
THE MINISTRY OF SCIENCE AND HIGHER EDUCATION OF THE RUSSIAN FEDERATION

ST. PETERSBURG STATE 
POLYTECHNICAL UNIVERSITY 

JOURNAL
 

Physics 
and Mathematics

VOLUME 18, No.2,
2025

Peter the Great St. Petersburg

Polytechnic University

2025



ST. PETERSBURG STATE POLYTECHNICAL UNIVERSITY JOURNAL.

PHYSICS AND MATHEMATICS

JOURNAL EDITORIAL COUNCIL

A.I. Borovkov – vice-rector for perspective projects;
VA.I. Rudskoy – full member of RAS;
A.E. Zhukov – corresponding member of RAS.

JOURNAL EDITORIAL BOARD

V.K. Ivanov – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia, – editor-in-chief;
A.E. Fotiadi – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia, – deputy editor-in-chief;
V.M. Kapralova – Candidate of Phys.-Math. Sci., associate prof., SPbPU, St. Petersburg, Russia, – executive
                             secretary;
V.I. Antonov – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia;
I.B. Bezprozvanny – Dr. Sci. (biology), prof., The University of Texas Southwestern Medical Center,
                                 Dallas, TX, USA;
A.V. Blinov – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia;
A.S. Cherepanov – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia;
D.V. Donetski – Dr. Sci. (phys.-math.), prof., State University of New York at Stony Brook, NY, USA;
V.V. Dubov – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia;
D.A. Firsov – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia;
P.A. Karaseov – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia;
A.S. Kheifets – Ph.D., prof., Australian National University, Canberra, Australia;
O.S. Loboda – Candidate of Phys.-Math. Sci., associate prof., SPbPU, St. Petersburg, Russia;
J.B. Malherbe – Dr. Sci. (physics), prof., University of Pretoria, Republic of South Africa;
V.M. Ostryakov – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia;
V.E. Privalov – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia;
E.M. Smirnov – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia;
A.V. Solov’yov – Dr. Sci. (phys.-math.), prof., MBN Research Center, Frankfurt am Main, Germany;
A.K. Tagantsev – Dr. Sci. (phys.-math.), prof., Swiss Federal Institute of Technology, Lausanne, Switzerland;
I.N. Toptygin – Dr. Sci. (phys.-math.), prof., SPbPU, St. Petersburg, Russia.

The journal is included in the List of leading peer-
reviewed scientific journals and other editions to publish 
major findings of theses for the research degrees of 
Doctor of Sciences and Candidate of Sciences.

The publications are presented in the VINITI RAS 
Abstract Journal and Ulrich’s Periodical Directory 
International Database.

The journal is published since 2008 as part of the 
periodical edition ‘Nauchno-tekhnicheskie vedomosti 
SPb-GPU’.

The journal is registered with the Federal 
Service for Supervision in the Sphere of Telecom, 
Information Technologies and Mass Communications 
(ROSKOMNADZOR). Certificate ПИ № ФС77-52144 issued 
December 11, 2012.

The journal is distributed through the CIS countries 
catalogue, the «Press of Russia» joint catalogue and 
the «Press by subscription» Internet catalogue. The 
subscription index is 71823.

The journal is in the Web of Science (Emerging 
Sources Citation Index), Scopus, the Russian Science 
Citation Index (RSCI) and the Directory of Open 
Access Journals (DOAJ) databases.

© Scientific Electronic Library (http://www.elibrary.ru).

No part of this publication may be reproduced without 
clear reference to the source.

The views of the authors may not represent the views 
of the Editorial Board.

Address: 195251 Politekhnicheskaya St. 29, St. Petersburg, 
Russia.

Phone: 8 (812) 552-62-16.
http://ntv.spbstu.ru/physics

© Peter the Great St. Petersburg
Polytechnic University, 2025



МИНИСТЕРСТВО НАУКИ И ВЫСШЕГО ОБРАЗОВАНИЯ РОССИЙСКОЙ ФЕДЕРАЦИИ

НАУЧНО-ТЕХНИЧЕСКИЕ 

ВЕДОМОСТИ
 

САНКТ-ПЕТЕРБУРГСКОГО ГОСУДАРСТВЕННОГО 
ПОЛИТЕХНИЧЕСКОГО УНИВЕРСИТЕТА 

Физико-математические 
науки

ТОМ 18, №2 
2025

Санкт-Петербургский политехнический 
университет Петра Великого 

2025



НАУЧНО-ТЕХНИЧЕСКИЕ ВЕДОМОСТИ САНКТ-ПЕТЕРБУРГСКОГО 
ГОСУДАРСТВЕННОГО ПОЛИТЕХНИЧЕСКОГО УНИВЕРСИТЕТА. 

ФИЗИКО-МАТЕМАТИЧЕСКИЕ НАУКИ

РЕДАКЦИОННЫЙ СОВЕТ ЖУРНАЛА

Боровков А.И., проректор по перспективным проектам;
Жуков А.Е., чл.-кор. РАН;
Рудской А.И., академик РАН.

РЕДАКЦИОННАЯ КОЛЛЕГИЯ ЖУРНАЛА

Иванов В.К., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия, – главный редактор;
Фотиади А.Э., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия, – зам. главного редактора;
Капралова В.М., канд. физ.-мат. наук, доцент, СПбПУ, СПб., Россия – ответственный секретарь;
Антонов В.И., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия;
Безпрозванный И.Б., д-р биол. наук, профессор, Юго-Западный медицинский центр
                                   Техасского университета, Даллас, США;
Блинов А.В., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия;
Донецкий Д.В., д-р физ.-мат. наук, профессор, университет штата Нью-Йорк в Стоуни-Брук, США;
Дубов В.В., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия;
Карасёв П.А., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия;
Лобода О.С., канд. физ.-мат. наук, доцент, СПбПУ, СПб., Россия;
Малерб Й.Б., Dr.Sc. (Physics), профессор, университет Претории, ЮАР;
Остряков В.М., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия;
Привалов В.Е., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия;
Смирнов Е.М., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия;
Соловьёв А.В., д-р физ.-мат. наук, профессор, Научно-исследовательский центр мезобионаносистем (MBN),                                                                                                                                           
                         Франкфурт-на-Майне, Германия;
Таганцев А.К., д-р физ.-мат. наук, профессор, Швейцарский федеральный институт технологий,
                         Лозанна, Швейцария;
Топтыгин И.Н., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия;
Фирсов Д.А., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия;
Хейфец А.С., Ph.D. (Physics), профессор, Австралийский национальный университет,
                       Канберра, Австралия;
Черепанов А.С., д-р физ.-мат. наук, профессор, СПбПУ, СПб., Россия.

Журнал c 2002 г. входит в Перечень ведущих ре-
цензируемых научных журналов и изданий, в кото-
рых должны быть опубликованы основные результаты 
диссертаций на соискание ученых степеней доктора и 
кандидата наук.

Сведения о публикациях представлены в Рефера-
тивном журнале ВИНИТИ РАН, в международной спра-
вочной системе «Ulrich’s Periodical Directory».

С 2008 года выпускается в составе сериального пе-
риодического издания «Научно-технические ведомо-
сти СПбГПУ».

Журнал зарегистрирован Федеральной службой по 
надзору в сфере информационных технологий и мас-
совых коммуникаций (Роскомнадзор). Свидетельство о 
регистрации ПИ № ФС77-52144 от 11 декабря 2012 г.

Распространяется по Каталогу стран СНГ, Объеди-
ненному каталогу «Пресса России» и по Интернет-ка-
талогу «Пресса по подписке». Подписной индекс 
71823.

Журнал индексируется в базах данных Web of 
Science (Emerging Sources Citation Index), Scopus, а 
также включен в базы данных «Российский индекс 
научного цитирования» (РИНЦ), размещенную на 
платформе Научной электронной библиотеки на сайте 
http://www.elibrary.ru, и “Directory of Open Access 
Journals” (DOAJ).

При перепечатке материалов ссылка на журнал обязательна.
Точка зрения редакции может не совпадать с мнением 

авторов статей.
Адрес редакции и издательства: 
Россия, 195251, Санкт-Петербург, ул. Политехническая, д. 29.
Тел. редакции 8 (812) 552-62-16.
http://ntv.spbstu.ru/physics

© Санкт-Петербургский политехнический 
университет Петра Великого, 2025



7

St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 2025. Vol. 18. No. 2

Contents

Condensed matter physics

Goltaev A. S., Fedina S. V., Fedorov V. V., Mozharov A. M., Novikova K. N., Maksimova A. A.,  
Baranov A. I., Kaveev A. K., Pavlov A. V., Miniv D. V., Ustimenko R. V., Vinnichenko M. Ya.,  
Mukhin I. S. Infrared photodetectors based on InAsP epitaxial nanowires on silicon ........................

Obrazcov K. V., Chibisov A. N., Mamonova M. V. The influence of hole states on the electronic and 
electrostatic properties of 2D layers based on the silicon-germanium-silicon heterostructure .......

Simulation of physical processes

Antonova O. V., Ivanov M. V., Mikhailov A. A., Kuzmin V. A. Application of mathematical  
modeling for describing the behavior of layered panels with a tetrahedral core ..............................

Experimental technique and devices

Ermak S. V., Semenov V. V., Sergeeva M. V. The effect of the magnetic field on the shielding  
efficiency in a rubidium atomic clock ..............................................................................................

Kuptsov V. D. The X-ray absorption immersion technology for enrichment of diamond ores:  
physical foundations and practical implementation ........................................................................

Physical electronics

Berdnikov A. S., Egorova A. V., Krasnova N. K., Masyukevich S. V., Solovyev K. V. The influence 
of field misalignment and electric field asymmetry on the stability zones of a combined ion trap ...

Physical materials technology

Ryabko A. A., Ovezov M. K., Maximov A. I., Permiakov N. V., Tuchkovskiy A. K., Vrublevskiy I. A., 
Muratova E. N., Aleshin A. N., Moshnikov V. A. Polycrystalline films of MA

x
MEA1−xPbI

3
 hybrid 

perovskites obtained by the solution method: Crystallization and morphology ..............................

Zagidullina I. A., Guzhova A. A., Karulina E. A., Kulemina S. M. The effect of PLA-based composite 
material history on its electret properties .......................................................................................

Kiselevich V. V. An electrical lifetime of polymers in terms of the catastrophe theory .....................

Zolotorevsky N. Yu., Belikova Yu. A., Petrov S. N., Zisman A. A. Formation of bainite below  
martensite start temperature in quenching low carbon steel .........................................................

Nuclear physics

Berdnikov Ya. A., Ivanishchev D. A., Kotov D. O., Malaev M. V., Riabov A. Yu. Feasibility to  
measure the properties of charged K*(892) mesons and Σ(1385) baryons in collisions of bismuth 
nuclei at an energy of 9.2 GeV in the NICA collider using the MPD experimental setup ..................

9

22

30

41

49

60

69

82

93

109

119



8

132

144

Applied and computational mathematics

Golovitskii A. P. An inverse problem of differential equation systems in connection with the study 
of semiconductor materials and biomedical processes ...................................................................

Theoretical physics 

Ipatov A. N., Kupriianov G. A. Collective excitations in the bulk doped semiconductor cadmium 
sulfide nanocrystal .........................................................................................................................

St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 2025. Vol. 18. No. 2



5

Научно-технические ведомости СПбГПУ. Физико-математические науки. 18 (2) 2025

Содержание

Физика конденсированного состояния

Голтаев А. С., Федина С. В., Фёдоров В. В., Можаров А. М., Новикова К. Н., Макси-
мова А. А., Баранов А. И., Кавеев А. К., Павлов А. В., Минив Д. В., Устименко Р. В.,  
Винниченко М. Я., Мухин И. С. Фотодетекторы инфракрасного диапазона на основе  
эпитаксиальных нитевидных нанокристаллов InAsP на кремнии ..........................................

Образцов К. В., Чибисов А. Н., Мамонова М. В. Влияние дырочных состояний на электрон-

ные и электростатические свойства двухмерных слоев на основе гетероструктуры 
кремний-германий-кремний ........................................................................................................

Математическое моделирование физических процессов

Антонова О. В., Иванов М. В., Михайлов А. А., Кузьмин В. А. Применение математиче-

ского моделирования для описания поведения слоистых панелей с тетраэдральным  
заполнителем .............................................................................................................................

Приборы и техника физического эксперимента

Ермак С. В., Семенов В. В., Сергеева М. В. Влияние магнитного поля на эффективность 
магнитного экранирования в рубидиевых атомных часах ......................................................

Купцов В. Д. Рентгено-абсорбционная иммерсионная технология обогащения алмазосо-

держащих руд: физические основы и практическая реализация ............................................

Физическая электроника

Бердников А. С., Егорова А. В., Краснова Н. К., Масюкевич С. В., Соловьев К. В. Влияние 
несоосности полей и асимметрии электрического поля на зоны устойчивости комбини-

рованной ионной ловушки ...........................................................................................................

Физическое материаловедение

Рябко А. А., Овезов М. К., Максимов А. И., Пермяков Н. В., Тучковский А. К.,  
Врублевский И. А., Муратова Е. Н., Алешин А. Н., Мошников В. А. Кристаллизация и мор-

фология поликристаллических пленок гибридных перовскитов MA
x
MEA1−xPbI

3
, полученных 

растворным методом ................................................................................................................

Загидуллина И. А., Гужова А. А., Карулина Е. А., Кулемина С. М. Влияние предыстории ком-

позиционных материалов на основе полилактида на их электретные свойства (статья 
на английском языке) ...................................................................................................................

Киселевич В. В. Электрическая долговечность полимеров с точки зрения теории  
катастроф ..................................................................................................................................

Золоторевский Н. Ю., Беликова Ю. А., Петров С. Н., Зисман А. А. Образование бейнита 
в температурном интервале мартенситного превращения при закалке низкоуглероди-

стой стали (статья на английском языке) .............................................................................

9

22

30

41

49

60

69

82

93

109



Научно-технические ведомости СПбГПУ. Физико-математические науки. 18 (2) 2025

6

Ядерная физика

Бердников Я. А., Иванищев Д. А., Котов Д. О., Малаев М. В., Рябов А. Ю. Возможности 
измерять свойства заряженных K*(892)-мезонов и Σ(1385)-барионов в столкновениях 
ядер висмута при энергии 9,2 ГэВ в ускорителе NICA на экспериментальной установке 
MPD ................................................................................................................................................

Прикладная и вычислительная математика

Головицкий А. П. Обратная задача систем дифференциальных уравнений в связи с  
изучением полупроводниковых материалов и биомедицинских процессов ..............................

Теоретическая физика

Ипатов А. Н., Куприянов Г. А. Коллективные возбуждения в объемно-легированных  
полупроводниковых нанокристаллах сульфида кадмия ...........................................................

119

132

144



9

St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 2
Научно-технические ведомости СПбГПУ. Физико-математические науки. 18 (2) 2025

CONDENSED MATTER PHYSICS

© Goltaev A. S., Fedina S. V., Fedorov V. V., Mozharov A. M., Novikova K. N., Maksimova A. A., Baranov A. I., Kaveev A. 

K., Pavlov A. V., Miniv D. V., Ustimenko R. V., Vinnichenko M. Ya., Mukhin I. S., 2025. Published by Peter the Great St. 

Petersburg Polytechnic University.

Original article
DOI: https://doi.org/10.18721/JPM.18201

INFRARED PHOTODETECTORS BASED ON INASP  
EPITAXIAL NANOWIRES ON SILICON

A. S. Goltaev1✉, S. V. Fedina1,2, V. V. Fedorov1,2, A. M. Mozharov1,2,  
K. N. Novikova1,2, A. A. Maksimova1, A. I. Baranov1, A. K. Kaveev1,3,  

A. V. Pavlov1,2, D. V. Miniv1, R. V. Ustimenko2,  
M. Ya. Vinnichenko2, I. S. Mukhin1,2

1 Alferov University of RAS, St. Petersburg, Russia;

2 Peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russia;

3 Ioffe Institute, St. Petersburg, Russia
✉ goltaev@goltaev.ru

Abstract. In the paper, the upgraded technology of forming the epitaxial arrays of InAsP 
nanowires (NWs) synthesized on silicon substrates using molecular beam epitaxy has been 
presented. The optical and electrophysical properties of the NWs were studied. Based on the 
grown structures, a prototype of a short-wave infrared photodiode for a range from 1.2 µm 
to 1.9 µm was fabricated. Its band structures were numerically simulated. The temperature 
dependencies of the current-voltage characteristics and the spectral sensitivity of the 
photodetector prototype based on the NWs were experimentally studied. The external quantum 
efficiency of photoconversion of radiation with a wavelength of 1380 nm was found to be about 
0.25% at 100 K.

Keywords: InAsP, silicon substrate, molecular beam epitaxy, nanowires, photodetector, 
quantum efficiency

Funding: A. V. Pavlov thanks the Russian Science Foundation (Agreement No. 23-72-01091) 
for financial support in calculating the InAsP zone diagram. The work on epitaxial synthesis, 
prototyping of IR photodiodes and their characterization was carried out with the financial 
support of the Ministry of Science and Higher Education of the Russian Federation within the 
framework of the State Assignment for Fundamental Research (subject code FSEG-2023-0007).

Citation: Goltaev A. S., Fedina S. V., Fedorov V. V., Mozharov A. M., Novikova K. N., 
Maksimova A. A., Baranov A. I., Kaveev A. K., Pavlov A. V., Miniv D. V., Ustimenko R. V., 
Vinnichenko M. Ya., Mukhin I. S., Infrared photodetectors based on InAsP epitaxial nanowires 
on silicon, St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 18 
(2) (2025) 9–21. DOI: https://doi.org/10.18721/JPM.18201

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.
org/licenses/by-nc/4.0/)
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© Голтаев А. С., Федина С. В., Фёдоров В. В., Можаров А. М., Новикова К. Н., Максимова А. А., Баранов А. 

И., Кавеев А. К., Павлов А. В., Минив Д. В., Устименко Р. В., Винниченко М. Я., Мухин И. С., 2025. Издатель: 

Санкт-Петербургский политехнический университет Петра Великого.

Научная статья
УДК 621.383.52
DOI: https://doi.org/10.18721/JPM.18201

ФОТОДЕТЕКТОРЫ ИНФРАКРАСНОГО ДИАПАЗОНА 
НА ОСНОВЕ ЭПИТАКСИАЛЬНЫХ НИТЕВИДНЫХ 

НАНОКРИСТАЛЛОВ INASP НА КРЕМНИИ

А. С. Голтаев1✉, С. В. Федина1,2, В. В. Фёдоров1,2, А. М. Можаров1,2, 
К. Н. Новикова1,2, А. А. Максимова1, А. И. Баранов1, А. К. Кавеев1,3, 

А. В. Павлов1,2, Д. В. Минив1, Р. В. Устименко2, 
М. Я. Винниченко2, И. С. Мухин1,2

1 Академический университет им. Ж. И. Алфёрова РАН, Санкт-Петербург, Россия;

2 Санкт-Петербургский политехнический университет Петра Великого, Санкт-Петербург, Россия;
3 Физико-технический институт им. А. Ф. Иоффе РАН, Санкт-Петербург, Россия

✉ goltaev@goltaev.ru

Аннотация. В работе представлена усовершенствованная технология формирования 
эпитаксиальных массивов нитевидных нанокристаллов (ННК) InAsP, синтезированных 
на подложках кремния методом молекулярно-пучковой эпитаксии; исследованы 
оптические и электрофизические свойства этих ННК. На основе выращенных 
структур создан прототип фотодиода коротковолнового инфракрасного диапазона 
(1,2 – 1,9 мкм). Промоделированы зонные диаграммы фотодиода. Экспериментально 
исследованы температурные зависимости вольтамперных характеристик и спектральной 
чувствительности этого прототипа. Установлено, что внешняя квантовая эффективность 
фотопреобразования излучения с длиной волны 1380 нм составила примерно 0,25 % при 
температуре 100 K.

Ключевые слова: InAsP, кремниевая подложка, молекулярно-пучковая эпитаксия, 
нитевидный нанокристалл, фотодетектор, квантовая эффективность
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Introduction
Heterostructures based on narrow-gap semiconductors (with the band gap less than 1 eV) are 

widely used in infrared (IR) optoelectronics [1, 2]. The practical significance of research in this 
field lies in the possibility of fabricating multispectral IR radiometers and thermal imagers for 
reconnaissance and surveillance systems as well as chemical sensor arrays used for detection and 
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identification of explosives. The most popular material platform for IR detectors is indium arse-
nide (InAs). The choice of the narrow-gap (band gap E

g
 is 0.35 eV at a temperature of 300 K) InAs 

semiconductor material is due to the high mobility of charge carriers (more than 104cm2/(V·s)) 
and the long lifetime of minority carriers. However, further advances in detector manufacturing 
are limited by two main factors. First, the small band gap inevitably leads to accelerated thermal 
generation rates and is accompanied by nonradiative recombination of charge carriers, which in 
turn leads to high dark currents, increased noise levels, and decreased sensitivity of photodetector 
arrays [3]. Secondly, lattice mismatch between the layers of planar А3В5 heterostructure and sub-
strate significantly limits the possibilities for controlling the band profile of heterostructures [4].

The performance characteristics of photodetector arrays can be improved by transition from 
planar structures to structures with a well-developed surface, namely, to arrays of nanowires 
(NWs) [5]. In this case, due to developed lateral surface of the NWs, nanostructures of high 
crystalline perfection can be grown on lattice-mismatched substrates, in particular, on silicon. 
Moreover, NW arrays are characterized by stronger light absorption compared with planar lay-
ers of the same composition and equivalent thickness [6, 7]. The addition of phosphorus to the 
InAsP solid solution causes an increase in the band gap with a consequent decrease in dark cur-
rents and corresponding noise from photodetectors operating in the short-wavelength IR range 
(1.0–3.5 µm) [8].

In this paper, we propose an improved technological approach to fabrication of photodetec-
tors in the near and short-wavelength IR ranges (1.3–1.9 µm) using InAsP NW arrays epitaxially 
grown on silicon substrates as the active area. The effects of localization and resonant amplifica-
tion of the IR electromagnetic field in the NWs can significantly improve the characteristics of 
such photodetectors:

reduce the volume of their active area while maintaining their sensitivity;
reduce their dark current;
increase the performance of devices based on them [9].

Materials and methods

The InAsP/Si heterojunction is a type II junction with partial band overlap, which determines 
the choice of diode polarity. As follows from the band diagram (Fig. 1), only the combination of 
InAsP with n-type conductivity and Si substrate with p-type conductivity (n-InAsP/p-Si) is possible 
for the array to function as a photodiode. The inverse combination (p-InAsP/n-Si) will lead to the 
formation of barriers for charge carriers. Thus, the built-in field is generated at the n-InAsP/p-Si 

heterojunction (see Fig. 1,a). It is known that 
the surface states of NWs strongly influence the 
energy band diagram of nanostructures.

In view of the above, defects were added 
to the lateral surface of the considered model 
for InAsP NWs, whose presence in the case 
of InAsP material with the band gap of about 
600–650 MeV leads to forced injection of elec-
trons from the defect levels, band bending near 
the surface (see Fig. 1,b) and additional con-
tribution to separation of charge carriers during 
photodiode operation.

InAsP NW arrays were epitaxially grown on 
silicon substrates doped to p-type conductivity 
(boron-doped p-type Si(111)). The substrates 
had a diameter of 3 inches, were misoriented 
by 4° toward (111), and had a resistivity of 
0.4–0.6 Ohm·cm.

The Veeco GEN III molecular beam epitaxy 
(MBE) system used was equipped with an In effu-
sion cell as well as P

2
 and As

4
 cracker cells with 

needle valves acting as molecular sources. The 
intensity of molecular beams of group V and III 

Fig. 1. Band structure of n-InAsP/p-Si 
photodiode in longitudinal (a) 
and transverse (b) directions

a)

b)
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elements was taken proportional to the pressure measured by a Bayard–Alpert ionization gauge. 
The substrate temperature (growth temperature) was measured by a thermocouple calibrated by 
the phase transition temperature of Si(111) 7×7 ↔ 1×1 surface reconstruction. Monitoring of the 
growth process and analysis of the crystal structure of NWs was performed in situ by by reflection 
high-energy electron diffraction (RHEED).

The main stages of formation of NW arrays on silicon are shown in Fig. 2. Before the NWs 
were grown by MBE, the silicon substrates were cleaned by a modified Shiraki method [10]. At 
the final stage of cleaning, it was carried out by wet chemical oxidation in boiling aqueous solu-
tion of ammonia and hydrogen peroxide (NH

4
OH : H

2
O

2
 : H

2
O) in a ratio of 1 : 1 : 3. As a result 

of the procedure, a thin (about 1.5 nm) layer of SiO
x
 oxide was formed on the silicon surface 

(see Fig. 2,a)

Immediately before the start of the epitaxial growth stage, silicon substrates were subjected to 
thermal annealing under ultrahigh vacuum conditions for 30 minutes at a temperature of 780 °C, 
which led to the formation of defects in the layer of surface silicon oxide serving as NW nucle-
ation centers (Fig. 2,b) [11, 12]. Then, as the substrate cooled to the growth temperature in As

4
 

flux, the As-substituted silicon surface stabilized in the defect regions of the SiO
x
 surface layer 

(Fig. 2,b) [13]. The formation of NWs was initiated by switching group V sources to the necessary 
fluxes and opening the indium shutter (Fig. 2,c). To ensure uniform distribution of molecular 
fluxes during the growth process, the substrate was rotated at a speed of 5 rpm. In general, varying 
the group V growth fluxes makes it possible to regulate the incorporation of phosphorus and arse-
nic atoms into InAsP NWs, thus controlling the band gap of the NWs to ensure a given spectral 
sensitivity of photodetectors based on them.

The considered NW arrays were grown at a substrate temperature of 520 °C for 60 minutes 
and a P/As flux ratio of 1. InAsP NWs were not doped during growth; due to the large number of 
surface states on the lateral surface of the NWs, the synthesized nanostructures were characterized 
by n-type conductivity. Reference samples of InAs NWs were additionally grown.

Notably, the method applied for self-induced growtj of NW arrays allows to achieve an 
extremely high surface density of NWs (≥10 µm-2), which significantly reduces light scattering, 
manifesting as an opaque black surface of the sample. To fabricate photodetector arrays, we used 
the grown InAsP NWs with a diameter of 110±41 nm, a length of 900±300 nm, and a surface 
density of 5.5 µm-2. The morphology of the synthesized arrays was studied by scanning electron 
microscopy (SEM) using a Zeiss SUPRA 25-30-63 microscope. (see the SEM image in the inset 
in Fig. 4,a).

Studies of the crystalline structure of NWs by transmission electron microscopy (TEM) show 
that the axis of NW growth coincides with the [0001] axis. A large number of packing defects are 
observed in NWs along the (0001) growth plane [14, 15].

The photoluminescent (PL) properties of NW arrays were studied using a Bruker Vertex 80v 
FT-IR spectrometer equipped with a KBr beam splitter and Ge optical windows. The resolution 
of the photoluminescence spectra was about 8 MeV. A closed-cycle cryostat (Janis PTCM-4-7, 

a) b) c)

Fig. 2. Main stages of epitaxial growth of InAsP NW arrays on silicon: 
substrate preparation 1, material growth by molecular beam epitaxy 2; cleaning 

by wet chemical oxidation (a), formation of defects in SiO
x
 oxide layer (b); growth of NWs (c)
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USA) with zinc selenide windows was used for low-temperature measurements. A continuous-wave 
diode-pumped solid-state Nd:YAG laser (λ = 1064 nm) was used to excite the photoluminescent 
response. The measurements were carried out with p-polarization and a 45° incidence angle of 
pump radiation. An opto-mechanical modulator with a frequency of 340 Hz was used to modulate 
the laser radiation. The PL signal was recorded by an InSb photodiode cooled with liquid nitrogen 
and detected by an SR830 DSP lock-in amplifier.

The virtual crystal approximation (VCA) was used to model the electro-optical properties 
of solid solutions. The plane -wave basis was used to represent wave functions; the PBEsol 
exchange-correlation functional was used for geometry optimization [16]; the TB09 meta-GGA 
potential was used for correct description of electronic properties and for construction of band 
diagrams [17]. The calculations were carried out taking into account the spin-orbit interaction. 
According to the calculation results (see Fig. 3,b), the observed shift in the position of the PL 
maximum corresponds to InAs

0.81
P

0.19
.

The electrophysical characteristics and spectral dependence of the photoconversion efficiency 
of the array were measured by a four-probe system mounted on a cold finger of a nitrogen cryo-
stat. A halogen lamp and a monochromator (SOLAR Laser Systems M266-IV) were used as a 
tunable source of monochromatic radiation. The photocurrent was measured using a Stanford 
Research System SR570 current preamplifier and a Stanford Research System SR830 lock-in 
amplifier. A reference photodiode with known characteristics in the spectral range of 600–2000 
nm was used for calibration.

Fabrication of photodetector mesa structures

To study the functional characteristics of the arrays, photodetector mesa structures were 
fabricated by post-growth technologies based on InAsP NW arrays epitaxially grown on 
Si. Fig. 3 schematically shows the stages of the formation and a simplified diagram of the 
NW-based photodetector.

At the first stage, H+ hydrogen plasma was etched at a pressure of 500 mTorr with a dis-
charge power of 20 W for 5 minutes; this treatment is necessary to suppress surface states 
and recombination centers at the heterojunction between InAs/Si NWs [18]. After the oxide 
layer is removed, an ohmic back contact (aluminum, 200 nm thick) to the silicon substrate 
was formed by vacuum thermal evaporation (heating of the target with an electron beam) and 
rapid thermal annealing (300 °C). For partial planarization of the NW array, a layer of epoxy 
resin (SU-8 photoresist) was applied to the front side of the array by spin-coating, filling 
the free space between the NWs in the array. The thickness of the applied photoresist layer, 
controlled by SEM, ensured the formation of front contact to the tips of the NWs (see Fig. 
3). To remove the surface oxide from the tips of the NWs, the structures were pretreated in 
1 : 3 HCl : H

2
O solution. The transparent top contact was a 200 nm thick indium tin oxide 

(ITO) layer deposited through a shadow mask by high-frequency magnetron sputtering; the 
Boc Edwards Auto 500 RF 10 Thermal Resistance Evaporator Coater (Great Britain) was 
used for this purpose.

Fig. 3. Fabrication stages and schematic structure of InAsP NW photodetector on Si substrate: 
H+ etching and removal of oxide layer from the back of the substrate (1); thermal deposition 

and subsequent annealing of Al contact (2); planarization of NW array with SU-8 epoxy resin layer (3); 

deposition of transparent upper contact made of ITO (4)
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Results and discussion

The characteristic PL spectra obtained at 5 K from arrays of reference InAs NWs and InAsP 
solid solution NWs are shown in Fig. 4, a. Evidently, the position of the maximum of InAsP 
NWs is shifted to the region of higher energies by about 120 MeV relative to InAs NWs; this is a 
consequence of the wider band gap of the InAsP solid solution.

To estimate the phosphorus concentration in the sample under consideration, measurement 
results of low-temperature PL were compared with the simulation results obtained within the 
framework of density functional theory (see Fig. 3,b). The simulations were carried out in the 
ABINIT program [19].

Fig. 5,a shows the measured and calculated dark I–V characteristics (VAC) at various tem-
peratures. Numerical simulation shows that a constant current value should be observed for a 
negative bias in the ideal case. This means that the main contribution to the system is made only 
by thermally generated charge carriers. The direct branch reflects an exponential dependence, 
which corresponds to the process of injection of holes from silicon substrate into the InAsP array.

The experimentally obtained I–V curve (dependence of the reverse current on the magnitude 
of reverse-bias voltage) indicates the presence of leakage currents in the array, associated with 
non-radiative recombination. The latter is caused by the capture of charge carriers into trap states 
forming near the InAsP/Si interface. A decrease in the operating temperature leads to slowdown 

a) b)

Fig. 4. Low-temperature PL spectra from InAs and InAsP NW arrays epitaxially grown 
on Si (a) and calculated band diagram of InAs

0.81
P

0.19
 with sphalerite crystal structure (b)

Inset: SEM image of InAsP NWs

a) b)

Fig. 5. Electrophysical and spectral temperature-dependent characteristics of photodiode: 
dependences of current density normalized by the area of the NW array 

in mesa on voltage (a); spectrum of external quantum efficiency (EQE) (b)
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in both thermal generation of carriers and their recombination through defects, which is man-
ifested as a decrease in reverse current. In addition, there is an increase in the knee voltage of 
the diode caused by an increase in the band gap of InAsP with a decrease in temperature. The 
positive branch has a characteristic bend associated with the presence of a series resistance in the 
measuring circuit, induced, in particular, by the current-collecting top contact.

Spectral dependences of the external quantum efficiency (EQE) of photoconversion were 
experimentally obtained for the considered photodetector array at zero bias in the wavelength 
range of 1300–1900 nm. These EQE spectra are shown in Fig. 5,b. Notably, the photoresponse 
for wavelengths less than 1300 nm due to absorption in the silicon substrate was not considered 
in this study. For example, there is no photoresponse outside the absorption range of silicon at 
200 K and above (without the application of an external electric bias), which indicates a high 
recombination rate of photogenerated charge carriers. As the temperature decreases below 200 K, 
the photocurrent in the long-wavelength region of the spectrum begins to increase. At 100 K, the 
EQE value at a wavelength of 1380 nm reaches 0.25%.

We can assume that this behavior of EQE is caused by a change in the carrier transport mech-
anism in the active area of the NW array with a decrease in temperature. The Debye screening 
length of the array was estimated to verify this assumption. It was found that at 300 K, the cal-
culated Debye length for InAsP is about 150 nm (particle concentration n

i
 = 8·1014 cm–3), which 

is significantly shorter than the length of the NWs. Therefore, thermally generated charge carriers 
effectively screen the built-in electric field, and primarily diffusive carrier transport takes place in 
the active area of the array. Due to the small lateral size and well-developed surface of the NWs, 
this type of transport is ineffective, which leads to preferential recombination of photogenerated 
carriers on the surface states.

As the temperature decreases, the Debye length increases, and the screening area increases. 
The main transport mechanism in the region of incomplete screening is carrier drift in the built-in 
electric field between p-Si and n-InAsP, which occurs due to the difference in the positions of 
the Fermi levels in the materials.

It can be concluded from the above that the diffusion length of photogenerated carriers in the 
considered arrays at T ≥ 200 K is insufficient for effective separation of charge carriers. This is 
probably due to high density of packaging defects in NWs, reducing the mobility of charge carriers.

Analysis of the observed nonuniform spectral dependence of the array’s photoresponse leads 
us to conclude that the light absorption efficiency strongly depends on the diameter and surface 
density of the NWs in the array [20]. The calculation data and accounting for the morphology of 
the NW array (the NW diameter is about 110 nm, the surface density is about 5.5 µm-2) suggest 
that the absorption coefficient of radiation with a wavelength of 1300 nm in the given array does 
not exceed 5–7%.

Therefore, to further increase the sensitivity of the InAsP NW-based IR photodetector, it is 
necessary to optimize the morphological parameters of the NW array by increasing their diameter 
to 400–500 nm and surface density to 10 µm-2 or more.

Conclusion

We carried out comprehensive studies on the formation of InAsP NW arrays as well as their 
optical and electrophysical properties. Post-growth technologies were developed to fabricate pro-
totype photodetectors based on InAsP NW arrays on the surface of Si(111) substrate. The tem-
perature dependences of their spectral sensitivity and electrophysical characteristics were studied. 
We established that the experimentally measured external quantum efficiency of the system under 
study reaches 0.25% for the IR range.
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И ЭЛЕКТРОСТАТИЧЕСКИЕ СВОЙСТВА 
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Аннотация. В работе рассматривается поведение дырочного кубита в гетероструктуре 
Si/Ge/Si. С этой целью проведено квантовомеханическое исследование с применением 
теории функционала плотности и метода псевдопотенциала. Для элементарной структуры 
была построена зонная структура и плотность электронных состояний. Установлено, что 
основная часть этих состояний локализована в диапазоне энергий от –2 до –4 эВ. Для 
построенной суперъячейки была рассчитана работа выхода и выполнена оценка вклада 
электронной дырки в электростатический потенциал системы. Анализ полученных 
результатов показал, что изменение работы выхода в системе связано со смещением 
уровня энергетического вакуума.

Ключевые слова: кремний, германий, теория функционала плотности, двухмерный 
слой, работа выхода, гетероструктура
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Introduction
Creating a quantum computer is a crucial challenge for modern microelectronics. Quantum com-

puters are devices based on the principles of quantum mechanics using quantum bits (or qubits) to 
process information. Unlike classical bits in classical computers, capable of representing only one 
of two states (0 or 1), qubits can be in a superposition of several states simultaneously [1, 2], which 
allows quantum computers to perform calculations faster and more efficiently by orders of magnitude. 
They can be used to solve complex mathematical problems, in cryptography, optimization, simulation 
of molecular and chemical processes, artificial intelligence research and in many other fields. The 
creation of quantum computers promises to transform the way information is processed, opening up 
new opportunities for innovation and scientific discovery [3–5]. Today, there are many implementa-
tions of quantum processors. Photon-based qubits and superconducting qubits are the most popular.
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In this paper, we consider a hole as a qubit. The main advantage of the hole qubit is its strong 
spin-orbit interaction and the ability to form superconducting pair correlations. It is these proper-
ties of holes that are extremely important for fast control of hole qubits [6, 7]. Possible materials 
for such a computer are 2D allotropic modifications of silicon (silicene) or germanium (germa-
nene) using a hole qubit [8, 9].

For this purpose, in this paper we decided to consider the Si/Ge/Si interface. This structure has 
unique electromagnetic properties due to lattice mismatch between silicon and germanium [10]. 
In this case, due to the low effective mass of the holes [11, 12], it is possible to obtain a qubit with 
a long coherence time and a convenient way to control its state using an external magnetic field. 
The structure itself has excellent compatibility with the existing microelectronic components [13] 
and it is easy to integrate it into existing electronics manufacturing.

The goal of this paper was a quantum mechanical study of the behavior of a hole qubit in 
a two-dimensional silicon-germanium-silicon (Si/Ge/Si) layer using density functional theory 
(DFT) within the framework of noncollinear magnetization.

Experimental technique

The characteristics of the structures were calculated using the VASP software package [14–16] 
based on DFT and the pseudopotential method. Noncollinear calculations were performed tak-
ing into account the spin-orbit coupling and additional corrections in the Generalized Gradient 
Approximation (GGA+U) [17]. To calculate the magnetic and electronic properties, the initial 
magnetic moment was first found for each atom, then complete relaxation of the system was carried 
out taking into account the generalized theory of local spin density and the resulting magnetization 
on the atoms was determined based on the results obtained. A plane-wave basis set with a cut-off 
energy of 450 eV was used. An 18×18×1 k-point grid was used for the unit cells. For the enlarged 
cell, a 6×6×1 k-point grid was used, constructed according to the Monkhorst–Pack scheme [18].

Results and discussion

The first stage in the study of the atomic and electronic structure of 2D Si/Ge/Si interface con-
sidered the separate structures of silicene and germanene. At the first stage, we performed complete 
relaxation of the atomic structures of silicene and germanene to find the minimum forces and total 
electronic energy for the given systems. Relaxation of the structure was carried out preserving the 
symmetry of the cell; the procedure was performed for the cell parameters and atomic coordinates.

At the second stage, we built 
the atomic structure of 2D Si/Ge/
Si interface, a sandwich where 
the germanene layer was located 
between two silicene layers. At 
the third and subsequent stages, 
complete atomic relaxation of the 
structure was performed by the 
same principle as achieved sepa-
rately for silicene and germanene.

The VASPKIT software pack-
age was used for postprocessing of 
the obtained data, the density of 
states and the band structure were 
calculated for the given interface. 
Calculations were performed with 
the number of k-points equal 
to 20. For clarity, the density of 
states was compared with the band 
structure of the studied material 
(Fig. 1).

Analysis of the data in Fig. 1 
allows to conclude that the highest-energy states are localized in the range from -2 to -4 eV. 
The resulting band structure looks very similar to the individual band structures of silicene and 

Fig. 1. Band structure (a) and density of states (b)
constructed for Si/Ge/Si interface

a) b)
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germanene. This indicates the appearance of new energy levels as a result of superposition of two 
structures, and this in turn causes the formation of interface states at the interfaces between sili-
con and germanium structures.

For further analysis of the electronic and magnetic properties of the selected system, it was 
necessary to enlarge the initial system. For this purpose, translation of the initial interface cell 
was performed with a threefold increase in parameters a and b. As a result, a supercell with the 
following structural parameters was formed: a = 11.421 Å, b = 11.421 Å, c = 25.166 Å. The 
parameter c was chosen equal to 25.166 Å to exclude the influence of interaction between the 
translated slabs. The Si–Si interatomic distance in the silicene layer was equal to 2.260 Å and the 
Ge–Ge distance in the germanene layer was 2.486 Å. The distance between the layers was equal 
to 3.647 Å. The resulting supercell consisted of a total of 54 atoms (Fig. 2).

Next, a free valence bond (hole) was created 
in the Si/Ge/Si system and the initial magneti-
zation was set. The hole was created by remov-
ing one electron from the system. To illustrate 
the contribution of the created electron vacancy 
to the electrostatic potential, we compared the 
dependences of electrostatic potential of the sys-
tem on the concentration of holes and the given 
direction of initial magnetization (Fig. 3).

Evidently, when a hole is added to the system, 
the electrostatic potential decreases. The graphs 
are almost identical for the up (Fig. 3,a) and down 
(Fig. 3,b) magnetization directions. The only dif-
ference is that in the first case the distance between 
the first peaks is 0.670 eV (Fig. 3,a) and in the 
second case it is 0.642 eV (Fig. 3,b). This means 
that the sign of magnetization practically does not 
contribute to the distribution of the electrostatic 
potential in the system, while the larger contribu-
tion to the potential value is made by Si atoms.

The electrostatic potential was calculated to 
subsequently calculate the work function W for 
each case. The following formula was used for 
this purpose:

,fW e E= − ϕ−

where e is the electron charge, φ is the near-vacuum value of the electrostatic potential, E
F
 is the 

Fermi level.

Fig. 2. Structural model of supercell 
of 2D Si/Ge/Si interface: the structure 
consists of 54 atoms, 18 of which are 
germanium atoms and 36 are silicon atoms

a) b)

Fig. 3. Comparison of dependences of electrostatic potential of Si/Ge/Si system 
on concentration of holes with given magnetization directions of the system, 

+1 (up) and -1 (down): (a) and (b), respectively
Cases of systems without holes (blue curves) and with one hole (green curves) are compared



St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 2

26

The results obtained are given in Table.
It follows from the data in Fig. 3 and Table that the value of the electrostatic potential 

decreases when a hole is added to the system, and the work function increases. In addition, it can 
be concluded that in the system with the magnetization direction of -1 (down), the work func-
tion in the absence of holes is greater than in a system with the magnetization of +1 (up). In the 
presence of holes, the work function becomes approximately the same for both cases.

Conclusion

We calculated the band structure and density of states for a two-dimensional Si/Ge/Si layer. 
These calculations indicate that the main part of the electronic states is localized in the energy 
range from -2 to -4 eV. The changes in the Si/Ge/Si band structure, compared with the individ-
ual band structures of germanium and silicon, are due to the formation of interface states, causing 
new energy bands to appear. If a hole is added to the system, the electrostatic potential decreases 
due to a shift in the energy vacuum level, while the sign of the given initial magnetization makes 
an insignificant contribution to the change in the electrostatic potential of the system. We estab-
lished that the work function is greater in the system with negative initial magnetization than 
in the system with a positive one, while adding a hole to systems with different magnetization 
equalizes the values of the work function.

In conclusion, it should be noted that the results obtained can be used to design quantum 
computers or quantum sensors for next-generation nanoelectronics.

The research was carried out using the resources of the Shared Facility Center “Data Center” of 
the Far Eastern Branch of the Russian Academy of Sciences, Khabarovsk.

Tab l e

Dependence of work functions for interface 
on magnetization direction and presence of holes

Magnetization
direction

Work function W, eV
Absence of hole Presence of holes

up 4.946 6.460
down 4.970 6.456
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Аннотация. В работе выполнено математическое моделирование с целью описания 
поведения слоистых панелей с тетраэдральным заполнителем под действием различных 
нагрузок. При этом была реализована серия численных расчетов в программном 
комплексе конечно-элементного анализа ANSYS. При моделировании использованы 
полученные ранее эффективные упругие характеристики, что позволило заменить 
прямое моделирование структуры тетраэдрального заполнителя элементами 
простой формы с применением ортотропного материала, имеющего эквивалентные 
характеристики. Решена задача о трехточечном изгибе пластины, проанализировано 
деформированное состояние панели и характер ее прогиба. Установлена необходимость 
применения принципов разномодульной теории упругости при моделировании таких 
объектов и учета эффективных упругих характеристик, полученных при растяжении 
и сжатии ячейки периодичности. Даны рекомендации по использованию в расчетах 
итерационного изменения свойств материала и эффективных характеристик, полученных 
при растяжении и сжатии ячейки периодичности.
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Introduction
Due to growing demand for composite panels with various types of cores in diverse industries, 

it is important to carry out analysis and computational validation of such structural elements using 
mathematical modeling methods with high-performance computing equipment and modern soft-
ware [1, 2]. Close attention throughout design, preparation, testing and, consequently, simulation 
of such panels and products made from them [3–5] should be paid to the structure and shape of 
the core [6, 7]. Honeycomb core is currently most widely used in aviation, automotive industry 
and building structures [8–11]. We should note that honeycombs have a closed cell structure and 
are well suited for thermal insulation; in addition, they provide strength, reliability and load-bear-
ing capacity under significant loads [12].

On the other hand, structures with truss cores have less effective load resistance [13], but they 
allow for ventilation. That is why such cores have proved to be a solution for extending the ser-
vice life of building facades by protecting them from adverse climatic events [14–16]. One of the 
possible core configurations is tetrahedral, i.e., combining truncated tetrahedra [17, 18].
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A composite panel with a honeycomb or truss core can be described in simulation as a com-
posite material with a complex microstructure. The core can be considered a homogeneous mate-
rial in computational continuum mechanics, and its effective properties can be both anisotropic 
and orthotropic [19, 20]. Panels with tetrahedral cores are regarded in numerical simulation as 
structurally orthotropic composite material [21, 22].

To correctly implement this approach, a unit cell is selected at the first stage and its effective 
elastic characteristics are set. The latter are often determined using the direct homogeniza-
tion method [23], allowing to calculate the effective values of orthotropic physico-mechanical 
parameters of a composite material with a complex microstructure; the method is also applicable 
to doubly periodic structures.

The main goal of this study is to propose a calculation procedure substantiating the application 
of multimodular elasticity theory to simulation of composite panels with core.

The following objectives were posed and achieved for this purpose:
calculate the stiffness parameters of a panel with tetrahedral core under tension and compression;
determine the stress-strain state of the panel in the three-point bending problem.

Object of research

The general view of the panel and tetrahedral core with its geometric characteristics, consid-
ered in this case, are shown in Fig. 1. Panels of this type are predominantly used in the construc-
tion industry, specifically in ventilated facades and enclosures.

The AMG2 material used has the following physico-mechanical parameters:
Density, kg/m3 .................................2,680;
Elastic modulus, GPa ........................71.0;
Ultimate tensile strength, MPa ...........190;
Yield strength, MPa ............................. 80;
Poisson’s ratio ....................................0.33.
It is assumed that the same material is used to manufacture the face sheets of the panel and 

the core.
The unit cell considered, measuring 28×58×19 mm, is shown in Fig. 2.

c)

a) b)

Fig. 1. General view of panel with tetrahedral core (a), 
its core (b) and its geometric characteristics (c)
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The values of the elastic parameters were determined by direct homogenization (the corre-
sponding results and a detailed description of the method are given in [24]). The method of direct 
homogenization used is based on kinematic and static boundary conditions [25], allowing to 
determine the effective orthotropic physico-mechanical properties of a composite material with a 
complex microstructure.

Problem of three-point bending 
of composite panel

This problem is of both scientific and prac-
tical interest [26–28]. Consider such a problem 
for a plate with a tetrahedral core, where the 
core structure is modeled without any simpli-
fications and the structure is represented by a 
homogeneous medium with effective properties.

The loading conditions for the three-point 
bending problem of such a panel (its overall 
dimensions are 292 × 140 × 19 mm) is shown 
in Fig. 3.

Nonlinear shell finite elements were used 
for numerical simulation. Conducting conver-
gence analysis, we selected a model consisting of 

156,050 elements and 532,325 nodes; the characteristic size of the element was 1 mm.
Based on the calculation performed, let us analyze the stress-strain state of the panel. Fig. 4 

shows the vertical displacements of the panel under consideration and the dependence of its 
deflection in the central section along the length l.

a) b)

Fig. 2. Schematics of unit cell (a) and tetrahedral filler (top view) (b);
the cell is marked by a rectangle

Fig. 3. Loading conditions for problem 
statement of three-point bending of the panel.
Geometric parameters and the direction of 

the loading force F are shown

a) b)

Fig. 4. Stress-strain state of sandwich panel: vertical displacements (a), color map, 10 : 1 scale; 
dependence of deflection of panel in its central section along the length l (b), see Fig. 3
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It can be seen from the presented results that the location of the core affects the magnitude 
and behavior of the deflection for the plate with tetrahedral core. The deflection is smaller at the 
points where the core is attached.

The next stage in the simulation procedure is to establish a correspondence between the mean 
deflection of the panel with core and the deflection under bending in a similar panel but made 
of homogeneous, multimodular material with orthotropic characteristics. We emphasize that the 
loading behavior of two objects should be compared for this purpose:

panel with tetrahedral core,
panel made of homogeneous multimodular material with orthotropic characteristics.
For this comparison, we first consider two auxiliary problems:
evaluating the behavior of the unit cell under tension and compression,
analyzing the application of the principles of multimodular elasticity theory.
We should note that the formulation of these problems is of independent scientific interest.

Application of principles of 
multimodular elasticity theory

In case of analysis at the macroscale, the geo-
metric characteristics of the selected unit cell and 
its behavior under loading should be correctly 
described. Tetrahedral core with complex struc-
ture in layered composites behaves differently 
under tension and compression [25, 29–30], so 
approaches underlying the multimodular elastic-
ity theory [31–33] can be reasonably applied.

The mechanical characteristics of homoge-
neous isotropic material in classical elasticity 
theory are described by two elastic constants: 
Young’s modulus E and Poisson’s ratio ν.

On the other hand, according to multimodular 
elasticity theory, the material has different Young’s 
moduli for cases of uniaxial tension and uniaxial 
compression: E+ and E-, respectively, as well as 
different Poisson’s ratios characterizing transverse 
contraction under tension and transverse expan-
sion under compression: ν+ and ν-, respectively.

According to multimodular elasticity theory, the stress-strain curve can be represented as two 
straight lines in the first approximation (Fig. 5).

To verify the applicability of this approach and validate it, in other words, to confirm the 
applicability of multimodular elasticity theory to design of sandwich panels withtetrahedral core, 
we carried out a series of numerical experiments on tension of the unit cell (see Fig. 2,b) in the 
directions of the x, y and z axes.

Fig. 5. Initial section of characteristic stress-
strain curve (stress σ–strain ε) in accordance 
with multimodular elasticity theory: material 
has elastic modulus E+ for uniaxial tension 

and E- for uniaxial compression

a) b)

Fig. 6. Intensity of von Mises stresses (see color scale) for unit cell 
under tension (a) and compression (b) along the x axis
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These simulations were performed using the ANSYS Mechanical software package. Nonlinear 
shell finite elements were used in numerical simulation. After conducting convergence analysis, 
we selected a model consisting of 4,148 elements and 13,177 nodes; the characteristic size of the 
element was 1 mm. The same finite element model was previously used in [24].

Fig. 6 shows the von Mises stress intensity distribution under tension and compression of the 
unit cell along the х axis.

Tensile and compressive behavior of the unit cell

The graph for the dependence of the reaction force on the maximum displacement U
max

 in 
different loading directions is shown in Fig. 7. The dashed line shows the linear dependence of 
force on displacement in the compressive region with the stiffness equal to the tensile stiffness. 
The values of reactions upon load reversal are given in Table 1.

Thus, comparing the tensile and compressive behavior of the unit cell, we found a difference 
in the magnitude of reactions under loading in the x and y directions.

Notably, we used the values of effective elastic characteristics (Table 2) that we obtained in [24].

The data in Fig. 7 and in Table 1 confirm that different values of reactions are observed in the x 
and y directions upon load reversal. This is especially pronounced for the y (vertical) direction. This 
result allows us to conclude that multimodular elasticity theory can be reasonably applied to describing 
the behavior of structures with the selected type of core. For more accurate description of the behavior 
of the unit cell, it is necessary to find effective characteristics for the case of compression as well.

Fig. 7. Dependences of reaction force on normalized maximum displacement 
in different loading directions (along the axes x, y, z)

Dashed lines show the linear dependence of force on displacement 

in the compressive region with the stiffness equal to the tensile stiffness

Tab l e  1

Comparison of reactions in unit cell 
for varying direction and sign of load application

Loading direction
Parameter value

+F
1
, kN -F

2
, kN |U

max
|/h, %

Axis x 0.347 0.271 2
Axis y 5.991 2.032 50
Axis z 1.561 1.562 2

Nota t i on s : +F
1
, -F

2
 are the reaction forces under tension and 

compression, respectively; |U
max

|/h is the ratio of the maximum 

displacement along each axis to the thickness of the sheet.
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Conclusion

The results of numerical simulation indicate that the sandwich panel with the selected type of 
tetrahedral core has different stiffness characteristics under compression and tension. 

We validated the application of the homogenization method combined with the principles of 
the multimodular elasticity theory to improve the simulation accuracy for the behavior of the 
plate at the macro level.

The obtained results open up opportunities for further research. The next stage is to confirm 
that the mean deflection of the panel with core corresponds to the same deflection under bending 
in a panel made of homogeneous multimodular material. The behavior of the panel with tetrahe-
dral core should also be compared with the behavior of a panel made of homogeneous multimod-
ular material with orthotropic characteristics. It should be noted separately that it is planned to 
describe the multimodular behavior of the structure by successive refinement of the equilibrium 
state for the current stress-strain state of the structure.
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Abstract. The paper presents the experimental study results of the dependence of the longitudinal 

shielding coefficient of a magnetic shield (in the direction of the shield axis) on the strengths 
and mutual orientation of the operational internal and additional external magnetic fields of a 
small-sized rubidium atomic clock (RAC). In this case, an additional field magnetizes the RAC’s 
magnetic shield from the outside and penetrates inside it. The significant influence of these fields 
in their interrelation on the shielding properties of the magnetic shield of the RAC has been 
found. The obtained results allowed us to determine the longitudinal RAC-shielding coefficient 
at the effective values of the operational and additional magnetic fields and, as a consequence, to 
compensate for the effect of geomagnetic field variations on the frequency of the onboard RAC.
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ВЛИЯНИЕ МАГНИТНОГО ПОЛЯ НА ЭФФЕКТИВНОСТЬ 
МАГНИТНОГО ЭКРАНИРОВАНИЯ В РУБИДИЕВЫХ АТОМНЫХ ЧАСАХ
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Аннотация. В работе представлены результаты экспериментальных исследований 
зависимости продольного коэффициента экранирования магнитного экрана (в 
направлении оси экрана) малогабаритных рубидиевых атомных часов (РАЧ) от 
напряженностей и взаимной ориентации их внутреннего рабочего и дополнительного 
внешнего магнитных полей. При этом дополнительное поле намагничивает извне 
магнитный экран РАЧ и проникает внутрь него. Установлено существенное влияние этих 
полей в их взаимосвязи на экранирующие свойства магнитного экрана РАЧ. Полученные 
результаты позволяют определять продольный коэффициент экранирования РАЧ при 
действующих значениях рабочего и дополнительного магнитных полей и, как следствие, 
компенсировать влияние вариаций геомагнитного поля на частоту бортовых РАЧ.
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Introduction
Low-Earth satellite systems are crucial for navigation applications. The accuracy of such sys-

tems largely depends on the characteristics of onboard atomic clocks [1–3], which can be used 
for mini and nanosatellites using small-sized rubidium atomic clocks (RAC) [4]. The magnetic 
shield of the latter weakens the influence of variations in the external magnetic (geomagnetic) 
field on RAC frequency. However, due to unavoidable defects (for example, seams and commu-
nication ports), such shields do not allow to completely exclude the influence of field variations 
on the stability of RAC frequency [5]. These irregularities in the shield design lead to a sharp 
difference in the transverse and longitudinal (along the shield axis) shielding coefficients [6]. Such 
a difference in the shielding factors leads to a change in the magnitude and direction of the mag-
netic field penetrating the magnetic shield for RAC located, for example, on-board a satellite [7] 
moving in low-Earth orbit and leading to orientation dependence of the frequency of onboard 
RAC. Multilayer magnetic shields providing sufficiently high stability of RAC frequency are 
commonly used to weaken this dependence. For example, a five-layer magnetic shield was used 
in the onboard laser-pumped cesium-beam atomic clock described in [8] to obtain long-term 
relative frequency instability at the level of 3.5·10−15 with short-term relative instability of 10−13. 
The experimental value of the shielding factor was 3·105 in a magnetic field equal to ±24 A/m.

A drawback of multilayer magnetic shields in onboard RAC (especially small-sized ones) is an 
increase in their total dimensions and weight. This is why there is a search for new design solu-
tions ensuring the required stability of RAC frequency. It was shown in our earlier paper [9] that 
magnetization of a two-layer magnetic shield by an additional constant external field significantly 
increases its shielding factor, which reduces the influence of variations in the external magnetic 
field on the stability of RAC frequency. In particular, an eightfold increase in the shielding factor 
was observed for the additional constant magnetizing field of about 12.8 A/m, directed perpen-
dicular to the RAC axis (the direction of the largest shielding factor of the RAC magnetic shield), 
with an amplitude of an external rotating magnetic field of about 2.5 A/m, simulating the geo-
magnetic field in the orbit of a navigation satellite.

Further experiments found that at the given values of the additional magnetizing and rotating 
magnetic fields, the shielding factor of the RAC magnetic shield depends both on the magnitude 
and on the orientation of the operating magnetic field H

op
 (internal RAC field) generated in the 

vicinity of the gas cell by the magnetic system of the RAC.
In this paper, we analyze the details of this dependence based on the measurement results for 

shifts in RAC frequency at orthogonal and coaxial orientations of the additional constant external 
magnetic field Н

0
 relative to the operating magnetic field Н

op
.

This additional field Н
0
 penetrates from the outside into the shield and is oriented along the 

longitudinal axis of this shield A small value of the longitudinal (compared with the transverse) 
shielding factor S characterizes the degree of penetration of the field Н

0
 inside the screen and, 

consequently, the sensitivity of RAC frequency to variations in the external magnetic field. Thus, 
measuring the RAC frequency shifts allows to extract information about the values of the longi-
tudinal shielding factor S.



43

Experimental Technique and Devices

The goal of this study was to find methods for compensating for the influence of an external 
magnetic field on the frequency of a rubidium atomic clock. The primary objective was to under-
stand the behavior of the key quantity that is the longitudinal shielding factor of the magnetic 
shield, whose values can be optimized and used for compensation.

The problem was solved by studying the influence of the operating (Н
op
) and additional (Н

0
) 

magnetic fields, as well as the influence of their mutual orientation on the value of S.

Procedure for measuring the longitudinal shielding coefficient of magnetic shield

The longitudinal shielding factor of a two-layer magnetic shield in a commercial small-sized 
RAC was evaluated using the experimental setup described in our study [10]. The setup con-
tained a magnetic system of three pairs of Helmholtz coils, with small-sized RAC at the center, 
connected to a circuit for measuring variations in their frequency. The Helmholtz coils were 
used to completely compensate for the geomagnetic field in area where the RAC was placed 
(with an accuracy of tens of nT) and generate an additional constant magnetic field Н

0
 of vary-

ing strengths. The vector Н
0
 was oriented coaxial (orientation ↑↑) or orthogonal (orientation ↑↓) 

to the operating magnetic field Н
op
. The shield was made of 79NM permalloy, a ferromagnetic 

Ni alloy. The longitudinal shielding factor S for both orientations (↑↑ and ↑↓) of the operating 
and additional magnetic fields was determined by measuring the RAC frequency shift relative 
to the frequency reference at two fixed values of the current in the coil generating the operating 
magnetic field H

op
.

The magnitude of the quantity |Н
op
| was found by a well-known expression for the frequency 

of the lasing transition of RAC (see monograph [5]) with the addition of the component ∆Н
in
:

ν = ν
0
 + β·(H

op
 ± ∆H

in
)2 , (1)

where ν
0
 is the atomic transition frequency for 87Rb atoms (ν

0
 = 6.835 MHz); β is the 

proportionality constant (β = 90.5 MHz∙m2/A2); ∆Н
in
 is the component of the additional 

external field Н
0
 penetrating inside the magnetic shield and oriented coaxially with the 

operating magnetic field H
op
. The value of the latter in RAC is typically on the order 

of 10 A/m [5].
In our experiments, the longitudinal shielding factor was measured at two values of H

op
: 11.68 

and 12.16 A/m.
The values of the field increments ±∆H

in
 (acting inside the shield and induced by field incre-

ments ±∆H
0
), necessary for subsequent calculations of the longitudinal shielding factor of the 

RAC screen, were determined by measuring the frequency difference between the RAC and the 
frequency reference by Eq. (1).

In contrast to the technique described in [9], this study did not use an external rotating mag-
netic field; it was unnecessary, since we considered the influence of the increments of the addi-
tional field ∆Н

0
, simulating the geomagnetic field of the Earth, on RAC.

Measurements of longitudinal shielding factor

Fig. 1 shows example waveforms of the relative frequency shift of RAC in the range of mag-
netic field increments ∆Н

0
 from 5 to 30 A/m. Table 1 shows the corresponding values of the 

relative frequency shift of RAC.
Small-sized RAC of the same type as the one considered in the study was used as reference 

frequency for measuring the RAC frequency shift. This small-sized clock was located outside the 
magnetic system generating increments ∆Н

0
.

The following expression was used to determine the longitudinal shielding coefficient S:

S = ∆Н
0
/∆Н

in
. (2)

Based on the data in Table 1, using Eq. (2) (taking into account expression (1)), we calculated 
the values of the longitudinal shielding factor S for various combinations of the mutual orientation 
of the vectors H

op
 and H

0
. The results of these calculations are given in Table 1.
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b)

a)

Fig. 1. Waveforms of relative frequency shift of RAC induced by increments ∆Н
0
 

of additional constant external magnetic field Н
0
 of different orientation 

at two magnitudes of operating magnetic field Н
op
, A/m: 11.68 (a) and 12.16 (b)

Numbers above the segments correspond to the periods (see Table 1)

Table 1

Relative frequency shifts of rubidium atomic clock 
at different increments of external magnetic field 

and two magnitudes of operating magnetic field H
op

Period
External magnetic 

field increment 
∆Н

0
, A/m

Relative frequency shift, 
10–9 rel. units 

Н
op
=11.68 А/m Н

op 
= 12.16 А/m

1 0 –1.4990 –1.3396
2 +5 –1.5047 –1.3449
3 –5 –1.4881 –1.3201
4 +10 –1.5083 –1.3463
5 –10 –1.4831 –1.3251
6 +15 –1.5113 –1.3539
7 –15 –1.4771 –1.3184
8 +20 –1.5196 –1.3576
9 –20 –1.4655 –1.3112
10 +25 –1.5259 –1.3645
11 –25 –1.4635 –1.3062
12 +30 –1.5262 –1.3707
13 –30 –1.4552 –1.3009
14 0 –1.4917 –1.3521
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It follows from the data in Table 2 that the greatest discrepancy in the values of the shielding 
factor S for the orientations of the additional external (Н

0
) and operating (Н

op
) magnetic fields 

(denoted as ↑↑ and ↑↓) is observed in the range ∆Н
0
 = 5 A/m, i.e., where the magnetic permeability 

of the material of the magnetic shield (permalloy) undergoes the most drastic change in the 
function of the constant external magnetic field [11] whose order of magnitude is comparable to 
the geomagnetic field intensity in the orbit of navigation satellites. The dynamics of the variations 
in the shielding factor as a function of the magnitudes of the vectors Н

op
 and Н

0
 and the directions 

of their mutual orientation makes it possible to determine the value of the shielding factor for 
various combinations of both the values and the directions of these fields. Data for the shielding 
factor allows to determine the parameters of the magnetizing field directed orthogonally to the axis 
of the magnetic shield for the purpose of increasing its shielding factor [9] as well as compensating 
for the influence of variations in the external magnetic field on the frequency response.

Conclusion

Analysis of the results obtained in the study allows to draw the following conclusions.
1. The longitudinal shielding factor of the RAC magnetic shield significantly depends on both 

the operating magnetic field and additional magnetizing field as well as on their mutual orientation.
2. The maximum difference between the shielding factors for two opposite orientations of the 

additional magnetizing field Н
0
 and operating field Н

op
 is observed for the field increment ∆Н

0
 ≈ 5 

A/m, which approximately corresponds to the geomagnetic field in the orbit of navigation satellites.
3. The obtained dependence of the shielding factor is of fundamental importance for adjuscting 

the RAC frequency based on the data on variation in the magnitude and direction of the external 
magnetic field during the satellite's orbital motion.

Table 2

Summary table of longitudinal shielding factors 
for two magnitudes of operating magnetic field H

op
 

and its orientation relative to external field H0

∆Н
0
, A/m

Longitudinal shielding factor S

Н
op

 =11.68 A/m Н
op

 = 12.16 A/m
↑↑ ↑↓ ↑↑ ↑↓

5 128 329 89 294
10 181 366 219 294
15 200 398 225 323
20 178 310 250 351
25 665 293 240 320
30 205 352 250 305
40 294 265 305 234
60 288 290 307 209
80 313 290 260 173

Nota t i on s :  ∆Н
0
 is the increment of the external magnetic field; ↑↑ 

and ↑↓ are the mutual orientations of the magnetic fields Н
0
 and Н

op
.
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Abstract. The paper presents physical principles of X-ray absorption immersion technology 

(XRAIT) based on recording X-ray radiation passed through diamond-containing ore, pore 
spaces between the pieces of which are preliminarily filled with an immersion medium (IM). 
The energy range of X-ray photons where the diamond is more transparent than the ore 
components has been determined. Based on the proposed approximation of the mass attenuation 
coefficients of elements by the sum of two power functions, a justification for a conscious 
choice of the mass attenuation coefficient of the IM equal to the average value for all ore 
components was carried out taking into account their weight content. An optimal composition 
of the IM in the form of a bulk material, namely aluminum-zinc alloy powder, was proposed. 
Experiments conducted on a developed and manufactured prototype of the separator confirmed 
the possibility of using the XRAIT with significant advantages over analogues.
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РЕНТГЕНО-АБСОРБЦИОННАЯ ИММЕРСИОННАЯ ТЕХНОЛОГИЯ
ОБОГАЩЕНИЯ АЛМАЗОСОДЕРЖАЩИХ РУД:  

ФИЗИЧЕСКИЕ ОСНОВЫ И ПРАКТИЧЕСКАЯ РЕАЛИЗАЦИЯ
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Аннотация. В работе представлены физические основы рентгено-абсорбционной 
иммерсионной технологии (РАИТ), основанной на регистрации рентгеновского 
излучения, прошедшего через алмазосодержащую руду, пустоты между кусками которой 
предварительно заполняются иммерсионной средой (ИС). При этом определен диапазон 
энергий рентгеновских фотонов, в котором алмаз более прозрачен, чем компоненты 
руды. На основе предложенной аппроксимации массовых коэффициентов ослабления 
элементов суммой двух степенных функций проведено обоснование осознанного 
выбора массового коэффициента ослабления ИС, равного среднему значению по всем 
компонентам руды с учетом их весового содержания. По результатам тестирования 
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предложен оптимальный состав ИС в виде сыпучего материала: порошок сплава 
алюминия с цинком. Эксперименты, проведенные на разработанном и изготовленном 
образце сепаратора, подтвердили возможность применения РАИТ, обладающей 
существенными преимуществами над аналогами.

Ключевые слова: рентгено-абсорбционная технология, иммерсионная среда, массовый 
коэффициент ослабления, рентгеновское излучение, алмазы
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Introduction

The physical basis of the X-ray absorption technology for enrichment of minerals is the 
attenuation (absorption and scattering) of electromagnetic radiation in the X-ray spectrum 
passing through diamond-bearing ore. A distinguishing feature in separation of minerals is the 
difference in radiation intensities transmitted through the ore in its cross-sections with and 
without diamonds.

The advances in the X-ray absorption technology made recently allow to replace the common 
methods for processing diamond-bearing ores with this technology, not only during recovery but 
also in the main stages of enrichment [1].

Currently, X-ray fluorescence (XRF), gravity-based separation and techniques using grease 
tables are widely used in mining.

The physical basis of the XRF technique is the fluorescence of the diamond exposed to X-ray 
pulses. To analyze this fluorescence, two separation criteria are used: the autocorrelation func-
tion and the ratio of the components of the fluorescence lifetime [1]. The diamond must be 
located on the surface of a piece of kimberlite for such analysis, otherwise it will not be detected. 
Consequently, ore should be disintegrated in wet ball mills or jaw crushers, which causes damage 
(chipping) to the stones, significantly reducing their cost. In addition to chipping, losses due to 
uncharacteristic fluorescence kinetics typical for diamonds occur during XRF separation [2].

To overcome this drawback, research is underway on treating raw materials with organic 
luminophores to modify the X-ray fluorescent properties of weakly fluorescent diamonds and 
selectively identify them in XRF separators [3].

The physical basis of gravity (heavy-media) separation technology is the difference in the 
density of diamonds and gangue. The density of a diamond is 3.40–3.55 g/cm3, while that of 
gangue is about 2.5 g/cm3. In the process of such separation in a liquid medium with a density 
of about 3.0 g/cm3, diamond-bearing ore sinks to the bottom of the container and gangue floats 
to the surface. Rotating the liquid together with ore pieces in special hydrocyclones accelerates 
the separation process [4]. The advantage of gravity technology is that it allows to extract rough 
diamonds (located inside pieces of ore). Its disadvantages include the need for precision con-
trol of the density of heavy liquid, maintained at the level of 3.0 g/cm3, and most importantly, 
environmental damages.

The physical basis of the grease-based technology is the difference in the adhesion of diamond 
and kimberlite pieces to the grease table. Grease separation is mainly used in at the recovery stage.

Great efforts are made to improve the technologies for processing diamond ore. Recent 
advances include a dual-energy X-ray separation method using nanosecond pulses of two energy 
levels of an explosive electron emission-based X-ray tube [5], as well as complementing the X-ray 
fluorescence method with X-ray absorption [6, 7].

The above-mentioned drawbacks of diamond ore processing technologies can be significantly 
mitigated or even completely eliminated by introducing the X-ray absorption immersion technol-
ogy (XRAIT) [8].
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XRAIT is based on placing pieces of diamond ore into an immersion medium (IM) with a 
linear X-ray attenuation coefficient close to the linear attenuation coefficient of kimberlite. The 
IM is intended for filling all cavities between diamond ore pieces, ore with a constant thickness 
on the transporter [9].

IM allows to arrange pieces of diamond-bearing ore on a transporter as a parallelepiped made 
of kimberlite, inside which a diamond may be located. The schematic diagram for XRAIT is 
shown in Fig. 1.

The goals of this study consisted in theoretical analysis of the physical foundations of X-ray 
absorption immersion technology, aimed at resolving its main technological drawbacks.

To achieve these goals, we analyzed the attenuation of X-ray radiation in diamond and related 
minerals, conducting experimental tests to validate the proposed technology

Attenuation of X-ray radiation by different media

The penetrating radiation generated in the X-ray tube passes through a mixture of ore and IM, 
is converted into optical radiation in the scintillator, which, in turn, is converted into electrical 
signal in the receiving and converting device. The braking radiation of the X-ray tube is generated 
during the curvilinear motion of electrons in the Coulomb field of atoms in the tube’s anode. 
In addition to braking radiation, X-ray tubes emit rather narrow spectral lines of characteristic 
X-ray radiation associated with the transition of electrons from one orbit to another. However, 
significantly lower energy is concentrated in the characteristic radiation compared to the braking 
radiation, which makes it possible not to neglect the characteristic radiation in calculations of 
intensity and transmitted radiation.

The XRAIT is based on the detecting radiation transmitted through ore placed in IM with a lin-
ear attenuation coefficient close to the linear attenuation coefficient of gangue of diamond-bear-
ing ore. As a result, the intensity level of X-ray radiation after passing through diamond-bearing 
ore in IM is determined by the attenuation of radiation in kimberlite, diamond, IM and scintil-
lator. A photocurrent proportional to the intensity of the transmitted X-ray radiation is formed in 
the receiving and converting device.

The X-ray radiation intensity I
x
 at the medium depth x is determined by the Bouguer–Lambert law:

}{ { }0 0exp exp ,x x mI I x I x= −µ = −µ ρ (1)

where µ
x
 is the linear attenuation coefficient of X-ray radiation, µ

m
 is the mass attenuation coef-

ficient, ρ is the density of absorbing substance, I
0
 is the intensity of incident radiation.

The mass attenuation coefficient, unlike the linear one, does not depend on the aggregate state 
of the substance. The mass attenuation coefficients of the elements obtained experimentally can 
be found in reference tables in [10].

Immersion 

medium

Piece ore

Ore and 

immersion 

medium mixer

X-ray tube

X-ray detector

X-ray tube 

control unit

Control, 

registration and 

information 

processing unit

Transporter

Receiving and converting device

X-ray absorption immersion separator

Fig. 1. Schematic diagram of X-ray absorption immersion technology:
immersion medium; piece ore; X-ray tube control unit; receiving and converting device
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Approximations of the energy dependence of mass attenuation coefficients are used for ana-
lytical calculations of penetrating radiation. In contrast to the discrete range of energies given in 
the tables with experimental data [10], the approximated dependences allow to calculate X-ray 
attenuation continuously for all photon energies.

The smallest error of the approximations of mass attenuation coefficient considered is provided 
by the approximation in the form of a sum of two power functions:

11 12

21 22

1 11 12 1

2 21 22 2

,  ,
,  ,

b b

k

b b

k

a E a E c E E

a E a E c E E

− −

− −

µ = + + <

µ = + + ≥

(2)

where E
k
 is the energy of the k-absorption edge.

The relative error of this approximation for elements with the atomic number Z lower than 
26 in the energy range of 1–150 keV does not exceed 1% compared with experimental data [10]. 
The relative error does not exceed 2% for elements with the atomic number higher than 26 (26Fe) 
in the range of 1–400 keV. Table 1 gives the approximations obtained for the mass attenuation 
coefficients of the elements of diamond-bearing ore, the materials of anodes of X-ray tubes, filters 
and scintillators. Characteristic radiation was not taken into account.

The mass attenuation coefficient of a complex molecule is

( ) ,m mol i mi

i

Cµ = µ∑ (3)

where µ
mi
 is the mass attenuation coefficient of the ith element in the molecule, C

i
 is the mass 

fraction of the ith element in the molecule; summation is carried out for all elements in the mol-
ecule. The mass attenuation coefficients of mixtures of suspensions, alloys and solutions are deter-
mined similarly. In this case, C

i
 is the mass fraction of the ith substance in such medium [11].

The intensity of transmitted radiation is reduced by half in the so-called half-value layer 
(HVL) [11]:

( ) ( ) ( )
ln 2 ln 2

.
m x

d E
E E

= =
µ ⋅ρ µ (4)

The chemical compositions of the main components of the diamond-bearing ore are given in 
Table 2. Based on the energy dependences obtained for the mass attenuation coefficients of the 
elements, in accordance with expressions (3) and (4), we calculated the HVL of the components 
of diamond-bearing ore depending on the energy of X-ray photons for the ranges of 10–100 and 
100–1000 keV (Fig. 2).

The HVL of diamond significantly exceeds those of any components of the diamond-bearing 
ore in the photon energy range of 10–50 keV (see Fig. 2, a). At an energy of 30 keV, the HVL 
of diamond exceeds the HVL of the nearest component of the diamond-bearing ore, serpentine, 
by two times.

XRAIT is based on X-ray attenuation by the diamond in the photon energy range of 10–50 keV, 
where the half-value layer exceedsthose for all other minerals in the ore. An additional factor 
is that the cavities between the ore pieces are filled with the immersion medium with a linear 
attenuation coefficient close to the average for all ore components taking into account their 
mass fraction.

Diamond is significantly more transparent than any of the other components of the dia-
mond-bearing ore in the photon energy range of 10–50 keV. The IM is used to fill cavities 
between pieces of diamond-bearing ore. Then there is a significant increase in the intensity of 
transmitted X-ray radiation in the diamond cross-section. If the cavities are left unfilled, the 
intensity of the transmitted X-ray radiation in the cross-sections of the cavities increases as if this 
cross-section contained a large diamond. There are a lot of cavities between pieces of ore on the 
multilayer transporter, therefore XRAIT without the IM cannot be used to isolate pieces of ore 
containing diamonds.
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Tab l e  1

Formulas of approximations obtained for mass attenuation coefficients 
of elements by summation of two power functions (see Eq. (2))

Element Approximation formula for μ (E, keV), cm2/g Energy range E, keV
6C 2.781·103·E–3.100 – 8.477·10–4·E0.840 + 0.1930 1.0000 ≤ E < 200.00
8O 6.284·103·E–3.032 – 3.403·10–4·E0.977 + 0.1820 1.0000 ≤ E < 200.00
11Na 1.575·104·E–3.010 – 7.884·10–7·E2.044 + 0.1557 1.0000 ≤ E < 200.00
12Mg 2.130·104·E–3.007 – 6.825·10–6·E1.655 + 0.1640 1.0000 ≤ E < 200.00
13Al 1.955·103·E–2.623 – 10.5560

2.390·104·E–2.961 – 1.880·104·E–4.541 + 0.1430
1.0000 ≤ E < 1.5596
1.5596 ≤ E < 105.00

14Si
1.582·103·E–2.616 – 12.2000

3.190·104·E–2.967 – 3.020·104·E–4.403 + 0.1480
1.0000 ≤ E < 1.8389
1.8389 ≤ E < 110.00

19K
4.272·103·E–2.684 – 2.100·102·E–6.354 – 3.7300
7.720·104·E–2.949 – 1.080·105·E–4.094 + 0.1350

1.0000 ≤ E< 3.6074
3.6074 ≤ E < 125.00

20Ca
5.163·103·E–2.677 – 2.900·102·E–6.183 – 4.3500
8.565·104·E–2.930 – 1.855·105·E–4.367 + 0.1365

1.0000 ≤ E < 4.0381
4.0381 ≤ E < 125.00

25Mn
9.770·103·E–2.716 – 1.680·103·E–4.701 – 1.3000
1.380·105·E–2.902 – 7.830·105·E–4.580 + 0.1185

1.0000 ≤ E < 6.5390
6.5390 ≤ E < 150.00

26Fe
1.113·104·E–2.709 – 2.050·103·E–4.758 – 1.4000
1.555·105·E–2.897 – 10.45·105·E–4.609 + 0.1204

1.0000 ≤ E < 7.1120
7.1120 ≤ E < 150.00

29Cu 1.505·104·E–2.709 – 3.700·103·E–4.741 – 1.0000
1.840·105·E–2.864 – 8.300·106·E–5.350 + 0.1120

1.0961 ≤ E < 8.9789
8.9789 ≤ E < 175.00

30Zn
1.685·104·E–2.710 – 4.600·103·E–4.617 – 0.9000
2.029·105·E–2.859 – 3.600·106·E–4.872 + 0.1100

1.1936 ≤ E < 9.6586
9.6586 ≤ E < 195.00

39Y
3.210·104·E–2.660 – 2.777·104·E–5.381 – 0.9100
3.131·105·E–2.791 – 8.232·107·E–5.558 + 0.0950

2.3725 ≤ E < 17.0384
17.0384 ≤ E < 220.00

42Mo
4.007·104·E–2.665 – 9.713·104·E–5.978 – 0.6500
3.852·105·E–2.792 – 1.489·108·E–5.533 + 0.0970

2.8655 ≤ E < 19.9995
19.9995 ≤ E < 220.00

47Ag
5.557·104·E–2.667 – 5.017·105·E–6.354 – 0.3500
4.413·105·E–2.751 – 1.476·109·E–6.066 + 0.0895

3.8058 ≤ E < 25.5140
25.5140 ≤ E < 280.00

48Cd
5.733·104·E–2.663 – 8.930·105·E–6.629 – 0.3200
4.439·104·E–2.743 – 4.511·108·E–5.663 + 0.0850

4.0180 ≤ E < 26.7112
26.7112 ≤ E < 320.00

53I
8.091·104·E–2.693 – 1.333·106·E–5.932 + 0.0600
5.245·105·E–2.724 – 1.200·109·E–5.790 + 0.0824

5.1881 ≤ E < 33.1694
33.1694 ≤ E < 320.00

55Cs
8.757·104·E–2.684 – 2.230·106·E–6.050 + 0.0260
5.920·105·E–2.732 – 2.150·1010·E–6.447 + 0.0860

5.7143 ≤ E < 35.9846
35.9846 ≤ E < 320.00

56Ba
8.986·104·E–2.679 – 2.253·106·E–5.983 + 0.0210
5.943·105·E–2.725 – 1.631·1010·E–6.368 + 0.0839

5.9888 ≤ E < 37.4406
37.4406 ≤ E < 320.00

64Gd 1.294·105·E–2.669 – 3.501·105·E–6.639 + 0.0800
7.300·105·E–2.689 – 1.330·108·E–4.800 + 0.0818

8.3756 ≤ E < 50.2391
50.2391 ≤ E < 320.00

65Tb
1.341·105·E–2.664 – 4.335·107·E–6.673 + 0.0740
7.520·105·E–2.684 – 2.260·107·E–4.300 + 0.0804

8.7080 ≤ E < 51.9957
51.9957 ≤ E < 320.00

74W
1.959·105·E–2.665 – 2.036·107·E–5.619 + 0.1390
7.715·105·E–2.623 – 3.140·108·E–4.981 + 0.0775

12.0998 ≤ E < 69.5250
69.5250 ≤ E < 400.00

79Au 2.194·105·E–2.642 – 3.200·107·E–5.631 + 0.1290
8.118·105·E–2.600 – 2.784·107·E–4.400 + 0.0795

14.3528 ≤ E < 80.7249
80.7249 ≤ E < 400.00

82Pb
2.385·105·E–2.636 – 3.226·107·E–5.471 + 0.1250

7.526·105·E–2.569 + 0.0770
15.8608 ≤ E < 88.0045
88.0045 ≤ E < 400.00
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In the case when the IM evenly fills all cavities between the ore pieces, X-ray radiation is 
guaranteed to pass through the same thickness of the component mixture: ore, diamond and IM. 
The characteristic differentiating the diamond from gangue is the transmitted X-ray radiation 
exceeding the threshold determined by fluctuations in the X-ray background associated with 
inhomogeneous composition of the ore.

The patent [5] proposes a method for dual-energy X-ray projection separation of mineral raw 
materials based on reducing the attenuation coefficient compared to the host rock at low X-ray 
radiation energy (values of 20–230 keV are given) and (conversely) increasing this coefficient at 
a high energy level (250–700 keV).

a) b)

Fig. 2. Dependences of half-value layer for components of diamond-bearing ore 
on X-ray photon energies in range of 10–100 keV (a) and 100–1000 keV (b)

Curve numbers correspond to those in Table 2

Tab l e  2

Key characteristics of natural minerals of diamond-bearing ore

Number Mineral Chemical formula Density, kg/m3

1 Serpentine Mg6Si4O18H8 2.52

2 Quartz SiO2 2.60

3 Diamond C 3.51

4 Calcite CaCO3 2.65

5 Pyrope Mg3Al2Si3O12 3.55

6 Kyanite Al2O8Si 3.58
7 Diopside CaMgSiO2 3.28
8 Biotite KMg3Fe3AlO12H2F2 3.00

9 Ilmenite FeTiO3 4.73

10 Pyrite FeS2 4.95

11 Magnetite Fe3O4 5.00

12 Zircon SrSiO4 4.66

13 Scheelite CaWO4 5.90
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Notably, such ore components as serpentine, quartz, calcite, and biotite attenuate primary 
radiation to a smaller extent than diamond in the energy range of 250–700 keV (see Fig. 2,b). 
Therefore, these minerals fit the differentiation criterion proposed in the patent [5]. However, 
minerals such as diopside, pyrope, and kyanite are practically indistinguishable from diamonds in 
terms of attenuation of penetrating radiation. As for minerals such as ilmenite, pyrite, magnetite, 
zircon and scheelite, they have significantly lower transparency compared to diamond the same 
as in range of 10–50 keV. This means that these minerals do not fit the differentiation criterion 
proposed in the patent [5]. As a result, the method proposed by in the patent [5] is not always 
applicable for separating diamond from its ore.

Experimental results obtained with  
X-ray absorption immersion separator

The proposed technology is based on X-ray absorption immersion separators. We fabricated a 
prototype separator, using to detect rough diamonds in pieces of kimberlite. The separator con-
sists of the following parts:

X-ray tube with control unit and cooling system for tungsten anode with running water;
vibratory feeder supplying ore;
feeder supplying immersion medium;
separation device;
receiving and converting device.
The X-ray radiation transmitted through the ore in IM is converted into electrical signal in 

the receiving and converting device, which includes a position-sensitive scintillation detector 
based on gadolinium oxysulfide Gd

2
O

2
S(Tb) (0.3 mm thick), 256 photodiode-based integrated 

photodetectors and operational amplifiers with capacitive feedback and control unit for detection 
of penetrating X-ray radiation, information processing and control of separator actuators. The 
Gd

2
O

2
S(Tb) scintillator converts transmitted X-rays into green light (visible range), which is then 

transmitted to photodiodes. The electric charge from the photodiodes, proportional to the trans-
mitted X-ray radiation, is supplied to the operational amplifier integrators. The control unit allows 
to visualize the intensity of the transmitted X-ray radiation in the cross-section of the transporter 
as graphs on a computer screen.

The IM can be liquid: both in the form of suspensions and aqueous solutions of salts. The 
experimental studies conducted confirmed the possibility of using suspensions of barium sul-
fate (BaSO

4
) and ferrosilicon (FeSi). Testing of many aqueous solutions made it possible to 

isolate potassium iodide (KI), lead acetic acid (Pb(CH
3
COO)

2
∙3H

2
O) and sodium tungstate 

(Na
2
WO

4
∙2H

2
O) for practical use. To achieve the required linear attenuation coefficient of the 

IM, it is necessary to select the appropriate concentration. Importantly, the required mass density 
of immersion suspensions and solutions turned out to be lower than the density of liquid media 
in gravity technology.

However, the following problem arose: when ore pieces and liquid IM were mixed, air bubbles 
were formed that were even more transparent to X-rays than diamonds; as a result, the bubbles 
were mistakenly detected as large diamonds. Despite attempts to remove the bubbles by flushing, 
it was not possible to obtain an effective solution to this problem.

The immersion medium in the form of bulk powder yielded much better results. In this case, 
uniform thickness of the bulk material layer had to be achieved, but this task was easily solved 
using a scraper mounted above the transporter. Experiments were conducted for milled ferrosili-
con, iron oxide, separately for iron and aluminum powders, aluminum alloy powders with tin and 
copper, with zinc, with nickel and quartz sand.

Metal alloy powders are used in powder metallurgy, so they are more affordable, as they are 
produced industrially. In terms of X-ray absorption and consumer properties, aluminum alloy 
powder with zinc (94% Al + 6% Zn) with a fraction of 100–200 µm has proved to be the best 
option. This material has a number of advantages: it is completely non-hazardous, it has good 
flowability, it is dust-free, it separates perfectly from pieces of diamond-bearing ore, dries and 
does not clump. Due to these properties, it is comparatively easy to return the material to the 
circulation cycle of the immersion medium at mining facilities. The powder made it possible to 
completely solve the problem of air bubbles on the transporter.
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Detection of rough diamonds using the pro-
posed XRAIT was carried out on with an experi-
mental prototype separator. The obtained results 
are presented in Fig. 3, showing the intensity 
distribution of the transmitted X-ray radiation 
through ore pieces in the cross section of the 
transporter at a 30 kV anode voltage of the X-ray 
tube and a layer thickness of 26 mm. The IM 
was an aluminum alloy powder with zinc (94% 
Al + 6% Zn), fraction of 100–200 µm, bulk den-
sity of 1.46 g/cm3.

The response amplitude of the 4 mm diamond 
was twice as high as the average level of the trans-
mitted X-ray radiation. The ratio of useful sig-
nal depending on the presence of diamond to the 
fluctuation level associated with the inhomoge-
neity of fractions in kimberlite pieces exceeded 
a fivefold value. As a result, the probability of 
detecting diamond in a piece of diamond-bearing 
ore was 99%.

Conclusion
Studies of the physical foundations of X-ray absorption immersion technology provided 

insights into the propagation of X-rays in diamond-bearing ore containing many different 
minerals: serpentine, quartz, calcite, pyrope, kyanite, diopside, biotite, ilmenite, zircon and 
scheelite. We found and justified a convenient range of X–ray photon energies, 10–50 keV, 
where diamond is more transparent to penetrating X-rays compared with other natural miner-
als of diamond-bearing ore. It was established that serpentine is the closest in transparency to 
diamond in this range.

To mathematically describe the physical phenomenon of attenuation of penetrating X-ray 
radiation through objects, we constructed a model with an approximation of the mass attenuation 
coefficients by the sum of two power functions containing a set of key parameters. The proposed 
approximations give a relative error of 1–2% in the energy range of 1–400 keV and are suitable 
for calculating the energy dependences of penetrating X-ray radiation.

Based on the detected patterns of X-ray attenuation, we proposed an X-ray absorption 
immersion technology for extracting natural diamonds, which involves filling cavities between 
pieces of kimberlite with an immersion medium with a linear attenuation coefficient equal to 
the average for all ore components, taking into account their mass fractions. We established 
the advantages of using an immersion medium in the form of a bulk material (aluminum alloy 
powder with zinc) over liquid immersion media where the influence of air bubbles has to 
be eliminated.

The proposed X-ray absorption immersion method was validated with a prototype separator we 
developed and fabricated, used for experiments to detect rough diamonds in pieces of kimberlite. 
The experiments revealed that the response amplitude of a 4 mm diamond is twice as high as the 
average level of the transmitted X-ray radiation. Such an important indicator as the ratio of useful 
signal corresponding to the presence of diamond to the level of fluctuations associated with the 
inhomogeneity of fractions in the composition of kimberlite pieces was found to exceed a fivefold 
value. As a result, the presence of diamond in a piece of diamond-bearing ore is determined with 
a high probability of 99%.

The proposed X-ray absorption immersion technology for extracting natural diamonds offers 
significant advantages:

possibility of extracting rough diamonds,
reduced amount of chipping during ore disintegration,
possibility of extracting weakly fluorescent diamonds,
low environmental damage.

Fig. 3. Distribution of X-ray radiation intensity 
transmitted through ore with 4 mm diamond 
placed in immersion medium (Al +Zn alloy 

powder) along transporter cross-section
Photodiode numbers of the position-sensitive 

scintillation detector are plotted along the ordinate
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Naturally, such advantageous technology will require additional equipment at mining facil-
ities to mix the immersion medium (dry powder) with disintegrated diamond-bearing ore and 
ensure a closed cycle reusing the immersion medium. The workflow of the facilities will also 
require restructuring.

However, such costs are undoubtedly justified and will pay off quickly: even saving only one 
100-carat diamond from chipping generates revenue of up to tens of millions of dollars.

Adjusting the technical parameters of X-ray absorption immersion separators will make it pos-
sible to achieve diamond extraction in poor and remote deposits, and even mining of tailings in 
existing deposits with high economic efficiency.
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Аннотация. Данное исследование продолжает цикл статей, посвященных 
особенностям функционирования ионно-оптических устройств с периодическим 
электрическим питанием и постоянным однородным магнитным полем, применяемых в 
масс-спектрометрии. В статье показано, как диаграмма устойчивости комбинированной 
ионной ловушки меняет свою структуру при отклонении конфигурации ловушки от 
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поля и направлением магнитной индукции, а также влияние нарушения осевой 
симметрии электрического поля на картину зон устойчивости. Полученные результаты 
целесообразно использовать как для оценки влияния дефектов изготовления либо 
юстировки на работу классической комбинированной ловушки, так и для проектирования 
новых неклассических ионных ловушек.
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Introduction

A combined ion trap is commonly understood as a Penning trap with oscillating voltages sup-
plied to its electrodes. This trap is actually a combination of Penning and Paul traps [1, 2]. The 
combined ion trap, although it has the disadvantages of each of its components, has a number of 
advantages, in particular, an increased stability zone.

It is convenient to construct the stability zones of ions in a combined trap in a rotating coor-
dinate system, which makes it possible to separate the variables and obtain a pair of independent 
Hill equations [3] (in the particular case, the Mathieu equations). The stability zone of the sys-
tem is constructed in this case as the intersection region of the stability zones of the obtained 
Hill equations.
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However, this technique is effective only for systems with axial symmetry. A number of config-
urations of the combined trap are not intended for an axisymmetric system but preserve linearity 
of the equations of ion motion. The latter makes it possible to study the nature of ion motion 
using the analytical tools of Floquet theory [4, 5]. We already adopted an approach based on this 
theory in our previous studies [6−8]. It allows to directly establish the conditions for stability of 
ion motion, facilitating the study of the system and allowing to draw conclusions about its possible 
operating modes.

This paper confirms that Floquet theory can be used to analyze ion traps based on non-ax-
isymmetric hyperbolic electric fields with oscillating voltage immersed in a uniform magnetic field 
of arbitrary direction.

Stability of dimensionless trap model

For simplicity, we introduce dimensionless units of measurement [16], assuming that the 
dimensional coordinates R = (X, Y, Z) and time t are related as follows to the corresponding 
dimensionless coordinates r = (x, y, z) and time τ:

R = ℓr, t = Tτ, (1)

where ℓ, T are linear and time scales chosen from physical considerations.
The motion of a particle with charge e and mass m in a trap occurs in a constant uniform 

magnetic field with the strength B
0
 and the direction set by the polar and azimuthal angles (θ, φ) 

relative to the coordinate system associated with the geometry of the electric quadrupole:

B = B0 (sinθ·cosφ, sinθ·sinφ, cosθ) (2)

and in an electric field (with oscillating voltage) quadratic with respect to the coordinates:

2 2 2

0 1 2

0,

( ( )) ,

( ( )) ( ),

X Y Z
U U U f t

f t f t

α +β + γ
= − ω

ω
β
+ σ = ω

α + + γ =


(3)

where U
0
, U

1
 are the amplitudes of the DC and AC components of the supply voltage; ω is the 

angular frequency of the latter, σ is its period; α, β, γ are the parameters defining the geometry 
of the field.

The dimensionless equations of motion in these fields form a system

2 ( 2 (2 )) ,
2 ( 2 (2 )) ,
2 ( 2 (2 )) ,

z y

x z

y x

x a q f x yb zb

y a q f y zb xb

z a q f z xb yb

= − α − ⋅ τ + −

= − β − ⋅ τ + −
= − γ − ⋅ τ + −

  
 

 
(4)

where the components of the dimensionless magnetic field are determined by the equality

(sin cos ,sin sin ,cos ) ( , , ),x y zb b b b= θ ϕ θ ϕ θ =b (5)

and the coefficients a, q, b for the given time scale T = 2/ω are determined by the relations

0 1 0
2 2 2 2

4 2 2,  ,  .eU eU eB
a q b

m m m
= = =
ω ω ω 

(6)

The dots above the variables in Eqs. (4) denote differentiation with respect to dimensionless 
time τ.
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In the general case, system (4) has six independent parameters that affect stability:
traditional ones, a and q;
new ones, b, θ, φ, related to the strength and direction of the magnetic field;
two parameters of the geometry of the electric field, for example, α, β (taking into account the 

last equation in system (3)).
Evidently, the multidimensional region can only be visualized by sections whose dimensions do 

not exceed 3. Here we confine ourselves to traditional two-dimensional diagrams.
For a dimensionless magnetic field b = b (0, 0, 1) directed along the symmetry axis of the 

electric field, the form of equations (4) is simplified:

2 ( 2 (2 )) ,
2 ( 2 (2 )) ,

2 ( 2 (2 )) ( 2 (2 )) ,z z

x a q f x by

y a q f y bx

z a q f z a q f z

= α − ⋅ τ +
= β − ⋅ τ −

= − γ − ⋅ τ = − − ⋅ τ

 
 


(7)

The electric field with axial symmetry corresponds to a set of parameters

(α, β, γ) = (–1/4, –1/4, 1/2).
The diagrams for the stability zones below are given in the coordinates (q, a) = (q

z
, a

z
).

The stability of ion motion in the axisymmetric hyperbolic electric field and the longitudinal 
magnetic field is studied in a coordinate system rotating around the z axis. Recall that if we intro-
duce a complex variable ξ = x + iy for α = β = –1/4, then we obtain the following equation from 
the first two equations in system (7):

1 ( 2 (2 )) .
2

a q f ibξ = − ⋅ τ ξ − ξ  (8)

Next, moving on to the rotating coordinate system η = x* +iy*, using the transformation

ξ = η·exp(–ibτ/2),
Eq. (6) is converted to the following form:

21 ( 2 (2 )) 0.
2 2

b
a q fη− − − ⋅ τ η = (9)

Thus, we obtain the Hill equation shifted with respect to the parameter a. Then the stability of 
the system including the third equation of system (7) and Eqs. (8), (9) can be easily analyzed by 
the traditional method of superposition of stability zones of the Hill equation [1, 2].

Case I. Consider the case where the electric field is axisymmetric, namely, 
(α, β, γ) = (-1/4, -1/4, 1/2), and the magnetic field is directed at an angle θ to the z axis, i.e., 
there is misalignment between the magnetic field and the symmetry axis of the electric field. 
There is no dependence on the azimuthal angle, the strength of the dimensionless magnetic field 
is b = b (sinθ, 0, cos θ). Then system (4) takes the following form:

2 ( 2 (2 )) cos ,
2 ( 2 (2 )) ( sin cos ),

2 ( 2 (2 )) sin .

x a q f x by

y a q f y b z x

z a q f z by

= − α − ⋅ τ + θ
= − β − ⋅ τ + θ − θ

= − γ − ⋅ τ − θ

 
 


(10)

In turn, system (10) cannot be reduced to a set of Hill equations, but it remains linear with 
periodic coefficients and therefore is subject to analysis by the technique proposed in [6].

Let us rewrite Eq. (23) as follows:

ẋ = A(τ)x, A(τ + A) = A(τ), (11)

where
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1 2 3 4 5 6(      ) (      )T Tx x x x x x x x y y z z= =x    (12)

(the superscript T denotes transposition);

0 1 0 0 0 0

2 ( 2 (2 )) 0 0 0
0 0 0 1 0 0

( ) .
0 2 ( 2 (2 )) 0 0
0 0 0 0 0 1

0 0 2 ( 2 (2 )) 0

z y

z x
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a q f b b

b a q f b

b b a q f

 
 − α − ⋅ τ − 
 

τ =  − − β − ⋅ τ 
 
  − − γ − ⋅ τ 

A (13)

In accordance with Floquet theory [4, 5], the stability of solutions (13) is assessed through 
analysis of the monodromy matrix eigenvalues of system (11). The procedure for constructing 
stability diagrams of system (11)−(13) is described in sufficient detail in [6]; let us briefly recall its 
key points: the fundamental matrix of solutions X(τ), X(0) = E is constructed. Next, the spectrum 
of the monodromy matrix X(A) is analyzed. The spectral radius equal to unity corresponds to the 
values of the parameters representing stable motion.

Fig. 1 illustrates the evolution in the configuration of the first stability zone for f(τ) = cosτ at 
b = 1 with varying parameter θ.

Fig. 1. Stability zones (hatched by horizontal lines) for different values 
of misalignment angle θ between the symmetry axis of the electric field 

and the direction of the magnetic field; b = 1; f(τ) = cosτ (Case I)
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Fig. 2. Stability zones (hatched by horizontal lines) for different values 
of the electric field asymmetry parameter ε; b = 1, f(τ) = cosτ (Case II)

Fig. 3. Diagram (q, a) (lower part of figure) and dependence of L(q) (upper part):
the former shows the configuration of stability regions in coordinates (q, a), 

the second shows the change in the spectral radius of the monodromy matrix L 

from identity to non-identity and vice versa at the boundaries of stability regions 

with the parameter q varying along the line a = 0.02 (horizontal dashed line)
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Case II. Consider a situation where the axial symmetry of the electric field is broken. We intro-
duce the parameter ε, lying in the range 0 < ε < min(α,β), and analyze the case of an electric field 
with geometric parameters (α, β, γ) = (-1/4 – ε,-1/4 + ε,1/2). The condition that the sum of the 
parameters be equal to zero is satisfied, we have a field with equipotentials that are hyperboloids 
of revolution for ε = 0, a harmonic non-axisymmetric field for ε ≠ 0. The system of equations of 
motion is the same: (11)−(13). Although all components (5) of the magnetic field strength b are 
important in this case, for ease of visualization, we focus on the option b = b (0, 0, 1). The result 
presented below is obtained by performing the above sequence of steps. Fig. 2 shows a change 
in the configuration of the first stability zone of the combined trap for f(τ) = cosτ at b = 1 with 
varying ε.

Note that the diagrams (Figs. 1, 2) were obtained by a technique refining the boundary points 
as transition points to/from non-identity of the spectral radius of the monodromy matrix, previ-
ously used for a simpler system [7, 8]. This approach is illustrated in Fig. 3, where the upper part 
shows the dependence of the spectral radius of the monodromy matrix L on the parameter q of 
Eqs. (10) with the parameter a = 0.02 (option b = 1, ε = 0.05); the lower part of the figure shows 
the correspondence of q values for the variation in the spectral radius to the boundaries of the 
stability regions of system (10).

Conclusion

The misalignment of the electric and magnetic fields, as well as the non-axisymmetry of the 
electric field, significantly affect the structure of the stability diagram of a traditional (axisym-
metric) combined ion trap and lead to a change in this diagram. The latter is divided into 
fragments, defining the behavior of the system in a new way depending on the values of the 
non-ideality factors.

The results and methodology obtained can be used both to assess the influence of manufac-
turing and alignment defects on the operation of a traditional ion trap and to design new traps 
without axial symmetry.
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Abstract. In this work, the morphological features of polycrystalline films of hybrid 
perovskites MA

x
MEA

1−x
PbI

3
 formed by a single-stage centrifugation method from DMF and 

DMSO solutions (4:1) have been investigated. The results of the studies showed that an increase 
in the proportion of monoethanolammonium in MA

x
MEA

1−x
PbI

3
 led not only to a change in 

the absorption spectra and an increase in the interplanar distances of the crystal lattice, but 
also to a significant change in the morphology of the films from elongated split crystallites to a 
uniform coating of nanocrystallites. An increase in the proportion of monoethanolammonium 
iodide in the solution also improved the wettability of solutions and the continuity of the 
coating of substrates with hybrid perovskite MA

x
MEA

1−x
PbI

3
 without additional surface 

activation processes. The increased band gap of MA
x
MEA

1−x
PbI

3
 compared to MAPbI

3
 makes 

these hybrid perovskites attractive for use in tandem solar cells.
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Аннотация. В работе были исследованы морфологические особенности 
поликристаллических пленок гибридных перовскитов MA

x
MEA

1−x
PbI

3
, сформированных 

одностадийным методом центрифугирования из растворов ДМФ и ДМСО (4:1). 
Результаты исследований показали, что увеличение доли моноэтаноламмония в 
MA

x
MEA

1−x
PbI

3 
приводит не только к изменению спектров поглощения и увеличению 

межплоскостных расстояний кристаллической решетки, но также к существенному 
изменению морфологии пленок от вытянутых расщепленных кристаллитов до однородного 
покрытия из нанокристаллитов. Увеличение доли моноэтаноламмония йодида в растворе 
также обеспечивает улучшение смачиваемости растворов и сплошность покрытия 
подложек гибридным перовскитом MA

x
MEA

1−x
PbI

3
 без дополнительных процессов 

активации их поверхности. Увеличенная ширина запрещенной зоны MA
x
MEA

1−x
PbI

3
, 

по сравнению с MAPbI
3
, делает эти гибридные перовскиты привлекательными для 

использования в тандемных солнечных элементах.

Ключевые слова: гибридные перовскиты, поликристаллическая пленка, солнечный 
элемент, расщепленный кристаллит, морфология, кристаллизация
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Introduction
Materials based on hybrid perovskites are of great interest for applications in photovoltaics 

and photodetectors, due to their direct-bandgap structure, tunable band gap, high absorp-
tion coefficient, high mobility and long mean free path [1, 2]. In addition, hybrid perovskites 
are promising for creating X-ray detectors, optically-controlled memristors and light-emitting 
devices [3–5].
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A wide range of polycrystalline APbX
3
-based films is used to create photovoltaic structures, 

typically with varying proportions of formamidinium (FA+, CH(NH
2
)
2
+) and methylammonium 

(MA+, CH
3
NH

3
+) cations and I–, Br–, Cl– anions, as well as by introducing inorganic cations or 

partial substitution of lead [6–9]. A wide range of hybrid perovskite compositions is also used to 
fabricate tandem solar cells [10, 11], which is particularly attractive for further development of 
heterostructure silicon solar cells, where hybrid perovskites with a wider band gap are used. Using 
complex compositions of hybrid perovskites is aimed at improving stability while ensuring optimal 
band gap and efficiency for the solar cell [12].

A transition is currently underway from nanotechnology to nanoarchitectonics, providing a synergis-
tic effect from the contact of two nanomaterials [13]. To improve the stability of perovskite photovoltaic 
structures, molecular etching and growth of films from 3D/2D perovskites are widely used [14–17]. 
Long-chain amines are commonly used for this purpose, whose –NH

2
 terminal groups interact with 

uncoordinated lead ions and passivate defects on the periphery of grains, or, like some short-chain 
amines, can serve as organic binders between inorganic octahedral frameworks in quasi-2D perovskites 
[15]. However, some short-chain amines, along with formamidinium and methylammonium cations, 
can integrate into the crystal lattice of hybrid perovskite with a change in the band gap [18].

The goal of this paper is to identify the effect of the proportion of monoethanolammonium in 
MA

x
MEA

1−x
PbI

3
 hybrid perovskite on the crystallization, optical properties, and morphology of 

polycrystalline films produced by single-stage synthesis from solution.

Experimental

Preparation of solutions. A solution of MA
x
MEA

1−x
PbI

3
 hybrid perovskite was obtained by mix-

ing a solution of monoethanolammonium iodide HOCH
2
CH

2
NH

3
I (with the concentration of 

0.645 mol/l) and lead iodide PbI
2
 (with the same concentration, i.e., 0.645 mol/l) with a solution 

of hybrid perovskite MAPbI
3
 of equimolar concentration with 1 : 3, 1 : 1 and 3 : 1 volume ratios 

for varying proportions of the monoethanolammonium cation HOCH
2
CH

2
NH

3
+ (MEA) in the 

range from 0.25 to 0.75, respectively.
A solution of dimethylformamide (DMFA) with dimethyl sulfoxide (DMSO) with a volume 

ratio of 4:1 was used as a solvent. DMSO increases the solubility limit of lead iodide [19]. The 
ratio of DMFA and DMSO was also chosen because the precipitator can be subsequently used 
successfully for one-step spin-coating [19, 20].

To obtain polycrystalline layers of MA
x
MEA

1−x
PbI

3
, solutions with a mass concentration of about 

400 mg/ml were deposited on glass substrates by spin-coating followed by heating on a laboratory 
hot plate at 110 °C for 10 minutes. The spin-coating rate was 3000 rpm (for 30 s) with spin-up at 
1000 rpm (10 s). Before applying the perovskite films, the glass substrates were thoroughly washed 
in soap solution, distilled water, acetone and isopropyl alcohol using an ultrasonic bath (10 minutes 
each). To confirm the formation of the crystalline structure of hybrid perovskites, samples were 
deposited on glass substrates by drop-casting followed by annealing at 110 °C to obtain thick layers.

Methods. To study the contact angle of MA
x
MEA

1−x
PbI

3
 solutions in DMFA and DMSO, 

solutions with a volume of about 5 µl were applied to clean glass substrates and then monitored 
using an optical microscope.

The morphology of MA
x
MEA

1−x
PbI

3
 polycrystalline layers was studied using optical micros-

copy (POLAM-312 polarization microscope) and atomic force microscopy (Ntegra Therma sys-
tem from NT-MDT).

Optical absorption spectra were measured using a PE-5400UF spectrophotometer. X-ray 
images were obtained using a Bruker D2 PHASER diffractometer (Bruker, USA) with a scan 
speed of 1 deg/min with a CuKα X-ray source.

Results and discussion

Results of X-ray diffraction (XRD) analysis for MAPbI
3
 and MA

0.75
MEA

0.25
PbI

3
, 

MA
0.5

MEA
0.5

PbI
3
, MA

0.25
MEA

0.75
PbI

3
 solid solutions (Fig. 1) with intense peaks that were 

attributed to the (110), (220), (310), (224), (330) planes, and minor peaks of the (200), (202), and 
(312) planes confirmed the tetragonal structure of perovskite [21]. Furthermore, with an increase 
in the proportion of monoethanolammonium in the composition of hybrid perovskites, a shift of 
peaks towards a decrease in the 2Θ angle is observed in the XRD patterns, indicating an increase 
in the interplanar distances of the crystal lattice.
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An increase in the proportion of monoethanolammonium in the composition of MA
x
MEA

1−

x
PbI

3
 hybrid perovskites also leads to a change in the optical absorption spectra of the films. As 

follows from the spectra in Fig. 2, an increase in the proportion of monoethanolammonium in 
the composition leads to a shift in its absorption edge to the short-wavelength region, i.e., an 
increase in the band gap.

Results obtained by XRD analysis and spectrophotometry indicate the incorporation of mon-
oethanolammonium cations into the crystal lattice, which leads to an increase in the interplanar 
distances in the crystal lattice, an increase in the optical band gap, and a change in absorp-
tion spectra with an increase in the proportion of monoethanolammonium in MA

x
MEA

1−x
PbI

3
 

solid solutions. The possibility of increasing the band gap with an increase in the proportion 
of monoethanolammonium makes MA

x
MEA

1−x
PbI

3
 solid solutions attractive for use in tandem 

solar cells.

Fig. 1. XRD patterns of obtained materials: MAPbI
3
 thick films and 

MA
0.75

MEA
0.25

PbI
3
, MA

0.5
MEA

0.5
PbI

3
, MA

0.25
MEA

0.75
PbI

3
 solid solutions

Fig. 2. Normalized optical absorption spectra of MAPbI
3
 perovskite films 

and MA
0.75

MEA
0.25

PbI
3
, MA

0.5
MEA

0.5
PbI

3
, MA

0.25
MEA

0.75
PbI

3
 solid solutions
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The measurement results for contact angles of MAPbI
3
, MA

0.75
MEA

0.25
PbI

3
, MA

0.5
MEA

0.5
PbI

3
, 

MA
0.25

MEA
0.75

PbI
3
 compounds in DMFA and DMSO solutions on the surface of glass substrates 

are shown in Fig. 3.
According to the data in Fig. 3, the MAPbI

3
 solution shows the largest contact angle, and the 

1 : 3 ratio of the MEAI and MAI components in the solution leads to a significant decrease in this 
angle from about 20° to 12°. Therefore, this ratio makes it possible to improve wettability without 
introducing significant distortions into the perovskite crystal lattice. A further increase in the pro-
portion of MEAI relative to MAI to a 3 : 1 ratio ensures a further decrease in the contact angle 
(to about 7.4°). Better wettability of the substrate surface with the solution typically contributes to 
more uniform coating of the substrate, at both macro and microscales.

The results of optical microscopy studies of MA
x
MEA

1−x
PbI

3
 perovskite films are shown in 

Fig. 4. Evidently, elongated split crystallites with a characteristic size of about 25 µm are predom-
inantly formed under these conditions for MAPbI

3
 film synthesized from solution in DMFA and 

DMSO (see Fig. 4,a). Crystallization of MA
0.75

MEA
0.25

PbI
3
 films leads to the formation of larger 

elongated split crystallites with characteristic sizes of 0.1−0.2 mm (see Fig. 4,b). Such elongated 
crystallites may be promising for applications in planar structures, for example, photodetectors or 
X-ray detectors [22], since they likely contain fewer grain boundaries in the lateral direction than 
polycrystalline films with characteristic crystallite sizes in fractions of micrometers. However, 
such a crystallization process can be critical for vertical structures, since it can be accompanied 
by discontinuities in the coating of the substrate surface, uneven thickness and microcavities 
forming under split crystallites, which can lead to efficiency loss of the device or shunting of the 
perovskite layer.

As shown in [23], the formation of large elongated crystallites in hybrid perovskites may 
be associated with homogeneous nucleation in the near-surface region of the thin film of the 
solution. Evaporation of the solvent leads to an increase in the solute concentration in the 
near-surface region, and a lower temperature at the surface of the solution layer reduces the 
solubility of perovskite, providing supersaturation and homogeneous nucleation. A small con-
centration of nuclei in the near-surface layer and a long evaporation process lead to the forma-
tion of large elongated crystallites. Another nucleation region to be considered is the interface 
on the substrate surface, since the energy barrier for heterogeneous nucleation is lower than for 
homogeneous nucleation.

c) d)

a) b)

Fig. 3. Measurements of contact angle in hybrid perovskite solutions 
in DMFA with DMSO from photographs: MAPbI

3 
(а), MA

0.75
MEA

0.25
PbI

3 
(b), 

MA
0.5

MEA
0.5

PbI
3 
(c), MA

0.25
MEA

0.75
PbI

3
 (d)
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Analysis of AFM images of the MAPbI
3
 coating (Fig. 5) shows the presence of small crystal-

lites on the surface of the substrate.
For example, the observed small dark regions between large elongated crystallites in Fig. 

5,b are crystallites formed under heterogeneous nucleation. It can be seen from Fig. 5, c and d 
that the size of these crystallites is tens and hundreds of nanometers. An increase in the solute 
concentration in the near-surface region during drying of the solution also leads to solute diffu-
sion towards the substrate surface, while growth processes with homogeneous and heterogeneous 
nucleation are competing and are often observed simultaneously [23–25].

Figs. 4,a and 5 also show that the MAPbI
3
 film layer contains uncoated regions of the substrate 

and, in general, a smaller volume of material on the substrate, while the MA
0.75

MEA
0.25

PbI
3
 film 

completely covers the substrate even at the macroscale, and the elongated structures are much 
larger (see Fig. 4,b). This is probably due to poor wettability of the substrate surface with MAPbI

3
 

solution, which can lead to greater separation of solution droplets during spin-coating and a 
decrease in the volume of solution on the substrate [26]. Moreover, the lower wettability of the 
substrate with the solution can lead to nonuniform coating of the substrate with the formation of 
individual microdroplets during drying. On the other hand, a dramatic improvement in wettabil-
ity of MA

0.75
MEA

0.25
PbI

3
 solution with an almost twofold decrease in the contact angle by (from 

20° to 12°) probably leads to an increase in the volume of the solution on the substrate during 
spin-coating. Nevertheless, the difference in the sizes of elongated crystallites may be related not 
only to the available volume of the solution, but also to a different crystallization kinetics of the 
MA

0.75
MEA

0.25
PbI

3
 film.

As follows from the optical microscopy data for MA
0.5

MEA
0.5

PbI
3
 and MA

0.25
MEA

0.75
PbI

3
 films 

(see Fig. 4, c, d), a further decrease in the contact angle is correlated with the coating qual-
ity of the substrates with continuous and homogeneous polycrystalline layers. In this case, the 

c) d)

a) b)

Fig. 4. Micrographs of MA
x
MEA

1–x
PbI

3
 solid solutions obtained by one-step spin-coating 

from DMFA and DMSO solutions (1:4) on glass substrates: MAPbI
3 
(а), 

MA
0.75

MEA
0.25

PbI
3 
(b), MA

0.5
MEA

0.5
PbI

3 
(c), MA

0.25
MEA

0.75
PbI

3
 (d)
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crystallization kinetics of the layer clearly changes dramatically when heterogeneous nucleation 
prevails, and the formation of elongated crystallites is not observed.

The contact angle for the MA
0.25

MEA
0.75

PbI
3
 solution is also smaller than for the 

MA
0.5

MEA
0.5

PbI
3
 solution. Optical microscopy studies revealed no grain boundaries or roughness 

for the MA
0.25

MEA
0.75

PbI
3
 layer. As seen from the AFM images (Fig. 6, a, b), the MA

0.5
MEA

0.5
PbI

3
 

polycrystalline film demonstrates a hierarchical structure where larger grains with the approximate 
sizes of 0.5–1.0 µm consist of nanocrystallites with the characteristic sizes of about 50 nm. The 
film with a higher proportion of monoethanolammonium (MA

0.25
MEA

0.75
PbI

3
) is a homogeneous 

coating of nanocrystallites about 50 nm in size, without forming larger grains (Fig. 6, c, d).
It was found in [27] that an increase in the wettability of the substrate surface with the solution 

(a decrease in the contact angle) leads to an increase in the grain concentration of the polycrys-
talline hybrid perovskite film. However, the change in the morphology of the films in our work 
cannot be explained solely by the change in the wettability of the surface with the solution, since 
the obtained MA

0.5
MEA

0.5
PbI

3
 and MA

0.25
MEA

0.75
PbI

3
 films consist of nanocrystallites of similar 

sizes at the nanoscale. The concentration of monoethanolammonium obviously affects the align-
ment of nanocrystallites in the film. This phenomenon may be related to the incorporation of 
monoethanolammonium not only into the crystal lattice, but also in the region at the boundaries 
of nanocrystallites, acting as ligand molecules limiting grain growth.

Thus, we assume that the change in the morphology of MA
x
MEA

1−x
PbI

3
 films is due to both 

a change in the contact angle of the solutions (and, probably, the solvent evaporation and super-
saturation rates) and to mutual alignment of the nanocrystallites of the film depending on the 
concentration of monoethanolammonium at the boundaries of the nanocrystallites. Thus, con-
tinuous coating of the substrate with elongated split crystallites ensures a significant change in 
the contact angle relative to the MAPbI

3
 solution for the MA

0.75
MEA

0.25
bI

3
 film, in contrast to 

c) d)

a) b)

Fig. 5. AFM images of MAPbI
3
 film: its topology (a, b) and phase contrast (c, d)



St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 2

76

discontinuous coating for the MAPbI
3
 solution. However, the absence of elongated crystallites in 

MA
0.5

MEA
0.5

PbI
3
 and MA

0.25
MEA

0.75
PbI

3
 films may be due not only to violation of the conditions 

for homogeneous nucleation and growth of elongated crystallites due to a decrease in the contact 
angle, evaporation rate, and predominance of the heterogeneous nucleation mechanism, but also 
to a restriction of crystallite intergrowth during the incorporation of monoethanolammonium 
molecules at the boundaries of nanocrystallites. Nevertheless, good wettability of the substrates 
with MA

0.5
MEA

0.5
PbI

3
 and MA

0.25
MEA

0.75
PbI

3
 solutions obviously ensures good uniformity and 

continuity of the films without additional activation of the substrate surface.
 A change in the optical absorption spectra with an increase in the band gap and a shift in 

XRD peaks clearly indicates the incorporation of monoethanolammonium cations into the crystal 
lattice in the entire range of compositions studied. Therefore, we assume that monoethanolam-
monium molecules are incorporated simultaneously both in the crystal lattice, forming a solid 
solution, and at the boundary of nanocrystallites. Notably, the MEAPbI

3
 film did not exhibit a 

crystalline phase of perovskite according XRD analysis. This indicates that the incorporation of 
monoethanolammonium into the crystal lattice is energetically unfavorable and indirectly con-
firms our assumption about the possible incorporation of monoethanolammonium at the bound-
aries of MA

0.25
MEA

0.75
PbI

3
nanocrystallites as well.

Conclusion

We considered the morphological features of polycrystalline films of hybrid perovskites 
MA

x
MEA

1−x
PbI

3
, prepared by one-step spin-coating from DMF and DMSO (4:1) solutions.

The experiments indicate that an increase in the proportion of monoethanolammonium in 
MA

x
MEA

1−x
PbI

3
 leads not only to a change in the absorption spectra with an increase in the band 

gap and interplanar distances of the crystal lattice, but also to a significant change in the mor-
phology of the films, as well as to an improvement in wettability of MA

x
MEA

1−x
PbI

3
 solutions. 

A decrease in the contact angle of MA
x
MEA

1−x
PbI

3
 solutions with an increase in the proportion 

of MEA ensures the continuity of the substrate coating without additional surface activation.

c) d)

a) b)

Fig. 6. AFM images of MA
0.5

MEA
0.5

PbI
3
 (a, b) and MA

0.25
MEA

0.75
PbI

3 
(c, d) films, 

showing their topology (a, c) and phase contrast (b, d)
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Importantly, the increased band gap of MA
x
MEA

1−x
PbI

3
 films, compared with MAPbI

3
, makes 

these hybrid perovskites attractive for use in tandem solar cells. It was found that films with 
the composition MA

0.75
MEA

0.25
PbI

3
 form elongated split crystallites with characteristic sizes of 

0.1–0.2 mm under these growth conditions, which promises new avenues for the creation of pho-
todetectors or X-ray detectors.

A further increase in the proportion of monoethanolammonium in MA
x
MEA

1−x
PbI

3
 hybrid 

perovskites leads to a change in the mechanisms of film crystallization, inhibiting the growth of 
elongated crystallites and yielding high-quality layers for use in vertical structures such as tan-
dem solar cells. We assume that the change in crystallization mechanisms is due not so much to 
a change in wettability and the predominance of heterogeneous nucleation over homogeneous 
nucleation, but rather to incorporation of part of the monoethanolammonium molecules at the 
nanocrystallite boundaries of the film.

The nature of such a phenomenon as predominant incorporation of monoethanolammonium 
molecules into the crystal lattice or on nanocrystallite boundaries in the film requires further 
research, presenting not only practical but also purely scientific interest.
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Аннотация. Исследовано влияние метода изготовления и состава пленок из 
композиций полилактида (ПЛА) с дисперсными наполнителями (белая сажа, аэросил 
и крахмал в разной концентрации) на их электретные свойства (ЭС). Это методы 
полива из раствора (I) и прессования (II). Установлено, что пленки ПЛА, полученные 
методом II, гораздо лучше электретируются в униполярном коронном разряде и 
сохраняют ЭС, чем изготовленные методом I. Доказано, что разница в ЭС различных 
образцов обусловлена содержанием в их объеме полярной жидкости (хлороформ, вода), 
молекулы которой повышают электропроводность объектов. У образцов прослеживалась 
тенденция повышения параметров ЭС при добавлении дисперсных частиц к чистому 
ПЛА. Предложено объяснение этого эффекта. Лучшими ЭС обладала композиция ПЛА 
с 4 %-м содержанием белой сажи.

Ключевые слова: электрет, полилактид, полимер, дисперсный наполнитель, белая 
сажа, аэросил, крахмал
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Introduction

Polylactiс acid (PLA) is an aliphatic polyester derived from renewable sources such as corn 
starch or sugarcane. It has a number of valuable properties that determine its wide application: 
biodegradability, non-toxicity, relatively high tensile strength and elasticity modulus, easy 
processing by injection molding and extrusion, low hydrophilicity, ability to be modified 
physically and chemically, etc. [1]. It is a sustainable material that tends to reduce negative 
environmental impact, creating an alternative to traditional synthetic polymers. Due to this 
property, an application field of PLA is constantly expanding, which entails the growth of its 
global production volume.  Traditional areas of PLA application are packaging (bags, containers, 
disposable tableware), 3D printing, medicine (surgical threads and pins, medical masks), textile 
industry (fibers and fabrics), agriculture (covering materials in the form of nonwoven fabrics), 
filtration and others [2 – 4]. Over the past decade PLA has been considered as a promising 
dielectric material with piezoelectric and electret properties for the production of elements of 
wearable electronics, highly sensitive sensors, ultrasonic transducers, sensors, etc. [5 – 7]. 

Electrets are dielectric materials that possess dipole polarization or quasi-constant electric 
charge ("quasi-constant" means that the lifetime of an electret is much longer than the time 
during which it is applied or studied) [8]. 

Electrets are often made of polymers or polymer composites, the advantages of which are 
ease of processing and manufacturing, although they have lower temperature stability compared 
to inorganic (ceramic) electret materials. The scientific world is taking a strong interest in study 
of the electret properties of PLA and its composites. This is due to the growing requirements for 
environmental friendliness and protection, as well as the need to produce biocompatible sensors and 
transducers. PLA is described as a promising dielectric material with electret properties, although 
data on their quality and stability vary. Research has shown that the charge stability of PLA 
depends on the form (L- or D-stereoisomer), supramolecular structure (degree of crystallinity), 
environmental conditions (temperature, humidity, pressure), the presence of impurities and 
chemical additives in its composition, geometric dimensions of samples, etc. [9 – 15].
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At the same time, attention is drawn to the fact that PLA-based electrets are produced by 
different manufacturers in various forms (films, sheets, fibers, coatings) and using all kinds of 
methods (pressing, extrusion, melt-blown, 3D printing, solution casting). Various methods of 
charging (thermal polarization, corona discharge) are also applied. It is clear that it is not worth 
comparing the values of electret characteristics of polymer samples obtained by different authors, 
because the prehistory of samples excludes the possibility of adequate comparison of the level of 
electret charge, their behavior during storage, research and operation.

The goal of the present study was to find the optimal method for preparing the PLA composition 
and the optimal nature of the filler (and its concentration) in order to obtain an electret with the 
best properties. 

To achieve this goal the task was to compare the values and stability of electret parameters 
of films made of PLA and its compositions with fine fillers by different manufacturing methods.

Materials and methods

The subjects of research were polylactiс acid and different fine fillers: pyrogenic silicon dioxide 
(aerosil), precipitated silicon dioxide (white silica) and starch. Their chemical structure, grades 
and properties are presented in Table 1.

Tab l e  1

Characteristics of the materials under study

Material Grade, standard Chemical 
formula

Parameter value
ρ, g/cm3 D, nm

Polylactic acid Nature Works 40320 (C
3
H

4
O

2
)n 1.24 –

Aerosil А175-, GOST 14922-77
SiO

2
2.15

5–40

White silica BS-120, GOST18307-78 19–27

Starch Corn starch GOST 32159-2013 (C6H10O5
)n 1.5 (5–20)·103

Trichloromethane GOST TU 20015-88 CHCl
3

1.483 –
Nota t i on s : ρ is the density, D is the particle size.

Foo tno t e : Polylactic acid has the melting temperature T
m
 = 155 – 170С, glass transition 

temperature T
g
 = 54 – 58 °С. 

The polymer and the fillers were mixed in a Brabender Mixer W 50 EHT at 180°C for 300 s 
at a roller speed of 150 rpm. The fillers were brought in the polymer in the ratio of 2, 4 and  
6 wt. %. After that, films were produced by two methods:

Method I. Films 50 µm thick were manufactured by solution casting. For this purpose, PLA 
compositions were dissolved in the chloroform in the ratio of 1:20 and thoroughly stirred for 
60 min; then they were left for 24 hrs until completely dissolved. Then, after another thorough 
stirring for 10 min, the 5 % (by mass) solution of PLA and its compositions were poured into 
specially prepared glass molds, dried under a hood for 1 hour, then drying was carried out under 
ambient conditions for three days, after that the films were removed from the substrates. 

Method II. Samples in the form of films 500 µm thick were produced on a Gotech  
GT-7014-H10C press in accordance with GOST 12019-66. Compression molding parameters 
were as follows:

the heating temperature …. 200 °C, 
the pressure ………………..... 35 MPa, 
the preheating time ……….. 20 min, 
the pressure holding time … 5 min, 
the cooling time …………..... 2 min.
The films were charged with a two-electrode corona discharge film processing unit (Fig. 1). 

Processing parameters were as follows:
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the distance between the sample and the electrode … 20 mm, 
the polarization voltage ……………………………............ 30 kV, 
the polarization time ………………………………….......... 30 s. 

Fig. 1. Two-electrode charging unit with 
unipolar corona discharge: 

a corona electrode (1), a grounded electrode 

(2), a sample (3), a power supply of the 

corona electrode (4), a heating chamber (5)

The electret properties of the samples, such as the 
surface potential Vs, the electric field strength E and the 
effective surface charge density σeff were measured with 
the IPEP-1 fieldmeter. 

The FTIR spectrometer Agilent Cary 600 Series was 
used to record the infrared (IR) spectra of the samples. 

Results and discussion

At the first stage of the study, PLA films were made 
from solution (casting) and melt (compression molding) 
of the polymer followed by the charging of the films 
in negative corona discharge to produce electrets. The 
results were quite unexpected. The PLA films obtained 
by solution casting had the following characteristics one 
hour after being charged: 

Vs = 0.29 kV, E = 9.7 kV/m, σeff = 0.11 µC/m2,

while the compression-molded PLA films had the 
following characteristics:

Vs = 2.73 kV, E = 170.3 kV/m, σeff = 1.51 µC/m2,

i. e. by 10 times higher. 
However, after 20 days of storage, the parameter values of electret properties of samples 

obtained by solution casting and compression molding became of the same order: 

Vs = 0.14 kV, E = 8.7 kV/m, σeff = 0.09 µC/m2;
Vs = 0.19 kV, E = 17.0 kV/m, σeff = 0.08 µC/m2,

respectively. 
However, the electret properties of the molded samples are still slightly higher than those of 

the samples cast from the solution.
The authors of Ref. [15] explained a great difference in the level of PLA properties by the 

presence of bound water in the samples: they showed that pre-annealing of PLA films led to a 
significant increase in the level and stability of their surface potential values. 

To explain the observed difference in the properties of our samples obtained by different 
methods, their IR spectra were recorded, but no significant difference was found. 

Notice that a range of 3700 – 3745 cm–1 refers to isolated ("free") -OH groups, of  
3650 – 3660 cm–1 does to isolated pairs of neighboring OH-groups (vinyl-OH-groups) connected 
by hydrogen bonds, of 3650 – 3660 cm–1 does to paired groupings of -OH-groups, with a 
hydrogen bond between. And so, judging by the absorption band group 3550 – 3750 cm–1, water 
is present in both samples, but its amount is insignificant.

Migration of water molecules is known to occur into the polymer volume that during storage 
of PLA [1]. For the samples studied, this is evidenced by IR spectra of molded PLA films 
recorded immediately after preparation and after 90 days of storage (Fig. 2). It can be seen that 
the intensity of absorption bands at 3650 – 3660 cm–1, corresponding to the vibration of water 
molecules, differ practically by a factor of 3, if calculated by the absolute value, and by a factor 
of 4, if calculated by the baseline. We suppose a significant drop in the values of Vs, E and σeff of 
electrets, which are inversely proportional to the values of electrical conductivity, to be related 
to this. The strong effect of polymer humidity on the value of its volume specific electrical 
conductivity (it can change by 1 – 3 orders of magnitude) is known [16], and it was shown that 
in this case water molecules were only a catalyst of electrical conductivity and did not participate 
directly in charge transfer [17].
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Fig. 2. IR spectrum of the PLA film obtained by compression molding, 
immediately after preparation (1) and after 90 days of storage (2). 

The arrow indicates the position of the H
2
O vibration

Probably, a similar process of charge transfer (relaxation of the electret state) is also observed for 
PLA films obtained by solution casting. However, it is not possible to prove it by IR spectroscopy, 
since the absorption bands characteristic of chloroform (2800 cm–1 refers to valence vibrations 
of CH, 1220 cm–1 does to deformation vibrations of CH, 630 cm–1 does to valence vibrations of 
ССl

3
) overlap with the characteristic bands of PLA in this region (Fig. 3).

Fig. 3. IR spectrum of a solution-cast PLA film

Taking into account the results of the investigation aimed at increasing the charge stability of 
PLA by using fine fillers that cause structural defects in the polymer matrix and at the polymer – 
filler interface, which act as traps for charge carriers [12 – 14], at the second stage of study 
we created compositions of PLA with a number of dispersed fillers and studied their electret 
properties (see Fig. 4 and Table 2).

Fig. 4. A plot of surface potential values of PLA compositions with white silica (1), aerosil (2) 
and starch (3) versus the filler content after 20 days of storage

φ, wt.%
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Tab l e  2

Electret properties of PLA compositions (PLA + filler)

Filler φ, wt.% Method

Parameter value
Initial After 20 days

Vs, 

kV
Е, 

kV/m
σeff, 

µC/m2

Vs, 

kV
Е, 

kV/m
σeff, µC/

m2

No 0
I 0.29 9.7 0.11 0.14 10.9 0.07
II 2.73 170.3 1.51 0.19 17.0 0.08

White silica

2
I 0.15 5.9 0.05 0.22 2.3 0.02
II 2.42 153.7 1.37 0.47 22.4 0.09

4
I 0.21 9.9 0.09 0.33 1.9 0.01
II 2.45 153.3 1.36 0.61 28.4 0.12

6
I 0.15 6.4 0.06 0.32 5.2 0.04
II 3.86 241.0 2.13 0.38 18.3 0.10

Aerosil

2
I 0.13 5.3 0.05 0.28 2.2 0.01
II 2.85 165.3 1.45 0.25 14.9 0.13

4
I 0.08 1.6 0.01 0.30 2.3 0.08
II 3.30 193.0 1.70 0.22 12.3 0.11

6
I 0.06 6.2 0.05 0.21 2.5 0.02
II 3.51 205.3 1.82 0.19 12.3 0.11

Starch

2
I 0.05 4.7 0.04 0.26 0.9 0.02
II 3.35 197.3 1.73 0.21 10.6 0.10

4
I 0.02 1.5 0.01 0.28 1.5 0.05
II 2.51 143.7 1.27 0.24 12.6 0.11

6
I 0.02 2.7 0.02 0.30 2.4 0.02
II 2.81 164.3 1.43 0.09 4.8 0.05

Nota t i on s : φ is the filler content, V
s
 is the surface potential, Е is the electric field strength, 

σ
eff
 is the effective surface charge density. 

Foo tno t e . Samples were manufactured either by solution casting (Method I) or by pressing 

(Method II).

If we consider compositions of PLA with fillers obtained by mixing filler with polymer melt, 
there is a tendency to increase the values of electret properties of PLA when adding fine particles. 
Composition of PLA with hydrated silicon dioxide has the best properties, and the highest values 
of Vs, E and σeff are observed at 4 % content of white silica (BS-120). If pyrogenic silicon dioxide 
is introduced into polylactide, then the optimal (for the manifestation of electret properties) 
formulation is a sample of polylactiс acid with 2 % aerosil. The doping with starch, as well as 
aerosil, does not change the values of electret characteristics of the polymer significantly. An 
increase in the level of electret characteristics of PLA upon addition of dispersed particles is 
explained by the formation of structural defects acting as traps for charge carriers [12 – 14]. 
The solid surface of the filler reduces the segmental mobility of polylactic acid macromolecules 
due to the appearance of physical and hydrogen bonds between macromolecules and fillers. 
On one hand, this makes it difficult to polarize polylactide during corona discharge treatment. 
On the other hand, it complicates and even excludes the possibility of polarization relaxation. 
Especially it concerns dipole groups (for example, oxygen-containing), formed under the action of 
corona discharge and oriented along the field direction of corona discharge; the dipole appearing 
in the composition of macromolecule is fixed, the freedom of movement, oscillation of the 
macromolecule section in the areas adjacent to the surface is limited. That is, in filled polylactide 
near the surface of dispersed particles there is a layer of macromolecules with limited mobility, 
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which slows down (excludes) relaxation of dipole polarization in polylactide compositions. The 
following mechanism is also quite possible: dispersed particles act as macrodipoles, in which a 
dipole moment is induced when the sample is treated in the electric field of corona discharge. 
Applied to aerosil or white silica, this mechanism can be described as follows. A silicon atom has 
an unsaturated valence bond, which is saturated by the addition of a hydroxyl group OH [18]. The 
loss or gain of a proton leads to formation of a negatively ([OH]–) or positively ([H

2
O]+) charged 

group, respectively. When such a dispersed particle enters an electric field, the charged groups 
move along the surface of the particle toward the opposite electrode. As a result, macrodipoles are 
formed in the structure of composites with increased concentration of charged hydroxyl groups on 
both sides of the filler particle. An increase in the number of charged particles and energy traps of 
charges in composites compared to the original polymer positively affects the ability of samples to 
be charged in the corona discharge and increases the stability of their surface potential, effective 
surface charge density and electric field strength.

It should be noted that annealing of the polymer before polarization is an effective way to 
preserve high level of electret properties. Fig. 5 compares the temperature curves of surface 
potential drop of PLA samples annealed and not annealed immediately before polarization. The 
annealing was carried out at 130° for 30 min. 

Fig. 5. A plot of surface potential versus 
temperature for the PLA samples with 4% 

starch polarized in the field of negative 
corona discharge. The samples were 
pre-annealed in a muffle furnace (1) 

or not annealed (2)

As can be seen from the presented graphs of 
the potential-temperature relation (see Fig. 5), the 
temperature and consequently the time stability of 
the surface potential increases significantly after 
pre-annealing.

Compositions of PLA with fillers manufactured 
via solution casting have a low level of electret 
characteristics. This result can be explained by 
poor dispersion of the filler and the presence of 
agglomerates with sizes exceeding the thickness 
of the samples. It is known that in production 
conditions polymer compositions cannot be 
obtained by simple addition of filler to the polymer 
solution, as this does not achieve a high degree of 
dispersion of filler agglomerates. Of course, it is 
possible to use special ball or bead mills, in which 
the filler agglomerates are grinded between hard 
surfaces (e.g., between the surface of metal balls), 
or ultrasonic dispersants. But the main limitation 
is due to the fact that polymer solutions have low 
concentration and solvents are very expensive. As a 

rule, compositions of polymers with dispersed fillers are obtained by this method only when the 
solvent is a component thereof (paints, enamels, etc.). 

At the same time, mixing of filler with polymer melt is the most common in the polymer 
composites industry. High quality of filler dispersion in the absence of any additional auxiliary 
additives levels out the disadvantages in the form of high energy consumption and expensive high-
tech equipment. 

Summary

Thus, polylactide films obtained by compression molding are an order of magnitude better 
charged in unipolar corona discharge than films obtained by the solution casting. After 20 days of 
storage, the values of electret characteristics of samples obtained by different methods become of 
the same order, but the electret properties of molded samples are still slightly higher than those 
of samples cast from solution.

The difference in the electret properties of different PLA samples is due to the presence of 
polar liquid molecules (chloroform, water) in its volume, the presence of which increases the 
values of electrical conductivity of the samples.

The compositions of PLA with fillers obtained by the method of mixing the filler with the 
polymer melt show a tendency to increase the values of electret parameters of PLA when dispersed 
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particles are added. The improvement in electret characteristics of PLA when bringing in the fine 
particles is explained by formation of structural defects acting as traps for charge carriers, decrease 
of segmental mobility of PLA macromolecules at the surface of filler particles and appearance 
of macrodipoles with increased concentration of charged hydroxyl groups, the role of which is 
played by dispersed filler particles. 

The PLA-filler compositions obtained by solution casting generally exhibit low electret 
characteristics.

The PLA composition with 4 % content of hydrated silicon dioxide (white silica) exhibits 
the best electret properties. In order to create the preservation of high level of values of electret 
properties of polylactide, it is recommended to anneal the polymer before charging and to prevent 
the contact of the produced electrets from the action of air moisture during operation. 
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Abstract. The present study analyzes the known expressions establishing exponential and 
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field acting on them. The work notes the necessity of mathematical substantiation of the known 
power expression for the field dependence of electrical lifetime. We obtained the equation of 
dependence of the electrical lifetime of polymeric dielectrics on the value of the applied electric 
field strength within the framework of the mathematical catastrophe theory. The study has the 
performance of quantitative estimation of the parameters of this equation for paper, epoxy and 
polyethylene terephthalate electrical insulation. We established a good agreement between the 
literature experimental data and the field dependences of the electrical lifetime of polymers 
plotted by the proposed equation. The study analyses geometric images of the fold catastrophe 
function reflecting the nature of the change in the dimensionless parameter of the rate of 
damage accumulation in a polyethylene terephthalate film under varying electric field strength. 
The paper shows the prospect of using the mathematical apparatus of catastrophe theory to 
describe experimental regularities of changes in the electrical strength properties of polymer 
dielectrics in strong electric fields.
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Аннотация. В рамках математической теории катастроф получено уравнение 
зависимости электрической долговечности полимерных диэлектриков от величины 
напряженности приложенного электрического поля. Выполнена количественная оценка 
параметров данного уравнения для бумажной, эпоксидной и полиэтилентерефталатной 
электроизоляции. Установлено хорошее согласие между опубликованными 
экспериментальными данными и полевыми зависимостями электрической долговечности 
полимеров, построенными по предложенному уравнению. Проанализированы 
геометрические образы функции катастрофы складки, отражающие характер 
изменения безразмерного параметра скорости накопления повреждений в пленке 
полиэтилентерефталата при варьировании напряженности электрического поля.

Ключевые слова: полимерный диэлектрик, электрическая долговечность, 
электрический пробой, напряженность электрического поля, теория катастроф, 
катастрофа складки.
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Introduction

Insulation of operating high-voltage electrical equipment is exposed to strong electric fields. 
The destructive effect of the field eventually leads to insulation breakdown, which is one of the 
main reasons for premature failure of most high-voltage electrical equipment [1–3]. Therefore, 
it is extremely important to understand the patterns of dielectric breakdown and find ways to 
prevent [4, 5], especially as increasingly stringent requirements are imposed on high-voltage 
equipment [6, 7].

It has been established that electrical degradation of polymer materials is kinetic in nature 
and is a process of gradual accumulation of damage to macromolecules, after which the mate-
rial completely loses its insulating properties, i.e., electrical breakdown occurs [4, 8]. The main 
parameter characterizing the electrical strength properties of polymer dielectrics is the electrical 
lifetime, which is the time period from the beginning of voltage application to the dielectric 
until its breakdown [9, 10]. Studies on the behavior of dielectrics in strong electric fields focus 
closely on the variation in electrical lifetime for samples with different thickness [10, 11], ambient 
temperature [12–14] and applied field strength [3, 15, 16].

The field dependences of electrical lifetime are typically described using exponential [2, 9, 10, 16] 
and inverse power [1–3, 17] laws. Application of the exponential law to model the field depen-
dence of the electrical lifetime in polymers is directly related to the physical process of damage 
accumulation in the polymers exposed to electric fields (thermally activated decomposition of 
molecular ions), since the speed of this process exponentially depends on the strength of this 
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field [8, 18]. In addition to providing a rigorous theoretical framework, exponential expressions 
ensure high accuracy of the obtained values of electrical lifetime [4, 10, 16].

Power laws have become widespread for evaluating the lifetime of polymer materials as part of 
technical tests [16]. However, despite the mathematical simplicity of the power expressions, their 
use for modeling the field dependences of the electrical lifetime of polymers has no physical jus-
tification. Some studies [19, 20] describe the experimental field dependences of electrical lifetime 
by relations representing a superposition of exponential and power laws. An increased number 
of significant parameters in such composite relations, on the one hand, contributes to increased 
accuracy of determining the electrical lifetime. On the other hand, this also complicates the form 
of these relations [21–23], consequently reducing their practical value.

Approaches from catastrophe theory [24] may provide a solution to this problem, as the 
phenomenological nature of this theory allows to obtain fairly simple mathematical expressions 
reflecting the behavior of physical and technical systems of different complexity with variable con-
trol parameters characterizing these systems. An important argument in favor of using methods of 
catastrophe theory to study the electrical properties of polymers is the sudden onset of breakdown 
in polymer dielectrics and its catastrophic nature [25]. Relatively few studies consider the deg-
radation of polymer materials using the mathematical framework of catastrophe theory [26–29]; 
as a matter of fact, we have not managed to uncover any works applying this theory to describe 
the field dependence of electrical lifetime of polymers. We believe that filling this gap is of great 
scientific and practical importance.

The goal of this study is to better understand the influence of electric field strength on the 
lifetime of polymer dielectrics.

Catastrophe theory was used to achieve this goal. Our primary objective was to formulate an 
equation describing the dependence of electrical lifetime in polymer dielectrics on the strength of 
the applied electric field, determining the parameters of this equation for widely used dielectrics: 
paper, epoxy and polyethylene terephthalate (PET) insulation.

Problem statement

A key manifestation of the kinetic nature of electrical breakdown in polymers is that their 
lifetime t

br
 significantly depends on the strength E of the applied electric field [8, 10]. For this 

reason, a large number of studies on the elec-
trical strength properties of polymer dielectrics 
are focused on obtaining the field dependence 
t
br
 = f(E) of electrical lifetime.
In practice, the relationship t

br
 = f(E) is estab-

lished by conducting a series of experiments to 
measure the lifetime t

br
 at various fixed strengths 

E = U/d, where U is either a DC or AC voltage 
applied to a dielectric sample with a thickness D. 
In the case of tests in an AC electric field, the 
amplitude or RMS value of AC voltage is gener-
ally taken as the value of U [3, 4].

The lifetime of polymers placed in an 
AC electric field is approximately two orders 
of magnitude less than t

br
 for a DC field [4]. 

Meanwhile, experimental field dependences of 
electrical lifetime, measured in DC and AC 
electric fields, demonstrate almost identical 
behavior [2–4, 9, 10], which makes it possible to 
study the general patterns in their variation from 
a unified perspective. A typical dependence t

br
 

= f(E) whose behavior is consistent with known 
experimental data is shown in Fig. 1.

It can be seen that when the dielectric is in a 
field with the strength E > E

c
, there is an inversely 

proportional relationship between t
br
 and E. 

Fig. 1. Characteristic field dependence 
of electrical lifetime of polymer dielectrics t

br
;

E
c
 is the value of E at which t

br
 significantly 

exceeds the experimental period; t
c
 is the value 

of t
br
 for E = E

c
; the identity c ≡ D expresses the 

correspondence between the physical critical 
point c and the degenerate mathematical 

point D (see the explanations in the text)
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Fig. 1 shows the field strength E
c
 for which the estimated breakdown time t

br
 (the lifetime of the 

dielectric) significantly exceeds the duration of the experiment. Experiments to determine the 
lifetime are usually carried out at field strengths that ensure the detection of dielectric breakdown 
in the time range from 1 to 106 s [30]. In view of this, the value of E

c
 can range from a few to 

tens of MV/m, depending on the type and quality of the polymer dielectric sample, as well as its 
testing conditions [1–3]. The threshold strength of the working electric field [3, 31] corresponding 
to the given lifetime of the dielectric material can be used as E

c
 in a first approximation.

For small values of the applied field strength, when E ≈ E
c
 (see Fig. 1), we can observe a 

stronger field dependence for t
br
 = f(E), so consequently, the lifetime t

br
 = t

c
 becomes rather long, 

theoretically tending to infinity. The reason for this behavior of the function t
br
 = f(E) is that the 

damage accumulation rate for E ≈ E
c
 is so low that a slight destructive effect of the electric field 

does not cause breakdown of the polymer dielectric at all and it retains its insulating properties 
for a long time.

Modeling the variation in the lifetime of dielectric materials with varying electric field strength 
accounting for the physical mechanism of damage accumulation in the dielectric produces an 
exponential field dependence t

br
 = f(E). For polymer dielectrics, this dependence was obtained in 

the following form [18, 30]:

0
0

B

exp ,br

W el qE
t t

k T

+ −
=  

 
(1)

where t
0
, s, is a pre-exponential factor representing the vibrational frequency of atoms in solids, 

t
0 

≈ 10–13 – 10–12 s; W+, J, is the bond dissociation energy of molecular ions; e, C, is the electron 
charge; l

0
, m, is the activation length; q is the overvoltage factor characterizing the enhancement 

in field strength near irregularities on the electrodes; k
B
, J/K, is the Boltzmann constant; T, K, 

is the temperature.
Accumulation of damage that can lead to dielectric breakdown is attributed in [18, 30] to a 

two-stage process of decomposition of polymer macromolecules in an electric field. At the first 
stage, field ionization of macromolecules occurs with the formation of positive molecular ions 
(macro-ions) with reduced bond dissociation energy [8, 18]. At the second stage, decomposition 
of macro-ions activated by thermal fluctuations occurs, accompanied by the formation of new 
macro-ions and chemically active free macroradicals [8, 18]. The gradual accumulation of defects 
(damage) during the decomposition of macromolecules leads to an increase in the concentra-
tion of charge carriers (quasi-free electrons and holes); reaching a critical concentration N

c
 is 

what causes breakdown [4, 8]. Varying the electric field strength allows to control the kinetics 
of accumulation of the concentration N

c
, and consequently to vary the electrical lifetime of 

polymers [4, 8].
Exponential equation (1), obtained within the framework of the physical model [18], yields 

highly accurate theoretical values of the lifetime t
br
 agreeing well with the experimental data for a 

wide range of polymer dielectrics [9, 10].
Along with analytical expressions similar to Eq. (1), an empirical dependence of the form [2] is 

often used in practice to reflect the quantitative relationship between t
br
 and E observed in strong 

electric fields:

t
br

 = a(E − E
c
)–b, (2)

where a, b are parameters depending on the type of insulation.
The simple mathematical form of power expression (2) was the main reason for its widespread 

use for estimating t
br
 during technical tests of polymer insulation [3, 16], which do not allow for 

accurate experimental design. It was found in [2, 3] that the use of the power dependence (2), 
firstly, is not physically justified, and, secondly, leads to a mathematical abstraction t

br 
→ ∞ at 

E = E
c
, although in reality the period from the time when voltage is applied to the dielectric until 

the start of breakdown is finite.
Based on this, it is important to obtain an analytical equation for the field dependence t

br
 = f(E), 

free from the above-mentioned disadvantages of expression (2). To solve it, we use the methods 
of catastrophe theory [24].
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Fundamentals of catastrophe theory

To study physical systems in the theory of catastrophes, potential functions Φ (catastrophe 
functions) are used, whose type is determined by the number n of state variables x and the num-
ber k of control parameters A. The variables x characterizing the state of the system considered 
depend on the control parameters A. A smooth variation of A can correspond to both continuous 
and abrupt (catastrophic) variation of x. That is why the system’s abrupt response to smooth vari-
ation in its control parameters is called a catastrophe.

At k > 3, mathematical description of catastrophes becomes rather cumbersome and it is diffi-
cult to visually represent the geometric characteristics of potential functions Φ. For many practi-
cal applications, it is sufficient to confine the consideration to considering catastrophe functions 
with one state variable and a number of control parameters not exceeding three. The well-known 
expression for the catastrophe function Φ with one state variable x has the following form [24]:

2

1

( ; ) ( 2) ,
k

k i

i i

i

x A x k A x i+

=

Φ = + +∑ (3)

where i is the number of the control parameter A, i ∈ [1, k]; k = 1, 2, and 3 for fold, cusp and 
swallowtail catastrophes, respectively.

Qualitative changes in the system considered are determined by the number and type of critical 
points of the catastrophe function. Therefore, the basis of catastrophe theory is analysis of the 
behavior of the function Φ in the vicinity of critical points. The positions of the critical points and 
the values of the function Φ at these points are determined by solving the equations obtained by 
equating its derivatives with respect to the state variable x to zero [24]:

∂Φ/∂x = 0; ∂2Φ/∂x2 ≠ 0; (4)

∂Φ/∂x = 0; ∂mΦ/∂xm = 0, (5)

where m is the order of the derivative, m ∈ [2, k+1].
The points found from conditions (4) are called non-degenerate critical points; in physical 

applications, the mathematical term ‘non-degenerate critical point’ corresponds to the definition 
of an equilibrium point. The solutions of Eqs. (5) correspond to degenerate critical points with 
the degree of degeneracy m, which are identical to physical critical points [24]. Degenerate critical 
points are more informative than non-degenerate ones, since it is in the vicinity of degenerate 
points that there is a high probability of a jump in the state of the system considered, i.e., the 
start of a catastrophe.

Catastrophe theory is concerned with variation in the equilibrium states x(A
i
) of the potential 

function Φ(x;A
i
), given by Eq. (4), with varying control parameters A

i
.

Catastrophe theory operates with dimensionless mathematical parameters, i.e., numbers that 
can take both positive and negative values. Therefore, to use this theory for physical applications, 
it is necessary to match the dimensionless mathematical parameters included in Eq. (3) with the 
dimensional quantities characterizing a particular physical process. The transition from dimen-
sional physical quantities x′ and A′

i
 to the corresponding dimensionless mathematical parameters 

x and A
i
 is carried out using normalization relations [24]:

x = x′/x
D
 − 1; A

i
 = A′

i
 /A

D(i) – 1, (6)

where x′ is the physical state variable; A′
i
 is the ith physical control parameter; x

D
, A

D(i)
 are the 

critical parameters of the catastrophe function, understood as the values of the quantities x′ and 
A′

i
 at the physical critical point corresponding to the mathematical point D

k+1
. 

The point D
k+1

 is the point with the greatest degeneracy m
max

 = k + 1 (for fold, cusp, and swal-
lowtail catastrophes, the degree of degeneracy m

max
 is 2, 3, and 4, respectively).
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A bias term equal to unity is included in expressions (6), so consequently, when the physical 
quantities x′ and A′

i
 reach the critical values x

D
 and A

D(i)
, the mathematical parameters x and A

i
 take 

zero values. Because of this, the degenerate critical points D
2
, D

3
 and D

4
, which are the germs of 

the fold, cusp and swallowtail catastrophes, are always located at the origin, greatly simplifying 
the analysis of these catastrophes.

It is advisable to analyze physical systems, processes or phenomena (referred to as systems 
from now on) in accordance with catastrophe theory by the following algorithm.

Step 1. Set the state variable x′ and the control parameters A′
i
, describing the physical system 

in question.
Step 2. Based on the known experimental and theoretical data describing the behavior of vari-

able x′, determine the general trends in its variation with varying parameters A′
i
.

Step 3. Identify the characteristic attributes, the so-called catastrophe flags [24], which can be 
used to conclude that a catastrophe has occurred in the given system.

Step 4. Establish the event identified as catastrophe and determine the critical parameters 
x

D
 and A

D(i)
, upon reaching which the most characteristic transformations of the system are 

clearly detected.
Step 5. Based on the relationship between x and A

i
 resulting from Eqs. (3) and (4) and on 

analysis of the dependence of x′ on A′
i
 performed in step 2, match the dimensionless parameters 

x and A
i
 with the dimensional physical quantities x′ and A′

i
.

Step 6. Applying relations (6), we reduce the quantities x′ and A′
i
 to a dimensionless form and, 

starting from general expression (3), write the equation of the function Φ modeling the given 
system. Based on the correspondence between x, A

i
 and x′, A′

i
, adopted in step 5, and consider-

ations of algebraic convenience, multipliers can be introduced into the equation obtained for the 
catastrophe function to change the scale and reverse the sign of mathematical parameters.

Step 7. Determine the number and type of critical points of the catastrophe function Φ as well 
as analyze the geometric properties of the function Φ and its derivatives.

Step 8. Using conversion relations (6), represent the equation ∂Φ/∂x = 0 in physical terms and 
reduce it to the required dependence x′ = f (A′

i
).

For consistency with the above algorithm, below we derive the equation describing the field 
dependence t

br
 = f(E) of the electrical lifetime of polymer dielectrics.

Theoretical analysis of behavior of dielectric in strong electric field

First, we define the physical parameters of state and control that determine the electrical 
properties of the polymer dielectric at constant temperature. Initially, we take the electrical dura-
bility t

br
 as a state variable and the electric field strength E applied to the dielectric as a physical 

control parameter.
Next, we identify the flags indicating the possibility of a catastrophe in the dielectric exposed 

to a strong electric field.
The first flag for catastrophe is a critical charge concentration N

c
 accumulating in a time 

equivalent to the electrical lifetime t
br
 of the polymer dielectric. Experiments conducted in [4, 8], 

establishing this dependence found that N
c
 ≈ 1018–1019 cm–3.

The second flag for catastrophe is the anomalous variance of experimental values of the elec-
trical lifetime t

br
, observed when low strengths comparable to E

c
 are applied to the dielectric. 

Indeed, as noted above, the field dependence t
br 

= f(E) is considerably enhanced for E ≈ E
c
, in 

fact degenerating into an almost vertical straight line (see Fig. 1). Small variations in E near E
c
 

lead to large variations in the lifetime t
br
, so consequently, in practice, there is a large variance in 

the values of t
br
 measured at E ≈ E

c
 [1–3].

An event equivalent to the start of a mathematical catastrophe is the time when a critical 
concentration of damage is accumulated (which is equivalent to reaching N

c
) in the polymer 

dielectric located in a field with the strength E
c
. The point c in Fig. 1, in whose vicinity the field 

dependence of electrical lifetime becomes degenerate, is considered as the physical critical point. 
Then, following the above algorithm, we match the physical critical point c with the degenerate 
mathematical point D. Then the physical parameters t

c
 and E

c
 matched with point c become 

equivalent to the critical parameters of the catastrophe function: t
c
 ≡ t

D
 and E

c
 ≡ E

D
.

To describe the system considered (with one control parameter), we use equation for the fold 
catastrophe, which follows from the general expression (3) for k = 1 [24]:
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Φ(x; A
1
) = x3/3 + A

1
x. (7)

It follows from Eq. (7) that the mathematical control parameter A
1
 is proportional to the 

square of the state variable x: A
1 
~ –x2. Therefore, in view of the proportionality 1/t

br 
~ Eb, char-

acteristic for physical quantities t
br
 and E, it is convenient to take the field strength E as the state 

variable instead of the lifetime t
br
. The quantity v

br
 = 1/t

br
, inverse to electrical lifetime, is taken 

to be a physical control parameter in further analysis within the framework of catastrophe theory. 
The critical value v

br
 in this case is determined by the equality v

D 
= 1/t

D
. According to the defini-

tion in [9], the parameter v
br
 characterizes the damage accumulation rate, i.e., the rate at which 

the polymer dielectric reaches breakdown.
The physical parameters of state x′ and control A′ can be interchangeable. As this may be 

necessary in situations such as ours (parameters t
br
 and E), when the parameters are substituted 

into the catastrophe equation, it is one of the advantage of the given approach. Moreover, such 
substitution is valid even when the physical quantity taken as a control parameter, i.e., an inde-
pendent variable, cannot be directly varied in the real experiment (in this case, it is the electrical 
lifetime t

br
), since mathematically, it makes little difference which dependence is considered in 

practice: x′ = f(A′) or A′ = f(x′).
Next, using normalization relations (6), we reduce the dimensional physical quantities E and 

v
br
 to dimensionless form:

F
E
 = E/E

D
 − 1; v = v

br
/v

D
 – 1 = t

D
/t

br
 – 1, (8)

where F
E
 is the dimensionless electric field strength (mathematical state variable); v is the dimen-

sionless damage accumulation rate (mathematical control parameter).
Taking x = F

E
 and A

1 
= −a

t
v, we obtain from Eq. (7) an expression for the fold catastrophe 

function characterizing the state of the polymer dielectric in a strong electric field:

3( ; ) 3 ,E E t EF v F a vFΦ = − (9)

where a
t
 is the positive scale factor introduced for better visual representation of the geometric 

characteristics of the function Φ. The minus sign for a
t
 is taken for convenience of further analysis 

of the function Φ.
Equating the first and second derivatives of function (9) with respect to the variable F

E
 to zero, 

we write the equations determining the position of the critical points of this function:

2 0;E E tF F a v∂Φ ∂ = − = (10)

2 2 2 0.E EF F∂ Φ ∂ = = (11)

Since a
t
 > 0, Eq. (10) has no solutions for v < 0, and therefore, the catastrophe function Φ(F

E
; v) has 

no critical points. Eq. (10) has one root F
E
 = 0 for v = 0 and the function Φ(F

E
; v) has one crit-

ical point, a bifurcation point located at the origin. As Eqs. (10) and (11) are fulfilled simultane-
ously for v = 0, this critical point is doubly degenerate. If v > 0, Eq. (10) has two opposite roots: 
F

E
 = ±(a

t
v)1/2, while the function Φ(F

E
; v) has two non-degenerate critical points: a minimum 

point at F
E
 > 0 and a maximum point at F

E
 < 0.

Using conversion expressions (8), we write the relations that establish the correspondence 
between the characteristic values of dimensionless mathematical parameters (F

E
, v) and dimen-

sional physical quantities (E, t
br
):

 

0  ;  0  ;  0  ;
  0  ;  0  ;  0  .

E D E D E D

br D br D br D

F E E F E E F E E

v t t v t t v t t

< ⇔ < = ⇔ = > ⇔ >
< ⇔ > = ⇔ = > ⇔ <

(12)
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Accounting for relations (12) and analyzing the results of Eqs. (9)–(11), we reached the 
following conclusions.

In the case when the electric field with the strength E < E
D
 is applied to the dielectric, no 

electrical breakdown occurs, since the damage accumulation rate is low (v < 0) and the time to 
reach the critical concentration N

c
 exceeds t

D
. As the field strength increases to the level E > E

D
, 

a noticeable increase in the dimensionless accumulation rate (v > 0) is observed, as a result of 
which electrical breakdown of the dielectric occurs in the time t

br
 < t

D
. The equality E = E

D
, for 

which the field dependence t
br
 = f(E) becomes degenerate, corresponds to the condition for the 

beginning of a catastrophe, i.e., reaching a critical value of N
c
 and breakdown of the dielectric 

during the time t
br
 = t

D
.

Substituting relations (8) into Eq. (10), we obtain the final expression for the field dependence 
of electrical lifetime of the polymer dielectric:

1 2
.

1 ( 1)
D

br

t D

t
t

a E E−=
+ − (13)

Eq. (13) holds true for E ≥ E
D
, i.e., when electrical breakdown of the dielectric occurs in a time 

not exceeding t
D
. An advantage of Eq. (13) is its structure, ensuring a finite value for the electrical 

lifetime t
br
 of a field with the strength E

D
 = E

c
 is applied to the dielectric.

Geometry of fold catastrophe

The profiles Φ = f(F
E
) of the fold catastrophe function corresponding to the cases of varia-

tions in the dimensionless parameter v discussed above are shown in Fig. 2. The numbers l ∈ [1, 
5] of the profiles in Fig. 2 correspond to the characteristic values v

l
 of this parameter. Since v

1 
< 

v
2 
< 0, curves 1 and 2 have no critical points. Curve 3, constructed for v

3
= 0, has a degenerate 

bifurcation point D
2
 at the origin. Since v

5
 > v

4
 > 0, profiles 4 and 5 of the function Φ have min-

imum and maximum points characterizing stable and unstable equilibrium states of the system.
As the mathematical control parameter 

increases from v
1
 to v

5
, the profile of the func-

tion Φ gradually transforms, going through the 
following stages:

curve is flattened near zero,
degenerate point appears,
degenerate point is split into a maximum and 

a minimum equidistant from it,
amplitudes of these extrema further increase, 

the extrema keep diverging.
As the control parameter decreases from 

v
5
 до v

1
, the maximum and minimum on the 

profile of the catastrophe function converge, 
merge, forming a degenerate critical point at 
the origin, and disappear. The doubly degen-
erate point D

2
 in whose vicinity the bifurcation 

of solutions is detected, acts as the germ for the 
fold catastrophe.

The geometric locus of the critical points sat-
isfying Eq. (10) is a parabola whose branches 
converge at point D

2
 (Fig. 3,a). The set of critical 

values Φ
c
 of the catastrophe function, determined 

by substituting roots from Eq. (10) into Eq. (9), 
forms a wedge with the edge at D

2
 (Fig. 3,b).

There is not a single equilibrium state to 
the left of the point D

2
 and the branches of stable (1) and unstable (2) equilibrium states 

are located to its right, formed respectively by the minima and maxima of the catastrophe 
function Φ.

Fig. 2. Profiles of fold catastrophe function for 
different values of control parameter. Profile 
numbers correspond to the characteristic 

values of the parameter v
1
–v

5

Black dots mark the positions of minima and maxima, 

characterizing stable and unstable equilibrium states 

of the system; D
2
 is a degenerate bifurcation point
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It follows from the profiles Φ = f(F
E
) shown 

in Fig. 2 that an increase in the parameter v 
causes a shift in the minimum/maximum of 
the function Φ to the region of larger positive/
negative values of the state variable F

E
 and an 

increase in the amplitudes of these extrema. 
The result of this behavior of Φ is that when 
v increases on stable branches of the depen-
dences F

E
 = f(v) and Φ

c 
= f(v) (see Fig. 3), 

F
E
 increases and Φ

c
 decreases. Conversely, F

E
 

decreases and Φ
c
 increases on unstable branches 

of these dependences.

Results and discussion

The applicability of Eq. (13) was verified by 
processing the experimental data presented in 
[1–3, 31–33] for the field dependences of elec-
trical lifetimes of insulating materials. The values 
of the parameters a

t
, E

D
 and t

D
 obtained by this 

treatment are given in Table.
Analyzing the data in Table, we can conclude 

that insulators made of phenol formaldehyde 
laminate, oil-impregnated paper and PET film 
are characterized by much lower t

D
 values than 

those made of epoxy dielectrics. The reason for 
this is that the dependence t

br 
= f(E) for epoxy 

samples was obtained in experiments performed 
at lower (compared to E

D
) field strengths, 

resulting in slower defect accumulation in 
these dielectrics and, accordingly, longer elec-
trical lifetime. For example, the field strength 
at which the test samples experienced break-
down in a time not exceeding the maximum 
test time (30,000 hours) was only 2.5 MV/m 
for the EZK-1 compound [33]. Therefore, the 

estimated electrical lifetime at a strength E = E
D 

= 2.32 MV/m turned out to be fairly long: 
t
D
 = 29.23∙107 s ≈ 9.27 years.

Fig. 3. Geometry of fold catastrophe: function 
of dimensionless damage accumulation 

rate (a) and critical value function (b)
Branches of stable (1) and unstable (2) 

equilibrium states are shown, formed respectively 

by the minima and maxima of the catastrophe 

function Φ (see Fig. 2)

b)

a)

Tab l e

Parameter values of equation for field dependence 
of lifetime for several electrical insulators

Electrical insulator
Parameter of Eq. (13)

a
t
, 10–4 E

D
, MV/m t

D
, 107 s

Phenol formaldehyde laminate 2.3270 13.05 0.1094

Oil-impregnated paper 14.570 18.58 0.3507

PET film 22.180 24.16 0.0199

Epoxy resin 1.7910 4.59 1.0260

Epoxy compound EZK-1 0.9673 2.32 29.230
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Fig. 5. Comparison of experimental (symbols) and theoretical (lines) field dependences 
of electrical lifetime of PET film (1) and epoxy compound (2)

The asterisk indicates the calculated value of t
D
 for the PET film corresponding 

to the doubly degenerate mathematical point D
2
 (see Fig. 4,b)

Fig. 4. Field dependences of fold catastrophe function Φ(a) and scaled damage accumulation 
rate A

br
(b) for PET film (experimental data (shown by symbols) are taken from [32]);

approximating curves (solid lines) correspond to physically realizable states 
and the set of unstable states of the function Φ (dashed lines) does not appear in reality
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As an example, Fig. 4 shows the graphical dependences Φ = f(F
E
) и F

E 
= f(A

br
) for PET film, 

based on experimental data taken from [32]1. A
br
 in Fig. 4 denotes a scaled control parame-

ter equal to the product of dimensionless damage accumulation rate v and the scale factor a
t
, 

introduced earlier in Eq. (9): A
br 

= a
t
v. The graphs constructed confirm an excellent agreement 

between the experimental data available in the literature and the approximating curve for the 
scaled damage accumulation rate A

br
. The dashed line describing a decrease in the parameter A

br
 

with an increase in the dimensionless strength F
E
 corresponds to a set of unstable states of the 

function Φ that does not occur in reality. The reason for this circumstance is that an increase 
in the field strength applied to the dielectric during the experiment leads to a decrease in the 
electrical lifetime t

br
, equivalent to an increase in A

br
.

The graph in Fig. 4,a clearly shows the trends in the behavior of the catastrophe function 
discussed above, namely: as the scaled parameter A

br
 increases, the minimum of the function Φ 

becomes deeper and shifts towards higher values of F
E
. The decrease in A

br
 with a decrease in F

E
 

(see Fig. 4,b) is consistent with the increase in electrical lifetime t
br
 observed in practice with a 

decrease in the strength E. The dimensionless parameter A
br
 becomes zero at point D

2
 because 

t
br
 reaches the critical value t

D
. Provided that A

br
 < 0, which is equivalent to the inequality t

br 
> 

t
D
, the processes of electrical breakdown induced by the application of a weak electric field are 

slowed down and breakdown of the dielectric does not occur, even when the duration of the 
experiment significantly exceeds the critical value t

D
.

The field dependences of electrical lifetime, constructed in accordance with Eq. (13) for 
PET film (curve 1) and epoxy compound EZK-1 (curve 2) in dimensional coordinates, are 
shown in Fig. 5. It can be seen that the solid curves 1 and 2 agree well with the experimen-
tal data [32, 33]. This confirms that Eq. (13) can be used to describe the field dependences 
t
br 

= f(E) of polymer dielectrics. The asterisk in Fig. 5 indicates the calculated lifetime t
D
 for 

PET film corresponding to the doubly degenerate mathematical point D
2
.

Some discrepancies between curves 1 and 2 in Fig. 5 and the corresponding experimental 
points can be explained by the following reasons:

large variance of experimental values of electrical lifetime determined for the same 
field strength;

complicated procedures to account for the cumulative effect of various factors (for example, 
temperature, partial discharges, structural inhomogeneity, etc.) on electrical breakdown in real 
polymer dielectrics.

Finally, using analytical equation (1), we estimate the overvoltage factor q for PET film 
located in an electric field with the strength E = E

D
. We take the following values of the physical 

parameters for the calculation:

t
0
 = 10–13 s, W+ = 1.1 eV, l

0
 = 1.5 Å [8]; T = 293 K [32];

E
D
 = 24.16 MV/m, t

D
 = 0.0199∙107 s (see Table).

As a result, we obtain the value of the factor q ≈ 9.7, which suggests that the decomposition of 
molecular ions activated by thermal fluctuations is the mechanism prevailing over all other mech-
anisms behind electrical breakdown in PET films [32]. Two circumstances can serve to prove this 
hypothesis. First, according to the information in [18], at q ≈ 10, favorable conditions are created 
in the polymer for field ionization of macromolecules, which (as noted above) is the first stage 
of the two-stage decomposition process of these macromolecules in a strong electric field [8, 18]. 
Secondly, the field dependence t

br 
= f(E) was measured in [32] at a temperature of 293 K, when 

thermal breakdown is extremely unlikely to occur [34, 35].

1 See also: Yemelyanov O. A. Efficiency of metal-film capacitors in accelerated condition: Ph.D. Thesis. 

St. Petersburg, 2004. 246 p.
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Conclusion

We derived Eq. (13) from the standpoint of catastrophe theory to describe the dependence of 
electrical lifetime of polymer dielectrics on the strength of the applied electric field. A quantitative 
assessment of the parameters of this equation is given for widely used electrical insulators: phenol 
formaldehyde laminate, epoxy compounds, oil-impregnated paper and PET film.

PET film was used as an example for analysis of the basic geometric properties determining 
the behavior of the fold catastrophe function and the scale parameter for damage accumulation 
rate with varying dimensionless electric field strength. We plotted the the field dependences of 
electrical lifetime for polyethylene terephthalate and epoxy molding compound EZK-1. The pub-
lished experimental data and the approximating curves corresponding to Eq. (13) were found to 
be in excellent agreement.

The results obtained can be used to explain the variations in electrical lifetime based on opera-
tional data and technical tests of polymer dielectrics as well as to predict breakdown phenomena.

The advantage of the approach used in the paper is that general expression (3) for the catastro-
phe function Φ(x;A

i
) can be modified if it is necessary to replace or increase the number of phys-

ical control parameters governing the behavior of dielectric materials in strong electric fields.
As a direction for future research, we plan to account for the influence of the operating tem-

perature of insulation on the breakdown strength of polymer dielectrics, which is possible with 
theoretical consideration of a higher-order catastrophe, a cusp catastrophe.
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Abstract. According to the phase transformation kinetics that we recorded by dilatometry in 

rapid cooling of low carbon steel, some amount of isothermal bainite appeared in the middle 
of martensitic temperature range. Presumably caused by adiabatic heating in the exothermal 
transformation, such an unexpected effect was confirmed by TEM data on the lath thickness, 
dislocation density and carbide particles. Furthermore, to assess a volume fraction of the 
detected bainite, statistics of crystal curvature (orientation gradient) was analyzed in terms of 
EBSD data. The combined analysis of results obtained using those three techniques suggests that 
certain amount of lath type bainite is formed not only below the martensite start temperature 
but also slightly above it.
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Аннотация. В соответствии с кинетикой фазового превращения, зарегистрированной 

методом дилатометрии при быстром охлаждении низкоуглеродистой стали, в середине 
температурного диапазона мартенситного превращения образуется некоторое количество 
изотермического бейнита. Такой неожиданный эффект, предположительно вызванный 
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адиабатическим нагревом при неизотермическом превращении, подтверждается данными 
просвечивающей электронной микроскопии о толщине реек, плотности дислокаций и 
частицах карбидов. Кроме того, для оценки объемной доли обнаруженного бейнита 
на основе данных метода дифракции отраженных электронов проанализирована 
статистика кривизны кристаллической решетки (градиент ориентации). Совместный 
анализ результатов, полученных с помощью этих трех методов, позволяет заключить, 
что определенное количество бейнита реечного типа образуется не только ниже 
температуры начала мартенситного превращения, но и немного выше нее.
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Introduction

In order to control the proportion of martensite and bainite microstructures in high-strength 
steels, isothermal treatments [1 − 3] or decelerated cooling [4] inside the martensitic temperature 
range attract an increasing researchers’ attention. In principle, with allowance for adiabatic heating 
due to the exothermal transformation and for numerous nucleation sites at the α-γ boundaries 
of preformed martensite, appearance of bainite seems possible even in case of rapid cooling. 
However, to the authors’ knowledge, such effects have never been reported, except for Ref. [5] 
where dilatometry data on low carbon steel indicated a short near-isothermal stage of bainitic 
transformation after a notable martensite amount accumulates. 

To verify this uncommon behavior, the present work analyzes the underlying microstructures 
by independent Transmission Electron Microscopy (TEM) and Electron Backscatter Diffraction 
(EBSD) methods. The former evaluates local dislocation densities and lath thickness as well as 
images fine carbide particles if any; the latter technique reveals the distribution of crystal curvature 
indicative of martensite and bainite fractions.

Material and methods

Chemical composition of the studied steel (wt. %: 0.09C, 0.35Mn, 0.30Si, 5.50[Ni+Cu], 
1.50[Mo+Cr], 0.15V) ensured its mostly martensitic microstructures after quenching in a wide 
range of cooling rates. Start and finish temperatures of the underlying transformation slightly 
increase when the slower cooling and hence deviate from the athermal nature of martensite 
expressed by the Koinstinen − Marburger equation [6]. It remains a subject of dispute whether 
similar effects are due to specific (thermally activated) martensite embryos or a minor fraction of 
preformed lath bainite [7].

Reheated to 950C and hold for 100 s, small specimens (Diam5×10 mm) of the steel have 
been quenched in DIl 805 A/D dilatometer at 60C/s cooling rate. To confirm their somewhat 
unexpected response considered below in this work, such experiments were repeated several times. 
Following Ref. [8], to properly evaluate the transformation degree in terms of the specimen 
length, we allow for the temperature dependence of thermal expansion coefficients in both the 
parent and product phases. When neglecting this issue, the martensite start temperature would be 
overestimated by ~20 to 40C. 
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To analyze obtained microstructures by TEM FEI Tecnai G2 30 S-TWIN at an accelerating 
voltage of 200 kV, disks of 1 mm thickness cut from the quenched specimen were conventionally 
thinned by mechanical and electrolytic polishing. Surface oxide films were then removed from 
prepared foils by ion milling system Fischione 1010. The lath thickness, dislocation density and 
morphology of carbide particles, if any, were analyzed in various microstructure constituents. 
Owing to the apparent width of linear defects and their mutual screening through the foil thickness, 
reliable estimates of the dislocation density were limited to about 6.5·1010 cm−2. Nonetheless, 
the revealed types of martensite and bainite can be discriminated. Since the TEM technique 
is essentially local, the analysis of each foil was repeated on twenty domains of 6 × 6 μm 
randomly distributed over an area of 720 μm2. Though the eventual averaging hardly ensures true 
representativeness, it still enables recognition and comparison of coexisting microstructural types. 
Fractions of them are approximately assessed by counting related pixels of digitized images.

A planar section prepared by usual metallographic procedures and additionally subjected to 
electrolytic polishing has been analyzed by EBSD on SEM Lyra 3-XM at an accelerating voltage 
of 20 kV. An area having a width and height of 100 µm was scanned with a step of 0.05 μm, 
and crystal orientations at periodically arranged points were determined by means of Chanel 5 
software. A subsequent analysis of the EBSD maps was carried out using MTEX software [9]. 
Respective levels of crystal curvature were assessed by the kernel average misorientation (KAM), 
that is, an average angle of lattice rotations at next neighbors of the considered data point with 
respect to the latter. Then a rather noisy KAM was averaged in microstructural elements separated 
by closed boundaries with tolerance angle θt = 4º. The resulting “grain average” misorientation 
(GAM) characterizes each martensite or bainite block as a whole since the employed θt is a lower 
bound for misorientations between admitted variants of orientation relationship (OR) peculiar to 
shear transformations in steels [10]. 

Treatment of experimental data

A temperature dependence of the transformed fraction in quenching was conventionally 
evaluated in terms of the thermal expansions, and the considered near-isothermal origination 
of bainite was verified by TEM and EBSD as follows. 

Recognition of microstructures by TEM. Various microstructural constituents in quenched 
steel have been discriminated by TEM; they are lath martensite (LM) and bainite (LB), 
auto-tempered martensite (AM) and granular bainite (GB). The first and second of them are 
ascribed to domains of near-parallel laths whose thickness does not exceed 0.8 μm; then LM 
is separated owing to its relatively high dislocation densities (ρ > 6.5·1010 cm−2) and usually 
finer (< 0.3 μm) laths. It is kept in mind as well that bainitic domains usually contain more 
amounts of retained austenite.

Сlose dislocation densities diminished with respect to harder constituents are peculiar 
to both AM and GB, where domains of the former are recognizable owing to large (several 
microns) dimensions. Besides, this phase contains characteristic rod-like particles of 
cementite oriented along three crystallographic directions. Such precipitations remain thin 
because of relatively slow carbon diffusion at the transformation temperature. 

Analysis of crystal curvature statistics. Determined by EBSD, the GAM measure of crystal 
curvature is due to both the dislocation density in structural elements and inhomogeneous 
phase stresses. Thus, there are two characteristic scales corresponding to the dislocation 
spacing and lath thickness. To extract each of the related contributions is problematic 
[11]; at the same time, their integral effect enables a rough discrimination between various 
constituents of the transformation product [12 − 15]. As neighboring crystals may have 
overlapping ranges of curvature, an analysis of its overall statistics (spectrum) rather than 
local data is preferable as shown in Ref. [5, 16]. Making use of this expedient, we will fit to 
a right tail (higher curvature range) of the experimental GAM spectrum a virtual lognormal 
part presumably involving martensite constituents: the LM and AM fractions. Although the 
latter have lower dislocation densities, its GAM keeps high according to strong phase stresses 
of martensite. Thus, the fraction of bainite constituents can be evaluated by subtracting the 
fitted spectrum from the experimental one. Relevance of this approach will be confirmed by 
TEM results and independent dilatometry data on the transformation kinetics.
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Results and discussion

Transformation kinetics. A temperature dependence of the transformation degree F according 
to dilatometry data is represented in Fig. 1, a. In general, it fits perfectly with the Koinstinen − 
Marburger equation [6] with nucleation temperature TKM of about 300C, though above the latter 
a minor part of transformed phase deviates from the athermal model. Besides, a near-isothermal 
(presumably bainitic) segment appears at the maximum slope of this curve after a notable amount 
of the preformed martensite. This particular effect is supported by Fig. 1, b showing a rather 
smooth time dependence of the transformed fraction that excludes experimental artifacts. The 
most plausible explanation of the considered finding is intensive adiabatic heating due to the 
exothermal transformation. According to the diagram in Fig. 1, a, the portions of about 13% 

and 8% of the transformed matter are not due to athermal martensite [6] but contain alternative 
phases thermally activated, at T > TKM and during the above-considered stage, respectively. 

а) b)

Fig. 1. Transformation kinetics in quenching low carbon martensitic steel: (a) the whole diagram where 
the insert indicates an isothermal stage; (b) time dependence of the temperature and the transformed 

fraction within the period that includes the isothermal stage.
A dashed line in (a) corresponds to the athermal transformation according to the 

Koinstinen − Marburger equation (see Ref. [6])

TEM data. TEM results for microstructures of LM and AM, as well as of LB and GB, 
are presented respectively from Fig. 2 to Fig. 5. As previously described, these results enable 
assessment of the considered constituent fractions. Dislocation densities in each of them were 
determined on several fields under identical diffraction conditions while the foil thickness was 
evaluated by the electron energy loss spectroscopy. Foils were oriented to get (110) planes very 
slightly deviated from the reflecting (“two-beam”) position. Thus, high orientation gradients 
near dislocation cores result in dark traces of dislocation lines on the light field images with a 
high magnification. Besides, lower magnifications were applied to show a general appearance of 
transformation microstructures.

The light field image with a typical LM microstructure is represented in Fig. 2, a and the 
diffraction pattern in Fig. 2, b confirms a specific orientation of (110) planes. The LM occupying 
about 33% of the analyzed foil has thin and straight inter-lath boundaries where streaks of 
retained austenite and, sometimes, fine carbides are observed. The lath thickness varies from 50 to  
290 nm and its average value is 160 nm. The average dislocation density of 7.0·1010 cm−2 evaluated 
in this most hard constituent exceeds the above-mentioned limit of 6.5·1010 cm−2 that would 
ensure accurate assessments by TEM. 

Fig. 3, a−c represents corresponding TEM results for AM that is a type of martensite formed 
at higher temperatures. Moreover, Fig. 3, d images thin elongated particles of cementite oriented 
along three crystallographic directions and peculiar to this microstructure type. Its measured 
volume fraction equals 37% and structural units reaching 2−3 µm in width are rather large for the 
whole analyzed area of 720 µm2. As expected, their evaluated dislocation density of 5.4·1010 cm−2 
proved to be reduced relative to that of LM.
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Fig. 2. TEM images of lath martensite: (a) general appearance by a light field image, 
(b) a diffraction pattern at (110) planes in the reflecting orientation, 

(c) dislocation traces imaged by dark streaks within the laths

a) b) c)

a) b)

c) d)

Fig. 3. TEM images of auto-tempered martensite: (a) general appearance by a light field image, 
(b) a diffraction pattern at (110) planes in the reflecting orientation, 

(c) dislocation traces imaged by dark streaks, (d) a dark field image of oriented carbide particles

According to the above-considered data, a martensite fraction of nominally martensitic steel 
quenched at very high cooling rate of 60°C/s reaches only 70% so that a notable residual fraction 
is presumably due to LB or/and GB phases. The following TEM and EBSD results represented 
in Figs. 4, 5 and 6, respectively, should verify this uncommon finding and then enable evaluation 
of the LB-to-GB proportion. 

It is very hard to recognize LB and separate the latter from LM based only on morphological 
signs. Indeed, the thickness of GB laths varies from 80 to 900 nm and often approach values 
of up to 250 − 300 nm that is close to an upper bound for martensite laths. The average 
dislocation density of LB is 6.5·1010 cm−2 rather close to measured 7.0·1010 of LM though still 
enabling discrimination between the two microstructures. Besides, as previously mentioned, their 
recognition is facilitated by more perfect and straight inter-lath boundaries in LM. As to the 
conventional discrimination between bainite and martensite in terms of carbide distributions, this 
way is hardly applicable to the considered steel since its carbon content is too low. TEM results 
for LB are shown in Fig. 4, and the fraction of this phase is 17%.
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a) b) c)

Fig. 4. TEM images of lath bainite microstructure: (a) general appearance by a light field image, 
(b) a diffraction pattern at (110) planes in the reflecting orientation, 

(c) dislocation traces imaged by dark streaks

GB elements have sizes from 0.5 to 0.7 μm and occupy a 13% fraction of the analyzed foil 
area; their average dislocation density is 5.2·1010 cm−2. TEM results for this phase are shown in 
Fig. 5.

a) b) c)

Fig. 5. TEM images of granular bainite microstructure: (a) general appearance by a light field image, 
(b) a diffraction pattern at (110) planes in the reflecting orientation, 

(c) dislocation traces imaged by dark streaks

Crystal curvature by EBSD. The 
fractions of steel constituents were evaluated 
using EBSD from the distribution of crystal 
curvature by a method suggested in our 
earlier study [5]. GAM spectrum derived by 
EBSD on the analyzed section is shown in  
Fig. 6, where a lognormal distribution 
(dashed curve) fitted to its right tail 
according to Ref. [5] corresponds to 
martensite constituents. To allow properly 
for the latter, deviations of fitted values 
from the lower right part of this plot are 
neglected, so that a remaining sum of 
LB and GB constituents is attributed to 
the spectrum part situated left from the 
lognormal approximation. Thus, assessed 
fractions of martensite (LM plus AM) and 
bainite (LB plus GB) equal 80% and 20%, 
respectively.

Fig. 6. A plot of probability density p versus crystal 
curvature G expressed by GAM function in low 
carbon martensitic steel quenched at the cooling rate 
of 60 deg C/s. A lognormal distribution is given by a 

dashed curve
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Combined analysis. In order to compare results provided by the three independent techniques, 
they are listed in Table. The martensite fraction of 79% derived from the transformation kinetics 
(see Fig. 1) fits 80% according to EBSD analysis much better than this could be expected. 
However, the TEM data, the representativeness of which is limited, should be analyzed with a 
special care. On the one hand, the corresponding 70% of martensite fraction could be accepted as 
satisfactorily close to the previous estimates of 79% and 80%. On the other hand, the difference 
is still notable and hence, suggests plausible corrections of the TEM results as follows. To comply 
with dilatometry and EBSD data, the martensite fraction should be increased by about 10% at 
the expense of bainite constituents. Specifically, it would be reasonable to reduce the GB rather 
than LB fraction as far as the former usually appears in the considered steel at much higher 
temperatures. As shown on the same specimens [5], this regularity agrees well with the statistics 
of paring of the transformation variants admitted by the inter-phase orientation relationship. 
In general, taking these reasons and Fig. 1 into account, both the deviation from the athermal 
transformation at T > TKM and the near-isothermal stage at T ≈ 280ºC are mostly due to the lath 
type of bainite.

Tab l e

A comparison of results obtained by independent methods

Method
Volume fraction (%) of phase constituents 

Martensite Bainite
Lath Auto-tempered Lath Granular

Transmission Electron Microscopy 37 33 17 13
Dilatometry 79 in sum* 21 in sum
Electron Backscatter Diffraction 80 in sum 20 in sum

* An immediate result of the athermal transformation regardless of subsequent auto-

tempering.

Summary

A combined analysis of dilatometry, TEM and EBSD results confirms the near-isothermal 
formation of lath bainite in the middle of martensitic temperature range when quenching 
low carbon steel. Besides, a comparison of this independent data suggests the appearance of 
mostly the same bainite type at temperatures slightly above TKM that leads to deviations of the 
transformation kinetics from the athermal martensite model [6].
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Introduction
One of the main goals of experiments on collisions of relativistic heavy nuclei is to construct 

a phase diagram of quantum chromodynamic (QCD) matter and to study the properties of such 
matter at high temperatures and baryon densities. Convincing evidence for production of strongly 
interacting quark-gluon plasma (QGP) has been obtained in collisions of heavy nuclei at ener-
gies achieved at the Relativistic Heavy Ion Collider (RHIC) at Brookhaven National Laboratory 
(BNL, USA), the Super Proton Synchrotron (SPS) and the Large Hadron Collider (LHC) at the 
European Organization for Nuclear Research (CERN, Switzerland) [1, 2].
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The evolution of the QGP is successfully described by hydrodynamic models assuming the 
presence of local thermal equilibrium and a number of specific initial conditions [3, 4]. The 
collision of relativistic heavy nuclei begins with primary nucleon-nucleon interactions. This is 
followed by the pre-equilibrium phase and production of QGP. As the system formed in collisions 
of relativistic heavy nuclei expands and cools, the process of hadronization begins, with the QGP 
subsequently transforming into colorless hadrons. Quarks and gluons are trapped inside hadrons. 
A dense and hot gas is produced from stable hadrons and resonances. The system reaches chemi-
cal freeze-out, at which inelastic collisions among hadrons cease, and the yields of stable particles 
are extracted [5].

After chemical freeze-out, the hadrons continue to interact with each other through elastic 
or pseudo-elastic (scattering through an intermediate state) scattering, exchanging momen-
tum. The system reaches a stage when the mean free path of hadrons becomes significantly 
larger than the size of the system, i.e., the so-called kinetic freeze-out occurs. At this stage, 
a momentum distribution of hadrons is formed, their composition no longer changes and 
the hadrons move freely towards the detector devices. Since the temperatures of chemical 
freeze-out and the quark-hadron transition are close to each other, the phase between chem-
ical and kinetic freezing is called hadronic [6]. The late hadronic phase of collision between 
relativistic heavy nuclei is a unique medium for studying the hadron system at high tempera-
tures and densities. Understanding the processes occurring in excited hadronic gas is of para-
mount importance for interpreting the observables used to characterize chemical and kinetic 
freeze-out, the hadronic phase, and, more broadly, the time evolution of a system formed in 
collisions of relativistic heavy ions. The properties of the hadronic phase are investigated by 
measuring hadron decays of short-lived resonances [7]. The lifetime τ of short-lived hadronic 
resonances is rather short and comparable to the duration of the hadronic phase (about 10 
fm/c [8]). In this context, short-lived hadronic resonances are sensitive probes for studying 
the hadronic phase. Hadronic resonances with the shortest lifetime, such as ρ(770) meson (τ 
≈ 1 fm/c [9]), decay during the hadronic phase. Their daughter particles can be scattered by 
the surrounding hadrons in dense hadronic matter, changing the momentum and direction of 
motion. As a result, the initial information about the resonance from which they originated 
is lost.

Due to the lack of correlation between the daughter particles, the resonance cannot be recon-
structed by the standard invariant mass analysis, and the measured yield appears to be suppressed 
compared to the expected value [8]. Other observables of the resonances also change, such as the 
shape of the transverse momentum spectrum, mass, width, etc. The situation is further compli-
cated by recombination effects, where hadrons in the hadronic gas recombine to produce new 
resonances, leading to an increase in the yield compared to its initial value. The intensity of these 
two processes depends on the lifetime of the hadronic phase, the density of the hadronic medium, 
the cross section of interactions between resonance decay products and other hadrons, and the 
lifetime of the resonances themselves.

The predominance of one effect over another can be investigated by studying the ratio of the 
resonance yields to the yields of long-lived hadrons with the same quark composition as a func-
tion of collision centrality. Hadronic resonances with a long lifetime, such as the φ(1020) meson 
(τ ≈ 45 fm/c [9]), most likely ‘survive’ the hadronic phase and decay in vacuum after kinetic 
freeze-out. This feature of such resonances is used for comparison with the production of short-
er-lived resonances in reference measurements [10].

In addition to different lifetimes, hadronic resonances have different quark composition, mass, 
baryon number and strangeness. Therefore, comprehensive analysis of resonance production 
allows to understand not only the properties of the hadronic phase and its evolution, but also 
other effects peculiar to dense and hot nuclear matter. These are, for example, the mechanisms 
of hadronization in the region of intermediate and large transverse momenta, the dynamics of 
processes and reactions forming the transverse momentum spectra of particles, the excess yield 
of baryons relative to mesons, the excess yield of strangeness, etc. [10]. Hadronic resonances are 
produced in sufficient numbers. Daughter particles of their hadronic decays can be detected using 
detector setups, and their properties can be easily reconstructed by the invariant mass method 
even for cascade resonance decays.
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The following resonances with dominant hadronic cascade decays play a special role for sys-
tematic study of hadronic resonances [9]:

Elementary particle Lifetime τ, fm/c
Σ(1385)– baryon  ............... ≈ 5.01,
Σ(1385)+ baryon  .............. ≈ 5.45,
K*(892)+ meson  ............... ≈ 3.84,
K*(892)– meson  ............... ≈ 3.83.

These resonances have lifetimes comparable to the lifetime of the hadronic phase. Similar 
to K*(892)0 and ρ(770) mesons, they decay during the hadronic phase. Depending on the pree-
dominance of rescattering or recombination effects, their yield may be suppressed or excessive, 
compared with the reference measurements of the yield of quasi-stable particles with a similar 
quark composition. Experimental observation of the predominance of a specific effect for a wide 
range of resonances allows to more accurately define the cross sections of hadronic interactions 
to describe the known hadronic processes for simulation of the hadronic phase.

The quark compositions of Σ(1385)–-(uss), Σ(1385)+-(dds) baryons as well as K*(892)+-(su̅) and 
K*(892)–-(us ̅) mesons include strange quarks; unlike the φ meson, they are open-strange. This 
property of these resonances allows to explore the production of strangeness more comprehensively 
by measuring their production together with the production of φ mesons. The different number of 
quarks included in the resonances under consideration also makes it possible to use them to study 
the excess yield of baryons relative to mesons, the mechanisms of hadronization, etc.

In the near future, after the Nuclotron-based Ion Collider (NICA) at the Joint Institute for 
Nuclear Research ( Dubna, Russia) is commissioned, an experiment on studying the processes 
during collisions of heavy nuclei (Multi-Purpose Detector (MPD)) will begin at the collider facility 
[11]. It is expected that the first colliding systems at the NICA will be the nuclei of bismuth (Bi + 
Bi) and xenon (Xe + Xe) atoms at a center-of-mass energy (per nucleon pair) √S

NN
 = 7.0–9.2 GeV.

Systematic study of the production of resonances in collisions of relativistic nuclei at the 
energy of NICA is one of the main objectives of the MPD experiment, continuing the research 
on the production of resonances at the SPS, RHIC and LHC accelerators.

Preparations are currently underway for the launch of the collider facility. Measurement tech-
niques are developed and potential observables are estimated based on model calculations. Special 
attention is paid to the development of complex algorithms, validated based on model calculations.

The goal of this study is to determine the possibility of measuring the properties of hadronic 
resonances of Σ(1385)– and Σ(1385)+baryons as well as K*(892)+-(su) and K*(892)–-(us ̅) mesons 
using the MPD setup in the NICA accelerator in collisions of bismuth nuclei at √S

NN
 = 9.2 GeV 

in hadron cascade decay channels

Σ(1385)– → Λ + π–,

Σ(1385)+ → Λ + π+ (Λ → p + π–),

K*(892)+ → K
S
 + π+,

K*(892)– → K
S
 + π– (K

S
 → π+ + π–)

in the rapidity range |y| < 0.5 and depending on the collision centrality.

Experimental setup of the MPD and computational procedure

This facility is one of the two large detector systems at the NICA accelerator, optimized for 
studying dense and hot matter formed in collisions of relativistic heavy ions. The facility includes 
a central part, which has a large time projection chamber, a time-of-flight detector and an elec-
tromagnetic calorimeter (located inside a superconducting solenoid). Detectors are connected to 
the central part from the front and back, which are used to select events, measure the vertex and 
time of interaction, as well as collision centrality of heavy ions. The most detailed information 
about the detectors of the experimental MPD setup, their parameters and efficiency evaluation 
can be found [11]. The paper describes the capabilities of the Time Projection Chamber (TPC) 
for reconstructing charged particle tracks and particle detection, as well as the Time-Of-Flight 
(TOF) detector for particle detection.
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The MPD experiment, like the entire NICA facility, is under construction and is scheduled to 
be launched in the coming years. In view of this, efforts are underway to reliably simulate colli-
sions of heavy ions at energies expected at the NICA accelerator in both the collider configuration 
and the configuration with fixed-target collisions. Detailed modeling of the responses of various 
detector subsystems included in the MPD experimental setup is also carried out in order to eval-
uate the capabilities of the experimental setup to recover signals from various kinds of physical 
processes that are supposed to be studied in the MPD experiment, in particular, those occurring 
during collisions of different systems at different collision energies.

In this paper, we analyze data obtained by simulating collisions of Bi nuclei at energy 
√S

NN
 = 9.2 GeV. The UrQMD event generator, one of the most well-known and popular soft-

ware packages for reliable simulation of heavy ion interactions in the energy range expected at 
the NICA accelerator, was used to simulate Bi + Bi collisions in a wide range of target param-
eter values. The studied resonances were declared stable particles in the input settings of the 
event generator.

Since the goal of this work was to explore the possibilities of a future MPD setup for recon-
structing signals from cascade resonance decays, this setting was used to minimize distortion 
of the results obtained. The distortions are caused by the effects of the late hadronic phase in 
the interaction of heavy relativistic ions (rescattering and regeneration of daughter particles in 
hadronic gas). The simulated (Bi + Bi) collision events obtained by the UrQMD generator were 
then used to simulate the response of the MPD using the MpdRoot software package [11]. This 
package serves as the main tool for both simulating and processing the results obtained by the 
MPD setup. It contains the most up-to-date, accurate and detailed geometry of all detector sub-
systems, described using the GEANT software package, as well as tools for reconstructing charged 
particle tracks, signal processing of electromagnetic and hadronic calorimeters, particle detection, 
etc. The MpdRoot package was also applied to simulate the decay of the studied resonances in 
accordance with their tabulated parameters using the GEANT software package [9].

In this paper, we studied the decays of the following resonances in cascade modes (with the 
presence of a secondary vertex):

K*(892)± → K
S
 + π± (K

S
 → π+ + π–),

Σ(1385)± → Λ + π± (Λ → p + π–).
Analysis of such decays is peculiar in that the secondary vertex of the decay of K

S
 mesons and 

Λ baryons must be reconstructed before reconstructing the signal from the decay of the studied 
resonance. Since the inner tracking system will not be assembled at the first stage of experiments 
with the MPD setup (in the future it will allow more accurate reconstruction of secondary verti-
ces), this study was aimed at optimizing the selection of candidates (by the required criteria) for 
secondary vertex from the decay of K

S
 mesons and Λ baryons (in particular, using tools from the 

MpdRoot software package). It was necessary to minimize the background level in the resulting 
distributions without significant loss of useful signal. More efficient algorithms were used for 
reconstructing charged particle tracks, and the data sample for (Bi + Bi) collisions was increased 
to 50 million collisions, compared with those described in [12, 13] (where it was 5 million), con-
sidering the capabilities of the MPD setup for measuring the properties of K*(892)± and Σ(1385)± 
resonances in (Au + Au) collisions at energies √S

NN
 = 4.0, 7.7 and 11.0 GeV [12] and Bi + Bi 

collisions at energies √S
NN

 = 9.2 GeV [13]. In addition, the detector subsystems of the MPD setup 
were described in more detail based on new information.

Thanks to the application of new optimized algorithms and a larger-scale study, we obtained 
for the first time new interesting results reflecting the dependence on the collision centrality 
(which is the most important).

The properties of K*(892)+ and K*(892)– resonances as well as Σ(1385)+ and Σ(1385)– res-
onances are close, while their hadronic decays differ by the pion charge. This paper consid-
ered averaged sums to expand statistics and facilitate the reconstruction of the properties of the 
studied resonances.

[K*(892)+ + K*(892)–]/2 and [Σ(1385)+ + Σ(1385)–]/2.
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Events with a reconstructed interaction vertex within 130 cm along the z axis from the geo-
metric center of the experimental setup were selected from the total sample. This requirement 
is imposed because constant trigger efficiency must be maintained along the z-coordinate of the 
interaction vertex. We estimated the centrality of events based on information about the multi-
plicity of charged particles reconstructed in the TPC detector [10].

A comprehensive technique was developed and improved to reconstruct the signal from the 
decays of the studied resonances taking into account the topology of the decays, the parameters 
and capabilities of the MPD, as well as possible background processes distorting the reconstructed 
signal. For each event, all the analyzed tracks of charged particles were tested for several criteria 
to select the tracks to be used to reconstruct the signal from the decays of the studied resonances. 
All tracks should be identified either as pions or as protons (depending on which type of particles 
were selected at this stage) using information from the TPC and TOF detectors. Only the most 
accurately reconstructed tracks were considered for selection; the selection criteria used were the 
minimal number of points in the TPC used to reconstruct the track and the maximum pseudora-
pidity of the reconstructed charged particle track.

To select pions from direct decay of K*(895)± and Σ(1385)± resonances, the distance of 
the closest approach between the reconstructed track and the primary interaction vertex was 
also checked.

A separate stage was the selection of candidates and the reconstruction of the secondary decay 
vertex of K

S
 mesons and Λ baryons. In addition to the track selection criteria described above, the 

criterion of the minimal value of the parameter χ2 was used for the selection of pions (protons) 
for matching the reconstructed track to the primary vertex of the interaction. The tracks selected 
in this way were combined into various π+π– (рπ–) pairs in the case of reconstruction of the sec-
ondary vertex from the decay of K

S
 mesons (Λ baryons). Each analyzed pair was checked against 

the criteria for daughter particles from the decay of K
S
 mesons or Λ baryons:

maximum distance between two tracks at the secondary decay vertex;
reconstruction quality of the secondary vertex (maximum value of χ2);
minimum distance between the primary and secondary decay vertices;
maximum angle between the vector connecting the primary and secondary vertices and the 

vector of the reconstructed momentum of K
S
 meson (Λ baryon).

As a result, only pairs that passed all the selection criteria were used to reconstruct the invari-
ant mass of the π+π– (рπ–) pair to isolate the signal from the decay of K

S
 mesons (Λ baryons).

Fig. 1 shows examples of the distributions of the reconstructed invariant masses for π+π– and 
рπ– pairs before and after applying the selection criteria. Evidently, applying these selection 
criteria significantly suppresses the background component of the distributions, which makes it 
possible to isolate signals with minimal background fraction from the decays of K

S
 mesons and Λ 

baryons for further analysis.
For the purpose of further analysis, candidates for decay of K

S
 mesons and Λ baryons in the 

range of ±2 standard deviations from the tabulated mass of the K
S
 meson or Λ baryon were 

selected from the distributions shown in Fig. 1, b, d. Candidates for K
S
 mesons (Λ-baryons) 

selected in this way were combined with charged pions that passed all the selection criteria, 
generating the distributions of invariant masses for πK

S
 (πΛ) pairs. The obtained distributions 

contained, in addition to the signal from the decays of the studied resonances, a significant 
combinatorial background, which was evaluated by the event mixing method. Close values of the 
z-coordinate of the collision vertex position and the multiplicity of reconstructed event particles 
were selected for each analyzed event to evaluate the combinatorial background. The method 
described above was used to reconstruct the invariant mass of πK

S
 (πΛ) pairs, however, the pions 

for this pair were taken from the analyzed event, and candidates for K
S
 mesons (Λ baryons) were 

taken from selected similar events. The distribution of invariant masses obtained by event mixing 
was normalized by the analyzed distribution in the invariant mass region, where no useful signal 
was expected; then this distribution was subtracted from the analyzed distribution. Fig. 2 shows 
examples of the distributions of invariant masses for of πK

S
 and πΛ pairs before and after subtract-

ing the combinatorial background.
The distribution formed after subtracting the combinatorial background was fitted to a com-

posite function to calculate the yields of K*(892)± and Σ(1385)± resonances in (Bi + Bi) collisions 
at √S

NN
 = 9.2 GeV, obtained after applying all selection criteria.
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The fitting function includes a convolution of the Breit–Wigner function (to describe the spec-
tral shape of the resonance) and a Gaussian (to account for the mass resolution of the MPD), as 
well as a polynomial to account for the residual background. The integral of the Breit–Wigner 
function convolved with the Gaussian was taken as the yield.

The mass resolution for each analyzed transverse momentum range was estimated by con-
structing the distribution of the difference between the values of the generated and reconstructed 
mass of the studied resonance. This distribution was fitted to the Gaussian, and the width obtained 
from the fit was taken as the mass resolution [10]. Fig. 3 shows the dependences of mass resolu-
tion of the MPD setup on the transverse momentum value in the case of decay reconstruction.

K*(892)± → K
S
 + π± (a) and Σ(1385)± → Λ + π± (b).

Fig. 4 shows the distributions of decay reconstruction efficiency.

K*(892)± → K
S
 + π± and Σ(1385)± → Λ + π± (b)

in (Bi + Bi) collisions at √S
NN

 = 9.2 GeV in different centrality bins. The distributions were 
obtained as a function of the transverse momentum value. Although the reconstruction efficiency 
is small at low transverse momenta in the case of K*(892)± mesons, it still exceeds zero, while in 
the case of Σ(1385)± baryons, the efficiency drops to zero, imposing restrictions on the transverse 
momenta that are minimally achievable for signal reconstruction from baryon decays. As the trans-
verse momentum increases, the reconstruction efficiencies of K*(892)± and Σ(1385)±resonances 
increase, reaching a value of 0.2, after which they remain stable. This means that the maximum 
achievable values of the transverse momentum are limited only by the statistical sample collected.

c) d)

a) b)

Fig. 1. Invariant mass spectra for pair of oppositely charged pions ππ (a, b) 
and proton-π– pair (c, d) in collisions of bismuth (Bi + Bi) nuclei 

at √S
NN

 = 9.2 GeV before (a, c) and after (b, d) applying the selection criteria
Spectra were reconstructed in the transverse momentum range 

0.4 < p
T
 < 0.6 GeV/c for both pairs
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a) b)

Fig. 3. Dependences of mass resolution of MPD (σ
MπKs

 and σ
MπɅ) 

on transverse momentum p
T
 of πK

S
 (a) and πΛ (b) pairs 

for K*(892)± → K
S
 + π± (a) and Σ(1385)± → Λ + π± (b) decay channels 

in (Bi + Bi) collisions at √S
NN

 = 9.2 GeV

c) d)

a) b)

Fig. 2. Invariant mass spectra for πK
S
(a, b) and πΛ (c, d) pairs (black symbols) 

in (Bi + Bi) collisions at √S
NN

 = 9.2 GeV before (a, c) and after (b, d) subtraction 
of the combinatorial background (squares).

Spectra were reconstructed in the transverse momentum ranges 
0.4 < p

T
πKs < 0.6 GeV/c and 0.4 < p

T
πΛ < 0.6 GeV/c for πK

S
 and πΛ pairs, respectively

Breit–Wigner function convolved with a Gaussian is used to reconstruct the peak (solid line); 

second-degree polynomial is used for the correlated background (dashed line)



127

Nuclear Physics

Computational results

To construct the dependence of invariant yields on the transverse momentum (the so-called 
transverse momentum spectrum), the differential yields were calculated for each of the consid-
ered transverse momentum ranges and centrality bins of (Bi + Bi) collisions using the following 
formula [10]:

ev

( )
,

( )

2

T

T T T

N pd N

dp dy N p p y
=

ε ∆ ∆
(1)

where N(p
T
) are the yields of K*(892)±- and Σ(1385)±-resonances; N

ev
 is the number of collisions 

analyzed; p
T
, GeV/с, is the transverse momentum of K*(892)±- and Σ(1385)±-resonances; ∆p

T
, 

GeV/c, is the transverse momentum range within which the yields of these resonances are deter-
mined; ∆y is the rapidity range from –0.5 до 0.5; ε(p

T
) is the detection efficiency of K*(892)±- and 

Σ(1385)±-resonances, equal to the geometric acceptance of the MPD for the studied hadronic 
resonance decays multiplied by the average decay probabilities for each channel

K*(892)± → K
S
 + π± and Σ(1385)± → Λ + π±.

a) b)

Fig. 4. Dependences of detection efficiency ε for K*(892)± and Σ(1385)± resonances 
on transverse momentum in K*(892)± → K

S
 + π± (a) and Σ(1385)± → Λ + π± (b) 

decay channels, extracted using MPD
Efficiency was calculated for (Bi + Bi) collisions at √S

NN
 = 9.2 GeV for 7 centrality bins, %: 

0–10 (∗), 10–20 (♦), 20–30 (⋆), 30–40 (▼), 40–50 (▲), 50–60 (■) and 60–90(•)

a) b)

Fig. 5. Reconstructed transverse momentum spectra (symbols) and similar spectra 
initially generated by event generator (lines) for K*(892)± (a) 
and Σ(1385)± (b) resonances in the rapidity range |y| < 0.5

These data correspond to the same collisions and energies, for the same centrality bins 

and notations as in Fig. 4. For clarity, the enlarged spectra are shown in one graph
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The transverse momentum spectra for K*(892)± and Σ(1385)± resonances are shown in Fig. 5. 
The spectra were obtained for various centrality bins of (Bi + Bi) collisions at √S

NN
 = 9.2 GeV 

in the rapidity range |y| < 0.5. The real transverse momentum spectra of K*(892)±- and Σ(1385)± 
resonances generated by the event generator are also shown for comparison. Evidently, the spec-
tra are similar, which confirms the adequacy of the analytical procedure we developed. It can 
also be seen from the obtained transverse momentum spectra that for measuring the properties of 
K*(892)± and Σ(1385)± resonances in hadron cascade decay channels

K*(892)± → K
S
 + π± and Σ(1385)± → Λ + π±,

depending on the transverse momentum and collision centrality, a sample exceeding 50 million 
(Bi + Bi) collisions is sufficient.

Conclusion

The paper reports on the feasibility of measuring the properties of K*(892)± and Σ(1385)± 
resonances in collisions of bismuth nuclei at energy √S

NN
 = 9.2 GeV at the MPD experimental 

facility that is part of the NICA accelerator complex. The study was performed by simulating the 
collisions of bismuth nuclei and reconstructing the following hadronic cascade decays:

Σ(1385)– → Λ + π–,

Σ(1385)+ → Λ + π+ (Λ → p + π–),

K*(892)+ → K
S
 + π+,

K*(892)– → K
S
 + π– (K

S
 → π+ + π–).

The dependences of the main process parameters on the transverse momentum were obtained 
in these decays, for various centrality bins of (Bi + Bi) collisions in the rapidity range from –0.5 
to 0.5. It was established that the accumulation of over 50 million of these collisions is sufficient 
for reconstructing the properties of K*(892)± and Σ(1385)± resonances with satisfactory accu-
racy to study the production of K*(892)± and Σ(1385)±resonances in a wide range of transverse 
momenta: from 0 for K*(892)± mesons and from 0.2 for Σ(1385)± baryons to 2.5 GeV/c for both 
resonances and centralities of (Bi + Bi) collisions with a 10% bin for central and semi-central 
collisions, as well as with a 30% bin for peripheral ones.
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Abstract. This paper puts forward a new method of solving the problem for calculating the 

unknown and non-measurable parameters, that are included in a system of differential equations, 
whose solution adequately reproduces the given experimental data, but has no analytical form. 
The problems of this kind are often found in physical research of semiconductor materials, 
biomedical processes and in electronics. The novelty lies in the proposed idea of numerical 
calculations of partial derivatives which has made it possible to adapt the Levenberg – Marquardt 
method of non-linear approximations for solving the said problem. Our specific examples showed 
that calculation errors of the parameter values were not more than the experimental errors.
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ОБРАТНАЯ ЗАДАЧА СИСТЕМ ДИФФЕРЕНЦИАЛЬНЫХ  
УРАВНЕНИЙ В СВЯЗИ С ИЗУЧЕНИЕМ ПОЛУПРОВОДНИКОВЫХ  

МАТЕРИАЛОВ И БИОМЕДИЦИНСКИХ ПРОЦЕССОВ
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Аннотация. В работе представлен новый метод решения задачи вычисления априори 
неизвестных и не поддающихся прямым измерениям параметров, входящих в состав систем 
дифференциальных уравнений, адекватно описывающих имеющиеся экспериментальные 
данные, но не имеющих аналитической формы решения. Задачи такого рода нередко 
встречаются при физических исследованиях полупроводниковых материалов, а также в 
электронике, биофизике и медицинской физике. Новизна заключается в предложенной 
идее численного расчета частных производных, что позволило применить для решения 
такой задачи метод нелинейной аппроксимации Левенберга – Марквардта. На 
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конкретных примерах показано, что погрешность вычисления значений параметров 
оказывается не больше погрешности экспериментальных данных.
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Introduction
Systems of ordinary differential equations (ODEs) with solutions in the form of periodic nonlinear 

undamped oscillations are widely used for mathematical modeling of physical, chemical and bio-
logical self-oscillatory processes [1–4, 10]. Generally, the argument in these solutions is the time t.

Real processes in living and nonliving matter commonly include a large number of separate 
subprocesses or stages, often incredibly complex, especially in complex processes of current flow 
in semiconductor materials [10] or biological processes [3–6, 13]. Ideally, their model descrip-
tion should include a large number of related variables, which complicates the analysis, leads to 
ill-posedness of models and instability of model solutions, typically obtained numerically, since it 
often turns out that analytical solutions to such models do not exist.

In view of the above, models have to be simplified for clarity and stability, the number of 
variables is reduced; some unimportant reactions (as judged by the researchers) are neglected and 
others are combined into sets to quantify (albeit incompletely) the influence of those numerous 
reactions that do not determine the overall qualitative course of the given process.

To preserve the quantitative adequacy of simplified models that include such combined reaction 
sets, it is necessary to correctly define their rate coefficients acting as de-facto fitting parameters.

Notably, even the rates of individual biochemical reactions or the values of some parameters of 
new semiconductor materials are also known quite approximately; the data from different authors 
vary greatly.

Models can include unknown or ill-known parameters. It would be optimal to be able to cal-
culate and refine their values to obtain new quantitative physical information.

If the variables that make up the solution of the ODE system are measured experimentally, 
it becomes possible to calculate unknown parameters to compare computational and experi-
mental model results. Such an inverse problem of the ODE system can become the basis for 
indirect experimental measurements, when unknown parameters cannot be measured directly 
but can be calculated through a known relationship (model) with other measurable quantities 
and/or variables.

The goal of this paper is to develop a procedure for solving such an inverse problem and test it.

Problem statement

In general, the problem is formulated as follows. Experimental data are available about the variables 
u(t

i
), v(t

i
), w(t

i
), … , measured (with an error) at k points in time t

i
. There is also a system of ODE:

( , , , ,..., , , ,...)
( , , , ,..., , , ,...)

,
( , , , ,..., , , ,...)

u f t u v w a b c

v g t u v w a b c

w h t u v w a b c

=


= 


= 


   
   
   



(1)
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with N components of the solution

( , , , ,...), ( , , , ,...), ( , , , ,...),....i i iu t a b c v t a b c w t a b c  

It is assumed that system (1) has no analytical solution and that the components of solution (1) 
can only be found numerically.

Let us also assume that these components can adequately match the experimental data, denoted 
below as

( ), ( ), ( ),....i i i i i iu u t v v t w w t≡ ≡ ≡

Let the initial conditions of all equations (1) be set at the conditional time origin t
0
; then the 

ODE system (1) is the Cauchy problem. It is required to find unknown numerical values of the 
parameters a, b, c, ... included in system (1), minimizing the functional of sums of square devia-
tions of the solution components in system (1) from the corresponding experimental data:

2 2

1 1

2

, , ,...
1

[ ( , , , ,...) ] [ ( , , , ,...) ]

[ ( , , , ,...) ] ... min.

k k

i i i i

i i

k

i i
a b c

i

S u t a b c u v t a b c v

w t a b c w

= =

=

= − + − +

+ − + →

∑ ∑

∑

 


(2)

The number of sums in the functional S is equal to n, the number of those variables of 
system (1) for which experimental data were obtained.

Notably, it was found in the course of this study that it is unnecessary to obtain the experi-
mental data for all N variables of system (1). Data on a smaller number of variables n < N, and 
often only on a single variable is sufficient to calculate the parameters with acceptable accuracy.

A problem similar to the one formulated in this section was posed earlier in [5] for the model 
of the Belousov–Zhabotinsky reaction [6]. The experimental data in [5] were modeled by solv-
ing a direct problem; no additional model error was introduced in these data. The parametric 
search for the minimum S was carried out in [5] using the Hooke–Jeeves method [7], which is a 
variant of the coordinate descent method [9]. The method is direct, so that inverse problem (2) 
was actually solved by searching over solutions to direct problem (1). For such methods of 
solving inverse problems, convergence is guaranteed only in a very small neighborhood of the 
minimum; it is also characterized by long calculation times and low accuracy of the results. The 
calculation accuracy for three reaction rates given in [5] turned out to be rather unsatisfactory: 
12, 14, and 420%.

Algorithm for solving the problem

An alternative method is proposed in this paper to find the parameters minimizing functional 
(2), which is close in theory to the Levenberg–Marquardt nonlinear approximation method [11], 
including elements of gradient descent along with preconditioning and regularization.

Since solution (1) exists but the analytical form of its components

( , , , ,...), ( , , , ,...), ( , , , ,...),....i i iu t a b c v t a b c w t a b c  

remains unknown, we are forced to assume a nonlinear dependence of the components on the 
parameters a, b, c, ... . Therefore, to find the latter, it is advisable to apply one of the methods 
for nonlinear minimization of the functional S.

All such methods are based on linearization of deviations

( , , , ,...) ; ( , , , ,...) ; ( , , , ,...) ;  ... ,  etc.i i i i i iu t a b c u v t a b c v w t a b c w− − −  

of relatively small increments of the parameters da, db, dc, … .
Let us assume that a certain initial set of parameters is known from physical considerations:
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0 0 0 0, , ,... .a b c ≡ p

Here it makes sense to immediately try to solve system (1) with the initial parameter set p
0
, 

calculate the relative residual of the form

2 2

0 0 0 0 0 0

1 1
0

2 2

i

1 1

1 2

2

0 0 0

1

2

i

1

[ ( , , , ,...) ] [ ( , , , ,...) ]
1

[ ( , , , ,...) ]
...

k k

i i i i

i i
k k

i

i i

k

i i

i
k

i

u t a b c u v t a b c v

n
u v

w t a b c w

w

= =

= =

=

=


− −ρ = + +





− + + 




∑ ∑

∑ ∑

∑

∑

 


(3)

and compare it with the relative experimental error ρ.
If it turns out that ρ

0
 ≈ ρ, we can assume that the required parameters were found. However, 

this is generally not the case, and ρ
0
 > ρ. If the value of ρ

0
 is excessively higher than the value 

of ρ, it is worthwhile to refine the initial set by trial and error, varying a
0
, b

0
, c

0
, … , finding ρ

0
 

from expression (3) and comparing the values of ρ
0
 and ρ.

We should note that the time dependences of some components of solution (1) often take the 
form of a sequence of narrow pulses with a large duty cycle. Practice shows that reliable conver-
gence is guaranteed when the pulses of solution (1) overlap with the corresponding experimental 
data by at least 10%.

Next, we expand the deviation in the ith position:

0 0 0 0 0 0 0 0 0( , , , ,...) ; ( , , , ,...) ; ( , , , ,...) ;i i i i i iu t a b c u v t a b c v w t a b c w− − −   (4)

in the vicinity of a
0
, b

0
, c

0
, … into a Taylor series with respect to increments of parameters da, db, 

dc, …, retaining only the linear terms of the expansion:

0 0

0 0

0 0

2

0 0 0

1

2

0 0 0

0 0 0

( ) ( )( , , , ,...) ...

( ) ( )( , , , ,...) ... ...

( ) ( )( , , , ,...)

k
i i

i i

i

i i
i i

i i
i i

u t u t
S u t a b c u da db

a b

v t v t
v t a b c v da db

a b

w t w t
w t a b c w da db

a b

=

 ∂ ∂= − + + + +  ∂ ∂  
 ∂ ∂ + − + + + +  ∂ ∂    

∂ ∂
+ − + + +

∂ ∂

∑
p p

p p

p p

 

 

 
2

... ... .
  +  

    

(5)

Thus, problem (2) turns out to be linearized with respect to the increments da, db, dc, … .
Then, as in the linear least squares method, we should find the partial derivatives

, , ,...,
[ ] [ ] [ ]

S S S

da db dc

∂ ∂ ∂
∂ ∂ ∂

equate them to zero and obtain a system of linear algebraic equations (SLAE) with respect to the 
unknowns da, db, dc, … :
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0

0

0

[ ] [ ] [ ] ,
[ ] [ ] [ ] ,
[ ] [ ] [ ] ,

aa ab ac a

ba bb bc b

ca cb cc c

A da A db A dc A

A da A db A dc A

A da A db A dc A

+ + +…=
 + + +…=
 + + +…=
 

(6)

0 0 0 0 0 0

0 0

1

0 0 0 0 0 0 0

1

( ) ( ) ( ) ( ) ( ) ( ) ;

( ) [ ( , , , , ) ] [ ( , , , , ) ]

k
i i i i i i

ab

i p p p p p p

k
i i

a i i i i

i p p

u t u t v t v t w t w t
A ...

a b a b a b

u t v( t )
A u t a b c ... u v t a b c ... v ... .

a a

=

=

 ∂ ∂ ∂ ∂ ∂ ∂
= + + +  

∂ ∂ ∂ ∂ ∂ ∂   


 ∂ ∂  = − − + − +  ∂ ∂   

∑

∑

     

  
(7)

The main problem with applying the linearization method to find the parameters of con-
trol systems is that, unlike other nonlinear minimization methods (including the Levenberg–
Marquardt method), it is impossible to calculate partial derivatives in (7) analytically, since it was 
initially assumed that system (1) does not have an analytical solution.

In this paper, it is proposed to find derivatives numerically.
Let us define an initial set p

0
 ≡ a

0
, b

0
, c

0
, …, and initial conditions of system (1) from the exper-

imental data. We solve system (1) numerically and find the components of the solution

0 0 0 0 0 0( , , , ,...),  ( , , , ,...),  ... , etc.i iu t a b c v t a b c 

After that, we define a small increment to parameter a
0
, such that |δa| < |a

0
|, and leave all other 

parameters unchanged. Substituting a
0
 + δa into system (1) instead of a

0
, we solve it with the 

same initial conditions and find

0 0 0 0 0 0( , , , ,...),  ( , , , ,...) ... , etc.i iu t a a b c v t a a b c+ δ + δ 

Next, calculating the relation

0 0 0 0 0 0 0 0 0( , , , ,...) ( , , , ,...) ( , , , ,...)
,i i iu t a a b c u t a b c u t a b c

a a

+ δ − δ
=

δ δ
  

(8)

we obtain a numerical equivalent of the partial derivative

0

( , , , ,...)
.iu t a b c

a

∂
∂ p



Partial derivatives 

0
a

∂
∂ p

 for the remaining components of solution (1) are found similarly.

Then a small increment is given to the parameter b
0
 and numerical analogues 

0

,
b

∂
∂ p

 etc., are 
found similarly.

As a result, the problem of calculating all the elements of SLAE (6) is successfully solved.
The solution to SLAE (6) is a vector

[ , , ,...].d da db dc≡p

Ostensibly, problem (2) should be solved iteratively, defining an initial parameter set p
0
, con-

structing and solving a SLAE (6), finding dp and then p
1
= p

0 
+ dp. After that, it is necessary 

to check whether the quantity S in Eq. (2) decreases when p
1
 is substituted instead of p

0
. If 

it decreases, then p
1
 is taken for p

0
 and the next iteration begins: system (1) is solved again, 

SLAE (6) is composed, and so on, until the value of S is stabilized as it decreases monotonically.



137

Applied and Computational Mathematics

So far, everything seems logical, since we describe the well-known Gauss–Newton method for 
finding the minimum. However, we found in this study that this method is basically unsuitable 
for solving inverse problems of ODE systems in practice. If this method is used, the value of S 
often does not decrease at all when the initial approximation is not sufficiently close to the set of 
parameters giving the minimum, and/or when the matrix A from SLAE (6) is ill-conditioned [12].

Solving inverse problems of ODE systems by the Gauss–Newton method, generally yields 
S(p

1
) > S(p

0
) instead of S(p

1
) < S(p

0
) at first iteration, and S(p

1
) often turns out to be much larger 

than S(p
0
). This is because physical considerations often give such a set a

0
, b

0
, c

0
, … that neither 

the increments of the parameters da, db, dc, ... , nor the deviations (4) are sufficiently small to 
neglect the higher terms of series (5). Then all expressions starting from (5) are, strictly speaking, 
incorrect, i.e., do not correspond to the problem. However, all these expressions would corre-
spond to it if the increments da, db, dc, … were small.

Therefore, we propose, firstly, the same preconditioning procedure with matrix A as in the 
Levenberg–Marquardt method [11], called scaling, where matrix A is transformed into matrix R:

1

1
,  where , 0 .

1

ab ac

ba bc mn
mn

ca cb mm nn

r r

r r A
R m n r

r r A A

 
 
 = ∀ > =
 
 
 





   

(9)

It is also necessary to recalculate the elements in the column of free terms of SLAE (6):

0 00 .m m mmm r A A∀ > = (10)

The scaled SLAE replacing SLAE (6) takes the following matrix form

0 ,Rz R= (11)

and the components of its solution z
m
 (their number is equal to the number of required parameters) 

are related to the components of the solution of SLAE (6) by

0 [ ] .m m mmm d z A∀ > =p (12)

SLAE (11) turns out to be much better-posed, and its solution is more stable than that of 
SLAE (6).

Secondly, to further improve the well-posedness of SLAE and accelerate the convergence of 
the method, we propose, based on the results from [11], to introduce additional regularization: 
a positive number µ should be added to the diagonal elements of the matrix R (which is positive 
definite and whose eigenvalues are all positive). In addition to reducing the condition number 
of SLAE (12), introducing the coefficient µ, according to Levenberg [11], forcibly makes the 
increments of the parameters small.

As a result, instead of SLAE (6), we need to solve the following SLAE:

0( ) ,R I z R+ µ = (13)

where I is the identity matrix.
The quantity µ must be refined during the solution of the problem. In the first iteration, it is 

recommended to take µ ≈ 0.1–0.3.
After composing SLAE (6), converting it to form (13) and finding a solution, we should per-

form inverse scaling of Eq. (12), thus calculating the increments of the required parameters da, 
db, dc, … . Next, we find

1 0 0 0 0 1 1 1, , ,... , , ,  ... .d a da b db c dc a b c= + ≡ + + + =p p p
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Next, the found values of the parameters a
1
, b

1
, c

1
, … are inserted into system (1), solved, and 

the residual ρ
1
 is calculated:

2 2

1 1 1 1 1 1

1 1
1

2 2

i

1 1

1 2

2

1 1 1

1

2

i

1

[ ( , , , ,...) ] [ ( , , , ,...) ]
1

[ ( , , , ,...) ]
... .

k k

i i i i

i i
k k

i

i i

k

i i

i
k

i
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Now we should check whether there will be ρ
1
 ≈ ρ. If that is the case, then the required 

parameters were found (these are a
1
, b

1
, c

1
, …), and the problem was successfully solved.

End of calculations.
If ρ

1
 > ρ

0
, the iteration is not counted, the value of µ should be increased (approximately by 

1.5 times) and it is necessary to return to the beginning of solution (13). Occasionally, the ratio 
ρ

1
 > ρ

0
 suddenly appears in the course of calculations after the first iteration. Then the procedure 

for increasing µ can help restore convergence and stability. If µ has reached an excessively large 
value (exceeding 2), this indicates an error in the formulation of the problem.

End of calculations.
On the other hand, if ρ

1 
< ρ

0
, but still ρ

1 
> ρ, then p

1
 is taken as p

0
 and ρ

1
 as ρ

0
. Then it is nec-

essary to reduce the quantity µ (multiplying it by 0.6–0.9) and start the next iteration: construct 
SLAE (6) again, etc.

Iterations are carried out until S stabilizes and ρ
1
 becomes approximately equal to ρ.

Example solutions of inverse problems of ODE systems

In this section, two well-known models that can be called classical are considered as examples. 
The fourth-order Runge–Kutta method with a posteriori error estimation [8, 9] was used in this 
work to numerically solve system (1).

Brusselator model of autocatalytic reaction (Model I). The Brusselator model [13] was initially 
created by Prigogine and Lefever as a computational experiment, i.e., to find and establish a rea-
sonable physico-chemical mechanism of periodic biochemical reactions. Subsequently, the model 
made it possible to study the properties of dissipative structures in various nonlinear systems, 
including those of a non-chemical nature. The model does not relate to any specific reaction, 
therefore, the values of all rates of the hypothetical intermediate stages of the reaction were fitting 
parameters, selected so that the solutions of the model equations exhibited an oscillatory behavior.

The ODE system proposed in the [13] has the following form:

2

2

( 1) ;
.

x a b x x y

y bx x y

= − + + 


= − 




The variables x(t) and y(t) are proportional to the concentrations of the substances participat-
ing in the reaction and can be measured experimentally. The values of parameters a and b were 
assumed to be unknown.

The error of the model experimental data for the time functions x(t) and y(t) was taken as 
about 5% for this example. The starting approximations for the values of parameters a

0
 and b

0
 

were selected by trial and error. As a result, a
0
 = 1.0; b

0
 = 2.5 were taken. The deviation of x

0
(t) 

and y
0
(t) from the experimental data amounted to 97% (Fig. 1, a, b).

The results of the algorithm after 18 iterations are shown in Fig. 1, c, d: the found parameter 
values were a = 1.09; b = 3.16; the error did not exceed 1.3% (model values of 1.1 and 3.2), which 
can be accepted as a good result.
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The above example shows that if there is experimental data on the time dependence of the 
concentrations of reagents and products of a particular reaction, it is possible to quantify the 
rates of the intermediate stages of this reaction (which is the essence of an indirect experiment), 
establishing the mechanism of their course based on this.

Oregonator model of periodic reaction (Model III). This model was proposed by Field and Noyes 
in [6] and is a good example of the simplified models mentioned in Introduction. It describes the 
mechanism of an entire class of reactions such as the Belousov–Zhabotinsky reaction including about 
80 different stages. Reducing such a complex reaction to a system of only three equations for the con-
centrations of the principal reagents, the authors inevitably had to subdivide the entire range of inter-
mediate reactions into a small number of complexes with some effective rates; attempts to refine these 
reaction rates are still made with varying success [5]. However, the purpose of this example was not 
to study the reaction itself but to identify the advantages of the algorithm proposed in this paper com-
pared with algorithms used by other authors to solve the inverse problem of the same ODE system.

The corresponding system of equations takes the following form [6]:

2( );
2 ; .
( ) / 2

x a x y qx xy

y hz y xy

z x z

= + − −
= − − 
= − 





(15)

The initial values of the parameters, selected by trial and error, were:

a
0
 = 30.0; q

0
 = 0.005; h

0
 = 1.0.

c) d)

a) b)

Fig. 1. Solution of inverse problem of ODE system for model I 
with respect to x(t) (curves 1) and y(t) (curves 2); 

the graphs show the experimental data (symbols) and calculation results (lines):
variables calculated from the initial parameter approximations (a); limit cycle plotted from 

the experimental data and from the initial approximations (b); variables with optimal values 

of parameters and experimental data (c); limit cycles plotted from variables with optimal values 

of parameters and from the experimental data (d)
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The input error of the experimental data was about 5%. The deviation of the initial variables 
x

0
(t), y

0
(t) and z

0
(t) from the experimental data was 84% (Fig. 2, a, c, e). The results of the algo-

rithm are shown in Fig. 2, b, d, f. After 21 iterations, we obtained:

ρ
1
 = 5.17%; a = 34.6; q = 0.0059; h = 0.758;

the deviations of the parameters from the model values (a = 33.3; q = 0.006; h = 0.75) are no 
more than 3.9%, which can be accepted as a good result.

It is important to note that the accuracy of the results obtained by the method for solving the 
inverse problem of ODE systems proposed in this paper turned out to be of the same order as 

a) b)

c) d)

e) f)

Fig. 2. Example solutions of inverse problem of ODE system (model II): experimental 
values (symbols) and components of solution of system (15) with initial approximations 

of parameters (lines) (a, c, e); comparison of components of solution of system (15) 
with optimal values of parameters (lines) found with experimental data (symbols) (b, d, f)
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the experimental data (this is also true for Model I) and significantly exceeds the accuracy of the 
above-mentioned results obtained by the direct Hooke–Jeeves method used in [5] for the same 
Oregonator model.

Both examples given here show that the presented algorithm for solving the inverse problem 
of ODE systems without analytical solutions can yield satisfactory accuracy for indirect measure-
ments of the values of the parameters included in these ODE systems.

Results and discussion

If only one parameter a is unknown in the inverse problem of ODE system, then instead of the 
(rather complex) linearization algorithm presented above, it is advisable to minimize the quantity

2 2 2

1 1 1

[ ( , ) ] [ ( , ) ] [ ( , ) ] ... min,
k k k

i i i i i i
a

i i i

S u t a u v t a v w t a w
= = =

= − + − + − + →∑ ∑ ∑  

using a simpler golden ratio algorithm [9], which, of course, should include the algorithm for 
solving system (1). It is common to try to avoid iterative solution of the direction problem by 
searching in the solution of inverse problems, due to the duration of the calculation and the unsat-
isfactory accuracy of the solutions obtained. However, in the case of a single unknown parameter, 
the golden ratio method combines fast convergence with good accuracy of the parameter value. 
On the other hand, the approach proposed in this paper is preferable for two or more parameters, 
since the golden ratio method turns out to be unsuitable, and other methods for solving inverse 
problems based on repeatedly solving the direct problem by searching over a multidimensional 
grid require much time while the accuracy of the results remains mediocre.

There are problems where it is required to calculate not the constant values of the parameters 
included in the ODE system but an unknown function f(t), which is also part of ODE system 
(1) not related to the components of its solution. Then, if it is possible (for example, for physi-
cal considerations) to represent this function as a dependence on a finite number of parameters 
f(t, a, b, ...), then the proposed method for solving the inverse problem of ODE system can be 
applied and the numerical values of these parameters can be determined as described above.

It should also be noted that the solutions of ODE systems are very sensitive to parameter 
values. On the one hand, this complicates the choice of initial parameter values guaranteeing 
reliable convergence of the method (however, the preconditioning and regularization included in 
the proposed method significantly improve its convergence). On the other hand, such sensitivity 
makes it possible to consequently achieve good accuracy in calculating the required parameters 
even with noticeable errors in the experimental data.
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Introduction
The advances in nanoelectronics in recent decades have led to an interest in creating funda-

mentally new materials, whose properties differ from those of the corresponding bulk compo-
nents. A burgeoning field is quantum plasmonics, which includes the study of interaction between 
electromagnetic radiation with matter at the nanoscale [1–7]. Doped semiconductor nanocrystals 
show promise in this field [4, 8–13].

A characteristic feature of such nanoscale systems is the presence of dipole resonances in their opti-
cal spectra. The position of the resonance line in the spectra of semiconductor nanoparticles depends 
on a number of parameters, in particular, on carrier density, properties of the medium and doping type, 
which can be generally defined as surface or bulk [8, 14–17]. In the first case, free carriers are injected 
into the bulk of the semiconductor nanoparticle by donors located on its surface [18, 19], and in the 
second case, the charge density of free carriers is distributed over the entire bulk of the crystal and is 
neutralized by the dopant charge [8, 10, 14, 17]. The difference in doping methods produces a signif-
icant difference in the behavior of the dipole resonance mode excited in semiconductor nanoparticles.

As shown in [20–22], the specifics of the electronic configuration of nanocrystals with surface 
doping [18, 19] is that only angular degrees of freedom are excited in the collective dipole mode 
upon interaction with an external electromagnetic field, while the electron motion in the radial 
direction does not occur and the electrons oscillate tangentially relative to the boundary of the 
system inside a relatively thin spherical layer.

In the case of bulk-doped semiconductor nanoparticles [12, 15–17], the dipole plasmon can 
be described in the adiabatic approximation [23, 24] by a model of harmonic oscillations of an 
entire system of delocalized electrons relative to the center of the positively charged core, in the 
direction normal to its surface.

It was found in [20, 21] that due to the peculiarities of the electronic structure of surface-doped 
nanocrystals, the frequencies and oscillator strengths of their plasmon modes are almost com-
pletely determined by the contribution of correlated excitations from a single dipole transition 
between single-particle HOMO and LUMO levels, which made it possible to describe the optical 
properties of such systems within a simple two-level model [21, 25].

The situation is different for bulk doping. Evidently, for theoretical description of the collective 
excited state, it is necessary to take into account the contributions of at least two single-particle 
channels connected by correlation interaction. On the other hand, the interaction of the har-
monic mode with the surface of the nanocrystal in the presence of a potential barrier between 
the semiconductor particle and its dielectric medium leads to splitting of the resonance line into 
several separate modes [25].

The optical characteristics of nanoscale semiconductor crystals with various types of doping 
are considered in [17], demonstrating that the spectra of dipole excitations in such systems show 
a transition from size quantization with a small number of free carriers to plasmon oscillations 
with an increased number of free charge carriers. Additionally, it is also established in [25] that 
regardless of the doping approach used, the optical spectrum of nanoparticles is dominated by 
the resonant dipole mode whose nature depends both on the dimensions of the system itself and 
by the type of doping and its degree, i.e., the number of delocalized charge carriers. In this case, 
the transition from the size quantization mode to classical plasmon oscillations of the electronic 
system occurs both as the number of electrons increases and as the geometric dimensions of the 
system increase. The very nature of plasmon oscillations, depending on the degrees of freedom 
involved, can vary from the translational type, where the electron cloud moves in the direction 
normal to the surface of the system, to the collective rotational mode, where only angular degrees 
of freedom are excited, while motion in the radial direction practically does not occur.
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The goal of this study is to investigate the dependence of many-particle excited states in the 
electronic system of bulk-doped semiconductor nanocrystals on the height of the potential bar-
rier at the boundary and on the geometric dimensions of the system, considering the example of 
cadmium sulfide (CdS) crystals.

Our approach is based on a self-consistent quantum mechanical description of many-particle 
excitations in a system of delocalized charge carriers.

Calculations of the ground state of the system were carried out in the local density approxima-
tion (LDA) taking into account the local interparticle exchange interaction by numerically solving 
the self-consistent Kohn–Sham equations [26].

The photoabsorption spectra of nanocrystals of various dimensions were obtained using the 
random phase approximation (RPA) with local exchange interaction (RPAX) [27, 28]. The sys-
tem of atomic units |e| = ħ = m

e
 = 1 is used in the study.

Theoretical approach

We consider n-doped CdS nanocrystals with bulk-type doping in a dielectric medium. Let us 
consider an electrically neutral system of fermions coupled by the Coulomb interaction. We define 
negative particles as electrons with an effective mass in the conduction band m*

e
. In the case consid-

ered in this paper, the full Hamiltonian Ĥ is the operator of the total energy of a system of N electrons 
interacting with each other via the Coulomb potential V in an external field with the potential U

ext
(r):

2

*
,

ˆ 1ˆ ( ) ( , ).
2 2

N N N
i

ext i i j

i i i je

H U V
m

′= + +∑ ∑ ∑p
r r r (1)

The motion of delocalized electrons within the bulk of the nanoparticle is restricted by the 
boundary of the conduction band near the surface. The external potential U

ext
(r) restricting the 

motion of delocalized electrons is described as a spherically symmetric potential well whose geo-
metric parameter R is determined by the given dimensions of the nanocrystal, while the positive 
charge under bulk doping is assumed to be evenly distributed throughout the entire volume of the 
system. Thus, the external potential generated by this charge within the framework of the model 
used takes the form of the potential of a uniformly charged sphere with the charge Z = Ne in a 
dielectric medium [17, 25]:
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where U is the phenomenological parameter characterizing the height of the potential barrier at 
the interface between the nanocrystal and the dielectric medium (this height is commensurate in 
order of magnitude with the electron work function from the bulk material of the semiconductor); 
ε

1
, ε

2
 are the dielectric constants of the CdS nanocrystal and its dielectric medium, respectively; 

e is the elementary charge.
The Coulomb pair interaction between electrons at points r

a
 and r

b
 is screened as a result 

of polarization of both the semiconductor material itself (indicated by the subscript 1) and the 
medium (subscript 2), so that multipole decomposition of the interparticle interaction potential 
at r

i
,r

j 
< R can be written as follows:
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where r
>,<

 are, respectively, the largest and smallest of the radii r
i,j
; Y

LM
(n

i,j
) are the spherical 

components of the electron wave function whose position in space is determined by the position 
vectors r

i
 and r

j
, respectively; L is the total orbital moment of the system.

The interparticle interaction in the ground state of the system is described using the Local 
Density Approximation (LDA) where the single-particle wave functions of electrons ϕ

i
(r

i
) satisfy 

the self-consistent Kohn–Sham equations [26]:

( )
2

*
( ) ( ) ( ) ( ) ( ) ( ),

2

i
i i ext i H i x i i

e

ii i iU U U E
m

∆
− φ + + + φ = φr r r r r r


(4)

where E
i
 are the single-particle electron energies; U

H
(r) is the corresponding Hartree potential; 

U
x
(r) is the local exchange potential.
In the case of the system with filled shells, the Hartree potential is written as

( )( ) , ( ) ,H eU V d′ ′ ′= ρ∫r r r r r (5)

where the bulk density of electrons ρ
e
(r) is calculated by summation over all filled single-particle states:

*( ) 2 ( ) ( ).e i i iρ = φ φ∑r r r

The local exchange potentials in the Dirac–Slater approximation U
x
(r) were defined as

( ) ( )1/32

1( ) / 3 ( ) / .x eU e= − ε ρ πr r (6)

For spherically symmetric systems with closed electron shells and isotropic angular depen-
dences r(r) and U(r), the cumulative index i denotes

i = (n, l, m, σ),
where n is the radial quantum number; l, m are the angular momentum and its projection; σ is 
the spin projection.

Single-particle wave functions for such systems are written as the product of radial, angular, 
and spin components [29]:

( )( )( ) , .nl
nlm lm

P r
Y

r
σ σφ = θ ϕ χr (7)

RPAX was used to describe many-electron correlations.
In this approach, the wave function of the excited state 

kΦ  is represented as a superposition 
of single-particle excitations of the particle–vacancy type [28]:

( )( ) ( )
0

ˆ ˆ ˆ ˆ ,k k

k im m i im i m

im

X a a Y a a+ +Φ = + Φ∑ (8)

where 
0Φ  is the ground state of the system; в+, в are single-particle creation and annihilation 

operators; X
im

(k), Y
im

(k) are the amplitude coefficients for forward-in-time and backward-in-time 
amplitudes, respectively (characterizing the contribution of the corresponding particle–vacancy 
pair to the many-particle excited state 

kΦ ); the subscripts i, m here and below to denote filled 
and unfilled single-particle states of the electronic subsystem.

The excited states of the many-particle system with filled shells possessing spherical symmetry 
are characterized in the spin-orbit (LS) coupling approximation by the total angular momentum L 
and its projection M, therefore, all single-particle particle–vacancy excitations in superposition (8) 
have the same multipole. To describe the optical properties of the systems considered, it is suffi-
cient to consider only dipole transitions from the ground state 

0Φ  to excited multiparticle states 

kΦ  with L = 1, M = 0.
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The amplitude coefficients X(k) and Y(k) in superposition (8) are determined by solving the 
matrix equation of RPAX:

( ) ( ) ,k k

k= ΩUZ Z (9)

where Ω
k
 are the eigenvalues of the matrix U:

( )
( )

* * ( ),   .
k

k

k

  
=   − −   

A B X
U = Z

B A Y
(10)

The elements of Hermitian matrices A, B are expressed in terms of single-particle energies E
i
 

and Coulomb matrix elements of interparticle pair interaction taking the form

( )* *( ) ( ) , ( ) ( )V V d d
α γ β ησ σ σ σ α β γ η′ ′ ′ ′αβ γη = δ δ φ φ φ φ∫ r r r r r r r r (11)

with single-particle functions obtained by solving Eqs. (4), where the potential V(r,r’) is deter-
mined from expression (3).

Matrices A and B relate the single-particle excitations within the electron system:

,

,

,

,                 
im jn ij mn in

im jn

A in U mj

B ij U mn

= δ δ ω +
=

(12)

where ω
im 

= E
m
 – E

i
, including both direct (Hartree) and local exchange interactions within RPAX:

2 ,xU V Vαβ γη = αβ γη + αβ γη (13)

where

[ ] ( )( )
( , ) ,

( )
x

x

U
V

δ ρ
′ ′= δ −

δρ
r

r r r r
r

(14)

while the local exchange potential U
x
 is determined in accordance with expression (6).

The positive eigenvalues Ω
k
 are the transition energies between the ground state 

0Φ  and 
the correlated excited states 

kΦ  (8). The energy spectra of excited states obtained by solving 
Eqs. (9) and (10) and the corresponding wave functions allow to describe the processes associated 
with excitation of the system by various external perturbations. In particular, the response of the 
system to an external electromagnetic field is determined by the spectrum of dipole excitations. 
The oscillator strengths f

k
 for dipole transitions between the ground and the kth excited state are 

described by the formula

* 22 ,k m k kf m D= Ω (15)

and satisfy the Thomas–Reich–Kuhn sum rule, i.e., 
k kf N=∑ .

The dipole matrix elements D
k
 (in the length calibration) are calculated by summation over all 

single-particle excitations:

( )( ) ( ) ,k k

k im im im mi

im

D X d Y d= +∑ (16)

where d
im
 = <i|z|m> are the single-particle dipole amplitudes for the particle–vacancy pair, and 

the amplitude coefficients X(k) and Y(k) are normalized by the condition



149

Theoretical Physics

( )2 2( ) ( ) 1.k k

im im

im

X Y− =∑ (17)

Results and discussion

This section discusses the calculation results for dipole excitation spectra of spherically sym-
metric bulk-doped nanoscale CdS quantum dots containing 8 delocalized electrons, forming two 
closed shells with the configuration 1s22p6 in the ground state in the central field approximation, 
characteristic for such systems. Such a simple system was chosen as an example for illustrating the 
main factors associated with the influence of the potential barrier at its boundary on the spectral 
characteristics of the nanoparticle, aiming to minimize the number of independent parameters in 
the model used. Calculations were performed for different radii R of the nanocrystal and potential 
barrier heights U at its boundary.

Fig. 1 shows the distributions of oscillator strengths calculated by Eqs. (9) and (16), or (which 
is the equivalent for the local exchange potential) by Eqs. (A9) and (A18) (see Appendix It can 
be seen from the graphs for radii R = 1 and 6 nm that spectrum in the limit of ‘free’ systems (at 
U = 0) for both values of R consists of one dominant plasmonic line containing from 90% (at 
R = 1 nm) to 100% (at R = 6 nm) oscillator strengths, which is typical for harmonic oscillations of 
electron density as a whole. It turned out that the results obtained using the complete basis of sin-

gle-particle excitations (denoted as RPAX in the 
graph) are almost identical to the results taking 
into account only two ground-state transitions: 
2p → 3d and2p → 2s (see Eq. (A19) of Appendix) 
over the entire variation range of the barrier 
height. There is a noticeable difference between 
the RPAX spectra, for which each excited state is 
described by linear combination (8) and the line 
distributions of single-particle transitions. This 
indicates a significant contribution of many-parti-
cle correlations to the formation of dipole modes 

kΦ  (see Fig. 1), which have a collective nature.
It was important to establish the influence of 

potential barrier height on the distribution of oscil-
lator strengths in the studied spectra. We found that 
as this height increases, the dominant line of the 
collective mode splits into two distinct components 
and the relative distribution of oscillator strengths 
between them depends on the geometric dimen-
sions of the system. Moreover, as discussed below, 
when a harmonic mode interacts with a potential 
barrier at the nanocrystal boundary, the contri-
butions of single-particle channels 2p → 3d and 
2p → 2s are redistributed between the two observed 
lines of collective modes as the potential barrier 
height increases. In other words, there is a signifi-
cant dependence of the corresponding amplitudes 
X

im
(k) and Y

im
(k) on the height of the barrier.

As seen from Fig. 2, the distribution of elec-
tron density in the ground state of the system 
at different radii depends on the height of the 
potential barrier. This naturally leads not only to 
a noticeable shift of the resonant frequencies to 
the right as the height of the barrier increases (see 
Fig. 1), but also to a transformation in the radial 
dependence of the transition density ρ(k)

tr
(r). The 

latter is defined for the kth collective mode (8) as

b)

a)

Fig. 1. Energy distribution of oscillator 
strengths for CdS quantum dots with N = 8 
electrons, nanocrystal radii R = 1 nm (a) 
and 6 nm (b), at different potential barrier 

heights (U = 0.0 and 6.0 eV)
Results of exact RPAX calculation (see Eq. (9)) 

are shown by solid lines, results accounting for 

only two ground-state transitions (see Eq. (A19) 

in Appendix) are shown by dotted lines; oscillator 

strengths for these transitions are shown in single-

particle approximation (dashed lines)
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( ) ( ) ( ) ( ) ( ) ( )( )( ) ( ) * ( ) *
0

,

,k k

tr k ph p h ph p h

h F p F

X Y ν

< >

ρ = Φ δρ Φ = φ φ + φ φ∑r r r r r r (18)

where F is the Fermi level energy of the system, and ϕ(r) are single-particle wave functions (7).
In this case, there is not only a shift in the transition densities following the shift of the elec-

tron density itself to the center of the system, but also a qualitative transformation in their radial 
dependencies. This is most noticeable for a smaller nanocrystal (see Fig. 2, a, b). It follows 
therefore that a change in the barrier height causes a redistribution between the contributions of 
single-particle channels during the formation of the corresponding excited state (8), i.e., the ratios 
between the amplitudes X(k) and Y(k) change significantly. Clearly, this concerns the redistribution 
between the contributions of single-particle channels 2p → 3d and 2p → 2s. Importantly, in the 
absence of a barrier for modes with the frequency Ω

1
, the maximum transition density is observed 

near the interface. This is typical for surface plasmon modes where electron density fluctuations 
occur in the direction normal to the boundary. On the other hand, a significant part of radial 
density of the transitions is distributed over the bulk of the system for oscillations with the fre-
quency Ω

2
, which is typical for excited states in which rotational degrees of freedom make the 

main contribution [21, 22, 25].
As seen from Fig. 1, these modes are practically absent in the spectrum of excited states at 

U = 0 and the dominant line corresponds to almost 100% of the oscillator-strength sum. This 
indicates that electron density fluctuations in free nanoparticles exhibit the behavior of a surface 
plasmon harmonic mode. On the contrary, as follows from the graphs in Figs. 1 and 2, b, d, two 
dominant lines with the frequencies Ω

1
 and Ω

2
 are clearly observed in the presence of a potential 

barrier at the nanoparticle boundary in the spectrum of its dipole excitations, where almost the 
entire sum of the oscillator strengths is also concentrated. The maximum distribution of the tran-
sition density near the surface, characteristic for surface plasmon oscillations, is already observed 
for the frequency Ω

2
, while a significant part of the transition density for Ω

1
 falls on the internal 

volume of the system; this is especially pronounced for particles with smaller radii (at R = 1 nm).

c) d)

a) b)

Fig. 2. Spatial distributions of electron density for ground state 
of CdS quantum dots with N = 8 electrons, nanocrystal radii R = 1 nm (a, b) 

and 6 nm (c, d), at potential barrier heights U = 0.0 eV (a, c) and 6.0 eV (b, d)
Radial density distributions of dipole transitions corresponding 

to RPAX spectral lines with frequencies Ω
1
 and Ω

2
 are also shown



151

Theoretical Physics

For more detailed analysis of the influence of potential barrier on the dipole spectrum of the 
nanoparticles studied, we considered the dependences of oscillator strengths (8), frequencies, 
and amplitudes X

im
(k) and Y

im
(k) of collective modes, determining the contributions of individual 

single-particle excitations to the correlated excited state within of RPAX, on the magnitude of U 
at different geometric dimensions of the system. The absolute value of the backward-in-time 
amplitude Y

im
(k) for the single-particle ground-state transition, describing the contribution of cor-

relations in the ground state and generally comparable in order of magnitude to the corresponding 
forward-in-time amplitude X

im
(k) for collective modes, was chosen as one of the criteria for evalu-

ating the plasmonic behavior of the excited state considered [25, 30].
Figs. 3–6 show the results of calculations performed for nanoparticles with radii R = 1, 4, 6 

and 8 nm.
Excited states in nanocrystals of radius R = 1 nm. The graphs in Fig. 3 show that the oscillator 

strength of the excited state oscillator with the transition frequency Ω
1
 ranges from 88 to 96% of 

the sum rule for relatively small heights of the potential barrier U, while the contribution of the 
mode with the transition frequency Ω

2
 remains negligible up to U = 2 eV, which is consistent with 

the data in Fig. 1,a, where a single line is 
observed in the RPAX spectrum. Rapid 
growth of the second spectral compo-
nent begins above 2 eV; the oscillator 
strength of this component reaches the 
magnitude of the first one at U ≈ 3.5 eV, 
after which the line with the frequency Ω

2
 

starts to dominate. At U ≈ 8 eV,
 
oscillator 

strengths of the two dominant modes are 
virtually unchanged and correlate as

( ) ( )1 2/ 70 / 30,f fΩ Ω ≈

which is typical for excitations with domi-
nant angular and radial degrees of freedom, 
respectively [21, 22]. The frequencies of 
both dipole excitations Ω

1
 и Ω

2
, as well as 

the energy differences of single-particle lev-
els, increase with increasing barrier height, 
which is observed in Fig. 1,b. At the same 
time, the oscillator strengths of single-par-
ticle transitions 2p → 3d and 2p → 2s 
remain virtually unchanged over the entire 
range of U values considered, suggesting 
that the redistribution of oscillator strengths 
(16) is related to the correlation interac-
tion between these channels. This conclu-
sion is confirmed by the behavior of the 
dependences of the amplitudes X

2p–3d
(k) and 

X
2p–2s
(k) for modes Ω

1
 and Ω

2
 (respectively) 

with increasing barrier height. It turned out 
that the main contribution to the excited 
state with a higher frequency Ω

1
 is made 

primarily by the 2p → 3d channel at U ≈ 0, 
while the contribution of the 2p → 2s chan-
nel 2 is relatively small. As the potential 
barrier increases, the amplitude ratio begins 
to change rapidly, so that correlation mix-
ing of channels occurs, their contributions 
become equal at U ≈ 2.5 eV, after which 
the component 2p → 2s dominates.

c) d)

a) b)

Fig. 3. Dependences of main quantities on potential 
barrier height U for CdS quantum dots 
with N = 8 electrons, radius R = 1 nm:

frequencies of main collective excitations and energies 

of single-particle transitions (a); oscillator strengths (b); 

forward-in-time amplitudes X
im
 for dominant single-

particle components for excited states 

with frequencies Ω
1
 (с) and Ω

2
 (d). 

Insets: dependences of backward-in-time amplitudes Y
im
 on U
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The situation is reversed in the case of low-frequency excitation (with Ω
2
): at first, the main 

contribution to the oscillator strength is made by the 2p → 2s channel, but these oscillations still 
remain practically unexcited at U ≈ 0, followed by rapid increase in both the oscillator strength 
and the amplitude of the 2p → 3d component, whose contribution begins dominate at U ≥ 2.5 eV. 
Ultimately, at U ≥ 4.0 eV, it turns out that the modes are reversed with respect to the two 
single-particle channels dominant in sum (8) compared to the situation with a free system.

This redistribution of contributions between the main single-particle channels can be explained 
by the example of radial dependences of transition density (see Fig. 2). In the absence of the 
potential barrier, the surface plasmon-type mode is effectively excited, characterized by the distri-
bution ρ

tr
(r) corresponding to the line with the frequency Ω

1
 and the 2p → 3d channel, where the 

radial component of the wave function P
3d
(r) has no roots in the bulk of the system. The surface 

plasmon behavior of this excited state is also confirmed by the relatively large absolute values of 
the backward-in-time amplitude Y

2p–3d
(1) ≈ 0.20–0.15, characteristic for plasmon modes at small 

barrier heights, as can be seen in the inset to Fig. 3,a. As the barrier further increases, the exci-
tation of electron density fluctuations in the near-surface region becomes less effective, and they 
are replaced by fluctuations with the dominant 2p → 2s channel, where the radial component of 
the wave function P

2s
(r) has a root and the electron density is more uniformly distributed over the 

volume. The absolute value of the amplitude Y
2p–3d

(1) decreases rapidly, which indicates a transi-
tion to a size-quantization mode where the electron density is localized inside a region bounded 
by the surface potential barrier.

Notably, the frequency Ω
1
 takes values very close to the single-particle energy difference 

of the 2p → 2s channel, while its oscillator strength tends to the corresponding single-particle 
value in the limit of large U (see Fig. 3, a, 
b). These features of frequency behavior 
confirm the transition of this mode from 
collective plasmon excitations to almost 
single-particle in nature.

For the second mode, where the oscil-
lator strength begins to dominate the 
spectrum at U ≥ 4 eV (see Fig. 3,b), its 
frequency Ω

2
 retains, with increasing U, 

a noticeable difference from the energy 
difference of the channel E

3d
–E

2p
, which 

becomes the main one for this mode. 
This suggests that the excitation is cor-
related, but also localized in a potential 
well with the barrier U at its boundary. 
The absolute value of the amplitude 
Y

2p–3d
(2) increases markedly with an increase 

in U although it remains smaller than 0.1. 
Thus, a state with the frequency Ω

2
 can 

be described as collective excitation with 
dominant rotational degrees of freedom.

Excited states in nanocrystals of radius 
R = 4 nm. An increase in the radius of 
the system to 4 nm leads to some changes 
in its spectral characteristics. First, the 
scale of all energies decreases by an order 
of magnitude (see Fig. 4,a). At the same 
time, both the frequencies of collective 
modes and the differences of single-par-
ticle energies of the same single-particle 
channels E

2s
–E

2p
 and E

3d
–E

2p
, making the 

main contribution at R = 1 nm, prac-
tically cease to depend on the barrier 
height at U ≈ 4-6 eV. In other words, 

c) d)

a) b)

Fig. 4. Same dependences as in Fig. 3 
but for nanocrystal radius R = 4 nm
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the barrier more than an order of magni-
tude higher than the maximum energy of 
a single-particle dipole transition practi-
cally becomes infinitely high for this sys-
tem. Thus, it turns out that the frequen-
cies Ω

1
 and Ω

2
 of both RPAX modes dif-

fer significantly from the single-particle 
energy differences over the entire vari-
ation range of the barrier height, which 
means that interparticle correlations play 
a significant role in the formation of both 
excited states.

It can be seen from the dependence of 
oscillator strengths on the barrier height 
(Fig. 4,b) that the oscillator strengths of 
single-particle transitions remain virtu-
ally unchanged both at R = 4 nm and at 
R = 1 nm over the entire range of barrier 
heights U. As for collective modes, in the 
case of the free system at U = 0, there is 
also a single line with the frequency Ω

1
 

in the spectrum, including almost 100% 
of the sum rule, which is typical for exci-
tations of the classical surface plasmon 
type. As in the previous case, oscillations 
with the frequency Ω

2
 are practically 

not excited and their oscillator strength 
begins to manifest only with the appear-
ance of the potential barrier. What is 
more, unlike the situation at R = 1 nm, 
the oscillator strength begins to markedly 
increase at small values (U < 0.1 eV) and 
upon reaching U ≈ 7–8 eV, the oscillator 
strengths of both modes take a value of 

approximately 50% of the total value in the sum rule, becoming commensurate. Thus, for the 
case R = 4 nm, the effect of the potential barrier at U ≈ 7–8 eV leads to the disappearance of the 
clearly dominant line in the dipole spectrum of the nanoparticle.

Analyzing the graphs in Fig. 4, c, d allows to draw some conclusions about the distribution of 
contributions of single-particle channels to correlated RPAX states (8). The same as at R = 1 nm, 
the forward-in-time amplitude of the dominant component X

2p–3d
(1) exceeds 0.9 for the line with 

the frequency Ω
1
 in the free system, but when a potential barrier appears, it decreases sharply, 

and the amplitude X
2p–2s

(1) starts to dominate at U ≈ 0.5 eV. In this case, the component X
2p–3d

(1) does 
not tend to zero (as was the case at R = 1 nm), but retains a finite value of about 0.4, and thus 
the excited state turns out to be mixed based on two channels coupled by correlation interaction. 
The situation is reversed for the other mode with the frequency Ω

2
: an increase in the barrier 

height leads to an increase in the contribution of the 2p → 3d channel while the finite value of 
the amplitude X

2p–2s
(1) is retained.

Let us focus more closely on the dependences for the absolute values of the backward-in-time 
amplitude for the more correlated 2p → 3d channel (see the insets in Fig. 4, c, d). For spec-
tral line 1, the absolute value of the amplitude Y

2p–3d
(1) in the absence of potential barrier reaches 

about 0.3, i.e., it turns out to be of the same order as X
2p–3d

(1). This makes it possible to define this 
mode as surface dipole plasmon with the harmonic frequency Ω

1
. As the barrier height increases, 

both amplitudes of the 2p → 3d channel begin to decrease rapidly, and mode 1 becomes close to 
size quantization with dominant 2p → 2s component, but with significant correlations between 
the channels.

c) d)

a) b)

Fig. 5. Same dependences as in Figs. 3 and 4
but for nanocrystal radius R = 6 nm
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The absolute value of the amplitude 
Y

2p–3d
(2) for mode 2, whose oscillator strength 

increases considerably at U ≈ 2 eV, also 
increases to about 0.2, and since the 
2p → 3d channel is the main one for 
this excitation at U ≥ 2 eV, then, as with 
R = 1 nm, this mode also becomes a cor-
related many-particle state. The relative 
contributions of both excitations to the 
sum of oscillator strengths turn out to be 
equal, and thus none of the modes can 
be described as purely radial or purely 
rotational oscillations.

Excited states in nanocrystals with 
radii R = 6 and 8 nm. Calculations indi-
cate that a further increase in the geo-
metric dimensions of the system leads to 
a number of changes in the spectral char-
acteristics of the nanocrystal under study. 
As the radius R of the system increases, 
the energy of the single-particle levels 
further decreases (Figs. 5,a and 6,a), but 
the corresponding oscillator strengths for 
the ground-state transitions 2p → 3 d and 
2p → 2s virtually do not change com-
pared with the cases R = 1 and 4 nm (see 
Figs. 5,b and 6,b). The relative increase 
in the energy difference between excited 
states in RPAX, the frequencies Ω

1
 and 

Ω
2
 as well as the energy differences 

between single-particle levels continues, 
which indicates a further increase in the 
role of interparticle correlations in the 
formation of collective modes (8). As for 

the oscillator strengths of collective modes, the situation turns out to be different compared to 
the results shown in Fig. 3. As seen from Figs. 5,b and 6,b, the potential barrier appearing at 
the system boundary no longer leads to significant redistribution of oscillator strengths of dipole 
modes. Despite the appearance of the spectral line with the frequency Ω

2
, the contribution of the 

mode with Ω
1
 (as follows from the data in Figs. 5,b and 6,b) remains dominant, further gaining 

dominance with increasing radius R and reaching large values of U in the limit (about 75% of the 
total value in the sum rule) at R = 8 nm.

On the other hand, as in the situations discussed above, the interaction of the electron system 
with the potential barrier leads to redistribution of the contributions of single-particle channels 
to the collective excited state. The increase in the potential on the surface of the nanoparticle 
still causes a redistribution of amplitudes of single-particle channels X

im
(k) in collective excitations. 

However, the contributions of the transitions 2p → 3d and 2p → 2s remain of the same order over 
most of the entire variation range of U (see Figs. 5, c, d and 6, c, d). Thus, significant interchannel 
correlations in both excited states ensure their many-particle nature both in the absence of the 
barrier and in its presence. Furthermore, it follows from the dependences for the absolute value 
of backward-in-time amplitudes Y

im
(k)(U) shown in the insets that the ratio of the coefficients |Y|/X 

turns out to be smaller than or approximately equal to 0.2 for all values of the barrier height U, 
which serves as an indicator of plasmonic nature of both collective modes.

Thus, it can be concluded for the considered system with eight delocalized electrons (N = 8) 
that the appearance of a potential barrier at its boundary at R > 4 nm does not lead to a tran-
sition to the size quantization for any of the modes, while electron density fluctuations retain 
the character of dipole surface plasmons. The same conclusion is can be drawn by analyzing the 

c) d)

a) b)

Fig. 6. Same dependences as in Figs. 3–5 
but for nanocrystal radius R = 8 nm
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radial dependence of transition density for the system with R = 6 nm (see Fig. 2,d), which has a 
maximum at the outer boundary of the electron density for both excited states in the presence of 
the potential barrier with the height U = 6 eV at the nanocrystal boundary.

Conclusion

We considered the excited states in spherical cadmium sulfide nanocrystals of various dimen-
sions containing 8 delocalized electrons. The interparticle interaction of electrons with each other 
is described by the Dirac–Slater local exchange potential. To account for the correlation effects, 
the random phase approximation with exchange (RPAX) was used to describe the wave functions 
of collective excited states.

It was found for the limit of free systems in the absence of a potential barrier at the boundary 
that a dominant plasmon line with a frequency Ω

1
 is present in the excitation spectrum. In 

addition, there are two ground-state transitions in the considered systems; accounting for them 
within RPAX yielded results virtually identical to the results obtained accounting for full basis of 
single-particle excitations. The dominant line turned out to be significantly correlated, i.e., it has 
a many-particle nature.

The appearance of a potential barrier at the nanocrystal boundary leads to an increase in the 
second resonant mode with the frequency Ω

2
. For nanocrystals with the radius R = 1 nm, as the 

barrier height increases, the modes change places and the second mode starts to dominate. This 
effect disappears as the system’s dimensions increase. In particular, for nanocrystals with the radius 
R = 4 nm, with sufficiently large heights of the potential barrier, there is clearly no predominant 
mode, while the first line continues to dominate for larger systems at any height of the barrier.

Furthermore, as the dimensions of the system increase, interparticle correlations gain a more 
prominent role in the formation of the dominant dipole modes.

As for the nature of the excitations, when the system’s radius is less than 4 nm, a transition 
to size quantization occurs for the mode Ω

1
 with increasing height of the potential barrier. For 

nanocrystals with larger radii, such a transition does not occur for any modes or at any height of 
the potential barrier.

To summarize, we considered the influence of potential barrier height at the boundary and 
the influence of the geometric dimensions of nanocrystals on the nature of excited states in CdS 
nanocrystals containing 8 delocalized electrons and located in a dielectric medium.

However, to validate the obtained dependences and properties of spectral characteristics for 
any such systems, it is necessary to study the excited states of nanocrystals containing a larger 
number of free carriers.

Appendix

Application of two-level model within RPAX

If we assume that matrix elements (12) are real, Eqs. (9) and (10) can generally be rewritten 
in matrix form

( ) ( )

( ) ( ) ,
k k

kk k

    
= Ω     −    

A B X X

B A Y Y
(A1)

and as a system of linear equations:

( ) ( ) ( )

( ) ( ) ( )

  
.

k k k

k

k k k

k

 + = Ω


+ = −Ω

AX BY X

BX AY Y
(A2)

After sequential addition and subtraction of Eqs. (A2), we obtain, respectively, equations of 
the form

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
.

k k k k

k

k k k k

k

 + + = Ω −


− − = Ω +

A B X Y X Y

A B X Y X Y
(A3)
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Expressing the difference (X(k) – Y(k))  on the right-hand side of the first equation in (A3) as

( ) ( ) ( )1( ) ( ) ( ) ( ) ,k k k k

k

−− = Ω − +X Y A B X Y (A4)

we obtain the following equation for the vector (X(k) + Y(k)):

( ) ( ) ( ) ( )1( ) ( ) 2 ( ) ( )k k k k

k

−+ + = Ω − +A B X Y A B X Y (A5)

After premultiplying and postmultiplying Eq. (A5) by the matrix (A – B)–1/2 and using the 
obvious relation

( ) ( )1/2 1/2
1,

−− − =A B A B (A6)

Eq. (A5) can be reduced to a more symmetrical form:

( ) ( ) ( )( ) ( ) ( ) ( ) ( )1/2 1/2 1/2 1/2( ) ( ) 2 ( ) ( ) .k k k k

k

− −− + − − + = Ω − +A B A B A B A B X Y A B X Y (A7)

If we introduce new notations

( ) ( ) ( )
( ) ( )

1/2 1/2

1/2( ) ( ) ( )
,

    k k k−

= − + −

= − +

F A B A B A B

Z A B X Y
(A8)

then the matrix equation with respect to the eigenvectors Z(k) takes the form

( ) 2 ( ).k k

k= ΩFZ Z (A9)

Now it remains to determine the normalization condition for Z(k) in accordance with Eq. (17); 
it follows the identity

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 1.k k k k k k k k

im im im im

im

X Y X Y+ − ≡ + − =∑X Y X Y (A10)

It follows from Eqs. (A7) and (A3), respectively, that

( ) ( )1/2( ) ( ) ( ) ,k k k+ = −X Y A B Z (A11)

( ) ( ) ( ) ( )1 1/2( ) ( ) ( ) ( ) ( ).k k k k k

k k

− −− = Ω − + Ω −X Y A B X Y = A B Z (A12)

Thus, according to equalities (A10)–(A12), normalization of the eigenvectors follows 
the expression

( ) ( ) ( ) ( ) ( ) ( )2 21/2 1/2( ) ( ) ( ) ( ) ( ) ( ) 1.k k k k k k

im im im im k im k im

im im im

X Y X Y Z Z
−+ − = Ω − − Ω =∑ ∑ ∑A B A B = (A13)

We assume that the eigenvectors obtained by solving Eq. (A9) are initially normalized in accor-
dance with the condition ( )2( ) 1k

im

im

Z =∑ , so their elements should be subsequently renormalized  

to satisfy the requirement

( )2( ) 1.k

im k

im

Z −= Ω∑ (A14)
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In turn, this transforms expression (16) for the oscillator strengths as follows:

( )( )1/21/2 ( ) ,k

k k im
im

im

D d−= Ω −∑ A B Z (A15)

where the elements of the vector Z(k) are normalized by unity, i.e., |Z(k)| = 1.
Now, after considering the general case, let us examine the special one, when the interpar-

ticle exchange interaction is described in the local density approximation, for example, using 
local exchange potentials (6) and (14). In this case, the elements of matrices (12) turn out to be 
equal, namely

,in U mj ij U mn=

and, consequently, the following equations hold true:

2 ,

,        
+ +
−

A B = U

A B =

ω
ω

(A16)

and, thus, expressions (A8) take the following form:

( )
( )

1/2 1/2

( ) 1/2 ( ) ( )

2 ,

.k k k−

= +

= +

F U

Z X Y

ω ω ω

ω
(A17)

In turn, the oscillator strengths (A15)  are now expressed in terms of the elements of the 
eigenvectors Z(k) as

1/2 1/2 ( ).k

k k im im im

im

D d Z−= Ω ω∑ (A18)

Thus, applying the RPAX equation in the form (A9) taking into account expressions (A17)allows 
to reduce the dimension of the matrix by two times compared to the initial expression (10), but 
unfortunately, this makes it impossible to independently analyze the contribution of the forward-
in-time and backward-in-time amplitudes to superposition (8) characterizing the many-particle 
excited state.

If the dominant contribution to superposition of single-particle excitations (8) is given by only 
two ground-state transitions, conventionally denoted by the subscripts 1 and 2, the matrix equa-
tion (A9) takes the form of a system of two linear equations:

( )( ) ( )

( ) ( )( )

1/22 (1) (2)
1 1 11 1 2 12

1/2 (1) 2 (2)
1 2 21 2 2 22

2 2 0,

2 2 0,

U Z U Z

U Z U Z

 Ω −ω ω + − ω ω =

− ω ω + Ω −ω ω + =

(A19)

where ω
1
, ω

2
 are the frequencies of the corresponding transitions and the condition U

12
 = U

21
is 

satisfied for matrix elements.
The condition that the determinant of system (A19) be equal to zero implies a second-order 

algebraic equation with respect to the squared frequencies of collective excitations Ω2:

Ω4 + bΩ2 + c = 0, (A20)

where

( )( )
( ) ( )( )

2 2

1 2 1 11 2 22

2

1 2 1 11 2 22 12

2 ,

2 4 .

b U U

c U U U

= − ω + ω + ω + ω

= ω ω ω + ω + −
(A21)
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It is easy to verify that in the limiting case of non-interacting particles at

( )2 2 2 2

1 2 1 2 0,  and  ijU b c= − ω + ω = ω= ω

we obtain the following trivial solution:

( ) ( )2 12 2 2 2 2 2

1,2 1 2 1 2 1 2

2

1
4 .

2

ω Ω = ω + ω ± ω + ω − ω ω =   ω  
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«Роспечать» (индекс издания 71823).

С 2008 года журнал издавался в составе сериального издания "Научно-технические ведомости СПбГПУ". 
Сохраняя преемственность и продолжая научные и публикационные традиции сериального издания 
«Научно-технические ведомости СПбГПУ», журнал издавали под сдвоенными международными стандарт-
ными сериальными номерами ISSN 1994-2354 (сериальный) 2304-9782. В 2012 году он зарегистрирован как 
самостоятельное периодическое издание ISSN 2304-9782 (Свидетельство о регистрации ПИ № ФС77-52144 от 11 
декабря 2012 г.). С 2012 г. начат выпуск журнала в двуязычном оформлении.

Издание входит в Перечень ведущих научных рецензируемых журналов и изданий (перечень ВАК) и при-
нимает для печати материалы научных исследований, а также статьи для опубликования основных результатов 
диссертаций на соискание ученой степени доктора наук и кандидата наук по следующим основным научным 
направлениям: Физика, Математика, Механика, включая следующие шифры научных специальностей: 1.1.8., 
1.1.9., 1.3.2., 1.3.3., 1.3.4., 1.3.5., 1.3.6., 1.3.7., 1.3.8., 1.3.11., 1.3.19.

Журнал представлен в Реферативном журнале ВИНИТИ РАН и включен в фонд научно-технической литера-
туры (НТЛ) ВИНИТИ РАН, а также в международной системе по периодическим изданиям «Ulrich’s Periodicals 
Directory». Индексирован в базах данных «Российский индекс научного цитирования» (РИНЦ), Web of Science 
(Emerging Sources Citation Index).

Периодичность выхода журнала – 4 номера в год.
Редакция журнала соблюдает права интеллектуальной собственности и со всеми авторами научных статей 

заключает издательский лицензионный договор.

2. ТРЕБОВАНИЯ К ПРЕДСТАВЛЯЕМЫМ МАТЕРИАЛАМ
2.1. Оформление материалов

1. Рекомендуемый объем статей – 12-20 страниц формата А-4 c учетом графических вложений. Количество 
графических вложений (диаграмм, графиков, рисунков, фотографий и т.п.) не должно превышать шести.

2. Число авторов статьи, как правило, не должно превышать пяти человек.
3. Авторы должны придерживаться следующей обобщенной структуры статьи: вводная часть (актуальность, 

существующие проблемы – объем 0,5 – 1 стр.); основная часть (постановка и описание задачи, методика иссле-
дования, изложение и обсуждение основных результатов); заключительная часть (предложения, выводы – объем 
0,5 – 1 стр.); список литературы (оформление по ГОСТ 7.0.5-2008).

В списки литературы рекомендуется включать ссылки на научные статьи, монографии, сборники статей, 
сборники конференций, электронные ресурсы с указанием даты обращения, патенты.

Как правило, нежелательны ссылки на  диссертации и авторефераты диссертаций (такие ссылки допускают-
ся, если результаты исследований еще не опубликованы, или не представлены достаточно подробно).

В списки литературы не рекомендуется включать ссылки на учебники, учебно-методические пособия, 
конспекты лекций, ГОСТы и др. нормативные документы, на законы и постановления, а также на архивные доку-
менты (если все же необходимо указать такие источники, то они оформляются в виде сносок).

Рекомендуемый объем списка литературы для обзорных статей  – не менее 50 источников, для остальных 
статей – не менее 10. 

Доля источников давностью менее 5 лет должна составлять не менее половины. Допустимый процент самоци-
тирования – не выше 10 – 20. Объем ссылок на зарубежные источники должен быть не менее 20%.

4. УДК (UDC) оформляется и формируется в соответствии с ГОСТ 7.90-2007.
5. Набор текста осуществляется в редакторе МS Word.
6. Формулы набираются в редакторе MathType (не во встроенном редакторе Word) (мелкие формулы, симво-

лы и обозначения набираются без использования редактора формул). Таблицы набираются в том же формате, что 
и основной текст. В тексте буква «ё» заменяется на букву «е» и оставляется только в фамилиях.

7. Рисунки (в формате .tiff, .bmp, .jpeg) и таблицы оформляются в виде отдельных файлов. Шрифт – Times 
New Roman, размер шрифта основного текста – 14, интервал – 1,5. Таблицы большого размера могут быть набра-
ны кеглем 12. Параметры страницы: поля слева – 3 см, сверху и снизу – 2 см, справа – 1,5 см. Текст размещается 
без знаков переноса. Абзацный отступ – 1 см. 
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2.2. Представление материалов
1. Представление всех материалов осуществляется в электронном виде через электронную редакцию 

(http://journals.spbstu.ru). После регистрации в системе электронной редакции автоматически формируется 
персональный профиль автора, позволяющий взаимодействовать как с редакцией, так и с рецензентом.

2. Вместе с материалами статьи должно быть представлено экспертное заключение о возможности опу-
бликования материалов в открытой печати.

3. Файл статьи, подаваемый через электронную редакцию, должен содержать только сам текст без назва-
ния, списка литературы, аннотации и ключевых слов, фамилий и сведений об авторах. Все эти поля запол-
няются отдельно через электронную редакцию.

2.3. Рассмотрение материалов
Предоставленные материалы (п. 2.2) первоначально рассматриваются редакционной коллегией и переда-

ются для рецензирования. После одобрения материалов, согласования различных вопросов с автором (при 
необходимости) редакционная коллегия сообщает автору решение об опубликовании статьи. В случае отказа в 
публикации статьи редакция направляет автору мотивированный отказ.

При отклонении материалов из-за нарушения сроков подачи, требований по оформлению или как не отвеча-
ющих тематике журнала материалы не публикуются и не возвращаются.

Редакционная коллегия не вступает в дискуссию с авторами отклоненных материалов.
При поступлении в редакцию значительного количества статей их прием в очередной номер может закон-

чится ДОСРОЧНО.

E-mail: physics@spbstu.ru, 
Тел. редакции 8 (812) 552-62-16.
Cайт журнала: https://physmath.spbstu.ru/
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