × 10d in size. The center of the puff only slightly deviates 
from the jet axis (it is at a distance less than d from the axis). By this point in time, the maximum 
velocity has dropped by about 75% relative to the discharge velocity V

0
, and the temperature dif-

ference (T
max

 – T
a
) has dropped by 78% relative to the initial difference (T

0
 – T

a
).

At t′ = 600, the characteristic dimensions of the puff grow to about 15d × 15d × 15d, while the puff 
noticeably deviates from the initial direction: the velocity maximum is located at about 5d from the 
jet axis (see Fig. 2,b). The vorticity fields are asymmetric relative to the center of the vortex structure: 
the values in the lower part of the puff are larger than in the upper part. By this time, the strength 
of the puff is considerably weakened: the maximum of the velocity magnitude |V

c
| is about 5% of the 

velocity V
0
, and the temperature difference is less than 3% of the initial value.

By the time t′= 2910, the dimensions of the puff increase by roughly another factor of two 
in each direction, reaching about 30d × 30d × 30d (see Fig. 2,с). The flow activity continues 
to decay: the streamwise and cross-stream velocity components are comparable and do not 
exceed 2% of the inlet velocity. A thermal wake trailing behind the puff can be seen in the fields, 
moving even more slowly and essentially separated from the puff.

We should note that further evolution of the puff up until it stops completely cannot be reliably 
simulated by the URANS approach; eddy-resolving methods would be required to simulate the 
decay phase of turbulent flow, which is beyond the scope of this paper.
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Fig. 3 shows the evolution of the puff position over time and in space. Observation of the puff 
center position (solid line) starts when the center is located about three orifice diameters (3d) 
from the inlet orifice (t′ ≈ 50). After the puff is fully formed, when the point z

c
 has moved rap-

idly away from the source (at t′ > 100), the trajectory curve of the puff center (see Fig. 3,а, the 
dependence y

c
(z

c
)) begins to deviate from the jet direction; the function y

c
(z

c
) is close to cubic up 

to t′ values on the order of 103.
The dependence z

c
(t) follows a power law with an exponent of 0.35 in the interval 100 < t′ < 1000; 

notably, the exponent in the self-similar phase should be equal to 0.25 for the propagation of 
an isothermal puff (according to [10]). Some deviation from these power-law dependences is 
observed for larger t′ (t′ > 1000), i.e., during the slow decay phase (low drift velocity). The puff 
center deviates substantially over the simulation period: the final position (the fields shown in 
Fig. 2,c) corresponds to the point (0, 27d, 60d).

a) b)

Fig. 3. Evolution of the position in maximum of vortex cloud velocity in space (a) 
and over time (b). Dashed lines mark the approximating functions

a) b) c)

Fig. 2. Calculated fields of velocity magnitude (top row), 
vorticity magnitude (middle row), and temperature (bottom row) 

at three time points t′: 86 (a), 600 (b), and 2910 (c). Case α = 120°
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Fig. 4 shows the evolution of the maximum velocity magnitude |V
c
|(t), as well as its streamwise (V

c,z
(t)) 

and cross-stream (V
c,y
(t)) components. The dashed lines in Fig. 4,а characterize the variation of |V

c
|(t) fol-

lowing the power-law dependences with exponents of –0.75 and –0.40. Unlike the isothermal case [10], 
where the behavior of V

c
(t) in the self-similar phase follows a power-law dependence with a fixed expo-

nent of –0.75, this behavior is only observed for the pulsed buoyant jet in the interval 100 < t′ < 600, 
when the streamwise velocity is much larger than the cross-stream component (see Fig. 4,b). The values 
of V

c,z
(t) and V

c,y
(t) approach each other at larger t′, and the curve of the maximum velocity magnitude 

|V
c
|(t) deviates from the earlier trend, following a new power-law dependence with an exponent of –0.4.

Fig. 5 characterizes the time evolution of the characteristic temperature within the puff, show-
ing the data for the normalized maximum temperature

θ
max

 = (T
max

 – T
a
)/(T

0
 – T

a
),

i.e., the temperature difference (normalized by the initial difference T
0
 – T

a
) between the instan-

taneous maximum temperature in the puff and the ambient temperature T
a
.

Over the time interval considered, the dependence θ
max

(t) follows a power law with an expo-
nent of –1.03. At t′ ≈ 1400, the maximum temperature difference T

max
 – T

a
 amounts to 1% of the 

initial value of T
0
 – T

a
.

The maximum velocity magnitude in the puff decreased less dramatically, to 3.5% of the jet 
velocity. It is worth repeating that analysis of further propagation of the puff, with predominant 
natural convection, lies beyond the scope of this paper.

a) b)

Fig. 4. Time evolution computed for maximum velocity magnitude of vortex cloud (a); 
its streamwise and cross-stream components (b)

101 102 103 104
10-3

10-2

10-1

100

θmax

t'

Fig. 5. Time evolution of maximum temperature in the vortex cloud
The dashed line marks the approximation of a segment of the dependence by a power-law function

θ
max

 

t′
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Propagation of the puff as a function of pulsed jet direction

This section presents the results of parametric simulations for 7 cases that differ in the angle α 
between the jet direction and the gravity vector (the angle α was varied from 0° to 180° in steps of 
30°). For each case, we considered time samples up to t′ < t′

3.5%
, where t′

3.5%
 is the time when the 

maximum velocity magnitude |V
c
| drops to 3.5% of the inlet velocity. Depending on the case, t′

3.5%
 

ranged from 340 (α = 0°) to 2·103 (α = °180). Fig. 6,а shows the trajectories of the puff centers 
for all seven cases (curves characterizing the deviation in the position of the velocity maximum) 
in coordinates (x, y′, z′); Fig. 6,b shows the distributions of velocity magnitude at the final time 
point in the sample, t′ = t′

3.5%
. Evidently, the puff propagates along the jet axis for α = 0° and 180°; 

the puff deviates from this axis under the action of buoyancy forces for the other values of α. As 
the angle α increases, the length of the trajectory traveled by the puff up to a given decay level 
gradually increases, and so does the size of the puff (see Fig. 6,b).

a) b)

Fig. 6. Parametric simulations for different angles α: cloud center trajectories (а); 
distributions of velocity magnitude a t′ = t′

3.5%
(b) (see text for details)

a) b)

Fig. 7. Time evolution computed for the position of vortex cloud center for cases 
with different α (angle between the jet and gravity directions)
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Fig. 7 shows the time evolution in the position of the puff center for the seven computational 
cases (the graphs are plotted in coordinates aligned with the jet direction). The family of curves 
z

c
(t), describing puff propagation along the jet direction, is supplemented by two dashed lines 

approximating the limiting power-law dependences (see Fig. 7,а). For α = 0°, when the jet is dis-
charged in the direction of gravity, the calculated data are approximated by a power-law depen-
dence with an exponent of 0.25, which corresponds to the isothermal case [12]. In the opposite 
limiting case, when the pulsed jet is discharged upward and gravity accelerates it (α = 180°), the 
computational data are approximated by a power-law dependence with an exponent of 0.42. 
Distinct stratification can be observed in the curves y

c
(t) in Fig. 7,b, characterizing the deviation 

of the puff from the jet direction: the largest deviation occurs when the jet is discharged perpen-
dicular to the gravity vector (α = 90°). The plots for α = 60° and 120°, describing the gradual 
deviation of the puff center, lie slightly below this curve. The difference between the curves plot-
ted from the data for α = 30° and 150° is more pronounced: in these cases, the puff drifts away 
from the axis more slowly.

Fig. 8 shows the curves characterizing the decay of the maximum velocity and normalized 
maximum temperature over time. As in Fig. 7,а, the families of curves are supplemented by 
dashed lines approximating the limiting power-law dependences (for α = 0° and α = 180°). The 
puff decelerates most rapidly for α = 0°, which is unsurprising: buoyancy exerts a significant 
braking effect. The evolution of V

c
(t) in this case follows a power-law dependence with an expo-

nent of –1.3. In contrast, buoyancy weakens the deceleration of the puff for α = 180°, and V
c
(t) 

decays over time with an exponent of –0.4. The differences in the decay of the characteristic puff 
temperature between the cases are less pronounced: all curves lie close to each other, and the 
exponents range from –0.996 for α = 0° to –1.100 for α = 180°.

Conclusion

This study reports on the results from three-dimensional URANS simulations of non-isothermal 
flow generated by a single pulsed buoyant jet discharged into a quiescent environment. Forced 
convection dominated during the initial phase of turbulent puff formation and propagation, which 
lasted for less than 100 dimensionless time units. Natural convection made a substantial contri-
bution at longer times.

Analysis of the flow structure focused on the main phase of puff propagation continuing up to 
the time when the maximum velocity magnitude |V

c
| dropped to 3.5% of its inlet value.

Parametric simulations where the angle α between the jet and gravity directions was varied 
from 0° to 180° showed that the discharge direction of the pulsed buoyant jet strongly affects 
both the propagation trajectory of the puff and its decay rate. The dependence describing the 

a) b)

Fig. 8. Time evolution of normalized maximum velocity (a) 
and normalized maximum temperature (b) for cases with different angles α

The dashed lines mark power-law approximations for the limiting cases (α = 0° and α = 180°)
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propagation of the puff along the jet direction follows a power law, with the exponent ranging 
from 0.25 (corresponding to the isothermal case) to 0.42, depending on the discharge direction.

The decrease in the maximum velocity within the puff over time is also approximated by 
a power law, with exponents between –1.3 and –0.4.

The decrease in the characteristic temperature within the puff is less sensitive to α (the angle 
between the jet and the gravity directions): the exponent is close to –1 for all cases considered.

Future research will focus on the behavior of vortex structures at different values of the param-
eter P, in particular, adopting scale-resolving simulation approaches.
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Abstract. The paper presents the results of numerical simulation of fluid flow in a rectangular 
room when fluid is supplied from two opposing slotted holes. The Reynolds number (Re) based 
on the height of the supply opening was varied from 20 to 140. For the given ratio of the lengths 
of the sides of the room, intensive self-oscillations developed due to instability arising when 
the supply jets interacted at Re ≥ 50. Already at a value of Re = 100 the flow became chaotic 
with a continuous frequency spectrum. The Strouhal number values corresponding to the main 
frequency of the oscillations depended weakly on Re and were approximately 3·10–3.
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Аннотация. Представлены результаты численного моделирования течения жидкости 
в прямоугольном помещении при ее встречной подаче через два щелевых отверстия. 
Число Рейнольдса Re, построенное по высоте приточного отверстия, варьировалось 
в диапазоне от 20 до 140. Для рассмотренного соотношения длин сторон помещения, 
при Re ≥ 50 развиваются интенсивные автоколебания вследствие неустойчивости, 
которая проявляется при взаимодействии приточных струй. Уже при значении Re = 100 
течение приобретает хаотический характер со сплошным спектром частот. Значения 
числа Струхаля, соответствующие основной частоте колебаний, слабо зависят от Re и 
составляют примерно 10·3–3.
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Introduction
When turbulent jet flows with a continuous frequency spectrum propagate in confined spaces, 

stable, statistically steady large-scale self-oscillations can develop [1]. The interaction of the jets 
with each other and with solid walls, including the conditions under which self-oscillating flow 
regimes can evolve, have been extensively studied in the context of jet control systems for pneu-
matic automation devices [2]. Low-frequency self-oscillations can also occur when air jets prop-
agate in ventilated rooms. For instance, the behavior of self-oscillations in a ventilation system 
designed for a university lecture hall was considered in a combined computational and experi-
mental study [3], analyzing air distribution in a real room whose geometry included a number of 
small-scale features, with ventilation provided by four standard fan coil units (a total of 16 supply 
sections). For such a complex configuration, it is challenging to analyze the causes of self-oscil-
lations and to draw definitive conclusions.

The literature on this topic includes a number of studies that discuss the possible causes and 
conditions for sustaining stable self-oscillations in simplified configurations, with simplifications 
made in both geometry and jet supply method. For example, the interaction of free shear layers 
with simplified impingement configurations was analyzed in [4]. The experimental study in [5] 
reported on the propagation of a plane jet in a rectangular cavity, suggesting that secondary back-
flow plays a significant role in the development of self-oscillations by influencing the jet behavior 
in a confined space. Experimental studies of a round jet propagating in a model configuration 
typical of casting processes [6, 7], supplemented by subsequent numerical studies [8, 9], led to 
certain conclusions about the conditions required for self-oscillating flow regimes. Such a regime 
can be achieved with an extended open cavity on the surface of the confined space, providing 
some freedom for the fluid to flow in or out of the surrounding environment.

These conditions are, of course, not typical for ventilated rooms. Nevertheless, it was precisely 
these conditions in the test experiment described in [10, 11] that made it possible to observe the 
development of self-oscillating flow regimes. The model room where the plane jet propagated in the 
studies was a rectangular ventilated cavity with extended openings on the end wall. Low-frequency 
self-oscillations of a plane jet for this geometric configuration were reproduced and analyzed 
in detail using two-dimensional (2D) and three-dimensional (3D) unsteady Reynolds-averaged 
Navier–Stokes (URANS) simulations, as well as large eddy simulation (LES) [11–13].

Unsteadiness in jet flow observed for a propagating single jet is even more likely to occur when 
multiple jets interact (as demonstrated in our paper [3]). For example, an experimental study 
[14] found that the flow generated by two plane jets discharged toward each other in free space 
(away from the top and bottom walls of the cavity) was inherently unstable: the pressure field was 
periodically rearranged, alternately displacing the jets upward and downward. Stable self-oscil-
lations also occur when two opposing near-wall plane jets are discharged toward each other: the 
oscillatory nature of jet interaction was established experimentally and numerically for rectangular 
cavities (model rooms) with various geometric parameters (see [15] and [16], respectively).

The interaction of opposing ceiling jets is characteristic for ventilation systems in passenger air-
craft cabins. The flow structure under conditions typical of such ventilation systems was investigated 
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numerically and experimentally in [17–19]; pronounced self-oscillations were detected in all 
cases. The computational domain in [17, 18] approximated an aircraft cabin model with obsta-
cles, which complicated direct analysis of jet flow. The experimental study [19] adopted several 
simplifications (flat walls and no obstacles), but a radically simplified formulation, proposed in 
the numerical study [20], appears more suitable for parametric simulations. In that formulation, 
two slotted supply openings were placed symmetrically on opposite end walls near the ceiling, 
and two slotted exhaust openings were placed symmetrically near the floor in a rectangular room.

The geometry and flow rate through each supply opening used in [20] correspond to the 
Nielsen test case, which is well-recognized in ventilation research [21, 22]. According to this test 
case, an air jet is supplied from a slot located near the ceiling. The experimental data from the 
Nielsen test case are still widely used for validation of numerical results (see, for example, the 
2025 study [23]; our 2020 paper [24] provides a fairly comprehensive review of the literature on 
this topic, as well as a reference to the open-access experimental database).

The main focus in [20] is on the patterns in the unsteadiness induced by air supply with a 
rapidly varying flow rate. However, we can assume based on the results from [15, 16] that the 
interaction of opposing jets should excite strong low-frequency self-oscillations due to hydrody-
namic instability even under steady boundary conditions (at a constant flow rate). This important 
issue is not addressed in [20].

The goal of the present study is to analyze the conditions leading to the development of 
self-oscillations when opposing jets interact in a model room (cavity).

The relative dimensions of the room and the positions of the supply/exhaust openings corre-
spond to the problem formulation adopted in [20].

Problem statement

We consider fluid flow in a rectangular room with the dimensions 3H × H × H (Fig. 1). Fluid 
is supplied through slotted openings with the height h

in
 = 0.056H, located on the two opposing 

end walls near the ceiling. Supply ducts of length H are attached to these openings. The fluid 
leaves the room through exhaust openings with the height h

out
 = 0.16H, placed on the same walls 

near the floor. The computational domain also includes exhaust ducts of length H attached to the 
exhaust openings. The widths of the supply and exhaust ducts equal the width of the room. The 
coordinate origin is at one of the lower corners of the room; the x-axis is directed longitudinally, 
and the y-axis is directed vertically.

Uniform profiles of velocity V
0
 are 

applied at the inlet faces of the supply ducts 
(labeled Inlet-1 and Inlet-2 in Fig. 1). A 
pressure outlet boundary condition (a fixed 
constant pressure) is applied at the outlet 
faces of the exhaust ducts (Outlet-1 and 
Outlet-2). All other boundaries are imper-
meable walls with no-slip conditions.

A system of unsteady Navier–Stokes 
equations is solved numerically for flow 
of an incompressible fluid with constant 
physical properties. The flow in the cav-
ity is characterized by Re = h

in
V

0
/ν, con-

structed from the height of the supply slots 
and the average inlet velocity. We con-
sidered Re numbers from 20 to 140. This 
range allows performing simulations in 
the formulation excluding the uncertainty 
associated with turbulence models. The 
range was chosen to be roughly two orders 
of magnitude lower than the Re number 
used in [20–22] (Re = 5.5·103), which 

corresponds to full-scale ventilation conditions. Our reduced Re values can be interpreted as 
effective Re numbers constructed from the characteristic level of turbulent viscosity generated 

Inlet-2

Inlet-1

Outlet-1

Outlet-2

3H
H

hin

x
z 

y

Vx < 0

Vx > 0

H

hout

H

H

Fig. 1. Geometric model of computational domain:
two isosurfaces of velocity V

x
 > 0 and V

x
 < 0 illustrate 

the flow structure at Re = 60; the heights of the supply 

openings (h
in
) and exhaust openings (h

out
) are shown, along 

with the supply and exhaust ducts (whose boundaries are 

labeled Inlet-1, Inlet-2 and Outlet-1, Outlet-2); 

the outlined arrows mark the directions of the jets
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by the turbulence model in the mixing layer at full-scale Re value. We should also note that the 
Re number constructed from the room height H takes values in the range of (0.36–2.50)·103 for 
the cases considered (for example, H was used to determine Re values in [15]).

Parametric simulations in the considered Re range were performed on a single mesh of 860,000 
cells, refined toward the supply and exhaust openings. A mesh sensitivity study was carried out for 
Re = 60 (unsteady flow) using meshes of 50,000, 370,000, and 860,000 cells. The time-averaged 
fields showed weak mesh dependence already for the 370,000-cell mesh: the distributions of average 
velocity obtained on meshes with 370,000 and 860,000 cells were nearly identical. Since the upper 
bound of the considered Re range is higher, we chose to use the mesh with the largest number of cells.

The simulations were performed in the ANSYS Fluent CFD package (version 2022R1) imple-
menting the finite volume method. The following numerical options were selected. Convective 
fluxes through cell faces were computed using a second-order upwind scheme. An implicit 
second-order scheme was used for time advancement. The time step was set to 0.15h/V

0
. To 

obtain time-averaged flow parameters, samples were accumulated over durations exceeding 
10,000 convective time units (h/V

0
). The computations were performed using the resources of the 

Polytechnic Supercomputer Center (scc.spbstu.ru).

Computational results and discussion

The evolution of the flow structure with increasing Re is represented in Fig. 2, showing the 
distributions of velocity magnitude in the vertical midplane of the room (z = H/2) and the vertical 
velocity component in the horizontal midplane (y = H/2).

At low Re (Re = 20 for row I, Re = 40 for row II), the solution in the unsteady formulation 
converged to a steady state. The jet throw is small in this Re range: as the jets gradually descend 

a) b)

Fig. 2. Computational distributions of velocity magnitude in vertical midplane z = H/2 (a) 
and vertical velocity component in horizontal midplane y = H/2 (b) 

(the planes are shown in the schematics above) for different Re: 20 (I), 40 (II), 60 (III), and 100 (IV) 
The solution is steady for rows I and II and unsteady for rows III and IV, 

so the distributions are given for time-averaged quantities
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toward the floor, they turn 180° at a short distance from the supply opening, and the fluid flows 
toward the corresponding exhaust openings. As Re increases, the jets penetrate deeper into the 
cavity, but the flow remains steady as long as they do not interact with each other.

Analyzing the data in Fig. 2, we can conclude that steady flow is essentially 3D in both cases, 
even though the jets considered are nominally plane. This is evident from the curvature of the 
vertical velocity fields in the horizontal midplane. This indicates an extended region of side wall 
influence in the spanwise direction due to significant viscous effects. The steady flow is symmetric 
in the longitudinal direction about the midplane x = 1.5H.

With a further increase in Re, the jet throw grows gradually; the jets reach the center of the 
room and begin to interact. The structure formed by the two opposing jets loses stability and the 
flow becomes unsteady. Accordingly, Fig. 2 shows time-averaged velocity fields for Re = 60 and 
100 (rows III and IV). Already at Re = 60, a quasi-periodic flow is observed (the structure has 
several characteristic frequencies). This is evidenced by the instantaneous velocity fields shown in 
Fig. 3, as well as by the time evolution of velocity components at the monitoring points (Fig. 4,а). 
All the data presented correspond to the statistically steady regime (the portion of the sample 
where the average values are independent of time).

Instantaneous velocity fields for the unsteady regime at Re = 60 are shown in Fig. 3 for four 
time points covering one oscillation period T (see Fig. 4,а). The evolution of the velocity fields 
over time demonstrates intense interaction between the jets. The opposing plane jets retain a 
two-dimensional structure only in the initial stage of motion, deflecting toward one of the two 
side walls in the central part of the room. At time t = T/4 (midplane x = 1.5H), the flow in 
the right part moves in the positive direction of the x-axis, while in the left part it moves in the 
negative direction (row II in Fig. 3,b). The directions are reversed at time t = 3T/4 (see Fig. 4): 
the flow in the right part moves in the negative direction, and the flow in the left part in the 
positive direction (row IV in Fig. 3,b). The alternating reversal of regions with opposite flow 
directions is accompanied by periodic deformation of the downward flow, which rotates about a 
vertical axis, as clearly seen from comparing rows II and IV in Fig. 3,а. The upward flow at the 
periphery of the room also exhibits strong unsteadiness: the maxima of positive vertical velocity in 
the secondary flow periodically shift from one corner to the opposite one (see Fig. 3,а).

a) b) c)

Fig. 3. Instantaneous distributions of vertical (а) and longitudinal (b) velocity components; 
velocity component in three room midplanes (с) at successive times t: 

0 (I), T/4 (II), T/2 (III), 3T/4 (IV);
T is the oscillation period; P

1
–P

3
 are monitoring points; Re = 60
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Thus, the instantaneous velocity fields demonstrate an essentially three-dimensional nature of 
the unsteady flow; this is further illustrated by the instantaneous isosurfaces of longitudinal veloc-
ity (see Fig. 1). The time-averaged flow pattern is fairly uniform in the spanwise direction z; the 
degree of uniformity increases with increasing Re, as follows from comparing the averaged vertical 
velocity fields in the y = H/2 plane for Re = 60 and 100 (see Fig. 2). The jets in the time-averaged 
flow collide in the central part of the room, descending toward the floor together, where the flow 
is divided again and moves along the floor to the exhaust openings. The time-averaged patterns at 
Re = 60 and 100 are a logical continuation of the steady patterns at lower Re.

Fig. 4 shows the plots reflecting the time evolution of the longitudinal and vertical velocity 
components at three monitoring points P

1
–P

3
 for Re = 60 and 100. The points lie at the inter-

section of the vertical midplanes (z = H/2 и x = 1.5H), i.e., along the centerline of the room, at 
different heights:

point P
1
 is located at half the distance of the supply opening from the ceiling (y = H – h

in
/2),

point P
2
 is located at the center of the room (y = H/2),

point P
3
 is located at half the distance of the exhaust opening from the floor (y = h

out
/2).

The fundamental oscillation period T is taken as the time scale in the plots. The value of T for 
each case was estimated from the power spectral density of velocity fluctuations.

It follows from the data in Fig. 4 that the flow regime at Re = 60 can be regarded as quasi-pe-
riodic, with nearly complete repeatability of the velocity fluctuations over successive oscillation 
periods, despite the presence of several frequencies. The power spectrum shows a pronounced 
fundamental frequency; the corresponding Strouhal number Sh = h

in
/TV

0
 equals 2.5·10–3. Intense 

fluctuations are detected at the central point, especially pronounced in the plot for the evolution 
of the V

x
 component; the alternating sign of the longitudinal velocity component reflects the peri-

odic reversal of the flow direction along the x-axis. Even though point P
1
 is relatively close to the 

ceiling, noticeable fluctuations of the vertical velocity component are detected there. Two max-
ima and two minima occur within one oscillation period T, indicating the alternating influence 
of the jets from opposite supply openings on the flow at that point. The fluctuation amplitude at 
point P

3
, located in the low-velocity region, is about an order of magnitude lower than at points 

P
1
 and P

2
.

The velocity fluctuations at the monitoring points become random at Re = 100 (see Fig. 4,b). 
The self-oscillations become significantly more intense: the deviation of the longitudinal velocity 
component at the central point from its average (zero) value reaches 0.3V

0
. Notably, at this point 

the average vertical velocity component V
y
 also increases in magnitude, which corresponds to a 

narrowing of the central region with downward flow in the time-averaged flow pattern (see Fig. 2). 
The fluctuation intensity also increases in the low-velocity region (monitoring point P

3
).

Vx/V0

Vy/V0

Vx/V0

Vy/V0

P1

P2

P3

a) b)

t/T0 1 2 3
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0
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-0.2
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a) b)

Fig. 4. Time evolution of longitudinal (V
x
) and vertical (V

y
) velocity components 

at three monitoring points P
1
–P

3
 for Re = 60 (а) and Re = 100 (b)
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The spatial distribution of velocity fluctuation intensity for the same unsteady regimes (Re = 60 
and 100) is shown in Fig. 5. The figure presents the root-mean-square (RMS) fields of the V

z
 

velocity component in the vertical midplane z = H/2 and of the V
y
 component in the horizontal 

midplane y = H/2. Both distributions characterize the fluctuation intensity of the velocity compo-
nent normal to the respective plane. It can be seen that fluctuations cover the entire flow domain 
even at Re = 60. The local maxima of V

y
 and V

z
 in the central part additionally indicate intense 

vertical and spanwise oscillations of the downward structure formed by the two jets. Comparable 
fluctuation intensities are also observed in the secondary flow region. Comparison of the spatial 
distributions confirms the significant increase in fluctuations with increasing Re, already inferred 
from the local data (see Fig. 4).

The power spectral density (PSD) of the longitudinal velocity component V
x
/V

0
 at the central 

point P
2
 for Re = 100 is shown in Fig. 6,а. The flow exhibits an almost continuous frequency 

spectrum (the spectrum is discrete for Re = 60) with a pronounced fundamental frequency. The 
Sh number corresponding to the fundamental frequency is Sh = 2.6·10–3, which is only slightly 
different from the value obtained for Re = 60.

Fig. 6,b shows the dependence of the dimensionless fundamental frequency of velocity fluc-
tuations on the Re number for all parametric cases. The vertical dashed line marks the boundary 
between steady (I) and unsteady (II) regimes: in all computational cases, the flow is steady for 
Re ≤ 40, while self-oscillations develop for Re ≥ 50. The dimensionless frequency remains nearly 
constant for the unsteady regimes over the considered Re range. The Sh numbers lie in the range 
of (2.5–3.4)·10–3.

a) b)

Fig. 5. Distributions of RMS values of velocity components V
z
 (а) and V

y
 (b)

for Re = 60 (I) and Re = 100 (II)

a) b)

Fig. 6. Power spectral density of velocity component V
х
 at the central point of the room P

2
 

for Re = 100 (а); dependence of Sh number on Re number for all computed cases (b)
The vertical dashed line indicates the boundary between the steady (I) and unsteady (II) regimes
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Conclusion

This paper reports on the results of three-dimensional simulations of fluid flow in a rectangular 
room with supply through two slotted openings located near the ceiling of opposing end walls, and 
exhaust through two slotted openings near the floor of the same end walls. The unsteady Navier–
Stokes equations were solved numerically for Re numbers (defined using the height of the supply 
slot as the characteristic length) ranging from 20 to 140.

It was found that the flow generated by two opposing plane wall jets becomes unstable as soon 
as the jet throw becomes sufficient for them to interact directly. For the considered aspect ratio of 
the room, the flow is steady for Re ≤ 40, while intense self-oscillations develop for Re ≥ 50. The 
most intense velocity fluctuations occur in the central part of the room, where the downward flow 
combining the two jets rotates about a vertical axis and undergoes periodic deformation.

The fluctuations of the main structure with downward flow extend to the secondary upward 
flow. The unsteady flow rapidly becomes chaotic (already at Re = 100), with a continuous 
frequency spectrum.

A distinct fundamental oscillation frequency is observed over the range of Reynolds numbers con-
sidered, while the corresponding Strouhal number remains nearly constant at approximately 3·10–3.
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Abstract. Supercomputer simulation of several amino acid oligomers using the molecular 

dynamics method has made it possible for the first time to identify a complex of characteristics 
of both intrinsic intramolecular local vibrations, or normal modes, and forced vibrations when 
specifying an alternating electric field in the IR frequency range. Amplitude-time dependences 
of energy and electric dipole moment were obtained for oligomers of Gly, Ala, Trp, Val amino 
acids, the Fourier transform of which revealed their frequency spectra. The type of solvent 
model was shown to significantly affect the position of spectral peaks because of variations in 
local interactions and system dynamics. The interpretation of the obtained patterns made it 
possible to propose a non-contradictory model that satisfied the fundamental physical concepts 
of the intramolecular and intermolecular dynamics of groups of biomolecules. The model 
allows for intramolecular interactions of normal local vibrations, including those of the Fermi 
resonance type.
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Аннотация. Суперкомпьютерное моделирование методом молекулярной динамики 

ряда олигомеров аминокислот позволило впервые выявить для таких частиц 
особенности комплекса характеристик как собственных внутримолекулярных 
локальных колебаний (нормальных мод), так и вынужденных колебаний в растворе 
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при задании электромагнитного поля в дальнем и среднем ИК-диапазонах, а также 
различных алгоритмов структуры растворителя. Для олигомеров аминокислот Gly, 
Ala, Trp, Val и их групп получены амплитудно-временные зависимости энергии и 
электрического дипольного момента, Фурье-преобразованием которых выявлены 
спектры частот. Впервые обнаружены и вычислены смещения спектральных пиков, 
вызванные различиями алгоритмов задания структуры растворителя. Интерпретация 
полученных закономерностей позволила предложить непротиворечивую 
модель, удовлетворяющую фундаментальным физическим представлениям о 
внутримолекулярной и межмолекулярной динамике групп биомолекул. Эта модель 
допускает внутримолекулярные взаимодействия нормальных локальных колебаний, в 
том числе по типу Ферми-резонанса.

Ключевые слова: молекулярная динамика, компьютерное моделирование, 
аминокислота, биомолекулярная электроника
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Introduction

Forced vibrational processes in biomolecules, driven by external electromagnetic fields, are 
of considerable importance for life sciences, medicine, microelectronics, nanotechnology, and 
experimental spectroscopy [1–13]. Computational analysis of the time-dependent total dipole 
moment (summed over all molecular charges) in the absence of an applied field revealed the 
sub-picosecond dynamics of intrinsic biomolecular vibrations [14, 15]. The intrinsic vibrational 
frequencies correspond to local normal modes and delocalized collective motions spanning the 
terahertz (THz) to infrared (IR) range. Molecular dynamics simulation computing the time-de-
pendent total dipole moment under an applied electromagnetic field makes it possible to deter-
mine molecular conformations and IR absorption spectra of forced vibrations, yielding substantial 
scientific and applied results in modern bio- and nanophysics [10, 16–25]. For instance, molec-
ular dynamics simulations were performed for monomers, dimers, and protofibrils of Aβ42 in the 
THz range, and the applicability of the method to the mid- and far-infrared ranges was also con-
firmed [20]. It was shown that Newtonian force-field mechanics is a valid approach in molecular 
dynamics for the mid- and far-infrared ranges, alongside quantum-mechanical calculations [17, 
20, 21, 23, 24, 26–28]. Comparisons of molecular dynamics studies in these frequency ranges 
yield reasonably close agreement between the calculated spectral characteristics and experimental 
or theoretical data for both intrinsic and forced vibrations [6, 21–23].

For example, the assignments of the most intense intrinsic vibrations at the calculated frequen-
cies (wavenumbers, cm-1) are given for amino acid solutions:

1100, 1519, 1652, 3018, 3322, 3364, 3362 for alanine (Ala);
927, 1060, 1542, 1643, 3210, 3322, 3364, 3479 for glycine (Gly);
1048, 1533, 1640, 3030, 3325, 3361, 3479, 3663 for valine (Val);
784, 1403, 1495, 1536, 1646, 2917, 3325, 3562, 3766 for tryptophan (Trp).
These results are in agreement with theoretical and experimental data reported previously, 

although the extent of this agreement has not been quantified [26, 28].



41

Simulation of Physical Processes

According to the established view, spectral components above roughly 200–800 cm–1 corre-
spond to local intramolecular vibrations (normal modes), while those below this range are collec-
tive delocalized vibrations. The assignment of local oscillator bands to normal modes and their 
frequencies was discussed in numerous sources, for example, in [26].

The spectral window from 2600 to 900 cm–1 is reported in [29]. Nine characteristic vibra-
tional bands (amides A, B, I, II, …, VII) are prominent in the IR spectrum, with amides I 
and II falling between 1600–1700 cm–1 and 1500–1600 cm–1, respectively. The unperturbed 
C=O stretching vibration (amide I) has a frequency of 1688 cm–1; the corresponding spectral 
band shifts in the presence of water or other solvents and also depends on conformation. The 
N–H bending vibration (Amide II) occurs in the wavenumber range of 1530–1580 cm–1. The 
Cα–N stretching vibration (Amide III) falls within the range of 1200–1340 cm–1. The resonant 
field frequencies (fundamental frequencies of the square wave at 3335.66 and 1042.37 cm–1) 
coincide with specific intrinsic local vibrations (asymmetric N–H stretching of Amide A and 
C–N stretching, respectively).

Recent advances in molecular dynamics yielded new supercomputer simulation results 
describing the dynamics of increasingly complex protein molecules under electric fields with 
various polarizations and modulations in the THz and IR ranges [30–33]. Oligomers are 
attracting growing attention as key functional units that enable proteins to initiate allostery and 
cooperativity [14, 15, 34–37].

The vibrational dynamics of oligomers driven by electromagnetic fields of different polariza-
tions and time profiles was simulated for the first time over a range of wavenumbers, particularly 
in the far- and mid-infrared ranges [25].

The goal of this supercomputer study is to refine the analysis of forced vibrations of oligomers 
and their aggregates in solution, which is essential for advancing fundamental biological and bio-
physical understanding, as well as for a range of current and emerging applications.

Computational approach and validation

The computational approach we adopted relies on a methodology for supercom-
puter simulation of molecular dynamics that has already proven to be highly efficient and 
reliable [25, 29, 38–41].

The techniques previously developed for single molecules were also applied here to oligomers 
and their assemblies.

The dynamic simulations of molecular complexes were performed using the RSC Tornado 
cluster at the Polytechnic Supercomputer Center of Peter the Great St. Petersburg Polytechnic 
University, as described in detail in our previous work [33]. The cluster, with a peak perfor-
mance of 1015 flops, comprises 668 dual-processor nodes (Intel Xeon E5-2697 v33), 56 of 
which are equipped with two NVIDIA K40 accelerators. This configuration allows generat-
ing, within a reasonable computation time, extensive databases of the time-dependent total 
dipole moment with trajectory durations up to 40 ns and a minimum sampling interval of 1 
fs, thereby providing high resolution in the Fourier spectra over the far- and mid-infrared 
frequency ranges. The software suite included Avogadro, Visual Molecular Dynamics (VMD), 
and NAMD, along with additional custom Python scripts. The Packmol tool was used to place 
oligomers in groups of р = 1, 2, …, 20 particles within a cubic water box with a side length 
of 70 Е. Initial coordinate files for the Gly, Ala, Trp and Val oligomers in aqueous solution 
were generated using Avogadro. The results presented below are primarily from simulations 
of polyAlaN oligomers (initially modelled as α-helices) with different numbers of amino acid 
residues N = 18 ,… ,2 ,1. The VMD software was used to generate structural files based on 
the topology of molecular bonds, add water molecules and salt ions, visualize molecular 
systems, calculate the energy and dipole moments of conformationally flexible molecules. 
Newton’s equations of motion were solved for each atom of the system, atomic coordinates, 
force field parameters, system temperature, pressure, etc. were determined at each time step. 
The time-dependent total dipole moment μ(t) was then computed from the instantaneous 
coordinates and velocities of the charged particles by summing the displacement vectors of 
each charge at each time step.

The change in the partial dipole moment Δμ
n,j
 at the jth time step of duration ∆t corresponds 

to the spatial displacement of charge q
n
 by the vector Δr

n,j
:
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The time-dependent total dipole moment μ(t) was then obtained by summing the partial 
moments over all charges in the oligomer solution:

,( ) ,µ = ∆∑∑ r
N

n n j
j n

t q (1)

where N is the total number of charges.
The time series of the instantaneous total dipole moment, μ(t), represents a superposition of 

the local vibrational motions of all charged atoms within the molecule.
The wavenumber spectrum of these vibrational motions was obtained by Fourier transforma-

tion of the time-dependent total dipole moment, both for each individual oligomer and for the 
entire assembly of particles in the simulation cell. The algorithm for computing the time series 
relies on the independence of the fluctuations of the total dipole moment (1) from the origin of 
the displacement vectors ∆r

n,j
. High resolution in the characteristic frequencies of the studied part 

of the Fourier spectrum was achieved due to its numerical equality to the ratio of the duration of 
the amplitude-time realization to the oscillation period.

The Fourier method employed here has the advantage of reproducing all spectral components 
within a specified wavenumber range, including higher harmonics and combination bands. The 
range is limited by half the sampling frequency but can be extended using the computational 
resources of the supercomputer.

An applied electric field induces charge displacements at characteristic IR frequencies and a 
polarization response altering the components and magnitude of the dipole moment. To ensure 
the most informative study, three types of electromagnetic fields were specified with plane spatial 
polarization along the coordinate axes (x,y,z), with components [E,0,0] and amplitudes from 0.01 
to 0.50 V/nm:

a harmonic electric field,
a periodic sequence of unipolar rectangular pulses,
a symmetric square wave.
The square wave was chosen because it combines the properties of periodic pulse sequences 

and is of practical interest for microelectronics, particularly for controlled switching of molecu-
lar states and for probing anharmonic molecular dynamics. The feasibility and effectiveness of a 
square-wave electric field with a fundamental frequency in the IR range were tested and validated 
in several studies [14, 15, 23–25]. A similar square-wave electric field was used in molecular 
dynamics simulations of liquid water in the 20–500 GHz frequency range [40].

The strength of the local electric field acting on the charges within the molecule was 
varied over a wide range, from 0.004 to 0.400 V/nm. As in our previous works and in 
studies by other authors, the time dependence of the vibrational amplitudes was linear 
and did not lead to molecular fragmentation. Indeed, such fields exist only in the micro-
scopic region near a charge and correspond to typical atomic intramolecular fields. This 
approach does not require comparison with macroscopic fields, which have different energy 
characteristics [42–44].

Based on the obtained data for the intrinsic vibrational spectra of oligomers, we applied the 
electric field E(t) at a set of resonant frequencies corresponding to the following fundamental 
wavenumbers (in cm–1):

5555, 4167, 3333, 1667, 1515, 1111, 1042, 980 and 200.

The energy characteristics corresponding to these wavenumbers are shown in Fig. 1.
The time evolution of the kinetic and potential energies of the particles and the system as a 

whole was computed simultaneously with the time-dependent dipole moment.



43

Simulation of Physical Processes

The most pronounced dependence on the strength of the alternating electric field was observed 
at the wavenumber 3333 cm–1, corresponding to the asymmetric N–H stretching vibrations 
(Amide A) (see Fig. 1,а). This may also be related to preferential localization of vibrations in 
hydrogen-bond networks. The molecular energy at resonance depended to a greater extent on the 
applied field strength and to a lesser extent (or not at all) on the trajectory duration. The potential 
energy remained nearly constant in the field strength range from approximately 0.01 to 0.50 V/nm 

over the time interval from 0 to 510 ps for Gly 
and Trp, showing a more complex dependence 
for Ala, presumably due to the larger side chain 
(see Fig. 1,b).

Fig. 2 shows the potential and kinetic ener-
gies of diphenyl-L-alanine, tryptophan, and gly-
cine in aqueous solution as functions of the field 
strength at a fixed time t= 500 ps. Fundamental 
wavenumber of electric field: 3333 cm–1. 
Notably, there is a linear increase in energy 
from very small field strengths at the fundamen-
tal frequency of 3333 cm–1 up to about 0.4 V/
nm for glycine and tryptophan, and up to 0.2 V/
nm for diphenyl-L-alanine. At other character-
istic frequencies (e.g., 980 and 200 cm–1), both 
types of energy were nearly independent of the 
field strength, which is consistent with the data 
in Fig. 1,а.

a) b)

c)

Fig. 1. Typical potential energy characteristics of Ala (a), Gly (b), Trp (c) molecules in aqueous 
solution obtained with an explicit solvent model. The figure shows 3D plots of energy 

as a function of square-wave amplitude of the electric field at selected wavenumbers (WN). 
Temperature: 298 K, time step: 5 fs

Fig. 2. Potential and kinetic energies of 
diphenyl-L-alanine (1, 2), tryptophan (3, 4), 
and glycine (5, 6) in aqueous solution as 

function of field strength at t = 500 ps
Fundamental wavenumber of electric field: 3333 cm–1
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Shifts in the spectral peaks along the wavenumber scale were observed, depending on the algo-
rithms chosen for local interactions and system dynamics. Specifically, the virtual molecular sys-
tems differed in the way water (solvent) was added: either as an implicit solvent or as an explicit 
solvent (with water molecules added), i.e., using the coarse-grained model [45].

In the latter case, the volume and complexity of computations increase significantly because 
it is necessary to set the parameters and states of the water molecules, the size of the water box, 
etc. The generalized Born implicit solvent (GBIS) method was used for the former case. It is a 
fast but approximate method for calculating molecular electrostatics in a solvent, described by the 
Poisson–Boltzmann equation, which models water as a dielectric continuum:

[ ] 0
0

B

( )
( ) ( ) ( ) exp ,∞  − ϕ

∇× ε ∇ϕ = −ρ −  
 

∑ r
r r rf i

i i
i

z e
c z e

k T
(2)

where ε(r) is the dielectric permittivity of the medium, φ is the electric potential, ρf(r) is the 
charge density in the medium, c∞

i
 is the concentration of the ith ion at infinity, z

i
 is the valence 

of the ith ion, k
B
 is the Boltzmann constant, T is the temperature.

This method allows simulating atomic structures without including explicit water, i.e., without 
adding hydrogen and oxygen atoms and without computing their coordinates. Using an implicit 
solvent significantly accelerates the simulations and greatly reduces the size of the output files 
(roughly in a 1 : 50 GB ratio), which was a key factor in this study.

Amino acid molecules were placed in a periodic system with a cubic water cell (with a 
side length of 70 Е, independent of the molecular sizes). The distance from the outermost 
molecule to the cell boundary was 15 Е. Solvation of molecules was simulated by the TIP3W 
water model, corresponding to three atoms of the water molecule at three interaction points. 
Such models provide high computational efficiency and are used in many applications for 
molecular dynamics simulation. The chosen water model was also used with the CHARMM 
force field. The difference lies in the Lennard–Jones parameters: unlike TIP3, the CHARMM 
version of the model assigns these parameters to hydrogen atoms in addition to the oxygen 
parameters in the water molecule [46, 47]. Many similar studies used this water model, but the 
frequency shifts of intrinsic vibrations associated with different algorithms were not discussed 
previously [48, 49].

Simulation results

Fig. 3 shows the spectral characteristics of water in the periodic system of cubic cells, com-
puted in this paper using the explicit solvent model; the ranges of intrinsic vibrations of water 
molecules known from the literature are also shown for comparison [50].

The Fourier spectrum of the electric dipole moment of water molecules was calculated using 
the VMD IR Spectral Density Calculator plugin; the duration of the amplitude-time realization 
was 20 ns.

Analyzing the spectra in Fig. 3, we can conclude that the vibrational bands of water molecules 
are close to the positions of the intrinsic vibrational peaks of biomolecules [20, 30, 31, 33]. The 
resonant spectral effects of forced vibrations under an applied electric field, observed in the total 
dipole moments of oligomer assemblies, are similar in energy characteristics to those found for 
single amino acid molecules [20, 33] as well as for dimers, trimers, and other peptides [51, 52].

The Fourier spectra of the intrinsic intramolecular vibrational bands of polyAlaN oligomers were 
qualitatively similar for different N (N = 1, 2, ..., 18) and for different numbers p (p = 1, 2, ..., 10) 
of such oligomers in the water box, but they also exhibited several quantitative features. Fig. 4 
shows the typical overview and selected window spectra of polyAla12 oligomers, derived from the 
time-dependent total dipole moment reflecting the intrinsic vibrational motions of the molecules. 
The spectra were obtained with a trajectory duration of 2 ns, time window of 510 ps, and a time 
step of 5 fs (T = 298 K).

Comparing the overview Fourier spectra of intrinsic vibrations for single polyAla12 oligo-
mers (p = 1) and for their assemblies with p = 10 (see Fig. 4), we found that the set of spec-
tral components was virtually identical. However, a change in the spectral components was 
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observed as the number of oligomers increased: the structure with two peaks in the center at 
3313.5 and 3358.1 cm–1 transformed into a structure with two peaks at 3277 and 3394.4 cm–1. 
This change likely indicates dipole–dipole interactions between oligomers in the assembly. A 
similar evolution of spectral components was reproduced for other values of the parameters N 
and p. The differences observed between the typical spectral windows from the overview spec-
tra of polyAla12 oligomer assemblies (see Fig. 4) are likely due to phonon–phonon coupling 
of local vibrations, as well as to collective mechanisms forming spectral components in the 
molecular assembly.

The Fourier spectra of forced vibrations for polyAla18 oligomers (p = 1) were calculated 
from the total dipole moment, with a trajectory duration of 2 ns, under an applied symmetric 
square-wave electric field. The square-wave amplitude was varied over two orders of magnitude, 
from 0.004 to 0.400 V/nm, corresponding to local atomic fields within the molecule. The fun-
damental harmonics showed essentially the same behavior and patterns at different vibrational 
frequencies with varying excitation parameters. Fig. 5 shows the typical overview spectra of 
forced vibrations for polyAla18 oligomers at p = 1, computed from the total dipole moment, 
with a trajectory duration of 2 ns, under an applied symmetric square-wave electric field with a 
peak-to-peak amplitude of 0.4 V/nm at different fundamental wavenumbers.

Spectra with similar characteristics were obtained at lower fields in the range of 0.01–0.400 V/nm 
for all three types of electric field.

Comparing the spectra of forced vibrations (see Fig. 5) and intrinsic vibrations, we found 
that field excitation at wavenumbers of 5555 and 4167 cm-1, as well as at other wavenumbers 
in the region above the frequencies of intrinsic local vibrations, did not cause any noticeable 
rearrangement of the spectral components of oligomers for different N(N = 1, 2, …, 18). When 
the excitation frequency coincided with an intrinsic local vibration frequency, for example at 
wavenumbers (in cm–1) of 3333, 1111, 1042, and 980, a strong rearrangement of the spectral 
components was observed, consistent with resonant pumping of forced vibrations (see Fig. 4). 
This result is likely due to corresponding changes in the conformational structure and in the total 
dipole moment. Indeed, the frequency dependences obtained for the time-averaged total dipole 
moment of polyAla18 oligomers for different values of p at a field strength E= 0.4 V/nm were 
consistent with this interpretation.

Fig. 3. Fourier spectra of time-dependent dipole moment of water molecules: IR MD corresponds 
to results obtained with the VMD IR Spectral Density Calculator plugin (t = 1 ns, f

D
 = 200 THz); 

IR exp NIST corresponds to the experimental results from the NIST database [48]
The wavenumbers (cm–1) of spectral bands 1–4 are given in the legend
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Fig. 4. Overview vibrational spectra of polyAla12 oligomers, computed from the total 
dipole moment. Selected spectral windows are shown for different numbers p of oligomers

The wavenumbers (cm–1) of spectral bands are given in the legends
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Fig. 5. Fourier spectra of forced vibrations 
for polyAla18 oligomers (p = 1), computed from the total dipole moment, 

with trajectory duration of 2 ns, under an applied symmetric square-wave electric field 
(peak-to-peak amplitude of 0.4 V/nm), at different fundamental wavenumbers (WN)

a) WN = 5555 cm–1 b) WN =4167 cm–1

c) WN = 3333 cm–1 d) WN =1111 cm–1

e) WN = 1042cm–1 f) WN = 980cm–1
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Fig. 7. Simulated Fourier spectra of time-dependent dipole moment for Ala and Trp molecules 
(t = 1 ns) in different environments: Ala in vacuum (a); Trp in vacuum (b); Ala with GBIS (с); 

Trp with GBIS (d); Ala in explicit water solvent (e); Trp in explicit water solvent (f)

a) b)

c) d)

e) f)

Fig. 6. Resonance peak intensity of polyAlaN molecules at N = 1 and N = 18 (р = 1) 
as a function of electric field strength under square-wave excitation at WN = 3333 cm–1
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Fig. 6 shows the intensities of the peaks in the resonant spectral bands of polyAlaN mole-
cules at N = 1, N = 18 and р = 1 as a function of the electric field strength under square-wave 
excitation at a fundamental wavenumber of 3333 cm–1. A nearly linear relationship was observed 
between the resonance peak intensities and the electric field strength in the region of very small 
field amplitudes. This linear region extends up to the maximum intensities of the resonant spec-
tral bands, when the field amplitude reaches about 0.4 V/nm, which is consistent with the results 
known from the literature [53, 54].

The spectral line intensities at different excitation frequencies either remained virtually 
unchanged or increased linearly with increasing field strength over the given range.

Fig. 7 shows the spectral characteristics of the amplitude-time realization of the electric dipolemo-
ments of Ala and Trp molecules simulated for vacuum conditions and various water-solvent models. 
The differences revealed in the spectral characteristics, discussed below, allowed us to formulate and 
justify some significant additions to the description of the vibrational properties of molecules.

Discussion

The results presented above allow analyzing the dynamic properties of the considered set of 
oligomers in the IR range. Comparing the overview Fourier spectra of intrinsic vibrations for sin-
gle oligomers and for their assemblies, we found that the set of spectral components was virtually 
identical for different values of the parameters N and p. The effects of forced vibrations under 
external electric fields of various types, including harmonic and pulsed periodic fields, observed in 
the total dipole moments of oligomer assemblies, were found to be similar in energy and spectral 
characteristics to those observed in single amino acid molecules.

Considering the typical selected spectral windows from the overview vibrational spectra of the 
oligomer assembly, computed from the total dipole moment, we observe a frequency proximity 
effect both among the local oscillators themselves and between these oscillators and the applied 
electric field. We can therefore assume that these windows exhibit effects of mutual coupling of 
local vibrations; such coupling is likely due to phonon interactions, leading to collective for-
mation of spectral components. As the oligomer size increased, a redistribution of the spectral 
components was observed: the structure with two peaks in the center (at 3313.5 and 3358.1 cm–1) 
was transformed into a structure with two peaks at 3277 and 3394.4 cm–1. A similar evolution of 
spectral components was reproduced for other values of N. In our view, this effect is caused by 
Fermi resonance of the second harmonic of the vibrations at 1565.7 and 1695.5 cm–1 present in 
the spectrum, with the resonant frequency at 3333 cm-1, which we were able to identify by apply-
ing an electric field.

No significant changes in the total dipole moment were observed for a single molecule under 
an applied electric field in the case of forced local vibrations, which likely points to conforma-
tional stability of a single oligomer upon excitation of local (rather than collective) vibrations. 
However, significant changes appear for larger numbers of oligomers in the assembly, when the 
parameter р = 3, 4, and 5. In this case, the effects of the applied electric field on intermolecular 
vibrations and dipole–dipole interactions may be observed.

During the simulation, a difference was revealed for the first time in the dependences of the reso-
nance peaks of polyAlaN molecules at N = 1 and N = 18, on the electric field strength under square-
wave excitation at a fundamental wavenumber of 3333 cm–1 (see Fig. 5). The resonance peak intensity 
is significantly higher for a single molecule (see Fig. 6) than for the oligomer, whose conformation and 
total energy are more stable with respect to excitation of intramolecular local oscillators.

Conclusion

We performed the first supercomputer molecular dynamics simulations of oligomers of several 
amino acids under electromagnetic fields in the IR range. The supercomputer methods developed 
here are suitable for applications in nanobiotechnology and microelectronics that incorporate bio-
molecular components, among which amino acid oligomers play a major role. The methodology 
has proven to be highly effective and reliable, yielding new results that consistently complement 
existing theoretical and experimental data. We used three types of amplitude modulation of the 
applied electric field (harmonic, a periodic sequence of unipolar rectangular pulses, and a sym-
metric square wave) to lay the groundwork for further practical studies and establish the means to 
monitor anharmonicity over a broad frequency band in the mid- and far-infrared regions.
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The method allowed us to compare the frequency spectra of intrinsic molecular vibrations both 
in water and in the absence of a water environment, and to identify the common features and 
peculiarities. Adding water (in silico) shifted the frequencies upward by a few percent, i.e., towards 
higher vibrational energies. This shift likely originates from the specific intrinsic vibrational spec-
trum of water molecules, whose nonlinear couplings become active simultaneously with the local 
oscillators of the solutes.

A set of characteristics for both intrinsic local vibrational modes (normal modes) and forced 
vibrations of oligomers in the far- and mid-infrared ranges was identified for the first time. 
Interpretation of the obtained patterns allowed us to propose a consistent model of molecular 
physics, including mutual phonon couplings of local oscillators, satisfying the fundamental phys-
ical concepts of the intramolecular and intermolecular dynamics of groups of biomolecules.

The results can be used to determine the functional properties of dehydrated biomolecular 
films for applications in biophysics, nanobiotechnology, and microelectronics, for example in 
the design of prototypes of bioelectronic and heterogeneous hybrid microelectronic devices with 
embedded biomolecular components [55].
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Abstract. This work has involved the simulation of technological operations of manufacturing 
a silicon (Si) avalanche photodiode and calculating its output characteristics. As a result, the 
values of its multiplication factor (from 49.5 to 62.3) and spectral sensitivity (from 15.8 to 
19.6 A/W) depending on the shallow trench insulation defect type are presented for a Si 
avalanche photodiode. It has been shown that the technological defects causing narrowing of 
the width of the trench towards its bottom have the greatest impact on these parameters. As 
a result, the multiplication factor decreases by up to 18%. The dependence of the photodiode 
gain on the trench’s wall inclination angle was established to be described well by a linear 
function. It was also demonstrated that the trench narrowing led to an increase in the lateral 
component of the electric field strength near the groove, which reduced the breakdown voltage, 
but did not lead to an increase in multiplication.
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Аннотация. В работе проведено моделирование технологических операций 
изготовления кремниевого лавинного фотодиода и расчет его выходных характеристик. 
В результате представлены значения его коэффициента умножения (62,3  –  49,5) и 
спектральной чувствительности (19,6 – 15,8 А/Вт) в зависимости от типа дефекта траншеи 
из диоксида кремния. Показано, что наибольшим образом на данные параметры влияют 
технологические дефекты, приводящие к сужению профиля траншеи (узкой щели) по 
направлению к ее дну, что приводит к снижению коэффициента умножения вплоть 
до 18%. Установлено, что зависимость усиления фотодиода от угла наклона стенки 
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траншеи хорошо описывается линейной функцией. Показано, что сужение траншеи 
вызывает увеличение латеральной компоненты напряженности электрического поля 
вблизи этой траншеи, что снижает значение пробивного напряжения и не увеличивает 
коэффициент умножения исследуемого фотодиода.
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Introduction

CMOS-compatible avalanche photodiodes (APDs) are widely used in precision positioning 
devices, optical communication systems, and LIDAR (light detection and ranging) systems [1–4]. 
However, forming the cathode and anode on the silicon wafer surface poses several major chal-
lenges, the most significant of which are surface effects: non-uniform electric field distribution 
and surface leakage currents [5]. These factors can cause not only a sharp reduction in the ava-
lanche multiplication factor across the entire spectral range but also premature surface breakdown 
of the wafer.

One promising solution is to form a narrow trench (a few micrometers wide) between the cath-
ode and anode, filled with silica (SiO

2
). This method is known as shallow trench isolation (STI) [6]. 

There are numerous methods for etching silicon, but as a rule, the stronger the anisotropy of the 
profile formed, the more complex the process and the higher the equipment requirements.

However, each approach has its drawbacks. This combination of factors does not always guar-
antee the desired field distribution and impact ionization paths, which affects the current values 
at a given supply voltage. In addition, different patterns of multiple reflection of light arise when 
the entire photosensitive area is illuminated (or when part of it is illuminated at an angle). In view 
of these unfavorable conditions, we can formulate the goal of our study: 

to analyze how the profile of a trench filled with silica affects the current–voltage behavior of 
a CMOS-compatible avalanche photodiode.

Research methodology and description  
of the silicon avalanche photodiode structure

Calculations of the output characteristics and simulations of the fabrication process of the 
avalanche photodiode were carried out in the Sentaurus TCAD package. Despite the limitations 
of real photomask patterns, we treated the structure as axisymmetric in our simulations. This 
minimizes the edge effects, so that the resulting electric field distribution can be interpreted 
unambiguously. The donor (N

D
) and acceptor (N

A
) concentrations, as well as the change rates of 

these concentrations ΔN
D
 and ΔN

A
 near the p–n junction, were chosen so as to provide a suffi-

cient slope of the current–voltage curve in the linear regime [7]. These conditions were chosen to 
observe the changes in the behavior of the current–voltage curve across all its regions.

The most common trench profiles and associated defects were used in the simulations 
(see Fig. 2). The corresponding fabrication technologies for these structures are listed in Table 1. 
Although the set of selected profiles is far from exhaustive, it provides insight into how the ava-
lanche develops and how the field forms near the trench.

It was expected that some STI profile defects would not significantly affect the avalanche 
development or the multiplication factor. However, no preliminary selection is possible without 
simulation, since it is unrealistic to account for several simultaneous changes in the electric field 
distribution, ionization potential, and carrier mobility.
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A mesh convergence study is one of the first stages in simulations of a wide range of struc-
tures. We should note that two different mesh types are advisable for simulating fabrication 
processes and physics of semiconductor devices. An adaptive mesh is convenient for models of 
fabrication processes: its step a decreases as the change rate of the target quantity N

D
 with respect 

to the coordinate х increases, i.e., 1/a ~ dN
D
/dx

.
 This mesh provides high accuracy and saves 

computational resources.
An adaptive mesh is unsuitable for simulating the physics of the resulting structure, because 

the cell size grows rapidly with depth, producing a significant error and often leading to a 
lack of solution convergence, especially in optics. Therefore, a mesh must be rebuilt before 
the simulation of the output characteristics, with a minimum step determined by a mesh 
convergence analysis.

Classical drift-diffusion equations and Poisson’s equation for electron and hole concentra-
tions, traditionally adopted in TCAD (Technology Computer-Aided Design) simulations of 
semiconductor structures, were used as the transport model. The standard set of physical mod-
els recommended for simulating silicon photodiodes [16] was used to describe generation and 
recombination mechanisms.

It is essential to discuss how avalanche parameters themselves are estimated for the avalanche 
photodiode. For the silicon structure, we estimated the breakdown electric field using the well-
known ionization model [16, 17]. To this end, we calculated the ionization integrals for electrons 
and holes, which become equal to unity at silicon breakdown, using the following equations:

0 0

exp ( ) 1,  exp ( ) 1,
   

′ ′α − α −α = α − α −α =   
   

∫ ∫ ∫ ∫
W W W W

n n p p p n

x x

dx dx dx dx (1)

where α
n
, α

p
 are the ionization coefficients for electrons and holes, respectively; W is the width of 

the space charge region; x, x′ are the coordinates for the outer and inner integrals, respectively.
The ionization coefficients, in turn, can be estimated from the Van Overstraeten–De Man 

model [18] based on the Chynoweth equations [19], accurately describing ionization in the field 
range (1–6)·105 V/cm near silicon breakdown:

( ) exp ,  ( ) exp ,
( ) ( )

pn
n n p p

bb
x = x =

E x E x

γ  γ
α γα − α γα −  

   
(2)

where α
n
, α

p
, b

n
, b

p
 are empirical model coefficients reflecting the ionization rate; E(x) is the local 

electric field strength; γ is the phonon temperature correction.

a) b)

Fig. 1. Schematic of radial cross-section of the structure (a); 
dopant (boron and phosphorus) concentration profiles versus depth in the photosensitive region (b)

The red curve shows the dopant concentration as an absolute value
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We used the following coefficient values:

α
n 
= 7.03·105 cm-1, α

p 
= (6.71–15.82)·105 cm–1;

b
n 
= 1.231·106 V/cm, b

p 
= (1.693–2.036)·106 V/cm.

The choice of α
p
 and b

p
 within these intervals depended on the magnitude of E(x).

The phonon temperature correction follows the expression

0

tanh tanh ,
2 2kT kT

 ω ω γ =    
  

 
(3)

where ħω is the phonon energy (ħω = 0.063); T
0
 is the temperature for which the empirical 

parameters are given.

Fig. 2. Doping profiles with different defect types:
vertical, rectangular, anisotropic, with smooth sidewalls (а); trapezoidal, sidewall inclination 

angle ≥ 80° (most common) (b); V-shaped, with inclination angle < 80° (с); W-shaped, anisotropic, 

with microtrenching at the sidewall edges (d); scalloped (e); oval, hemispherical, isotropic (f); U-shaped, 

anisotropic (g); profile with undercut at the trench bottom (h). See Table 1 for the fabrication technologies

Tab l e  1

Fabrication technologies for the doping profiles shown in Fig. 2 

Position in Fig. 2 Technology Source
a) Dry etching (ICP-RIE) [8]
b) Dry etching [9]
c) KOH wet etching [10]
d) Reactive ion etching (RIE) [11]
e) Cyclic dry etching (BOSCH process) [12]
f)

Isotropic SF
6
 plasma etching

[13]
g) [14]
h) Reactive ion etching (RIE) [15]
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Results and discussion

Simulation of such structures must begin with defining the geometric parameters of the trench 
profile whose shape is to be analyzed. The profile width typically does not exceed 1 μm [20, 21], 
while the STI depth is a variable parameter. Therefore, at the first stage, in addition to mesh 
convergence analysis, we assessed how the depth of the STI profile affects the current–voltage 
characteristic of the avalanche photodiode for a rectangular trench profile.

Both dependences in Fig. 3 show a significant drop in the multiplication factor M at a trench 
depth L < 3 μm. Despite a decrease in the supply voltage of about %10, M drops by about 72%. 
This is because when the depth of the STI, which acts as a guard ring, decreases, lateral avalanche 
processes become possible. The electric field distribution shifts increasingly toward the surface, 
and the lateral electric field near the surface (at small L) is several times stronger, since it is not 
confined by the silica trench.

At L > 4 μm, the multiplication factor M begins to decrease gradually. As the depth increases, 
the field becomes more elongated, and the intensity at a wavelength of about 670 nm drops by 
about an order of magnitude already at a depth of 10 μm. The field strength decreases only slightly 
in the depth range below 10 μm, where most of the radiation is absorbed (here it is considerably 
closer to the STI region). At greater depths, the change rate of M gradually increases. Importantly, 
however, simulating greater depths is impractical, since it sharply reduces the number of available 
etching methods, requiring a high aspect ratio for the STI profile.

In the second stage, we turn to simulating profiles (trench width W = 1 μm, depth L = 3 μm) 
with different defect types. Note that fully isotropic etching cannot be implemented because of 
the unfavorable 3 : 1 aspect ratio. Fig. 4 shows the current–voltage curves for the photocurrent 
and the dark current. The breakdown voltage is predominantly influenced by the degree of nar-
rowing toward the bottom of the STI trench, with a consequent increase in the contribution of 
the lateral field component to the avalanche process. Although the other defect types alter the 
field distribution near the edge of the photosensitive region, they have almost no effect on the 
breakdown voltage.

The resulting values of the multiplication factor and spectral sensitivity are listed in Table 2. 
Thus, defects associated with trench narrowing can reduce М by up to 18%.

For the W-shaped defect type, the values are almost identical to those of the idealized rect-
angular profile, because the formation of two depressions near the trench sidewalls can locally 
increase the trench depth to as much as 4 μm. According to the data in Fig. 3, the multiplication 
factor M remains essentially unchanged in the 3–4 μm range.

Fig. 3. Multiplication factor M (1) and its values normalized 
to the supply voltage, M/U

sup 
(2), as a function of STI profile depth

Supply voltage U
sup

 = 0.98U
br
 (U

br
 is the breakdown voltage)
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In the third stage, we analyzed how narrowing of the profile at the trench bottom affects the 
multiplication factor. Fig. 5 shows the multiplication factor and spectral sensitivity versus the 
trench width, W

b
, at the bottom. The dependences are well fitted by straight lines:

y = 2.9825x + 16.0922, R2 = 0.9728 (for S),

y = 10.3498x + 50.2300, R2 = 0.9786 (for M).

The resulting dependences M(W
b
) and S(W

b
) can be rewritten as linear functions of the change 

in trench width:

M(W
b
) = M(W

b(max)
) – x

1
ΔW

b
, S(W

b
) = S(W

b(max)
) – x

2
ΔW

b
, (4)

where W
b(max)

, μm, is the maximum width at the trench bottom (rectangular trench profile); ΔW
b
, 

μm, is the deviation of the trench bottom width from its value for the rectangular profile; x
1
 and 

x
2
 are the linearization coefficients for M and S, respectively (x

1
 ≈ 10, x

2 
≈ 3).

Fig. 6 shows the magnitude of the electric field strength and its lateral component versus the 
STI profile depth.

Fig. 4. Calculated I–V curves for the photocurrent (PhC) 
and dark current (DarkC) for different STI profile types and defects

The curve numbers correspond to the profile types in Table 2

Tab l e  2

Key parameters of STI profile for different types of defects

Profile S, A/W M U
br

, V M/U
sup

 (0.98 U
br

)

1. Rectangular 19.0 60.4 50.3 1.23
2. Trapezoidal 18.2 57.3 49.7 1.18
3. V-shaped 15.8 49.5 48.6 1.04
4. W-shaped 19.6 62.3 50.4 1.26
5. Scalloped 18.6 59.0 50.1 1.20
6. U-shaped 18.8 59.6 50.3 1.21
7. Undercut at trench bottom 18.6 59.4 50.2 1.21

Nota t i on s :  S is the spectral sensitivity at λ = 670 nm; U
br
 is the breakdown voltage; М and M/U

sup
 are 

the unnormalized multiplication factor and that normalized to the supply voltage U
sup

; U
sup

 = 0.98U
br
.
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The lateral field component along the chosen axis is stronger for the narrowed profile in the 
depth range below 3 μm, where the light intensity is highest. As a result, ionization processes in 
the lateral direction contribute more when the electric field reaches a critical value, which triggers 
premature breakdown of the avalanche photodiode.

Fig. 5. Multiplication factor M (red symbols) 
and spectral sensitivity S (blue symbols) versus trench width W

b
 

at the trench bottom. The fitting lines are shown as dashed lines

c) d)

a) b)

Fig. 6. Magnitude of electric field strength (а, с) and its lateral component (b, d) 
versus STI profile depth for three values of the bottom width W

b
 and different positions relative 

to the STI boundaries (the directions are indicated by black segments in the insets):
0.1 μm perpendicular to the upper STI boundary (b); along a line parallel to the lateral STI boundary 

with a 0.1 μm gap (L < 3 μm) and perpendicular to the surface (L > 3 μm) (d). U
sup

 = 40 V
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Conclusion

We studied CMOS-compatible avalanche photodiode structures with shallow trench isolation 
(STI) as a guard ring. The following key parameter values were obtained at a supply voltage U

sup
 

= 0.98U
br
 (λ = 670 nm) by simulating the fabrication process and the output characteristics of the 

avalanche photodiode: a multiplication factor M = 62.3 and a spectral sensitivity S = 19.6 A/W.
The simulations for a SiO

2
 trench width of about 1 μm showed that the optimal depth is about 

3–4 μm, which rules out single-step isotropic silicon etching. The drop in M can reach 30% for 
etching with an aspect ratio of 1:1.

We found that defects causing the STI profile to narrow toward the trench bottom can reduce 
the multiplication factor M by up to 18%. Deviations of М from the optimum do not exceed 2.5% 
for the other defect types considered.

The dependences of the multiplication factor and spectral sensitivity on the profile width at 
the trench bottom are well approximated by linear functions expressed in terms of the deviation 
from the ideal profile. The decrease in the multiplication factor with the narrowing of the trench 
is associated with an increased contribution of the lateral component of the electric field in the 
region with the highest light intensity.

In the future, we plan to analyze the processes leading to a decrease in W
b
, address the need to 

recalibrate the model, study the spectral dependences, and explore ways to minimize the effect of 
such technological defects and deviations on the multiplication factor of the avalanche photodiode.
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Abstract. In the paper, the mixed parametric and self-oscillations in the presence of a 
nonlinear parametric action and a delay in friction causing self-oscillations have been studied. 
For this purpose, a model of a frictional self-oscillating system interacting with an energy 
source of limited power was used. The solution of nonlinear differential equations of motion 
was constructed using the direct linearization method. The relations of nonstationary and 
stationary oscillation modes were obtained. By application of the Routh – Hurwitz criteria, the 
conditions for the stability of stationary oscillations were derived. The calculations were carried 
out in order to gain information about the dynamics of fluctuations. An analysis of the data 
showed that the amplitude-frequency dependence changed its behavior under the influence of 
the delay. The latter also led to the appearance of stability regions on the lower branches of the 
amplitude curves, and a dependence arose on the steepness of the energy source characteristic.
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Аннотация. В работе изучены смешанные параметрические и автоколебания при 
наличии нелинейного параметрического воздействия и запаздывания в трении, 
вызывающего автоколебания. Для этого использована модель фрикционной 
автоколебательной системы, взаимодействующей с источником энергии ограниченной 
мощности. Решение нелинейных дифференциальных уравнений движения достигнуто 
методом прямой линеаризации. Получены соотношения между нестационарными и 
стационарными режимами колебаний. С применением критериев Рауса – Гурвица 
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установлены условия устойчивости стационарных колебаний. Проведены расчеты 
с целью получения информации о динамике колебаний. Анализ полученных данных 
показал, что под действием запаздывания амплитудно-частотная зависимость изменяет 
свое поведение. Запаздывание приводит также к появлению участков устойчивости 
на нижних ветвях амплитудных кривых, и возникает зависимость от крутизны 
характеристики источника энергии.
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Introduction

A large number of studies have considered various oscillatory processes. According to the well-
known classification, oscillation theory distinguishes four types of oscillations, which form four 
classes of mixed oscillations (interactions between types) [1–3]. One of these classes comprises 
mixed parametric oscillations and self-oscillations.

The goal of this study is to analyze mixed parametric oscillations and self-oscillations, account-
ing for three factors: nonlinear parametric excitation, time delay in friction that causes self-oscil-
lations, and the limited power of the energy source.

Energy consumption has become increasingly important in the modern world, and time delays 
can occur in many systems [4–10].

Parametric oscillations, described mathematically by differential equations with periodic coef-
ficients, can arise in various systems. A comprehensive study of parametric oscillations under 
quadratic parametric excitation is provided in [11].

In this paper, the solution of the nonlinear differential equations for mixed parametric oscillations 
and self-oscillations is constructed using linearization and the change of variables with averaging [17].

Equations of motion

Let us consider mixed parametric oscillations and self-oscillations adopting a commonly used 
model of a self-oscillating system [1, 2, 15]. In this model, a spring (with fixed ends) and a 
damper are connected to a body lying on a belt that moves continuously at a certain velocity V. 
The parameters с

0
 and γ are the coefficients of the linear and nonlinear parts of the spring force, 

respectively; k
0
 is the damping coefficient (all three parameters are constants). The velocity V is 

given by 0= ϕV r . The body has mass m and velocity ẋ in the direction of motion x. The belt is 
driven by a motor with rotor angular velocity ϕ  and torque characteristic ( )ϕM , which includes 
the resisting torque. A friction force T(U) arises between the body and the belt, causing self-os-
cillations and depending on the relative velocity 0= ϕ− U r x .

The system of differential equations describing mixed parametric oscillations and self-oscilla-
tions under nonlinear parametric excitation and delay takes the following form:

0 0

0

3 3( ) cos ,

( ) ( ),

∆

∆

+ + = − γ − ν

ϕ = ϕ −

 
 

mx k x c x T U x bx t

I M r T U
(1)

where bx3cos(νt) is the term representing nonlinear parametric excitation (b = const, ν = const); 
r
0
 is the radius at which the friction force is applied (r

0
 = const); UΔ is the relative velocity 

( 0∆ ∆= ϕ− U r x , ( )∆ = −∆ x x t , Δ = const is the delay); I is the moment of inertia of the motor 
rotor, I = const.



St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2026. Vol. 19. No. 2

70

The characteristic of the friction force T(UΔ) is taken in the form

3
0 1 3( ) (sgn ),T U T U U U∆ ∆ ∆ ∆= −α +α (2)

where T
0
 is the normal reaction force, T

0
 = const; the coefficients α

1
 and α

3
 are constants; 

sgn(UΔ 
) = +1 for UΔ 

> 0, sgn(UΔ) = –1 for UΔ 
< 0.

If UΔ = 0, the characteristic T(0) lies in the range

–T
0 
≤ T(0) ≤ T

0
.

Interestingly, characteristic (2) also occurred in space experiments [16].
Using the direct linearization method [17–20], we replace expression (2) with a function of 

the form

T(UΔ) = T
0
[sgn(UΔ) + B

T
 + k

T
 ẋ],

where the linearization coefficients B
T
 and k

T
 are determined by the expressions

( ) ( )

23 2 2
1 3

2 2
0

2
0 1

2

23

3
2

3 3 3

3

,

 

,  ( )

.

,  3( ) /–  3

 2  1 / 2 3 ,  

 is th

3 ,  (2 3) (

l

2

e amp itude

5) ,

= −α − = −

= α α = + +

= α +α + α

= + +

=

T ÒB u u N up a

N r r

a m

h

a

k N p a h u u

u

x

N

N r

x

r (3)

Using the direct linearization method, we also replace the nonlinear part of the spring force γx3 
with a linear one c

f
x with the linearization coefficient 2

3
.fc N a= γ  After linearization, Eqs. (1) 

take the form

0

3
0 0

0

( sgn ) cosí ,

( ) (sgn ),
TÒ

T T

mx k x c x T B U k x bx t

I M r T U B k x
∆ ∆

∆ ∆

+ + = + + −

ϕ = ϕ − + +

  
  

(4)

where c = c
0
 + c

f 
.

Solution of the equations and stability conditions for stationary oscillations

The solutions of Eqs. (4) obtained by change of variables with averaging [17], taking into 
account the expression

ẋΔ 
= –apsin(ψ – pΔ),

take the following form:

x = acosψ, ẋΔ 
= –apsinψ, ψ = pt + ξ, p = ν/2, φ̇ = Ω. (5)

The solutions of Eqs. (4) differ for the cases UΔ 
> 0 and UΔ 

< 0. The equations for determining 
the nonstationary values of the amplitude a, oscillation phase ξ, and velocity u, given by u = r

0
Ω, 

take the following form.
a) u ≥ ap:

0
0

3

3

0

1
2 0.5 sin 2

4

1
2 cos 2

4

( ) (1 ) ;

( ),

( ),

= − − ξ

ξ
= + ξ

 = − + Ò
u
r

da
aG ba

dt pm

d
aW ba

dt pma

rdu
M r T B

dt I

(6a)
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b) u < ap:

0 0
0

3 0

3

0
0

2 2 281
2 0.5 sin 2 ,

4

1
2 cos 2

4

( ) (1 ) (3 2 ) ,

( ),

∗

 
= − − ξ − − π 

ξ
= + ξ

 = − + − π− ψ π 
Ò

u
r

Tda
aG ba a p u

dt pm ap

d
aW ba

dt pma

r r Tdu
M r T B

dt I

(6b)

where 2
0 0 ,ω = c m  G = p[k

0
 – T

0
k

T 
cos(pΔ)], 

22
0 0( ) sin= ω − + − ∆fÒW m p c pT k p , 

ψ* = 2π – arcsin(u/ap).
The stationary values of the amplitude and phase are determined by the conditions 0=a , 
0ξ = . For the velocity values u ≥ ap, they are found from the relations

4(4G2 + W2) = b2a4, tg(2ξ) = –2G/W,

and for u < ap, the stationary amplitude satisfies the relation a ≈ u/p.
The load on the energy source from the oscillatory system is determined by the condition 
0u = , yielding the relation

M (u/r) – S (a, u) = 0,

where
a) u ≥ ap: S(a,u) = r

0
T

0
(1 + B

T
);

b) u < ap: S(a,u) = r
0
T

0
[(1 + B

T
) + π–1(3π – 2ψ)].

The stationary values of the velocity u can be found from the intersection points of the curves 
M(u/r) and S(a,u).

To derive the stability conditions for stationary oscillations, we compose equations in varia-
tions for Eqs. (6) and, using the Routh–Hurwitz criteria, we obtain

B
1 
> 0, B

3 
> 0, B

1
B

2 
– B

3 
> 0, (7)

where B
1 

= –(b
11 

+ b
22
 + b

33
), B

2 
= b

11
b

33 
+ b

11
b

22 
+ b

22
b

33 
– b

23
b

32 
– b

12
b

21
 – b

13
b

31
, 

B
3 
= b

11
b

23
b

32 
+b

12
b

21
b

33 
+ b

22
b

13
b

31 
– b

11
b

22
b

33 
– b

12
b

23
b

31 
– b

13
b

21
b

32
.

For u ≥ ap, we obtain the following expressions:

2 20
0 0

1
0 130 311 12 2

,6 , 0 ( ),  −∂
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b Q r T b I r u p bT N a
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21
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0
a α

3
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2 2 2
0 022 3 3

1 3
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4 2
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du



St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2026. Vol. 19. No. 2

72

If u < ap, we obtain the following coefficients:

0 0
0

0
011 2 2 2

2
,

 ∂
= − − 

∂ π −  

Òr r TB
b Q r T

I u a p u

2

0 0
12 2 2 2

2
,

 ∂
= − + 

∂ π −  

Òr T B u
b

I a a a p u

0
3 221 2 2 2 2

2
3 cos ,

 
= − α ∆ − 

 π −  

auT
b p

m a p a p u

2 2 2 0
0 0

2

22 3 3 2 2 2 2 2

21 3
2 ( (3 )cos ) sin 2 ,

4 2

 = − + α − ∆ − ξ −   π −

T u
b p k T N a p h p ba

pm ma p a p u

while the coefficients b
13
, b

23
, b

31
, b

33
 are unchanged.

Calculations of stationary oscillation regimes

The following parameter values were chosen for the calculations:

m = 9.8 N·s2·cm–1, k
0
 = 0.196 N·s·cm–1, c

0 
= N·cm–1, b = 0.686 N·cm–1,

γ = ±1.96 N·cm–3, T
0 
= 4.9 N, α

1
 = 0.84 s·cm–1, α

3
 = 0.18 s3·cm–3,

r
0
 = 1 cm, I = 9.8 N·s·cm2, pΔ = π/2, π, 3π/2.

Some calculated results for u = 1.2 cm·s–1 and different characteristics of the spring force 
(γ > 0, γ < 0) are shown in Fig. 1. Solid lines correspond to delay cases pΔ = π/2, dashed lines 
to pΔ = π, and dotted lines to pΔ = 3π/2.

The shaded sectors correspond to values of the energy source characteristic steepness Q for 
which oscillations are stable. It would be more accurate to plot these sectors on the load curve 
S(a,u), but for the sake of saving space, they are shown on the amplitude curves.

a) b)

Fig. 1. Results of numerical calculations of the amplitude-frequency 
characteristics of the system under consideration for elastic forces with

Three cases are shown for the delay pΔ:π/2: π/2 (solid lines), π (dashed lines), and 3π/2 (dotted lines). 

The red points A, B, C correspond to the shaded sectors representing the ranges of the slope Q 

of the energy source characteristic within which oscillations are stable
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Conclusion

We considered dynamics of mixed parametric oscillations and self-oscillations under nonlinear 
parametric excitation and time delay in friction that causes self-oscillations. A model of a frictional 
self-oscillating system interacting with a limited-power energy source was used to gain insight into 
the properties of these oscillations; calculations of stationary oscillations were performed.

Analysis of the obtained data led to the following conclusions.
First, the amplitude curve shifts significantly in the amplitude-frequency plane compared with 

the no-delay case, and the resonance region expands.
Second, stability regions depending on the slope of the energy source characteristic appear in 

some sections of the lower branches of the amplitude curves.
A number of effects that occur in the interaction of an oscillatory system with an energy source 

under linear parametric excitation are described in detail in monograph [1]. As the present study 
has shown, similar effects also occur under nonlinear parametric excitation.
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Abstract. When measuring a coating thickness by X-ray fluorescent analysis, the preliminary 

calibration of the detection system is required using reference samples with a known coating 
thickness. This operation is quite time-consuming and gives results only for a certain detection 
system and a pair of elements (the base material and coating). In our study, the calibration 
curve has been obtained by the Monte Carlo calculation method using the MCC 3D software. 
In so doing, we calculated the dependences of the ratios of peak intensities of fluorescence lines 
from Fe Kα (substrate) and Zn Kα 

(coating), as well as Cu Kα (substrate) and Au Lα (coating) 
on the values of coating thickness. Moreover, the coating thickness determination errors were 
obtained. A conclusion was made about the possibility of using the Monte Carlo method to 
determine the coating thickness without preliminary calibration.
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МЕТОДОМ РЕНТГЕНОФЛУОРЕСЦЕНТНОГО АНАЛИЗА 
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Аннотация. При измерении толщины покрытия методом рентгенофлуоресцентного 
анализа (РФА) требуется провести предварительную калибровку системы регистрации на 
эталонных образцах с известной толщиной покрытия. Такая операция занимает довольно 
много времени и дает результат лишь для определенной системы регистрации и пары 
элементов (базового материала и его покрытия). В настоящей работе калибровочная 
кривая определена расчетным методом Монте-Карло с использованием программы MCC 
3D. Так были получены зависимости отношения интенсивностей линий флуоресценции 
Fe Kα (подложка) и Zn Kα (покрытие), а также Cu Kα (подложка) и Au Lα (покрытие) 
от значений толщины покрытий. Кроме того, рассчитаны погрешности определения 
толщины покрытий и сделан вывод о возможности применения метода Монте-Карло 
для расчета толщины покрытия без предварительной градуировки. Помимо этого, были 
рассчитаны оптимальные углы установки детекторов относительно нормали для расчета 
толщины покрытия методом РФА.

Ключевые слова: рентгенофлуоресцентный анализ, покрытие, подложка, тонкая 
пленка, симуляция Монте-Карло, градуировочная зависимость
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Introduction
Applying coatings to various surfaces and controlling their thickness are important challenges 

for many industries. The composition and thickness of coatings are determined using ultrasonic 
testing, eddy-current testing, X-ray fluorescence analysis (XRF), and electron microscopy. Each 
of the methods has its own advantages and disadvantages [1]. For XRF analysis of coating thick-
ness, the layer order must be known and a calibration sample must be available.

The goal of this study is to develop a method for determining the coating thickness by the 
Monte Carlo method [2]. Using this method, we established the exposure time required for X-ray 
irradiation of the sample to determine the coating thickness with the required accuracy.

Zinc coatings on iron and gold coatings on copper were chosen as test pairs because they 
are the most common. Galvanizing steel, i.e., coating the metal with a layer of zinc that blocks 
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moisture and oxygen, protects steel from corrosion and is widely used to rust-proof steel prod-
ucts. Gold plating is most often applied to copper products in the jewelry industry, as well as for 
decorative design and for creating and restoring works of art [3]. Although alloys rather than pure 
metals are used in practice, we considered the simplest systems: Zn–Fe and Au–Cu.

Experimental samples and procedures

The key dependences and exposure times were determined using Monte Carlo simulations 
performed with the certified MCC 3D software [4–6]. This software has passed metrological cer-
tification, so the results obtained with it should be considered reliable.

The source used to irradiate the sample was modeled using the spectrum of an X-ray tube with 
a transmission rhodium anode and a 127 μm beryllium window operating at 30 kV (an equivalent 
of the Moxtek Magnum). In contrast to [7–10], where an experimental spectrum of the X-ray tube 
was used as the irradiation source, we simulated the X-ray spectrum by the Monte Carlo method.

The X-ray tube model used is shown in Fig. 1. The simulation was performed for a tube with 
a collimator; the diameter of the generated photon beam at the sample was 2 mm, the radiation 

intensity was I = 1.26∙107 photons/(s·μA).
The detector in the study was a simulation 

model of an Amptek detector with a 500 μm 
crystal and a 12.7 μm beryllium window.

Determination of optimal detector angle  
relative to the normal  

for calculating the coating thickness 

To find the optimal detector angle, we con-
sidered a system with the following arrangement: 
X-rays from the source struck the sample at a right 
angle, and the flux of fluorescence photons was 
recorded by ring detectors (to accelerate the sim-
ulations) positioned at different angles 3 cm from 
the sample surface. Five positions of the detector 
were selected. The detectors were positioned at 
the following angles relative to the sample normal 
(degrees): 15, 30, 45, 60 and 75. An iron disk 
with a diameter of 0.5 cm and a thickness of 1 cm 
was used as a sample. A Zn layer with thickness s 
(ranging from 0 to 50 μm) was deposited on the 
sample. The simulation setup is shown in Fig. 2.

Fig. 1. Model of collimated X-ray tube 
used in the simulations: 

zirconium collimator Zr Coll, rhodium target Rh 

T, beryllium window Be W, electron beam EB; the 

generated photon beam is shown as a blue cone

Fig. 2. Simulation model for the Zn–Fe pair:
Fe sample, Zn coating layer; Ring detectors, X-ray source. 

The incident X-rays are shown as a blue line; fluorescence emitted 

from the sample at different angles is shown as red rays
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The simulations yielded the fluorescence spectra from samples with different Zn coating thick-
nesses and at different angles. First, the Fe Kα and Zn Kα peak intensities were plotted as a func-
tion of coating thickness s for different detector angles. A similar dependence was obtained for 
gold on copper.

As an example, Fig. 3 shows the Fe Kα and 
Zn Kα peak intensities as a function of coating 
thickness s for a detector angle of 45°. The other 
dependences have a similar shape, but as the 
detector angle increases, the intersection point 
of the curves shifts toward smaller thicknesses. 
This is because the information depth decreases 
as the detector angle increases.

The intersection of the curves corresponds 
to the coating thickness at which the heights of 
the peaks associated with Fe Kα (substrate) and 
Zn Kα (coating) are equal.

Fig. 4 shows the Fe Kα/Zn Kα peak intensity 
ratio as a function of coating thickness for differ-
ent detector angles.

A family of curves was plotted based on the 
simulation results, reflecting the dependence of 
the peak intensity ratio on the coating thickness 
for various angles. We can conclude from the 
data in Fig. 4 that the dependences of the Fe Kα/
Zn Kα peak intensity ratio on the coating thick-
ness are close for detector angles up to 45°. The 
behavior of the curves changes above this value: 
the ratio drops more sharply, and the range of 
measurable thicknesses narrows considerably. 
This result indicates that the geometric parame-
ters of the instrument must be precisely known 
and controlled.

The simulation model of the X-ray fluores-
cence analyzer is shown in Fig. 5. Fig. 5,a shows 
the model, including the radiation source, the 
sample, and the detectors. Fig. 5,b shows the 
simulated trajectories of the incident X-ray pho-
tons and of the fluorescence photons emitted by 
the sample.

The simulation setup in Fig. 5 comprises four 
identical Amptek detectors arranged symmetri-
cally about the vertical axis at 45° to the normal 
to speed up statistics accumulation.

As a result of the calculations, we obtained a calibration curve for the Fe Kα/Zn Kα peak inten-
sity ratio as a function of coating thickness for a 45° detector angle at a tube voltage of 30 kV and 
a current of 1 mA. The same dependence was obtained for a Cu substrate coated with Au. The 
results are shown in Fig. 6. A similar dependence was described in [2].

The accuracy of the thickness measurement based on a calibration curve depends on the num-
ber of detected signals used to construct that curve.

The relative uncertainty δ in measuring the n
1
/n

2
 count ratio, assuming a Poisson distribution 

for counts n
1
 and n

2
, is given by the formula:

1 21/ 1/ .n nδ = + (1)

Fig. 3. Calculated Fe Kα and Zn Kα peak 
intensities versus coating thickness for 

detector angle of 45°
The value s = 4.41 μm corresponds to equal 

heights of the fluorescence maxima from the 

substrate and coating

Fig. 4. Calculated Fe Kα/Zn Kα peak intensity 
ratios versus coating thickness for different 

detector angles (in degrees)
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Fig. 6 shows the substrate-to-coating peak intensity ratios as functions of coating thickness, 
along with the corresponding thickness measurement uncertainties.

The thickness measurement uncertainty we obtained is comparable to the values reported in [2, 9].

Conclusion

The results presented in this work show that Monte Carlo simulations in X-ray fluorescence analy-
sis of coating thickness make it possible to determine coating thickness without prior calibration and to 
optimize the measurement process to achieve the required accuracy. However, this naturally requires 
experimental verification. In this work, we considered the simplest case, where the coating thickness 
was calculated for a pure element deposited on a pure substrate. Nevertheless, the Monte Carlo 
method can be used to calculate the thickness of coatings consisting of an arbitrary set of elements.

Once the relationship between coating thickness and the substrate-to-coating peak intensity 
ratio is known, the exposure time required to measure that thickness with the required accuracy 
can be found easily. Note that long exposure times are needed to measure gold coatings thicker 
than 10 μm on copper and zinc coatings thicker than 40 μm on iron with acceptable accuracy. 
For a practical instrument designed to measure coating thickness by the method described here, 
the optimal detector angle relative to the normal should not exceed 45°. At larger angles, the range 
of measurable thicknesses narrows substantially, and the measurement uncertainty increases.

a) b)

Fig. 5. Simulation model of the X-ray fluorescence analyzer (a) 
and the corresponding simulated photon trajectories (b); 

electron beam EB, generated X-ray photons hν (X), 

Zn-Fe sample, fluorescence photons hν (f), detectors D

a) b)

Fig. 6. Fe Kα/Zn Kα (a) and Cu Kα/Au Lα (b) peak intensity ratios as functions of coating 
thickness; corresponding uncertainty of coating thickness measurement for the chosen tube 

radiation intensity (U = 30 kV, I = 1 mA); the detector angle is 45° in both cases
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Abstract. The effect of Ar+ and Cd+ ion implantation and subsequent thermal annealing 
has been studied on a single-crystal ZnTe (111) using a whole range of spectroscopy methods: 
ultraviolet photoelectron one (UPS), light absorption one, and Auger electron one (AES). 
The results showed that bombardment of the surface with Ar+ and Cd+ ions with an energy 
of E

0
 = 1 keV until a saturation dose of of D

sat
 = (6–8)·1016cm–2 was reached resulted in the 

destruction of the crystal structure of the ion-implanted layers and, as a consequence, in 
surface metallization. In particular, after implantation with Cd+ ions and subsequent annealing 
at T = 850 K, the formation of a homogeneous continuous Zn

0.5
Cd

0.5
Te film 30–35 Å thick 

was observed, which indicated the redistribution of components and the formation of a new 
phase state on the ZnTe surface. The results of the study of Zn

0.5
Cd

0.5
Te thin films demonstrate 

the presence of two clearly defined maxima in the valence electron spectra corresponding to 
binding energies of –1.4 eV and –5.2 eV.
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Аннотация. Влияние ионной имплантации Ar+ и Cd+, а также последующего 
термического отжига было изучено на монокристаллическом образце ZnTe(111) с 
применением комплекса методов спектроскопии: ультрафиолетовой фотоэлектронной, 
поглощения света в УФ-. ИК-, видимой областях и Оже-электронной. Результаты 
исследований показали, что бомбардировка поверхности ионами Ar+ и Cd+ с 
энергией E

0
 = 1 кэВ до достижения дозы насыщения D

sat
 = (6–8)·1016 см–2 приводит 

к разрушению кристаллической структуры ионно-имплантированных слоев и, как 
следствие, к металлизации поверхности. В частности, после имплантации ионами 
Cd+ и последующего отжига при температуре Т = 850 K наблюдается формирование 
гомогенной сплошной пленки Zn

0,5
Cd

0,5
Te толщиной 30 – 35 Å, что свидетельствует 

о перераспределении компонентов и образовании нового фазового состояния на 
поверхности ZnTe. Результаты исследования тонких пленок Zn

0,5
Cd

0,5
Te демонстрируют 

наличие двух отчетливо выраженных максимумов в спектрах валентных электронов, 
соответствующих энергиям связи –1,4 эВ и –5,2 эВ.

Ключевые слова: гетероструктура, фотоэлектронная спектроскопия, имплантация, 
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Introduction

AIIBVI semiconductors such as cadmium and zinc tellurides (CdTe, ZnTe) have long served as 
model objects for fundamental research; however, their practical application remained relatively 
limited, being mainly confined to X-ray detectors and luminophores. Nevertheless, these com-
pounds are characterized by high structural perfection and possess unique optical properties.

In recent years, AIIBVI compounds have attracted increasing attention as promising materials 
for efficient conversion of solar energy into electricity, owing to their high quantum yield in the 
green spectral region [1–5].

One of the factors hindering the widespread use of heterostructures based on CdTe and ZnTe 
is the significant mismatch in their lattice parameters. The resulting mechanical stresses at inter-
faces can lead to degradation and failure of the structures. The lattice mismatch also introduces 
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uncertainties in the accurate determination of the band offset, reflected in a substantial scatter (up 
to ±10% of the average bandgap) in the published data on the valence band offset of CdTe/ZnTe 
heterostructures [6–9].

Studies on heterostructures based on binary semiconductors [10–18], in particular, 
the CdTe/ZnTe system with identical nominal thickness of the narrow-gap layer, demonstrate a 
significant discrepancy in the energy position and shape of the emission band. This points to a 
pronounced dependence of the actual structure of the thin layer on the specific growth conditions. 
For the CdTe/ZnTe system, this aspect is of particular importance in the context of developing 
CdTe quantum dots doped with a precisely controlled amount of Mn2+ magnetic ions [19].

Stresses arising during growth and their subsequent relaxation play a key role for heteroepi-
taxial structures. These processes have a decisive influence on the crystalline perfection of the 
structure, which, in turn, directly affects the electronic properties of the material and, conse-
quently, the parameters of fabricated infrared detectors [20–28]. A wide range of optical [24] and 
X-ray diffraction [25, 26] methods are used for high-precision measurements of residual strains 
occurring in the bulk of the material, providing valuable information on the mechanical state of 
the structure.

Ref. [28] reports on an experimental study of weak strains in the near-surface regions of 
amorphous chromium (Cr) and mercury-cadmium telluride (HgCdTe) layers using an inno-
vative null method. The study yielded quantitative data demonstrating the dependence of the 
second-harmonic amplitude on the magnitude of applied stresses. In addition, precision mea-
surements of residual stresses in the surface layer of a multilayered HgCdTe/CdTe/ZnTe/GaAs 
structure grown by molecular beam epitaxy were performed, which made it possible to establish 
the parameters of the structure’s stressed state.

The method of low-energy ion implantation has proven to be an effective tool for targeted 
modification of the composition, structure and properties of various materials [29–37], opening 
new prospects in materials science and surface engineering.

The present work reports on the surface modification of monocrystalline zinc telluride (ZnTe) 
films by implantation of argon Ar+ and cadmium Cd+ ions combined with thermal treatment.

The goal of this study is a detailed investigation of the mechanisms leading to changes 
in the elemental composition and electronic structure of zinc telluride films as a result of a 
complex treatment.

Experimental procedure

The film samples were studied using an ultra-high-vacuum system (Fig. 1) consisting of two 
functionally separated chambers.

Annealing, thermal oxidation and ion bombardment procedures were carried out in the first 
chamber; these procedures prepared the materials for further analysis.

The second chamber was used for detailed analysis 
of the composition, density of states of valence elec-
trons, band structure, as well as emission and optical 
characteristics of the samples.

Polished and chemically etched monocrystalline 
ZnTe(111) samples and epitaxial n-type ZnTe/Si(111) 
films grown by magnetron sputtering were used for 
the study.

The experiments were performed under high vac-
uum (pressure down to 10–7 Pa) using a combina-
tion of spectroscopic methods: Auger electron spec-
troscopy (AES), ultraviolet photoelectron spectros-
copy (UPS), optical absorption spectroscopy in the 
UV, IR and visible ranges, and elastic peak electron 
spectroscopy (EPES).

Depth profiles of atomic distributions were deter-
mined by AES combined with precision layer-by-layer 
sputtering of the surface with Ar+ ions at an energy E

0
 

ranging from 2 to 3 keV. Prior to ion implantation, Fig. 1. Experimental setup
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the ZnTe samples were degassed by heating to T = 900 K for three hours. This process was com-
bined with Ar+ ion sputtering at a pressure of 10–7  Pa to remove surface contaminants.

After cleaning, the Auger peaks corresponding to carbon (C), sulfur (S) and oxygen (O) com-
pletely disappeared, indicating a high degree of surface purity. The concentrations of zinc (Zn) 
and tellurium (Te) atoms stabilized within the range of about 49–50 at.%, which indicated the 
restoration of the stoichiometric composition.

Cd+ ions were implanted at an energy Е
0
 = 3–1 keV with a dose D  = 8∙1016 cm–2; this value 

corresponded to the saturation dose, at which further increase in dose did not lead to significant 
changes in the material properties. The Cd+ ions were generated by electron bombardment, which 
provided high precision control of the ion beam parameters.

Experimental results and discussion

Fig. 2 shows the change in the surface concentration of zinc in ZnTe under bombardment with 
Ar+ ions at an energy E

0
 = 1 keV at room temperature.

It can be seen that the surface Zn concen-
tration C

Zn
 remains practically unchanged up to 

a dose D = 10·214 cm–2, indicating the stability 
of the material surface at the initial stage of ion 
exposure. Then, a decrease in the Zn concentra-
tion by 7–8 at.% is observed in the dose range 
from 2·1014 to 5·1015 cm–2. A further increase in 
the ion dose leads to an increase in C

Zn
, reaching 

65–66 at.% at D = (6–4)·1016 cm–2. After that, 
further irradiation causes stabilization of the zinc 
concentration, which then undergoes virtually 
no changes.

To comprehensively analyze the modification 
of the surface concentration of Zn and Te atoms 
during Ar+ ion bombardment, the depth depen-
dence of the deviation ΔC

Zn
 of Zn concentration 

from the stoichiometric composition was stud-
ied at two different irradiation doses: 5·1015 and 
6·1016 cm–2 (Fig. 3).

It follows from the data in Fig. 3 that a 
decrease in the Zn concentration by 8–10 at.% 
is observed at a dose of D = 5·1015 cm–2 in the 
near-surface layers, remaining almost unchanged 
down to a depth h = 5–6 Å. An increase in 
ΔC

Zn
 to about 6 at.% is observed in the range 

h = 10–40 Å. With a further increase in depth, 
ΔC

Zn
 decreases monotonically, tending to zero 

at h = 60–65 Å, which indicates the restoration 
of the stoichiometric composition characteristic 
of ZnTe. The decrease in Zn concentration in 
the range h = 0–20 Å is presumably due to the 
diffusion of Zn atoms deeper into the target or 

(less likely) to the diffusion of Te atoms to the surface (taking into account the significant dif-
ference in the masses of Te and Zn atoms). It is evident that the areas S

1
 and S

2
 under curve 1 

differ only slightly, which suggests that there is no appreciable evaporation of Zn (or Te) atoms. 
At higher bombardment doses (D ≥ 6·1016 cm–2, see curve 2 in Fig. 3), the value of ΔC

Zn
 in the 

near-surface layers increases to 10–12 at.%, then decreases monotonically with increasing h. 
At a depth of 50–60 Å, the value of ΔC

Zn
 is about 1–2 at.%, remaining practically unchanged 

at h ≥ 60 Å.
In all probability, desorption of Te atoms from the surface layers occurs at high ion bombard-

ment doses along with their diffusion to the surface, leading to metallization of the surface layers 
of the ZnTe film.  In this case, the surface layers become completely disordered.

Fig. 2. Dependence of the surface zinc 
concentration in ZnTe/Si(111) film on the 
irradiation dose after bombardment with 

1 keV Ar+ ions at room temperature

Fig. 3. Dependences of deviation ДΔC
Zn

 
on depth of ZnTe/Si(111) film bombarded 
with 1 keV Ar+ ions at doses D (cm–2): 5·1015 

(curve 1) and 6·1016 (curve 2)
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Fig. 4 shows the Auger spectra of ZnTe samples implanted with Cd+ ions at an energy 
Е

0
 = 1 keV and a dose D

s 
= 8·1016 cm–2, recorded before and after annealing at Т = 850 K for 

40 min. It is known that analysis of the shift and shape of low-energy peaks induced by the par-
ticipation of valence electrons provides data on the formation of new compounds.

The atomic concentration С
x
 in the near-surface layers can be estimated from the intensities 

of the high-energy peaks using the following formula [38]:

1

,x x
x

i

i i

I S
C

I

S=

=

∑

where I
i
, I

x
 are the intensities of the Auger peaks, S

i
, S

x
 are the Auger sensitivity factors.

The following Auger peaks were used to determine the atomic concentrations:

Zn: Е = 994 eV; Te: Е = 483 eV; Cd: Е = 376 eV.

The characteristic Zn and Te peaks are clearly observed in the Auger spectrum of the 
unimplanted ZnTe film. Quantitative analysis of the spectra showed that the surface con-
centration of Zn was about 49 at.%, and that of Te about 51 at.%. Implantation of Cd+ ions 
causes decomposition of the ZnTe compound with simultaneous incorporation of Cd atoms 
into the ZnTe lattice. Distinct Zn and Cd peaks are observed in the Auger spectrum after ion 
implantation, while the intensity of Te peaks decreases significantly, so that low-intensity peaks 
disappear completely, which indicates predominant desorption of Te atoms from the sam-
ple surface. The main low-energy peak (56 eV) characteristic of ZnTe shifts by 4 eV towards 
higher energies. This is because Cd+ ion implantation induces decomposition of the original 
ZnTe sample and a sharp decrease in Te concentration; as a result, the peak energy approaches 
the value characteristic of pure Zn. Analysis of the high-energy peaks of the full Auger spectrum 
revealed that the surface concentrations of Cd, Zn and Te atoms were approximately 48, 40, 
and 12 at.%, respectively.

After annealing at 850 K for 40 min, the 60 eV peak shifts back towards lower energies. 
The concentrations of Cd and Zn atoms decrease to 23–25 at.%, while that of Te increases to 
50–52 at.%, indicating the formation of a monocrystalline film with an approximate composition 
Zn

0.5
Cd

0.5
Te (see curve 3 in Fig. 4).

The electronic structure of the surface layers, including the density of electronic states and band 
parameters, was studied by ultraviolet photoelectron spectroscopy (UPS) and optical absorption 
spectroscopy [39].

Fig. 4. Auger spectra of samples at different stages of the study: 
as-grown ZnTe(111) sample (curve 1); sample after implantation with Cd+ (Е

0
 = 1 keV, D

s
 = 8·1016 cm–2) 

(curve 2); sample after ion implantation and annealing at Т = 850 K for 40 min (curve 3). The numbers 

correspond to the positions of the peaks (eV)
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Fig. 5 shows photoelectron spectra recorded 
at a photon energy hν = 10.8 eV for a ZnTe 
sample implanted with Cd+ ions at an energy 
Е

0
 = 1 keV and a dose D = 8·1016 cm–2, before 

and after thermal annealing at Т = 850 K.
Two well-defined peaks are clearly observed 

in the spectrum of pure ZnTe at binding energies 
of about –1.4 and –5.2 eV, as well as a char-
acteristic feature at Е

SS
 = –0.5 eV, presumably 

related to the existence of surface states. Detailed 
information on the possible mechanisms behind 
the formation of these peaks is given in Table 1.

Analysis of the data in Table 1 shows that 
the spectral peaks of pure ZnTe originate 
from the excitation of electrons from hybrid-
ized 4s Zn + 5p Te states and 5s Te states. Ion 
implantation leads to a shift of the leading edge 
of the spectrum towards higher energies, reach-
ing about 1.8 eV. In addition, an increase in the 
spectral width (ΔЕ) is observed, the main peaks 
characteristic of ZnTe(111) disappear, and new 
peaks appear, which are likely associated with 
the formation of Zn, Cd inclusions and their 

compounds (see Table 1). In this case, the positions of the valence band top E
v
 and the Fermi 

level E
F
 coincide completely, indicating the metallic character of the ion-implanted layers. A 

characteristic spectral feature, accompanied by the appearance of four distinct peaks, is observed 
in the spectrum of the Zn

0.5
Cd

0.5
Te film obtained after thermal annealing of the ion-implanted 

ZnTe at Т = 850 K. A detailed interpretation of these peaks is also given in Table 1. Importantly, 
the position of the E

v
 level shifts towards lower energies by about 2 eV.

The bandgap width of the studied samples was estimated from the optical absorption 
(transmittance) spectra.

Fig. 5. UPS spectra recorded 
at different stages of the study: 

as-grown ZnTe(111) sample (curve 1); sample 

after implantation with Cd+ ions (Е
0
 = 1 keV, 

D
s
 = 8·1016 cm–2) (curve 2); sample after ion 

implantation and annealing at Т = 850 K for 

40 min (curve 3); SS denotes surface states

Tab l e  1

Stages of UPS analysis of samples subjected to Cd+ ion bombardment 
and annealing; interpretation of the results

Stage Sample
UPS result

E
bind

, eV Peak formation mechanism 

1. Initial ZnTe (111)
–0.5 Surface state (SS)
–1.4 4s Zn + 5p Te
–5.2 5s Te

2. Implantation
E

0
 = 1 keV,

D
s 
= 8·1016 cm–2

ZnTe
+0.2 5s Cd
+0.8 4s Zn
–3.8 5s Te

3. Annealing 
at Т = 850 K

Zn
0.5

Cd
0.5

Te/ZnTe

–0.3 Surface state (SS)
–0.8 4s Zn + 5p Te
–1.8 5s Cd + 5p Te
–2.8 4s Zn + 5p Te
–4.6 5s Te
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Fig. 6 shows the dependences of the trans-
mittance T

ph
 on the photon energy hν for pure 

ZnTe(111) and for the Zn
0.5

Cd
0.5

Te/ZnTe(111)
film obtained by post-implantation annealing 
at Т = 850 K. Analysis of Fig. 6 shows that 
the transmittance of the pure ZnTe sample 
remains practically unchanged up to a photon 
energy of about 2.1 eV, indicating the absence 
of noticeable light absorption in this spectral 
region. A sharp drop in transmittance to zero 
is observed in the energy range hν = 2.1–
2.3 eV, caused by intense light absorption. 
Extrapolation of this segment of the curve to 
the hν axis allows approximately estimating the 
bandgap width E

g
. Similarly, the E

g
 value for 

the Zn
0.5

Cd
0.5

Te film was found to be approx-
imately 1.75 eV. It should be noted that in 
the second case, the sharp decrease in T

ph
 

begins already at about 1.7 eV, but complete 
absorption is reached only at about 2.2 eV. 

Apparently, ultra-thin films (less than 40 Å) exhibit some residual transparency even at hν > 
E

g
, transmitting low-intensity light.
Table 2 presents the band and optical parameters derived from the photoelectron and optical 

absorption spectra for the initial and final samples (ZnTe and Zn
0.5

Cd
0.5

Te/ZnTe, respectively).
The energy of the valence band top E

v
 was determined as the difference between the photon 

energy and the width of the photoelectron spectrum:

E
v
 = hν – ΔЕ.

The optical parameters of the samples were determined at a photon energy hν = 1.2 eV. 
Analyzing the data in Table 2, we find significant differences in the band and optical param-
eters of the Zn

0.5
Cd

0.5
Te film and the ZnTe substrate. In particular, the bandgap width for the 

three-component film is about 1.75 eV, while for the substrate it is 2.35 eV. Subsequent studies 
revealed that the value of х in the Zn

1–x
Cd

х
 system reached 0.6 upon increasing the annealing 

temperature to 900 K, and grew to 0.8 at 950 K Upon a further increase in temperature in 
the range of 1000–1050 K, complete evaporation of cadmium atoms from the film occurred. 
Variation of the Cd+ bombardment energy in the range from 1 to 10 keV will allow for control-
lable modifications in the thickness of the Zn

1–x
Cd

х
Te film from 30–35 Å to 900–1000 Å, which 

opens up attractive prospects for precise tuning of material properties.

Fig. 6. Dependences of optical transmittance 
on photon energy for the as-grown 
ZnTe sample (curve 1) and the final 

Zn
0.5

Cd
0.5

Te/ZnTe(111) film (curve 2). 
Film thickness was 30–35 Å, room temperature

Tab l e  2

Band and optical parameters of the films obtained 
from UPS and optical transmittance spectra 

Experimental sample
Band energy 

parameters (eV)
Optical parameters 

at hν = 1.2 eV
E

v
E

g
Χ R T

ph
K

ZnTe 5.30 2.35 2.95 22 78
0

Zn
0.5

Cd
0.5

Te 5.35 1.75 3.6 26 74

Nota t i on s : E
v 
 is the energy of the valence band top, E

g
 is the bandgap width; χ is 

the electron affinity; R, T
ph
, K are the reflectance, transmittance and absorptance, 

respectively; hν is the photon energy.
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Conclusion

For the first time, we comprehensively analyzed the effect of bombardment of the surface of 
zinc telluride (ZnTe) films with low-energy argon (Ar+) and cadmium (Cd+) ions on changes in 
the elemental composition and electronic structure of the near-surface layers.

It was found that irradiation with Ar+ ions in the low-dose range (D ≤ 10·515 cm–2) led to 
enrichment of the ZnTe surface with tellurium atoms, while a predominance of zinc atoms was 
observed with at higher doses (D ≥ 5·1015 cm–2); implantation of Cd+ ions caused accumulation 
of Zn and Cd atoms on the ZnTe surface.

Thin films of the Zn
0.5

Cd
0.5

Te solid solution with a uniform thickness in the range of 30–35 Å 
were formed by implanting Cd+ ions into monocrystalline ZnTe followed by controlled annealing 
at 850 K.

Photoelectron spectroscopy and optical transmittance spectroscopy were used to obtain the 
distribution of the density of states of valence electrons, the energy band parameters and the 
optical characteristics of the grown Zn

0.5
Cd

0.5
Te thin films. Two distinct maxima in the density 

of states were observed in the valence electron spectra of Zn
0.5

Cd
0.5

Te at binding energies of –1.4 
and –5.2 eV. These maxima correspond to specific features of the electron density distribution in 
the valence band of the material under study.
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Аннотация. В работе представлены результаты исследования накопления радиационных 
повреждений в α-Ga

2
O

3
 при последовательной бомбардировке ионами фтора и фосфора с 

различной энергией кэВ-диапазона. Установлено заметное влияние последовательности 
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Ключевые слова: оксид галлия, ионная имплантация, последовательное облучение, 
радиационный дефект, резерфордовское обратное рассеяние



99

Physical Electronics

© Клевцов А. И., Карасев П. А., Титов А. И., 2026. Издатель: Санкт-Петербургский политехнический университет 

Петра Великого.

Ссылка для цитирования: Клевцов А. И., Карасев П. А., Титов А. И. Образование 
устойчивых радиационных повреждений при последовательной ионной бомбардировке 
альфа-оксида галлия // Научно-технические ведомости СПбГПУ. Φизико-
математические науки. 2026. Т. 2  №  .19. С.98 –106. DOI: https://doi.org/10.18721/
JPM.19209

Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://
creativecommons.org/licenses/by-nc/4.0/)

Introduction

Ion implantation is a key process in modern semiconductor technology for selectively mod-
ifying material properties. It is well known that irradiation of semiconductors with accelerated 
ions always produces stable damage to the crystal lattice [1]. The extent of this radiation damage 
depends on several parameters, including ion mass and energy, flux density, temperature, and 
target composition [2, 3].

Sequential bombardment with ions of different energies and/or different chemical elements is 
widely used for fabricating semiconductor devices. A common example of this approach is form-
ing a required depth distribution of dopant atoms [4]. Even though this approach is widespread, 
the mechanisms that determine the final degree of structural disorder in the target under sequen-
tial bombardment remain poorly understood for many semiconductors. In fact, they are virtually 
unexplored for such promising materials as gallium oxide.

Furthermore, it is known from the literature that defect accumulation under sequential bom-
bardment with ions of different energies and/or types can be both non-additive and non-com-
mutative [5–7]. Non-additivity means that the final damage profile is not simply the sum of the 
profiles produced by each individual irradiation with its energy and dose. Non-commutativity 
means that the final damage distribution can depend dramatically on the sequence in which irra-
diation is applied (see, e.g., data for silicon [5, 6] and gallium nitride [7]). Moreover, the second 
irradiation can even reduce the damage level introduced by the first implantation for certain ion 
combinations and bombardment sequences [8–14].

Wide-bandgap oxide semiconductors are attracting increasing attention for power electronics 
and optoelectronics, offering new opportunities but also calling for a deeper understanding of 
their radiation resistance and defect formation under accelerated ion implantation.

One of the most promising representatives of this family is gallium oxide [15–19], which exists 
in several polymorphic modifications [15]. The monoclinic β-phase of gallium oxide (β-Ga

2
O

3
), 

with a bandgap of about 4.8 eV, is already actively studied and introduced in the fabrication of 
Schottky diodes [20] and field-effect transistors [21]. The metastable rhombohedral α-phase of 
gallium oxide (α-Ga

2
O

3
) with a corundum structure has unique properties, such as

a large bandgap (up to ~5.3 eV),
and a high critical breakdown field (up to ~8 MV/cm);
moreover, it can be grown epitaxially on relatively inexpensive sapphire substrates [22, 23].
Practical devices based on α-Ga

2
O

3
 require reliable methods for local doping and isolation; 

ion implantation is the primary technique for this purpose. Thus, to lay the foundations for ion-
beam modification of α-Ga

2
O

3 
, the mechanisms of radiation defect accumulation and anneal-

ing in this material must be understood, in particular under sequential irradiation. However, 
while the formation of structural disorder and radiation resistance of β-Ga

2
O

3
 have been studied 

actively in recent years [15–22, 24], data for α-Ga
2
O

3
 remain limited [25–27], and studies 

of sequential bombardment with different ion types and energies were virtually absent until 
recently [28].

In this work, we present the first study of radiation damage accumulation in α-Ga
2
O

3
 under 

sequential bombardment with light fluorine (F+) and phosphorus (P+) ions at keV energies typical 
of industrial applications.
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Experimental procedure

We studied epitaxial α-Ga
2
O

3
 layers with a corundum structure, about 2 μm thick and with 

(0001) orientation, grown on the c-plane of a sapphire substrate by hydride vapour-phase epi-
taxy (HVPE) at Perfect Crystals LLC (St. Petersburg) [29]. The samples were irradiated with 
fluorine and phosphorus ions at room temperature using a 500 kV ion implanter (HVEE-500) at 
Research and Production Enterprise ELAR JSC (St. Petersburg). Irradiation was performed at an 
angle of 7° with respect to the [0001] crystallographic direction to minimize channeling effects in 
the crystal.

To ensure a valid comparison of the experimental data, radiation damage was evaluated at 
equal displacements per atom (DPA) generated in the target. The ion doses Φ

DPA
 were determined 

in the binary collision approximation as the ratio of the vacancy concentration at the maximum of 
the elastic energy loss profile (n

v
) for a given ion fluence, calculated using the TRIM code [30], 

to the atomic concentration of α-Ga
2
O

3
 (n

at
 = 1.03·1023 atoms/cm3), so that Φ

DPA 
= (n

v
·Φ)/n

at
, 

where Φ is the fluence in cm–2.
The ion flux density, defined as F

DPA
 = dΦ

DPA
/dt, was also kept constant in units of DPA/s. All 

irradiation parameters are given in the table.

The degree of disorder in the crystal structure of the samples after irradiation was measured by 
Rutherford backscattering spectrometry in channeling mode (RBS/C). The measurements used 
a probing beam of 0.7 MeV He++ ions along the [0001] crystallographic direction. The scattered 
particle detector was positioned at 170° relative to the incident beam direction.

Experimental results and discussion

Fig. 1 shows the generation functions of primary point defects and the corresponding elastic 
energy losses (solid lines), calculated with TRIM [30]. The values of the maxima of the implanted 
impurity concentration profile R

p
 and of the primary defect generation function R

pd
 are also sum-

marized in the table. The ion energies were chosen so that the primary point defect distributions 
for F+ (25 keV) and P+ (40 keV) ions, as well as for F+ (50 keV) and P+ (80 keV) ions, were sim-
ilar to each other (see Fig. 1). The ion energy for the second (high-energy) irradiation was chosen 
so that the maximum of the defect generation function was located at a depth corresponding to 
the position of defects formed in the bulk during the first (low-energy) irradiation.

Fig. 2 shows experimental RBS/C spectra for single irradiation with 25 and 50 keV fluorine 
ions at a dose of 1.5 DPA. The spectra represent the number of detected backscattered helium 
ions as a function of the channel number of the multichannel analyzer. In both cases, two maxima 
are observed in the spectra: one in the bulk of the sample, the bulk defect peak (BDP); the other 
in the surface region, the surface defect peak (SDP), associated with the formation of an amor-
phous surface layer due to diffusion of primary point defects from the bulk to the surface owing 
to their mobility [25]. For 25 keV fluorine ions, the BDP is located in the region of channel 246, 

Tab l e

Parameters of ion irradiation used

Ion
Energy R

p
R

pd
1 DPA Ion current density

keV keV/u nm nm 1014 cm–2 μA/cm2 1011 cm–2∙s–1 10–3 DPA/s

F+

25 1.3 30 17 10.61 0.41 25.4

2.4
50 2.6 55 36 12.15 0.47 29.2
60 3.0 74 48 12.72 0.49 30.6

P+ 40 1.3 30 17 6.28 0.24 15.1
80 2.6 55 36 6.48 0.25 15.6

Nota t i on s :  R
p
 is the projected range of impurity ions (position of the maximum of the implanted impurity 

concentration); R
pd
 is the maximum of the primary defect generation function; DPA is the number of dis-

placements per atom.

No t e . Singly charged positive ions were used in all cases. The dose was 1.5 DPA in all cases.
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which corresponds to a depth of about 35 nm 
and to the maximum of the generation function 
for 50 keV fluorine ions, for which, in turn, the 
BDP is located in the region of channel 229, 
equivalent to a depth of about 62 nm.

Fig. 2 also shows the results of sequential irra-
diation with fluorine ions for two sequences: low 
energy (25 keV) followed by high energy (50 keV), 
and the reverse, high energy (50 keV) followed by 
low energy (25 keV). Each irradiation step was 
performed with the same dose: 1.5 DPA. It follows 
from the data in Fig. 2 that the final shape of the 
spectrum and consequently the defect distribu-
tion strongly depend on the irradiation sequence, 
despite identical DPA and DPA/s values. Indeed, 
when the first irradiation is performed with low-en-
ergy fluorine ions, i.e., when the total energy is 
25+50 keV, an increase in the BDP is observed 
after the second irradiation. Conversely, the BDP 
value is lower for the reverse irradiation order.

Therefore, irradiation with 25 and 50 keV flu-
orine ions is a non-commutative process [28].

Next, experiments were carried out to 
test the commutativity of ion irradiation of 
α-Ga

2
O

3
 samples with phosphorus ions. As noted 

above, the irradiation energies for phospho-
rus ions were chosen so that the primary point 
defect generation functions were similar to the 
corresponding functions for F+ ions. The irra-
diation was performed with the same dose: 
1.5 DPA. Fig. 3 shows the RBS/C spectra for 
single irradiations with 40 and 80 keV phos-
phorus ions; their BDP positions are also in the 
region of channels 246 (depth of ~35 nm) and 
229 (~62 nm), respectively [25, 26]. The results 
of irradiation with phosphorus ions in different 
sequences, namely 40+80 keV and 80+40 keV, 
are also shown in Fig. 3. A significant increase 
in the signal is observed for the low-energy → 
high-energy sequence, with consequently a more 
intense accumulation of stable radiation dam-
age. As in the case of fluorine ions, irradiation 
with 40 and 80 keV phosphorus ions is also a 
non-commutative process.

Finally, in the concluding experiment, 
the energy of the second fluorine irradiation 
was chosen to be 60 keV, so that the genera-
tion maximum lay somewhat deeper than the 
BDP position for 25 keV ions. The doses of each 
irradiation step were also 1.5 DPA. The resulting 

RBS/C spectra for the cases F+ 25 + 60 keV and 60 + 25 keV are shown in Fig. 4. It can be 
seen that the generation maximum is shifted deeper into the sample by about 13 nm relative to 
the BDP position for F+ 25 keV, and the BDP for F 60 keV is located in the region of chan-
nel 220 (~90 nm). As in the other cases, more intense defect formation was observed for the 
low-energy → high-energy irradiation sequence. Despite the increase in the energy of the second 
ion, irradiation with 25+60 keV fluorine ions also proved to be non-commutative.
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To date, two mechanisms of ion implantation 
in semiconductors that lead to non-commutativ-
ity of structural damage accumulation have been 
proposed. Both have been confirmed to be valid.

The first mechanism [25] is the non-linearity 
of dose dependence of structural damage at dif-
ferent depths for each type of bombarding ion.

The second mechanism [7, 31] is the formation 
of a higher concentration of stable damage at 
depth upon irradiation with lower-energy ions, 
which leads to more efficient formation of sta-
ble defects involving mobile point defects during 
subsequent high-energy irradiation.

It is the second mechanism that we observed 
experimentally. In the case when high-energy 
irradiation was applied first, the concentration 
of stable damage in the bulk was lower (com-
pared to low-energy irradiation) and mobile 
point defects were less efficiently trapped at 
depth and diffused to the interface between 
the amorphous surface layer and the crystal-
line layer. Further studies are clearly needed to 
elucidate the physical nature of non-commu-
tativity under sequential ion implantation into 
α-Ga

2
O

3
 samples.

Conclusion

We studied radiation damage accumulation 
in gallium alpha oxide under sequential bom-
bardment with fluorine ions and, separately, 
with phosphorus ions at different energies. It 
was found that the process is non-commutative: 
the final damage depends on the sequence of 
irradiation. We proposed possible mechanisms 
for this effect. Understanding the mechanisms 
and physical origin of the stable defect accu-
mulation rate as a function of the ion implan-
tation sequence can make it possible to predict 
and control the final defect profile in electronic 

devices based on α-Ga
2
O

3
. Further experimental and theoretical studies of this phenomenon 

are clearly necessary.
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Аннотация. Плазмонные материалы на основе наноструктур благородных металлов 
обладают уникальными оптическими свойствами в видимом диапазоне. В настоящее 
время плазмоны, которые поддерживаются металлическими наночастицами или 
распространяются вдоль металлических интерфейсов, привлекают все большее внимание 
в сенсорике, медицине, визуализации, нанофотонных и оптоэлектронных технологиях. 
В статье представлен краткий обзор двух основных плазмонных мод: поверхностных 
плазмонных поляритонов на металлических интерфейсах и локализованных плазмонов 
в наноструктурах, а также физических основ плазмонно-усиленных датчиков, таких как 
колориметрические сенсоры, сенсоры на основе плазмонно-усиленной флуоресценции 
и сенсоры на основе гигантского комбинационного рассеяния. Такие датчики 
широко используются в здравоохранении, безопасности, пищевой промышленности 
и мониторинге окружающей среды. Рассмотрено получение плазмонных наноструктур 
в стеклах методом ионного обмена и их применение для детектирования химических 
соединений и биообъектов.
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Introduction
It is well known that the electromagnetic properties of noble metals, such as gold, silver and 

copper, at optical wavelengths closely resemble those of an electron gas. Classical electron the-
ory predicts and numerous experiments confirm a negative real part of the dielectric permittivity 
for these metals at or near optical wavelengths [1]. Consequently, charge oscillations can prop-
agate along the surface of noble and several other metals at optical frequencies. Surface charge 
oscillations dominate the electromagnetic response of nanoparticles with sizes of the order of 
several nanometers.
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A surface plasmon arises from collective oscillations of conduction electrons in nanostructured 
metal systems [2]. A unique property of such systems is that they can concentrate optical energy 
at the nanoscale via surface plasmons. If the external excitation frequency matches the surface 
plasmon frequency, surface plasmon resonance (SPR) occurs.

Both the intensity and the position of the SPR depend strongly on the size, shape, and 
composition of the nanostructures, as well as on the dielectric properties of the surrounding 
medium [5]. This sensitivity opens the avenue for spectroscopic methods for monitoring the 
interactions between the analyte and the sensor surface in real time [6]. Moreover, SPR-
based sensors require only minute amounts of analyte and use label-free techniques, making 
it possible to forgo any preliminary preparation [7]. As a result, this approach offers a highly 
sensitive, versatile, and efficient technology that has been rapidly developing over the past 
two decades.

Surface plasmon polaritons and plasmons in nanoparticles

Plasmon resonance typically takes two distinct forms (Fig. 1):
surface plasmon polaritons (SPPs) propagating along metal–dielectric interfaces;
localized surface plasmon resonance (LSPR) in metal nanoparticles [8].

LSPR occurs when the metal nanostructure is much smaller than the wavelength of incident 
light. Optimal nanoparticle sizes for the optical range are from 10 to 15 nm [9]. The interac-
tion with an external electromagnetic wave excites collective non-propagating oscillations of 
the surface electrons in the metal nanostructure. The plasmon oscillation frequency depends 
on the nanoparticle morphology and the wave polarization. For an ellipsoidal nanoparticle, the 
LSPR frequency ωα along the axis α is given by the following formula [10]:

( )1 1 1 ,p d Lα αω = ω + ε − (1)

where ω
p
 is the Drude plasma frequency, ε

d
 is the relative permittivity of the surrounding medium, 

Lα is the geometric factor for the given axis (Lα 
= 1/3 for a sphere).

As follows from Eq. (1), the resonance frequency depends on the dielectric permittivity of 
the surrounding medium; this dependence is the basis for plasmonic sensors. Moreover, plasmon 
resonance concentrates the electromagnetic field strongly around the nanostructure. Molecules in 
the near field of the nanoparticle participate in radiative and non-radiative processes, whose effi-
ciency is increased by enhanced local fields. This effect, often called the nanoantenna effect [11], 
underlies surface-enhanced fluorescence [12] and surface-enhanced Raman scattering [13]. Both 
phenomena can be exploited in sensing applications.

a) b)

Fig. 1. Schematic of two types of plasmon resonance: 
surface plasmon polariton (SPP) propagating along a metal–dielectric interface (a); 

localized surface plasmon resonance (LSPR) in nanoparticles excited 

by an incident electromagnetic wave (b)
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In contrast to LSPR, SPPs involve electron oscillations along metal–dielectric interfaces, 
in particular, on thin metal films. These waves are polarized in the direction normal to the 
surface (TM-polarization) and can exist only at interfaces between materials whose real parts 
of the dielectric permittivity have opposite signs (the real part of the dielectric permittivity in 
metals is negative at optical frequencies). At optical frequencies, waves propagating along a 
metal–dielectric interface take the form of electromagnetic fields coupled to surface plasma 
oscillations, i.e., oscillations of conduction electrons in the metal [14]. This is essentially a two-
dimensional excitation whose electromagnetic field decays exponentially with distance from the 
interface [14].

The SPP wavevector Q at frequency ω can be written as [10]:

,m d

m d

Q
c

ε εω
=

ε + ε
(2)

where ε
m
 is the dielectric function of the metal.

Because the wavevector of incident light does not match that of the propagating SPP 
(the SPP wavevector is always larger), SPPs cannot be excited by radiation in free space. Excitation 
requires momentum matching, which can be achieved, for instance, via attenuated total reflection 
or by using a periodic structure.

The classic setup for SPP excitation is the Kretschmann configuration [15], where a metal film 
(typically a noble metal, most often gold) deposited on a prism reflects the incident light almost 
completely, except at a specific angle called the SPP excitation angle. As follows from Eq. (2), 
this angle depends on the refractive index of the medium, a property that sensors exploit.

Propagating SPPs or a mixed SPP/LSPR regime can be used to detect changes in the dielectric 
permittivity of the surrounding medium. When analyte molecules in an aqueous solution bind 
to the plasmonic metal film, the SPP excitation angle shifts, and the SPP wavelength increases 
because the molecules have a higher refractive index [16, 17].

SPP-based optical fiber sensors were also fabricated [18, 19]. These sensors rely on single-mode 
tapered fibers coated with a thin metal layer on one side. The optical mode propagating in the 
fiber can excite various hybrid surface plasmon modes in the metal layer. Consequently, the trans-
mission spectrum of the metal-coated fiber exhibits several SPP peaks whose positions depend 
on the system parameters and the refractive index of the surrounding medium [18]. SPP-based 
fiber-optic sensors offer several advantages, including light weight, capabilities for remote sensing 
and multiplexing.

Sensors based on plasmons in nanoparticles

Noble-metal nanoparticles, such as gold, silver and copper, exhibit LSPR in the optical 
range and serve as the basis for plasmonic sensors [20]. According to Eq. (1), the LSPR posi-
tion depends on the shape of the nanoparticle and its dielectric environment: the resonance 
wavelength shifts when analyte molecules bind to the nanoparticle surface (sometimes prior 
functionalization of the nanoparticle is required to achieve this), changing the local refractive 
index (Fig. 2).

A change in the refractive index n of the surrounding medium by Δn shifts the position of the 
LSPR peak λ

res
 (in wavelength units) or E

res
 (in energy units). The corresponding proportionality 

constant, or sensitivity, can be expressed in wavelength (Sλ) or energy (S
E
) units [21]:

Sλ = dλ
res

/dn, S
E 

= dE
res

/dn = –1.240 Sλ/λ2 (nm/eV).

The relatively large linewidth Γ complicates analysis, because this parameter can vary by more 
than an order of magnitude among nanostructures with different geometries. Clearly, it is easier 
to detect a resonance shift for narrow lines, so the ratio of the resonance shift to the linewidth 
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serves as a more accurate measure of a plasmon-based sensor’s performance. This dimensionless 
quantity is the figure of merit (FOM) of the resonance structure [21]:

FOM = S/Γ.
FOM can be easily determined experimentally; it provides a convenient basis for comparing 

the plasmonic characteristics of different structures. Earlier studies found [22] that the FOM for 
small metal nanoparticles depends only on the nature of the metal itself. It reaches its highest 
value when damping is low (i.e., when the imaginary part of the dielectric function is small) 
and at frequencies where the real part of the dielectric function exhibits the strongest depen-
dence on frequency. The resonance frequency and in turn the FOM of plasmonic sensors can 
be fine-tuned by adjusting the nanoparticle geometry. Among all noble-metal sensors, those 
based on silver nanoparticles exhibit the highest FOM, owing to silver’s low losses in the optical 
frequency range.

Colorimetric plasmonic sensors, relying on shifts of the LSPR peak in colloidal nanoparti-
cle solutions, offer a simple and convenient approach to detecting analytes in solution, often 
allowing direct visualization of analyte concentration. For example, functionalized gold nanopar-
ticles were used for colorimetric detection of heavy metals, small biological molecules and 
biomacromolecules [23–25].

A new colorimetric assay was proposed in [26] for ultrasensitive visual glucose detection 
based on gold bipyramids. This glucose assay achieved a detection limit of 0.02 mM. Moreover, 
the proposed sensor can be used to estimate glucose levels by the naked eye from the color 
change, thus distinguishing between healthy individuals and diabetic patients without any 
sophisticated instrumentation.

Enhancement of the electromagnetic field near nanoparticle surfaces due to LSPR can 
be used in plasmon-enhanced fluorescence spectroscopy. LSPR-based sensors can achieve 
enhanced fluorescence by increasing either the excitation efficiency of the analyte or its 
emission efficiency [27]. In both cases, stronger local electromagnetic fields lead to greater 
enhancement. According to Eq. (1), field enhancement near sharp features is higher because 
of the geometric factor (often called the ‘lightning rod’ or ‘tip’ effect). Thus nanorods, elon-
gated ellipsoids, and dendrites exhibit stronger plasmon-enhanced fluorescence than nano-
spheres. The enhancement factor for plasmonic fluorescence typically lies in the range of 
10–100, though optimized nanostructures can yield values as high as 103 in some cases [28]. 

Fig. 2. Shift of LSPR peak in response to changes in the surrounding medium; 
key parameters are resonance linewidth Γ (full width at half maximum) 

and peak position λ
res

 on the wavelength axis
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In particular, Xie et al. used arrays of silver nanotriangles to enhance the fluorescence of 
near-infrared dyes [29], finding that the low quantum yield (4%) of the dye’s NIR fluores-
cence could be increased by two orders of magnitude if a silver nanotriangle array was used.

Surface-enhanced Raman scattering (SERS) is one of the most powerful and prom-
ising analytical techniques for biological and chemical sensing, offering several key 
advantages [30–33]:

high selectivity, owing to the unique spectral fingerprints of analytes;
high sensitivity, down to single-molecule detection;
operational simplicity;
capability to detect multicomponent mixtures with a single excitation laser, thanks to narrow 

spectral bands.
Raman scattering (RS) by itself has low efficiency because of its small scattering cross-section 

(on the order of 10–28–10–30 cm2/molecule). However, the enhanced local electromagnetic field 
near plasmonic nanostructures can boost the Raman signal by factors of 104 to 108 [34]. The 
magnitude of this local field enhancement near the plasmonic nanostructures determines the per-
formance of SERS-based sensors; consequently, considerable research effort has been focused on 
developing effective SERS substrates [35–37].

An effective technique for fabricating plasmonic structures, notable for its relative simplicity 
and low cost, is ion exchange in glass, which can produce plasmonic structures both in the bulk 
and on the surface [38–41]. Combining ion exchange with glass polarization and etching makes 
it possible to create microchannels with plasmonic nanoparticles inside the glass, which holds 
promise for microfluidics applications [42, 43].

Plasmonic structures formed by ion exchange in glasses

Glasses are unique materials with properties critical to many technologies. They are transpar-
ent and hard at room temperature, mechanically strong, and highly chemically resistant. In 1752, 
the great Russian scientist Mikhail Lomonosov wrote in a letter to Ivan Shuvalov, the curator of 
Moscow University [44]:

They’re wrong about it, Shuvalov: wrong to class
The gaudy look of minerals higher than our glass.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
When I sit before you, and to ecstasy will pass,
It’s not the precious stones I praise, nor gold, but glass1.

Ion exchange from molten salts is a well-established technology for modifying the physico-
chemical properties of glass. Craftsmen used this method during the Renaissance to produce 
ceramics coated with a thin glass film containing silver and copper nanoparticles of various sizes, 
formed through ion exchange between metal ions and alkali ions in the glass, followed by reduc-
tion of the metal ions and their aggregation into nanoparticles [45].

Optical glass is typically an amorphous material composed of several types of oxides [46]:
network formers (SiO

2
, GeO

2
 or P

2
O

5
);

intermediate network formers (Al
2
O

3
, TiO

2
), which cannot form glass by themselves but can be 

combined with network formers;
network modifiers (Na

2
O, K

2
O, CaO, or BaO), which are less strongly bound to the glass network.

Ion exchange is essentially a chemical reaction where mobile ions in a solid are exchanged 
for ions of similar charge from a solution. Because alkali modifier ions are weakly bound to the 
glass matrix, they are the most suitable for ion exchange. For optical and photonic applications, 
the vast majority of cases involve exchanging Na+ or K+ ions in the glass for Ag+, K+, or Tl+ ions 
from a molten salt bath (Fig. 3).

1 M. V. Lomonosov, “A Letter on the Uses of Glass” (excerpt), trans. by Colin John Holcombe, Ocaso Press, 

accessed 20.06.2026, https://www.ocasopress.com/lomonosov-use-of-glass.html.
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Ion exchange technology is successfully used for glass strengthening [47], fabricating optical 
waveguides and active optical devices [48, 49], and forming metal nanostructures in glass [50]. 
Let us focus in more detail on the last of these applications.

Formation of metal nanoparticles in the bulk and on the glass surface. Among the many types 
of metal nanoparticles, silver nanoparticles appear particularly interesting for synthesis and study 
because silver exhibits the highest electrical and thermal conductivity of all metals [51]. The elec-
tronic and optical properties of silver nanoparticles can be controlled by choosing appropriate 
synthesis conditions.

Common methods for producing metal nanoparticles in glasses include rapid synthesis 
by quenching from the melt [52], the sol-gel technique [53], ion implantation [54], and ion 
exchange [55].

Ion exchange offers several advantages:
it can introduce relatively high concentrations of metal ions into the glass;
the glass remains undamaged after the exchange (unlike ion implantation, which introduces 

substantial defects into the glass matrix);
it allows producing large volumes of glass with metal nanoparticles.
After silver ions are introduced into the glass matrix by ion exchange, the next step is to induce 

phase decomposition of the supersaturated glass–metal solid solution and bring about precipi-
tation of the second phase, metal nanoparticles. This is achieved either by annealing (thermal 
treatment) the ion-exchanged glass in air or in a hydrogen atmosphere, or by ionizing radiation, 
with or without subsequent thermal treatment. Alternatively, nanoparticles can be obtained by ion 
exchange in glass containing reducing agents, that is, variable-valency ions.

The main limitation of the method is that it is difficult to produce monodisperse nanopar-
ticle ensembles with a narrow size distribution. This limitation stems from the nature of the 
process itself, which consists of two stages: ion diffusion and subsequent aggregation. Ion 
exchange produces polydisperse nanoparticles due to stochastic nucleation and diffusion-con-
trolled growth [56]. Even after the process parameters are optimized, the size distribution 
remains wide [57]. The depth at which the nanoparticles are located ranges from hundreds of 
nanometers to several micrometers, depending on the process duration and temperature, as well 
as on the charge of the diffusing ion. The penetration depth is significantly smaller for multi-
ply charged ions (e.g., Cu2+) than for singly charged ions (Ag+, Na+) [58]. Thermal treatment 
at temperatures above the glass transition temperature can induce the formation of core–shell 
structures [59].

The glass composition critically affects ion diffusion and reduction. Adding ions of variable 
valence, e.g., cerium, iron, or antimony, promotes the reduction of silver during ion exchange and 
the growth of photoluminescent molecular silver clusters and plasmonic silver nanoparticles [60]. 

Fig. 3. Schematic representation of ion exchange in glass
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Subjecting glasses doped with halides (such as chlorine or bromine) to Na+↔ Ag+ ion exchange 
and thermal treatment produces photo- and thermochromic AgCl or AgBr nanocrystals [61]. The 
method for forming nanoparticles by ion exchange is reproducible, with only minor deviations in 
glass composition or process parameters.

When thermal treatment is carried out in air at temperatures below a certain threshold, molec-
ular clusters (smaller than 1 nm) form in the glass; these likely represent silver dimers [62]. 
The processes occurring can be written as follows [62]:

2(≡ Si – O –Ag+) ↔ ≡ Si – O – Si≡ + O– + (Ag
2
)+,

O– + (Ag
2
)+ → 2 Ag0 + (1/2) O

2
.

Increasing the annealing time at temperatures below the threshold increases only the number 
of clusters, not their size. Annealing above the threshold temperature causes the silver nanopar-
ticles to grow in size [62]. The electronic structure of molecular clusters differs substantially 
from that of metal nanoparticles; in particular, molecular clusters exhibit luminescence in the 
visible range under UV excitation, making them useful for various sensing applications [63, 64]. 
However, because of their small size, molecular clusters lack the collective electron oscillation, 
i.e., the plasmon resonance, that characterizes larger nanoparticles.

An alternative thermal treatment method for forming metal nanoparticles in ion-exchanged 
glass is annealing of the sample in a reducing hydrogen (H

2
) atmosphere. This approach produces 

a glass-metal nanocomposite inside the glass and a metal nanoisland film on the glass surface, 
driven by diffusion of metal atoms reduced due to hydrogen penetration into the glass [56]. The 
reduction of metal ions is described by the reaction [65]:

≡ Si – O –Ag+ + (1/2) H
2
 → ≡ Si – O – H+ + Ag0.

Under certain conditions, annealing of ion-exchanged glass in hydrogen can favor nanoparticle 
formation either on the surface or in the bulk of the glass [66], and can create ordered ensembles 
of metal nanoparticles on the surface [67].

Ionizing radiation, such as gamma rays, electrons, heavy ions, X-rays, or laser beams, can be 
used in combination with thermal treatment, or as a substitute for it, to produce silver nanoparticles 
in ion-exchanged glass [68–70]. Ionizing radiation creates excitons in the dielectric glass matrix, 
leading to stable defects and changes in the valence state of dopant and impurity ions in the glass.

Gamma irradiation of the dielectric glass matrix produces electron–hole pairs in the matrix. 
Some of the electrons reduce silver ions to the neutral state [71]:

-rays
,

0

glass

Ag Ag

γ + −

+ −

→ +

+ →

h e

e

Subsequent formation of nanoparticles occurs when thermal treatment activates the diffusion 
of neutral silver atoms in the glass matrix by the following reaction [71] (Fig. 4):

nAg0 → Ag
n
.

The formation of silver nanoparticles manifests as peaks at plasmon resonance wavelengths of 
400–420 nm in the optical absorption spectra, and the initially transparent glass turns pale yellow 
or intense yellow, depending on the volume fraction of nanoparticles. The formation of silver 
nanoparticles depends on the irradiation dose; gamma irradiation accelerates this rate compared 
to thermal annealing because it raises the diffusion coefficient of silver in the glass by several 
orders of magnitude [71, 72].
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Nanoparticles can also be formed in the glass by laser irradiation without additional ther-
mal annealing. Laser irradiation heats the irradiated region of the glass and softens it [73]; 
in ion-exchanged glass, it breaks the bonds between silver and non-bridging oxygen, after 
which the silver ions are reduced by electrons from negatively charged non-bridging oxy-
gen atoms [66]. Additionally, laser irradiation at 355 nm produces free electrons in the 
glass through multiphoton absorption [74]. This in turn leads to reduction of silver ions 
to the metallic state through trapping of electrons. Supersaturation of the near-surface 
region of the glass with silver atoms drives phase decomposition and precipitation of metal 
nanoparticles [75].

Dendritic metal structures in glass. Dendritic (or fractal) nanostructures have attracted consid-
erable interest because of their branched morphology and large surface area, making them attrac-
tive for many practical applications, particularly SERS and catalysis [76, 77]. Studies investigated 
the production of silver dendrites using various methods:

photoreduction in the presence of polyvinyl alcohol [78];
reduction with ascorbic acid in the presence of sodium polyacrylate [79];
galvanic displacement [80] using pulsed sonolectrochemical techniques [81], and others.
However, most methods of wet chemistry for producing dendritic nanostructures rely on sur-

factants or polymer templates, which complicates the synthesis procedure and the sample purifi-
cation. In some cases, contamination of the final product is difficult to avoid because undesirable 
side products form in the reaction medium, rendering the dendrites unsuitable for further use. 
Therefore, developing template-free methods for synthesizing dendritic nanostructures remains a 
major challenge.

A promising method for synthesizing silver dendrites, requiring no complex equipment and no 
wet chemistry, is ion exchange in glass combined with DC poling applied to opposite sides [82] or 
to the same side [40] of the glass substrate. Fig. 5 shows the structures obtained by this technique.

The mechanism of dendrite formation with a voltage applied to ion-exchanged glass containing 
metal ions can be described as follows [82].

In the first stage, silver ions drift in an electric field and are reduced at the cathode, form-
ing nuclei of the metallic phase on the glass surface. In the second stage, these nuclei grow 
by diffusion and form metal islands in contact with the cathode; some of these islands act 
as secondary cathodes and thus become sources of dendrite growth. Because the silver ions 
are concentrated in the near-surface region of the glass after ion exchange, dendrite growth 
occurs mainly in the plane parallel to the sample surface, within the glass. Subsequent etch-
ing of the glass in a dilute hydrofluoric acid/ammonium fluoride (HF/NH

4
F) solution causes 

needle-like structures with heights up to ~100 nm and finer dendrite branches to emerge on 
the glass surface [40]. The resulting metal nanostructures hold promise for applications in 
catalysis and SERS sensors.

Fig. 4. Schematic of silver nanoparticle formation in glass
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Plasmonic nanostructures as substrates  
for SERS sensors

The interaction between light and noble metal nanostructures is the key to one of the most 
effective optical detection methods, SERS. Metal nanostructures act as ‘hot spots’ for the electric 
field of the incident light wave, due to LSPR [83]. When an analyte molecule lies close to one of 
these hot spots, its Raman signal increases by several orders of magnitude due to enhancement of 
the electric field acting on the molecule. This effect gives LSPR-based sensors ultralow detection 
limits combined with the high selectivity inherent in Raman spectroscopy [84].

Optimization of the substrates is required to develop high-performance SERS sensors. Ideal 
SERS substrates should provide high signal enhancement, reproducible response, reusability, sta-
ble metal nanoparticles, low cost, and a simple fabrication method [85].

Comparison of ion exchange with other  
fabrication methods for SERS

The main parameters characterizing plasmonic structures used as SERS substrates are 
the nanoparticle size distribution, the density of hot spots, and the enhancement factor of 
the Raman signal. Below we briefly compare methods for fabricating metal nanostructures 
for SERS.

Ion exchange in glass. Nanoparticles obtained by ion exchange in glass have a rather wide 
polydisperse size distribution, which results from the diffusion-controlled mechanism of their 
formation [86]. The particle size can be varied from 2 to 250 nm by controlling the ion exchange 
times and annealing conditions [87, 88]. The RMS deviation in size can reach 30–40% [86]. 
The hot-spot density is moderate, but it can be varied, for example, by combining ion exchange 
with thermal poling of the glass [66]. Combining these two methods also makes it possible 
to form hot spots in a predetermined pattern. The SERS enhancement factor is moderate 
(up to 107 [89]).

Femtosecond laser writing with reduction. In this approach, intense femtosecond laser pulses 
are focused into the bulk of glass or a precursor solution. Multiphoton absorption triggers 
local reduction of metal ions (e.g., Ag+ or Au3+) to the neutral state, producing nanoparticles 
in the focal region. This method makes it possible to obtain particles of controllable size (typ-
ically 20–200 nm) by adjusting the laser power and scanning speed, and forming structures 

Fig. 5. Optical image of silver dendrites 
in ion-exchanged glass
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with designed geometries [91]. The size dispersion is about 10% [92]. The hot-spot density 
is high. Arrays of dimers or particle chains with gaps below 10 nm can be created, including 
3D structures inside the material [92]. The high SERS enhancement factor (up to 1010 [93]) 
is achieved by precisely controlling nanoparticle size and by creating ensembles with tailored 
characteristics [91, 94].

Nanoimprint lithography with metal deposition. This technique involves applying a polymer 
resist to the substrate and embossing a pattern (holes or pillars) into it with a mechanical stamp. 
A metal layer (Ag, Au) is then deposited by thermal or electron-beam evaporation; after the resist 
is removed, highly ordered metal structures remain on the substrate [95, 96]. The resulting size 
distribution is extremely narrow (virtually monodisperse). This method also provides the best 
reproducibility of shape and size (from 10 nm to several micrometers), matching the stamp pat-
tern [97]. Nanoimprint lithography offers the highest hot-spot density and makes it possible to 
design arrays with field enhancement in precisely defined narrow regions (e.g., in gaps between 
nanodisks) [97]. This yields high SERS enhancement factors (up to 107 [97]) for structures with 
sub-nanometer gaps.

Chemical etching with metallization. In this approach, a surface (e.g., silicon, copper, or alu-
minum foil) is treated with a chemical etchant to create roughness. Next, a noble metal layer 
is deposited on this rough surface chemically or galvanically [98, 99]. The process is difficult 
to control and often produces dendritic structures. The resulting size distribution is wide and 
fractal, with sizes ranging from nano- to microscale [100]; the hot-spot density is rather high, 
providing a sufficiently high SERS enhancement factor (up to 108 for metallized mesoporous 
silicon [101]).

The table compares the methods described above in terms of these three key characteristics.

Tab l e

Comparison of plasmonic structure parameters 
for different fabrication methods

Method Size distribution Hot-spot density
SERS enhancement 

factor

Ion exchange 
in glass

Wide 
(polydisperse) [86]

Medium/low 
(random 

distribution) [88]
103–107 [89, 90]

Femtosecond 
laser writing 
+ reduction 

Narrow (controlled) 
[91, 92]

High [92] 108–1010 [93, 102]

Nanoimprint 
lithography + 
metal deposition

Very narrow 
(monodisperse) [10]

Very high 
(deterministic 

placement) [96]
106–107 [97]

Chemical 
etching + 
metallization

Wide (random, 
dendritic) [100]

Very high 
(sub-nanometer 

gaps) [14]
107–108 [101]
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Despite the relatively low hot-spot density and moderate SERS enhancement factor com-
pared to other techniques, ion exchange offers several unique advantages making it attractive 
for SERS substrates:

1. Technological simplicity and scalability. The process is simple and inexpensive, suit-
able for large-scale production of SERS-active substrates. It requires neither complex litho-
graphic equipment nor high vacuum.

2. Low cost of starting materials. The substrate is multicomponent glass, which is inex-
pensive and technologically convenient. The ion exchange procedure itself also requires no 
costly equipment or consumables.

3. Nanoparticles are protected from the environment. Unlike many other methods where 
nanoparticles lie directly on the surface and are susceptible to oxidation and sulfidation, a 
thin glass layer covers the metal nanoparticles within the bulk of ion-exchanged glass. This 
ensures durability and preservation of the substrate without loss of properties, and allows 
multiple uses by successive etching, which exposes fresh layers with intact nanoparticles 
for reuse.

4. A high enhancement factor (up to 105 –106) is sufficient for many analytical applica-
tions, including biomedical ones.

5. Flexibility and controllability. The process allows varying both composition and struc-
ture of the nanoparticles. For example, sequentially introducing different metal ions (copper 
and silver) and controlling the annealing temperature makes it possible to form core–shell 
nanostructures and nanostructures of mixed composition whose plasmon resonance position 
depends on the metal concentration ratio. Combining ion exchange with laser irradiation 
also allows writing the structures of a required shape.

6. Integration into optical circuits. Forming nanoparticles in glass is ideal for developing 
integrated sensor chips that combine optical waveguides and microfluidics.

7. Well-studied and amenable to modeling. The processes of ion exchange and subsequent 
nanoparticle formation are well understood and can be mathematically modeled, allowing 
prediction of the properties of the final nanostructures.

Thus, while the method has numerous advantages, the most important are the unique 
combination of simplicity and cost-effectiveness, and the potential for improved durability 
of SERS substrates due to natural protection of the nanoparticles by the glass matrix. This 
makes the technology particularly attractive for practical and stable sensors suitable even for 
field conditions. Although the method has some limitations in controlling the nanoparticle 
size dispersion, these do not pose a serious obstacle to its application.

Silver nanoparticles provide the best SERS enhancement among all noble metal nano-
structures, although they are prone to oxidation and sulfidation.

Given the parameters of substrates fabricated by different methods (see above), SERS 
substrates based on ion-exchanged glasses with silver nanostructures appear the most prom-
ising for the following reasons:

silver nanostructures provide high SERS signal enhancement;
silver nanoisland films can be removed from the surface after use, and new nanoparticles 

can be formed on the surface by simply heating the glass substrate with silver ions; in other 
words, the substrate is reusable [38];

when silver nanostructures lie in the bulk of the glass, they remain undamaged; they can 
be brought to the surface directly before use by etching the glass [40];

the method is simple, low-cost, and the results are highly reproducible.

Substance detection with SERS on substrates  
with silver nanostructures formed by ion exchange

Ref. [39] reports on SERS enhancement provided by silver nanoisland films formed 
on the glass surface by ion exchange and thermal annealing, as well as the effect from 
the arrangement of hot spots in ensembles of self-assembled silver nanoislands. Raman 
spectra were measured for an aqueous solution of 1,2-di(4-pyridyl)ethylene (BPE) at a 
concentration of 10–3 M under non-resonant excitation. Comparison of SERS character-
istics of nanoisland films at different growth stages showed that enhancement dominated 
at the nanoisland coalescence stage due to increased electric field in closely spaced groups 
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of nanoislands. A linear dependence between the SERS signal and the surface density of 
nanoislands was observed at earlier growth stages. The maximum enhancement occurred at 
the onset of coalescence.

Silver nanoisland films formed on the surface of ion-exchanged glass by thermal anneal-
ing are stable in biocompatible buffers, which opens new opportunities for applications in 
SERS diagnostics of biological objects dissolved in buffers. It was found in [41] that silver 
nanoisland films are stable in phosphate-buffered saline (PBS), one of the most common 
buffers in biological research, in PBS diluted 1:100 with water, in PBS-based buffer where 
sodium chloride (NaCl) is replaced by the same amount of sodium perchlorate (NaClO

4
), 

and in acidic phosphate buffer. The nanoisland films provided a good SERS signal from a 
BPE monolayer (concentration of 10–4 M) after exposure to PBS, making them promising for 
biosensor applications.

SERS has been successfully applied to diagnose amino acids and proteins. SERS spectra 
of D-alanine and DL-serine were observed in [103] using substrates prepared from silver 
nanoisland films immersed in standard PBS solutions with millimolar concentrations of these 
amino acids. The resulting spectra differ significantly in peak intensity and position from the 
Raman spectra of bulk solutions and from SERS spectra of crystallites of the corresponding 
amino acids on substrates not immersed in buffer, as well as from Raman spectra on pure 
glass. This effect is presumably due to electrostatic orientation of zwitterionic amino acids by 
the silver nanoparticles, which acquire a negative charge due to desorption of Ag(I) chloride 
in the solution.

Thus, despite sufficient signal enhancement from metal nanoislands, the interaction of 
the amino acids with the metallic substrate should be taken into account in the detection of 
amino acids in various biocompatible buffers.

A comparative study [104] evaluated SERS and enzyme-linked immunosorbent assay 
(ELISA) for detecting SARS-CoV-2 virus nucleoproteins. SERS substrates were silver nanois-
land films on the surface of ion-exchanged glass. The SERS spectra can be used to distinguish 
between the features of antigens, antibodies, and the features indicating the binding between 
them. The SERS method exhibited a much lower detection limit (1 pg/mL) compared to 
ELISA (approximately 50–100 pg/mL), and significantly reduced the analysis time: ELISA 
requires about two hours, whereas SERS measurements take only a few seconds.

The branched structure of dendrites makes them highly attractive for sensing applications. 
Several studies explored the use of dendrites for SERS diagnostics [105–107]. For example, 
dendritic nanostructures formed by electrolysis in silver-enriched glass for SERS detection of 
low concentrations of hazardous substances were analyzed in [108]. The detection limit for 
the thiram pesticide corresponded to a surface concentration of 4.6∙10–10 g/mm2 (a mono-
layer). The Raman enhancement factor provided by the dendrites was 4·105.

Silver is well known for its antibacterial properties, making it valuable for medicine and 
pharmacology [109]. However, the toxic effects of silver on living cells can hinder the use 
of silver nanoparticle substrates for SERS analysis of biological objects. Nanoparticles of 
other metals, particularly gold, can be used in such cases. Bimetallic nanoparticles (e.g., sil-
ver-gold) are also promising: they could combine the advantages of each metal, i.e., the high 
LSPR figure of merit provided by silver, and the chemical and biological inertness of gold for 
biological diagnostics.

Ion exchange and back-diffusion were used in [110] to produce ensembles of biocompat-
ible Au–Ag alloy nanoparticles with varying silver contents, suitable for use as SERS sub-
strates. The bimetallic Au–Ag nanoparticles were grown by silver-to-sodium ion exchange in 
silicate glass, followed by deposition of a depercolated gold film on the sample surface and 
subsequent heat treatment. Varying the heat treatment regime made it possible to control the 
fraction of silver in the nanoparticles and adjust the spectral position of their LSPR between 
the resonances of gold and silver nanoparticles.

Cell viability assays on pure glass and on glass substrates with nanoparticles of different 
compositions showed that cells grown on control slides, on slides with gold nanoparticles, and 
on slides with nanoparticles containing 40–50 wt.% silver exhibited similar viability within 
the reference limits. In contrast, substrates with pure silver nanoparticles showed a noticeable 
decrease in viability and approximately 100% loss of functionality/adhesion [110].
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Future directions

The versatility of ion exchange in glass opens new prospects for its application in plasmon-
ics and photonics; some of these are already under way, while others are just beginning to 
be explored.

Integrated photonic platform. Ion exchange in glass is one of the primary technological plat-
forms for producing low-cost, high-performance planar waveguides [111]. The process, which 
typically involves exchanging K+ or Ag+ ions for Na+ ions in the glass, induces a local increase 
in the refractive index, forming the basis for light guiding. This technology has evolved over 
the past 30 years, enabling a wide range of devices for telecommunications, optical information 
processing, and sensing [112]. Waveguide structures include both passive and active compo-
nents. Passive devices, such as directional couplers, gratings, and optical splitters, have been 
successfully constructed many times [113]. Active devices, such as integrated optical amplifiers 
and lasers, are fabricated by doping the glass with rare-earth ions (e.g., Nd3+), with subsequent 
formation of waveguides by ion exchange [114]. One of the most interesting directions is the 
application of this technology to quantum photonics. In the future, ion-exchanged waveguides 
could be used to implement quantum circuits for cryptography and quantum processing, inte-
grating them with ion-exchanged glass lasers on a single chip. This positions ion-exchanged 
glass as a promising platform for quantum integrated optics [115].

Flexible glass-based photonics. The concept of "flexible photonics" is a new stage for ion-ex-
changed glass devices [116]. This direction is seen as an alternative to polymer-based flexible 
photonics, which has its drawbacks: a limited range of refractive indices, NIR absorption, and 
low chemical stability. Although glass is traditionally considered a rigid material, using thin 
ion-exchanged layers makes it possible to fabricate photonic components on flexible glass 
substrates. The idea is that the ion exchange technology can be adapted to create flexible pho-
tonic structures based on commercial glass, simultaneously retaining low optical losses and 
chemical stability.

Ultra-thin sheets of commercial glass (e.g., Willow Glass from Corning, less than 100 μm 
thick [117]) with high surface quality and paper-like flexibility could be used for flexible pho-
tonic devices. Ion exchange has been proposed for strengthening these ultra-thin glasses. For 
alkali-containing glasses, сonventional ion exchange (e.g., Na+ ↔ K+) generates compressive 
stress on the surface that counteracts microcracks under bending, so that smaller bending radii 
can be achieved without fracture. This paves the way for fully glass-based flexible devices for 
portable electronics.

Photonic devices with noble metal ions/nanoparticles. Another benefit offered by growing 
metal nanoparticles and clusters via ion exchange lies in creating low-cost photonic systems 
with improved performance for a wide range of applications. In particular, introducing noble 
metal ions (Ag, Au) by ion exchange into the bulk or onto the surface of microcavities (micro-
spheres, microdisks) with whispering gallery modes (WGM), made of multicomponent glasses, 
can impart new properties to these devices. The luminescence efficiency and emission of the 
rare-earth ions can be enhanced by nucleating and growing noble-metal nanostructures (dimer 
clusters and/or metal nanoparticles several nanometers in size) inside the gain medium of 
a resonator made of glass doped with rare-earth ions, after by ion exchange and thermal 
post-treatment. This enhancement arises from surface plasmon resonance and/or energy trans-
fer mechanisms, as observed for planar substrates [118, 119]. Moreover, signal enhancement at 
the converted frequency occurs within the same microresonator, which, supporting high opti-
cal energy density, allows photons to interact repeatedly with both the rare-earth ions and the 
metal nanostructures, typically located a few tens/hundreds of nanometers below the resonator 
surface, within the range of the waveguide modes. If these nanostructures are small plasmonic 
nanoparticles (e.g., a few nanometers in size), a combination of two resonant phenomena, 
waveguide modes of the microresonator and the plasmonic response of the nanoparticles, could 
lead to further significant enhancement of the signal.

The presence of noble-metal nanoparticles embedded in the waveguide cavity in glass could 
also enhance the nonlinear optical response of the medium due to plasmonic effects. For 
example, silver nanoparticles, with their high third-order nonlinearity, are prime candidates for 
developing all-optical signal processing devices, such as efficient optical limiters that require 
materials with a high nonlinear refractive index n(2) [120].
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Quantum and coherent plasmonics. Research efforts in this field are shifting from simple 
field enhancement by plasmonic nanoparticles to exploiting quantum phenomena such as phase 
coherence and strong coupling between plasmons and other quasiparticles (excitons, elec-
tron-hole pairs). This opens new avenues for creating elements for quantum computers based on 
graphene plasmons and new types of nanophotonic devices [121]. Quantum plasmonics makes 
it possible to fabricate single-photon sources, transistors via photon blockade, and thresholdless 
nanolasers (spasers). Hybrid plasmonic-photonic circuits support on-chip generation, manipu-
lation, and detection of single plasmons [122, 123].

Conclusion

Nanostructures that exhibit plasmon resonances have a wide range of practical applications, 
from visualizing glucose concentrations in blood to detecting toxic substances and diagnosing 
viral infections. The performance of plasmon-enhanced sensors depends directly on the geom-
etry of the plasmonic structures and on the methods used to fabricate them. Importantly, the 
parameters of the nanostructures can be readily adjusted to different applications by choosing 
the material and the morphology of the structure. The distinct benefits of fabricating plas-
monic nanostructures in glasses via ion exchange are their simplicity and low cost. All these 
factors provide the flexibility necessary for developing various sensors based on plasmonic field 
enhancement, opening up broad opportunities for using such devices. Further advances in 
plasmonics will enable even more efficient signal enhancement and imaging of analytes, as well 
as improved designs for new devices detecting chemical and biological compounds via fluores-
cence and SERS.
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Abstract. Chromium nanocomposites MCr
2
O

4
 have been synthesized by a solid-state reac-

tion. The synthesized samples were characterized using X-ray powder diffraction technology 
(XRD). The temperature of synthesis was 1000°C for NiCr

2
O

4
 and 900°C for Zn Cr

2
O

4
. Miller 

indices (hkl) were calculated for the production, and the compounds were shown to have cubic 
structure FCC. The lattice parameters were as follows: a = 8.26 Å, Z = 8, V = 564.26Å3 and  
a = 8.2650 Å, Z = 8, V = 564.58 Å3 for NiCr

2
O

4
 and ZnCr

2
O

4
 respectively. The space group 

of symmetry is Fd3m for the both. The grain sizes were calculated by the Debye – Scherrer 
formula for the two compounds and were 31.92 nm and 32.78 nm, respectively. The ZnCr

2
O

4 

and NiCr
2
O

4
 nanoparticles' morphology was examined using scanning electron microscopy 

(SEM). The SEM images showed the agglomeration of the nanoparticles, which were formed 
of square-shaped nanocrystallites.

Keywords: MCr
2
O

4
, spinel, solid-state reaction method, grain size

For citation: Nassif A., Yousef R., Yousef A., Kadhim Sh. A., Structural properties of some 
nanocrystalline spinel chromites prepared by solid-state reaction method, St. Petersburg State 
Polytechnical University Journal. Physics and Mathematics. 19 (2) (2026) 136–146. DOI: 
https://doi.org/10.18721/JPM.19211

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.
org/licenses/by-nc/4.0/)

Научная статья
УДК 54.057
DOI: https://doi.org/10.18721/JPM.19211

СТРУКТУРНЫЕ СВОЙСТВА ДВУХ НАНОКРИСТАЛЛИЧЕСКИХ 
ХРОМШПИНЕЛЕЙ, ПОЛУЧЕННЫХ МЕТОДОМ ТВЕРДОФАЗНЫХ 

РЕАКЦИЙ

Р. Юсеф 1, А. Юсеф 2, А. Нассиф 3 ✉, Ш. А. Кадхим 4 
1 Университет Хомса, г. Хомс, Сирийская Арабская Республика;

2 Частный университет Аль-Хаваш, г. Хомс, Сирийская Арабская Республика;
3 Частный университет Аль-Ватания, г. Хама, Сирийская Арабская Республика;

4 Университет Куфы, г. Эн-Наджаф, Республика Ирак
✉ nassifalaa85@gmail.com

Аннотация. В работе были синтезированы нанокомпозиты хрома MCr
2
O

4
 методом 

твердофазных реакций. Значения температуры синтеза составили 1000°C для NiCr
2
O

4
 и 

900°C для Zn Cr
2
O

4
. Были рассчитаны индексы Миллера (hkl) и показано, что соединения 

обладают гранецентрированной кубической структурой. Параметры решетки составили: 
a = 8,26 Å, Z = 8, V = 564,26 Å (NiCr

2
O

4
) и a = 8,2650 Å, Z = 8, V = 564,58 Å3 (ZnCr

2
O

4
). 
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Для обоих хромитов пространственная группа симметрии – Fd3m. Размеры зерен, 
рассчитанные по формуле Дебая – Шеррера, составили 31,92 нм (NiCr

2
O

4
) и 32,78 нм 

(ZnCr
2
O

4
). Морфология наночастиц двух синтезированных хромитов была изучена с 

помощью сканирующей электронной микроскопии. На полученных изображениях была 
видна агломерация наночастиц, состоящая из квадратных нанокристаллитов.
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Introduction

Mixed oxides of chromium with transition metals MCr
2
O

4
 where M = Ni, Zn, having a spinel 

structure [1], have attracted a lot of attention due to their great importance in many technical 
fields and their desirable industrial properties such as their high melting point, high resistance to 
acids and alkalis, high activity, and low production cost [2]. In recent years this fact has prompted 
researchers to improve and develop methods for synthesizing these materials. It is possible that the 
most common method for obtaining these oxides is the solid-state reaction [3], which depends 
on mechanical mixing of solid oxides and annealing them, in addition to many other chemical 
techniques that allow obtaining nanometer materials with a high degree of purity and greater 
homogeneity. Among them, such as the sol-gel method [2], the hydrothermal synthesis method 
[4], the co-precipitation method [5], and the combustion reaction method [6] are widely used.

In this research, the solid-state reaction method was adopted to synthesize a chromite – 
transition metal system, as the transition metal chromite has distinctive magnetic properties and 
is used as a catalyst in many reactions and is also used in the manufacture of gas sensors [6 – 9]. 
The solid-state reaction method is one of the most important ones for obtaining these compounds 
because of its ease of preparation, as it does not require special skills. Since some materials are 
difficult to dissolve in water, this method provides a solution to this problem in terms of preparing 
the desired compounds without the need to dissolve them in any solution. On the other hand, 
this advantage constitutes a high economic feasibility for the solid-state method, as the only 
material used in most of its reactions is acetone, which is used to facilitate the mixing of the solid 
compounds during the sample preparation process and in relatively small quantities.

This method is characterized by giving a high-purity mixture of what it requires of high-purity 
oxides without any impurities from different materials for synthesis when mixing compared to 
other synthesis methods. Stoichiometric ratios of the raw materials are taken in their pure form to 
ensure the completion of the reaction and obtain a single phase of the new pure material without 
the presence of other phases of impurities or raw materials [10, 11].

Experimental part

The samples of nickel chromite and zinc chromite were prepared by the solid-state reaction 
(SSR) method as powders by mixing appropriate amounts of nickel, zinc and chromium oxides 
NiO : Cr

2
O

3
 = 1 : 1 and ZnO : Cr

2
O

3
 = 1 : 1 in the presence of air. The primary nano oxides were 

ZnO (99% VWR International Ltd.), NiO (99% Chem-Lab.), and Cr
2
O

3
 (99.1% Genral Purpose 

Reagent). The chemical reactions between these oxides were as follows:

NiO + Cr
2
O

3
 → NiCr

2
O

4
,                                        (1)

ZnO + Cr
2
O

3
 → ZnCr

2
O

4
.                                       (2)

The previous materials were ground and mixed using an agate mortar to ensure obtaining a 
homogeneous mixture after adding an amount of acetone to improve the homogeneous mixing 
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process for approximately 15 min until the 
acetone dried. This process was repeated three 
times in succession for each sample. After that, 
the resulting mixture was dried by heating it to 
a temperature of 100°C for a sufficient period of 
time to ensure the elimination of moisture. The 
raw materials' masses were calculated according 
to Eqs. (1) and (2) and are presented in Table 1. 
The required masses were estimated to get a 10 g 
amount of the resulting compound.

Subsequently, the powder was put inside 
a porcelain crucible and heated at various 
temperatures within the range from 600 to 1100°C 
for nickel chromite and from 600 to 900°C for 
zinc chromite. Six hours passed throughout the 
annealing process. After the preparation of zinc- 
and nickel-chromite nanoparticles the powder 
was compressed using a hydraulic press to create 
pellets with a radius of 0.5 cm and a thickness of 
0.2 cm under a pressure of 10 t/m2. The pressing 
process increased the interaction between the 
particles by bringing them closer to one another.

Tab l e  1

The calculated masses of raw materials 
(oxides) used in the preparation 

of 10 g of each chromite

Oxide M, g/mol m, g
NiO : Cr

2
O

3
 = 1 : 1 (see Eq. (1))

NiO 74.71 3.2951
Cr

2
O

3
151.99 6.7048

ZnO : Cr
2
O

3
 = 1 : 1 (see Eq. (2))

ZnO 81.37 3.487
Cr

2
O

3
151.99 6.513

Cromites
NiCr

2
O

4
226.645 9.9999

ZnCr
2
O

4
233.332 10.0000

Nota t i on s : M, m are respectively the molar mass 

and mass.

Results and discussion

X-ray diffraction (XRD) analysis. The prepared samples were characterised by the X-ray 
diffraction (XRD) technique (Philips-PW-1840, λ

CoKα = 1.7889 Å). By XRD technique the 
optimum temperature for synthesis was determined, which was the temperature that indicated 
the appearance of a single phase, i.e. obtaining the desired compound. In this investigation, it 
was 1000℃ for the nickel chromite compound and 900℃ for the zinc chromite compound, 

Fig. 1. XRD patterns of the prepared nickel 
chromite annealed at different temperatures for 

six hours

at which a single compound was obtained and 
all diffraction peaks indicated the raw materials 
NiO, ZnO, Cr

2
O

3
 being absent.

The scanning process was carried out using 
angles within the range 2θ = (20 – 85)° with an 
angle step of 0.02° and a time step of 2 s. The 
same angular range was used for all scanning 
processes. For the measurement procedure, the 
powder samples were placed on special substrates 
to eliminate background radiation, while the 
pellet samples were placed directly on the sample 
holder, aligned correctly with the substrate used 
for the powder. After collecting the diffraction 
data (peak positions and their intensities), the 
intensity values were plotted against the Bragg 
diffraction angle 2θ. The crystal lattice constants 
were then calculated from the positions of the 
characteristic peaks of the compound.

Nickel chromite NiCr
2
O

4
. Fig. 1 shows the 

XRD patterns of NiCr
2
O

4
 samples which were 

annealed in the temperature range from 600°C 
to 1100°C for 6 hrs. This data exhibited that 
the initial annealing process did not lead to 
any reaction between the raw materials, as 
the resulting peaks indicated a mixture of raw 
materials, and there was no peak indicating the 
desired compound. 

2θ, deg
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.



139

Physical materials technology

Therefore, 600ºC could not be considered an optimum temperature for the synthesis of nickel 
chromite compound, and the resulting mixture was the one of thermally uncombined primary 
oxides only. For this reason, we gradually raised the annealing temperature while monitoring the 
synthesis through the resulting pattern, and we found that the primary oxides did not react with 
each other at all, and the peaks’ locations or their intensities did not change until 900ºC. At this 
temperature, we noticed a clear decrease in the intensities of the peaks that were due to the raw 
materials, but they did not disappear, in addition to the appearance of three new peaks indicating 
the nickel chromite compound at the angles 2θ = 35.6º, 42.2º, 68.3º which prompted us to 
raise the annealing temperature to 1000ºC to ensure that the synthesis was completed perfectly 
at this temperature or higher temperatures were required to obtain better results. When the 
resulting compound was annealed at 1000ºC, we noticed that the peaks due to the primary oxides 
disappeared completely and that all intensive diffraction peaks were attributed to the NiCr

2
O

4 
compound. Therefore, it could be considered that a pure phase of the NiCr

2
O

4
 compound was 

obtained that did not contain any intermediate phases or any phases of the starting materials 
from which the synthesis process was finished at 1000ºC. When the annealing temperature was 
raised to 1100ºC, we noticed the appearance of some peaks due to the starting materials again. 
Consequently, it became clear to us that the NiCr

2
O

4
 compound began to decompose at 1100ºC 

and that 1000ºC was the optimal temperature for the synthesis of the NiCr
2
O

4
 compound. The 

result we reached is consistent with the published practical work [12].
All the diffraction peaks were indexed and compared with the standard JCPDS, ICSD data of 

the starting NiO, Cr
2
O

3
 oxides and NiCr

2
O

4
 compound of the numbers 04-0835, 38-1479 and 23-

1271 respectively. Fig. 2 shows the XRD pattern of NiCr
2
O

4
, which was annealed at 1000ºC for  

2θ, deg

Fig. 2. XRD patterns of the prepared nickel chromite 
NiCr

2
O

4
 annealed at 1000°C for six hours

6 hrs because that was the optimal temperature 
for NiCr

2
O

4
 compound synthesis.

Miller indices of diffraction peaks were 
determined for the NiCr

2
O

4
 compound. 

These peaks indicate that the NiCr
2
O

4
 has a 

cubic structure and belongs to the Fd3m space 
group. From X-ray diffraction measurements 
of NiCr

2
O

4
, the distance between crystal 

lattices d were calculated using the Bragg law 
[12]:

nλ = 2d·sinθ,
where λ = 1.7889 Å is the X-ray wavelength 
and θ is the diffraction angle. 

Then the values of the lattice constant 
were determined using the relation of the 
distance between parallel crystal plans in 
the case of the cubic crystal structure that is 
given by the formula [14]:

(dhkl)2 = a2/(h2 + k2 + l2),         (3)

where a is the lattice constant. 
The values of the distance between parallel 

crystal plans and the lattice constant of 
NiCr

2
O

4
 for each diffracting peak are listed 

in Table 2. 
An analysis of the data in Table 2 allows 

us to conclude that the peaks belonging to 
the Miller indexes (400), (311), (220) are the 
most intensive, and we find that they meet 
the conditions:

h + k = 2k, k + l = 2n, h + l = 2n.

Tab l e  2

The results of X-ray diffraction (XRD) analysis 
for NiCr

2
O

4
 compound annealed at 1000ºC

2θ, dg I/I
0
, % dhkl, Å a, Å (hkl)

35.668 55 2.919 8.256 (220)
42.210 100 2.483 8.234 (311)
51.380 22 2.062 8.249 (400)
63.901 22 1.689 8.276 (422)
68.363 35 1.591 8.268 (511)
75.122 50 1.467 8.296 (440)

Nota t i on s : I/I
0
 is the normalized intensity of 

diffraction peaks, d
hkl

 is the interplanar distance, a is 

the lattice constant, (hkl) are the Miller indices
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That is, the basic cell is face-centered and therefore the compound crystallizes in Face-
Centered Cubic (FCC) type. The average lattice constant of NiCr

2
O

4
 is presented in Table 3. The 

unit cell volume was also calculated by the following formula: 

V = a3                                                      (4)

and given in Table 3.

Tab l e  3

Additional structural data for NiCr
2
O

4
 compound

a, Å V, Å3
ρ, g/cm3

Z
Theoretical Experimental

8.2634 564.26 5.3006 5.331 8

Nota t i on s : a is the average value of the lattice constant, 

V is the unit cell volume, ρ is the compound density, Z is 

the number of formulae in the unit cell.

The experimental density ρexp of NiCr
2
O

4 
was measured by the pycnometer method 
(distilled water was used for immersion; its 
density was 0.99705 g/cm3 at 25°C). To 
ensure reproducibility of the results, we re-
peated each measurement at least 3 times 
for each sample. The average value is given 
in Table 3. The theoretical X-ray density 
for prepared nickel chromite was calculated 
as follows [11]:

ρth = ZM/NAV,                                               (5)

where Z is the number of formula units in the unit cell (Z = 8 for the spinel lattice), M is the 
molecular mass of the nickel chromite, NA is the Avogadro number, V is the unit cell volume. 

Regarding Z = 8, we can write the general formula for the content of the basic cell as follows: 
Ni

8
Cr

16
O

32
. Thus, one cell contains eight nickel atoms, sixteen chromium ones, and 32 oxygen 

ones. Substituting the value of Z as an integer in Eq. 5 gives us the value of the theoretical density 
(see Table 3). The calculated result is very close to the experimental value, which proves the 
accuracy of our theoretical calculations and the accuracy of our choice of the basic cell unit. The 
crystallite size of the NiCr

2
O

4
 compound was calculated using Scherrer’s formula [14, 15]:

L = 0.9λ/(β·cosθ),                                                        (6)

where β, rad, is the full width at half-maximum (FWHM) of diffraction peaks; λ is the X-ray 
wavelength (λ = 1.78897); θ is the Bragg reflection angle. 

The estimated values of crystallite size for each diffracting peak of NiCr
2
O

4
 compound were 

calculated using X'pert HighScore software and listed in Table 4. The average crystallite size was 
31.92 nm, so the prepared compound had a nanostructure.

Tab l e  4

The broadening of diffraction peaks and average grain size
of NiCr

2
O

4
 compound annealed at 1000ºC

Peak number
Peak position βobs βstd Grain size L, nm

degrees Peak Averaged
1 35.668 0.295

0.001

33.0

31.92

2 42.210 0.394 25.2
3 51.380

0.295
34.8

4 63.900 37.0
5 68.363 0.296 37.8
6 75.122 0.492 23.7
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Zinc chromite ZnCr
2
O

4
. Fig. 3 shows the X-ray diffraction patterns of the annealed nickel 

chromite compound ZnCr
2
O4 within the temperature range from 600 to 900°C, where it appears 

that annealing at temperatures of 600°C to 800°C led to the formation of the zinc chromite 
compound, but with the presence of other peaks that refer to the raw materials, indicating 
that the thermal reaction is incomplete. It was found from Fig. 3 that all intensive diffraction 
peaks were attributed to the ZnCr

2
O

4
 compound for the sample annealed at 900°C, where the 

reaction between primary materials was completed. This indicates that the optimum temperature 
for ZnCr

2
O

4
 compound synthesis is 900°C which is lower than the temperature of nickel chromite 

formation.

2θ, deg
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Fig. 3. XRD patterns of the prepared zinc chromite 
ZnCr

2
O

4
 annealed at different temperatures for 

six hours
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2θ, deg

Fig. 4. XRD patterns of the prepared zinc 
chromite ZnCr

2
O

4
 annealed at 900°C for six hours

All the diffraction peaks were indexed and 
compared with the standard JCPDS, ICSD 
data of the starting ZnO and Cr

2
O

3
 oxides 

and ZnCr
2
O

4
 compound of the numbers  

36-1451, 38-1479 and 24-495 respectively.  
Fig. 4 shows the XRD pattern of ZnCr

2
O

4
, 

which was annealed at 900 °C for 6 hrs because 
that is the optimal temperature for the ZnCr

2
O

4 
compound synthesis.

Miller indices of diffraction peaks were de-
termined for ZnCr

2
O

4
 cromite. These peaks in-

dicated that ZnCr
2
O

4
 had a cubic structure and 

belonged to the space group Fd3m. From X-ray 
diffraction measurements of ZnCr

2
O

4
, the dis-

tance between crystal lattices and the values of 
the lattice constant were determined using the 
Bragg law and Eq. 3 for cubic crystal structure. 
The calculated result is listed in Table 5. The 
results show that the compound belongs to the 
cubic symmetry pattern, and all the Miller in-
dex values for all peaks agree with this crystal-
lization pattern, which is consistent with Eq. 3.

Tab l e  5

The results of X-ray diffraction (XRD) analysis 
for ZnCr

2
O

4
 compound annealed at 900ºC

2θ, dg I/I
0
, % dhkl, Å a, Å (hkl)

21.704 6 4.7484 8.2245 (111)
35.675 45 2.9186 8.2549 (220)
42.066 100 2.4909 8.2614 (311)
44.031 7 2.3849 8.2615 (222)
51.246 16 2.0674 8.2692 (400)

63.8476 13 1.6906 8.2824 (422)
68.2505 35 1.5936 8.2804 (511)
75.2356 40 1.4646 8.2852 (440)

All notations are identical to those used in Table 2

The unit cell volume of ZnCr
2
O

4
 was calcu-

lated by Eq. 4. This value and other structural 
calculations such as the average lattice constant, 
the experimental density, the theoretical X-ray 
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Tab l e  6

Additional structural data for ZnCr
2
O

4
 compound

a, Å V, Å3
ρ, g/cm3

Z
Theoretical Experimental

8.2650 564.58 5.49 5.45 8

All notations are identical to those used in Table 3

density, and the number of formula units in 
the single crystal cell are listed in Table 6. 
Regarding Z = 8, we can write the gener-
al formula for the content of the basic cell 
as follows: Zn

8
Cr

16
O

32
. The crystallite size of 

the ZnCr
2
O

4
 compound was calculated using  

Eq. 6. The estimated values of crystallite size 
for each diffracting peak of ZnCr

2
O

4
 com-

pound were calculated using X'pert High-
Score software (see Table 7). The average 

crystallite size was 32.78 nm. Hence, the prepared compound is characterized by a nanostructure.

Tab l e  7

The broadening of diffraction peaks and average grain size
of ZnCr

2
O

4
 compound annealed at 900ºC

Tab l e  8

A comparison of the results of structural 
calculations for NiCr

2
O

4
 and ZnCr

2
O

4

Tab l e  9

A comparison of our results with those obtained from literature

Peak number
Peak position βobs βstd Grain size L, nm

degrees Peak Averaged
1 21.704 0.295

0.001

31.9

32.78

2 35.675 0.295 33.0
3 42.066

0.295
33.6

4 44.031 33.8
5 51.246 0.295 34.8
6 63.848 0.295 37.0
7 68.251 0.394 28.4
8 75.236 0.394 29.7

Compound a, Å V, Å3
ρ, g/cm3

Z L
Experimental Calculated

NiCr
2
O

4
8.2634 564.26 5.331 5.30 8 31.92

ZnCr
2
O

4
8.2650 564.58 5.450 8 32.78

Compound
a, Å V, Å3

Our work Other authors Our work Other authors

NiCr
2
O

4
8.263

8.32 [17, 16]
564.26

575.96 [17, 16]
8.27 [19, 18] 566.66 [19, 18]

ZnCr
2
O

4
8.265

8.280 [17, 16]
564.58

567.66 [17, 16]
8.325 [19, 18] 576.96[19, 18]
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The results obtained from the previous calculations for both nickel chromite and zinc chromite 
compounds are arranged in Table 8. Based on those mentioned earlier, we conclude that the 
solid synthesis method, a straightforward and reasonably priced preparation technique, can create 
chromium-based spinels at temperatures between 800 and 1000°C. Furthermore, the nanoscale 
particle size produced by this preparation technique makes these compounds suitable for use in 
gas sensitivity applications, electrodes, and other fields. 

Table 9 shows a comparison of the results we obtained with some other scientific works.
Scanning electron microscopy (SEM). The morphology of the ZnCr

2
O

4
 and NiCr

2
O

4 
nanoparticles was investigated using scanning electron microscopy (SEM). Fig. 5 displays the 
SEM images of ZnCr

2
O

4
 and NiCr

2
O

4
 nanoparticles synthesized by solid-state reactions. They 

show the agglomeration of the nanoparticles, which are formed up of square-shaped nanofine 
crystallites.

Fig. 5. SEM images of NiCr
2
O

4
 (a) and ZnCr

2
O

4
 (b) nanoparticles prepared 

by the solid-state method at 1000°C (a) and 900°C (b) for 6 hours

Summary

This work has shown that the straightforward and economical solid-state reaction approach can 
be used to synthesize nickel chromite and zinc chromite nanoparticles successfully, with the optimal 
synthesis temperatures of 1000°C and 900°C, respectively. Both compounds had nanoscale grain 
sizes of about 32 nm and crystallized in a face-centered cubic (Fd3m) structure. The solid-state 
reaction approach is an effective method to create chromium-based nanocomposites since it can 
yield highly pure, nanostructured spinel phases at comparatively low synthesis temperatures. The 
produced compounds are excellent prospects for technical uses including gas sensors, electrodes, 
and other cutting-edge functional materials because of these structural features.
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Аннотация. Нуклеопротеиновые филаменты, формируемые белками-рекомбиназами 
на ДНК, являются ключевыми структурами процесса гомологичной рекомбинации, 
обеспечивающей поддержание стабильности генома. Формирование филамента 
на ДНК приводит к значительному изменению механических свойств комплекса, 
в частности к удлинению ДНК, при этом кинетика сборки филамента зависит от 
механического натяжения. В работе с помощью метода оптического захвата получены 
данные о динамике сборки филаментов RAD51 человека и UvsX бактериофага T6 на 
двухцепочечной ДНК при различных силах механического натяжения. В диапазоне 
3–12 пН RAD51 эффективно связывается с ДНК, формируя филаменты с высокой 
степенью покрытия. В отличие от RAD51, эффективное формирование филаментов 
UvsX происходит только при высоком натяжении (12 пН), тогда как при значениях 
3–6 пН связывание UvsX с ДНК существенно ограничено. Различная склонность двух 
рекомбиназ к взаимодействию с ДНК отражает адаптацию к клеточным условиям и 
механизмам регуляции гомологичной рекомбинации.
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Introduction
Homologous recombination is a key mechanism for maintaining genome stability, enabling 

cells to repair DNA double-strand breaks, restart stalled replication forks, and exchange genetic 
material during meiosis [1, 2]. Recombinases play a central role in homologous recombination; 
they are highly conserved DNA-binding proteins that coat single-stranded DNA (ssDNA), form-
ing a nucleoprotein filament. This filament searches for a homologous sequence on another DNA 
molecule and promotes strand invasion [3, 4].
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The eukaryotic recombinase RAD51, the bacterial recombinase RecA, and the phage recom-
binase UvsX belong to the same superfamily, which is represented in all domains of life [5, 6]. 
The phage recombinase UvsX is functionally closer to the bacterial RecA protein, participating in 
homologous recombination, recombination-dependent replication, and DNA repair in infected 
host cells [7, 8]. All members of the superfamily contain a conserved RecA-like ATPase domain 
with Walker A and Walker B motifs, which are involved in ATP binding and hydrolysis, regulating 
the assembly, stability, and dissociation of the nucleoprotein filament [5, 9–12].

RecA is the most thoroughly studied member of the family. The structure of its helical fil-
ament, intermonomer contacts, and monomer structure are known at near-atomic resolution 
owing to XRD analysis and cryo-electron microscopy [3, 9]. The functions of RecA in the SOS 
response, homologous recombination, replication fork restart, horizontal gene transfer, and bio-
film formation are well characterized [13–18]. The DNA-dependent ATPase activity of RecA 
was measured: its k

cat
 values are 30 min–1 for the RecA filament on ssDNA and 20 min–1 on dou-

ble-stranded DNA (dsDNA) [19].
Human RAD51 is the focus of considerable attention because increased expression of this 

recombinase in tumors confers resistance to DNA-damaging chemotherapeutic agents, making 
this protein a promising candidate for targeted therapy [20–22]. The ATPase activity of human 
RAD51 was characterized in [23], where it was shown that the catalytic constant k

cat
 is 0.21 min–1 

in the presence of ssDNA and 0.07–0.11 min–1 in the presence of dsDNA.
The UvsX recombinase of T-even phages is substantially less studied than bacterial or eukary-

otic homologs, although  interest in its properties has increased considerably in recent years due to 
its use in recombinase polymerase amplification (RPA) [24, 25]. During RPA, UvsX forms nucle-
oprotein filaments on single-stranded primers and mediates their invasion into a double-stranded 
DNA template, allowing DNA polymerase to begin synthesis of a new strand without thermal 
denaturation of the duplex. The highest activity of UvsX among homologs makes this enzyme 
preferable for use in RPA. For example, according to the literature, the catalytic constant k

cat
 

of hydrolysis for UvsX reaches 240–500 min–1, which is an order of magnitude higher than the 
corresponding value for the bacterial RecA protein [26, 27].

The nucleoprotein filament formed by recombinases is a key structural unit of homologous 
recombination, providing homology search and strand invasion into donor DNA [28]. Binding of 
recombinases to DNA leads to significant lengthening of the molecule (approximately 1.5-fold) 
compared with B-form DNA and to changes in its mechanical properties, including stiffness and 
elasticity [9, 29–31].

Optical tweezers allow these structural transformations to be monitored in real time at the 
level of single DNA molecules, since changes in their length are measured under controlled 
external tension.

This work presents data on the assembly kinetics of nucleoprotein filaments of human RAD51 
and bacteriophage T6 UvsX on dsDNA at different applied tensions. The results were obtained 
using optical tweezers.

Materials and methods

DNA construct. Linear dsDNA, 11,100 base pairs (bps) long, was used for single-molecule 
DNA experiments. The molecules had an identical natural sequence and carried biotin modifica-
tions at both ends for specific attachment to streptavidin-functionalized microspheres. A detailed 
procedure for obtaining and purifying such DNA constructs is described in [12, 32].

Preparation of purified proteins. Recombinant human RAD51 and bacteriophage T6 UvsX pro-
teins were obtained by expression in Escherichia coli strains BLR(DE3)pLysS for RAD51 and 
Rosetta(DE3) for UvsX. Plasmids encoding the corresponding proteins fused to a polyhistidine tag 
were used. Cells were grown in Lysogeny broth (LB) medium to an optical density of 0.6, induced 
with isopropyl-D-1-thiogalactopyranoside (IPTG), and additionally incubated at 37 °C for 3 h. The 
target protein was purified from the resulting cell biomass by affinity chromatography on Ni-NTA 
agarose (NTA is nitrilotriacetic acid). The cell lysate was loaded onto the column in a buffer with 50 
mM imidazole, after which the protein was eluted with a stepwise imidazole gradient. The resulting 
preparations had a purity of at least 95%, as confirmed by sodium dodecyl sulfate–polyacrylamide 
gel electrophoresis (SDS–PAGE). Purified proteins were stored at –80°C in a buffer supplemented 
with 10% glycerol. A detailed protein purification procedure is described in [33, 34].
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Laser tweezers setup. The unique Laser Tweezers setup, assembled based on a non-inverted 
Axio Imager.Z1 microscope (Carl Zeiss), was used for the experiments. The setup allows for 
optical trapping with two independent traps simultaneously by splitting the laser radiation 
(Nd:YAG, λ = 1064 nm, Spectra Physics, model BL-106C) by a polarizing beam splitter 
into two components polarized in mutually perpendicular directions. The beams were focused 
using an immersion objective with a high numerical aperture (NA = 1.25). To move the trap 
across the sample plane, the beam was directed through a mirror mounted on a piezoelectric 
positioning stage.

The experimental setup was supplemented with a u-Flux multi-channel microfluidics system 
(LUMICKS B.V.) for laminar flow and buffer exchange around the sample. The microfluidic 
chamber was mounted on a motorized microscope stage with three-axis positioning. Images were 
recorded with an iXon Ultra 897 camera (Andor Technology) with an electron-multiplying CCD 
array. Video data processing to determine the distance between microspheres and the corre-
sponding DNA stretching force was performed in real time by specialized software we developed 
in the LabVIEW environment. The stiffness of the optical traps was calibrated from the viscous 
drag force experienced by a trapped microsphere moving at a given speed in a liquid medium of 
known viscosity.

Single-molecule DNA experiments

To perform DNA manipulations, microspheres and the DNA molecule attached between 
them were transferred between channels with laminar flows. Streptavidin-functionalized poly-
styrene microspheres 2.1 μm in diameter were captured in two independent optical traps in the 
first channel of the microfluidic system. These microspheres were then transferred to the second 
channel containing a DNA solution at a concentration of 30 pM. Under these conditions, one 
DNA molecule was attached to the microspheres via biotin–streptavidin bonds at its ends, thus 
fixing the DNA between two microspheres. After such fixation, this system was pre-stretched to 
a force of 10–20 pN in a channel containing only buffer solution to check the integrity of the 
molecule and exclude multiple attachments. Next, the DNA fixed between the microspheres was 
transferred to the fourth channel of the microfluidic system containing RAD51 or UvsX recom-
binase at a concentration of 300 nM.

The buffer solution used had the following composition:

40 mM Tris-HCl (pH 7.5); 0.02% BSA; 1 mM DTT; 5 mM MgCl
2
; 2 mM ATP.

The assembly of the nucleoprotein filament on the DNA molecule was recorded under these 
conditions. Measurements were performed in force-clamp mode in the range of 3–12 pN at 22 
°C. Nucleoprotein filament assembly was monitored in real time by the increase in the length of 
the DNA molecule upon complex formation.

The optical trapping method used in this work allows manipulating single biomolecules and 
monitoring changes in their mechanical properties by controlling the tension force (in the range 
from fractions of a piconewton to hundreds of piconewtons) and recording the extension of the 
molecule with nanometer resolution.

Results and discussion

The binding kinetics of RAD51 and UvsX recombinases to DNA was studied using 11,100 bps 
long dsDNA. A single DNA molecule was trapped by combining the optical tweezers method 
with the microfluidic system (Fig. 1,a). At a fixed tension force, the DNA molecule has an almost 
constant length determined by entropic and enthalpic contributions to the elastic response. The 
experimentally obtained dependence of tension force on extension for the DNA construct used 
is shown in Fig. 1,b.

Transfer of the trapped DNA molecule into the channel containing RAD51 recombinase led 
to nucleoprotein filament assembly. A constant tension force was applied to the sample during 
incubation, and a change in length was recorded. Fig. 2 shows representative assembly curves of 
the RAD51 filament obtained at tension forces F = 3 pN, 6 pN and 12 pN. The assembly kinetics 
of the RAD51 filament were only weakly sensitive to variations in the applied tension. In all cases, 
the complex length reached saturation within 60–80 s.
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The final values of the filament length were

4.82 ± 0.09 μm (N = 4) for F = 3 pN;

 5.02 ± 0.04 μm (N = 6) for F = 6 pN;

 4.99 ± 0.11 μm (N = 4) for F = 12 pN.

It is useful to compare the results obtained on the final DNA elongation upon assembly of the 
RAD51–DNA filament with data known from structural studies. According to structural data, 
DNA in the primary site of the nucleoprotein filament is elongated approximately 1.5-fold rel-
ative to the contour length of B-form DNA [5, 35]. The contour length of the DNA molecules 
used (11,000 bps) is about 3.7 μm. Due to entropic factors, the DNA length recorded as the 
end-to-end distance was shorter than the contour length and amounted to approximately 3.5 μm 

at F = 6 pN. A 1.5-fold increase of this value 
gives an estimate of 5.25 μm for the length of 
filaments formed on the double-stranded DNA 
used, which agrees with the final DNA elon-
gation of 1.5 μm recorded in the experiments. 
This result indicates a fairly high degree of DNA 
coverage by RAD51 recombinase in the formed 
nucleoprotein filaments.

Similarly, the assembly kinetics of UvsX fil-
aments were studied. In contrast to RAD51, 
complete assembly of the nucleoprotein filament 
was observed only upon application of force 
F = 12 pN (Fig. 3,a). At F = 3 pN, no DNA 
elongation was observed during incubation in the 
UvsX channel, whereas at F = 6 pN only a lim-
ited increase in length was recorded, which did 
not reach a stationary value (during the obser-
vation time) corresponding to a 1.5-fold DNA 
elongation (Fig. 3,b).

Fig. 1. Graphical representation of single-molecule DNA experiments: 
schematic image of microfluidic chamber with four laminar flows 1–4 (a); 

example of obtained dependence of tension F (pN) on the length 
of the DNA molecule used in this work (b)

Fig. 2. Representative kinetic curves of RAD51 
filament assembly on double-stranded DNA 

(dsDNA) at three different tension forces
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At F = 12 pN, the complex length reached saturation within 30–40 s, and the final length 
was 5.4 ± 0.1 μm (N = 5). This value is slightly higher than those observed at the same force for 
RAD51, but it also agrees with an approximately 1.5-fold DNA elongation. The exact filament 
length recorded in experiments using optical tweezers is determined, in addition to the tension 
force, by a number of factors, including the degree of DNA coverage by protein, the helix pitch 
of the filament, the number of monomers per helix turn, the persistence length, and the local 
presence of regions in an inactive conformation associated with ATP hydrolysis. Nevertheless, 
structural studies show that filaments formed by recombinases are characterized by DNA elonga-
tion of approximately 1.5-fold compared with the length of B-form DNA [9, 30, 31]. The obser-
vation of complexes with a greater length, for example at F = 12 pN, may indicate the assembly 
of UvsX filaments with a higher degree of DNA coverage than that of RAD51 filaments under 
these conditions.

Despite the prevailing opinion about the lower activity of RAD51 recombinase compared with 
RecA and UvsX, the results obtained indicate its ability to efficiently bind to dsDNA.

It is known from the literature that such binding is difficult for RecA recombinase from the 
Gram-negative bacterium Escherichia coli, typically observed only upon application of a suffi-
ciently high external tension force exceeding 20 pN [32].

The activity of RAD51 recombinase in the cell is controlled by a number of mediator proteins, 
primarily at the stage of assembly of the nucleoprotein filament on ssDNA [5]. In vitro, RAD51 
demonstrates increased efficiency of invasion of the 5′-terminal ssDNA fragment during catalysis 
of strand exchange, compared with the 3′-terminal fragment, which contrasts with the behav-
ior of RecA, for which the 3′-terminal region is preferred [36]. It was shown that the efficiency 
of 3′-terminal fragment invasion is restored for RAD51 recombinase with duplex DNA with a 
single-stranded overhang.

In most models of homologous recombination, the assembly of the nucleoprotein filament on 
ssDNA in the presence of additional proteins, both competing for binding to ssDNA and stimu-
lating the loading of the recombinase onto ssDNA, is considered the key initial stage. However, 
the natural substrate formed as a result of DNA processing and available for interaction with 
the recombinase is a hybrid DNA including a dsDNA region transitioning into a 3′-terminal 
single-stranded fragment. It can therefore be assumed that the assembly of a stable RAD51 fila-
ment on dsDNA can further increase (through cooperative interactions) the conformational sta-
bility of the RAD51 filament on ssDNA, promoting homologous recombination. The relationship 
between the conformational states of different regions of the filament formed on hybrid DNA was 
previously demonstrated for RecA recombinase [37].

a) b)

Fig. 3. Observations of UvsX filament assembly on dsDNA: 
representative assembly curves at three F values, pN: 3, 6, and 12 (a); 

UvsX filament assembly curves at F = 6 pN (b)
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UvsX recombinase is considered the most active and therefore the most popular choice for 
recombinase polymerase amplification systems. The catalytic constant of ATP hydrolysis for UvsX 
exceeds the corresponding value for RAD51 by three orders of magnitude. During infection of a 
cell by T-even bacteriophages, UvsX recombinase ensures recombination-dependent replication 
of multiple copies of the viral genome at late stages of infection, making it possible to synthesize 
hundreds of copies of phage DNA in a compressed time frame [38]. Uncontrolled binding of 
UvsX to dsDNA could interfere with replication processes under conditions of intensive phage 
DNA synthesis, as well as lead to unnecessary ATP consumption. In the case of RAD51, such 
interaction of the recombinase with dsDNA seems more likely and is not accompanied by signif-
icant ATP overconsumption due to the substantially lower ATPase activity of this recombinase. 
Moreover, RAD51 activity in eukaryotic cells is additionally controlled by a significantly wider 
set of regulatory proteins.

Conclusion

This work reports on the binding kinetics of RAD51 and UvsX recombinases at different exter-
nal tensions in the range of 3–12 pN. The observed absence of UvsX binding to double-stranded 
DNA (dsDNA) without application of sufficient tension apparently reflects the evolutionary 
adaptation of the phage replication system. The different propensity of RAD51 and UvsX recom-
binases to bind dsDNA indicates possible alternative pathways for organizing recombination 
complexes in vivo.

The optical tweezers technique opened up the possibility for quantitatively characterizing the 
influence of mechanical stress on the formation and stability of recombinase complexes.

Single-molecule DNA studies allow direct testing of the influence of the type of DNA substrate 
and physical conditions on the assembly and stability of nucleoprotein filaments and provide a 
basis for a more detailed description of the molecular mechanisms of homologous recombination.
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Abstract. The paper presents the results of calculating the nuclear modification factors of π0 
mesons as a function of their transverse momentum and azimuthal angle at different collision 
centralities of Cu+Au at an energy of 200 GeV and U+U at 193 GeV. As a result of the 
analysis of the obtained data, it was established that the azimuthal dependence of the nuclear 
modification factors of π0 mesons in both collision systems demonstrated universality in the 
considered range of transverse momentum and could be explained by the dependence of parton 
energy losses on the length of their path in the quark-gluon plasma (QGP). It is advisable to use 
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in theoretical models describing the energy losses of partons in the QGP formed in collisions 
of deformed nuclei or in asymmetric collision systems.
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Аннотация. В работе представлены результаты расчета факторов ядерной модификации 
π0-мезонов как функции от их поперечного импульса и азимутального угла в различных 
центральностях столкновений релятивистских ядер Cu+Au при энергии 200 ГэВ и U+U 
при 193 ГэВ. В результате анализа полученных данных было установлено, что характер 
азимутальной зависимости факторов ядерной модификации π0-мезонов в обеих системах 
столкновений универсален в рассматриваемом диапазоне по поперечному импульсу и 
может быть объяснен зависимостью потерь энергии партонов от длины их пути в кварк-
глюонной плазме (КГП). Азимутальные зависимости факторов ядерной модификации 
π0-мезонов, рассчитанные в данной работе, целесообразно использовать для уточнения 
параметров теоретических моделей, описывающих потери энергии партонов в КГП, 
образующейся в столкновениях деформированных ядер или в асимметричных системах 
столкновений.
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Introduction

In the late 20th century, quantum chromodynamics predicted that matter could transition into 
a special state at extreme energy densities and/or temperatures, where its fundamental constitu-
ents, i.e., partons (quarks and gluons), become asymptotically free [1]. This state of matter was 
named the quark-gluon plasma (QGP). Subsequently, collider experiments showed that QGP can 
form in collisions of relativistic heavy ions [2].

Understanding the properties of the QGP is a pressing problem in high-energy physics; how-
ever, a major challenge in research is that the QGP lifetime is very short (~10 fm/c [3]), making 
direct experimental observation impossible. Experimental approaches to studying the formation 
and properties of the QGP in relativistic ion collisions are based on measuring the yields of pro-
duced particles and their angular characteristics.

The goal of this study was to measure the azimuthal dependences of hadron suppression at high 
transverse momenta (p

T
 > 5 GeV/c) [4].
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Problem statement

One of the main facilities used for collisions of relativistic heavy ions is the Relativistic 
Heavy Ion Collider (RHIC). The PHENIX experiment [3] at RHIC discovered that the 
production of hadrons with high transverse momenta p

T
 in heavy-ion collisions (e.g., 

Au+Au) is suppressed compared to their production in proton–proton (p+p) collisions 
[5]. Hadron production at high p

T
 occurs predominantly through fragmentation of jets 

formed by high-energy partons [6]. As these high-energy partons traverse the dense QGP 
medium formed in heavy-ion collisions, they interact with it and lose energy, mainly via 
gluon bremsstrahlung [6]. The energy loss of the parent partons leads to a weakening of the 
hadronic jets, consequently reducing the transverse momentum of the hadrons in these jets 
(the jet quenching effect).

Thus, the observed suppression of hadron production at high p
T
 was interpreted as evidence for 

QGP formation in heavy-ion collisions [3].
The suppression of hadron production at high p

T
 is typically quantified using the nuclear mod-

ification factors R
AB

 (NMFs), defined as the ratio of hadron yields in nucleus–nucleus collisions 
to those in p+p collisions:

2

2

/1
( ) ,

/
= AB T

AB T

coll pp T

d N dp dy
R p

N d N dp dy

where ⟨N
coll
⟩ is the average number of binary inelastic nucleon–nucleon collisions; d2N

AB
/dp

T
dy 

is the p
T
 differential yield of the particles considered in (A+B) collisions; d2N

pp
/dp

T
dy is the 

p
T 
differential yield in p+p collisions; y is the rapidity.
The suppression of hadron production in nucleus–nucleus collisions due to the energy loss of 

high-energy partons causes the R
AB

(p
T
) values to fall below unity at p

T
 > 5 GeV/с.

Previously measured R
AB

(p
T
) of hadrons at p

T
 > 5 GeV/с in relativistic heavy-ion collisions were 

described by theoretical models that account for parton energy loss in the QGP medium [6–8]. 
One of the key parameters in these models is the transport coefficient q̂, which characterizes 
the average squared transverse momentum exchanged between a high-energy parton and the 
QGP medium per unit path length.

The main difficulty with the theoretical models used to describe parton energy loss in the QGP 
is that different models yield different values of the transport coefficient q̂ and different estimates 
of the path-length dependence of the energy loss [6]. Such differences make it impossible to 
unambiguously and accurately describe the measured R

AB
(p

T
) dependences of hadrons and their 

azimuthal anisotropy (experimentally quantified by the elliptic flow v
2
).

While existing models accurately describe the R
AB

(p
T
) dependence of hadrons at p

T
 > 

5 GeV/с, they systematically underestimate v
2
 [9]. A simultaneous description of R

AB
(p

T
) and 

v
2
 requires both accounting for the more complex initial collision geometry (which increases 

v
2
  in model calculations) and adopting more sophisticated approaches, such as AdS/CFT 

[6]. However, these approaches require further separate investigation [9, 10]. Despite recent 
advances in modeling the interactions of hadronic jets with the QGP medium [11], this prob-
lem remains unresolved.

Thus, to gain a clearer understanding of parton energy loss processes, it is necessary to 
experimentally measure quantities that are more sensitive to the path length of partons in the 
QGP medium.

A more detailed analysis of the path-length dependence of parton energy loss in the QGP 
can be performed by varying the collision systems and measuring the R

AB
(p

T
) function of hadrons 

at p
T
 > 5 GeV/с for different centrality classes. It is convenient to use π0 mesons as probe had-

rons, since they can be identified over a wide range of transverse momenta with relatively small 
measurement uncertainties.

This approach made it possible to measure the R
AB

(p
T
) dependences for π0 mesons up to 

about 20 GeV/с for different centrality bins in Au+Au [12], Cu+Au [13], and U+U [14] col-
lisions. In particular, the measurements showed that the suppression pattern of π0 mesons at 
p

T
 > 5 GeV/с does not depend on the initial collision geometry for similar values of N

part
 (the 
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number of participants characterizing the collision centrality and the volume of the QGP pro-
duced) [13, 14].

The overlap region of heavy nuclei generally has an ellipsoidal shape; therefore, the aver-
age path length traversed by a parent parton in the QGP depends on the azimuthal angle of its 
emission relative to the reaction plane Δφ (the plane formed by the beam axis and the impact 
parameter vector). The degree of hadron suppression depends on the average path length of the 
parent partons in the QGP, so the suppression of hadron production is azimuthally anisotropic 
within a given centrality bin. This azimuthal anisotropy in momentum space is quantified by the 
elliptic flow.

The relationship between hadron suppression and the path length of parent partons in the 
QGP cannot be studied directly from the R

AB
(p

T
) dependences, as the R

AB
(p

T
) function is inte-

grated over the azimuthal angle Δφ. However, the azimuthal functions R
AB

(p
T
,Δφ), which have 

high sensitivity to the parton path length in the QGP, can be estimated by simultaneously using 
the measured NMFs and elliptic flows of hadrons as a function of p

T
.

Such R
AB

 dependences on the two kinematic variables p
T
 and Δφ have already been studied for 

π0 mesons in different centrality bins of Au+Au collisions at √s
NN

 = 200 GeV in [10, 12], where 
it was found that the degree of π0 meson suppression for the same value of N

part
 (or in the same 

centrality bin) can differ by nearly a factor of two depending on the azimuthal angle relative to 
the reaction plane.

In this work, we consider two heavy-ion collision systems: copper–gold (Cu+Au) and ura-
nium–uranium (U+U). Unlike collisions of symmetric gold nuclei, these collision systems have 
additional anisotropy of the nuclear overlap region relative to the reaction plane. Such anisotropy 
in Cu+Au collisions arises from the difference in the sizes of the copper and gold nuclei, leading 
to complete overlap of the copper nucleus in central collisions. Uranium nuclei are prolate-de-
formed; therefore, depending on their spatial orientation, the shape of the nuclear overlap region 
can differ even within the same centrality bin.

Thus, our paper is aimed at measuring the azimuthally dependent RAB(pT,Δφ) values for π0 mesons 
in Cu+Au collisions at √s

NN
 = 200 GeV and in U+U collisions at √s

NN
 = 193 GeV.

The results are expected to clarify the role of the initial collision geometry in the path-length 
dependence of parton energy loss in the QGP, and provide new bounds on the parameter values 
in theoretical models describing parton energy loss.

Methodology

The azimuthal anisotropy of the π0 meson suppression can be calculated directly from 
the NMFs [10]:

( ) ( ) ( )
( )1

1

,
, ,

,
=

∆ ∆ϕ
∆ϕ =

∆ ∆ϕ∑
T i

AB T i AB T k

T ik i

N p
R p R p

N p

where ΔN(p
T
,Δφ

i
) is the yield of π0 mesons in the ith azimuthal bin Δφ

i
  at transverse 

momentum p
T
.

Summation in the denominator is performed over all ith angular bins (their number is k). For 
the calculations, we used the RAB(pT) values for π0 mesons in Cu+Au collisions at √s

NN
 = 200 GeV 

and in U+U collisions at √s
NN

 = 193 GeV from [13, 14]. The second factor in this expression 
characterizes the azimuthal dependence of the π0 meson yields: it is the ratio of the yield in the 
Δφ

i
 bin to the average yield over all bins at a given p

T
. However, the measured ΔN(p

T
,Δφ

i
) values 

for π0 mesons in different azimuthal bins in Cu+Au and U+U collisions have not been previ-
ously published, so we had to use an alternative approach to estimate the azimuthal anisotropy 
of particle production.

The inclusive (azimuthally integrated) R
AB

(p
T
) dependences for π0 mesons are measured exper-

imentally as the ratio (normalized by ⟨N
coll
⟩) of the pT differential yields of π0 mesons in nuclear 

collisions to those in proton–proton collisions. To determine the azimuthal dependence of par-
ticle production, R

AB
(p

T
,Δφ), the total invariant differential yield E·d3N/d3p can be expanded into 

a Fourier series in the azimuthal angle relative to the reaction plane [15]:
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3
1

1
1 2 cos[ ( )] ,

2

∞

=

 = + ϕ−Ψ π  
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n
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where φ is the particle azimuthal angle, y is the rapidity, v
n
 are the Fourier coefficients (anisotro-

pic flow), ΨRP is the azimuthal angle of the reaction plane.
Thus, the azimuthal anisotropy of the transverse momentum distribution is characterized by 

the coefficients of anisotropic flow, where the elliptic flow v
2
 (the second Fourier coefficient) 

dominates. The analytical representation of the expression for calculating R
AB

(p
T
,Δφ) as a contin-

uous function (for k → ∞, ΔN(p
T
,Δφ

i
) → dN/dΔφ) then takes the following form:

( )2( , ) ( ) 1 2 ( )cos 2 ,∆ϕ = + ∆ϕ  AB T AB T TR p R p v p

where the azimuthal dependence of the π0 meson yields is parameterized by the v
2
(p

T
) values, and 

the angle Δφ can take arbitrary values in the range 0 < Δφ < π/2.
We took the v

2
(p

T
) values from [16]. With these, all quantities necessary for calculating 

R
AB

(p
T
,Δφ) are available.

We calculated the R
AB

(p
T
,Δφ) values for π0 mesons in four (or three) p

T
 bins in the range 

5 < p
T 

< 10 GeV/с and in four (or three) centrality bins for Cu+Au (or U+U) collisions. 
The choice of the p

Т
 bins and centrality bins was guided by the previously measured R

AB
(p

T
) and 

v
2
(p

T
) values. We considered the azimuthal dependence of π0 meson NMFs in six Δφ bins in the 

range 0 < Δφ < π/2.

Measurement results

Fig. 1 shows the calculated R
AB

(p
T
,Δφ) values for π0 mesons in four transverse momentum bins 

within 5 < p
T 
< 10 GeV/с and in four centrality bins of Cu+Au collisions at √s

NN 
= 200 GeV. 

The calculated R
AB

(p
T
,Δφ) values are shown in Fig. 1,d only for three centrality bins of Cu+Au colli-

sions, because the v
2
(p

T
) values for π0 mesons in the range 8 < p

T
 < 10 GeV/с for the 40–60% central-

ity bin are not available.

The solid symbols in Fig. 1 correspond to R
AB

(p
T
,Δφ) values, the open symbols correspond to 

R
AB

(p
T
) values. The uncertainties of the R

AB
(p

T
,Δφ) values were obtained by propagating the uncer-

tainties from the v
2
(p

T
) values. The systematic uncertainties of the R

AB
(p

T
,Δφ) values are shown 

in Fig. 1 as shaded bands whose width represents the magnitude of the systematic uncertainty. 
The systematic uncertainties from the inclusive R

AB
(p

T
) values are shown in Fig. 1 as solid boxes 

Δφ = π/4 and apply to all R
AB

(p
T
,Δφ) values of the corresponding series.

a) b) c) d)

Fig. 1. R
AB

(p
T
,Δφ) dependences for π0 mesons calculated for four p

T
 bins (a–d)  in the range 

5 < p
T
 < 10 GeV/с and for four centrality bins of Cu+Au collisions at √s

NN
 = 200 GeV

Centrality bins, %: 0–10, 10–20, 20–40 and 40–60. Inclusive R
AB

(p
T
) values

are shown by points at Δφ = π/4 (0.785 rad)
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The azimuthal anisotropy of NMFs for π0 mesons increases with increasing centrality, lead-
ing to a difference of about a factor of 1.7 between the R

AB
(p

T
,Δφ) values in the reaction plane 

(0 < Δφ < π/12) and perpendicular to it (5π/12 < Δφ < π/2) in peripheral Cu+Au collisions 
(40–60%). The observed azimuthal anisotropy of the R

AB
(p

T
,Δφ) values indicates that the degree 

of π0 meson suppression depends on the emission angle. A high-energy parent parton emitted 
in the direction of the reaction plane traverses, on average, a shorter path in the QGP than a 
parton emitted perpendicular to it. The shorter path length in the QGP leads, on average, to 
weaker interactions of the parton with the strongly interacting medium and, consequently, to 
smaller energy losses. As a result, the hadronic jet formed by the high-energy parton is quenched 
to a lesser extent, and the transverse momentum of the π0 mesons produced by its fragmentation 
is larger.

Thus, the observed azimuthal dependence of the π0 meson suppression can be explained by 
the path-length dependence of the parent parton energy loss in the QGP before fragmentation.

Fig. 1 also shows that the inclusive and azimuthally dependent NMFs of π0 mesons decrease 
from peripheral (40–60%) to central (0–10%) collisions. This observation indicates that the 
degree of π0 meson suppression increases with the size of the QGP formed in Cu+Au collisions, 
as previously noted in [13].

The observed trends in the R
AB

(p
T
,Δφ) dependence for π0 mesons in Cu+Au collisions are uni-

versal across all four transverse momentum bins in the range 5 < p
T 
< 10 GeV/с. This suggests that 

the mechanism of parton energy loss in the QGP is similar over the entire transverse momentum 
range considered.

Fig. 2 shows the calculated R
AA

(p
T
,Δφ) values for π0 mesons in three transverse momentum bins 

in the range 5 < p
T 
< 10 GeV/c and in three centrality bins of U+U collisions at √s

NN
 = 193 GeV. 

Fig. 2,c shows the calculated R
AA

(p
T
,Δφ) values only for two centrality bins of U+U collisions, 

because the v
2
(p

T
) values for π0 mesons in the range 8 < p

T 
< 10 GeV/с for the 40–60% central-

ity bin are not available. The notations for the NMFs differ between the two collision systems: 
(A+B, R

AB
)  is used for collisions of different nuclei (Cu+Au), while (A + A, R

AA
)  is used for col-

lisions of identical nuclei (U+U). The uncertainties of the R
AA

(p
T
,Δφ) and R

AA
(p

T
) values in Fig. 2 

are shown similarly to Fig. 1.

The observations made for the R
AB

(p
T
,Δφ) values for π0 mesons in Cu+Au collisions also apply 

to the similar values in U+U collisions. It is worth noting that the ratio of the R
AA

(p
T
,Δφ) values 

for π0 mesons in the reaction plane and perpendicular to it reaches about 1.5 in the U+U system, 
which is smaller than in Cu+Au collisions. This difference is most likely due to non-flow effects 
(e.g., jet correlations [17, 18]). Such effects can bias the measured v

2
(p

T
) values for π0 mesons in 

peripheral Cu+Au collisions [16], leading to an overestimation of elliptic flow.

a) b) c)

Fig. 2. R
AA

(p
T
,Δφ) dependences for π0 mesons, similar to those shown in Fig. 1,

but for U+U collisions at √s
NN 

= 193 GeV, calculated for three p
T
 bins (a–c)

in the same range and for three centrality bins: 0–20%, 20–40%, and 40–60%
The inclusive R

AA
(p

T
) values are shown by points at Δφ = π/4
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Conclusion

We calculated the azimuthally dependent nuclear modification factors of π0 mesons for dif-
ferent transverse momentum bins within 5 < p

T 
< 10 GeV/с and for different centrality bins in 

Cu+Au collisions at √s
NN

 = 200 GeV and U+U collisions at √s
NN

 = 193 GeV.
It was found that the azimuthally dependent nuclear modification factors of π0 mesons in 

Cu+Au collisions are systematically larger than those in U+U collisions. This is explained by the 
larger volume of the QGP produced in U+U collisions. The trends observed in the R

AB
(p

T
,Δφ) 

dependence of π0 mesons in these collisions are universal across all transverse momentum ranges 
within 5 < p

T 
< 10 GeV/с: the azimuthal anisotropy of the π0 meson nuclear modification factors 

is larger in peripheral collisions than in central collisions, while the degree of hadron suppression 
is smaller. The observed behavior of the calculated R

AB
(p

T
,Δφ) values for π0 mesons in Cu+Au and 

U+U collisions is consistent with the path-length dependence of parton energy loss in the QGP.
The ratio of R

AB
(p

T
,Δφ) values for π0 mesons in the reaction plane and perpendicular to it 

reaches about 1.5 in the U+U system and 1.7 in Cu+Au collisions One possible reason for this 
difference could be non-flow effects, whose influence on the measured v

2
(p

T
) values for π0 mesons 

in peripheral Cu+Au collisions [16] leads to an overestimation of elliptic flow values.
The calculated R

AB
(p

T
,Δφ) values for π0 mesons can be used to refine the parameters of theo-

retical models describing parton energy loss in the quark-gluon plasma produced in collisions of 
deformed nuclei or in asymmetric collision systems.
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Аннотация. В работе предложено расширение программного пакета Pythia8, 
благодаря которому появилась возможность рассчитывать столкновения продольно-
поляризованных протонов с рождением (J/ψ)-мезонов. Получены спектры по 
поперечному импульсу и двойная продольная спиновая асимметрия (J/ψ)-мезонов при 
энергии 510 ГэВ. Проведено сравнение расчетных результатов с экспериментальными 
данными и установлено их вполне удовлетворительное согласие. Этот успех послужил 
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Introduction
Studies of J/ψ meson production in proton–proton (pp) collisions provide access to gluon 

distribution functions in the proton, which in turn makes it possible to estimate the gluon con-
tribution to the proton spin [1].

The proton spin can be expressed using the Manohar–Jaffe sum rule [2]:

S
p 
= 1/2 = (1/2) ΔΣ + ΔG + L

q 
+ L

g
, (1)

where (1/2)ΔΣ and ΔG are the contributions from quark and gluon helicities, 
respectively [3]; L

q
 and L

g
 are the contributions from the orbital angular momenta of quarks 

q and gluons g, respectively.
These contributions are given by [4]:

2 2( , ) ,  ( , ) ,q

q

f x Q dx G g x Q dx∆Σ = ∆ ∆ = ∆∑ ∫ ∫ (2)

where

2 2 2 2 2 2( , ) ( , ) ( , ),  ( , ) ( , ) ( , )q q qf x Q f x Q f x Q g x Q g x Q g x Q+ − + −∆ = − ∆ = − (3)

(see [5]).
The quantities in (3) are defined as follows: f +

q
(x,Q2), f –

q
(x,Q2) are the quark distribution 

functions in protons with positive and negative helicities, with momentum fraction x at scale Q2; 
g+(x,Q2), g–(x,Q2) are the gluon distribution functions in protons with positive and negative heli-
cities, with momentum fraction x at scale Q2.

In the literature, Δf
q
(x,Q2) и Δg(x,Q2) are commonly referred to as the polarized quark and 

gluon distribution functions in the proton [5]. It should be noted, however, that according to [3], 
the Δg(x,Q2) functions are not as well studied as the Δf

q
(x,Q2) functions.

This study was motivated by two factors: the limited knowledge of the polarized gluon distri-
bution functions, and the fact that gluon-initiated processes are central to J/ψ meson production 
in proton–proton collisions [5].

Our goal was to investigate the conditions and features of J/ψ meson production in collisions 
of polarized and unpolarized protons.
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Computational procedure

The double longitudinal spin asymmetry (DLSA) [4] in collisions of longitudinally polarized 
protons is defined as:

( ) ( )

( ) ( )
,LL

d d d
A

d d d

++ +−

++ ++

σ − σ ∆
= =

σ
σ + σ σ

(4)

where dσ(++), dσ(+–) are the cross sections for collisions of protons with the same (++) and opposite (+–) 
helicities; dΔσ(++), dΔσ(+–) are the cross sections for J/ψ meson production in collisions of polarized 
and unpolarized protons (i.e., polarized and unpolarized cross sections, respectively) [4].

According to the factorization theorem [6], the unpolarized cross section

dσ(pp→ J/ψ + X)

for J/ψ meson production in semi-inclusive proton–proton collisions can be written as a convo-
lution of the unpolarized parton distribution functions f

a
(x

a
, Q2) and f

b
(x

b
,Q2) [7, 8]:

( ) ( ) ( ) ( ( )2

,

2 )

,

ˆ ./ , , →σ = ⋅ ⋅ σ σ→ ψ+ ∑ ∫ ∫a a a

ab cc d

b

a b

b

d

bd dx x dx x dpp J X f Q Q cf (5)

The polarized cross section

dΔσ(pp→ J/ψ + X)

for J//ψ meson production in semi-inclusive longitudinally polarized proton–proton collisions is 
written as a convolution of the longitudinally polarized parton distribution functions Δf

a
(x

a
,Q2) 

and Δf
b
(x

b
,Q2) [7–9]:

( ) ( ) ( )2 ( ( )

,

2 )

,

ˆ ./ , , →∆σ = ∆ ⋅→ ⋅ ∆+ σψ ∆∑ ∫ ∫ a c

a a a b b

b c d

b

a b d

pp J X f Q fd dx x dx x Q d (6)

In expressions (5) and (6), a, b are the partons (quarks, gluons) of the colliding protons; the 
notation (cc̄)d denotes the charm quark–antiquark pair (cc̄) and the parton dproduced in the 
process ab → (cc̄)d; x

a
, x

b
 are the momentum fractions carried by parton a from the first proton 

and by parton bfrom the second proton.
In the same expressions (5) and (6), ( ( ) )ˆ →σ ab cc dd , ( ( ) )ˆ →∆σ ab cc dd  are, respectively, the unpolar-

ized and polarized parton scattering cross sections for ab → (cc̄)d.
Within the color-octet model, the cross sections for J/ψ meson production take the following 

form [10]:

( ) ( ) ( )
[ ]

/

, ,

2 2

ˆ ( ),

/ , , [ ]ψσ = ⋅ ×

× →

ψ

σ

→ + ∑ ∑∫ ∫a a a b

a

b

J
b

b d n

pp J X f Q f Qd dx x dx x

d ab cc n d

n
(7)

( ) ( ) ( )
[ ]

2 /

, ,

2/ , ,

.ˆ )

[ ]

(

ψ→ ψ∆σ = ∆ ⋅∆ ×

× ∆

+

σ →

∑ ∑∫ ∫ J
b

a b d

a a a b

n

bd dx x xpp J fdx

d ab c

X f Q Q

c n d

n
(8)

In expressions (7) and (8), the parton cross section is expressed as a sum over all possible [n] 
states of the cc̄ pair composed of the charm quark c and antiquark c̄ [10]:

3 (1) 3 (8) 3 (8) 3 (8) 3 (8) 3 (8)

1 1 0 0 1 2, , , , , .S S S P P P (9)

The coefficients ⟨𝒪J/ψ[n]⟩ are the probabilities for J/ψ meson production from a given state [10] 
(n is the index of the possible quark-antiquark state cc̄ of the charm quark pair).
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The following interaction processes of gluons g, quarks q, and antiquarks q̄ that can produce 
J/ψ mesons were taken into account in this study:

( ) / ,

( ) / ,

( ) / ,

gg cc g J g
qg cc q J q
qq cc g J g

→ + → ψ+
→ + → ψ+
→ + → ψ+

In the native version of the Pythia8 software package [11], unpolarized distribution func-
tions are convolved with unpolarized parton cross sections to generate proton–proton collisions, 
which yields the unpolarized cross section (6). To obtain the polarized cross section (7), which is 
needed for calculating the DLSA, the unpolarized distribution functions and unpolarized parton 
cross sections should be replaced with polarized ones, which was done in this work. To generate 
J/ψ meson production, we modified the SigmaOnia.cc file in Pythia8. Polarized parton cross 
sections were used in this file instead of the original parton cross sections [10].

The distribution functions were replaced directly in the code using the command:

pythia.readString(«PDF: pSet = LHAPDF6:»+ name_pdf_set).

The original unpolarized distribution functions were replaced with the polarized ones [12].
This modification of Pythia8 allowed us to compute the polarized cross section dΔσ for the J/ψ 

meson. This, in turn, made it possible to calculate the DLSA.

Computational results

To validate the algorithm proposed in this work and the modification of the program for cal-
culating the DLSA of J/ψ mesons produced in longitudinally polarized proton–proton collisions, 
we obtained the following computational results at 510 GeV:

transverse momentum spectra of (J/ψ)- mesons produced in unpolarized proton–proton 
collisions (Fig. 1);

DLSA for the J/ψ meson (Fig. 2).
The choice of this energy was motivated by the results of the STAR and PHENIX experiments 

at the Brookhaven National Laboratory (USA) [3, 13]. The spectra shown in Fig. 1 are multiplied 
by the branching ratio (BR) for the J/ψ meson decay into muon and anti-muon. The BR is the 
relative fraction of a specific decay channel with respect to the total number of decays of the given 
particle: it shows how often a meson decays via this particular channel, and is defined as the ratio 
of the partial decay width Γ

i
 to the total decay width Γ

tot
: Γ

i 
/Γ

tot
.

Fig. 1. Invariant p
T
 spectrum of J/ψ mesons produced in unpolarized proton–proton collisions 

at 510 GeV (the data are multiplied by the branching ratio BR for the J/ψ → μ+μ– decay)
Our simulation results are shown by the blue solid curve (the shaded band around it reflects the range 

of uncertainties due to PDF errors). The experimental data from the STAR Collaboration [13] 

are shown by points for comparison
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Analyzing the data in Figs. 1 and 2, we reached the following conclusions:
the simulation data obtained with the modified Pythia8 program are in good agreement (within 

uncertainties) with the experimental p
T
 spectrum of J/ψ mesons produced in unpolarized proton–

proton collisions at 510 GeV (Fig. 1);
our calculations with Pythia8 are also in good agreement (within uncertainties) with the exper-

imental DLSA dependence of J/ψ mesons produced in longitudinally polarized proton–proton 
collisions at 510 GeV as a function of transverse momentum.

The satisfactory agreement between our calculations and the experimental data (see Figs. 1 
and 2) makes it possible to predict the behavior of the DLSA dependences for J/ψ mesons in 
interactions of polarized protons. The results of such calculations were obtained in this work 
(Fig. 3) at 27 GeV, which is the energy characteristic of the planned SPD experiment at the 
NICA collider.

Conclusion
In this work, we investigated the feasibility of calculating the double longitudinal spin asym-

metry (DLSA) using the Pythia8 software package by modifying parts of the Pythia8 source code. 
This modification allows calculating the DLSA for J/ψ mesons in proton–proton collisions at var-
ious energies. We compared our calculated results with experimental data at 510 GeV and found 
them to be in satisfactory agreement. This agreement served as the basis for making predictions 
for the planned NICA experiment (see Fig. 3).

Fig. 2. Double longitudinal spin asymmetry of J/ψ mesons produced in longitudinally 
polarized proton–proton collisions at 510 GeV as a function of transverse momentum

Our simulation results are shown by the red solid curve (the shaded band around it reflects the range 

of uncertainties due to PDF errors [12]). The experimental data from the PHENIX Collaboration [3] 

are shown by points (the error bars represent the uncertainties) for comparison

Fig. 3. Predicted DLSA dependence of J/ψ mesons produced in longitudinally polarized 
proton–proton collisions as a function of p

T
. The calculated data are similar to those 

shown in Fig. 2, but for 27 GeV (instead of 510 GeV in Fig. 2)
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Abstract. In the paper, the efficiency of a parametric damping system for the oscillations 
of a linear, initially, lightly damped pendulum has been studied. A closed-loop stabilization 
system included the feedback based on the deviation of the simple pendulum’s position from 
the prearranged one. Our system was equipped with a controller whose structure followed 
from the Mathieu equation, and the variable coefficients were selected taking into account 
the proposed methodology. The parametric controller (PC) was shown to be able to shorten 
the settling time via increasing the damping. Because of this, it makes sense to add the PC 
to a system with a traditional offset-based P-controller to improve dynamic performance and 
to increase accuracy in the steady state. Moreover, the PC successfully suppressed harmonic 
external disturbances. The PC based on the offset of one link was constructed for a planar two-
link pendulum. The controller damped lower frequency oscillations, but this turned out to be 
enough to significantly improve the stabilization response.
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Аннотация. В работе исследована эффективность системы параметрического 
демпфирования колебаний линейного, изначально слабодемпфированного маятника. 
Для этого построена система стабилизации с обратной связью по отклонению положения 
однозвенного маятника от заданного. В замкнутой системе использован регулятор, 
структура которого следует из уравнения Матье, а варьируемые коэффициенты подобраны 
с учетом предложенной методики. Установлено, что параметрический регулятор (ПР) 
способен сократить время установления благодаря увеличению демпфирования. Поэтому 
ПР целесообразно добавлять в систему с традиционным пропорциональным регулятором 
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по отклонению для улучшения динамических показателей и повышения точности в 
установившемся режиме. Показано, что ПР успешно подавляет гармонические внешние 
возмущения. Для плоского двухзвенного маятника построен ПР по отклонению одного 
звена. Регулятор демпфирует колебания с низшей частотой, но этого оказывается 
достаточно для существенного повышения быстродействия при стабилизации.

Ключевые слова: линейный слабодемпфированный маятник, первый параметрический 
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Introduction

Parametric excitation can destabilize a system if parametric resonance occurs [1], or it can sta-
bilize an unstable system [2]. Studies of oscillatory processes in periodically nonstationary dynam-
ical systems focus primarily on constructing and refining the resonance regions in the plane of the 
parameters of the periodic coefficient [3, 4] or, when damping is included, in three-dimensional 
space [5]. Domains of vibrational stabilization of unstable systems lie outside the parametric reso-
nance regions [6–8]. The boundaries of the parametric excitation zones are generally found by seek-
ing approximate periodic solutions that separate the regions of stable and unstable motion. The most 
common asymptotic methods include the method of multiple scales [9], the averaging (van der Pol) 
method [10], the harmonic balance method, and others [11–13]. The method of stationarization of 
a periodic parameter [14], which we use in this work, is an extension of harmonic linearization. To 
apply it, the filter hypothesis for the linear part of the system must be satisfied, but it is not necessary 
to isolate a small parameter or assume slow variation of the oscillation envelope.

Parametric excitation can serve not only to stabilize oscillations of unstable objects but also 
to increase damping, thereby accelerating the stabilization of stable objects. Parametric anti-res-
onance is observed in systems with multiple degrees of freedom [15]. Its mechanism relies on 
coupling slow modal motions through parametric excitation. In accordance with Floquet theory, 
a monodromy matrix is constructed for the fundamental matrix of slow motion. Then the charac-
teristic numbers (multipliers) are calculated for a fixed frequency and amplitude of the parameter. 
It was established that parametric excitation at a certain frequency (a combination of the object’s 
natural frequencies) shifts the characteristic multipliers of the monodromy matrix toward the 
center of the unit circle [16]. The damping effect is significant for oscillations at the lowest elastic 
frequency. The damping system is implemented as open-loop control because the frequency of 
parametric excitation is calculated from the object model.

Another approach to increasing damping is implemented in a closed-loop system, where the 
damping properties depend on the balance of amplitudes and phases of the signals circulating in 
the loop. For linear closed-loop systems, these properties are known as stability margins and are 
determined by the Nyquist criterion at the crossover frequency. Increased damping in a closed-
loop system can be achieved by creating excitation conditions that are similar to those of the first 
parametric resonance in terms of the frequency and amplitude of the parameter oscillations, but 
differ in the value of the time (phase) shift between the oscillations of the parameter and those of 
the output variable. When parametric resonance is excited, a specific shift is established. The sta-
bility margins of the closed-loop system can be adjusted by controlling this shift. Thus, parametric 
damping can be achieved instead of parametric resonance. The time shift between the periodic 
variation of the parameter and the oscillations of the output coordinate was used in [17, 18] to 
damp the output oscillations. It was found in [19] for vibrational stabilization of a flexible long 
rod under various boundary conditions that the basin of attraction of the vertical position depends 
significantly on the initial phase of the base oscillations.
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In this work, we investigate the efficiency of parametric damping in pendulum stabilization 
problems, implemented via a feedback control system. We propose a procedure for adjusting the 
variable coefficients of a parametric controller. The results of numerical simulation confirm the 
robustness of the stabilization algorithm.

Model of parametric controller in closed-loop stabilization system

Consider the problem of controlled stabilization of the stable equilibrium position of a pen-
dulum. The objective of control is to improve the speed of the stabilization response. We take a 
linear model of a single-link pendulum as the plant. A fundamental feature of the plant is its light 
damping, which prevents the closed-loop system with a proportional controller from achieving 
acceptable performance.

The Mathieu equation describing the oscillations of a linear pendulum caused by a periodic 
variation of a parameter has the form

( ) 2 ( ) [1 sin( )] ( ) 0,t t kt tα + να + +µ −ϕ α =  (1)

where t is the dimensionless time, t = ω
0
 (ω

0
 is the natural frequency of the pendulum,  is the 

dimensional time); α is the deviation of the pendulum from the equilibrium position, αd = 0; k 
is the ratio of the parameter oscillation frequency to ω

0
; μ is the dimensionless amplitude of the 

parameter oscillations (μ < 1); φ is the phase shift between the parameter oscillations and the 
pendulum motion; ν is the relative damping.

We rewrite Eq. (1) in the form

2 [ sin( )]kt uα + να +α = − µ −ϕ α =  (2)

and regard the right-hand side of Eq. (2) as the control input u. Then the expression in square 
brackets is the parametric control law, and Eq. (2) describes the model of a closed-loop system.

Consequently, an unstable oscillatory process with the dimensionless frequency k/2, called the 
first parametric resonance, may occur in the closed-loop system. The goal of the study is to deter-
mine values of the variable controller coefficients that can suppress the output oscillations α(t). 
The quality of oscillation suppression in the closed-loop system is assessed by the settling time.

Let us determine the boundaries of the first parametric resonance in the closed-loop system. 
Suppose that in Eq. (2), there exist sustained oscillations of the variable

α(t) = Asin (k/2)t,

where A is the amplitude, k/2 is the dimensionless frequency.
Then the control law takes the form

u = –μA·sin[(k/2)t]·sin(kt – φ) = –0.5μA{cos[(k/2)t – φ] – cos[(3k/2)t – φ]}. (3)

If k/2 ≈ 1, i.e., close to the natural frequency of the oscillator, the second term on the right-
hand side of Eq. (3) can be neglected, so after trigonometric transformations we obtain the 
approximate control law

u = –0.5μ{sin φ + [(2/k) cos φ]d}·Asin(k/2)t (3a)

where d is the differentiation operator with respect to dimensionless time.
Control law (3a) transforms the harmonic negative-feedback signal into a harmonic control 

signal of the same frequency k/2.
Since the equality

{sin φ + [(2/k) cos φ]d}|
d=ik/2

 = exp{i [(π/2) – φ)]},
holds true, the model of the parametric controller for determining the resonance boundary can be 
written as a complex transfer coefficient [14]:

W(iφ) = (μ/2)·exp{i [(π/2) – φ]}. (4)
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Consider a system closed by unity-gain negative feedback; its forward path consists of the 
parametric controller series-connected to the oscillator wtih a transfer function

2

1
( ) .

2 1
H p

p p
=

+ ν +

According to the Nyquist criterion, a periodic regime with the frequency k/2 is established in 
the closed-loop system assuming the equal magnitudes

0

1

0

2

( ) ( ) ,
k

W i H i−

ω
=

ω

ω
ϕ =

ω

therefore,

2
2

2 21 ,
2 4

k
k

 µ
= − + ν 

 
(5)

and the phases are also equal:

π/2 – φ – arctg[νk/(1 – k2/4)] = – π. (6)

For the case k = 2, Eqs. (5) and (6) give the values of the amplitude μ = 4ν and phase shift 
φ = π at which the closed-loop system is on the stability boundary. The procedure for adjusting 
the controller coefficients is as follows.

Step 1. Fix the parameter oscillation frequency at k = 2.
Step 2. Choose the parameter oscillation amplitude from the range 4ν < μ <1 within the para-

metric resonance region.
Step 3. Select the phase shift φ so as to provide a sufficient phase margin in the closed-loop system.
The question of whether the stabilization process can be accelerated compared to the uncon-

trolled process was answered by numerical experiment. The main goal in the numerical imple-
mentation of the parametric controller was to generate a signal with a prescribed oscillation period 
from accurate measurements of the damped output oscillations α(t). To this end, the output α(t) 

was processed in the Simulink environment by 
passing it successively through a quadratic func-
tion, a differentiator, and a pure delay block with 
the transfer function

H
dt
(p) = exp (–τp)

and then fed to a bistable relay [17]. The relay 
output produced a rectangular signal with a 
period half that of the oscillation ‘period’ of the 
output α(t) and phase-shifted by φ = (π/2) – kτ.

Fig. 1 shows the output waveform of the 
closed-loop system stabilizing the pendulum at 
the equilibrium position αd = 0 and the free oscil-
lation waveform of the pendulum at α(0) = 1. 
The settling time in the closed-loop system was 
reduced by a factor of four.

The stabilization efficiency is preserved when 
the amplitude μ and delay τ are varied over a wide 
range. It is recommended to choose μ closer to 
the upper bound for τ=0. Thus, a distinctive fea-
ture of the parametric controller is its robustness.

Fig. 1. Waveforms of free oscillations 
of the pendulum at relative damping 
ν = 0.05 (curve 1) and of the closed-loop 
system output α(t) at parametric controller 

coefficients μ = 0.5 and τ = 0 (curve 2)
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Let us examine the performance of the parametric controller in the problem of suppressing an 
external harmonic disturbance. We add a harmonic disturbance torque to the right-hand side of 
Eq. (2). Replacing the periodic parameter by the complex coefficient (4) yields the approximate 
closed-loop equation:

2 exp[ ( )] exp[ ( )],
2 2

i B i t
µ π

α + να +α + −ϕ α = λ −θ  (7)

where λ is the ratio of the disturbing torque frequency to the oscillator’s natural frequency ω
0
, B 

is the amplitude, θ is the disturbance phase.
The quality of suppression of forced oscillations is estimated from the frequency response of 

the closed-loop system. We seek the steady-state solution of Eq. (7) in the form

α∞ = Aexp [i (λt – ψ)], (8)

where A is the amplitude of the forced oscillations of the closed-loop output and ψ is the 
phase shift.

Note that the description of the parametric controller by the complex coefficient W(iφ) becomes 
inadequate for λ<1, since the second term on the right-hand side of Eq. (3) cannot be neglected 
in the low-frequency range. Substituting solution (8) into Eq. (7), we obtain:

(B/A) exp [i (ψ – θ)] = H−1(iλ) + W(iφ), (9)

where H−1(iλ) = –λ2 + 2νiλ + 1.
The phase balance obtained from the graphical solution of Eq. (9) shows that a forced oscil-

lation regime is fundamentally possible. The magnitude balance in Eq. (9) yields the frequency 
response of the closed-loop system:

2 2 2

1
.

(1 sin ) (2 cos )
2 2

A

B
=

µ µ
−λ + ϕ + νλ + ϕ

(10)

If we set φ=0 in Eq. (10), which together with 4ν<μ<1 provides the shortest settling time in 
the closed-loop system, the frequency response is reduced to

2 2 2

1
.

(1 ) (2 )
2

A

B
=

µ
−λ + νλ +

(11)

The closed-loop response at the natural frequency λ = 1 is

1

1

2
2

A

B λ=
=

µ
ν +

and decreases with increasing μ.
The dots in Fig. 2 mark the amplitudes of forced oscillations obtained from numerical exper-

iments at B = 1. The frequency response (solid line) calculated from Eq. (11) is also shown 
for comparison.

The largest discrepancy is observed in the low-frequency range and is apparently due to the 
inadequate description of the parametric controller by the complex coefficient. Importantly, the 
closed-loop response at λ=1 is far below the resonance value of the linear oscillator, A

osc
 = 1/2ν.
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Parametric controller as an addition  
to a conventional proportional controller

Consider the problem of controlled stabili-
zation of an arbitrary position αd ≠ 0 that does 
not coincide with the stable equilibrium position 
of the pendulum. Let us supplement the pen-
dulum model with an actuator model, assumed 
to be a first-order lag element. The model of a 
closed-loop system with a proportional control-
ler (P-controller) takes the form

(Td + 1)(d 2 + 2νd + 1)α(t) = K
p 
[αd – α(t)],

where d is the differentiation operator with 
respect to dimensionless time; T = ω

0
 is the 

dimensionless time constant of the lag element; 
K

p
 is the gain of the P-controller.
The efficiency of the P-controller in this prob-

lem is limited by the need to compromise between 
the requirements for the transient and steady-state 
(α∞) regimes. To reduce the steady-state error

e∞ = αd – α∞ = αd /(1 + K
p
),

The gain K
p
 should be increased. To ensure the stability of a closed-loop system, the value of 

the coefficient K
p
 must satisfy the inequality

1 + K
p
 < (2ν/T) (1 + 2ν/T). (12)

Fig. 3 shows the transient response (αd = 1) 
in the closed-loop system with the P-controller 
whose gain K

p
 = 2.6 provides a standard 60° phase 

margin in the closed-loop system for the chosen 
plant parameters ν = 0.05, T = 0.01.

Let us include a parametric controller in 
the block diagram of the closed-loop system 
so that the controller’s output is added to the 
P-controller output. The addition of the para-
metric controller makes it possible to achieve 
faster transient settling in the closed-loop system 
for the same K

p
. Furthermore, it significantly 

extends (compared to condition (12)) the range 
of K

p
 values for which the closed-loop system is 

stable. This, in turn, allows reducing the steady-
state error in the closed-loop system. Fig. 3 shows 
the transient response in the closed-loop system 
that includes the P-controller with K

p
 = 15 and 

the parametric controller. As a result, the steady-
state error was reduced by a factor of 4.5 and the 
settling time by a factor of 5.6.

Stabilization of a planar two-link pendulum

Consider the problem of controlled stabilization of the stable equilibrium position of a planar 
two-link pendulum. We use a linear model of the two-link pendulum, assuming for simplicity 
that the end masses and the lengths of both links are equal. We write the model in dimensionless 
form (as was done in [20, 21]), introducing the natural frequency of a single-link pendulum ω

0
 

and a dimensionless time t = ω
0
:

Fig. 2. Frequency responses of the closed-loop 
system obtained from Eq. (11) (solid line) 
and numerically (symbols). Amplitudes А of 
forced oscillations are calculated at B = 1, 

ν = 0.05, μ = 0.5, τ = 0

Fig. 3. Transient responses in the 
closed-loop system with the P-controller 
(gain K

p
 =2.6, curve 1) and with the 

P-controller (gain K
p
 = 15) plus the 

parametric controller at μ=0.5 and τ=0 
(curve 2)
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1 1 1

2 2 2

2 ,
0

u
M B C

α α α       
+ + =       α α α       

 
  (13)

where α
1
 is the deviation of the first link from the vertical, αd = 0; α

2
 is the deviation of the sec-

ond link from the extension line of the first link; ν is the relative damping, assumed equal in both 
joints; M, B, C are the matrices of inertial, dissipative and quasi-elastic coefficients, respectively; 
u is the control input at the suspension point.

The square matrices take the form

5 2 0 3 1
,  ,  .

2 1 0 1 1
M B C

     
= = =     
     

ν
ν

Since

B = ν(2C – M),

the characteristic polynomial of model (13) has the form

x(p) = det[M(p2 – 2νp) + C(1 + 4νp)],

and, therefore,

x(p) = [p2 – 2νp + (ω
1
)2(1 + 4νp)]·[p2 – 2νp + (ω

2
)2(1 + 4νp)], (14)

where ω
1
, ω

2
 are the dimensionless natural frequencies of the double pendulum;

1 22 2 0.77,  2 2 1.85.ω = − ≈ ω = + ≈

Taking the variable α
1
(t) as the output, we write the model of the plant

α
1
(p) = H

2
(p)u(p),

where 
2

2

2 1
( )

( )

p p
H p

x p

+ ν +
=  is the transfer function.

The processes in the closed-loop system with the parametric controller

u = –[μ sin(kt – φ)]α
1

(15)

satisfy the equation

H
2

–1(d)·α
1
 + [μ·sin(kt – φ)]·α

1
 = 0. (16)

The range of admissible values of the dimensionless amplitude μ is calculated in the same way 
as for the Mathieu equation:

1 2 2

2 1 2(0) 2.H −µ < = ω ω =

To determine the boundary of the first parametric resonance, we use the complex transfer 
coefficient (4) as an approximate model of the parametric controller. Varying μ, we calculate the 
frequencies that are roots of the equation

0

1

2

0

2

2
( ) ( ) .

k

W i H i−

ω
=

ω

ω
ϕ = =

µ ω (17)
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Eq. (17) may have four roots; therefore, the excitation region of the first parametric resonance 
for the two-link pendulum consists of two sub-regions near the doubled natural frequencies. 
Parametric resonance in the closed-loop system (16) occurs if the frequency of the parameter 
k is close to twice the first natural frequency ω

1
 or twice the second natural frequency ω

2
. It is 

convenient to determine the resonance boundaries using Bode diagrams:

L
2 
= 20 log|H

2
(iω/ω

0
)|.

Fig. 4,а shows the Bode diagram L
2
 at ν = 0.05, which can have only two intersection points 

with the line

L
1 
= 20 log(2/μ) at μ < 2.

Therefore, the excitation region of the first parametric resonance in the closed-loop system 
under consideration is located near the doubled first natural frequency. Fig. 4,b shows the bound-
ary of the first parametric resonance.

The parametric controller (15) is implemented approximately (as described above): for this 
reason, the measured angle α

1
(t) is squared as a first step to generate a periodic signal. However, 

the free oscillations of the two-link pendulum for arbitrary initial conditions are a two-frequency 
process, since the roots of the characteristic polynomial (14) take the form

2

12 (3 2 2) 2 2 (17 12 2) ;p i= − − ν ± − − − ν

2

34 (3 2 2) 2 2 (17 12 2) .p i= − + ν ± + − + ν

Therefore, the variable α
1
(t) is a superposition of exponentially decaying oscillations with fre-

quencies depending on ν. For ν = 0.05, the logarithmic decrement of damped oscillations with 
the second frequency is 14.2 times larger than that with the first frequency. Therefore, the main 
objective of parametric control is to damp the lower-frequency oscillations. It is expected that 
only the lower-frequency component remains in the measurements of α

1
(t) in the closed-loop 

system (16) after a certain time. The parametric controller can efficiently damp the oscillations 
α

1
(t) provided that the amplitude μ is sufficient and the phase shift φ ensures the stability of the 

closed-loop system.
Since no active control input is provided at the joint between the two links, the variable α

2
(t) 

varies in accordance with the equation

2 2 2 1 12 2 .α + να +α = − α −α  

a) b)

Fig. 4. Graphical representation of the solution of Eq. (17) 
for coefficients ν = 0.05, μ = 1.5 (a); dependence μ(k), 

which is the boundary of the first parametric resonance (b)
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The results of numerical simulation of the closed-loop system, which differs from Eq. (16) by 
the approximate implementation of the parametric controller, are shown in Fig. 5. To demon-
strate the efficiency of the parametric controller, the free oscillation waveforms of the lightly 
damped two-link pendulum are also shown for comparison.

The settling time in the closed-loop system was significantly reduced compared to that of the 
free oscillations.

Conclusion

We examined the performance of a parametric controller incorporated into a closed-loop sys-
tem designed to accelerate stabilization. A procedure for adjusting the controller’s variable coef-
ficients was proposed. Numerical simulation shows that exact tuning is not required to achieve 
parametric damping; it is sufficient to choose the amplitude and delay from the calculated range, 
while the frequency automatically doubles. We solved various stabilization problems for a lightly 
damped oscillator, where parametric control proved efficient.
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2. ТРЕБОВАНИЯ К ПРЕДСТАВЛЯЕМЫМ МАТЕРИАЛАМ
2.1. Оформление материалов

1. Рекомендуемый объем статей – 12-20 страниц формата А-4 c учетом графических вложений. Количество 
графических вложений (диаграмм, графиков, рисунков, фотографий и т.п.) не должно превышать шести.

2. Число авторов статьи, как правило, не должно превышать пяти человек.
3. Авторы должны придерживаться следующей обобщенной структуры статьи: вводная часть (актуальность, 

существующие проблемы – объем 0,5 – 1 стр.); основная часть (постановка и описание задачи, методика иссле-
дования, изложение и обсуждение основных результатов); заключительная часть (предложения, выводы – объем 
0,5 – 1 стр.); список литературы (оформление по ГОСТ 7.0.5-2008).

В списки литературы рекомендуется включать ссылки на научные статьи, монографии, сборники статей, 
сборники конференций, электронные ресурсы с указанием даты обращения, патенты.

Как правило, нежелательны ссылки на  диссертации и авторефераты диссертаций (такие ссылки допускают-
ся, если результаты исследований еще не опубликованы, или не представлены достаточно подробно).

В списки литературы не рекомендуется включать ссылки на учебники, учебно-методические пособия, 
конспекты лекций, ГОСТы и др. нормативные документы, на законы и постановления, а также на архивные доку-
менты (если все же необходимо указать такие источники, то они оформляются в виде сносок).

Рекомендуемый объем списка литературы для обзорных статей  – не менее 50 источников, для остальных 
статей – не менее 10. 

Доля источников давностью менее 5 лет должна составлять не менее половины. Допустимый процент самоци-
тирования – не выше 10 – 20. Объем ссылок на зарубежные источники должен быть не менее 20%.

4. УДК (UDC) оформляется и формируется в соответствии с ГОСТ 7.90-2007.
5. Набор текста осуществляется в редакторе МS Word.
6. Формулы набираются в редакторе MathType (не во встроенном редакторе Word) (мелкие формулы, симво-

лы и обозначения набираются без использования редактора формул). Таблицы набираются в том же формате, что 
и основной текст. В тексте буква «ё» заменяется на букву «е» и оставляется только в фамилиях.

7. Рисунки (в формате .tiff, .bmp, .jpeg) и таблицы оформляются в виде отдельных файлов. Шрифт – Times 

New Roman, размер шрифта основного текста – 14, интервал – 1,5. Таблицы большого размера могут быть набра-
ны кеглем 12. Параметры страницы: поля слева – 3 см, сверху и снизу – 2 см, справа – 1,5 см. Текст размещается 
без знаков переноса. Абзацный отступ – 1 см. 
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2.2. Представление материалов
1. Представление всех материалов осуществляется в электронном виде через электронную редакцию 

(http://journals.spbstu.ru). После регистрации в системе электронной редакции автоматически формируется 
персональный профиль автора, позволяющий взаимодействовать как с редакцией, так и с рецензентом.

2. Вместе с материалами статьи должно быть представлено экспертное заключение о возможности опу-
бликования материалов в открытой печати.

3. Файл статьи, подаваемый через электронную редакцию, должен содержать только сам текст без назва-
ния, списка литературы, аннотации и ключевых слов, фамилий и сведений об авторах. Все эти поля запол-
няются отдельно через электронную редакцию.

2.3. Рассмотрение материалов
Предоставленные материалы (п. 2.2) первоначально рассматриваются редакционной коллегией и переда-

ются для рецензирования. После одобрения материалов, согласования различных вопросов с автором (при 
необходимости) редакционная коллегия сообщает автору решение об опубликовании статьи. В случае отказа в 
публикации статьи редакция направляет автору мотивированный отказ.

При отклонении материалов из-за нарушения сроков подачи, требований по оформлению или как не отвеча-
ющих тематике журнала материалы не публикуются и не возвращаются.

Редакционная коллегия не вступает в дискуссию с авторами отклоненных материалов.
При поступлении в редакцию значительного количества статей их прием в очередной номер может  

закончится ДОСРОЧНО.

E-mail: physics@spbstu.ru, 
Тел. редакции 8 (812) 552-62-16.
Cайт журнала: https://physmath.spbstu.ru/
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