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DIELECTRIC PROPERTIES OF (R)-3-QUINUCLIDINOL 
IN THE POROUS MATRIX OF ALUMINUM OXIDE

S.V. Baryshnikov1, A.Yu. Milinskiy1, E.V. Stukova2, A.A. Antonov1

1 Blagoveshchensk State Pedagogical University, 
Blagoveshchensk, Russian Federation;

2 Amur State University, 
Blagoveshchensk, Russian Federation

The paper presents findings of an investigation of the linear and nonlinear dielectric properties of 
(R)-3-quinuclidinol embedded in porous aluminum oxide (pores of size 300 nm), in comparison with 
the properties of bulk (R)-3-quinuclidinol. A decrease in the Curie temperature in the nanocomposite, 
both upon heating and cooling, in comparison with a bulk sample is revealed. A decrease in the phase 
transition temperature allows for interpretation on the basis of the known theoretical models for 
ferroelectric small particles.

Keywords: (R)-3-quinuclidinol, aluminum oxide, ferroelectric, dielectric constant, nanocompo- 
site, phase transition

Citation: Baryshnikov S.V., Milinskiy A.Yu., Stukova E.V., Antonov A.A., Dielectric properties 
of (R)-3-quinuclidinol in the porous matrix of aluminum oxide, St. Petersburg Polytechnical State 
University Journal. Physics and Mathematics. 14 (2) (2021) 7–15. DOI: 10.18721/JPM.14201

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/
licenses/by-nc/4.0/)

ДИЭЛЕКТРИЧЕСКИЕ СВОЙСТВА (R)-3-ХИНУКЛИДИНОЛА 
В ПОРИСТОЙ МАТРИЦЕ ОКСИДА АЛЮМИНИЯ

С.В. Барышников1, А.Ю. Милинский1, Е.В. Стукова2, А.А. Антонов1

1 Благовещенский государственный педагогический университет, 
г. Благовещенск, Российская Федерация;

2 Амурский государственный университет, 
г. Благовещенск, Российская Федерация

Представлены результаты исследований линейных и нелинейных диэлектрических свойств 
(R)-3-хинуклидинола, внедренного в пористый оксид алюминия (размер пор – 300 нм), в срав-
нении со свойствами объемного (R)-3-хинуклидинола. Выявлено понижение температуры 
Кюри в нанокомпозите как при нагреве, так и охлаждении, по сравнению с объемным образ-
цом. Понижение температуры фазового перехода допускает интерпретацию на основе извест-
ных теоретических моделей для сегнетоэлектрических малых частиц.

Ключевые слова: (R)-3-хинуклидинол, оксид алюминия, сегнетоэлектрик, диэлектрическая 
проницаемость, нанокомпозит, фазовый переход

Ссылка при цитировании: Барышников С.В., Милинский А.Ю., Стукова Е.В., Антонов А.А. 
Диэлектрические свойства (R)-3-хинуклидинола в пористой матрице оксида алюминия //  
Научно-технические ведомости СПбГПУ. Физико-математические науки. 2021. Т. 14. № 2.  
С. 7–15. DOI: 10.18721/JPM.14201

Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://creative-
commons.org/licenses/by-nc/4.0/)
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Introduction

Ferroelectric materials have unique proper-
ties and wide application in practice. Sponta-
neous polarization and high permittivity, as well 
as their dependence on exposure (electric fields, 
mechanical stress, etc.) makes ferroelectrics a 
popular solution for the development of various 
functional electronic devices. Recently, there is 
a constant search for polar materials with high 
permittivity ε', spontaneous polarization Ps and 
Curie temperature ТС; moreover, such materials 
are cheap and environmentally friendly due to 
the absence of heavy metals in their structure.

Recently, researchers found ferroelectric 
properties of organic salts C

6
H

16
NHal, where 

halogens include Cl, Br and I [1–3]: diisopro-
pylammonium chloride (DIPAC) with Curie 
temperature of 440 K and spontaneous polariza-
tion of 8.2 µC/cm2; diisopropylammonium bro-
mide (DIPAB) with Curie temperature of 426 K 
and spontaneous polarization of 23 µC/cm2; di-
isopropylammonium iodide (DIPAI) with Curie 
temperature of 378 K and spontaneous polariza-
tion of 5.17 µC/cm2.

Thanks to promising practical application of 
organic ferroelectrics in nanoelectronics, there is 
a considerable interest towards the studies of the 
molecular size influence on the material proper-
ties. Ferroelectric phase transitions in the nano-
composites obtained based on DIPAС, DIPAB 
and DIPAI, and nanoporous matrices were stud-
ied in papers [4–7].

Papers [8, 9] reported a discovery of ferroe-
lectric properties of homochiral organic crystals 
of (R)-3- and (S)-3-quinuclidinol (C

7
H

13
NO). 

These crystals exist in two mirror-isometric 
(enantiomorphic) forms: homochiral (R)-3- and 
(S)-3-quinuclidinols. At room temperature, they 
crystallize in enantiomorphically polar point 
group 6 (C6) demonstrating a mirror image in 
the vibrational spectra. The Curie tempera-
ture determined using the differential thermal 
analysis method (DTA) for the single-crystal-
line samples was ТС1 ≈ 398 K upon heating and  
ТС2 ≈ 360 K upon cooling [8]. Dielectric per-
mittivity at the phase transition has a dramatic 
jump anomaly changing approximately from 5 
up to 17. Spontaneous polarization at T ≈ 300 K  

equals approximately 7 µC/cm2, coercive field is 
15 kV/cm. It was also discovered that their race-
mate (Rac)-3-quinuclidinol is crystallizing in a 
centrosymmetric point group 2/m (C2h) which 
is not ferroelectric.

This discovery shows great significance homo-
chirality plays in occurrence of the ferroelectric 
state in organic ferroelectrics. As it was found 
in paper [9], the phase transition temperatures 
decrease down to ТС1 ≈ 338 K upon heating and  
ТС2 ≈ 324 K upon cooling for (R)-3-quinuclidi-
nol substrate-supported films (150 nm thick).

This article presents the results of studying 
dielectric properties of (R)-3-quinuclidinol em-
bedded in porous aluminum oxide Al

2
O

3
 with 

300 nm pores. For a comparison, we also studied 
similar identical properties in comparison with 
the properties of bulk polycrystalline (R)-3-qui-
nuclidinol.

Samples and experiment procedure

To obtain the nanocomposites, we used the 
(R)-3-quinuclidinol produced by the Acros Or-
ganics company (Belgium). According to the sam-
ple certificate, the phase temperatures amounted 
to ТС1 ≈ 390 K upon heating and ТС2 ≈ 364 K upon 
cooling. The samples for the study were repre-
sented by aluminum oxide films 50 µm thick with 
the pores 300 nm in diameter. Fig. 1 shoes the 
photographs of the films obtained using a scan-
ning electron microscope. To fill the aluminum 
oxide films with the ferroelectric, a saturated 
(R)-3-quinuclidinol solution in methanol was 
used. The oxide sample was placed in the solu-
tion heated up to 320 K and then cooled down 
slowly. The remaining methanol was removed by 
means of vacuum drying. After three repetitions 
of the described procedure, the pore occupancy 
measured by the change in the films weight using 
AND BM-252G balances (accuracy of 10–6 g) 
amounted to 53–55%.

Dielectric properties of bulk and nanostruc-
tured (R)-3-quinuclidinol were measured at the 
frequency of 100 kHz and operating voltage of  
0.7 V using Е7-25 LCR meter. To electrode the 
sample surface, we used Gallium–Indium paste. 
The temperature was determined with the accu-
racy of 0.1 K be means of ТС-6621 electronic 
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Fig. 1. Photomicrograph of Al
2
O

3
 film: а – surface, b – end view

thermometer based on a chromel–alumel ther-
mocouple. In the course of the measurements, 
the samples were heated from 300 to 440 K, 
and then cooled down. The rate of temperature 
change equaled 1 DPM (degrees per minute).

To study the non-linear properties, we ap-
plied 2 kHz frequency sine-curve voltage to the 
sample with a series resistor. To determine the 
amplitude of the multiple frequency signals, we 
applied sine-curve voltage with the frequency 
of several kilohertz and the field intensity of 
approximately 102 V/mm to the sample with a 
series resistor. To determine the ferroelectric 
domain, we used third harmonic coefficient  
(γ3ω = U3ω/Uω). Papers [10, 11] describe the 
methodology of investigating ferroelectrics by 
means of non-linear dielectric spectroscopy in 
more detail.

Experimental results and discussion

As a result of the studying dielectric char-
acteristics of the considered (R)-3-quinuclid-
inol samples in bulk and (R)-3-quinuclidinol 
embedded in an aluminum oxide film, we ana-
lyzed temperature dependences εʹ(T) (Fig. 2). 
The ferroelectric-to-paraelectric phase transi-
tion occurs at the temperature of 390 K which 
corresponds to the maximum of permittivity on 
the temperature dependence εʹ(T). For the bulk 
sample, when the temperature increases, there 
is an anomaly εʹ at 390 K which corresponds 
to the transition from the ferroelectric phase to 
the paraelectric one. Upon cooling, the phase 
transition temperature depends on the temper-

ature up to which the sample was heated to, as 
well as the cooling rate. If a sample was heated 
up to 420 K with the cooling rate 1 K/min, it 
is equal to 372 K. For effective permittivity of 
the (R)-3-quinuclidinol/Al

2
O

3
 nanocomposite 

(measured in the same conditions), the anoma-
lies in the neighborhood of the phase transitions 
are very diffuse and shifted in the lower temper-
atures domain. As a comparison of the results 
for the bulk and nanostructured (R)-3-quinu-
clidinol shows, for the (R)-3-quinuclidinol in 
the pores of the Al

2
O

3
 films, the transition tem-

perature decreasres by 10 K upon heating and by 
25 K upon cooling.

At the next stage of the research, in order to 
determine the temperature interval of the fer-
roelectric phase in the nano-sized (R)-3-qui-
nuclidinol with more accuracy, we measured 
the non-linear dielectric characteristics of the 
bulk and nanostructured (R)-3-quinuclidinol. 
The phase transition temperatures were deter-
mined by temperature dependences of the third 
harmonic coefficient γ3ω in the heating-cooling 
cycle (Fig. 3). In the course of heating, both 
samples have great values of the γ3ω coefficient 
starting from room temperature and up to 391 K 
(for the bulk sample) and 380 K (for the nano-
composite). Above this temperatures, the third 
harmonic coefficient changes insignificantly 
which can be attributed to the transition of the 
samples into the paraelectric state. Upon cool-
ing, the γ3ω coefficient begins to grow at around 
372 and 347 K for the bulk and the nanocom-
posite (R)-3-quinuclidinol respectively.
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Fig. 2. Dependence εʹ(T) for bulk (1) and Al
2
O

3
 nanocomposite (2) (R)-3-quinuclidinol  

samples at the frequency of 100 kHz (black symbols for heating, white symbols for cooling)

T, K

A change in the Curie temperature for fer-
roelectrics located in nanoporous matrices can 
occur due to several factors. It is primarily con-
nected with size effects observed for isolated na-
noparticles. As the size of the particles decreases, 
the share of surface atoms grows. Free energy F 
of nanoparticles is a sum of the volume (FV) and 
surface (Fs) contributions:

F = FV + Fs.

The decrease of the phase transition tempera-
ture of the (R)-3-quinuclidinol embedded in the 
pores of aluminum oxide agrees with the conclu-
sion of the theoretical models developed on the 
basis of the phenomenological Landau theory 
and Ising model [12–14]. These models predict 
that the temperature of the structural phase tran-
sition for small isolated particles of spherical and 

cylindrical shape shifts deeper into the ferroelec-
tric phase as the size of the particles decreases. 
The conclusions of these models were also exper-
imentally verified for separate small particles of 
such ferroelectrics as barium titanate (see paper 
[15] and its references).

For matrix nanocomposites, unlike for sep-
arate ferroelectric particles, we need to account 
for the interaction between the matrix inclusions. 
In this case, the change in the surface energy is 
determined as

where σi is the surface tension; Si is the particle 
surface; φi is the electric potential; δi is the sur-
face-charge density.

The summand σdS may considerably con-
tribute to the total energy of the system with 

,
i i

S S i i i i i
S S

F F dS dS= + σ + ϕ δ∑ ∑∫ ∫
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well developed surface of the phase interface. 
Formation of a double electric layer at the phase 
interface as a result electron emission or sponta-
neous polarization screening leads to emergence 
of surface conductance and Maxwell-Wagner 
polarization. The depolarization field depend-
ing on permittivity, conductance, shape and size 
of the particles additionally contributes into the 
size effect which results in decreased Curie tem-
perature.

Moreover, paper [16] indicated that elec-
tric interaction between ferroelectric particles 
in neighboring pores could influence the phase 
transition shift in the matrix nanocomposites. 
However, in our case, the electric interaction 
between the particles in neighboring pores plays 
no significant role due to the small value of the 
spontaneous polarization of (R)-3-quinuclidi-

Fig. 3. Temperature dependences of the third harmonic coefficient for bulk (1)  
and Al

2
O

3
 nanocomposite (2) (R)-3-quinuclidinol samples in the heating-cooling cycles  

(black symbols for heating, white symbols for cooling)

T, K

nol (Ps ≈ 7 µC/cm2) and a considerable distance 
between the neighboring pores (around 200 nm). 
Taking mechanical stress for the nanoparticles 
into account in the measurements is essential in 
terms of retaining polar properties of the ferro-
electric. In this case, pressure under the curved 
surface is defined by the surface tension tensor μ. 
The dependence of the polar properties of ferro-
electric particles on surface tension was evaluat-
ed in paper [17–19]. Thus, paper [19] shows that 
at μ = 0.5 − 50 N/m, the effect of the transition 
temperature shift due to electrostriction begins 
working at the nanoparticle radius of curve R =  
= 5 − 50 nm, which is significantly less than the 
size of the pores in the composite of interest.

Therefore, a decrease in the ferroelectric phase 
transition temperature of (R)-3-quinuclidinol in 
porous matrices of aluminum oxide discovered in 
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this article is due to the influence of size effects 
characteristic of free particles.

Conclusion

The results of the study of (R)-3-quinuclid-
inol embedded in porous aluminum oxide pre-
sented in this article revealed a decrease in the 
Curie temperature in the nanocomposite, both 

upon heating and cooling, in comparison with 
the bulk sample. A decrease in the phase transi-
tion temperature allows interpretation based on 
the known theoretical models for ferroelectric 
small particles.

The study was supported by the Russian Founda-

tion for Basic Research (grant No. 19-29-03004).
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PHASE TRANSITIONS AND DIFFUSE REFLECTANCE SPECTRA 
OF BARIUM TITANATE-ZIRCONATE SOLID SOLUTIONS

M.M. Mikhailov1, O.A. Alekseeva1, S.A. Yuryev1, 
A.N. Lapin1, E.Yu. Koroleva2

1 Tomsk State University of Control Systems and Radioelectronics, 
Tomsk, Russian Federation;

2 Peter the Great St. Petersburg Polytechnic University, 
St. Petersburg, Russian Federation

The composition, structure, particle size distribution, diffuse reflectance spectra, integral 
absorption coefficients of solar radiation and dielectric properties of BaTi(1–x)Zr(x)O

3
 powders 

synthesized from micro powders BaCO
3
, ZrO

2
 and TiO

2
 at x = 0 – 0.3 have been studied. Changes 

in the integral absorption coefficient of the powders at different concentrations of zirconium cations 
were found to be within 34 %. Dielectric studies conducted over the wide ranges of temperature 
and frequency showed the presence of two phase transitions, one of them undergoing near the room 
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ФАЗОВЫЕ ПЕРЕХОДЫ И СПЕКТРЫ  
ДИФФУЗНОГО ОТРАЖЕНИЯ ТВЕРДЫХ РАСТВОРОВ  

ТИТАНАТА-ЦИРКОНАТА БАРИЯ

М.М. Михайлов1, О.А. Алексеева1, С.А. Юрьев1, 

А.Н. Лапин1, Е.Ю. Королева2

1 Томский государственный университет систем управления и радиоэлектроники, 
г. Томск, Российская Федерация;

2 Санкт-Петербургский политехнический университет Петра Великого, 
Санкт-Петербург, Российская Федерация

Исследованы состав, структура, гранулометрический состав, спектры диффузного от-
ражения, интегральные коэффициенты поглощения солнечного излучения и диэлектри-
ческие свойства порошков BaTi(1–x)Zr(x)O

3
, синтезированных из микропорошков BaCO

3
, 

ZrO
2
 и TiO

2
 при концентрации замещающих катионов циркония в диапазоне значений x от 

0 до 0,3. Установлены изменения интегрального коэффициента поглощения исследованных 
порошков при различной концентрации замещающих катионов циркония в пределах 34 %. 
Диэлектрические исследования, проведенные в широком температурном и частотном ди-
апазонах, выявили существование двух фазовых переходов в исследованных соединениях. 
Определены температуры фазовых переходов; установлено, что низкотемпературный фазо-
вый переход происходит при комнатных температурах, что позволяет рассматривать данные 
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Introduction

There is now currently a growing interest to 
the studies of thermal control coatings, which 
can be used to maintain the temperature of the 
objects they are applied to stable [1, 2]. So-called 
intelligent coatings draw the most attention, since 
they are capable of modifying their functional 
physical properties in response to small environ-
ment changes. Such coatings are very promising 
in terms of thermal control applications, in par-
ticular space craft device, where their ability to 
change emittance and radiated power in response 
to the change in the environment or the absorbed 
energy allows stabilizing the temperature of the 
space craft working points.

Solid solutions with phase transitions (PT) 
accompanied by rearrangement of the crystal-
line structure can be used as pigments for ther-
mal control coatings (TCC) of reflecting type; 
the PT are located in the range of operating 
temperatures of the unit. Solid solutions of bar-
ium titanate BaTiO

3
 are solid solutions of this 

type with its barium or titanium cations partial-
ly substituted by cations of other elements. The 
Curie temperature for barium titanate BaTiO

3
 is 

120°C. Barium titanate has cubic structure above 
this temperature. As temperature Т decreases, 
there is a structural transition into phases with 
tetragonal (5 ≤ Т ≤ 120°С), rhombic (–90 ≤ Т ≤  
≤ +5 °С) and rhombohedric (Т < –90 °С) lattic-
es. The electric [3], dielectric [4] and optical [5] 
properties change as well. The most significant 
modification of the indicated properties is ob-
served in the neighborhood of the Curie point 
(in the transition from the cubic to the tetrago-
nal syngony): there is a variance by several times 
in dielectric permittivity ε and by five orders of 

magnitude in electrical conductivity σ [3]. Op-
tical properties can change as well [6]. 

The change of electrical properties in the 
domain of phase transitions leads to significant 
changes [6] of the barium titanate emittance, 
which depends on the carrier density, in a tem-
perature range from the values characteristic of 
quasi-metallic state (0.10) to the value specific to 
dielectrics (0.96). In case the coating is heating 
up to the PT temperature, its emissivity increases 
dramatically, which results in thermal radiation 
rising and the coating temperature decreasing. 
In the opposite situation, i.e. when the coating 
temperature is below the operating one, there is 
an abrupt drop in emittance. This leads to a re-
duction of thermal radiation and, respectively, to 
the temperature rising back to the previous level. 
This is the basis of thermal stabilization in the op-
eration area of the object with the thermal con-
trol coating on its surface.

For practical purposes, there is a need for 
coatings, which can operate at lower temper-
atures than that barium titanate can provide. A 
partial substitution of barium or titanium cations 
with other positive ions A or B forming solid solu-
tions of Ba

1–xAxTiO
3
 or BaTi

1–xBxO3
 type allows 

the Curie temperature to shift into lower value 
ranges [7]. The value of the shift and PT charac-
teristics are defined by the type of the substituting 
element and its concentration. If we vary the type 
and concentration of the substituting elements A 
or В, as well as the conditions of the pigment pro-
duction, we can control the phase transitions of 
the coatings produced on the basis of such com-
pounds [8–10].

The objectives of this study included a sol-
id-phase synthesis of the BaTi

1–xZrxO3
 com-

порошки в качестве пигментов для термостабилизирующих покрытий космических аппара-
тов при рабочих температурах.

Ключевые слова: титанат-цирконат бария, термостабилизирующее покрытие, фазовый пере-
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pound at various values of x, as well as finding its 
phase and particle-size distribution, phase tran-
sition temperature and other essential physical 
properties characterizing its ability to reflect so-
lar radiation (there is a need for materials prom-
ising in terms of producing reflective coatings 
for space crafts).

In favor of the set goal, we subjected the syn-
thesized samples to X-ray phase and particle-size 
distribution analysis, studied their dielectric 
properties, obtained and analyzed their diffuse 
reflectance spectra and integral absorption coef-
ficients.

Samples and test procedure

This paper presents a solid-phase synthesis 
of solid BaTi

1–xZrxO3
 solution based on BaCO

3
, 

ZrO
2
 and TiO

2
 micro powders at concentration 

of substituting zirconium cations in the range of 
0–0.3.

The samples were produced by means of 
solid-phase synthesis from manufactured mi-
cro-sized BaCO

3
, ZrO

2
 and TiO

2
 powders. For 

each concentration of substituting zirconium 
cations, we prepared a mixture of the initial Ba-
CO

3
, ZrO

2 
and TiO

2
 powders in such a way as to 

meet the set barium atoms/Ti
1–xZrx compound 

ratio of 1:1 for the obtained BaTi
1–xZrxO3

 com-
pound at each value of х in compliance with the 
molecular masses of the initial BaCO

3
, ZrO

2
 and 

TiO
2
 powders. The barium carbonate micropo-

wder was dissolved in distilled water agitated by 
ultrasonic waves; then we added the silicon di-
oxide and titanium dioxide micropowders to the 
solution. The obtained compound was mixed in 
a magnetic stirrer for 1 h. The mixture was dried 
at 150°С, ground in an agate mortar and subject 
to double heating under atmosphere: first it was 
heated at 800°С for 2 h, then (after completely 
cooled down) it was heated at 1200°С for 2 h. The 
rate of temperature elevation on average amount-
ed to 50°С/min, of cooling – 9°С/min.

We studied the samples of BaTi
1–xZrxO3

 with 
six different concentration of substituting cations 
in the range from 0 to 30%: х = 0.01; 0.03; 0.10; 
0.15; 0.20; 0.30. We studied particle-size distri-
bution of BaTi

1–xZrxO3
 powders using Shimadzu 

SALD-2300 laser diffraction particle size ana-

lyzer. We employed Shimadzu XRD 6000 X-ray 
diffractometer to perform X-ray phase analysis 
(XRD).

For dielectric measurements, we pressed the 
powders under 10 MPa pressure into tablets 1 
cm wide and 1 mm thick. We used gold contacts 
with a chromium sublayer as electrodes for better 
adhesion. In the course of the measurement, the 
samples were heated at 120°С for 30 min first to 
remove the adsorbed water.

We measured dielectric properties using a 
broad-band spectrometer Novocontrol ВDS80 in 
the frequency range from 0.1 Hz to 10 MHz, with 
the scanning field amplitude of 10 V/cm; relative 
measurement error of impedance and capacity is 
approximately 3∙10–5. The measurements were 
performed in a heating/cooling mode, the tem-
perature change rate amounted to 1–2°С/min, 
measurement temperatures ranged from –50 to 
150°С.

To measure diffuse reflectance spectra, the 
BaTi

1–xZrxO3
 samples were pressed into supports 

24 mm wide and 2 mm tall under the pressure of 
1 MPa with hold time of 2 mm. For diffuse reflec-
tance spectra, we used Shimadzu UV-3600 Plus 
spectrophotometer with an integrating sphere at-
tachment (ISR-603) in a wavelength range from 
200 to 2200 nm and resolution of 5 nm.

Test results and their discussion

X-ray phase analysis data. A diffraction spec-
tra analysis of the synthesized barium titan-
ate powders with partially substituted cations 
showed that the peaks of intensity correspond 
to BaTiO

3 
or BaTi

1–xZrxO3
 compounds. As an 

example, Fig. 1 demonstrates an X-ray diagram 
of BaZr

0.1
Ti

0.9
O

3
 powder (x = 0.1). Aside from 

the basic compound, the synthesized powders 
contained phases of ZrTiO

4
 and BaZrO

3
, as well 

as residual unreacted initial powders used in the 
synthesis: BaCO

3
, ZrO

2
 and TiO

2
. A study of the 

obtained X-ray diagrams allowed us to conclude 
that the basic phase of the produced powders 
had a tetragonal structure.

Based on the obtained diffraction data, we 
calculated the content of various compounds in 
the synthesized BaTi

1–xZrxO3
 powders (Table 1). 

The yield of the main phase for all obtained sam-
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Fig. 1. X-ray diagram of BaZr
0.1

Ti
0.9

O
3
 powder

Table  1
Percentage of different compounds in the synthesized  

BaTi
1–xZrxO3

 powders at x = 0.01 – 0.30

х
Compound composition, %

BaTi1–xZrxO3/BaTiO3 ZrO2 TiO2 ZrTiO4 BaCO3 BaZrO3

0.01 84.9 0.2 6.7 3.7 3.6 0.9
0.03 85.1 0.8 7.0 3.3 3.4 0.4
0.05 90.3 1.3 2.8 2.2 1.9 1.5
0.10 80.6 3.9 6.2 3.0 3.1 3.3
0.15 78.9 5.0 5.1 2.5 2.3 6.2
0.20 67.6 11.4 6.2 2.0 2.0 10.8
0.30 62.0 10.8 7.2 2.6 2.4 15.0

N o t e. The presented results were obtained on the basis of the X-ray phase analysis data.

ples containing from 0 to 0.3 of the substituting 
zirconium cations is in the range between 62.0 
and 90.3%. The highest yield of the main phase 
(90.3%) is observed at the substituting zirconium 
cations concentration х = 0.05, while the lowest 
one (62%) – at х = 0.30. The content of BaZrO

3 

and ZrO
2
 phases grows with the increase in the 

substituting cations density. The percentage of 
the remaining non-essential phases in the syn-
thesized solid solutions depends on the concen-
tration of the substituting cations insignificantly 
and at various concentrations of х = 0.01–0.30 
vary as follows:

TiO
2
 – from 2.8 to 7.2 %, 

ZrTiO
4
 – from 2 to 3.7 %, 

BaCO
3
 – from 1.9 to 3.6 %.

Particle-size analysis data. The particle-size 
research showed that the synthesized powders 
contain particle of the size from 0.2 to 12 µm. 
The function of particles distribution for the  
BaTi

1–xZrxO3
 powders has a form of a curve with 

two peaks corresponding to the particle sizes of 
0.51–0.53 µm and 2.30–2.67 µm respectively. 
With the change of the zirconium cations per-
centage from 1 to 30%, there is no significant 
shift of the distribution peaks (within the range 
of 0.02 and 0.37 µm for the first and the second 
peaks respectively), just as there is no consid-
erable change in the intensity of the said peaks 
(up to 20% for the first peak and up to 10% for 
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the second one). The median particle size in 
the BaTi

1–xZrxO3
 powders ranges from 1.911 to 

2.990 µm. The maximum median particle size 
is observed in the BaTiO

3
 powder (2.196 µm) 

at the zirconium cation concentration equal to 
0.15 (2.199 µm). The minimum median particle 
size (1.911 µm) corresponds to the maximum 
zirconium cation concentration equal to 0.03. 
The modal particle diameter (diameter with the 
highest incidence rate of grain sizes or a prevail-
ing fraction) for all the powders under study was 
identical and equal to 2.234 µm.

Dielectric properties study. We can see two 
peaks on the permittivity temperature depend-
ences of all the samples: a more prominent one is 
observed at the temperature range of 109–117°С  
and a less prominent one – at 27–47°С (Fig. 2). 
Note that the temperature values corresponding 
to the maximum permittivity during heating are 
lower than that during cooling down (see Fig. 2 
for an example); for a high temperature peak in  
the range of 109–117°С the thermal lag is 
around 5°С. The respective data for the remain-
ing values of x are similar.

In the entire temperature test range, we ob-
tained and analyzed the frequency dependences 
of the real and imaginary components of per-
mittivity ε'(ω), ε''(ω) for the solid BaTi

1–xZrxO3
 

Fig. 2. Heating/cooling permittivity temperature dependences  
of the solid BaZr

0.1
Ti

0.9
O

3
 solution; test frequency f = 1.4 kHz

solutions. To describe the relaxation contribu-
tions, we used the Cole–Cole distribution, which 
allows describing the spectra extending over a 
wider range than Debye relaxation. As a model 
function, we applied a sum of DC conductivity, 
several relaxation processes and high-frequency 
conductivity contributions:

where ССi is the relaxation process contribution 
described by the empirical Cole–Cole formula; 
ε∞ is the phonon modes and electric polarizability 
contribution; Δε = ε – ε∞; τ, s, is the most proba-
ble time (relaxation frequency ω), τ = 2π/ω; σ

DC
, 

S/m, is the DC conductivity; α is the relaxation 
time distribution (0 < α < 1).

The best way of approximating the frequency 
dependences was finding the sum of the contri-
butions made by three relaxation processes; the 
processes differ in the most probable relaxation 
frequencies: one of the processes was observed 
in the frequency range of f = 0.1–1 Hz and had 
a monotone temperature dependence of the Δε 
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parameter; two other processes with different 
relaxation frequencies lying in the range of f =  
= 103 – 104 Hz had peaks on the Δε(T) depend-
ences at the temperature of around 27°С (pro-
cess 1) and around 109°С (process 2) (Fig. 3). As 
an example, Fig. 3 presents the corresponding 
data for two studied samples.

Thus, we were able to identify the relaxation 
processes responsible for the phase transitions 
in the material under study. We used tempera-
ture dependences of the Δε parameter to de-
termine the phase transition temperatures for 
each compound (Table 2). The peak tempera-
tures Δε(T) for process 2 in all the samples was 
close to the temperature of the ferroelectric 
transition from the cubic into tetragonal phase 

a)							       b)

Fig. 3. Temperature dependences of the Δε parameter for relaxation processes 1 and 2 (see text)  
in solid solutions BaZr

0.1
Ti

0.9
O

3
 (a) and BaZr

0.15
Ti

0.85
O

3
 (b)

Table  2
Temperature values corresponding to peaks on Δε(T) dependences  

for relaxation processes 1 and 2 in the studied BaTi
1–x

Zr
x
O

3
 samples

x value
Peak temperature, °С

Process 1 Process 2
0.01 31.6 118.5
0.03 36.9 115.6
0.10 27.4 112.4
0.15 35.9 111.2
0.20 42.1 109.6
0.30 27.8 113.9

N o t e. The presented results are obtained on the basis of dielectric measurements data. Processes 1 and 2 differ 
in the temperature ranges where their peaks were observed.

in pure BaTiO
3 
(ТС = 120°С) and solid solutions 

of BaTi
1–xZrxO3

 with low zirconium concentra-
tion. A small decrease in the temperature of 
this transition agrees with the phase diagram of 
the solid BaTi

1–xZrxO3
 solutions, according to 

which at low zirconium content the tempera-
ture of this transition decreases in these solu-
tions [11].

The peaks of Δε(T) for relaxation process 1 in 
the samples of BaTi

1–xZrxO3
 are observed at tem-

peratures close to the respective value of the tran-
sition between two ferroelectric phases of pure 
BaTiO

3
 (Т = 5°С) with the orthorhombic and 

tetragonal crystalline structures. The observed in-
crease in the temperature of this transition agrees 
with the phase diagram of the solid BaTi

1–xZrxO3
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solutions in the range of small zirconium con-
centrations.

However, we should note that the temperature 
values of both phase transitions in all six samples 
vary insignificantly with the change of the as-
sumed zirconium concentration in solutions and 
show no dependence on х [12]. This is probably 
due to the fact the main contribution to the die-
lectric response of the obtained solutions is made 
by the phase of the solid BaTi

1–xZrxO3
 solutions 

with low and approximately identical zirconium 
concentration of х < 0.1 for all the samples.

Diffuse reflectance spectra and integral ab-
sorption coefficient. A study of the diffuse reflec-
tance spectra in the solar range of the synthesized 
powders necessary for finding the optimal con-
centration of the zirconium cations to obtain the 
BaTi

1–xZrxO3
 powder with high reflectance and 

low absorption coefficient аs is of particular in-
terest.

The diffuse reflectance spectra of the  
BaTi

1–xZrxO3
 powders were registered in the UV, 

visible and near infrared ranges. Fig. 4 presents 
the diffuse reflectance spectra of the synthesized 
powders with the concentration of substituting 
zirconium cations in the range from 0 to 30%.

For all concentrations of substituting zirco-
nium cations, the reflectance coefficient of the  
BaTi

1–xZrxO3
 powders varies in the range of  

85–96% in the area from the main absorption 
edge to 2200 nm. Qualitatively, the form of ρ 
spectra is practically identical for all the pow-
ders under study, at 1400 and 2040 nm wave-
lengths, there are absorption bands visible due to  
ОН-groups located at the surface of the powder 
grains and granules of BaTi

1–xZrxO3
 [13]. In the 

area of the main absorption edge, as the zirconi-
um concentration grows, we can observe a minor 
deterioration in reflectance. 

It follows from the diffuse reflectance spectra 
shown in Fig. 4 that BaTi

1–xZrxO3
 powder has the 

highest reflectance in the visible and near infra-
red ranges at the zirconium concentration of х =  
= 0.05, and the lowest reflectance at the concen-
tration of х = 0.15. The difference in the reflec-
tion coefficient for different zirconium concen-
trations in one wavelength reaches 10%.

The integral absorption coefficient of solar ra-
diation as was calculated based on the diffuse re-
flection coefficient using the following formula:

Fig. 4. Diffuse reflectance spectra of solid BaTi
1–xZrxO3

 solutions
with different content of substituting zirconium cations

2
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Fig. 5. Dependence of the integral absorption coefficient of solar radiation  
on zirconium content in the solid BaTi

1–xZrxO3
 solution

Table  3
Values of the integral absorption coefficient of solar radiation

for the BaTi
1–xZrxO3

 powders at different values of x

x 0.00 0.01 0.03 0.05 0.10 0.15 0.20 0.30
as 0.104 0.102 0.101 0.100 0.128 0.151 0.107 0.107

N o t e. The presented results are obtained by means of calculations on the basis of the diffuse solar radiation 

reflectance spectra. 

where Rs is the integral absorption coefficient of 
solar radiation calculated as the arithmetic mean 
value of the reflection coefficient over 24 points 
located in equal-energy areas of the solar radi-
ation spectrum according to the international 
standards [14, 15]; ρλ is the spectral reflectivity; Iλ 
is the solar radiation spectrum; λ

1
, λ

2
, µm, are the 

boundary values of the solar spectrum range (in 
the area of 0.2–2,5 µm the sun radiates 98% of 
the total energy); n is the number of equal-energy 
areas of the solar spectrum given by the standard 
tables [14, 15].

As you can see from Table 3, all synthesized 
powders have rather low integral absorption coef-
ficients of solar radiation in the range from 0.100 
to 0.151 and can fall into the class of “solar re-
flectors”. The BaTi

1–xZrxO3
 powder with 5% of 

zirconium cations (x = 0.05) possesses the small-
est value of as (0.100), while the powder with 15% 
of zirconium (x = 0.15) has the greatest value.

Fig. 5 presents a dependence of as on the 
percentage of the substituting zirconium cat-
ions in the range from 0 to 30% (x = 0–0.30). 
As the zirconium cations concentration in the 
BaTi

1–xZrxO3
 compounds increases, the integral 

absorption coefficient of solar radiation chang-
es based on a rather complex dependence with a 
minimum and a maximum. The highest values of 
as are observed at 10 and 15 % zirconium con-
centrations. 

Conclusion

We used the solid-phase synthesis method 
with a two-step heating to produce BaTi

1–xZrxO3
  

powders from a mixture of micron-sized BaCO
3
, 

ZrO
2
 and TiO

2
 powders at concentration of sub-

stituting zirconium cations in the range of 0–30 
weight % (x = 0.01–0.30). We studied the de-
pendences of the particle-size distribution, phase 
composition, diffuse reflectance spectra in the 
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UV, visible and near infrared ranges, and the in-
tegral absorption coefficient of solar radiation 
аs on the zirconium cations concentration. The 
established maximum yield of the main powder 
phase amounts to 90.3%. The form of the diffuse 
reflectance of the synthesized BaTi

1–xZrxO3
 micro 

powders varies insignificantly depending on the 
zirconium concentration; however, the qualita-
tive changes reach 10%. The integral absorption 
coefficient of the studied powders at different 
zirconium concentration varied within 34%. The 
conducted dielectric research of the pressed pow-
ders revealed two peaks on the permittivity tem-

perature dependences associated with the phase 
transitions. We determined the temperatures of 
these phase transitions for all compositions and 
revealed that the low temperature transition in 
the solutions under study was observed at room 
temperatures. This fact makes these compounds 
a promising material for production of pigments 
for thermal control coatings at operating temper-
atures of space crafts.

The study was financially supported by the Russian 
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project no. 19-32-60067.
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A known physical fact of the anomalous rise of dielectric permittivity ε of C
60

 fullerite films at ac 
low frequencies (below 1 kHz) has not had a convincing explanation up to now. Our study was aimed at 
elucidating the causes of that anomaly. The p-Si/C

60
/InGa-eutectic structure was made and a frequency 

dependence of its capacitance was measured. Relying on the experimental result, a versatile analysis of 
the phenomenon was carried out. It was shown that the anomalous rise of ε value in the low-frequency 
region resulted from oxygen intercalation of fullerite with formation of C

60
/O

2
 molecular groups 

exhibited significant dipole momenta. The presence of such groups produced a dramatic difference 
between dielectric permittivity of the crystallites’ surface areas and that of their volumes. As a result, 
the difference led to an apparent increase in the dielectric permittivity ε of the structure under study.
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АНАЛИЗ ПРИЧИН АНОМАЛЬНОГО ПОВЫШЕНИЯ  
ЕМКОСТИ ПЛЕНОК ФУЛЛЕРИТА С60 НА НИЗКИХ ЧАСТОТАХ

Д.И. Долженко, И.Б. Захарова, Н.Т. Сударь
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Известный экспериментальный факт аномального возрастания диэлектрической проница-
емости ε пленок фуллерита C

60
 на низких частотах (ниже 1 кГц) переменного электрического 

тока не имеет до настоящего времени убедительного объяснения. Данное исследование было 
нацелено на выяснение причин указанной аномалии. Была изготовлена структура p-Si/C

60
/эв-

тектика InGa и измерена частотная зависимость ее емкости. На основании полученных экс-
периментальных данных проведен многосторонний анализ явления. Показано, что возмож-
ной причиной аномального повышения ε в низкочастотной области является интеркаляция 
фуллерита молекулами кислорода с образованием молекулярных групп C

60
/О

2
, обладающих 

значительным дипольным моментом. Наличие таких групп вызывает кардинальное различие 
между значениями диэлектрической проницаемости поверхностных областей кристаллитов и 
таковой для области их объема, что, в свою очередь, приводит к кажущемуся подъему диэлек-
трической проницаемости исследуемой структуры.

Ключевые слова: фуллерит С
60

, поликристаллическая пленка, диэлектрическая проницае-
мость, уравнение Фрёлиха, интеркаляция кислорода
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Introduction

Fullerene thin films are currently believed to 
be promising candidates for organic electronics 
[1 – 3]. A major focus is investigations into the 
properties of fullerene C

60
, since its molecules 

have the greatest symmetry and stability. A char-
acteristic feature of fullerene in condensed phase 
(fullerite) is that impurity atoms can be interca-
lated into its crystal lattice [4]. Impurity atoms 
in the face-centered cubic (fcc) lattice of C

60
 

fullerite fill octahedral and tetrahedral voids be-
tween the host molecules, interacting with them 
with a potentially pronounced effect on the phys-
ical properties of fullerite films [5]. 

Intercalation of fullerite by oxygen atoms is 
a particularly intriguing subject. The electron 
affinity of C

60
 molecules is significantly high-

er than that of oxygen molecules, estimated at 
about 2.67 eV [6], while for oxygen it amounts 
to about 0.45 eV [7]. Therefore, it can be ex-
pected that oxygen acts as an electron donor, 
and fullerite as an electron acceptor. It is hy-
pothesized in [8] that partial transfer of an elec-
tron from a donor to an acceptor generates a 
dipole moment in the C

60
/O

2
 molecule, which 

is what likely causes a significant increase in the 
dielectric permittivity for C

60
 films at frequen-

cies below 103 Hz. However, the actual physi-
cal mechanism behind this phenomenon is not 
considered in [8]. 

Electrode polarization is often the cause of the 
abnormal increase in capacitance at low AC fre-
quencies, occurring in dielectrics with noticeable 
electrical conductivity given poor contact be-
tween the sample and the electrode. A thin layer 
forms at the interface in these conditions, char-
acterized by a significant electrical impedance 
[9]. Obviously, this reason is not related to the 
physical properties of the actual fullerite films.

Other reasons for the anomalous increase in 
the capacitance of dielectrics in the low-frequen-
cy region are also discussed in the literature. For 
example, the Maxwell – Wagner polarization is 
observed in inhomogeneous dielectrics with con-

ducting impurities [10]; for polycrystalline die-
lectrics, this can be attributed to the difference 
between the permittivities (and conductivities) of 
the external and internal regions of crystallites, 
i.e., the grain-interlayer model [3, 10].

The goal of this study consists in understand-
ing the potential role of the described effects and 
assessing the degree to which they influence the 
dielectric permittivity of C

60
 fullerite films. 

Experimental procedure

The sample was a C
60

 fullerite film deposit-
ed on a cold substrate made of p-type silicon of 
KDB-1 grade by thermal spraying. The thickness 
L of the film, measured with an MII-4 interfer-
ence microscope, was 250±50 nm. 

A close focus was on ensuring reliable contacts 
between the fullerite sample and the electrodes.

The C
60

 film produced by this method had a 
polycrystalline structure with the size D of crys-
tallites equal to 100 − 200 nm [11]. The crystal-
lites forming the film were randomly arranged on 
the silicon substrate in several layers. Before the 
experiments, the C

60
 films deposited on the sub-

strates were exposed to an air atmosphere for a 
long time in order to ensure reliable contact of 
the film with the silicon substrate, since the latter 
was used as one of the electrodes. 

The second electrode was a needle probe made 
of a liquid indium-gallium eutectic [12]. Such an 
electrode provided reliable electrical contact with 
the fullerite film, without mechanical damage, 
due to interaction of the surface tension forces of 
the eutectic and gravitational forces.

An E7-20 LCR meter was used to measure the 
capacitance C and the tangent tgδ of the dielec-
tric loss angle in the frequency range from 25 Hz 
to 1 MHz. The amplitude of the test AC voltage 
was 0.04 V. All measurements were carried out 
at room temperature T = 293 K in a darkened 
measuring cell. The given section of the C

60
 film 

was subjected to electroforming prior to dielec-
tric measurements: a constant voltage U = 30 V  
was applied to the electrodes for several tens of 

Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://creative-
commons.org/licenses/by-nc/4.0/)
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minutes. Electroforming considerably increased 
the stability of the readings and the reproduci-
bility of the results for repeated measurements 
in this section of the film [11]. 

The area S of the contact spot of the needle 
electrode with the fullerite film was calculat-
ed based on the data for the capacitance C of 
the given structure measured at a frequency of  
1 MHz. It was assumed that the dielectric per-
mittivity of the film at this frequency was close 
to the value of the high-frequency dielectric per-
mittivity ε∞ of C

60
 fullerite. According to the data 

given in literature [13], ε∞ = 2.6. Therefore, with 
a capacitance C = 8.2 pF, the area of the contact 
spot turns out to be S ≈ 0.09 mm2. This value of  
S was subsequently used to calculate the dielec-
tric permittivity spectrum in the entire investigat-
ed frequency range. 

Experimental results and discussion

The goal posed at the first stage of the study 
was to find out whether the increase in capaci-
tance in the low-frequency region is due to the 
phenomenon of electrode polarization. Accord-
ing to the data given in [9], the correction for 
electrode effects in low-frequency measure-
ments, defined as the difference between the 
measured capacitance C and the true capaci-
tance Ctrue (appearing in the absence of elec-
trode polarization), depends on the material 
conductivity σ and the frequency f, at which the 
measurement is carried out, so that

Since the photoconductivity of C
60

 fullerite 
is observed in the visible spectral range, the 
conductivity of the given structure could be in-
creased by exposure to light. For this purpose, 
we used a white LED with a color temperature 
of 4000 K, producing a luminous flux of 250 lm. 
The light was focused on the contact spot of the 
indium-gallium electrode with the fullerite film 
using a special lens. The structure's conductivity 
increased from 7∙10–7 S/cm (value in the dark) to  
3∙10–5 S/cm upon illumination.

Fig. 1 shows the low-frequency dependences 
for the capacitance of the given structure in the 

dark (curve 1) and under LED lighting (curve 
2), i.e., at different concentrations of free charge 
carriers determining the conductivity in it. Ap-
parently, the curves on the graph practically co-
incide, although the value of the capacitance 
should have increased by about four orders of 
magnitude, in accordance with Eq. (1). Further-
more, the assumed dependence should have been 
linear in the case of electrode polarization in the 
considered coordinates C (1/f 2) but this did not 
happen either. 

Thus, analysis of the experiment carried out 
at the first stage of the study allows eliminating 
electrode polarization as the cause of the anoma-
lous increase in capacitance in the low-frequen-
cy region of the spectrum. In other words, the 
increase in capacitance we have observed should 
not be regarded as an artifact, that is, it is not 
associated with the specific experimental condi-
tions or the peculiarities of electrical contacts.

At the second stage of the study, we consid-
ered the deep mechanisms underlying the in-
crease in the capacitance of the structure at low 
frequencies.

As noted above, fullerite films obtained by 
thermal spraying are polycrystalline. Oxygen 
molecules quickly penetrate into the film, diffus-
ing along the crystallite interfaces; as a result, the 
near-interface regions of the crystallites are sat-
urated with oxygen to a greater extent than their 
bulk. For this reason, the conductivity and die-
lectric permittivity of the surface layers of crystal-
lites and their bulk are different [3]. Consequent-
ly, the dielectric dispersion in such structures is 
best described by the theory of multilayer die-
lectric systems, characterized by an abnormally 
high dielectric permittivity in the low-frequency 
region [9].

Fig. 2, a shows the dependence of the dielec-
tric permittivity on the frequency f. The values of 
ε' were calculated with the equation for a plane 
capacitor based on capacitance measurements. 
Evidently, the dielectric permittivity increas-
es rapidly and monotonically with a decrease in 
the frequency of the applied AC voltage. For ex-
ample, ε' ≈ 3 at a frequency of 103 Hz, reaching  
ε' ≈ 300 at 30 Hz. 

The dependence of the dielectric loss angle 

2 2~ .trueC C f− σ (1)
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Fig. 1. Low-frequency dependences for capacitance of a p-Si/C
60

/InGa  
eutectic structure in the dark (1) and under LED lighting (2). 

Luminous flux (250 lm) focused on the contact spot of the C
60

/InGa eutectic at Т = 293 K 

Fig. 2. Dependences of dielectric permittivity (a) and dielectric loss angle tangent (b)
for p-Si/C

60
/InGa eutectic structure; Т = 293 K

a)

b)
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tangent tgδ (f) (Fig. 2, b) bears a non-monotonic 
character. The value of tgδ ≈ 0.01 at frequencies 
above 105 Hz, however, it gradually increases with 
decreasing frequency, reaching a maximum value 
of about 0.8 at f ≈ 102 Hz, subsequently decreas-
ing to about 0.1. It is impossible to accurately de-
termine the position of this maximum on the fre-
quency scale due to the significant scatter of data 
in measurements of tgδ. Notably, a broad maxi-
mum was also observed in [8] for the frequency 
curve tanδ in the region of 1 kHz during meas-
urements of C

60
 fullerite films. The appearance 

of the maximum was attributed to intercalation 
of fullerite with oxygen and formation of dipole 
groups in the C

60
/O

2
 molecule.

According to the grain-interlayer model, the 
set of links that are internal crystallite regions 
(grains) and their surface regions (interlayers) is 
considered as a homogeneous structure with a 
common relaxation time τ corresponding to the 
relaxation time of an individual link, while the 
value of τ is calculated by the Debye equations 
for dipole orientation polarization. 

As polar molecular groups C
60

/O
2
 are accu-

mulated in the interlayers, their dielectric per-
mittivity turns out to be higher than that of grains, 
and the conductivity of these groups is lower [9]. 
Therefore, the low-frequency dielectric permit-
tivity ε

1
 of the oxidized near-surface crystallite 

layer (interlayer) can be estimated using the re-
lation

where ε' is the dielectric permittivity of the C
60

 
film, determined experimentally; d is the thick-
ness of the oxidized near-surface crystallite layer 
(interlayer). 

The thickness d can only be estimated ap-
proximately. According to the data in [14], the 
value of d should not exceed 15 nm. Conse-
quently, given a crystallite size of D = 150 nm, 
we obtain that the dielectric permittivity ε

1
 of 

the interlayer lies in the range from 10 to 30 at 
a frequency of 35 Hz with d in the range from 5 
to 15 nm. 

Let us estimate the values of the dipole mo-
ment of the C

60
/O

2
 molecule and the concentra-

tions of these molecules at which the given value 
of ε

1
 is attainable. We use the Fröhlich equation 

relating the macroscopic dielectric permittivity 
to the dipole moment of the molecule

where N is the number of polar molecules of 
C

60
/O

2
 (dipoles) per unit volume of the interlay-

er; p, D, is their dipole moment; T, K, is the 
temperature, kB, JK−1, is the Boltzmann con-
stant; ε

0
, F/m, is the vacuum permittivity; g is 

a parameter accounting for the local ordering of 
molecules;

Here z is the coordination number (z = 12 for 
the fcc lattice), <cos γ> is the average cosine of 
the angle between the molecule at the point of 
reference and its nearest neighbors (<cos γ> =  
= 0.7 was taken in the calculations). 

Let us calculate the value of N bearing in 
mind that there are two C

60
 molecules for each 

fcc cell. Suppose that all C
60

 molecules in the 
near-surface layer of the compound are oxi-
dized; then the number of dipoles per unit vol-
ume of this layer is equal to

where Vox, nm3, is the volume of the oxidized lay-
er in one crystallite, a, nm, is the edge length of 
the fcc cell of C

60
 (a = 1.417 nm [14]). 

We obtain for these conditions that N ≈  
≈ 2.5∙1026 m–3. This value of the concentration of 
polar groups seems reasonable, since, according 
to the data in [14], the relative oxygen content in 
the oxidized layer is C : O = 10 : 1.

According to the data in [8], the value of the 
dipole moment p of the C

60
/O

2
 molecule is 0.9 D.  

The authors estimated it assuming that the frac-
tion ξ of the charge transferred from the donor 
(intercalated oxygen O

2
) to the acceptor (C

60
 

fullerite molecule) was 4%. This value of ξ was 

1 ,D d′ε = ε (2)

(3)
( )( )

( )

2
1 1

2
0 B1

2
,

92
Ngp

k T
∞ ∞

∞

ε − ε ε + ε
=

εε ε +

1 cos .g z= + γ

( )32 ,oxVN
a D

=
⋅

(4)
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determined by the authors from the condition of 
the best agreement between the calculation re-
sults and experiment. Nevertheless, it is pointed 
out in [15] that a substantially larger fraction of 
the charge can be transferred. According to the 
estimates in that study, the value of ξ can reach 
49%. 

We should note that estimating the dipole mo-
ments of the given molecular groups should ac-
count for the fact tha interaction of oxygen with 
fullerene molecules produces various forms of 
oxidized fullerene С

60
Оn. For example, the so-

called 'open' and 'closed' epoxides can evolve, as 
well as other isomers, where the oxygen atoms 
can be attached to different sites of the fullerene 
molecule. An oxygen atom in the 'open' epoxide, 
C

60
O (5-6, pentagon-hexagon), is attached to two 

carbon atoms at the border of the corresponding 
faces. The oxygen atom in the 'closed' one, C

60
O 

(6-6, hexagon-hexagon), is located above the 
double bond at the border of two hexagons [16]. 
As already mentioned, the oxygen atoms in oth-
er isomers can be attached to various sites of the 
fullerene molecule.

Evidently, all the formed С
60

Оn molecules are 
characterized by different lengths of chemical 
bonds and the degree of electron density transfer 
from donor to acceptor, and, as a consequence, 
different dipole moments.

In view of the above, let us find the values of 

Fig. 3. Dependences of left (A) (straight line 1) and right-hand (B) (straight lines 2 – 6)  
sides of the Fröhlich equation (3) on the thickness of oxidized near-surface crystallite layer (interlayer)  

at different values of the dipole moment of the C
60

/О
2
 molecule, p, D: 5 (2), 4 (3), 3 (4), 2 (5), 1 (6)

the interlayer thickness d and the dipole moment 
p for which relation (3) can be satisified. Calculat-
ing its left-hand side for various values of d, we use 
expression (2), taking ε' = 300 and D = 150 nm. 
We denote this left-hand side as A (d), and the 
right-hand, which includes the previously esti-
mated parameters N and g, as B (d). We consider 
the dipole moment of the C

60
/О

2
 molecule as a 

parameter, varying its values.
These dependences are shown in Fig. 3. 

Apparently, the condition A = B can be ful-
filled only at the thickness of the oxidized layer  
d ≈ 15 nm (which is consistent with the known 
experimental results), but at significant dipole 
moments of the C

60
/О

2
 molecules, amounting to 

4–5 D, when the relative fraction δ of the trans-
ferred electron charge exceeds 22%, according 
to the data in [8]. 

Conclusion

We have considered the frequency dependence 
of the dielectric properties of the p-Si/C

60
/InGa 

eutectic structure. We have confirmed that the 
molecular groups C

60
/O

2
 evolving in the exter-

nal regions of the crystallites of the C
60

 fullerite 
possessing a substantial dipole moment can be 
regarded as a physical mechanism governing the 
anomalously high increase in the capacity of the 
given structure at a low frequency. The conduc-
tivity and dielectric permittivity of the surface 
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layers of crystallites and their bulk are different, 
producing an apparent increase in the dielectric 
permittivity of the given structure. Therefore, the 
dielectric permittivity in such structures can be 
described based on the theory of multilayer die-
lectric systems.
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The paper studies the stability of an elastic orthotropic rectangular cantilever plate under compressive 
forces applied to the face opposite to the seal. The aim of the study was to obtain the range of critical 
forces and the relevant shapes of the supercritical equilibrium. The deflection function was chosen as a 
sum of two hyperbolic-trigonometric series with the addition of special compensating terms for the free 
terms of the Fourier cosine series to the symmetric solution. For the square ribbed plate, the first three 
critical loads of the symmetric solution and the first critical load of the antisymmetric solution were 
obtained. The authors present 3D images of the respective equilibrium forms. The results obtained can 
be used to study the stability of cantilever elements of various structures.
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УСТОЙЧИВОСТЬ УПРУГОЙ ОРТОТРОПНОЙ 
КОНСОЛЬНОЙ ПЛАСТИНКИ

М.В. Сухотерин1, Т.П. Кныш1, Е.М. Пастушок1, Р.А. Абдикаримов2

1 Государственный университет морского и речного флота 
имени адмирала С.О. Макарова, Санкт-Петербург, Российская Федерация;

2 Ташкентский финансовый институт, 
г. Ташкент, Республика Узбекистан

В работе исследуется устойчивость упругой ортотропной прямоугольной консольной пла-
стинки под действием сжимающих усилий, приложенных к грани, противоположной заделке. 
Целью исследования является получение спектра критическиих усилий и соответствующих 
форм закритического равновесия. Функция прогибов выбирается в виде суммы двух гиперболо- 
тригонометрических рядов с добавлением к симметричному решению специальных компен-
сирующих слагаемых для свободных членов разложения функций в ряды Фурье по косинусам. 
Выполнение всех условий краевой задачи приводит к бесконечной однородной системе ли-
нейных алгебраических уравнений относительно неизвестных коэффициентов рядов. Поиск 
критических нагрузок (собственных чисел), дающих нетривиальное решение этой системы, 
осуществляется перебором величины сжимающей нагрузки в сочетании с методом последо-
вательных приближений. Для квадратной ребристой пластинки получены первые три крити-
ческие нагрузки симметричного решения и первая критическая нагрузка антисимметричного 
решения. Представлены 3D-изображения соответствующих форм равновесия. Результаты ра-
боты могут быть использованы для исследования устойчивости консольных элементов различ-
ных конструкций.

Ключевые слова: ортотропная консольная пластина, устойчивость, ряд Фурье, критическая 
нагрузки, форма равновесия
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Introduction

Cantilever plates are used in various fields of 
technology: in civil and mechanical engineering, 
shipbuilding and aviation, in instrumentation and 
control engineering [1] (ferromagnetic plates). 
Cantilever plates are used in nanotechnology as 
key sensor components for nanoscale transistors 
[2], where they are exposed to magnetic fields in 
the plane of the plate. Cantilever plates are also 
used in different smart structures [3, 4].

The stability of orthotropic cantilever plates 
has received insufficient attention this far due to 
the complexity of the basic differential equation 
of the problem and the boundary conditions. 
Reliable numerical analytical methods need to 
be developed to solve this problem. If we assume 
the plate material to be perfectly elastic, then 
there is an infinite number of critical loads that 
change the form of the plate equilibrium. This 
eigenvalue problem is similar to the problem on 
determining the frequency spectrum of free vi-
brations of a plate [5]. It is primarily interest-
ing from a mathematical standpoint. In prac-
tice, only the first critical load (assumed to be 
load to failure) is computed for planar elements 
of standard metal structures; however, elastic 
plates can work in the supercritical region in 
the presence of structural bending limiters and 
a rapid increase in the compressive load, acquir-
ing subsequent forms of equilibrium, including 
antisymmetric ones. Failure may not occur at 
the first critical load; therefore, it is of practi-
cal importance to determine a certain range of 
critical loads and the corresponding forms of 
equilibrium. 

The stability problem is solved in this study in 
a linear statement within the theory of thin rigid 
plates. A more complex nonlinear problem aris-
es for stability of flexible plates; however, linear 
solutions are used as reference to check the accu-
racy of the given approximate method. 

The stability of anisotropic and isotropic rec-

tangular plates was investigated in [6 – 16] by dif-
ferent means. The methods for solving the buck-
ling problems of anisotropic plates and shells 
considered in [6 – 9] are also applicable to can-
tilever plates. 

The stability of an isotropic cantilever plate 
was described in [10, 11] for the cases when a 
compressive load was applied to a face parallel to 
the clamped edge [10], and when it was applied to 
a side face [11]. The first critical loads were found 
from the condition of the minimum potential en-
ergy. Lateral buckling under the action of a con-
centrated force was also considered in [12] using 
finite element modeling (FEM). FEM was used 
in [1] to analyze buckling in ferromagnetic can-
tilever plates in a magnetic field accounting for 
plastic deformations. 

Anisotropic cantilever nanoplates exposed to 
in-plane magnetic fields were characterized in 
[2]. The analytical solution to the linear prob-
lem was constructed by a simplex method using 
trigonometric series. The range of critical forc-
es was obtained for isotropic and orthotropic 
plates.

FEM and an approximate analytical approach 
are used in [13] to study the influence that the 
stiffness of the mid-surface has on the bending of 
the cantilever plate.

Refs. [14, 15] are dedicated to the stability of 
an isotropic cantilever plate under the action of 
compressive forces applied to two parallel free 
edges [14] or to all three free edges [15]. Two hy-
perbolic trigonometric series produced an infinite 
system of linear algebraic equations containing a 
compressive load as a parameter. Numerical re-
sults were obtained for critical loads.

Notably, while FEM has become widespread, 
it brings the challenge of verifying whether 
boundary conditions are satisfied. Such verifi-
cation is fraught with great difficulties, since this 
numerical method operates arrays of numbers 
rather than analytical expressions (which can be 

Ссылка при цитировании: Сухотерин М.В., Кныш Т.П., Пастушок Е.М., Абдикаримов Р.А. 
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Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://creative-
commons.org/licenses/by-nc/4.0/)



39

Simulation of physical processes

substituted into the boundary conditions). FEM 
is not a universal method for solving mechanical 
problems and has other drawbacks: insufficient 
accuracy of solving high-order partial differential 
equations, computational 'locking' on a refined 
grid, associated with rounding errors when solv-
ing a huge system of linear algebraic equations, 
'viewing' of singular points of the solution (stress 
raisers). The method itself often needs to be ver-
ified by purely analytical or numerical analytical 
methods.

An exact solution to the stability problem has 
been obtained in our study using hyperbolic trig-
onometric series with respect to both variables. 
Satisfying all the conditions of the problem pro-
duced an infinite homogeneous system of linear 
algebraic equations for the coefficients of these 
series. If the determinant of the system is equal 
to zero, this yields nontrivial values of the coeffi-
cients. However, the procedure for obtaining and 
solving this equation turns out to be incredibly 
cumbersome. 

We propose a method searching through the 
load values followed by an iterative process for 
determining the coefficients. The initial coeffi-
cients of the first functional series were given as 
an arbitrary decreasing sequence; the values of 
the remaining coefficients were computed next, 
and they are all refined during the iterative pro-
cess. The load was selected so that the process 
converged to nontrivial solutions, that is, adja-
cent iterations (with nonzero coefficients) did 
not differ from each other. This load was taken as 
critical. This method was successfully used in our 
earlier studies [14, 15].

Problem statement

Let uniform compressive forces with intensity 
TY be applied to the free edge Y = b of a thin or-
thotropic rectangular cantilever plate of constant 
thickness h (Fig. 1). We assume that the main di-
rections of elasticity are parallel to the sides of the 
plate.

The differential equation of plate stability 
takes the dimensionless form [16]:

where w is the relative deflection (w = W/b, 
W(X,Y) is the deflection function of the plate's 
mid-surface); x, y are the dimensionless coor-
dinates (x = X/b, y = Y/b); Dx, Dy, Dxy are the 
relative stiffnesses in the principal directions,  
Dx = D

1
/D, Dy = D

2
/D, Dxy = D

3
/D (D is the cy-

lindrical stiffness of the corresponding isotropic 
plate of the same thickness, D

1
, D

2
, D

3
 are the 

principal stiffnesses) Ty is the intensity of rela-
tive compressive forces (Ty = TY b2/D). 

The value D is expressed as

where E is Young's modulus of the given plate, ν 
is its Poisson's ratio. 

The main stiffnesses follow the expressions

where E
1
, E

2
, ν

1
, ν

2
 are the principal elastic con-

stants; Dr is the torsional stiffness, Dr = Gh3/12  
(G is the shear modulus). 

The relative dimensions of the plate are γ × 1, 
where γ = a/b. 

The boundary conditions are written as fol-
lows [16, 17]:
on the face y = 0,
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on the faces x = ±γ/2,

at points (±γ/2, 1),

Eqs. (2) here are the geometric conditions for 
rigidly clamped edges (the section does not move 
or rotate). Eqs. (3), (4) prohibit bending moments 
and shear forces on the free faces. Condition (5) 
excludes torques at the corner points of the free 
part of the boundary. Note that the second con-
dition (3) for shear forces on a face along which 
a compressive load is applied is complemented 
with a term accounting for the action of this load 
in the deflected state of this face. This was point-
ed out by Alfutov in [17].

Problem (1) – (5) always has a trivial (zero) 
solution for the deflection function. This corre-
sponds to a stable undeformed state of the plate. 
Aside from the trivial solution, the problem can 
also have nontrivial solutions for certain loads Ty, 
when the plate acquires a new form of equilibri-
um upon loss of stability. Plates with high elastic-

2 2

22 2 0,w w
x y

∂ ∂
+ ν =

∂ ∂

( )
3 3

3 22 0;x xy r
w wD D D

x x y
∂ ∂

+ + =
∂ ∂ ∂

(4)

2

0.w
x y
∂

=
∂ ∂

(5)

Fig. 1. Loading diagram of cantilever 
plate (thickness h);

TY is the intensity of uniform compressive forces

ity can 'pass' the critical state several times with 
increasing load, changing the form of the subse-
quent equilibrium. This refers to plates made of 
novel highly elastic materials, including nano-
plates (graphene).

Construction of the symmetric solution

We represent the sought deflection function as 
a sum of two series:

where Ak, Bk, Cs, Hs, Es, Fs, αk, βk, ξs, ηs are un-
determined coefficients; λk = kπ/2; μs = 2πs/γ;  
ỹ = y – 1. 

Notably, both of these functions satisfy the 
boundary condition (5).

We require that functions (6), (7) satisfy the 
differential equation (1). This gives biquadratic 
equations of the following form for the coeffi-
cients αk, βk, ξs, ηs:

(the equations for the coefficients βk and ηs are 
similar). 

These equations each have four roots, how-
ever, based on the properties of hyperbolic func-
tions, it is sufficient to take one pair of roots from 
each of the quartets:
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D

+ − +
λ

α = λ (9)
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where

We now require that the sum of functions (6), 
(7) satisfy boundary conditions (2) – (4). Then 
we obtain the following system of equations:

2
2

,

x y
xy xy x y

k
k k

x

D T
D D D D

D

− − +
λ

β = λ

22
,

2
xy s y s

s
y

D T R
D

µ − +
ξ =

22
,

2
xy s y s

s
y

D T R
D

µ − −
η =

(9)

( )

2 2

4 2

4
.

4
y xy s y

s
s xy x y

T D T
R

D D D

− µ +
=

+ µ −

sh sh
ch ch 0,

s s s s

s s s s

C H
E F
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(10)
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1
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s

s s s s

s s s

k k k k k
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x
E
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A x B x
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=
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=

ξ ξ + 
 + η η − − µ +
 − ξ ξ −
  − η η 

+ λ α + β =

∑

∑
(11)

( )
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2 2
1
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1 1

2 2
1
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1,3,... 1

( 1) cos
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1 0,
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k k k kk
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E
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∞

=

∞
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 ξ − ν µ +
 − µ −
 + η −ν µ 
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2
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H T D D D
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 + η + η − + µ = 

(13)

Here,    
Note that the signs of the sum are omitted in 

Eqs. (10), (13), and (15), since the trigonometric 
series vanishes when all its coefficients are equal 
to zero. 

Summation in the series in Eqs. (11), (12), 
(14) is carried out over different indices, so we 
expand the hyperbolic functions in them into 
Fourier series. We use the well-known expansions 
in cos (μsx) for Eqs. (11) and (12):

then these equations (after permutation of the 
summation signs in the double series) take the 
form

( )
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x
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where

To transform Eq. (14), we use the expansions

(the expressions for sh(ηsỹ) and сh(ηsỹ) are the 
same if ξs is substituted with ηs) and permute the 
summation signs in the double series obtained:
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where

Since the free terms φ0 and m0 from cosine 
series expansion appeared in Eqs. (17), (18), we 
should introduce an auxiliary deflection function 
w3, which can compensate for these free terms, 
satisfying Eqs. (1) – (3), (5) of the problem to-
gether with the main solution. 

We select this function in the form

where the coefficients gk, M, Φ are found from 
conditions (2) – (4):

We expand the constant M∙Ty in the first equa-
tion in (25) in a sine Fourier series:

Then we obtain the following expressions:
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The residual of the function w
3
 with respect 

to the bending moment Mx on the faces x = ±γ/2 
(the first condition (4)) is expressed as

where the coefficient

is added to Eq. (21).
Then system of equations (10) – (15) takes the 

following final form after the external summation 
signs are removed, taking into account Eqs. (17), 
(18), (21), (27):
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E F

ξ ξ + η η −
− ξ ξ − η η = −ϕ

(30)

( ) ( )2 2 2 2
1 1 ,s s s s s s sE F mξ −ν µ + η −ν µ = − (31)

( )
( )
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s s y s xy r s y

C D D D T

H D D D T

 ξ ξ − + µ + + 
 + η η − + µ + = 

(32)

The set (29) – (34) is an infinite homogeneous 
system of linear algebraic equations with respect 
to the coefficients Ak, Bk, Cs, Hs, Es, Fs. 

Notice that the right-hand sides φs and ms 
of Eqs. (30), (31) contain the coefficients Ak, 
Bk under the sum sign (see Eqs. (19)), while the 
terms on the right-hand side of Eqs. (33) con-
tain, respectively, the coefficients Cs, Hs, Es, Fs, 
and also Ak, Bk under the sum signs (see Eqs. (22, 
28)). It is extremely complicated to represent a 
homogeneous system in standard form, to com-
pose and expand the corresponding determinant 
of the system, to find its roots giving nontrivial 
solutions; therefore, here we propose a method 
for enumerating the parameter Ty (the 'shooting' 
method) combined with the method of sequen-
tial approximations for determining the coeffi-
cients Ak, Bk, Cs, Hs, Es, Fs. 

To organize the iterative process, the resolving 
system is divided into two subsystems: 

(29) – (32), where the principal coefficients 
are assumed to be Cs, Hs, Es, Fs;

(33), (34), where the principal coefficients are 
assumed to be Ak, Bk. 

First, the right-hand side of Eq. (33) is sub-
stituted with an initial arbitrary decreasing se-
quence (in this case, 1/λk), then the subsystem 
of equations (33), (34) is solved for the selected 
value of the compressive load Ty. The initial co-
efficients Ak0, Bk0 found are substituted into sub-
system (29) – (32), from which the coefficients 
Cs0, Hs0, Es0, Fs0 are found, used then togeth-
er with Ak0, Bk0 to form the right-hand side of  
Eq. (33) and a new solution Ak1, Bk1 of systems 
(33), (34). Next, the first-approximation coeffi-
cients Cs1, Hs1, Es1, Fs1 are computed, followed 
by the iterative process of refining the problem 
coefficients.

If the corresponding coefficients of the series 

( )
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k k k k

k k k k k k
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B b b
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
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coincide in absolute value (up to 4–5 significant 
digits) for the given load starting from some iter-
ation, then this is exactly the nonzero solution of 
the homogeneous system (29) – (34): its deter-
minant is equal to zero. This (critical) load de-
termines a new form of equilibrium after loss of 
stability (it corresponds to the minimum poten-
tial energy of the plate).

Construction of an antisymmetric solution

We also represent the sought solution as the 
sum of two series, where odd functions with re-
spect to the variable x appear:

Here                                            the coeffici- 
ents λk, αk, βk, ξs, ηs have the same values as  
before.

Satisfying all the boundary conditions of the 
problem, we arrive at a system similar to (29) – 
(34), but with the sines and cosines interchanged 
in the last two equations:
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(40)

where

Here we used the sine expansion of hyperbolic 
functions of the variable x in Fourier series:
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Computations for ribbed plate

As an example, we consider a square plate 
with closely spaced stiffening ribs placed parallel 
to the coordinate axes at an equal distance from 
each other (Fig. 2).

Formulas for calculating the stiffnesses for 
such a ribbed plate are given in [16]:

where D is the cylindrical stiffness of the plate it-
self; ER, IR are, respectively, Young's modulus and 
the moment of inertia of the ribs relative to the 
midline; d is the distance between the ribs. 

Then the relative stiffnesses take the form

and the discriminant of the biquadratic equation 
(8) (and the similar equation for φs and ψs) is 
negative:

producing complex roots αk, βk, φs and ψs. 
The transformations of complex expressions 

carried out prove that the sought solution is ob-
tained in real form. Computations with the Ma-
ple system confirmed this.

We assume that the plate and the ribs are made 
of the same material. We take Poisson's ratio ν =  
= 0.3, rib width bR = h, rib height hR = 3h, rib 
width to rib spacing ratio bR/d = 0.1. Then the 
moment of inertia of the rib and its relative stiff-
ness are expressed as

1 2 3, ,R RE ID D D D D
d

= = + = (45)

( )
1 , 1

,
x y xy

R R

D D D D

D E I dD

= = + =

=
(46)

( )2 2 2 0,xy x yD D D D D− = − + < (47)

Fig. 2. View of ribbed panel

Numerical results

Critical loads and forms of equilibrium were 
determined according to the above algorithm us-
ing Maple software. 

The following parameters of the computa-
tional process were used:

Ty is the intensity of the relative compressive 
load applied to the face y = 1; ν = 0.3 is Poisson's 
ratio; γ = a/b is the ratio of the sides of the plate; 
N is the number of terms in the series; Ns is the 
number of iterations. 

The coefficients of series (7), (8) or (36), 
(37) were printed out at each iteration in order 
to control the process of successive approxima-
tions. After finding the critical value, the deflec-
tion function was computed and a 3D image of 
the corresponding form of the plate equilibrium 
was printed. There were 59 terms retained in a se-
ries, a larger number of terms did not significant-
ly affect the accuracy of the computations. The 
number of iterations was assumed to be 25. The 
run time for each loading scenario was no more 
than two minutes. The strategy of enumerating 
the load was chosen to account for the behavior 
of the sought coefficient values and did not take 
much time. 

The first three critical loads found for sym-
metric forms and the first critical loads for the 
antisymmetric form of equilibrium for square 
plates (ribbed, with low anisotropy, isotropic) are 
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shown in Table, and the corresponding 3D forms 
of equilibrium of a ribbed plate are shown in Figs. 
3, 4. Importantly, the number of iterations had to 
be increased to 200 for finding the first antisym-
metric critical load due to the weak convergence 
of the process.

Discussion of computational results

The variation method was used in [10] to find 
the first critical load for an isotropic square can-

Fig. 3. First (a), second (b) and third (c)  symmetrical forms of equilibrium
for a ribbed square plate at Tcr1

 = 7.824, Тcr2
 = 64.933 and Tcr3

 = 100.970 respectively

a) b)

c)

Fig. 4. First antisymmetric form of equilibrium for a ribbed square plate at  Tcr1
 = 25.6765

tilever plate pcr = 2.4571·D/a2. In this study, the 
first critical load was computed for comparison 
for a plate with low anisotropy      = 0.005, which 
amounted to 2.1164·D/a2. These values are com-
parable. We should note that energy methods typ-
ically yield overestimated results. 

The numerical results in [2] were obtained for 
the stability of elastic isotropic and orthotropic 
cantilever nanoplates in a magnetic field using 
the simplex superposition method based on the 

D
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Table
Computed range of critical loads T

y
 for square cantilever plates

Type
of plate

Ty = TY b
2/D

Symmetrical solution Antisymmetrical
solution

Tcr1 Тcr2 Tcr3 Tcr1

Ribbed 2.366 7.8235 64.933 100.970 25.676
With low anisotropy 0.005 2.1164 20.525 58.721 7.835
Isotropic 0 2.1057 20.457 58.597 8.080

Notations:      is the relative stiffness of the ribs, TY is the intensity of uniform compressive forces, b is the plate 

length, D is the cylindrical stiffness of the isotropic plate.

D

D

nonlocal elasticity theory. Stability computations 
were performed to verify the method for a very 
thin (h/a = 1/1000) isotropic cantilever plate 
but within the framework of the linear Kirchhoff 
theory. In particular, for a plate with the aspect 
ratio γ = 2 subjected to a uniform compressive 
load applied to the face y = 1, the first relative 
critical values of symmetric forms of equilibrium 
amounted to (converting these data to the nota-
tion we adopted) 2.4174 and 20.5173 versus the 
values of 2.1594 and 20.663 that we obtained for 
a standard thin plate (h/a <1/5). 

The significant discrepancy (10.7%) for the 
first critical load can be explained by the large 
difference in the relative plate thicknesses. Nota-
bly, the range of the first six critical loads is given 
in [2], and the corresponding forms of equilibri-
um are obtained. This is perhaps the only work 
on determining the spectrum of eigenvalues and 
forms in the problem on stability of cantilever 
plates. On the other hand, however, the buck-
ling in a clamped plate subjected to shear forces 
along the edge was considered in [18] within the 
framework of the linear theory; a range of 10 first 
critical loads and the corresponding 3D forms of 
equilibrium of plates with different aspect ratios 
were obtained.

The method proposed in this paper for studying 
the stability of an elastic orthotropic rectangular 
cantilever plate allows finding the range of critical 
loads and the corresponding forms of equilibri-
um with high accuracy, increasing the number of 
terms in the series, the number of iterations and 
the length of the mantissa in the computations.

Conclusion

We have obtained a numerical analytical solu-
tion to the stability problem for an elastic rec-
tangular orthotropic cantilever plate. Hyperbol-
ic trigonometric series were used to reduce the 
problem to an infinite system of linear algebraic 
equations with respect to unknown coefficients, 
containing a compressive load as a parameter. An 
efficient iterative process for finding critical loads 
has been constructed. A range of critical forces 
was obtained for a specific example of a ribbed 
plate; if necessary, it can be expanded by compu-
tational means using the Maple environment for 
numerical analysis. The corresponding 3D forms 
of equilibrium are given. Finding the critical loads 
will allow avoiding failure in cantilever elements 
or understanding their behavior in supercritical 
regions, offering application for nanotechnology 
and smart structures.
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В работе изучены закономерности взаимодействия ударной волны со слоем газовзвеси, 
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Introduction

Studies of shock wave propagation in inho-
mogeneous media (uneven distribution of phys-
ical-chemical and thermodynamic parameters, 
including those at the media interface) are rel-
ative in various scientific and technical appli-
cations. This topic is encountered in the course 
of solving gas dynamics problems, which imply 
spatial change in the ratio of specific heats, mo-
lecular weight or temperature. The phenomena 
of shock-inhomogeneity interaction are notable 
for their complex topology of reflection, refrac-
tion and diffraction of the shock waves, as well 
as the development of the Richtmyer – Meshkov 
instability [1 – 6]. 

In the recent decades, the research on the 
shock wave dynamics in inhomogeneous relaxing 
multiphase media (gas with particles, fluid with 
bubbles) have been attracting more and more at-
tention. The work in this direction are connected 
with the study of gas suspension cloud accelerat-
ing in the passing shock wave [7, 8], dispersion 
of a cloud of particles [9, 10], deformation of 
boundaries and instability development [11, 12], 
splitting and escape of gas–particle mixtures [13, 
14]. Along with the common qualitative patterns 
emerging in inhomogeneous flows of “pure” gas, 
the presence of fine disperse inclusions can lead 
to unobvious results, for instance, to formation of 
“abnormal” shock-wave structures at the subson-
ic carrier-gas flow regime [14, 15].

Due to significant labor intensity of experi-
ments and obtaining quantitative results, mathe-
matical modeling is the most effective method of 
research. Multiscale solutions are an important 
feature of problem statements for nonequilibrium 
flows of heterogeneous media. If the relaxation 
scale (time of phase relaxation) is significantly less 
than the gas-dynamic scale of the time the dis-
turbance travels between the grid points and cells 
(the condition by Courant – Friedrichs – Lewy), 
then such problems are regarded as stiff. Applica-
tion of traditional explicit difference schemes of 
source terms calculation is impractical due to the 

unacceptably small time step, which is limited by 
the characteristic time scale for the fast solution 
component. To overcome this obstacle of numer-
ical integration of the equations of gas-dispersion 
media dynamics, researchers propose schemes 
with explicit spatial approximation of derivatives 
and implicit scheme for source terms calculation 
(interphase interactions) [16 – 20]. The other ap-
proach consists in construction of fully-implic-
it schemes represented within vector and scalar 
runs [21 – 23].

The type and properties of the differential 
equation system, for example, its hyperbolicity, 
influence the choice of difference or finite-vol-
ume schemes. For two-speed and two-temper-
ature formulations with general pressure or two 
pressures, the laws of conservation for some mod-
els are of hyperbolic or of composite type depend-
ing on the phase speed difference [24 – 26]. This 
places restrictions on the applicability of discrete 
models based on characteristic representation of 
the initial equations system, for instance, Godu-
nov type schemes or grid-characteristic methods.

Modification of schemes used in the problems 
of computational fluid dynamics, for heteroge-
neous flows modeling in general encounters the 
problem of nonconservativity (nondivergence 
notation) of conservation laws due to the Ar-
chimedes force caused by the change in the tube 
of gas flow: p∇α1 (p is the gas pressure, α1 is its 
volume fraction). To eliminate this difficulty in 
the schemes, which require divergent notation 
of discrete conservation laws, an artificial tech-
nique is used: the variable p∇α1 is transposed to 
the right-hand side of the conservation laws and 
united with the source terms (interphase interac-
tions) [17].

The objectives of this article include a detailed 
numerical analysis between a shock wave and a 
gas suspension layer of uneven width taking in-
to account relaxation processes, as well as test-
ing the capabilities of the hybrid large-particle 
method [20, 27] in terms of solving this class of 
problems.

Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://creative-
commons.org/licenses/by-nc/4.0/)
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Mathematical model and calculation method

Consider conservation laws of a calorically 
perfect gas and solid incompressible particles in 
the frame of multi-fluid dynamics [28] formulat-
ed as [20]:

where ∇ is the gradient operator; αi, ρi, kg/m3,  
vi, m/s, Ei, ei, J/kg, p, Pa, are the volume frac-
tion, reduced density, velocity vector, total and 
inner energy of ith phase unit mass, gas pressure; 
Fμ, N/м3, is the viscous component of the inter-
phase interaction force; Q, W∙m–3, is the gas-par-
ticles heat transfer power per unit volume; t, s, is 
the time; here and elsewhere, subscripts 1 and 2 
refer respectively to the parameters of the carrier 
and dispersion phases, and the superscripts de-
noted by a circle refers to the true values of the 
density. 

Equations of state of the calorically perfect gas 
and incompressible solid particles are the closing 
relation for system (1):
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∂
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v v

v v
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where T
1
, T

2
, K, are the temperatures of the car-

rier phase and the particles; γ
1
, cv, J/(kg∙K), is the 

ratio of specific heats and specific heat of the gas 
at constant volume; c2, J/(kg∙K) is the specific 
heat of the particles. 

Force and thermal interphase interactions Fμ, 
QT are determined using criterion relations [28]. 

For the calculations, we used the hybrid 
large-particle method of the second order of ac-
curacy in space and time [27]. We used two ap-
proaches to regularize the numerical solution. At 
the first stage of the algorithm, we added artificial 
dissipation with nonlinear Christensen type cor-
rection into the scheme. In contrast to the linear or 
quadratic artificial viscosity, the proposed numer-
ical viscosity does not reduce the order of approx-
imation and becomes zero in arbitrary resolution 
grids for smooth solutions. Based on the obtained 
preliminary values of the required functions, at the 
second stage, there were fluxes forming by means 
of hybridization: a quasilinear combination of the 
central and upwind approximations weighted by a 
limiter. At the same time, discrete analogs of the 
conservation laws remain true. We increased the 
order of accuracy with respect to time using the 
Runge – Kutta method with two stages. We ap-
plied an non-iterations scheme to calculate the 
interphase interactions without splitting them in-
to gas-dynamic and relaxation stages by means of 
linearization and implicitly taking into account 
the linear part of the source terms. 

The method has several positive computa-
tional properties including K-stability [18] (inde-
pendence of the time step on the size of the com-
putational grid and intensity of the interphase 
interactions). The scheme is non-dissipative for 
smooth solutions, demonstrates monotonici-
ty and high resolution for structurally complex 
flows. The algorithm is distinguished by univer-
sality of solving an extended class of problems 
with dominating convection of both hyperbolic 
and composite types [20, 27].

The time step is determined from the Courant 
– Friedrichs – Lewy condition for “pure” gas:

( )1,

CFL ,
max

k
k k

n nn

h
v a

∀

τ =
+
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where CFL is the fixed Courant number,      is son-
ic speed through the gas phase in point       

Problem statement

Flat shock tube 1 is filled with nonturbulent 
air 2. Inside the shock tube, there is a layer of gas 
suspension 3 with cylindrical convex 4 or a con-
cave 5 with diameter D = 5 cm (Fig. 1). A shock 
wave 6 of constant intensity is moving from left 
to right with the Mach number M = 1.22. We 
consider variants of the problems with cylindrical 
curvature of the gas suspension layer on its left (at  
x = 3D) or right (at x = 4D) boundary (Fig. 1,a 
and b, respectively).

At the initial instant, the shock front is located 
in plane xs = 1.5D. At t = 0, the gas suspension 
layer is a still mixture of air (γ

1
 = 1.4) and mono-

dispersed incompressible spherical particles with  
the density      = 2500 kg/m3, volume fraction  
α2 = 0.001 and specific heat c2 = 710 J/(km∙K)  
in the conditions of thermodynamical equilib-
rium (T

1
 = T

2
 = 293,23 K) and at the pressure  

p = 101325 Pa.
We set boundary reflection conditions at the 

walls and soft boundary conditions of the con-
tinuation of the solution at the input (at x = 0) 
and the output (at x = 9D) from the domain of 
computation. To exclude (minimize) the influ-
ence of the boundedness of the computational 
domain on the solution in the neighborhood of 
the right boundary 8.5D < x ≤ 9D (Fig. 1), we 
used an increasing step grid. The problems were 
solved numerically using the hybrid large-particle 

Fig. 1. Computational schemes of the problems with left (a)  
or right (b) boundary curvature of the gas suspension layer  

1 – flat shock tube filled with nonturbulent air (2); 3 – gas suspension layer;  
4 – cylindrical convex; 5 – concave; 6 – shock wave of constant intensity

method with the Courant number CFL = 0.4 up  
to the line of symmetry at a uniformly spaced grid 
with the step h/D = 0.0025. For homogeneity of 
the algorithm in the domain of the “pure” gas, 
volume concentration of particles is taken to be 
negligible (α2 = 10–10).

Numerical results and discussion

Interaction between the passing shock wave 
and the limited gas suspension layer with curved 
boundaries is accompanied by a number of non-
linear physical phenomena: breakdown of a dis-
continuity at the media interface, their deforma-
tion, development of instability and formation of 
vortex structures.

Depending on the difference in the effective 
acoustic impedance

(plus on the right and minus on the left) from the 
gas- suspension contact (in this expression

is the effective speed of sound of the mixture of 
gas 1 and particles 2), there two configurations 
manifesting: with two shock waves at δR > 0 or 
a passing shock wave and a rarefaction wave at 
δR < 0. 

For all variants of the problem under consid-
eration, at the left (L) and the right (R) bounda-
ries of the layer, the δR values amount to:

2ρ


k
na

( ), .k
nx t

R a a+ + − −δ = ρ −ρ

( )1 2 1a p= ρ +ρ α  
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The physical cause of the instability and vortex 
formation at the contact interface is baroclinic 
instability, which is incongruence of the density 
and pressure gradients. Indeed, in a one-veloci-
ty approximation, at the initial point of time the 
vorticity variable

while a transfer equation for the vorticity has the 
form

Consequently, if t > 0, in case of different-
ly-directed gradients of density and pressure 
(∇ρ×∇p ≠ 0), there is a vortex motion of the 
gas-particles mixture appearing in the neigh-
borhood of curved contact boundaries.

Another considerable factor is connected with 
the nonequilibrium of the gas suspension dynam-
ics (a difference in the velocities and tempera-
tures of the gas and the particles), which is char-
acterized by dimensionless time of the dynamic 
       ,        and thermal        ,        phase relaxations 
[18]:

where d is the particle diameter, a10 is the initial 
speed of sound in the carrier phase.

Numerical scenarios of dust layer dynamics 
for a fine particles suspension. Let us consider in 
detail the indicated scenarios for fine particles of 
d = 0.1 µm diameter and a dust layer with a cy-
lindrical concave or a thickening of the layer at 

( )
( )

2

2

238.423 kg m s ,

238.423 kg m s .

L

R

R

R

δ = ⋅

δ = − ⋅

0,ω=∇× =v

( )

( ) ( )2 .

t
p

∂ω
+ ⋅∇ ω=

∂
∇ρ×∇

= + ω⋅∇ −ω ∇ ⋅
ρ

v

v v

the left (Fig. 2) or the right (Fig. 3) boundary. 
The flows are visualized in the form of numerical 
schlieren images of the gradient function of the 
reduced density of the mixture s(∇ρ) [29]. The 
results are presented for four successive charac-
teristic moments in time: breakdown of a dis-
continuity at the left boundary of the suspension 
(Fig. 2, a, e and Fig. 3, a, e), shock wave passing 
inside the suspension (Fig. 2, b, f and Fig. 3, b, f), 
shock-wave refraction at the right boundary (Fig. 
2, c, g and Fig. 3, c, g) and development of an 
instability along with vortex motion at the media 
interface (Fig. 2, d, h and Fig. 3, d, h). Axial and 
transverse coordinates are based on the diame-
ter D of the initial layer curvature: x' = x/D and  
y' = y/D. The time is calculated in the dimen-
sionless form: t' = α10 t/D.

The beginning of the interaction of the prima-
ry shock wave s1 is accompanied by a breakdown 
of a discontinuity on straight (Fig. 3) or curved 
(Fig. 2) surfaces of the dust layer c1. Since the 
difference in the effective acoustic impedance  
δRL = 238.423 kg/(m2∙s), i.e. is greater than zero, 
the reflection takes place in a form of a straight 
s3 (Fig. 3, a, e) or curved              (Fig. 2, a, e)  
shock wave. On interaction with the inhomoge-
neity, a rarefaction wave r1 (Fig. 2, a) or a convex 
shock wave (Fig. 2, e) is forming. In the case of a 
concave on the left (Fig. 2, a), there is a passing 
shock wave s2 forming along with von Neumann’s  
double refraction, or a disc     in case of the layer 
thickening (Fig. 2, e).

In successive moments of time, the curved 
shock wave              moves inside the two-phase  
medium layer (Fig. 2, b, f), and when it is run-
ning over the right boundary c2, it breaks down 
into a passing shock wave s4 and a reflected rare-
faction wave r2 in the opposite direction (Fig. 2, 
c, g). The splitting character of the shock wave 
s4 through the layer in the case of the cylindri-
cal concave (Fig. 3, с) or the focusing effect F of 
the transverse shock waves      reflecting from the 
symmetry line (Fig. 3, g) serve as the distinctive 
features of the breakdown of the discontinuity at 
the right curved boundary.

For the concave/convex layer cases, the vector 
product of the gradients of mixture density and 
pressure ∇ρ×∇p has opposite directions, which 

( )
1t
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Fig. 2. Interaction of a shock wave with a concave (a – d) or a convex (e – h) at the left boundary  
of a gas suspension layer (𝑑 = 0.1 µm). Numerical schlieren images of the gradient function  

of the mixture density are presented in successive moments of time: 
 1.51 (a), 1.85 (b), 2.54 (c), 13.73 (d), 1.17 (e), 1.85 (f); 3.09 (g), 13.73 (h).

Grid size above the symmetry line 3600 × 356; N is von Neumann’s double refraction; c
1
, c

2
 – are left and 

right surfaces of dustи; s
1
, s

2
,    , s

3
,    , s

4
 are shock waves; r

1
, r

2
 are rarefaction waves; v are vortices2s′ 3s′

Fig. 3. Diagrams similar to those in Fig. 2, but for the right boundary of the gas suspension layer;  
in addition, numerical schlieren images of the gradient function of the mixture density  

are presented partially in other successive moments of time:
1.72 (a); 2.40 (b); 2.75 (c); 13.73 (d); 1.72 (e), 3.09 (f); 3.78 (g); 13.73 (h). 

F is the focusing effect of transverse shock waves;    ,    are separated vortices4s′ v′
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causes the formation of differently-directed vor-
tices (Fig. 2 and 3, c, g). Subsequently, there are 
mushroom-shaped (Fig. 2, h) and ring-shaped 
(Fig. 3, d) vortex structures t. Note the emer-
gence of small separated vortices in the gas phase 
peripherally down the stream (Fig. 3, d) or in the 
neighborhood of the symmetry line (Fig. 3, h).

Dynamics of the layer for the variants of the 
problems under consideration is shown in Fig. 4 
in a form of a trajectory of set point at the in-
terface of the media. The agreed notations are 
as follows: solid and dashed lines correspond to 
the trajectories of the left and the right bound-
aries along the symmetry line (at           ), while 
densely dotted and dashdotted curves show the 
time changes of the positions of the left and the 
right contact surfaces on the shock tube wall  
(at                 ).

The dust layer boundaries are deformed with 
compression along the symmetry line for the 
variant of concave interaction on the left (Fig. 
4, a), while the cylindrical convex, on the con-
trary, leads to a delay of the contact surface in 
the center of the shock tube from the peripheral 
movement of the suspension (Fig. 4, b). In case 
of the initial curvature of the right edge of the gas 
suspension layer, we can observe the characteris-
tic points trajectories intersecting (Fig. 4, c and 
d). For instance, the right boundary of the layer 
in the neighborhood of the wall (the dashdotted 
line) eventually falls back (Fig. 4, c) or goes ahead 
of (Fig. 4, d) the positions of the layer boundaries 

' 0y =

' 0,89y =

along the symmetry line (the solid and dashed 
lines).

The scenarios of interest occur for fine gas 
suspension particles, which have short equaliza-
tion period in terms of velocity and phase tem-
perature, i.e.

while the relaxation zones are subgrid. 
Numerical scenarios of dust layer dynamics for 

a suspension of larger particles. Let us now con-
sider the interaction of a shock wave with a gas 
suspension layer of particles with the diameter of 
d = 10 µm on the example the problem with the 
initial width reduction (concave) at the left sur-
face.

The calculation results in the successive mo-
ments of time are presented in Fig. 5 as numerical 
schlieren images and as the mixture density dis-
tributions based on its value after the shock wave  
                

Due to significant phase relaxation time equal 
to

the gas suspension layer dynamics have a num-

Fig. 4. Trajectories of the left and the right boundaries of the gas suspension layer  
(the solid and dashed lines, respectively) along the symmetry line (          ),  

as well as on the shock tube wall  (                ) (the densely dotted and dashdotted lines, respectively) 
for the concave/convex cases of the respective left (a and b) and right (c and d) boundaries

' 0,89y =
' 0y =

( ) ( )4 4
1 210 8.303,  10 0.277,T Tt t= =

( ) ( )4 4
1 210 2.551, 10 5.302;t tµ µ= =

.s′ρ = ρ ρ

( ) ( )
1 28.303,  0.277,T Tt t= =

( ) ( )
1 22.551, 5.302;t tµ µ= =
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Fig. 5. Interaction of a shock wave with a concave on the left boundary of the gas suspension layer  
(𝑑 = 10 µm). Numerical schlieren images of the gradient function of the mixture density (a − d)  

and the relative density profiles of the mixture (e − h) at the symmetry line (solid curves)  
and on the wall (dashed lines) are presented in successive dimensionless moments of time:  

1.51 (a, e), 1.85 (b, f), 2.54 (c, g), 13.73 (d, h)

ber of significant features. When a shock wave s
1
 

strikes the left boundary of the disperse medium, 
there forms a passing shock wave s

2
 of decreasing 

intensity and a reflected weak compressive shock 
wave s

3
.

Since the gas carrier phase is ahead of the dis-
perse particles driven by it, the initial separation 
of the media splits into two contact discontinui-
ties. The first one is a jump in porosity, and the 
second one is contact discontinuity in the gas 
phase      (Fig. 5, a, b and e, f). A similar situation  
also occurs at the right gas suspension boundary 
with the media interface      and the interface sur-
face of the gases      (Fig. 5, c and g).

The interfacial friction and heat transfer are 
considerable factors affecting the suppression of 
small vortices. Bu the end of computations, the 
layer is deforming with significant compression 
along the symmetry line (Fig. 5, g) and generates 
a large ring-shaped gas-dispersion vortex struc-
ture (Fig. 5, d).

Conclusion

We used the method of numerical modeling to 
study the behavior of the interaction between a 
shock wave running over a gas suspension layer 
with curved boundaries. Depending on the dif-
ference in the effective acoustic impedance, there 
are two types of discontinuity breakdown man-
ifesting at the interface of the media: two shock 
waves or a rarefaction wave and a shock wave. The 
presence of a convex or a concave in the gas sus-
pension layer generates two-dimensional effects 
of von Neumann double refraction, focusing or 
divergence of the passing shock wave. The in-
congruence of the density and pressure gradients 
causes an instability to form at the gas-suspension 
interface and generates mushroom-shaped and 
ring-shaped vortex structures. The nonequilibri-
um factor of the flow at increasing size of disperse 
particles adds considerable features: a shock wave 
moves through the gas suspension layer with de-
creasing intensity, while the initial separation of 

1c′′

2c′
2c′′
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the media splits into two contact discontinuities: 
a jump in porosity and a contact discontinuity in 
the gas phase.

The results of the numerical modeling proved 
reliability, stability and high resolution capacity 
of the hybrid large-particle method.
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Introduction

Various types of gyroscopes find their appli-
cation in modern guidance, position control and 
stabilization systems. Gyroscopes are employed 
in shipbuilding, air- and spacecraft industries, as 
well as rocket engineering. Production of Cori-
olis vibratory gyroscopes (CVGs) is a promising 
direction of gyroscopic technology develop-
ment. New generations of optic, vibratory, wave 
solid-state and other gyroscopes are taking over 
the traditional gyroscopic devices [1, 2]. Manu-
facture and application of the new types of gy-
roscopes are associated with the need for minia-
turization alongside with meeting the accuracy, 
reliability and service life requirements.

Effect of inertia of elastic waves is the corner-
stone of modern CVGs operation [3]. When the 
object with a CVG installed rotates, the device 
registers the standing wave precession emerging 
due to constant oscillations of the sensory organ 
– resonator. Measuring the angular displacement 
of the wave makes it possible to calculate the angu-
lar velocity in inertial space used in production of 
angular velocity and displacement sensors [4]. The 
CVG design often includes thin cylindrical and 
hemispherical resonators, which are classic shells 
with mode shapes convenient for application.

We further consider a hemispherical reso-
nator design (Fig. 1), its primary geometrical 
parameters, as well as the properties of its mate-
rial (Table 1).

Resonator Q-factor is one of the main proper-
ties characterizing the device operation. There-
fore, low viscosity materials are used for the pro-
duction of resonators. Fused quartz is a material 
with one of the lowest levels of viscosity. For in-
stance, metals have the respective parameter at a 
2–3 orders higher level, thus producing resona-
tors with inferior performance specifications [4], 
and, consequently, fail to provide high accuracy. 
Note that fused quartz possesses the same isotro-
py of elastic characteristics, which is essential for 
the material of CVG sensory organs. We selected 
the values of physical and mechanical character-
istics of fused quartz taken for the calculations 
presented in the article in compliance with the 
state standard GOST 15130-86.

There are strict accuracy requirements im-
posed upon gyroscopic systems, particularly 
on CVGs. Currently, due to rather high devel-
opment of electronic devices, the factors defin-
ing the accuracy of a CVG are geometrical and 
physical properties of its elastic element (the 
resonator), which are obtained in the process 
of its production. In other words, the accura-
cy parameters of CVGs are most influenced by 
various errors resulting from the production of 
the elastic element (circumferentially varying 
thickness, out-of-roundness, surface roughness, 
circumferentially varying thickness of the me-
tallic film, etc.), as well as by imperfection of the 
physical characteristics of the material applied 
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Table  1
Main characteristics of the hemispherical resonator

Material Fused quartz KU-1
Elastic modulus, GPa 73.6
Poisson’s ratio 0.17
Density, kg/m3 2210
Outer radius of hemisphere, mm 15.25
Wall thickness of hemisphere, mm 0.90
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Fig. 1. Geometrical model  
of the hemispherical resonator:

1 – thin hemispherical shell, 2 – stem

(anisoelasticity, anisodamping, inhomogeneous 
density, internal defects, etc.). The indicated 
imperfections cause the effect of eigenfrequen-
cies and modes split in the resonator due to its 
axial symmetry perturbation. The effect mani-
fests itself in the non-ideal resonator spectrum 
obtaining two closely spaced frequencies instead 
of one with two close eigenmodes excitation, 
which leads to a change in the operation regime 
of the device. With its operation frequency split-
ting, the resonator Q-factor decreases, which 
leads to a drift of the gyroscope, and conse-
quently, to a drop of the CVG accuracy charac-
teristics. To estimate the influence of the errors 
and defects of the CVG manufacturing process 
on its operating frequency split value, the design 
stage includes various mathematical methods, 
one of them being the finite element method 
(FEM).

Many works are devoted to the approaches of 
calculating the eigenvalues of thin shells of differ-
ent shape, as well as to the studies on the eigen-
frequency split (see, for example, articles [5–8] 
and thesis [11]). Along with the widespread ana-
lytical calculations, the authors of the mentioned 
sources also use FEM. For instance, paper [8] 
reports good, compared to the analytical meth-
ods, agreement of the results obtained via FEM. 
Noteworthy is that the listed works, with the ex-
ception of [11], do not mention the resonator 
eigenfrequency split caused by the application 
of FEM itself and apparently attributable to the 
error in the method of calculating the eigenfre-
quencies (it is the block Lanczos method [9, 10] 

in the present paper) and imperfection of the FE 
mesh. We will further denote this split as “math-
ematical”.

Out of all considered papers, thesis [11] pro-
vides the most detailed study of the resonator fre-
quency split using FEM. The author notes that 
it is impossible to divide the “mathematical” (in 
[11] referred to as “parasitic”) split from the one 
caused by manufacturing defects and proposes to 
minimize the value of the “mathematical” split 
by means of constructing a finite element mesh 
according to the author’s methodology. Howev-
er, just like the other indicated works, the thesis 
pays insufficient attention to the influence of the 
phase angle between the harmonics of various 
defects while investigating their simultaneous 
impact on the resonator frequency split. Note-
worthy, the authors often describe a change in 
the wall thickness of the resonator as harmonic 
function with respect to the middle surface, while 
technologically, in the manufacturing process, 
the outside surface of the resonator is usually of 
better quality than that of the inside one. There-
fore, describing the change of the thickness via 
a circumferential harmonic function with respect 
to coordinate surface of the resonator formed by 
the outside radius of the hemisphere is of certain 
interest as well.

The purpose of the present paper is to pro-
duce a finite-element model (FEM model) of the 
CVG resonator designed to determine the values 
of the operating eigenfrequency of the resonator 
with sufficient accuracy and verify a possibility 
of taking into account circumferentially varying 
thickness of the resonator wall in the frequency 
split calculations.

To build a FEM model, we used ANSYS Me-
chanical software [12]. In this paper, we consid-
ered two separate modeling problems: 

calculation of the exact value of the operating 
eigenfrequency of the resonator;

estimation of the influence of various factors 
on the resonator operating eigenfrequency split, 
for example, circumferentially varying thickness.

Problem statement

The performed study originated from a prob-
lem of calculating the oscillation eigenfrequen-
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cies of a thin hemispherical shell. It is appropriate 
to apply Hamilton’s variational principle [13]:

where δI is the change in the desired functional, 
L = T – W (T, W are kinetic energy of the studied 
elementary volume of the shell and potential en-
ergy of elastic strains respectively).

We can write the kinetic and potential energy 
expressions in the general form as

where ρ, kg/cm3, is the material density; V, m/
s2, is the absolute velocity vector of an arbitrary 
point of the elastic body; σ11, σ22, σ33, Pa, are 
normal stresses of the specified element of the 
elastic body; ε11, ε22, ε33 are the respective normal 
strains; σ12, σ13, σ23, Pa, are shear stresses of the 
specified element of the elastic body; ε12, ε13, ε23 
are the respective shear strains; σ, m3, is the vol-
ume of the specified element of the elastic body.

The expressions for T and W applicable to the 
calculations of the resonator eigenfrequency can 
be found in a number of works; however, the ex-
pressions can differ in the fact that either stress or 
strain tensor components are neglected in them. 
Thus, in this work, in order to compare the expect-
ed frequency values obtained via FEM, we used 
the expressions in the formulation of the thin shell 
theory presented, in particular, in book [14]:
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where h, m, is the thickness of the hemispherical 
shell; A

1
, A

2
 are Lamé parameters; ν is Poisson’s 

ratio of the material; E, MPa, is the elastic mod-
ulus of the material; ε

1
, ε

2
 are parameters char-

acterizing tensile strain of the mid-surface; κ
1
, κ

2
 

are parameters characterizing bending strain of 
the mid-surface; ω, τ are parameters character-
izing shear and torsional strains respectively; θ, 
φ, deg, – zenith and azimuth angles respectively.

The use of the Ritz method [15] reduces the 
eigenfrequencies problem to the algebraic eigen-
value problem:

where A, B are matrices connected with the ki-
netic and potential matrices, as well as with the 
coordinate functions; C is a column-vector of 
unknown coefficients; λ is a column-vector of 
the eigenfrequencies values.

It is important to note that the relations in the 
shells theory formulation specified above comply 
with the main assumptions of the Kirchhoff – 
Love theory of thin shells [16]:

plane section normal to the mid-surface re- 
mains normal to the mid-surface after deformation;

normal stress along the axis normal to the mid- 
surface is not considered due to its smallness;

the thickness of the shell does not change dur-
ing a deformation.

In addition, the calculation implies an as-
sumption of small strains and, respectively, of ne-
glecting the geometrical non-linearity.

The problem statement will further include 
not only Solid type elements, but also the Shell 
type elements. Modeling Shell type elements 
in ANSYS software also entails the abovemen-
tioned Kirchhoff – Love assumptions, with the 
exception of the first one. In this case, a defor-
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mation-related change in the angle between the 
plane section and the mid-surface is admissible. 
This formulation corresponds to the Mindlin – 
Reissner shell variant [17], which is better known 
as Timoshenko shell in Russian literature [18].

Selection of optimal resonator FE models

The operation of the resonator is character-
ized by the numerical value of the operating ei-
genfrequency and the respective mode shape. 
The values of the eigenfrequency and the mode 
shape are defined by the following factors:

Dimensions of the resonator (radius and 
thickness of the hemisphere);

dimensions and mounting mode of the stem;
physical and mechanical properties of the se-

lected material.
Traditionally, the CVG operation is based on 

coupled vibrations in two gyroscopically con-
nected elliptical modes corresponding to its op-
erating frequency [4, 19] (Fig. 2).

Nonideality of the geometrical parameters of 
the resonator entails a perturbation of the axial 
symmetry, which causes the splitting effect of its 
oscillation eigenfrequencies. The effect manifests 
itself in the non-ideal resonator spectrum ob-
taining two closely spaced frequencies instead of 
one with two close eigenmodes excitation, which 
leads to a change in the operation regime of the 
device and to an unacceptable reduction in ac-
curacy [7]. Therefore, the developed FE model 
needs to possess an appropriate sensitivity level 

to register the frequencies split corresponding to 
its admissible value for the product under study. 
In other words, to estimate the resonator charac-
teristics which influence the accuracy parameters 
of CVG, we need to pay attention not only to 
finding the exact value of the oscillation eigenfre-
quency of the selected design, but more so to the 
dependence on the variation of its studied devia-
tions from the ideal system.

Because of this, we propose applying various 
models to solve two separate problems: to find the 
exact operating eigenfrequency of the resonator 
oscillations and to determine how circumferen-
tially varying thickness influence the frequency 
split value.

The required accuracy of the estimated ei-
genfrequency value (for the first problem) and 
the value of the frequency split depending on the 
defect dimensions (for the second problem) can 
serve as the criteria defining the quality of the 
developed models. Let us note that the accuracy 
of determining the eigenfrequency value of up 
to 1 Hz is sufficient for the primary analysis. We 
took the admissible error of the split calculation 
(for the second problem) equal to 1·10–4 Hz, 
which is one order higher than the admissible 
value of frequency split for fused quarz hemi-
spherical resonators after balancing.

Since we can use various types elements to 
build FE models, we compared the models built 
with some types of Shell and Solid elements. The 
objective was to find an optimal balance between 

Fig. 2. Elliptical mode shape of the resonator corresponding to its operating frequency (two planes 
demonstrated, the second one illustrating the deviation from the circular mode shape in the oscillations plane)
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the labor cost of the computation and its accuracy.
First model (FEM I). The hemisphere was 

meshed into SHELL181 type elements, i.e. into 
shell elements of the 1st order, which had 4 nodes 
with six degrees of freedom in each (linear transla-
tions in three axes and rotation about these axes);

Second model (FEM II). The hemisphere was 
meshed into SHELL281 type elements, i.e. into 
shell elements of the 2nd order, which had 8 nodes 
with six degrees of freedom in each (linear transla-
tions in three axes and rotation about these axes);

Third model (FEM III). The hemisphere was 
meshed into SOLID186 type elements, i.e. in-
to solid elements of the 2nd order, which had 20 
nodes with three degrees of freedom in each (lin-
ear translations in three axes);

Fourth model (FEM IV).  The hemisphere was 
divided into SOLID187 type elements, i.e. in-
to solid elements of the 2nd order, which had 10 
nodes with three degrees of freedom in each (lin-
ear translations in three axes).

To improve the accuracy of the obtained re-
sults, we needed to meshed the initial geometry 
of the object into a regular finite-element mesh. 
Such a mesh is distinguished by its structured 
nature and the order of the predominantly regu-
lar-shaped elements used. 

In all for FE models, we meshed the stem us-
ing SOLID185 elements of the 1st order to reduce 
the computational time, as the degree of meshing 
the resonator stem has no influence of the val-
ues of its eigenfrequencies corresponding to the 
second (elliptical) mode shape. We meshed the 
rounding area from the stem to the hemisphere 
using SOLID186 elements (Fig. 3). We should 
note that the absence of the indicated influence is 
due to the stem design, in particular, to its diam-
eter and length. The chosen design parameters 
provide sufficient offset of the resonator frequen-
cies caused by the bend of the stem from the op-
erating elliptical frequency. In case of near values 
of the indicated frequencies, there may be nega-
tive effects considered in paper [20].

In the course of the calculations aimed at ob-
taining the model of the desired accuracy and 
minimal computational time, we set the minimal 
necessary number of the elements and nodes of 
the hemisphere. In case of shell models, the size 

Fig. 3. Finite element mesh of rounding area 
(a) and resonator stem (b, c). Meshing into 

SOLID186 and SOLID185 elements respectively;
b, c – the stem and its longitudinal section

of hemisphere elements varied in the range from 
0.9000 to 0.1125 mm. The mesh of SHELL281 
finite elements is shown in Fig. 4, a, b.

When studying the stress-strain state of the 
shell or plate type structural elements using 
SOLID type finite elements, to obtain accept-
able result, we need to provide sufficient number 
of elements over the thickness in the FE model. 
Therefore, this paper considers different options 
of the model with the number of the elements 
over the thickness ranging from one to eight. 
Fig. 4, c, d shows an example of meshing the 
hemisphere into SOLID186 elements.

Fig. 5, 6 shows dependences of the resonator 
eigenfrequency values on the number of nodes 
employed in the models. The obtained diagrams 
help determine the optimal number of nodes 
which provide the value of Δ, the change on the 
value of the obtained solution with the growing 
number of nodes, less than 0.01%.

Analysis of the diagrams in Fig. 5 correspond-
ing to the models with shell elements allows us 
to conclude that the value of the eigenfrequency 
sets at the level of 4808–4809 Hz. The diagrams 
are given for the model with the mid-surface as a 
reference plane. In FEM I, Δ = 0.005 %, while 
in FEM II, II Δ = 0.006 %. The difference of the 
obtained frequency values between two models 
reaches no more than 0.6 Hz. We can see here, 
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	 a)					     b)

	 b)

Fig. 4. Meshing of hemisphere (a, c) and its cross-section (b, d)  
into SHELL281 (a, b) and SOLID186 (c, d) elements

Fig. 5. Computational diagrams of resonator eigenfrequencies dependences on the number  
of nodes applied in FEM I (SHELL281) (a) and FEM II (SHELL181) (b)

	 c)					     d)

	 a)
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Fig. 6. Computational dependences similar to the ones in Fig. 5,  
but for FEM III (SOLID186) (a) and FEM IV (SOLID187) (b)

	 a)

	 b)

that the use of the 2nd order elements (SHELL281) 
is preferable, as we need only 50 thousand nodes 
for the steady-state solution in this case, while no 
less than 83 thousand nodes are required for the 
1st order elements.

Note that convergence of the results to the 
steady-state value of eigenfrequency in the 
models using shell elements occurs from differ-
ent directions (from the highest/lowest value to 
the steady-state value). The problem with the 
SHELL181 type elements converges to a steady-
state solution from the greater values, which 
corresponds to the classical behavior of the nu-
merical problem convergence diagrams. How-
ever, the use of SHELL281 elements produces 
a reverse effect. This is probably due to the ap-
plied type of the contact interaction (SHELL- 
SOLID) of the hemisphere and the stem. The 
bodies contact along a line, which leads to local 
loading along the faces of solid elements. More-

over, if we exclude the stem from the model and 
apply a boundary condition like a fixed support 
along the corresponding face of the hemisphere, 
we can observe the “stiff” characteristic of the di-
agram for SHELL281 element as well.

Analysis of the solid model diagrams (Fig. 6) 
shows that the desired eigenfrequency value re-
mains constant starting from a certain level of the 
model discretization. The difference of the ob-
tained frequency values between SOLID186 and 
SOLID187 elements is no more than 0.6 Hz. The 
values of Δ, obtained from mesh convergence, 
were 0.0002 % in both FEM III and FEM IV. 
However, to obtain the results close in accuracy, 
we required 1.5 times more FEM nodes in case 
of SOLID187 elements. Because of this, it is fea-
sible to apply SOLID186 for computations. In 
general, we can conclude that meshing into four 
elements over the thickness of the hemisphere 
wall is optimal for the eigenfrequencies analysis 
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providing the accuracy of up to 0.1 Hz. Note that 
for the primary estimate of the eigenfrequency 
values (up to 1 Hz accuracy), it is sufficient to 
divide the hemisphere thickness only into two 
elements. The difference from the steady-state 
solution in this case is 0.44 Hz.

Results of the operating resonator  
eigenfrequency calculations

Simultaneously with the finite elements meth-
ods, for a comparison we performed an analytical 
calculation using the simplified expressions for 
a hemisphere shell obtained by Rayleigh [21], 
and the Goldenweiser’s thin shells theory [22] 
with specifications as to the tensile property of 
the mid-surface. The results of all the obtained 
values of the eigenfrequency in the second mode 
shape are given in Table 2.

Note that in the present paper, when compar-
ing the obtained data, we took the result of the 
steady-state calculation using solid elements as 
the exact solution. This is due to the fact that the 
solid element models imply solving the elastici-
ty theory problem without any simplifications. 
In addition, the accuracy of the result is defined 
by the degree of the model discretization and the 
mathematical error of the very method of solving 
the eigenvalues problem.

As we can see from Table 2, the result of de-
termining the eigenfrequency of the resonator 
obtained using the considered shell and solid fi-
nite elements models shows comparable values. 
Moreover, among the calculation results ob-
tained using analytical methods, the Goldenwei-
ser’s value is the most accurate one.

In the course of solving the second problem 

set above, i.e. to determine the split of the res-
onator eigenfrequencies, we used SHELL281 
(FEM I) type elements to analyze the influence 
of circumferentially varying thickness on the 
dynamic behavior of the resonator. The use of 
shell elements allows us to set the change in the 
thickness of the hemisphere quite easily with no 
changes of its geometry, as well as to reduce the 
estimated time while saving the sufficient accu-
racy of the calculations.

Influence of defects on the value 
of the operating resonator frequency split 

Features of introducing various defects into the 
resonator FEM. To determine the split of the op-
erating frequency of the resonator in the presence 
of any defect, we need to introduce a distribution 
function of this defect into the model. In a re-
al resonator, the distribution of such defects as 
circumferentially varying thickness and inhomo-
geneous density over the azimuth or zenith an-
gle is random. However, researchers often use a 
harmonic dependence of the defect distribution 
in modeling as the simplest in respect of calcu-
lations:

where x
0
, m, is the nominal value of the param-

eter (hemisphere thickness, material density); X, 
m, is the amplitude; m is the number of the de-
fect harmonic; α, β, deg, are the initial angle and 
phase respectively. 

The number of the harmonic is chosen arbi-
trarily depending on the simulated defect func-
tion; nonetheless, let us note that the fourth 

Table  2
Values of the operating eigenfrequency of the resonator oscillations

 (second mode) calculated via different methods

Calculation method Frequency, Hz
Rayleigh 5277.60
Goldenweiser’s thin shells 4814.20
Finite elements

SHELL type
SOLID type

4809.02
4809.08

( ) ( )0 ,sinx x X mα = + ⋅ α +β
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harmonic has the most influence on the split of 
resonator frequency, which corresponds to the 
elliptical mode shape. Sources [3, 19] describe 
the reason of the indicated influence in detail. 
At the same time, the harmonics different from 
the fourth one have one order less impact. Thus, 
to model the worst case of a defect affecting the 
frequency split, it is expedient to use the fourth 
harmonic of the defect distribution.

As it was mentioned before, when we employ 
FEM, a “mathematical” split occurs even in 
ideal geometry. It is important to note, that this 
“mathematical” split is a measurable (calculat-
ing) variable. The main reason of its emergence 
is the non-ideality of the finite element mesh. 
Therefore, when we are solving the eigenfre-
quency problem in the resonator model and in-
troduce a defect x(α), we obtain a certain total 
split, with the “mathematical” split being one of 
its components.

Based on the assumption that the operating 
eigenfrequency under study is elliptical, and con-
sequently, corresponds to the second harmonic, 
the “mathematical” split is represented in the 
form of the second harmonic as a component of 
the total split. Given the above, to determine the 
value of the split components, we need to find the 
phase shift of the harmonics with respect to each 
other. Note that if the harmonics representing the 
“mathematical” split and the defect distribution 

Fig. 7. Estimated dependence of the total operating frequency split  
of the resonator on phase angle of the defect function

coincide, the total split is a sum of the values of 
the split of both of the defects, while in case of the 
antiphase, it a difference thereof. The indicated 
feature is apparent, for example, if we introduce 
the fourth harmonic of the defect with a change 
in the initial phase angle from 0° to 90° (Fig. 7).

In this figure, we plotted the total split value 
ΣΔf along the vertical axis and the phase angle 
β along the horizontal axis. The phase angle of 
the extremums depends on the built mesh and is 
preserved with the change in the amplitude and 
the nature of the defect (the defect is caused by 
the manufacturing errors or heterogeneity of the 
material).

Calculation of the split value when adding a 
defect into the resonator FEM. One of the fac-
tors defining the eigenfrequency split effect in 
the resonator is mass unbalance of the sensory 
organ. In a real hemispherical resonator, the un-
balanced mass is continuously distributed across 
the whole shell, which in case of excitation caus-
es oscillations of its center of mass and leads to 
the split of the frequencies and reduction in the 
Q-factor due to the oscillation energies dissipa-
tion in supports. The mass unbalance itself is due 
to the above mentioned geometrical and physical 
errors, including circumferentially varying thick-
ness and inhomogeneous density. Since applying 
FE models leads to emergence of the “mathe-
matical” split, to calculate the component of the 
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introduced circumferentially varying thickness, 
we have to find the value of such split as well. It is 
possible, if we use a harmonic function as a defect 
(circumferentially varying thickness) distribution 
function:

where h
0
, m, is the nominal thickness of the 

resonator wall, Xh, m, is a half of the value of 
circumferentially varying thickness, α, deg, is 
an angular coordinate corresponding to the az-
imuth angle. 

In this paper, to solve the problem of finding 
the resonator eigenvalues be means of ANSYS, 
the split of the operating frequency can be deter-
mined via the difference between two near fre-
quencies corresponding to the elliptical mode 
shape. The calculation results in a certain total 
split of various defects, if they are introduced into 
the resonator FEM. In case of “ideal” geometry 
(absence of defects), the total split is equal to the 
“mathematical” split:

where Δfm, Hz, is the “mathematical” split;        , 
      , Hz, are the highest and lowest values of the 
eigenvalues defining the split. 

If we introduce an additional defect into con-
sideration, for example, circumferentially vary-
ing thickness, then the total split is determined as

where Δfh, Hz, is the split cause by circumferen-
tially varying thickness; αi, βi, deg, are the angles 
and phases defining the defect distribution with 
respect to the azimuth angle.

The above relations show that unambiguous 
determination Δfh required knowing the initial 
angles and phases of the harmonics correspond-
ing to the defects. If we bear this in mind and 
use two extremal values of the total split value 
(when finding the harmonics in phase and an-
tiphase), then we can compile a simple system of 

( ) ( )0 sin ,hh h X mα = + α +β⋅

( ) ( )2 1 ,m II IIf f f f∆ = ∆ = −∑
( )2

IIf
( )1

IIf

two equations allowing us to determine the splits 
from each defect:

To automate the calculation of two extremal 
values of the total split in ANSYS, we can denote   
and   as parameters, thus producing a diagram 
similar to the one presented in Fig. 7. Note that 
the found angle and phase corresponding to the 
“mathematical” split are maintained in the mod-
el even after a change in characteristics describ-
ing other defects, which excludes the need for ad-
ditional calculation to provide the search for the 
extremal values of the total split. Therefore, using 
the block Lanczos method in ANSYS software al-
lows us to determine the value of the split caused 
by circumferentially varying thickness by means 
of accounting for the “mathematical” split.

As an example of using the presented meth-
odology of calculations, for the hemispherical 
resonator of the given design, we obtained nu-
merical values of the splits caused by circumfer-
entially varying thickness and inhomogeneous 
density (Table 1). Each effect was considered 
separately. The value of thickness variations 
amounted to 6 µm, the density of the fused 
quartz was ranging within 2200–2220 kg/cm3. 
The defects function is represented in a form of 
the fourth harmonic.

As a result, the obtained values are limited 
by the applied method of numerical calculation 
and simplifications accepted in the mathematical 
model of the shell for the SHELL281 type finite 
elements.

In the process of the study, we noted a num-
ber of features. For example, when adding a 
density defect into the FEM, we established that 
the value of the “mathematical” split changes 
in proportion to the average arithmetical value 
of frequencies        and        , which allows cal-
culating the “mathematical” split value not on-
ly in the course of the computations, when the 
harmonics are in phase/antiphase. This does not 
eliminate the need for finding the extremal val-
ues of the total split for a newly developed FEM. 
At the same time, we do not observe any similar 

( ) ( )

( ) ( )

2 1

1 1 2 2

 
 sin 2 sin ,

II II

m h

f f f
f f m

∑∆ = − =

=∆ ⋅ α +β + ∆ ⋅ α +β

max

min

 ,
.

h m

h m

f f f
f f f

∑∆ = ∆ + ∆
∑∆ = ∆ −∆

( )1
IIf ( )2

IIf
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The paper is devoted to the problem of the copper-64 isotope production engineering that is 
important for application in the nuclear medicine. The production is carried out by proton irradiation 
of a nickel target (a natural mixture of isotopes). For this purpose, the energy dependence of the 
protons-nickel target interaction cross-sections, protons with initial kinetic energies of 10–15 MeV in 
this case, has been analyzed.  Besides, the half-lives of the resulting isotopes were considered. Based on 
the analysis, the optimal conditions (the proton beam energy and the waiting time after irradiation) for 
obtaining the 64Cu isotope from natural nickel were found. It was established that under conditions close 
to ideal, it could be expected that 64Cu radionuclide purity would be very high and reach at least 99 %. 
Ideal conditions mean complete separation of nickel and cobalt isotopes from the required copper one.
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ОПТИМИЗАЦИЯ ПОЛУЧЕНИЯ ИЗОТОПА МЕДИ-64 
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Статья посвящена проблеме разработки технологии получения изотопа 64Cu, важного для 
применения в ядерной медицине, путем циклотронного облучения протонами мишени из при-
родного никеля. С этой целью проанализирована энергетическая зависимость сечений взаимо-
действия протонов, обладающих начальной кинетической энергией 10 – 15 МэВ, с мишенью 
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распада образующихся изотопов. На основе проведенного анализа определены оптимальные 
условия получения изотопа 64Сu (энергия пучка протонов и время выдержки после облучения) 
из природного никеля. Установлено, что в условиях, близких к идеальным (случай полного 
отделения изотопов никеля и кобальта от требуемого изотопа меди) можно ожидать, что радио- 
нуклидная чистота изотопа 64Cu будет очень высокой и достигать не менее 99 %.
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Introduction

It is well known that the 64Cu isotope un-
dergoes radioactive transformation as a result 
of three processes: positron and electron decay, 
and electron capture. This isotope emits β+, β– 

particles (their energies are 0.65 and 0.57 MeV, 
respectively, and the yields are 17.6 and 38.5%) 
with a half-life of 12.7 h. It plays an important 
role among bifunctional radioisotopes for both 
positron emission tomography (PET) and ra-
dionuclide therapy. The half-life of 64Cu allows 
producing this isotope at regional or national 
cyclotron facilities, distributing it to local nucle-
ar medicine departments with a loss of no more 
than one (approximately) half-life [1, 2]. 

Furthermore, the half-life of the 64Cu isotope 
is compatible with the time scales required for 
administering a radiopharmaceutical (containing 
a molecular carrier: peptides, antibodies, nano-
particles, etc.), so that it is subsequently distrib-
uted and accumulated over the patient's body. 

The 64Cu isotope is better suited for high-res-
olution PET imaging than for therapy due to its 
low average energy of β+ particles (278 keV) and 
very low intensity of accompanying gamma radi-
ation (1345.77 keV, with the yield of 0.475%). At 
the same time, its average energy of β– particles 
is convenient for radionuclide therapy of small 
tumors [1, 2].

The 64Cu isotope has numerous advantages 
over such PET isotopes as 18F (its half-life is t

1/2
 =  

= 109.8 min) and 11C (t
1/2

 = 20.4 min) currently 
used in clinical practice. Since the half-lives of 
both 18F and 11C are relatively short, these iso-
topes are usually prepared at cyclotrons located 
near clinics. 

The 64Cu isotope can be produced in the re-
actor by either the thermal neutron capture re-
action 63Cu(n,γ)64Cu or the fast neutron reac-
tion 64Zn(n,γ)64Cu. However, the yields of the 
reactions producing 64Cu in a nuclear reactor 
are low [3]. 

It should be noted that two cyclotron methods 
are currently used to produce 64Cu isotope. One 
of them uses the 64Ni isotope as a target, and the 
other the 68Zn isotope. 

Producing the 64Cu isotope by the 
68Zn(p,αn)64Cu reaction using protons provides 

certain benefits, since in this case it is possible to 
simultaneously produce the

67Ga(68Zn(p,2n)67Ga)

and

64Cu(68Zn(p,αn)64Cu),

isotopes used in medicine from the same target 
[5]. 

However, this method comes with several 
drawbacks: 

firstly, a cyclotron with a higher energy of  
30 MeV is required; 

secondly, complex radiochemical separation 
is necessary;

thirdly, production of the isotopes generates 
highly contaminated waste from several radionu-
clide impurities; 

fourthly, the yield of 64Cu isotopes is small, 
since the reaction cross section is low (about  
20 mb at a proton energy of 30 MeV) [5, 6]. 

As noted above, 64Cu isotope can be obtained 
by the 64Ni(p,n)64Cu reaction with both natural 
and nickel targets enriched with the 64Ni isotope, 
using protons with a relatively low energy, 10 MeV 
(this is considerably below 30 MeV). The draw-
back of using a 64Ni-enriched target is that the 64Ni 
isotope is very expensive [4].

Relatively cheap targets made of natural nick-
el seem to be more attractive, but the disadvan-
tage in this case is that the content of the 64Ni 
isotope in the target is low, and, consequently, 
the production efficiency is insufficiently high; 
moreover, large amounts of other impurities are 
generated during irradiation, so complex chem-
ical procedures are required for separating these 
impurities and isolating 64Cu [5]. 

However, these difficulties can be largely over-
come by selecting the correct initial proton ener-
gy corresponding to the maximum cross section 
for the 64Ni(p,n)64Cu reaction (647 mb at an en-
ergy of 10.5 MeV [11]) and optimizing the wait-
ing time after irradiation.

The goal of this study consists in analysis and 
optimization of producing the 64Cu isotope from 
natural nickel using protons with energies of  
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10 – 15 MeV at the MGC-20 cyclotron at Peter 
the Great St. Petersburg Polytechnic University.

Method for analyzing the yield of isotopes
in a nickel target (natural mixture)

irradiated with a proton beam
at energies of 10–15 MeV

As noted above, a proton beam with energies 
of 10 – 15 MeV can be used to obtain the 64Сu 
isotope. The target is a natural mixture of nickel 
isotopes: 58Ni (68%), 60Ni (26%), 61Ni (1.14%), 
62Ni (3.71%) и 64Ni (0.926%) [7]. 

Protons with energies of 10–15 MeV can in-
duce various nuclear reactions in the target on 
different isotopes of nickel, generating different 
isotopes as by-products that can interfere with 
the process of separating the 64Cu isotope from 
the resulting isotope mixture, and determining 
the amount of 64Cu produced by spectroscopic 
methods.

It follows from the above that it is useful to 
know the total yield of each isotope produced in 
different reactions (see Table 1) and compare it 
with the yield of the 64Cu isotope. The isotopes 
produced in the target through irradiating a nat-
ural mixture of nickel isotopes with protons are 
given in Table 1 [8 – 12].

Isotope yields for a natural mixture of nickel 
isotopes irradiated by protons can be determined 
accounting for the energy losses to excitation and 
ionization for protons passing through the target 
material [13]:

where –dE/dx, MeV/cm, are specific ionization 
losses (x is the proton penetration depth); z is the 
charge number of the bombarding particle; me, g, 
is the electron mass; e, Cl, is the electron charge; 
c, cm/s, is the speed of light; β is the ratio of the 
speed of the bombarding particle to the speed 
of light (β = v/c); I, eV, is the mean ionization 
potential; ε

0
, F/m, is the electrical constant; n, 

cm–3, is the electron concentration of the target,

2 2 22 2

2 2
0

24 ln ,
4

e

e

dE
dx

m cnz e
m c I

− =

    βπ
=     β πε     

(1)

NA, 1/mol, is the Avogadro constant; ρ, g/ m3, 
is the target density; Z is the charge number of 
the target; A is the atomic mass; Mu, g/mol, is the 
molar mass.

The mean ionization potential of nickel is, 
like the mean ionization potential for other ele-
ments, I = 328 ± 10 eV [14]. 

Eq. (1) is simplified in the nonrelativistic case 
β2 << 1, where the proton is a bombarding parti-
cle (z = 1):

The solution to Eq. (2) gives the dependence 
E(x) for the mean proton energy E on their pen-
etration depth x.

The production of all isotopes at different 
depths in the target is found by the following for-
mula [15]:

where Ni, cm–3, is the number of atoms of type i 
of the radioisotope produced; J, A, is the cyclo-
tron current; nf is the concentration of nickel iso-
tope nuclei in natural nickel; λ, s–1, is the decay 
constant of the radionuclide produced; trad, s, is 
the target irradiation time.

Integrating distribution (3) from zero to tar-
get thickness τ, we obtain the dependence for the 
radioisotopes produced in target on thickness τ:

The decrease in proton flux with depth, as well 
as other processes removing protons from the 

;A

u

N Zn
AM

ρ
=

2144 2179ln .

dE
dx

Zz E
AE I

− =

 ρ  =      

(2)

( )( ) ( )1 exp ,

i

f
rad

dN
dx

Jn
t x

e

=

 
= − − λ σ λ 

(3)

( )
0

, .i
i rad

dNN t dx
dx

τ  τ =  
 ∫ (4)
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Table  1
Characteristics of isotopes produced in the target 

made of natural mixture of nickel isotopes irradiated  
with protons p as a result of nuclear reactions [8 – 12]

Isotope Half-life Nuclear
reaction

Ethr, 
MeV

σ, mb, at 
15 MeV 10 MeV

55Co 17.5 h 58Ni(p,α) 1.36 35.7 8.7

57Co 271.74 days

58Ni(p,2p)
58Ni(p, p + n)57Ni→ 57Co

60Ni(p,α)
61Ni(p, n + α)

62Ni(p, 2n + α)
58Ni(p,d)

8.3
12.3
0.3
8.2
18.9
10.0

149.3 4.9

58Co 70.86 days
61Ni(p,α)

62Ni(p,α + n)
0.7
10.3

0.88 0.78

57Ni 35.6 h
58Ni(p, p + n)

58Ni(p,d)
12.4
10.1

8.8 –

60Cu 23.7 min 64Ni(p,n) 7.0 58.8 79.8

61Cu 3.3 h
61Ni(p,n)

62Ni(p,2n)
3.1
13.0

186 472

62Cu 9.67 min 62Ni(p,n) 5.0 359.3 498.9
64Cu 12.7 h 64Ni(p,n) 2.5 206.0 647.0

N o t a t i o n s: E
thr

 is the threshold reaction energy, σ is the reaction cross section (for two values of the initial 

kinetic energy of the proton beam).

beam can be neglected in this case.
Eqs. (2), (4) and the values of the reaction 

cross section σ (see Table 1) were used to de-
termine the activity of each isotope for protons 
with initial kinetic energies of 15 (Fig. 1, a,b) 
and 10 MeV (Fig. 1, c,d), cyclotron current of 
2 μA, and a target made of natural nickel. Fig. 1 
shows the computational results for the activity 
of the 55Co and 64Cu isotopes for targets of vari-
ous thicknesses and various irradiation times.

Considering Fig. 1, we can see that a suffi-
cient target thickness for an initial proton en-
ergy of 15 MeV is 400 μm: the dependence of 
the activity accumulated on the target thickness 
disappears at this value. This value is 200 µm for 
an initial energy of 10 MeV. 

The activity of each isotope after the end of 
irradiation and after different waiting times was 
calculated by the equation

where A
0
, s–1, is the isotope activity at t = 0; At, 

s–1, is the isotope activity after waiting time t, s; λ, 
s–1, is the isotope decay constant.

The computed activities and ratios of the ac-
tivities of the produced isotopes to the activities 
of the 64Cu isotope produced for different waiting 
times after the end of irradiation are given in Ta-
ble 2 (target irradiation time is 1.5 h, Е = 15 and 
10 MeV, cyclotron current is 2 μA).

After the nickel target (natural mixture of 
isotopes) was irradiated, the 64Cu isotope had 
to be separated from the target. This is typically 
achieved by the well-known method of ion-ex-
change chromatography with a resin column 
(Dowex1-8X [1] or AG1-X8 [16]). Since some 
radioisotopes with a short half-life are produced 
in the target during irradiation (see Table 1), it is 

( )0 exp ,tA A t= −λ (5)
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Table  2
Comparison of the activity values of isotopes produced in the target  

made of a natural mixture of nickel isotopes irradiated with protons as a result of nuclear reactions

Isotope

t = 0 t=9.67 min t=23.7 min t=3.3 h t=12.7 h t=17.5 h t=50 h
Initial kinetic energy of proton beam: 15 MeV

55Co

57Co

58Co

57Ni

60Cu – – –

61Cu

62Cu – – – –

64Cu

Initial kinetic energy of proton beam: 10 MeV

55Co

57Co

58Co

60Cu – – –

61Cu

62Cu – – – –

64Cu

N o t e s. 1. The values are given for the activities A
t
 of the isotopes produced, as well as the ratios of A

t
 to the corresponding 

activities of the 64Cu isotope produced (in brackets)) for different waiting times t after the end of irradiation. 2. The target 
irradiation time was 1.5 h, the cyclotron current was 2 μA. 3. Dashes indicate that the activity of the isotope is below 1 
decay per second.

( )
1

64
Activity ,

Ratio Cu
t

t t

A s
A A

−

( )
72.5 10

2.3
⋅

( )
72.4 10

2.4
⋅

( )
72.4 10

2.5
⋅

( )
72.1 10

2.3
⋅

( )
71.5 10

2.8
⋅

( )
71.2 10

2.85
⋅

( )
63.4 10

4.8
⋅

( )
86.0 10

54.5
⋅

( )
84.5 10

45.0
⋅

( )
83.0 10

28.0
⋅

( )
61.8 10

0.19
⋅

( )
85.7 10

51.8
⋅

( )
82.8 10

28
⋅

( )
81.0 10

9.3
⋅

( )
71.1 10

1.0
⋅

( )
71.09 10

1.0
⋅

( )
71.07 10

1.0
⋅

( )
79.1 10

1.0
⋅

( )
65.4 10

1.0
⋅

( )
64.2 10

1.0
⋅

( )
57.0 10

1.0
⋅

( )
73.7 10

3.4
⋅

( )
73.5 10

3.5
⋅

( )
73.4 10

3.2
⋅

( )
71.8 10

1.9
⋅

( )
62.5 10

0.5
⋅

( )
59.3 10

0.2
⋅

( )
1024
0.001

( )
54.15 10

0.04
⋅

( )
413699

0.04 ( )
413819
0.038 ( )

389166
0.04 ( )

324061
0.06 ( )

295139
0.07 ( )

156722
0.22

( )
52.3 10

0.02
⋅

( )
229996

0.02 ( )
229990

0.02 ( )
229919

0.02 ( )
229698

0.04 ( )
229572

0.05 ( )
229781

0.32

( )
17500
0,002 ( )

17498
0.002 ( )

17497
0.002 ( )

17476
0.001 ( )

17409
0.003 ( )

17375
0.004 ( )

17147
0.02

( )
62.4 10

0.30
⋅

( )
62.4 10

0.32
⋅

( )
62.3 10

0.30
⋅

( )
62.1 10

0.30
⋅

( )
61.5 10

0.40
⋅

( )
51.2 10

0.40
⋅

( )
53.3 10

0.66
⋅

( )
12500
0.001 ( )

12499
0.001 ( )

12499
0.001 ( )

12495
0.001 ( )

12483
0.003 ( )

12476
0.004 ( )

12433
0.02

( )
81.8 10

24.0
⋅

( )
81.3 10

17.5
⋅

( )
79.0 10

12.3
⋅

( )
55.5 10

0.08
⋅

( )
82.9 10

38.6
⋅

( )
81.4 10

19.0
⋅

( )
75.3 10

7.3
⋅

( )
5500

0.0007 ( )
5499

0.0007 ( )
5499

0.0007 ( )
5492

0.0008 ( )
5471
0.001 ( )

5460
0.001 ( )

5389
0.01

( )
72.2 10

2.90
⋅

( )
72.1 10

2.83
⋅

( )
72.0 10

2.74
⋅

( )
71.1 10

1.70
⋅

( )
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0.4
⋅

( )
55.5 10

0.2
⋅

( )
609

0.001

( )
67.5 10

1.0
⋅

( )
67.4 10

1.0
⋅

( )
67.3 10

1.0
⋅

( )
66.3 10

1.0
⋅

( )
63.7 10

1.0
⋅

( )
62.8 10

1.0
⋅

( )
60.5 10

1.0
⋅
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Fig. 1. Dependences of accumulated activity of 55Co (а,c) and 64Cu (b,d) radioisotopes  
on the thickness of natural nickel target for protons with an initial kinetic energy of 15 MeV (а,b)  

and 10 МэВ (c,d), for different irradiation times, h: 0.5 (1), 1.0 (2), 1.5 (3).
The lines correspond to the dependence curves, and the bands to measurement uncertainty  

(associated with the errors in finding the reaction cross section)
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В работе представлены феноменологические неполяризованные партонные функции 
распределения для дикварков, основанные на модели с мягкой стеной на световом конусе 
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Introduction

Since the second half of the last decade of 
the 20th century, the AdS/CFT correspondence 
[1] between string theory in anti-de Sitter (AdS) 
space-time and conformal field theories (CFTs) 
in physical space-time has been a very active and 
interesting field of study. Among other things, 
the wealth of this correspondence stands in the 
possibility to perform calculations between op-
posite coupling regimes, strongly coupled the-
ories can be mapped into weakly coupled ones 
and vice versa. CFTs are defined as scale in-
variant theories, so it is impossible to applicate 
the AdS/CFT correspondence to the quantum 
chromodynamics (QCD) itself directly.

It is worth noting that this is because the cou-
pling constants change with the renormalization 
scale μ in QCD that we get the condition under 
which perturbation theory is valid [2].

Nevertheless, in the strong coupling regime 
of QCD, the couplings appear to be approx-
imately constant. This is the basis for a light-
front holography, an approximation of the AdS/
CFT to QCD quantized on the light front (light-
front AdS/QCD) [3] that has shown the ability 
to find analytic solutions in the non-perturba-
tive regime of QCD, like improving predictions 
of hadron masses and structure properties (see 
e.g. Ref. [4]).

In this work, we are particularly interested 
in the fact that light-front AdS/QCD predicts 
a general form of two particle bound state wave 
function inside nucleons which cannot be de-
rived simply from valence quarks [4, 5]. This 
has led to considerable progress in nucleon an-
alytical results considering valence diquarks in 
their structure, just as light-front wave functions 
QCD matched with soft-wall AdS/QCD predic-
tions [6 – 8]. 

Another recent result contemplates the scale 
evolution of the parton distribution functions 
(PDFs) for a quark-diquark nucleon model us-
ing scale-dependent parameters following the 
DGLAP (Dokshitzer – Gribov – Lipatov –  
Altarelli – Parisi) evolution [5], that are consist-
ent with the quark counting rule and Drell – Yan 
– West relation [9, 10]. Based on these last two 
results, we have fitted the PDF parameters of the 

quark-diquark nucleon model to the available  
data from NNPDF2.3 QCD + QED NNLO 
[11] for u and d quarks, in order to get the un-
polarized PDFs for the spin-0 (ud)

0
, spin-1 (ud)

1
 

and spin-1 (uu)
1
 diquarks. With such parameters 

available, the diquark PDFs can be used to sim-
ulations of proton (and neutron) collisions with 
participating diquarks.

To consider proton collisions based on a nu-
cleon model with diquark structures inside, it 
is useful to inspect the properties of the parton 
model. 

The parton model

The cross section for proton-proton colli-
sions can be expressed by the so called improved 
parton model formula [12]:

where the scripts 1 and 2 are labels to incoming 
proton beams carried momentum P. 

In this scenario, the incoming proton beam 
is equivalent to a beam made of constituent par-
tons. Typically, these partons are taken as the 
massless-pointlike elementary particles, quarks 
and gluons [12], with longitudinal momentum 
distribution characterized by the parton distri-
bution functions fi(x, μ). 

This means, given some proton with momen-
tum P, the probability to find in such parton i 
with momentum between xP and (x + dx)P is 
precisely dxfi(x, μ) being dependent as well of 
the renormalization scale μ. 

While    represents the parton cross sections, 
which can be computed with perturbative QCD 
(pQCD) for sufficiently small running coupling 
αs(μ) [2].

However, due to the fact that partons cannot 
be observed as free particles, the PDFs cannot 
be calculated using pQCD. Nowadays, the sim-
plest way to obtain PDFs is fitting observables 
to experimental data, among other phenomeno-
logical tools (see e.g. Refs. [13, 14]).

Nevertheless, in order to work with a parton 
model using constituent diquarks, we must ex-

( ) ( ) ( )

( )( )
1 2

1 2
1 2 1 2,

,

1 1 2 2
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i jP P
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ij s

dx dx f x f x
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σ = µ µ ×

×σ α µ µ

∑
(1)



89

Nuclear physics

pand this picture beyond quarks and gluons. As 
we mentioned above, recent results from soft-
wall AdS/QCD [4, 7] have shown a phenomeno-
logical approach to reproduce unpolarized PDFs 
of quark-diquark nucleons [5]. 

In the next section we show how this phe-
nomenological approach has been constructed 
to finally obtain our parameters that allow us to 
exhibit our diquark PDFs.

The soft-wall light front AdS/QCD
 quark-diquark nucleon model

In this section we intend to outline how to ob-
tain the PDF of a quark-diquark nucleon model 
using soft-wall light front holographic QCD (for 
a more detailed analysis see Ref. [5] and its refer-
ences, from where this section is heavily based).

To construct such a PDF model, it is assumed 
that a virtual incoming photon interacts with a 
massless-valence quark. The other two valence 
quarks are then forming a spectator diquark. In 
this way, it is ensured that this model is in ac-
cordance with the traditional quark-interacting 
frameworks, from where it is possible to build re-
liable properties for the nucleon model, so for di-
quarks. The diquarks can have then either spin-0 
(scalar diquark) or spin-1 (vector diquark).

The nucleon state is represented by a spin-fla-
vor SU (4) symmetry. This implies that the possi-
ble states are the isoscalar-scalar diquark singlet 
state, the isoscalar-vector diquark state and the 
isovector-vector diquark state. Shortly, the di-
quark can be either scalar or axial-vector. 

For the proton state we can write it as

where, following the original notation in Ref. [5], 
S and A represent the scalar and vector diquark 
having isospin at their superscript; the subscripts 
in the coefficients denote the isoscalar-scalar 
(S), the isoscalar-vector state (V) and the isovec-
tor-vector state (VV). 

For the neutron, the state is given by the iso- 
spin symmetry u ↔ d.

Without losing the generality of the model, we 

0 0

1

;

,

S V

VV

P C uS C uA

C dA

± ±

±

± = + +

+
(2)

will take the case for the proton, which is what we 
care about in this work.

Using the light-cone convention x± = x0 ± x3 
[15] it is convenient to choose a frame where the 
proton transverse momentum vanishes, denoted 
as

where M is the proton mass. 
So the momentum of the struck quark can be 

taken as

and the diquark

We can interpret from this notation that x = 
= p+/P+ is the longitudinal momentum fraction 
carried by the struck quark.

Now, we can express the two particle Fock- 
state expansion.

For total angular momentum projection J z = 
= ±1/2 with spin-0 diquark is given by

where

is the two-particle state having struck quark of 
helicity λq and a scalar diquark having helicity 
λs = s (spin-0 singlet diquark helicity is denoted 
by s to distinguish from triplet diquark). 

While, the spin-1 diquark state is given by the 
following expression [16]:

2
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where                            represents a two-particle  

state with a quark of helicity                  and a vec- 

tor diquark of helicity λD = ±1,0 (triplet). Here  
ν = u, d is a flavor index.

The light-front (LF) wave functions with 
spin-0 diquark state,          at the initial scale μ0  
for                are given by expressions [8]:

In a very similar way, for vector diquarks  

with                the LF wave functions          at the  

initial scale μ0 can be written as
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The LF wave functions        (i = 1, 2) are the 
twist-3 LF wave functions. These functions can 
be derived in light-front QCD and in soft-wall 
AdS/QCD [4, 17 – 19, 6].

In Ref. [7] a generalized form to        was  
proposed by matching the electromagnetic form 
factors of the nucleon in soft-wall AdS/QCD and 
light-front QCD, getting that
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Quark-diquark unpolarized PDF evolution

The unpolarized parton distribution function 
is defined as [8, 5]:

which depends only on the light-cone momen-
tum fraction x = p+/P+ where the proton state 
           with spin S is given as in Eq. (2). 

Indeed, γ+ is the light-cone representation of 
the usual γμ matrix, detailed definition is found  
in Ref. [15]. 

The leading order QCD evolution of the un-
polarized PDF is given as the standard DGLAP 
expansion [29, 30, 5]:

where the anomalous dimension is determined by

and the running coupling constant is given as

where κ is a scale parameter coming from the 
soft-wall AdS/QCD model. 

With this information, it is possible to write 
the Dirac and Pauli form factors for spin-1/2 
composite particle systems [20]. 

In Ref. [21] it was found, by fitting the pro-
ton form factors from the soft-wall AdS/QCD 
model with experimental data [22 – 26], that 
the best agreement if given with κ = 0.4066 GeV. 
Furthermore, in Ref. [5] the flavor form factors 
for u and d in this light-front diquark model was 
fitted with experimental data [27, 28], obtaining 
the value of the parameters        and        at the 
initial scale μ0 (see Table 1).

In the same way, using the Sachs form factors, 
the coefficients for the quark-diquark nucleon 
state (2) were obtained in Ref. [5]:

Besides, the normalized constants Ni were 
found to be
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Table  1
The fitted parameters for nucleon valence u and d quarks at the initial scale μ

0
 [5]

Parameter
Value

u d
0.280 ± 0.001 0.5850 ± 0,0003

0.1716 ± 0.0051 0.7000 ± 0.0002

0.84 ± 0.02

0.2284 ± 0.0035

δν 1.0 1.0
N o t a t i o n: ν = u, d – quarks, while    ,    ,    ,    , δν – parameters defined in Eq. (9).
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In this work we take CF = 4/3, β
0
 = 9 and 

ΛQCD = 0.226 GeV. 
The initial scale in most of the works on which 

ours is based is taken to be μ0 = 0.313 GeV since  
it is a value available for pion phenomenology.

Thus, the light-front diquark unpolarized 
PDFs at scale μ are given by [5]:

The parameters                    are now depen- 
dent on the scale μ such that the relation (11) 
holds, i. e. [5],

( )
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0 2
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where the quantities              and              are de-
fined as

for Π = A, B.
The              and              are the parameters  

given in Table 1. It should be noted that the pa-
rameter δμ tends to unity while μ → μ0.

In order to find the evolution parameters 
                        and δν it is useful to write the fla-
vor decomposed PDFs f u(x, μ) and f d(x, μ). It  
was well discussed in Ref. [8] that for the rela-
tion between quark flavors and diquark states 
should have a linear behavior with free coeffi-
cients to be determinate with experimental da-
ta. Indeed, in the same way the proton state (2) 
has to be consistent with the real world under 
the same coefficients CS, CV and CVV, which was 
how the flavored form factors were decomposed 
from the diquarks, and such parameters founded 
in Ref. [5]. 

So, the flavor decomposed PDFs are given as

Then, the flavored PDF f ν(x, μ) in the light-
front quark-diquark model can be written as

where

and
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for u and d quarks respectively.
In this work, we have followed the fashion of 

Ref. [5] and we have obtained the values of the 
evolution parameters by fitting the flavor PDFs 
(22) with data from NNPDF2.3 QCD + QED 
NNLO [11]. 

The fit was performed in gnuplot [31], an open 
source plotting tool using non-linear least-square 
theory, taking first a f ν depending on parameters 
           then getting the evolution parameters          
                and δν. 

The unpolarized PDF data was fitted for 100 
equal-spaced data points for different x ∈ (0, 1) 
and μ2 = 2, 4, 8, 16, 32, 64, 128, 256 GeV2. 

The fitted parameters for                          are 
shown in Table 2 while the fitted δν being shown 

( ) ( ) ( )2 22
0 1

1 2 ,
3 3

d d d
VVN C N N  = +    

(24)

( )i
ν∏ µ , ,i

ν
∏α

, ,,i i
ν ν
∏ ∏β γ

in Table 3.
In appendix A we show the different fits per-

formed for the scales mentioned above. 
With this data applied to the PDFs (14) and 

(15), we have drawn the functions x∙f(x) of the 
isoscalar-scalar diquark and isovector-vector 
diquark for energy scales μ2 = 10, 102, 103 and 
104 GeV2 shown in Fig. 1, a, b, c, d respectively. 
The smooth bands show the case of the scalar 
diquark, while the checkered bands are for the 
mentioned vector diquark. It is important to 
note that

from values reported in Ref. [5], so the behav-
ior of the f (S) (isoscalar-scalar) curve and the f (V) 
(isoscalar-vector) one is very similar.

Table  2
PDF evolution parameters with 95% confidence bounds

–0.196314 ± 0.002266 –0.197209 ± 0,010210 0.927163 ± 0.036270 0.09

6.48940 ± 0.04592 0.161127 ± 0.006494 –0.910813 ± 0.021850 0.17

–0.441651 ± 0,002674 –0.0389503 ± 0,0058020 0.306214 ± 0.019020 0.995

2.58149 ± 0.26410 –0.0548368 ± 0.0780600 –0.807298 ± 0,277900 1.54

–0.119059 ± 0.002517 –0.124819 ± 0.018800 0.952914 ± 0.060100 0.27

12.84810 ± 0.09134 0.0976609 ± 0.006134 –0.80035 ± 0.01510 0.53

–0.514816 ± 0.000724 –0.001555 ± 0.001244 0.171831 ± 0.003307 0.41

1.10727 ± 0.00703 0.0844447 ± 0.005591 –0.57190 ± 0.01486 0.03
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Table  3
PDF evolution parameters      and      for ν = u, d

δν(μ)
δu 0.035074 ± 0.03009 0.48314 ± 0.06732 10.50
δd 0.406762 ± 0.007024 0.46990 ± 0.01275 3.79

F o o t n o t e: in Tabs. 2 and 3 the data was used from NNPDF2.3 QCD+QED NNLO [11].
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Conclusions

The soft-wall light front AdS/QCD has al-
lowed us to construct parton distribution func-
tions (PDFs) for diquarks in agreement with the 
data obtained for quarks phenomenologically. We 
have particularly taken data from NNPDF2.3 
QCD+QED NNLO [11], but the model can be 
adapted to desired experimental data with u and 
d quark PDF information. 

Although the uncertainties for the values in 
           reported here should be still improved, an 
acceptable fit for the functions (14) and (15) is 
shown in our parameters in Tabs. 2 and 3 looking  
at  

In general terms, the behavior of diquark  
PDFs observed in Figs. 1 reveals a similarity to 
the quark PDFs. Such behavior goes in the sense 
that as the energy scale increases, a shift to x = 0  
of the peak of the functions is visible; as well as, 
while x approaches 1, xf tends to vanish expo- 
nentially. This fact can be compared with the re-

a)							       b)

c)							       d)

Fig. 1. Graphs of the x∙f(x) functions (diquark PDFs)
 at different scale energies μ2, (GeV)2: 10 (a), 102 (b), 103 (c), 104 (d).

The cases of the scalar ud
0
 (gray bands) and vector uu

1
 (black ones) diquarks are shown

sults in Ref. [5], where using the same model with 
NNPDF21(NNLO) [32] data were fitted the u 
and d quark PDFs.

The phenomenological diquark PDFs re-
ported here are intended to be tested within the 
framework of particle collisions.

Especially for us, it is expected to study the 
effect in the production of hadrons in collision 
simulations of the AdS/QCD quark-diquark nu-
cleon model taking into account participant di-
quarks in hard processes.
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Each                    was evaluated for 100 equal-
ly-spaced points for different x ∈ (0, 1). The fit-
ting of the parameters at μ2 = 2, 4, 8, 16, 32, 
64, 128 and 256 GeV2 are shown in Fig. 2 and 3. 
The data points are extracted from NNPDF2.3 
QCD + QED NNLO [11]. It should be noted  
that the                    values show that the un-
certainty ranges found with the fit are over- 
estimated, this is because for this first instance, 
uncertainties were not taken from the PDF data 
of Ref. [11]. An improvement in this fact is ex-
pected for future works.

Appendix 

Parameter fitting for PDF evolution
from NNPDF2.3 QCD+QED NNLO

The scale evolution of      and      is parame- 
terized by     ,      and      While δν is paramete- 
rized by      and     , f(x, μ) is given by Eq. (22) 
along with Eqs. (16) – (19). The f(x, μ) function  
depending on the parameters     ,      and δν are  
fitted at 8 different energy scales μ2 in Table 4  
for u quark, while the fitted parameters for d 
quark are given in Table 5. 

2 . .d o fχ
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να i
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Table  4
Fitting of the PDF f

1
(x) at various energy scales for the u quark

δu

2.0 –0.133482± 
±0.027630

9.88657± 
±0.57650

–0,398994± 
±0.008142

2.50897± 
±0.82540

1.16148± 
±0.04635 9.15238e –06

4.0 –0.206116± 
±0.014570

5.97471± 
±0.18860

–0.463197± 
±0.004770

1.64702± 
±0.29730

1.39743± 
±0.03360 2.73019e –06

8.0 –0.257193± 
±0.006954

4.63066± 
±0.06874

–0.508357± 
±0.002519

1.28388 ± 
±0.10670

1.60899± 
±0.02080 6.44055e –07

16.0 –0.294376± 
±0.002982

3.97296± 
±0.02359

–0.542694± 
±0.001198

1.01137± 
±0.03058

1.80059± 
±0.01118 1.22395e –07

32.0 –0.316551± 
±0.003503

3.63544± 
±0.02254

–0.567223± 
±0.001527

0.774017± 
±0.020070

1.94722± 
±0.01540 1.77367e – 07

64.0 –0.325091± 
±0.005228
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±0.02855

0.582866± 
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0.620872± 
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2.03299± 
±0.02475 4.29130e – 07

128.0 –0.325202± 
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3.36176± 
±0.03040

–0.592571± 
±0.002883

0.504157± 
±0.019470

2.07403± 
±0.03057 7.16693e – 06

256.0 –0.324260± 
±0.006969

3.28934± 
±0.04935

–0.600304± 
±0.003162

0.504157± 
±0.019470

2.10605± 
±0.03384 6.94007e – 06
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a)							       b)

Fig. 2. Plots of δu (a) and δd (b) parameters vs. energy scales  obtained by fitting  
the data of Table 3 through varying evolution parameters      and      or u (a) and d (b) quarks1

νδ 2
νδ
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Fig. 3. Plots of      (a),      (b),      (c),      (d),      (e),      (f) and      (h) parameters vs. energy scales 
obtained by fitting the data of Tabs. 4, 5 through using Eq. (19) and varying 
 evolution parameters                  and         for u (a – d) and d (e – h) quarks

2
uA 2

uB1
uA 1

uB 1
dA 1

dB 2
dA

, ,,i i
ν ν
∏ ∏α β ,i

ν
∏γ

a)							       b)

c)							       d)

e)							       f)

g)							       h)
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АНАЛИЗ ПОПРАВОК К ПОСТОЯННЫМ 
РАСПРОСТРАНЕНИЯ В ИЗОГНУТОМ МНОГОМОДОВОМ 
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Работа посвящена исследованию равномерно изогнутого слабонаправляющего оптического 
многомодового волокна с параболическим профилем показателя преломления. В рамках фор-
мализма малых возмущений записана формула для поправок второго порядка малости к по-
стоянным распространения мод равномерно возмущенного диэлектрического волновода. На 
этой основе получено простое аналитическое выражение для поправок к постоянным распро-
странения мод изогнутого параболического многомодового волокна. Показано, что поправки 
к квадратам постоянных распространения мод одинаковы для всех мод. При этом поправки к 
разности постоянных распространения мод в изогнутом волокне пропорциональны разности 
постоянных распространения мод прямолинейного волокна с коэффициентом, не зависящим 
от номеров мод. Результат особенно важен для анализа интерферометрических оптоволокон-
ных датчиков на основе изгиба чувствительного волокна.
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Introduction

The fiber in any extended fiber optic paths 
has some degree of bending. This is undesirable 
in some systems, for instance, leading to optical 
losses in communication devices. Conversely, the 
operating principles of other types of systems are 
actually based on bending, for example, in opti-
cal modulators [1], multiplexers [2], splitters [3]; 
bending can also be measured using fiber optic 
sensors. In particular, fiber optic sensors allow 
tracking the state of buildings, structures and me-
chanical assemblies [4 – 6], monitoring human 
health [7 – 9] by monitoring the bending of the 
fiber; such sensors are used to fabricate medical 
devices [10], equipment in robotics [11], and for 
other purposes. 

In view of the above, it is essential to develop 
an array of convenient analytical tools making it 
possible to calculate the effect of fiber bending on 
the parameters of light propagation in it. Recent 
studies have focused closely on analytical [12, 
13] and numerical [14, 15] calculations of opti-
cal losses in bent fibers. However, the change in 
phase progression or propagation constants (PC) 
of the waveguide modes of optical fiber under 
bending is an equally important factor. For ex-
ample, this change plays a decisive role in inter-
ferometric fiber optic sensors, where the interfer-
ence signal directly depends on the difference in 
propagation constants (PCD) of the interfering 
modes [16 – 26]. Even though this issue is crucial 
for fiber optic bending sensors, scarce attention 
has been given in the literature to calculation of 
the corrections to mode PC under fiber bending, 
in particular, for the most common fiber with 
a parabolic refractive index. The well-known 
studies calculating the changes in the phase pro-
gression or propagation constants of waveguide 
modes under fiber bending [27 – 33] have failed 
to yield simple expressions for the corrections to 
the PC and PCD of the modes in a parabolic fib-
er. A general expression was introduced in [34] 
for the changes in the mode PC for the case of 

uniform fiber perturbation, obtained from a sys-
tem of differential equations for coupled modes. 
However, this expression does not allow formu-
lating an explicit analytical expression for the 
case of a parabolic fiber, which would be conven-
ient for computational estimates. Appendix 1 of 
this study contains this expression and its brief 
analysis.

The goal of this paper consists in analyzing the 
propagation constants and their difference for the 
case of a weakly guiding multimode optical fib-
er with a parabolic refractive index profile, uni-
formly bent in a circle. 

In view of the goal set, we first derived a gen-
eral formula for calculating the corrections to the 
PC of the modes of a dielectric waveguide uni-
formly perturbed along the axis (the method of 
small perturbations was used); the case of a para-
bolic optical fiber was analyzed in detail based on 
this formula.

Calculation of corrections  
to the PC of the mth mode 

of a perturbed dielectric waveguide

To apply the method of small perturbations 
to solving the problem, we rely on the approach 
used in monograph [35] for obtaining a first-or-
der correction to the PC of the modes of a per-
turbed waveguide. We are going to establish below 
that the first-order correction vanishes in the case 
of uniform bending of the fiber. For this reason, 
we determined a correction for the second-order 
mode PC to account for the bending.

Based on this approach, let us formulate the 
statement of a specific problem. Suppose an un-
perturbed dielectric waveguide has a relative per-
mittivity profile

where n
0
 is the refractive index profile; r, φ are 

the coordinates in a cylindrical coordinate sys-
tem where the axis z coincides with the fiber axis. 

волокне // Научно-технические ведомости СПбГПУ. Физико-математические науки. 2021.  
Т. 14. № 2. С. 101–113. DOI: 10.18721/JPM.14209

Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://creative-
commons.org/licenses/by-nc/4.0/)

( ) ( )2
0 0, , ,r n rε ϕ = ϕ



103

Radiophysics

If perturbation that is uniform along the axis 
is introduced, the relative permittivity profile of 
the perturbed waveguide can be written in the 
form

Let the unperturbed modes have the form

where the transverse mode functions Em(r, φ) 
satisfy the unperturbed wave equation

Here we omitted the term                      which 
is justified for linearly polarized modes of optical 
fiber [36]. 

These modes are mutually orthogonal and 
satisfy the following orthogonality condition:

Consider the influence from the perturbation 
of relative permittivity Δε(r, φ), which is small 
compared with the magnitude of ε(r, φ). Let us 
assume that such a small perturbation only caus-
es small changes in mode functions and propaga-
tion constants. 

Let the mode functions change by              and  
the squares of the propagation constants by 
            In this case, the wave equation takes the 
form

If we neglect the second-order terms 
                  and                         and use relation 
(3), Eq. (5) can be written in a simpler form:

( ) ( ) ( )0, , , .r r rε ϕ = ε ϕ + ∆ε ϕ (1)

(2)
( ) ( ), exp ,

0,1, 2, ,
m m mr i t z

m
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=

E E



( ) ( )2 2 2
0 0 , , .t m m mk r r ∇ + ε ⋅ ϕ = β ϕ  E E (3)

( ) ,m′∇ ∇ ⋅E

.m l m mldS N∗ ⋅ = δ∫E E (4)

( )1 ,mδE

( )12 .mδβ

( )( )
( )( ) ( )( )

12 2 2
0 0 0

1 12 2 .

t m m

m m m m

k k ∇ + ε + ∆ε ⋅ + δ = 

= β + δβ ⋅ + δ

E E

E E (5)

( )1
m∆ε ⋅δE ( ) ( )1 12

m mδβ ⋅δE

( )

( ) ( )

12 2 2
0 0 0

1 12 2 .

t m m

m m m m

k k ∇ + ε ⋅δ + ∆ε ⋅ = 

= β ⋅δ + δβ ⋅

E E

E E (6)

To solve this equation, we expand            in 
terms of the unperturbed mode functions:

where aml are constant coefficients. 
Substituting expression (7) for              into 

Eq. (6) and using (3), we obtain the following re-
lation:

If relation (8) is scalarly multiplied by the 
complex conjugate quantity        and this product 
is integrated over the entire transverse plane, then 
the expression on the left-hand side will be equal 
to zero by virtue of orthogonality relation (4). 
Thus, we have the following expression:

Since            is a constant, it follows from ex-
pression (9) that

This expression gives the first-order correc-
tion to the square of the propagation constant 
       Since the correction to the PC square is 
small, we can write the actual correction to the 
PC [35]:

As a result, we obtain the following expression:

To calculate the coefficients aml aml(m ≠ l),  
we scalarly multiply the left and right-hand sides 
of Eq. (8) by        (m ≠ l) and integrate over the 
entire transverse plane. Then the following ex-
pression can be written:

( )1
mδE

( )1 ,m ml laδ =∑E E (7)
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Thus, we obtained (with an accuracy up to 
notations) expressions for the first-order correc-
tion to the PС and coefficients aml(m ≠ l), simi-
lar to those given in monograph [35], except for 
the normalization parameter Nm introduced.

Similarly, we derive the second-order correc-
tions to the mode PC. For this purpose, we con-
sider the wave equation in the form

where                        are the second-order correc-
tions to the mode function and the PC square, 
respectively. 

If we use relation (3) and further assumptions, 
such as neglecting the third and fourth-order 
terms and taking (6) as an initial approximation, 
Eq. (13) can be reduced to the following form:

To solve this equation, we expand            in 
terms of the unperturbed mode functions:

where bml are constant coefficients. 
Substituting expressions (7) for              and 

(15) for              into Eq. (14), and using (3), we 
obtain the following relation:
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If this ratio is scalarly multiplied by        and  
integrated over the entire transverse plane, then 
the first term on the left-hand side and all terms of 
the sum, except for the term with l = m, are equal 
to zero by virtue of orthogonality relation (4). 

If we also use expression (10), then we can 
write the following ratio:

Then, keeping in mind that the first term on 
the right-hand side of this expression is mutual-
ly canceled out with the summation term l = m 
in its left-hand side, and using expression (12), 
the second-order correction to the PC square of 
the mth mode can be written in the following form 
in the case when the waveguide is perturbed uni-
formly along the axis:

or

Given that              is the correction to the PC 
square, and the actual correction to the PC is

we obtain the following expression:

Expressions (19) and (20) are the desired ex-
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pressions for the second-order correction to the 
PC of the optical fiber mode. 

Notably, expressions (19) and (20) hold true 
for any dielectric waveguides where the term 
                  can be neglected in formulating the 
wave equation.

Appendix 2 of this paper compares Eq. (20) 
with the formula obtained by the approach used 
in [34].

Case of uniform bending of optical fiber 
with a parabolic refractive index profile

Expressions (11) and (20) describe the gen-
eral form of corrections to the mode PC under 
perturbation of the dielectric waveguide. Let us 
consider their specific form for the case of a uni-
formly bent parabolic fiber. 

The relative permittivity profile of parabolic 
optical fiber is described by the following expres-
sion:

where a is the radius of the core; n
1
 is the max-

imum value of the refractive index in the cross 
section; Δ is the relative difference of refractive 
indices,

(n
2
 is the refractive index in the cladding region).
The eigenmodes are described as linearly po-

larized LPlp-modes within the model of weakly 
guiding fiber with an unlimited parabolic profile 
[37]. The scalar component of the mode has the 
form

where Elp(r, φ) are the scalar transverse mode 
functions, l is the azimuthal order of the mode, 
and the index p is the radial order of the mode. 

Transverse mode functions are given by the 
following expressions:
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( ) ( ), exp ,lp lp lpE E r j t z ′ = ϕ ω −β  (22)

Here        are the generalized Laguerre poly-
nomials of order l and degree q (q = p – 1); they 
have the form

The parameter w gives the boundaries where 
the field exists in the radial direction and is de-
fined by the following expression:

The propagation constant βlp of the LPlp-
mode, taking into account expression (26) and 
the data from monograph [37], is found by the 
expression

To calculate the corrections to the PC of the 
LPlp-mode, we use the normalized mode func-
tions:

In this case, the normalization parameter 
Nlp introduced in condition (4) is equal to unity. 
Then relations (10), (11), (19), and (20) can be 
rewritten in the following form:
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The following common approach can be ap-
plied to analyze the bending of a fiber with the 
radius R (see Figure) [37]: instead of a fiber uni-
formly bent around the circumference of the fib-
er, we introduce an equivalent straight fiber with 
a relative dielectric permittivity profile ε(r, φ) of 
the form (1). In this case, ε0(r, φ) is the relative 
permittivity profile of an unbent straight fiber, 
and the perturbation Δε(r, φ) is described by the 
expression

In this case, the distributions of the trans-
verse fields coincide for the bent and equivalent 
straight fibers [37].

( )

( )
( )

4
22 0

2 2

2
,

lp
lp lp

lpN N

k

E E dS

≠ηµ ηµ

ηµ

δβ = ×
β −β

× ⋅∆ε ⋅

∑

∫
(31)

( )

( )
( )

4
2 0

2 2

2

2

.

lp
lp lp lp

lpN N

k

E E dS

≠ηµ ηµ

ηµ

δβ = ×
β β −β

× ⋅∆ε ⋅

∑

∫
(32)

2
12 cos .n r

R
ϕ

∆ε = (33)

a) b)

c) d)

Schematic diagrams for bending analysis for fiber with the radius R: a, b are the bent  
and equivalent straight fiber; c, d are the profiles of relative permittivity for fibers a and b, respectively

Within the framework of the model for the 
equivalent straight fiber, the first-order correc-
tion to the PC of the LPlp-mode for bent fiber can 
be obtained by substituting expression (33) into 
expression (30). However, it is easy to prove that 
it is equal to zero due to the antisymmetric nature 
of the perturbation. Therefore, it is insufficient to 
confine the consideration with only the first cor-
rection in the bending case. 

Substituting expression (33) into expression 
(31), we obtain a second-order correction to the 
PC square of the LPlp-mode:

here we have introduced the following notation 
for the integral characterizing the relationship 
between the LPlp-mode and the LPημ-mode:

This integral can be calculated explicitly for 
all combinations of LPlp-modes [37]. The follow-
ing integrals (35) are nonzero in this case: 

1.  Integral characterizing the relationship of 
the LPlp-mode with the LPl+1,p-mode, i.e.,
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2.  Integral characterizing the relationship of 
the LPlp-mode with the LPl–1,p+1-mode, i.e.,

3.  Integral characterizing the relationship of 
the LPlp-mode with the LPl–1,p-mode, i.e.,

4.  Integral characterizing the relationship of 
the LPlp-mode with the LPl+1,p–1-mode, i.e.,

at the same time, σl = 1 if l = 0, and σl = 2 if l ≠ 0. 
The remaining modes turned out to be unre-

lated to the LPlp-mode. We should note that all 
coupled modes differ by unity in their composite 
mode number m = 2p + l – 1.

Thus, the absolute value of the difference be-
tween the PC squares of the coupled modes does 
not depend on the values of l and p and follows 
the expression

Therefore, the factor in front of the integral in 
expression (34) can be simplified and taken out-
side the sum sign (accounting for the plus or mi-
nus signs). Then expression (34) can be rewritten 
as follows:

By enumerating all possible combinations of 
the indices l and p, it is easy to prove that the 
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expression in brackets in relation (41) is equal 
to w2/4 regardless of the values of the indices 
and the orientation of the mode function LPlp 
(cos(lφ) or sin(lφ)). 

Thus, the desired increment of the propaga-
tion constant square of the LPlp-mode in a par-
abolic optical fiber takes on a relatively simple 
form:

and, importantly, does not depend on the mode 
number. 

The actual increment of the PC δβlp = 
=                   is written as

Now we can proceed to calculating the differ-
ence

that is the difference in the mode propagation 
constants under fiber bending, which is impor-
tant for calculations of interferometric sensors:

where                            are the mode PCD of bent 
and straight fibers, respectively. 

The resulting expression can be simplified 
taking into account that                            

Thus, the change in mode PCD in a bent par-
abolic optical fiber is proportional to the mode 
PCD in a straight fiber              with the pro-
portionality coefficient a2/(4Δ) independent of 
mode numbers. It is important for assessing the 
efficiency of fiber optic sensors that detect bend-
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ing to obtain an estimate of the sensitivity of the 
change in mode PCD to the inverse square of the 
bending radius, which, according to expression 
(45), has the form

It should be borne in mind that both the the-
oretical formulas (22) – (27) for the mode func-
tions and the mode PC of a parabolic fiber, and 
the formulas (42) – (46) that we derived for the 
corrections to the PC and PCD of the mode were 
obtained in the approximation of an unlimited 
parabolic profile of the fiber's refractive index. 
For this reason, strictly speaking, they cannot be 
used to describe the behavior of modes close to 
cutoff, whose field appears to largely extend be-
yond the fiber core. 

The elasto-optical effect should be taken in-
to account in the formulation of expression (33) 
for the perturbed profile of relative permittivity 
to use the expressions obtained for analysis of 
real fibers. The following approach can be used 
for approximate account of this effect: the real 
curvature radius of the bend is replaced with an 
effective one, for example, Reff = 1.27 R for glass 
fiber [30]. 

Conclusion

To analyze the influence of bending of a par-
abolic multimode fiber on the propagation con-
stants of the modes and their differences, we have 
obtained analytical expressions for second-order 
corrections using the method of small perturba-
tions. We have established that the increments to 
the squares of mode propagation constants are 
the same for all modes. Furthermore, we have 
confirmed that the change in the difference be-
tween the mode propagation constants in a bent 
fiber is proportional to the difference in the mode 
propagation constants in a straight fiber with a 
proportionality factor that does not depend on 
the mode numbers. In this case, the magnitude 
of the changes depends on the ratio between the 
radius of the fiber core and the relative difference 
between the refractive indices of the core and the 
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1 4

b
lp s
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cladding. The result obtained has major impor-
tance for developing interferometric fiber optic 
sensors with fiber bending detection, as well as 
in analysis of phase effects in fiber optic systems 
with multimode fibers. The generalized expres-
sion derived for the second-order correction (20) 
to the mode propagation constant presents inter-
est not only for analysis of optical fibers but also 
arbitrary dielectric waveguides with uniform per-
turbation.

Appendix 1 

Known estimate of the correction to the PC  
of the mth mode of optical fiber with  

a parabolic profile under uniform perturbation

The influence of fiber bending on the PC 
of fiber modes is analyzed in [34] but since the 
first-order correction vanishes in the perturba-
tion method, the authors suggested using, in-
stead of the perturbation method, a more specific 
approach to analyzing the system of differential 
equations of coupled modes.

As a result, the following estimate for the PC 
increment was obtained in [34]:

where δβm is the correction to the PC of an mth 
mode due to fiber perturbation leading to mode 
coupling; βm is the PC of an mth mode without 
perturbation; κmn is the coupling coefficient be-
tween the mth and nth mode. 

The expression for the coupling coefficients 
can be found, for example, in [36, 37]:

where k
0
 is the wavenumber; Δε(r, φ) is the per-

turbation of the profile of the relative permit-
tivity of the fiber, in particular, under bending; 
EmN(r, φ) is the normalized mode function; r, φ 
are the coordinates in a cylindrical coordinate 
system where the z axis coincides with the fiber 
axis. In this case, the mode functions satisfy the 
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normalization condition:

If we substitute the expression (A2) to (A1), 
we can obtain an estimate for the increment of 
the mode PC:

In the case of an optical parabolic fiber in 
the formalism LPlp, the mode PC can be found 
using expression (27). The integrals in estimate 
(A4) for the given fiber are also known (see Eqs. 
(35) – (39)). However, the expression obtained 
based on (A4) still remains cumbersome, com-
plicating analysis of the physical meaning.

Appendix 2

Comparison of expressions for the PC 
increment under fiber bending

Let us compare expression (20) that we ob-
tained to expression (A4). Notice that estimate 
(20) differs from estimate (A4) in the denomi-
nator of the factor in front of the integral. The 
denominator in expression (20) can be written in 
the following form:

2 1.mNE rdrdϕ =∫ ∫ (A3)
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( ) ( )( )2 22 2 .m m l m m l m lβ β −β = β β +β β −β

For a weakly guiding optical fiber, when the 
relative difference in refractive indices tends to 
zero, βm ≈ βl, therefore the following relation 
holds true:

and the formulas converge asymptotically. 
However, Eq. (20) seems to be more appropri-

ate for use for three reasons: 
firstly, it was obtained by method of small per-

turbations generally accepted for such analysis, 
yielding simple and understandable approxima-
tions; on the contrary, a number of approxima-
tions made in [34] do not allow clearly assessing 
the order of smallness of the correction to the PC 
and the conditions for the applicability of the ob-
tained estimate; 

secondly, we obtained a simple and convenient 
expression for the PC increments under bending 
of a parabolic fiber from Eq. (20), while expres-
sion (A4) is a complex sum where the PC has to 
be written out for all modes associated with the 
calculated one; 

thirdly, the expression that we obtained al-
lowed drawing important physical conclusions 
about the increment of the mode PC under bend-
ing (they are discussed in Conclusion), while it is 
difficult to draw such conclusions based on ex-
pression (A4).
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Для случая замкнутой Вселенной предложена модификация квантовой теории гравитации, 
в которой динамика сводится к движению по орбите групп общей ковариантности. Чтобы 
связать с наблюдениями параметры этого движения, а именно собственное время и простран-
ственные сдвиги, в качестве дополнительных условий в квантовую теорию вводятся классиче-
ские уравнения движения указанных параметров. Эти уравнения отражают дифференциаль-
ные законы сохранения дополнительных динамических переменных, которые в представлении 
Арновитта, Дезера и Мизнера (АДМ) образуют пространственную плотность распределения и 
движения собственной массы Вселенной. Определены средние значения параметров собствен-
ного времени и пространственных сдвигов в истории эволюции Вселенной. Инвариантное 
определение собственной массы (спектра масс) сформулировано в операторном каноническом 
представлении теории гравитации, которое также вводится вместо представления АДМ.
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оператор, спинор Дирака

Theoretical physics



115

Theoretical physics

Introduction

For a closed universecase, the following 
Wheeler – DeWitt equation (a system of wave 
equations) is the heart of quantum gravity: 

According to this equation, the wave func-
tion of the universe Ψ does not depend from any 
external parameter of time. Albeit adopting this 
concept, we, nonetheless, assume that time is re-
quired for interpretation and description of the 
observation results, and thus it should be intro-
duced in the quantum cosmology as well. This 
calls for a modification of the canonical proce-
dure for quantizing the theory.

This paper proposes a variant of such a modi-
fication in case of a closed universe, which allows 
introducing the time parameter (parameters). 
The modification is simultaneously a variant of 
the quasiclassical approximation and presents no 
changes into the dynamical content of the theory 
at the classical level.

As a model for our constructions, let us con-
sider the mechanics of a relativistic particle. In 
relativistic mechanics, mass particle Hamilto-
nian m is proportional to the Hamiltonian con-
straint, i.e.

which expresses the known condition imposed 
on a particle’s four-momentum. 

We use a simplified notation for a four-vector 
square p2 = pμpμ. Let us base our constructions 
on the formal symmetry of relativistic mechanics: 
the reparametrization-invariance of action which 
has geometrical meaning of a particle’s world line 
in Minkowski space. The arbitrary function N of 
the parameter τ on the world line provides this 
invariance. This symmetry is the simplest analog 
of the general covariance principle in Einstein’s 

theory of gravity.
The most universal tool of quantizing covariant 

theories is Batalin – Fradkin – Vilkovisky formal-
ism (BFV-formalism) which prescribes the way 
to constructing Becchi – Rouet – Stora – Tyutin 
propagator (BRST-propagator) [1, 2]. In the sim-
plest case of a relativistic particle, this formalism 
gives a simple result as well: functional-integral 
representation of the Green’s function for the 
Klein – Gordon equation [3], which contains an 
additional integral over particles proper time with-
in [0, ∞). This representation was first proposed by 
V.A. Fock [4] and J. Schwinger [5]. The problem 
of interpretation of this covariant quantum theo-
ry consists in the fact that proper time here is not 
a parameter of the evolution, while the Green’s 
function itself has no dynamical meaning. We ob-
tain the same result for homogenous models of the 
universe in the quantum theory.

For the proper time in the quantum theory to 
obtain the meaning of an evolution parameter, 
we need additional constructions allowing proper 
time integration in the propagator. The authors 
of Ref. [6] propose a modification of the origi-
nal theory for the homogenous anisotropic model 
of the universe which allows removing the prop-
er time integral without changing its dynamical 
content at the classical level.

Let us conditionally divide the modification 
into two stages. At the first one, the proper time 
is introduced into the initial action of the clas-
sical theory as a new dynamical variable using a 
relation

At the second stage, we add Euler – Lagrange 
(EL) to the initial action for the new dynamical 
variable as an additional condition. It is equiv-
alent to adding to the initial action its variation 
generated by an infinitesimal shift of the proper 
time:

Ссылка при цитировании: Горобей Н.Н., Лукьяненко А.С., Гольцев А.В. О собственном вре-
мени и массе Вселенной // Научно-технические ведомости СПбГПУ. Физико-математические 
науки. 2021. Т. 14. № 2. С. 114–124. DOI: 10.18721/JPM.14210

Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://creative-
commons.org/licenses/by-nc/4.0/)

ˆ 0.H µΨ = (1)

2 2 2, ,h NH H p m c= ≡ − (2)

.N s=  (3)
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In the simplest homogenous model of the uni-
verse [6], this EL equation is reduced to the law 
of conservation of Hamiltonian constraint which 
in the original theory was a consequence of equa-
tions of physical dynamical variables motion. 
Such a modification obviously does not change 
dynamical content at the classical level, but in 
this case, it already leads to some additions.

Consider the consequences of the theory un-
der consideration on the example of relativistic 
mechanics. As an initial system, let us take a 
massless particle (m = 0 in relation (2)) with La-
grangian

After two stages of modification move on to 
the Lagrange function:

where the infinitesimal shift of the proper time 
ε should also be considered as an independent 
dynamical variable. 

Pass on to the canonical form of the modified 
theory. Its Hamiltonian equals zero as Lagrangi-
an (6) is a homogenous function of velocities of 
the first order, while the constraint equation takes 
the form

where

is a canonical momentum conjugated to ε. 
Another canonical equation of motion is the 

conservation law for the additional dynamical 
variable              Bearing in mind Eq. (7), this 
means the conservation law of the initial theory 
constraint. However, the particle’s mass can be 
not equal to zero now, if we set

.sδ = −ε (4)

21 .
2

xL
N

=


(5)

21ˆ 1 ,
2

xL
s s

ε = + 
 



 

(6)

22 ,sp P P pε ε= − (7)

(8)
2

2

1
2

xP
sε =




0.P =

Thus, the proposed modification leads to ap-
pearance of the additional parameter Pε in the 
theory, which in this case serves as the constant 
of motion. This could also be understood as an 
expansion of the admissible initial values of the 
particle’s velocity due to its “gained” mass. Note 
that the initial constraint (2) is an invariant of the 
Lorentz transformations acting in Minkowski 
space and phase space of the relativistic particle. 
The proper mass obtained in this construction is 
an invariant as well.

There is another significant result of the 
modification: a square root of the 4-momentum 
square pμ in Eq. (7). In the quantum theory, it is 
a source of an additional conditional in the form 
of δ, a function in the functional integral which 
defines the proper time on the world line of the 
particle as integral Eq. (8):

This exact equation allows eliminating proper 
time integration in the propagator for the relativ-
istic particle. A generalization of this modifica-
tion of the covariant quantum theory for a case of 
a system with two Hamiltonian constraints and 
two proper time parameters is considered in pa-
per [7].

In this paper, the authors proposed a modi-
fication of the gravity theory in the general case 
of an inhomogeneous universe. It is based on 
the representation of the action obtained by Ar-
novitt, Deser and Misner (ADM) [8, 9] using a  
(3 + 1)-split of 4D-metric. A part of elements 
of this metric (N, Ni), which are called succes-
sor and shift functions, play a role of Lagrange 
multipliers in the canonical representation of 
the ADM action. The modification of the the-
ory in this representation leads to occurrence 
of additional dynamical variables, which form 
scalar and vector densities with respect to trans-
formations of space coordinates. Similar to the 
relativistic particle, they can be called density 
and flux density distribution of the proper mass 

2 22 .P m cε = (9)

.
2

dx dx
s

P

µ
µ

ε

= ∫ (10)
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of the universe. Assumption of non-zero values 
of these variables in the ADM representation 
means a breach of homogeneity and isotropy 
of the space. Generalization of the theory be 
means of introducing invariant non-zero values 
of the additional dynamical variables is possible 
in the operator representation of gravitational 
constraints [10], which is also considered in this 
paper.

In the operator representation, additional var-
iables are invariants of 3D-diffeomorphisms and 
form a spectrum of proper mode masses of the 
universe.

Proper time and mass of the universe
in the ADM representation

The action of the gravity theory in ADM rep-
resentation obtained by means of (3 + 1)-split of 
4D-metric has the form of [9]:

where

is the tensor of the hypersurface extrinsic curva-
ture of the constant time ∑.

To simplify, we exclude the action of matter 
fields from action (11). The addition of the mat-
ter does not change the main conclusions of the 
article. Here, N, Ni are successor and shift func-
tions which are the elements of the 4D-metric. 
Time derivatives of these functions are absent 
in the ADM action, so they play the role of La-
grange multipliers in the canonical representa-
tion of the action.

EL equations for N, Ni are essentially classic 
constraint equations expressed via time deriva-
tives from 3D-metric:

( )

3
ADM

22Tr Tr ,

I Ndt gd x

R K K

∑
= ×

 × + − 

∫ ∫
(11)

[ ]1
2ik i k k i ikK N N g

N
= ∇ +∇ −  (12)

( )

ADM

2 2Tr Tr 0,

I H
N

g R K K

δ
= =

δ
 = + − = 

(13)

The Hamiltonian in the case of the closed 
universe has the form of a linear combination

where Πμ are ADM constraints expressed via ca-
nonical momenta

conjugated to 3D-metric elements. 
Momentum quadratic Hamiltonian con-

straints are canonical generators of shifts normal 
to the space cross-section ∑, while the linear 
momentum constraints serve as canonical gener-
ators of 3D-space diffeomorphisms.

Here, we have no need for explicit form of 
these constraints in the ADM representation. 
Although, let us note that they form scalar and 
vector densities with respect to transformations 
of space coordinates on ∑. Further, we follow 
general notations [11] sufficient for any covariant 
theories. Summation over repeated indices im-
plies integration if the range of the possible index 
values forms continuum.

In the gravity theory, the variation range of the 
Latin index is as follows:

In these general notations, the infinitesimal 
shifts of the proper (multipoint) time are united 
with the infinitesimal space shifts on the hypersur-
face by means of a united symbol εα, so that the 
infinitesimal variations of the canonical variables 
generated by these shifts are written in the form

The constraints form closed algebra with respect 
to Poisson brackets, i.e.

( )

ADM

2 0.

i

i

ik ik
k

I H
N

g g K K

δ
= =

δ

 = − ∇ − = 

(14)

3
ADM ,h d xN µ

µ= Π∫ (15)

( ) ,ik ik ikg g K Kπ = − (16)

( ), ; 0; , .x i xα = µ µ = ∈∑

{ }
{ }

, ,

, .
b b

b b

q q

p p
α α

α α

δ = ε ϕ

δ = ε ϕ
(17)
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and we will not need its structural functions in 
the explicit form here as well.

Transformations (17) in this case act as sym-
metry transformations of the theory only in so 
far as the action written in the canonical form

is an invariant of the transformations with an 
additional Lagrange multipliers transformation:

Take Eq. (20) as the basis of our further con-
structs. Let us consider them as functional dif-
ferential equations in the form

with respect to λα, and here, we assume them to 
be functionals of the proper time sα parameters. 

Solution to these equations at additional ini-
tial conditions λα[0] = 0 has the following form:

It can be obtained using iterations in the 
form of functional Taylor series, in which with 
the accuracy of up to second order of smallness 
with respect to sα

We will also need a variation of Lagrange 
multipliers (22) at the infinitesimal shift of the 
proper time εα parameters:

{ }, ,b abd dCαϕ ϕ = ϕ (18)

( )

[ ]

, ,i i

i i

I dtL q q

dt p q

α

α α

= λ =

= −λ ϕ

∫
∫





(19)

.bd b dCα α αδλ = ε − λ ε (20)

( )
( )

( ) ( )( )

b

b db b

t
s t

d t t C t t t
dt

α

α α

δλ
=

′δ

′ ′= δ δ − − λ −
(21)

.b bsα αλ = Λ (22)

1.
2!

1 ... .
3!

b b bd d

b d bdb d d

C s

C C s s

α α α

′ ′ ′ ′α

Λ = δ − +

′+ −
(23)

.b
b b b d

d

s
s

α
α α

∂Λ
δλ = ε Λ + ε

∂
  (24)

Eqs. (22) and (24) are a generalization of 
Eqs. (3) and (4) for the general case of an in-
homogeneous universe. Using an analogy with 
relativistic mechanics, let us write Lagrange 
function of the modified gravity theory at once 
in the general case:

The peculiarities connected with the time 
problem and possible solutions to it in the mod-
ified theory reveal themselves after a transition 
to the canonical form of the action (25). Mod-
ified Lagrange function (25) is a homogenous 
first order function of all generalized velocities. 
For this reason, the Hamiltonian of the modi-
fied theory equals zero.

Taking this into account, we deviate here 
from the standard formalism of covariant dy-
namics quantization in terms of the external 
time parameter [1, 2]. Such a description re-
mains possible in the island universe model, the 
energy of which is equal to zero, and the time is 
measured in hours at infinity [12]. Instead, in 
a closed universe, we can talk about symmetry 
transformations or motion of general covariance 
groups in the orbit generated by constraints, 
while the parameters of this motion form the 
proper (multipoint) time sα.

In the modified theory, this intrinsic dynam-
ics consists in the equations that determine the 
canonical momenta conjugated to the proper 
time:

These equations will play a role of constraints 
in the modified theory after the transition to its 
canonical form. For this purpose, we should ex-
clude all velocities from the right-hand side of 
Eq. (26) by expressing them through the corre-

( ) ( )( )
( )( ) ( )

, , , , , , , ,

, , ,
, , , .d

d

L q q s s L q q s s

L q q s s
s s

ε ε = λ +

∂ λ
+ δλ ε ε

∂λ



   

 


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.s
Lp h
sα α
α

∂
= = −
∂






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sponding canonical momenta.
In the quantum theory, the constraints of Eq. 

(26) transform into a system of self-consistent 
wave equations of Schrödinger equation type

for the universe wave function Ψ. 
The general covariance principle demands 

excluding the dependence of the universe wave 
function on the additional dynamical variables sα. 

Obtain the invariant propagator by addition-
al integration of solution to system (27) along 
the whole orbit of the general covariance groups 
with a simple measure:

We will not develop the modified quantum 
theory here, but focus on those aspects of the 
canonical form of the classical theory, which 
lead to eliminating the integrals in propagator 
(28). One of such aspects is excluding the infin-
itesimal shift velocities of the proper time        as 
a result of which there are square roots in Eq. 
(26) which are similar to those contained in 
constraints Eq. (7). To exclude them, there are 
equations determining the corresponding ca-
nonical conjugated momenta in the form

which we will further require in explicit form.
Eqs. (29) allow obtaining a generalization of 

simplest Eq. (10) for the proper time of the rela-
tivistic particle in a form of a system of equations 
for the proper (multipoint) time of the universe. 

Let us write off this system in explicit form 
keeping in mind our agreement on the con-
densed Latin index:

ˆi h
sα

∂Ψ
= Ψ

∂


 (27)

( ),... .K ds sα α
α

= Ψ∏∫ (28)

,αε

( )( ), , ,

,

ad
d

ad d

L q q s s
P

αε

∂ λ
= Λ =

∂λ
= Λ ϕ

 

(29)

( ) ( ) ( )( )
( ) ( )
( )

22 2

1
0

Tr Tr

,

N x K x K x

P x R x

N x
α

−
ε α

 −
  =
Λ +

=
(30)

Here, successor and shift functions are deter-
mined by Eqs. (22). Both sides of Eqs. (30) and 
(31) are homogenous functions of the first and 
zero degrees of velocities, respectively. The inte-
grals of these equations define the proper time of 
the universe as a trajectory function in its config-
uration space. This time also acts as a functional 
of the additional dynamical variables Pεα, there-
fore, Eqs. (30), (31) should be solved together 
with their motion equations. They are obtained as 
EL equations for infinitesimal shifts of the proper 
time in the modified time and have the form

According to expressions (29), the additional 
dynamical variables Pεα, as well as the constraints 
in the ADM representation, form spatial densi-
ties. Permission of their non zero values violates 
the covariance of the modified theory with re-
spect to 3D-diffeomorphisms. There is no breach 
of the covariance, if we assume the additional 
dynamical variables to be identically equal to 
zero. Moreover, the result of the modification in 
the form of the system of Eqs. (30), (31) defin-
ing the proper time of the universe in the ADM 
representation is maintained. The invariant defi-
nition of the proper time and mass of the uni-
verse can be achieved by using 3D-invariant rep-
resentation of the gravitational constraints.

Operator representation
of gravitational constraints

The 3D-invariant representation of the grav-
itational constraints is based on the operator 
equality

which is equivalent to a complete set of gravi-
tational constraints in the ADM-representation 
[9]. Here, D is the Dirac 3D-operator, while Δ 
is Laplace – Beltrami 3D-operator in Dirac 

( ) ( )

( ) ( ) ( ) ( )( )

1

2 .

i

ik ik
k

g x P x

g x g x K x K x
α

−
ε αΛ =

 = − ∇ − 

(31)

1 0.bd
q qd b

d P P s
dt sα

−
ε

α

∂Λ
+ Λ =

∂
 (32)

2 1 0,
2

H D= + ∆ = (33)
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bispinor space at the compact space cross-sec-
tion ∑ with the given scalar product

Both operators Δ and D are Hermitian with 
respect to product (34), their coefficients are the 
essence of the function of canonical variables of 
the gravitational field (gik, π

ik).
To introduce a new canonical representation, 

let us consider the fact the proper functions of 
the Hermitian operator H form a complete set 
in Dirac bispinor space, while the necessary and 
sufficient conditions of its equality to zero is the 
equality to zero of all of its proper values defined 
by a secular equation.

In its turn, this means that the proper values 
of H form closed algebra with respect to Poisson 
brackets with the previous canonical variables:

Operator Eq. (33) allows us to transform the 
Hamiltonian of the gravity theory from the ini-
tial representation in the form of integral (15) 
of the ADM local constraints distribution at the 
space cross-section ∑ into a linear combination 
of mode Hamiltonians:

Here, modes are understood as proper states 
of the operator H.

Secular Eq. (35) can be represented in a ma-
trix form based on spectral decomposition for 
each Hermitian and elliptical operator in equal-
ity (33). 

Write the secular equation for the Dirac oper-
ator square:

Assuming the set of proper functions ψn is  
orthonormal, we will seek a solution to Eq. (35) 
in a form of decomposition

( ) 3
1 2 1 2, .gd x +ψ ψ = ψ ψ∫ (34)

.H hα α αψ = ψ (35)

{ }, .h h C hα β αβγ γ=  (36)

( ), .Hh h gα α= λ π (37)

2 2 .n n nD dψ = ψ (38)

for the coefficients of which we obtain a system 
of equations

Now, let us write the secular equation for the 
Hermitian matrix Δmn in the form:

and look for a solution to system (40) as a decom-
position

Assuming again the set of vector-sequences  
      orthonormal with respect to a common Her-
mitian scalar product in the space of sequences, 
for the coefficients of this decomposition and the 
proper values of operator H of interest, we obtain:

In this form, the system of equations defining 
mode Hamiltonians of the universe hα, can be 
useful, in particular, to formulate finite-dimen-
sional approximations. Thus, for a homogenous 
universe, obviously, we have the sole mode with 
Hamiltonian

which coincides with the Hamiltonian of the ho-
mogenous anisotropic universe considered in pa-
per [6].

Mode Hamiltonians of hα are invariants of 
3D-transformations of the coordinates in the 
space cross-section. Consequently, all variables 
appearing in the constructs of the previous chap-
ter are also invariants. Mode parameters of the 
proper time and the proper mass spectrum are 
invariant as well from direct analogy of relativistic 
mechanics. This allows us to consider the evolu-
tion of the universe in the modified quantum the-

,n n
n

cα αψ = ψ∑ (39)
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mn n m m mn
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m n
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f f∆ = δ∑ (41)

.p
n p n

p
c a fα α=∑ (42)

p
nf

( )2 .p p
m m m p p p

m
d f f a h a′+

′ ′α α α= + δ∑ (43)
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1 1,h d= −δ (44)



121

Theoretical physics

ory without violating the general covariance prin-
ciple even at non-zero values of the proper mass. 
For the wave function of the universe origin, we 
postulate the conditional principle of minimum 
space energy defined by the functional

Equal-zero Hamiltonian of the universe (37) 
here serves as an additional condition, while the 
wave function Ψ

0
 and Lagrange multipliers λn are 

the variational parameters. To calculate this ener-
gy defined by the elliptical operator        we take 
its minimal proper value. Further, we solve the 
system of wave equations (27) (written now in the 
operator representation). The propagator (28) 
obtained in this fashion has additional depend-
ence on the spectrum of invariant mode mass. 
This, in turn, allows us to define observable mode 
parameters of the proper time as average values of 
the corresponding observables:

These parameters of time or the correspond-
ing spatial scale, obviously, can be associated with 
the hierarchy of the spatial structures emerging in 
the process of the universe evolution. After calcu-
lating mean values (46), in the frame of the orig-
inal theory, the mode mass should be set equal to 
zero. However, the general covariance principle 
now does not exclude the non-zero values of 
these parameters as well. The presence of absence 
of the proper mass of the universe is a question 
of observations and their interpretation we leave 
open here.

The new canonical representation of the grav-
ity theory allows us to modify original Wheeler 
– DeWitt form (1) as well. The system of local 
(for each point of the space) wave equations su-
perimposed on the physical state of the universe 
should now be replaced by non-local mode con-
ditions. In case of strict adherence to the conven-
tional formulation of the quantum constraints, 
the operator representation leads to the following 

2
0 1 0

0 0

.
d

W
Ψ Ψ

=
Ψ Ψ

(45)

2
1 ,d

system of wave equations for the physical state of 
the universe Ψ:

Nonetheless, direct form of operator rep-
resentation (33) as a self-consistent definition 
of the modes themselves with the wave equation 
for the universe wave function in the frame of the 
functional differential equation seems more nat-
ural:

In this formulation of the quantum cosmolo-
gy, the solutions should be grouped in sequenc-
es with increasing mode index α, which by that 
takes the meaning of a quantum parameter of the 
proper time in this sequence of the physical states 
of the universe Ψα.

Conclusion

The absence of the traditional view of time 
in the quantum cosmology is one of the con-
sequences of the general covariance principle, 
which excludes any external numbering of the 
universe structure. This means that the universe 
evolution should be defined in the intrinsic terms. 
In fact, the structure of the covariance group it-
self, after additional constructs, defines the in-
trinsic dynamics of the universe. The constructs 
proposed in this paper are based on the structure 
of the general covariance group in the canon-
ical ADM-representation obtained by means 
of (3+1)-split of the time-space geometry. The 
proper time and the spatial shifts as the natural 
parameters of the symmetry transformations are 
introduced in the initial action as independent 
dynamical variables. In this case, the dynamics 
of the closed universe is reduced to the motion 
of the general covariance group in the orbit. In 
quantum theory, such a motion is described by 
a system of wave equations of Schrödinger type. 
However, the general covariance principle de-
mands independence of the wave function on the 
parameters of this motion: symmetry transfor-
mation. The independence is achieved by means 

ˆ .
i Pα Ψ

α Ψ

δ
ε =

δ
 (46)

ˆ 0.hαΨ = (47)

ˆ 0.H α αψ Ψ = (48)
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of averaging the wave function on the symmetry 
group orbit. The task of the second stage of modi-
fication consists in eliminating additional averag-
ing on the orbit using a correlation of the intrinsic 
dynamics with the classical motion integrals. In 
the original theory, these integrals play a role of 
constraints, i.e. become zero due to the gener-
al covariance principle. In the modified theory, 
these values can differ from zero and become 
additional dynamical variables. Their motion is 
described by EL equations for the parameters of 
the general covariance transformations. Intro-
ducing additional dynamical variables associated 
with the motion integrals in quantum theory is 
a variant of the quasiclassical approximation. In 
this case, the approximation requires no substan-
tiation by corresponding estimates. There is only 
one requirement left, which is the compliance 
with the observations. “Exact” quantum theory 
in the absence of the time parameter has no con-

nection to the observations.
The additional dynamical parameters Pε act 

as observable ones in the modified theory. In the 
ADM-representation, they form space distribu-
tion of the universe proper mass, as well as the 
space-time shifts canonically subjugated to them. 
For the latter, average (along the whole history 
of the universe) values can be determined in the 
original theory as well, where the universe proper 
mass should be taken as equal to zero. Non-zero 
proper mass of the universe (mass spectrum) is 
admissible in the operator canonical representa-
tion of the gravity theory for a closed universe. In 
this representation, the mass spectrum is associ-
ated with the hierarchy of the spatial structures 
emerging in the process of the universe evolution. 
The sequence of formation of the spatial struc-
tures of various scale itself may serve as a material 
basis for the definition of the proper time of the 
universe.
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FROM THE STRAIGHT-LINE GROWTH DUE  

TO THE UNSTRAIGHTNESS OF THE MATERIAL INTERFACE
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An antiplane semi-infinite interface crack propagation problem has been considered, the crack tip 
coinciding with the angular point of the materials interface. The exact solution of the problem was 
obtained using the Mellin integral transformation. Asymptotic formulas for stresses near the crack tip 
were constructed, and they could contain one or two singular terms. To analyze the crack growth, the 
Novozhilov force criterion of fracture was used. Based on the obtained exact solution, the calculation 
accuracy of the crack angle and the destructive load, determined using asymptotics, was estimated. The 
dependences of these fracture characteristics on the composition parameters were investigated.
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ОТКЛОНЕНИЕ ИНТЕРФЕЙСНОЙ ТРЕЩИНЫ 
ОТ ПРЯМОЛИНЕЙНОГО РОСТА ВСЛЕДСТВИЕ 

НЕПРЯМОЛИНЕЙНОСТИ ГРАНИЦЫ РАЗДЕЛА МАТЕРИАЛОВ

В.В. Тихомиров

Санкт-Петербургский политехнический университет Петра Великого, 
Санкт-Петербург, Российская Федерация

Рассматривается задача о поведении антиплоской полубесконечной интерфейсной трещи-
ны, вершина которой совпадает с угловой точкой границы раздела материалов. С помощью 
интегрального преобразования Меллина получено точное решение рассмотренной задачи.  
Для напряжений вблизи указанной угловой точки построены асимптотические выражения, 
которые могут содержать одно или два сингулярных слагаемых. Для анализа роста трещины 
использован силовой критерий разрушения (критерий Новожилова). На основе полученного 
точного решения проведена оценка точности вычислений угла отклонения трещины и разру-
шающей нагрузки, определяемых с помощью асимптотик. Исследованы зависимости этих ха-
рактеристик разрушения от параметров композиции материалов.

Ключевые слова: антиплоская интерфейсная трещина, угловая точка, угол отклонения трещи-
ны, разрушающая нагрузка
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Introduction

Special points (singularities/singular points) 
of stress fields, which initiate the fracture pro-
cess, play an important role in linear fracture 
mechanics, the results of which are based on the 
equations of the linear elasticity theory. Tips of 
cracks, sharp notches or inclusions in a materi-
al can serve as such singular points. A crack tip 
located in a homogenous material has a classical 
singularity, i.e. the singularity equals 0.5. In other 
cases, generally speaking, singularity differs from 
the indicated value. The singularity is determined 
by finding the roots of transcendental character-
istic equations located in the range of (0, 1). A re-
view of the results associated with this statement 
is presented in papers [1 – 3]. 

Among many problems of fracture mechan-
ics, a class of problems connected with the crack/
materials interface interaction attracts particular 
attention. In plane and antiplane statements, this 
class of problems was studied in papers [4 – 7]. 
There, the interface was taken to be straight-line. 
Note that in these cases the classical Griffith – 
Irwin fracture criteria is not applicable, as the 
singularity in the crack tip differs from 0.5 and 
thus we require other criteria approaches. A short 
review of such approaches is given in article [8].

If the interface between the materials has a 
breakpoint, then, as it is shown in [9], this point 
in the antiplane problem is essentially singular. In 
other words, in this case, the characteristic equa-
tion at some composition parameter values has 
two different roots less than one and defining two 
singular summands in the stress field asymptotic 
behavior of the crack tip.

This paper studies a deflection of the initial-
ly straight interface crack from the straight-line 
growth caused by piecewise-rectilinear interface 
between two materials.

As the fracture criterion, we used Novozhilov’s 
force criterion [10]. Based on the obtained exact 
solution, the paper focuses on the possibility of 
using the asymptotic behavior of stress field to 
find the deflection angle and failure load, as well 
as on the analysis of these fracture characteris-
tics dependences on the material composition 
parameters. Paper [11] considered a similar prob-
lem in the plane statement. However, its results 

were based on applying asymptotic solutions and 
the numerical finite element method.

Problem statement
and finding exact solution

Consider semi-infinite interface shear crack, 
the tip of which coincides with the angular point 
of two connected wedge-shaped regions Ω1 and 
Ω2 with corner angles α and (2π – α) respectively 
(Fig. 1). The materials of the regions are consid-
ered homogenous and isotropic with shear mod-
uli μ

1
 and μ

2
. Self-balanced concentrated forces 

of Т value are applied to the crack ends at the dis-
tance of r

0
 from the tip. The contact at the inter-

face is assumed to be ideal.
Displacement and stress fields in each of the 

regions are constructed in the form of Mellin in-
tegrals:

where the displacement and stress transformants 
are determined as

Here, r, θ are polar coordinates.
Resulting from the regularity conditions of the 

solution at r → 0 and r → ∞, the contour of in-
tegration L is parallel to the imaginary axis in the 
range of

Making functions (1) subject to the conditions 
of the ideal contact at θ = π – α and the con-
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Figure. 1. Semi-infinite interface crack, crack tip coinciding with the angular point of the materials interface: 
μ

1
, μ

2
 – materials shear moduli in regions Ω

1
 and Ω

2
; α – corner angle of the region Ω

1
;  

Т – self-balanced concentrated forces applied at the distance of r
0
 from the tip; r, θ – polar coordinates

ditions of crack ends loading at θ = ±π, we find 
variables Ak(p) и Bk(p), included in Eq. (2). As a 
result, the stress representation has the form

( )
( )

( )

1
0

0

, , ,
, ,

1, 2

p
k

zk
L

p m rT dp
ir p m r

k

+

θ

Φ θ α  τ =  π ∆ α  

=

∫
(3)

(4)
( ) ( )1, , , , , sink kp m p m pΦ θ α = ϕ α θ+

( )2 , , cos ,k p m p+ ϕ α θ

( )
( ) ( )

11 , , sin

sin cos 2 ,

p m p

m p p

ϕ α = π −

− π−α π−α

( ) ( ) ( )12 , , sin sin 2 ,p m m p pϕ α = π−α π−α

( )
( )

21 , , sin

cos sin ,

p m p

m p p

ϕ α = π −

− α π−α
(5)

( ) ( )22 , , sin sin ,p m m p pϕ α = − α π−α

( ) ( ), , sin 2 sin 2 .p m p m p∆ α = π − π−α

Elastic properties of the composition are re-
flected in these formulas via one bielastic con-
stant

At all combinations of the materials shear 
moduli, this variable satisfies an inequality |m| ≤ 1.  
If the inclusion material (region Ω1) is more rigid 
than the matrix material, then 0 < m < 1; if not 
(in case of a soft inclusion) the value of m belongs 
to the range –1 < m < 0. Value m = 0 corresponds 
to the homogenous medium, while values m ± 1  
define an ideally rigid inclusion and a wedge-
shaped notch.

The poles of the subintegral function in Eq. 
(3) are defined by the roots of the characteristic 
equation

Function (5) is an entire uneven function of 
the integral of the integral transformation pa-
rameter p, which has no zeroes on the imaginary 
axis except for the single zero p = 0. However, 
according to Eq. (4) this point is a removable sin-
gularity. Therefore, the the contour of integration 
L in Eq. (3) can be superposed onto the imagi-

( ) ( )1 2 1 2 .m = µ −µ µ +µ

( ), , , 0.p m∆ α β = (6)
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nary axis. We can show that Eq. (5) has no com-
plex zeroes belonging to the range of |Re p| ≤ 1.

Due to unevenness of function (5), each root 
of Eq. (6) p– < 0 has a respective root p+ > 0, in 
addition, p– = –p+. Since for the purpose of in-
vestigating stress singularity (3) in the crack tip, 
we are only interested in the roots that do not 
exceed one, let us consider the real roots of the 
characteristic equation located in the range of (0, 
1) for convenience.

Function (5) has the following property:

It follows from this, that it is sufficient to con-
sider such a system configuration that 0 < α < π at 
positive and negative values of the bielastic con-
stant m.

A detailed analysis shows that in case of a more 
rigid medium 1, when μ1 > μ2 and, consequently 
m > 0, at π/2 ≤ α < π the characteristic equation 
has one root p1 ∈ (1/4, 1/2), while at 0 < α < π/2 
it has two: p1 ∈ (1/4, 1/2) and p2 ∈ (3/4, 1). 

If m < 0, i.e. μ1 < μ2, Eq. (6) at 0 < α ≤ π/2 has 
one root p1 ∈ (1/2, 3/4) generating a weak sin-
gularity λ = 1 – p1 < 1/2 of stresses (3), while at  
π/2 < α < π it has two roots in the range of (1/2, 1).

The case of α = π/2 is singular, as with such 
a geometry the characteristic equation has only 
one root in the range of (0, 1) at any m ∈ (–1, 1). 
Moreover, the roots of Eq. (6) split into two sets, 
because

The first positive zero of function cos πp –  
– m/2 is a monotone decreasing variable of the 
m parameter taking values equal to 2/3 at m = –1 
and to 1/3 at m = 1.

Similar splitting of the roots in Eq. (6) is also 
incident, for example, at α = π/3 and α = 2π/3.

Fracture criterion

To calculate the stress in the composite medi-
um at r < r0, let us close the contour of integra-
tion L in Eq. (3) on the left by a semicircle of long 
radius and use the Cauchy theorem on residues in 

( ) ( ), , , 2 , .p m p m∆ α = ∆ π−α −

( )
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, 2,
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p m

p m p

∆ π =

= π − π

the poles of the subintegral function. As a result, 
the stress in each of the regions has the form

As the fracture criterion, we use the force cri-
terion proposed by V.V. Novozhilov [10], accord-
ing to which the fracture by crack growth occurs 
when mean stress calculated at some distance 
from its tip d reaches a critical value equal to the 
shear strength of the material τc:

This criterion in the plane and antiplane prob-
lems was applied, for example, in papers [8, 11, 12].

Using representation (7), for the mean stress 
we obtain:

Angles θ1 (α, m) and θ2 (α, m) defining the 
growth direction of the crack are found from the 
conditions of function (9) extremum in the re-
gions Ω

1
 and Ω

2
. Using Eq. (4) we can show that 

the derivative ∂Φ1/∂θ < 0 at π – α < θ < π and 
any permissible values of the parameter |m| ≤ 1. 
In other words, function               in the region 
Ω

1
 is monotone decreasing and takes the larg-

est value at the boundary of θ = π – α. Since the 
crack cannot propagate in the region Ω

1
, we fur-

ther consider only the necessary condition of the 
mean stress extremum               in the region Ω

2
:

which due to inequality (9) has the form
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Asymptotic approach

If Eq. (6) has only one positive root p1 ∈ (0, 1),  
then stress asymptote (7) at r → 0 is mononomial:

and fracture condition (8) on beam θ = θ2 takes 
the form

This formula is true at ant values of the 
parameters α and m. When considering the case 
of homogenous medium, let us set m = 0 in 
equality (13) and, consequently, p1 = 1/2, while 
θ2 = 0. Then, using Eqs. (4) and (5), for the rel-
ative critical distance d2 we obtain the following 
representation:

where γ is the dimensionless geometric parame-
ter,          is the material fracture toughness in the 
region Ω

2
. 

Note that the same representation for the 
critical distance was obtained for a sharp notch 
in papers [8, 13].

Equality (11) defining the crack deflection 
angle θ2 (α, m) in the considered case takes the 
form

Then, using Eq. (4), for the deflection angle 
we obtain the representation
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Therefore, we conclude that if we use mon-
onomial asymptote (12), the critical distance d2 
exerts no influence on the deflection angle of the 
crack.

Dependence of the deflection angle on the 
parameters. Based on the properties of func-
tion (4) we can show that at m > 0 (μ1 > μ2) and  
π/2 ≤ α < π the angle θ2 > 0 is in fact the mono-
tone increasing function of the parameter m. In 
other words, the crack deflects in the direction of 
the interface with the more rigid material. In the 
limiting case, when the material in the region Ω

1
 

is ideally rigid, i.e. m → 1, the deflection angle  
θ2 = π – α. Moreover, at the considered values 
of the parameters, the derivative ∂θ2/∂α < 0 and, 
consequently, the angle θ

2
, is a decreasing func-

tion of the parameter α which approaches zero 
at α → π. This corresponds to the growth of the 
crack across the interface between two heteroge-
neous semiplanes.

If the material in the region Ω
2
 is relatively 

more rigid (m < 0) and 0 < α ≤ π/2, then it fol-
lows from Eqs. (4) and (14) that θ

2
 < 0. In this 

case, the crack grows in the direction from the 
interface. The greatest deflection of the crack in 
the negative direction from the polar angle origin 
occurs at m → –1. Due to the monotonicity of 
the function of θ

2
 with respect to the parameter α, 

the deflection achieves its maximum at α = π/2, 
when θ2 → –π/4 for m → –1.

Note that dependence (14) has an especially 
simple form, when α = π/2:

where p1 is the first positive zero of the function 
cos πp – m/2.

Using the obtained value of deflection angle 
(14), from equality (13) we obtain critical load 
causing the crack growth:

Bearing in mind that the critical loaf for the 
semi-infinite crack in the homogenous material 
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is defined by the formula T0 = 0,5πγr0τc2, let us 
introduce reduced critical load T * into consider-
ation for the composition:

At other values of the parameters, the charac-
teristic equation has two roots: p1 and p2 in the 
range of (0, 1), and the stress asymptote contains 
two singular summands:

In this case the fracture condition has the form

At the same time, the critical distance is de-
fined by the formula

If γ << 1, то d2/r0 ~ γ2 and, consequently, at 
sufficiently small values of γ we can use the result 
obtained with the mononomial asymptote for the 
critical distance.

The crack deflection angle θ
2
 in this case is a 

root of the equation
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In contrast to the mononomial asymptote, 
here the angle θ

2
 depends on the critical distance.

After finding the deflection angle using fracture 
criterion (17), we calculate the critical load and 
then its reduced value based on definition (15).

Numerical results and their discussion

Based on exact solution (7) and fracture cri-
terion (8), (9), using the same approach we find 
that the relative critical distance satisfies the fol-
lowing equation

while the reduced failure load is found on the ba-
sis of the formula

In addition, the direction of the crack growth 
is defined by the angle θ

2
, which is the root of  

Eq. (11).
To estimate the accuracy of the asymptot-

ic approach, the author calculated the fracture 
characteristics θ

2
 and T * based on the exact 

solution at different values of the parameters α,  
m and γ. Fig. 2 shows the dependence of the 
crack deflection angle θ

2
 on the bielastic con-

stant m calculated on the basis of asymptote (14) 
and the exact solution at α = π/2 and γ = 0.25. 
At these parameters values, the asymptote give 
an upper bound of the deflection angle at m > 0 
and the lower bound at m < 0. The highest error 
of the asymptotic estimate equals 25.7% in case 
of the soft material in the region Ω

2
 and is ap-

proximately 69% in the case of a relatively rigid 
material of this region. When the Ω

1
 region ma-

terial becomes more rigid (m → 1), the accuracy 
of asymptotic Eq. (14) increases and the crack 
grows in the neighborhood of the interface.

A similar situation also takes place at other 
values of the parameters α, m and γ, including the 
case of binomial asymptote (16), when the crack 
deflection angle is defined as the root of Eq. (18). 
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Fig. 2. Dependences of the interface crack deflection angle θ
2
 on the bielastic constant m obtained  

on the basis of exact solution (1) and based on mononomial stress asymptote (2); α = π/2, γ = 0.25

Fig. 3. Dependence of the interface crack deflection θ
2
 calculated on the basis of the exact solution  

on the bielastic constant m > 0 at γ = 0.1 and different values of the angle α: π/3 (1), π/2 (2), 2π/3 (3)

The only difference from the case of α = π/2 con-
sists in the fact that the error of the asymptotic 
approach considerably drops at negative values of 
the bielastic constant.

The calculations show that the accuracy of 
the deflection angle increases as the parameter  
γ grows for all possible values of α and m. Note 
that accounting only for the first summand in 
binomial asymptote (16) leads to extremely high 
errors (more than 100%) when seeking the de-
flection angle and, consequently, is unacceptable.

Thus, the use of the stress field asymptotes in 
the neighborhood of the crack tip at sufficiently 
small values of the parameter γ determines the 
deflection angle of the crack well qualitatively, 
but may result in significant inaccuracies in a 
quantitative sense.

Fig. 3 indicates the dependence of the angle 
θ

2
 calculated on the basis of the exact solution 

in case of a relatively more rigid material of the 
region Ω

1
 at different values of its corner angle. 

According to the conclusions of the asymptotic 
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approach, in this case, the crack deflects in the 
direction of the interface between the materials, 
while at m → 1 its growth occurs in the neighbor-
hood of this boundary. At m < 0 the difference 
in the deflection angles for various values of the 
angle α is insignificant (less than 6%) and the de-
pendence of θ

2
 on m is close to curve 1 in Fig. 2.

The accuracy of the reduced failure load T * 
calculated on the basis of the asymptotes is rather 
high and is within 5% at the values of γ not ex-
ceeding 0.5 for all possible values of the variables 
α and m. In addition, taking into account only 
the singular terms of the stress fields define the 
lower-bound estimate of the failure load. The ac-
curacy of this estimate increases as γ drops. Fig. 4 
presents the dependence of T * calculated on the 
basis of exact solution (19), at α = π/2 and vari-
ous values of γ. Similar dependences take place 
for other values of α as well. The given curves 
show that at m > 0 the value of the reduced load 
is below one, while at m < 0 they exceed one. 
This means that for the crack propagation in case 
of a relatively rigid material 1, less force applied 
to its ends is required compared to the case of a 
homogenous medium. The situation of a softer 
material in the region Ω

1
 is reversed: the forces 

Fig. 4. Dependence of the reduced failure load T *,  
calculated on the basis of the exact solution on the bielastic constant m at α = π/2 

and different values of the parameter γ: 0.10 (1), 0.25 (2), 0.50 (3)

needed to be applied to the ends of the cracks to 
cause its growth in the composite medium exceed 
the forces applied in the homogenous case.

Conclusion

Based on the Novozhilov’s force criterion 
(fracture criterion), we obtained asymptotic and 
exact relations for the characteristics of an inter-
face crack fracture the tip of which coincides with 
the angular point of the materials interface. The 
fracture characteristics include such macroscop-
ic parameters of the material as fracture tough-
ness and shear strength. The asymptotic formulas 
for sufficiently small values of the dimensionless 
geometric parameter γ provide a qualitatively 
accurate upper and lower bound estimates for 
the deflection angle of the initially straight-line 
interface crack. The crack deflects in the direc-
tion of the interface with the more rigid material 
and in the opposite direction in case of the softer 
material. However, in the quantitative sense, the 
asymptotic formulas produce considerable in-
accuracies. Nonetheless, the critical load values 
calculated with the use of the asymptotic formu-
las possess sufficient accuracy and can be applied 
to estimate these loads.
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