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ELASTIC CONDUCTIVITY OF GERMANENE “ARM-CHAIR”
NANORIBBONS WITH DONOR IMPURITIES

0.S. Lebedeva'?, N.G. Lebedev', I.A. Lyapkosova®
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Volgograd, Russian Federation;
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In the article, results of theoretical calculations of the piezoresistance characteristics of impurity
germanene nanoribbons (NR) of the “arm-chair” type with donor defects with various concentra-
tions uniformly distributed in the crystal lattice of the nanomaterial have been presented and ana-
lyzed. Arsenic atoms were used as donor impurities. Investigations of the NR’s band structure were
carried out in the frameworks of the Hubbard’s and Anderson’s models. The computation of the main
characteristic of the piezoresistance effect, i.e., the longitudinal component of the elastic conductiv-
ity tensor was carried out using the Green's function method within the framework of the same the-
oretical models. An analysis of the dependence of this characteristic on the tensile and compressive
strains, the concentration of impurities and the nanoribbon width were carried out.

Keywords: band structure, stress-strain state, piezoresistance effect, elastic conductivity tensor
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SJTIACTONMPOBOANUMOCTDb KPECEJIbHbIX
rEPMAHEHOBbLIX HAHOJIEHT C JOHOPHbIMU AEDEKTAMMU

0.C. Nle6epeBa'?, H.l. le6epnesB', U.A. JIanKocoBa?

1 BonrorpaZickuii rocyaapCTBEHHbI YHUBEPCUTET,
r. Bonrorpaa, Poccuitickas ®epepaums;

2 BonrorpaAckuii rocyIapCTBEHHbIN arpapHbIi YHUBEPCUTET,
r. Bonrorpag, Poccuiickas Genepauus

B pabote mpencraBieHbl U MPOAHAJIM3UPOBAHBI PE3YJIBTATHl TEOPETUUECKUX PACUYETOB IThE30-
PE3UCTUBHBIX XapaKTePUCTUK TMPUMECHBIX T'epMaHEHOBBIX HAHOJEHT KpecelabHOoro Tuma (“arm-
chair”) ¢ foHOpHBIMU IedeKTaMU Pa3HOIl KOHILIEHTpALMK, OJHOPOIHO pacIpeleieHHBIMU B KpU-
CTAJUIMYECKO pellleTKe HaHoOMaTepraia. B kauecTBe JOHOPHBIX TTpUMeceil MCTIOIb30BaHbl ATOMBbI
MblIlIbsika. McciienoBaHue 30HHON CTPYKTYPhl HAHOJICHT TIPOBEICHO B paMKax Monesieit Xabbapna
u AHziepcoHa. BeluncieHne OCHOBHOM XapaKTepUCTUKU MTbe30pe3UCTUBHOTO 3deKkTa — Mpoaoib-
HO# KOMITOHEHTHI TEH30pa 371aCTOMPOBOAMMOCTH BBITIOJTHEHO B paAMKaX TeX Xe TeOPETUIECKUX MO-
neyell ¢ ucnojb3oBaHueM Metona pyHkumii IpuHa. I1poaHanu3upoBaHbl 3aBUCUMOCTU YKa3aHHOM
KOMITOHEHTBI OT OTHOCUTEJIbHOU fehopMaliuy PACTSKEHUST U CKAaTUsl, KOHLIEHTPAlUU IpUMeceii u
IIUPUHBI HAHOJICHTHI.

KioueBble cjioBa: 30HHAsI CTPYKTypa, HamnpsDKeHHO-Ie(OpMUPOBAHHOE COCTOSIHUE, Ihe30pe3H-
CTUBHBI 3¢ (HEeKT, TEH30p 37IACTONPOBOIUMOCTU
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Introduction

One of the priority problems of condensed
matter physics is obtaining of materials with pre-
set properties and a possibility to control them.
Since 2004, scientists have been synthesizing and
studying carbon based nanomaterials (graphene,
graphene nanoribbons) possessing practically
important electronic, conductive, optical and
mechanical properties which can expand the
spectrum of their use [1 — 3].

The electronic properties of graphene na-
noribbons are rather diverse and depend on the
nature and concentration of impurities, applied
external fields, mechanical strain, etc. Since the
moment it was synthetized first in 2004, graphene
became the object of most promising technolo-
gies of nanoelectromechanical systems for the
development of nanoelectronic devices. It can
replace silicon as a basis for transistors, cantilever
for atomic force microscopy, chemical sensors,
etc.

Despite its spectrum of unique properties,
graphene is still not devoid of some drawbacks in
terms of its practical use, e.g. it lacks band gap
energy almost completely, which eliminates a
possibility to close a graphene-based FET chan-
nel [4]. One of the priority solutions of this prob-
lem is the search for new non-carbon promising
2D materials with a structure similar graphene,
but possessing a sufficient band gap.

In 2013, by means of computer choice among
the materials with properties similar to graphene
and a 2D-like structure, there were 92 promising
analogues identified [5]. Forty of them were never
proposed as a compound similar to graphene be-
fore, and their properties, including the conduc-
tive ones, remain poorly explored. Despite such
an abundance of the selected alternatives that are
promising in terms of creating a basis for nano-
electronic devices, their application is extremely
limited by the problems of synthesis and interac-

tion with the substrate. Therefore, selection of
analogues among actually synthesized nanoma-
terials from the “graphene family” and study of
their piezoresistance properties is a relevant task
of the first stage of work.

Predicted in 2009 and successfully synthe-
sized in 2014, germanene should be regarded as
one of the most promising nanomaterials of the
“post-graphene era” [6 — 9].

Band gap and electronic properties of ger-
manene are sensitive to external fields, me-
chanical strain and chemisorption [10, 11].
According to theoretical studies, the width of
the germanene band gap equals approximately
24 meV (Eg =~ 24 meV), which by several or-
ders of magnitude exceeds the one known for
graphene (Eg <0.05 meV). This expansion of the
band gap allows using germanene in devices the
work of which is based on field effects, such as
transistors. It can be achieved either by applying
external impact [12] or by means of intention-
al doping of a nanomaterial with acceptor and
donor impurities of various concentrations. By
combining mechanical strain/stress and varying
the number of defects, we can create and effec-
tive mechanism of controlling the germanene
band gap.

This paper is devoted to a theoretical study
(and consequently, to a prediction) of the pi-
ezoresistance properties of the impurity ger-
manene nanoribbons (NR): GeNRs.

Model of electronic structure of deformed
impurity germanene nanoribbons

Geometric model of GeNRs is chosen based
on the view of the two-dimensional hexagonal
graphene layer. Fig. 1 shows a deformed unit cell
of the germanene crystal lattice, where o denotes
the angle between the primitive translation vec-
tors a, and a,, while A is the interatomic spac-
ing vector and « is the constant lattice of the

9
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Fig. 1. Fragment of the arm-chair
GeNR structure deformed by longitudinal
tension of force F
A (i=1,2, 3) — interatomic spacing vectors;
a, a, — primitive translation vectors;

0. — angle between vectors a, and a,

deformed GeNR (a, = a, = a). The length and
width of the NR are measured along the Ox and
Oy axes respectively.

Electronic spectrum of undeformed GeNRs
in the frame of the strong coupling method and
the nearest neighbors approximation can be pre-
sented in the following form [13]:

e(k) ==, {1+4COS£MJX

xcos(@]+ (1)

1/2
+ 4cos’ (—k (al — )J}
2 b

where 7, €V, is the resonance or hopping integral
(z,= 1.47 eV [6]); Kk, cm™', is the wave vector; a ,
a,, nm, are the primitive translation vectors.

The Fermi level in Eq. (1) is traditionally tak-
enas(0eV.

The direction of the (a, + a,) vector is called
“arm-chair”, while the (a, — a,) vector has a
“zig-zag” direction.
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The condition of quantizing the wave vector
k along the NR width can be written as follows
[13]:

3k R, _2nq
N

X

g=12,..,N, )

For the arm-chair GeNRs, and

2nq

3k, R, g=12,..,N, (3

y

for the zig-zag NRs.

Here, R, nm, is the equilibrium interatomic
spacing in the undeformed GeNR; & , ky, cm™!,
are wave numbers in the Brillouin zone.

Fig. 1 demonstrates a geometric modifica-
tion of the arm-chair GeNR lattice hexagon de-
formed by longitudinal tension of force F .

Modeling of band structure of the deformed
GeNRs is performed by means of transforming
the parameters of the unit cell and the Brillouin
zone. This procedure is described in detail in pa-
per [15].

If we present the value of relative strain of the
interatomic bond length R as 6 = AR/R,, where
AR is the change of the equilibrium (Ge-Ge)
bond length R (AR = R — R,), then we can ob-
tain the following expressions for the components
of the wave vector [15]:

k. (a +a,)
—o
=k .R,(1+8)(1+cosa),

uIL L 4)
=k R, (1+8)sinoc=7:1—q,
qg=12,...n

for the arm-chair GeNR (k_ € the Brillouin zone);

k. (a +a,) ~
—



:kaO[(1+8)cosoc+l—6]:ﬂ,
n

qg=12,.. (%)

Jn,

K _
M =k,R, (1+38)sina

for the zig-zag type GeNR (ky e the Brillouin zone).

Tensile (compression) strain causes changes
in the transverse dimensions of the GeNR, and
consequently the chiral vector modulus [13] is
modified in the following way:

C, =C, (1-v3),
(6)

Cro=ap /N, + N+ NN,

where a,, nm, is a constant lattice of the unde-
formed GeNR, a; = R; N, N — integers defin-
ing the size and the type of the NR (N = 0 for
the arm-chair type and N = N the zig-zag type);
v is the Poisson’s ratio taking values of 0.27 and
0.19 for the arm-chair and zig-zag type GeNRs,
respectively.

We can evaluate angle o, from relation (6) [15]:

. (I—VSJ .
sino = sina.,,
1+6
cosa =+1—sin’a

for the arm-chair GeNR;

cosa = X

(1+3)
x[ (1-v8)(1+cosa, ) -1+38],

sino=+/1-cos* a

for the zig-zag GeNR.
Finally, the electronic spectrum of the de-
formed GeNRs takes the form [15]:

g, (k)=

Condensed matter physics >

=17(0) {1 +4cos (ﬂ] X

n

x cos [k R,(1+8)(1+cos )]+

1
+4cos® (ﬂj & ,
n

g, (k)=
=+y(8) {1 t4cos [kyR0 (1 + 8) sin OL} x (8)

(7

nq %
X COS (—j +4cos’ [kyRo (1+38)sin a]} ,

n

where y(9) is the resonance integral of the de-
formed GeNRs as a function of the relative strain
0; subscripts “a” and “z” denote the spectra of
the arm-chair and zig-zag type NRs, the +/—
symbols result from the fact that an NR unit cell
contains for Ge atoms.

The electronic spectrum of the deformed
GeNRs with no impurities, taking into account
the Coulomb repulsion at one point, was calcu-
lated in the frame of the Hubbard’s model [16],
which is described in detail in paper [17]:

Ek)= %[s(k) + o)

+Ui\/s(k)2 —2e(K)U(1-2n_,)+U’ }

where €(K) is the band structure of ideal NRs;
U, J, is the energy of the Coulomb interaction
at one point that is a semi-empirical method pa-
rameter of MNDO quantum chemistry [18], ng
is the number of electrons with opposite spin in
the zone.

A comparative analysis of the depiction of the
band structures £(K) of Eq. (9) and (k) of Eq. (7)
for the arm-chair GeNR revealed no significant
differences.

A quantitative evaluation of the energy band
gap width of the semiconductor GeNR in case of
longitudinal tensile (compression) strain showed
its broadening (narrowing). The conduction
band, as well as the valence band act in the same

11
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manner. As a result, the density of electronic
states in these zones increases (decreases). Such
a behavior of the dispersion curves was observed
during the study of achiral (arm-chair and zig-
zag) carbon nanotubes [15, 17].

The gapless band structure of the conductive
arm-chair GeNRs in case of longitudinal tension
(compression) is also changed in the above de-
scribed way. The only exclusion from the identi-
cal behavior is the nonoccurrence of band gaps in
the spectra of such ribbons as they remain con-
ductive.

Longitudinal tension of the conductive
GeNRs also has no essential influence on the
qualitative behavior of their band structure, while
the band gap is absent at small strain.

Adding impurities in the crystalline structure
of the GeNRs under consideration can facilitate
the change in their piezoresistance as it is shown
on example of graphene nanoribbons in paper
[19], which will allow exerting intentional influ-
ence on their conductivity.

The calculation of the electronic spectrum of
doped GeNRs was conducted using Anderson
model [16]. This model consists in separate con-
sideration of collective m-electrons and localized
electron, the interaction between which is ac-
counted for by means of introducing hybridiza-
tion potential. The model is successfully adapt-
ed to the studies of the influence point defects
(donor and acceptor) have on band structure of
graphene nanoribbons [19].

The GeNR electronic spectrum in the frame
of Anderson model has the following form [16]:

E(K) =l[al +e(k)+
2 (10)

i\/(g, —&(k))> +36[V5 (8) -x},

where g(k), eV, is the band structure of an ideal
(undoped) nanoribbon expressed by Eq. (7); €,
eV, is electron energy at the defect; x = N, /N is
the concentration of impurities (/V is the number
of unit cells in the crystal, N, is the number of de-
fects); V,,.,(8), eV, is the hybridization potential
which consists in a matrix element of the energy
of the crystal/point defect electron interaction
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and is the function of the relative strain J.

This paper considers such donor impurities of
arsenic atoms as point defects. The electron en-
ergy at the defect can be evaluated as a difference
of impurity/crystallite ionizing potential:

€= IGe _IAs -
—(7.88-9.81) eV =-1.93 eV.

The dependencies of the hopping integral y(d)
and the hybridization potential ¥ (5) on the
relative strain were calculated by means of the
density functional theory method using the ex-
change—correlation energy functional B3LYP in
the STO-3G basis sets [18]. For quantum chemi-
cal calculations, we considered a fragment of ger-
manene surface the size of 6 x 6 unit cells (UC).
Boundary unsaturated bonds were closed with
monovalent hydrogen. A defect atom (As) was
placed in the center of the constructed cluster to
decrease the influence of the boundary atoms.
We were modeling the deformation of the struc-
ture along the “arm-chair” direction by means
of step-by-step freezing of germanium atoms at
the opposite boundaries of the fragment. The ob-
tained numerical values of the y(6) and V', (5)
dependencies interpolated by the following ana-
Iytical expressions:

Y=Y exp(—l .9523R),
Ve =V, exp(—1.9523R),

R=R,(1+38), (11)
1, =171.11eV,
V,=15237 eV.

The equilibrium interatomic bond lengths in
further calculations were assumed equal to R, =
= 2.44 A; this value was obtained as a result of pri-
or optimization of the geometric structure of the
constructed germanene fragment using the above
described density functional theory method.

Adding donor impurities of various
concentrations to the system of undeformed
GeNRs leads to a change in the band structure
of the latter. Features of the energy spectrum of
low-dimensional structures with donor nitrogen
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atoms in the lattice are analyzed on the example
of carbon nanotubes in paper [17]. The zone
of impurity states in this case is localized in the
proximity of the electron energy level at the defect
g, and contains a local band gap which does not
change the crystallite properties as a whole. As
the impurity concentration increases, there is a
greater change in the band structure of the carbon
nanotubes, in particular, there is an increase in
the local band gap. The described features of the
electronic spectrum of the undeformed carbon
nanotubes with impurities are verified by the
general Anderson model theory [16].

Elastic conductivity of germanene
nanoribbons with acceptor defects

According to the recommendation in book
[20], determination of the elastic conductivity
tensor of the two-dimensional -crystalline
structures can be written as

Ao-ép

(o)

() =Sp[o]-
M., =M

=M d

gpoxn O

G, ,+0

2 @

M M

gyn ~ T pExm pEny — T Epnx?

where o, is the conductivity tensor; an is the
strain tensor; &, p, {, N =X, V.

For a «case of quasi-one-dimensional
structures (for example, the arm-chair GeNR),
the longitudinal component M = M__ of the
fourth-rank elastic conductivity tensor can be
expressed by the following formula:

_Aol
G, 9

M : (13)

where Ao, S/m, is a change of the longitudinal
component of the conductivity tensor due to
strain; 6., S/m, the longitudinal component ¢
of the second-rank conductivity tensor of the un-
deformed arm-chair nanoribbons, Ac = ¢ — ¢,
(0, S/m, is the same component ¢_ of the de-
formed nanoribbons).

An expression for calculating the longitudinal
component ¢ of the conductivity tensor of the

arm-chair GeNRs obtained in the frame of the
Green — Kubo theory [21] using Green’s fun-
ction method and Hubbard model Hamiltonian
[18] is presented in works [17, 19]:

;:;szv(k)vm)(n@x

kB q.x

X [<an> + 8,0, (1 - <nkB >)} )

where V, m?, is the nanoribbon volume; 7, K, is
the absolute temperature; e, C, is the elementa-
ry charge; K, q are two-component wave vectors
within the Brillouin zone (BZ); B, A are the spin
indices; v(k), m/s, is the longitudinal component
of the electron velocity vector in the Brillouin
zone; <nkB> — is the average number of particles
in a quantum state with the wave vector k and
spin f.

The average number of particles <nkﬁ> is
expressed by the Fermi — Dirac distribution

function:
x-u)|
8 —
<Vlk[3> = {1 + exp(—kBT HH )

where kg, J/K, is the Boltzmann constant; u,
J/mol, is the chemical potential which is found
from a condition of distribution function nor-
malization by a total number of N electrons in
the system; this number is expressed as

Ne:§<”kﬁ>:

= kzﬁ {1 +exp [—S(IIZT_ K H )

The velocity vector is determined by means of
a standard method using the electronic spectrum
(10):

o=2

(14)

-

(15)

13
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Table

Model parameter values used in the calculations

Parameter Notation Values
Number of UC along NR
length N 10 000
width n 9, 10, 50, 100
Number of defects in NR N, 1, 10, 100, 1000
—0.10; —-0.06; —0.04;
Relative tensile N -0.02; -0.01;
(compression) strain 0.01; 0.02; 0.04;
0.06; 0.10
Equlibrium
interatomic bond length R, 2.44
(Ge-Ge), A
Deformation
temperature, K T 300

N ote: UC is the unit cell, NR is the nanoribbon.

This paper presents the results of studying
the piezoresistance properties of the arm-chair
GeNRs of various width and with different types
of conductivity: nArm, where n sets the number
of unit cells (UC) along the ribbon width. The
values of the parameters used in the calculations
are summarized in the Table.

Dependencies of the longitudinal component
M of the elastic conductivity tensor on the value
of the relative strain o calculated using Eq. (13),
are presented in Figs. 2 and 3. The calculated
points in the figures are marked by symbols and
connected by lines.

We considered a case of the so-called half-
filled band, i. e. each Ge atom gives one electron
to the system, while each impurity As atom gives
two. Therefore, the total number of electrons was
calculatedas N =Nn+ N,

Asit follows from Fig. 2, a, the value of M from
the conducting arm-chair 9Arm NR is po-si-
tive at low concentration of the defects (N, =
= 1) and negative at all other values of the
con-centration. All curves M(d) for the conduct-
ing 9Arm NR with different concentrations show
nonmonotonic decrease while the strain d rises
over the entire range of its values. The case of
N, =100 is an exception, where the coefficient
M exhibits monotonic growth in the domain of
0 > 0 (tensile strain).
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Behavior of function M(8) completely corre-
lates with the changes in the band structure of
the conducting impurity nanoribbons described
above. An increase in the conduction band
width leads to a decrease of the states density at
the Fermi level with the growth of . However,
the band gap occurring at the impurity level gets
wider as the values N and 6 grow. Therefore, as
a result of the competition between these two
effects, the conductivity of the nanoribbon de-
creases as a whole, which leads to the behavior
of the component M described above for the
cases of small concentration of impurities (N, =
=1, 10).

An increase in the impurities concentration
leads to an interesting effect. In general, the nu-
merical value of the coefficient M decreases with
the growth of the concentration practically for all
the calculated values of the relative strain d. But
at the concentration of N, = 100, the dependence
of M(d) lies higher than that for the case of N =
100. Such a behavior of the value A is connected
with the fact that due to thermal fluctuations the
electrons fill the conduction band of the NR thus
facilitating the conductivity growth. The increase
of the donor impurities concentration raises the
number of charge carriers in the conduction
band. All these factors change the conductivity,
the contribution to which is made by all filled
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Fig. 2. Dependencies of the longitudinal component M of the elastic conductivity tensor
of the arm-chair 9Arm GeNRs (a) and 10Arm GeNRs (b)
(9 and 10 are the number of the UC along the width) on the value of the relative strain
o for various donor defect concentrations N : 1(7), 10 (2), 100 (3), 1000 (4);
The calculated points in the figures are marked by symbols and connected by lines

electronic states in the conduction band.

The dependence of M(Jd) for the number of
defects N, = 1000 retains the general behavior
trend of the NR 9Arm longitudinal component.
The competition between two factor, in particu-
lar, the broadening of the band gap in the prox-
imity of the impurity level due to defect concen-
tration growth and the relative strain, and the
increase in the number of free carriers, leads to a
reduction of M(d) in the domain of & < 0 (com-
pression strain) and its rise in the domain of 6 > 0
(tensile strain).

In case of the semiconductor arm-chair
GeNRs (10Arm, 50Arm, 100Arm), the behavior
of the longitudinal component of the elastic con-

ductivity tensor M depends on the width of the
nanoribbon studied. Thus, function M(5) GeNR
10Arm monotonically decreases with the growth
of the relative strain over the entire range of value
0 (Fig. 2,b) for various values of the defects con-
centration (N, = 1, 10, 100, 1000). Starting from
0 = —0.1, the value of M is positive for all values
of N . The positive value is due to crystallite con-
ductivity increasing along with the compression
strain (6 < 0) as a result of band gap narrowing
and the number of the conduction band free car-
riers rising.

Then, for the case of small concentrations of
the defects (N, = 1, 10), the curves go into the
negative value domain. As in the case of ideal
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Fig. 3. Dependencies similar to the ones indicated in Fig. 2, but for 50Arm GeNRs (a)
and 100Arm GeNRs (b) and the same concentration of donor defects N,

GeNRs [12], it stems from the reduction of the
conductivity along with the growth of strain 0.
We can explain this effect with the broadening
of the band gap Eg of the semiconductor NRs,
which decreases the number of the filled elec-
tronic states in the conduction band.

The growth in the donor defects concentra-
tion (N, =1, 10, 100, 1000) in general does not
change the behavior trend of the M value only in-
creasing its numerical value.

The character of the functional depend-
ence M(0) changes for wide NRs of 50Arm and
100Arm. In the negative domain of & (com-
pression), we can observe the value of M GeNR
50Arm decreasing for all defects concentrations
(Fig. 3,a). During the transition to the positive

16

strain (tensile) domain for the case of N, = 1 the
longitudinal component of the elastic conductiv-
ity tensor faces practically no changes until 6 =
= 0.1 (“plateau” domain), in the latter case we
observe we see its growth. Further growth of the
defects concentration (N, = 10, 100, 1000) leads
to dramatic rise of the A/ value in the tensile strain
domain. Producing a wider ribbon (100Arm)
results in a “plateau” for the case of N, = 10
(Fig. 3,b) as well. Such an effect corresponds
to the behavior of the band structure of the de-
formed semiconductor NRs. There is a compe-
tition between two factors. The first one is con-
nected with the growth of the NR conductivity
thanks to the increase in the number of free car-
riers in the conduction band cause by the donor
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defects. The second factor consists in the blocked
conductivity of the ribbon due to an increase of
Eg along with the growth of 0.

In general, wider GeNR leads to a reduction
of the band gap Eg ~1/H, where H — is the ribbon
width. In turn, this increases the crystallite
conductivity and, consequently, the numerical
value of the coefficient M (Fig. 3,b).

The approach described above and the
analytical algorithm were applied to the
study of the piezoresistance properties of
graphene nanoribbons with donor and acceptor
impurities [19]. The comparison of the trends
in the dependencies behavior M(3) presented
in this paper along with the literature data
on piezoresistance properties of graphene
nanoribbons showed a qualitative agreement of
the obtained results. We should expect that the
described properties are characteristic of the
other graphene family structures as well.

Conclusion

A theoretical study of the piezoresistance
of germanene nanoribbons of the “arm-
chair” type with donor defects with different
types of conductivity doped with point
substitutional defects showed a number of

features of a qualitative and quantitative change
of the longitudinal component of the elastic
conductivity tensor M.

A study of the behavior and value of the
constant M depending on the concentration of
donor impurities, the geometric parameters of the
nanoribbon (in particular, its width), the extent
of the strain, demonstrates a complete picture
of the change in the longitudinal conductivity of
nanoribbons caused by mechanical tension and
compression.

The sensitivity of the elastic conductivity
tensor to the listed factors proves the possibility
of effective control over the conductivity of
germanene.

The obtained theoretical data can be
proposed for quantitative calibration of
nanoelectromechanical devices that function
on the basis of the piezoresistance effect and
have germanene nanoribbons as their primary
structural material.

The study was financially supported by the
Russian Foundation for Basic Research and the
Administration of the Volgograd Oblast as part of
scientific project No. 19-42-343001 r mol a (19-
42-343001 p moin_a).
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Introduction

The studies of the recent years brought us
much closer to room-temperature superconduc-
tivity [1, 2]. Therefore, the problem of critical
fields and currents, essential for practical ap-
plication of superconductors, is now of utmost
importance. For the classic superconductors,
this problem is solved on the basis of Ginzburg
— Landau equations. High-temperature super-
conductors (HTSC) are for the most part repre-
sented by granulated ceramics. They consist of
adjoining granules separated by a dielectric. At
the points where the granules touch each other,
Josephson contacts are formed. All these Joseph-
son contacts are nonlinear elements, which high-
ly complicates the analysis of such media.

Moreover, the macrostructure of the HTSC
is a cellular medium which leads to vortex pin-
ning. Such complexities exclude the possibility
of using Ginzburg — Landau equations to cal-
culate current states in the HTSC. Other ap-
proaches have to be found to analyze currents
in such media.

Recently, long Josephson contacts are in
the focus of scientists’ attention. On the one
hand, this is connected with the possibility of
developing artificial structures of such a type
[3 — 5] that could allow testing theoretical pre-
dictions. At the present time, such structures
in which the dielectric in the layer between the
superconductors is replaced by a ferromag-
netic are under study [6]. This keen interest to
the indicated structures is also caused by the
physical phenomena observed in them attrib-
utable to three-dimensional superconductors:
the Meissner effect, emergence and interaction
of vortices, vortex lattice formation, etc. Peri-
odic modulating of a long Josephson contact
allows us to study both the problems of vortex
pinning, as well as the profile of the magnetic
field penetrating the contact in a form of vor-
tices. In this case, the mathematical problem is
much simpler, than that for the three-dimen-
sional superconductor, and can have an exact
solution. Therefore, many works are devoted
to the research of the long Josephson contacts
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[7 — 12]. For example, papers [10, 11] con-
sidered a periodically modulated long contact
placed into a constant external magnetic field
parallel to the contact plane in case when the
total current through the contact equals zero.
Next, paper [12] presents a calculation of the
current distribution in a contact with a given
total current in a zero external magnetic field.
However, in many cases the external field is not
equal to zero, thus we should evaluate its influ-
ence on the superconductor current, in particu-
lar, on the critical current value.

The purpose of this study is to analyze a gen-
eral case of a long Josephson contact with a non-
dissipative supercurrent placed into an external
magnetic field.

Problem setting

An artificial periodically modulated long Jo-
sephson contact (PMLIJC) (Fig. 1, a) is a thin
dielectric layer (plane xz) between two supercon-
ductors crossed by dielectric strips 2/ thick along
the axis y and d wide along the axis x; the strips
are parallel to each other, infinite along the axis z
and are periodically located along the axis x, at a
distance of L from each other. The external mag-
netic field, as well the axes of the vortices are di-
rected along the axis z. Fig. 1,b depicts the struc-
ture of the artificially created PMLJC [3]. In the
regions between the strips, the value of the phase
jump ¢ between the sides of the contact is chang-
ing slowly in the coordinates, while it changes
dramatically in the strip.

In Fig. 1,a, the value of the phase jump mean
with respect to the kth region between the strips
is denoted as ¢,. Assume the phase jump in the
region closest to the contact boundary equals @,
and as it advances deeper into the long contact
the phase jumps is denoted as @,, @,, etc. The
distribution of the @k values describes the steady-
state current.

We should consider the penetration of the
magnetic field in the presented model of the con-
tact at zero and nonzero currents, as well as the
processes in the absence of any external magnetic
field.
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Fig. 1. Model of a periodically modulated long Josephson contact (a)
and an example of the structure of such a contact created (b);
¢, — is the value of the phase jump mean with respect to the k" region between the strips

Penetration of magnetic field
in a PMLJC at zero total current

First, let us consider a case when the total cur-
rent through the PMLIJC equals zero. We should
account for the fact that in the presence of pin-
ning, the distribution of the phase jumps and cur-
rents throughout the contact is ambiguous. The
cause of this ambiguity lies in the obvious “hys-
teresis” of the situation: the form of the estab-
lished distribution configuration depends on the
previous history of the PMLJC operation, i.e. on
how the contact achieved this state. For example,
if it was placed in any arbitrarily small field before
the cool down and the transition into the super-
conducting state, then the magnetic fluxes will
penetrate the inner cells of the contact as well. If
it was placed in a magnetic field in the supercon-
ducting state, then at small fields, it will have the
Meissner configuration, i.e. the field penetrates
only a narrow boundary layer. There is an enor-
mous range of variations.

Let us solve the problem for the case of adia-
batic switching of the field. The contact is already
in the superconducting state, while the external
field H  is slowly growing from the zero value.

Since the current is equal to zero and due

to symmetry, we can conclude that near both
boundaries of the contact, the currents are dis-
tributed similarly, but have opposite directions.

At small values of H , there is the Meissner
configuration near the contact boundary, when
the ¢, values decrease as the number goes up and
equal zero in the depth of the contact. At the same
time, the magnetic field created by the boundary
currents completely compensates the external
one in the depth of the contact. Such a situation
can take place until the external field reaches a
certain maximum possible value H , moreover,
up until the moment the Meissner state is stable
[13]. In the Type-I superconductors, the limit of
the indicated state is defined by the equality of
the energies of the normal and the superconduct-
ing states taking into account the energy of the
shielding currents. If the external field exceeds
H , then the sample goes into a normal state. In
the case of the Josephson contact under consid-
eration, this reasoning is inapplicable.

It is interesting to learn how the contact be-
haves, when the external field exceeds the H_ val-
ue and the Meissner state is impossible. As it is
known, when the pinning is absent, there would
be a periodic sequence of vortices in the contact.
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In this case, we need to account for the occur-
rence of the pinning. The authors of papers [10
— 12] demonstrated (including the authors of this
article) that the character of the vortex picture
depends on the value of the so-called pinning pa-
rameter [12]:

I=4np,j Lid]/®,,

where j , A/m?, is the critical current density of
each point Josephson junction; ® , Wb, is the
magnetic flux quantum; the sense of the geomet-
ric variables L, [, d is clear from Fig. 1.

At small values of the pinning parameter /,
the situation is the same as with zero pinning,
i.e. when the external field exceeds a certain val-
ve H_ > H , vortices fill the entire contact from
its boundary and to infinity. This is similar to the
situation of the Type-1I superconductor. At great
values of the parameter /, with the growth of the
field vortices advance from the boundary inside
the contact, while the magnetic field in the depth
of the contact remains equal to zero, i.e. the sit-
uation is similar to the Type-III superconductor
behavior. On the basis of an approach developed
in nonlinear dynamics [13, 14], paper [12] shows
that there is a critical value of the pinning param-
eter /= 0.9716 which divides these two cases.

In the frame of works [10, 11], we calculat-
ed the magnetic field profile inside the contact
based on the analysis of continuous configuration
transformation which takes place in the direction
of its energy decreasing (to be precise, Gibbs en-
ergy decreasing). The process of reconstructing
the configuration is regarded as a continuous
transformation of the currents and phase jumps
distribution. As the external magnetic field in-
creases gradually starting from zero, there is a
continuous transformation of the transient cur-
rent distribution. In addition, in some configu-
ration regions the currents decrease, while in the
other they rise, i.e. the vortices are not like hard
particles “pushed” inside by the field, it is as if
they are “flowing” inside the contact.

An algorithm proposed in papers [10, 11] al-
lowed finding such a configuration, into which
the Meissner state transits when the external field
exceeds the H_value to a small degree, and ob-
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serving its development during any further growth
of the field. This method answers the question of
the state stability as well.

The calculations showed that there is such a
critical value of the pinning parameter /_in the
range of 0.95—1.00 which divides two possible
modes of the magnetic field penetrating the con-
tact. This result correlates with the critical value
of the pinning parameter /. = 0.9716 found in pa-
pers [12 — 14]. In case of / >  , at any value of the
external field there is a boundary current struc-
ture of finite length which completely compen-
sates the external field in the depth of the contact.
In our article [10], we present a detailed research
of this case. In the depth of the contact, the mag-
netic field equals zero, at the border it decreases
with the depth almost linearly, with some more or
less considerable oscillations. Values of the slope
coefficient are rational fractions that remain con-
stant in the finite intervals of the parameter /. If a
value of / goes beyond the upper limit of such an
interval, the slope coefficient spikes and assumes
the value of another rational fraction

As it was mentioned before, in the considered
case of zero total current through the contact, the
currents are distributed identically near both of
its ends, but go in opposite directions. Moreover,
the magnetic fields generated in the points sym-
metrical with respect to the middle of the contact
are identical in value and direction.

Let us introduce normalized strength of the
external field h = H / H , where H = ® /u Sisa
value of the external field at which one quantum
of the magnetic flux @ passes through each cell
with the area S. Then the magnetic field inside
the mth cell can be calculated using the formula
[10]:

hm = ((Pm+1 _(Pm )/21.[

Fig. 2 presents magnetic field reliefs inside the
contact for different values of the / parameter at
certain values of the external normalized mag-
netic field 4. The calculation was based on the
assumption that right and left structures do not
intersect, i.e. the contact length was considered
infinite. If the length is finite, then the right and
the left diagrams intersect, a recalculation should
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Fig. 2. Profiles of the magnetic field inside a long (m = 100) contact for two values of the pinning parameter:
5 and 2 (curves 7 and 2 respectively) at certain values of the external magnetic field (m is the cell number)

be made to account for that. However, in any case
the picture is symmetrical, and the vortex system
is at a standstill.

If 7 <1, then the boundary structure can only
exist till the value of the external field H __ (/). At
H, > H_ , the length of the boundary configu-
ration, calculated by the method used in paper
[10] (i.e. assuming infinite contact length), grows
continuously in the process of the calculation.
This means that the calculation process can have
infinite duration, while the field penetrates the
contact to infinite depth. For a detailed analysis
of the [ <[ case, we used the indicated method
in paper [11] for the option of the limited contact
length, as two symmetrical sequences of vortices
coming from different ends of the contact must
stop after they meet at its center.

Justasfor/> 1, inany case the picture is sym-
metrical, and the vortex system is at a standstill.

Nonzero current in the absence
of the external magnetic field

At the zero external magnetic field, due to
symmetry, one can argue that the currents are
distributed in a similar manner near both ends
and flow in the same direction. It results from the
Ampere’s circuital law that the field outside is ex-
pressed as

H=J/2b,

where J, A, is the total current through the con-
tact; b, m, is the length of the contact along the
axis z.

As in the “Penetration of magnetic field in a
PMLIJC at zero total current” section, we should
find the configuration of the phase jump distri-
bution in the boundary region minimizing Gibbs
energy at the given fields on both sides of the
contact (see this calculation in the aforemen-
tioned section). The critical value of the pinning
parameter dividing the modes is the same, i.e.
I,=0.9716. The difference in this case consists in
the fact that the total current serves as the given
parameter instead of the external magnetic field.
If the value of the pinning parameter is less than
critical (/ < 1)), then the boundary structure can
exist only till the external field value H__ (1), i.e.
till the value of the total current

J,

max (1) = 2b Hmax (I)

However, the main difference of the option
under study from the one in the aforementioned
section lies in the fact that vortices at different
ends of the contact have opposite orientations.
Until the contact length is great enough for these
vortex picture not to overlap (either at / > [ or
at / <[ and J <J_ ), the whole configuration
is static, the vortices are still. But, if the contact
Iength is such that the pictures overlap, then in
this region of overlap, the vortices of the oppo-
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site orientations are attracted to one another and
“annihilate”, i.e. are mutually eliminated. At the
same time, the vortices that were contributing to
the force holding the vortex configuration due to
pinning disappear, and the picture stops being
static. New vortices enter the overlap region, and
the same happens to them as well. As the vortices
move, the energy transfers into heat, and the cur-
rents stop being nondissipative.

The same phenomenon occurs, if / < 7, but
J >J__, when the vortex sequences from both
sides tend to fill the entire length of the contact.
These sequences have opposite orientations, and
so they are mutually eliminated. They are re-
placed by new vortices, which motion leads to a
transfer of the energy into heat.

Contact in external magnetic field
at nonzero current

Let us consider a general case. A contact is in
an external magnetic field which was switched
on adiabatically, i.e. the magnetic field strength
was growing slowly and monotonically from zero
to H . After that, an external current is passing
through the contact which is growing slowly and
monotonically from zero to J. The resultant field
outside the contact on one side (to be specific, let
us say, the right one) equals J +.J/2b, and on the
other side is equal to H, —J/2b.

Let us denote the vortex orientation in the
right structure as positive, while the reverse one is
negative. Again, we face the problem of calculat-
ing the boundary region configurations.

Case of I > I . Introduce dimensionless pa-
rameters

J L

j — l — cont

bHy " L

where lm , is the contact length expressed as the
number of cells.

Fig. 3 shows the magnetic field profiles inside
the contact for the case when it is long enough,
so prior to switching the j current the boundary
structures (in dashed lines) do not overlap. With
the growth of the j current the situation inside the
contact near its opposite ends starts to differ dra-
matically. On its right end, in the neighborhood
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of which the field equals H, + J/2b, the con-
figuration corresponds the minimum of Gibbs
energy at the adiabatic increase of the magnetic
field from H to H, + J/2b, i.e. the field linearly
decreases with the depth into the contact start-
ing from H + J/2b. The length of this boundary
structure equals (/2 + j/2)/k cells.

On the other end, the field was decreasing
from H, to H, — J/2b, i.e. there was a counter
motion of the external magnetic field. Therefore,
due to hysteresis, the relief is no longer linear.

The following cases are possible.

1. Ifj > 4h h, then h — j/2 < —h. In addition,
the field subdues the pinning of the vortices al-
ready existing on the left end, as a result of which
there is a vortex structure consisting of opposite-
ly oriented vortices establishing on the left end
(Fig. 3,a). The field profile on the left end of the
contact is also linear, its length is equal to (j/2 —
— h)/k. If the contact length Icont is less than the
sum of the boundary structure lengths, in par-
ticular

(h+j/2)/k+(j/2=h)/k=jk,

then in their overlap region the oppositely orient-
ed vortices are annihilated and replaced by new
ones which cause the energy transfer into heat,
and the currents stop being nondissipative.

2. If 2h < j < 4h, then the vortices closest to
the left end of the contact are negatively ori-
ented, while the farthest are positively oriented
(Fig. 3,b). In addition, the length of the negative
part of the structure equals (j/2 — h)/k cells. With
the current growth, the right structure expands,
but the vortices are not annihilated on the bound-
ary with the left one, since they have the same
orientation. The left configuration is shrinking
under the pressure of the right one, and its vorti-
ces of the positive orientation are moving left and
cancel out the negative ones. If the contact length
is less then the sum of the lengths, i.e.

(h+j/2) k+(j/2—h)/k=j/k,

then all positive vortices of the left structure are
eliminated, and the negative vortices of the left
structure are cancelling out the positive vortices
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Fig. 3. Profiles of the magnetic field inside
the long contact at the given external field
h and different values of the current ;:
Jj>4h (a),4h > > 2h (b),j <2k (c).
Dashed lines show the profiles prior
to the current switching (j = 0)

of the right one. Again, we find ourselves in the
situation considered in clause 1.

Generalizing cases 1 and 2, we draw a con-
clusion that the continuous vortices motion with
the energy-heat transfer occurs if the following
conditions are met: j > kI, j > 2h, which can be
written in a form

j>max{kl,,, 2h}. (1)
This result includes the condition of the vortex
picture motion j > kI, obtained in paper [12],
when 2 = 0.
3. If h > j/2 (Fig. 3,c), then both vortex struc-
tures are oriented identically, therefore there is
no mutual annihilation in case of them overlap-

ping. But there is a question whether the picture

is stationary or not. If the boundary structures in-
tersect at nonzero current, then the forces acting
on a point of their intersection from both sides are
equal. With the current increasing, the right end
force grows, while the left end one drops, as the
left structure was obtained due to a decrease in
the magnetic field strength. Therefore, the right
structure is moving the left one to the left. At the
same time, the left configuration shrinks to such
a state at which the force of its counteraction is
maximal. This state corresponds to a linear de-
pendence of the magnetic field on the depth with
the same coefficient .

As a result, boundary profiles of the magnetic
field of finite length establish at both ends. The
sum of the boundary structure lengths equals

(h+j/2)]k+
+h— j/2|/k =2h/k cells.

Fig. 4 demonstrates various possible cases. In
case shown in Fig. 4,a, the structures don’t inter-
sect, the situation is stationary. In case presented
in Fig. 4,b, the structures AFG and CMN would
be at a standstill. We need to find whether the
structures DBFG and BDM N would be at a stand-
still, and if the force exerted by BDMN on DBFG
is sufficient to hold it at rest. It follows from the
equilibrium of CMN that the force exerted by
BDMN is equal to the force of CBD, which in turn
equals the ABD force. The latter compensates the
BDFG force, i.e. the BDFG structure would be
at rest. The same goes for the BDMN structure.
Similar consideration shows that in the case dis-
played in Fig. 4,c the structures are at a standstill
as well.

However, in the case shown in Fig. 4,d (see its
description below), there is no equilibrium, thus
the vortices move right to left, and their energies
transfer to heat.

Let us find such a ratio of parameters at which
the situation d) occurs:

FG=h+j/2, MN =h—j/2,
FP=FG-MN = j.

It follows from FP > RP that j > ki . Taking
account, that 4 > j/2, we come to a relation
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I
a)

b)

c) h+j/2

hej/2

Fig. 4. Possible profiles of the normalized mag-
netic field strength in the contact. In the cases a, b
and c, the structures are stationary; in the case d
there is a right-to-left motion
(letters denoting the points are introduced for
convenience of reference in the text)

Kl <j<2h. )

By combining conditions (1) and (2), we ob-
tain the condition for the nonstationary state at
I1>1:

j>H,,
(at any h).

Case of I < I. In case of the indicated condi-
tion, various situations may occur.

If & +j/2 < h, then there are Meissner con-
figurations lining up at both ends. If the contact is
not too short, they do not overlap and the picture
is stationary.

However, if & + j/2 < h__, then at the right
end of the contact, a sequence of vortices forms
that tends to seize the entire length of the contact.
The left structure is either a Meissner configura-
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tion, or a finite boundary structure, or a chain
of vortices, which also tends to seize the whole
contact. But, since the field strength at the right
end is greater than that at the left one, then the
left structure cannot counteract the push from
the right, the vortices move right to left with their
energy transferring into heat.
In another case, when the conditions
h,<h+j/2<h

‘max

h,<h—j/2<h,,,
are simultaneously satisfied, there are structures
of finite length at both ends.

Nevertheless, their lengths are not propor-
tional to the field values in the neighborhood of
the boundary, as it was in the case of / > / . One
can analyze the behavior of the boundary struc-
tures depending on the ratio of the structure and
contact lengths. However, since the range of the
magnetic fields from hs to hmax is rather narrow,
then we can confidently neglect this situation
and assert that the picture stops being stationary
as soon as the greater field H, + J/2b exceeds the
H_ value,ie. h+j/2>h_ .

In paper [12], at & = 0 the condition of the
vortices motion has the formj > 2h__, whichis a
subresult of the obtained formula.

We can consider the case of 3D Josephson
medium in a similar manner with some suppo-
sitions [15].

Conclusion

Current configurations in a periodically modu-
lated long Josephson contact located in an exter-
nal magnetic field are considered for values of the
pinning parameter / greater than and less than the
critical one (/). The study is based on the results
of an analysis of continuous configuration trans-
formation which takes place in the direction of its
energy decreasing (to be precise, Gibbs energy de-
creasing). The process of reconstructing the con-
figuration is regarded as a continuous transforma-
tion of the currents and phase jumps distribution.

It is shown that, if / > [ , the maximum val-
ue of the nondissipative current is determined
by the contact length and does not depend on
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the value of the external magnetic field. In case
I <[, the critical current is determined by the
value of the magnetic field /___at which the vor-
tices begin to fill the entire length of the contact,

Condensed matter physics >

and does not depend on the length of the contact.
At the same time, with the growth of the external
magnetic field, the critical value of the current
decreases.
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MUKPOCTPYKTYPHASA MOAEJIb CETHETO3JIEKTPOYINPYIoro
MATEPUANA C YYETOM 3BOJIIOLUUUN NEDEKTOB

A.C. CemeHOB

CaHkT-MeTepbyprcknii NONUTEXHUYECKUIA YHBEpCUTET MeTpa Bennkoro,
CaHkT-MeTepbypr, Poccuiickas denepaums

s onucaHusl TUCTEPE3NCHOTO MOBEACHUSI CETHETOIIEKTPUKOB/CETHETORJIACTUKOB B YCIOBUSIX
CJIO)KHOTO MHOTOOCHOTO KOMOWHUPOBAHHOTO 3JIEKTPUUECKOTO M/WJIM MEXaHUYECKOTO HarpyKeHUs
MpeayioXkeHa TepMOIMHAMUYECKN COTJIaCOBaHHAsE MUKPOCTPYKTYpHAasi MOJEIb CEerHeTO3JeKTPO-
yIpyroro Marepuasa ¢ yueToM HAIMUUS U DBOJIIOLIMU MOJSIPHBIX TOUEUHBIX AeeKTOB. Moenb Takxe
YUUTBHIBA€T MHOTO(a3HbIil COCTAB, aHU30TPOINUIO CBOKMCTB, TOMEHHYIO CTPYKTYPY M TMCCUTIATUBHBIMI
XapakTep IBUXEHUS JOMEHHbIX cTeHOK. [IpeuioxkeHa TuHeHast TeOpusl BOJIOLIMU 3aPSIKEHHBIX TO-
YeYHBIX Je(heKTOB Ha OCHOBE BHIOOpA CBOOOIHON dHEPTHUM Ne(EKTOB B BUIE KBAAPATUIHON (DOPMBI
BeKTOpa MOJISIpU3alliy 1 TeH3o0pa AedhopMannu aeheKToB, ypaBHEHUS IBOJIOIUNA KOTOPHIX MOJTyIe-
HbI Ha OCHOBE TMCCUTIATHUBHOTO HEPABEHCTBA. YCTAHOBJIEHA 3aBUCUMOCTD BEJTMUMHBI CMEIIIEHUS TTe-
TeJib TUCTepe3uca OT MapaMeTpoB CBOOOIHOM aHepTruM nedekToB. CpaBHEHNE Pe3yJbTaTOB PACUeTOB
C 9KCIePUMEHTAIbHBIMU KPUBBIMU JTU3JEKTPUUECKOIO, MEXaHUUYECKOTO U 3JIEKTPOMEXaHUYECKOTO
TUCTEPEe3UCOB IS IETMPOBAHHBIX aKIIETITOPHBIMU J00aBKAMU MOJMKPUCTAITNYECKON MThe30KepaMu-
ku PZT PIC-151, momukpucraminyeckoro BaliO,, monokpucranimyeckux PMN-PZT n KTS noka-
3aJI0 XOpolllee COBMaIeHueE.
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Introduction

Ferroelectric piezoceramics (ferroelectroelas-
tics) [1 — 3] are the most prominent example of
active (smart) materials, finding wide practical
applications as components of fuel injectors, na-
nopositioners, micromotors, scanning tunneling
microscope drives, vibration dampers, piezoelec-
tric transformers, memory cells, etc. The posi-
tioning accuracy, strength and durability of these
devices can be assessed by developing develop re-
fined models of ferroelastic materials [2, 4 — 12].

Point defects in the crystal lattice are a ma-
jor influence on the evolution and motion of
domain boundaries, the size and shape of hys-
teretic curves, switching times, and dielectric,
piezoelectric and mechanical properties [1, 3,
13 — 16]. This is confirmed by numerous exper-
iments performed for barium titanate (BaTiO3)
[15, 17, 18], PZT [19-21], PLZT [22], PMS-
PZT [23], PMN-PZT [24], BNT-BT [25],
KNN [26], TGS [1, 13], KTS [27]. However,
modern models of ferroelastic materials do not
directly account for the presence of defects and
their evolution.

Point defects also considerably affect the deg-
radation of electromechanical properties [16],
either arising through cyclic electrical and/or
mechanical stress (fatigue), or evolving over time
in the absence of external mechanical and elec-
trical loading (aging). The basic mechanisms be-
hind fatigue and aging are similar in nature and
are directly related to the presence and evolution
of point defects.

Lattice defects can be both intrinsic and pro-
duced artificially during crystal growth by intro-
ducing acceptor or donor impurities, as well as
by exposing the crystal to high-energy particles
(including irradiation with X-rays, gamma rays,
neutrons, and electrons) [13]. The presence of
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spatially ordered polar defects with a given con-
centration makes it possible to generate an inter-
nal bias electric field in the crystal, preserving a
stable monodomain state [13], to achieve large
changes in the strain with a small change in the
electric field [28]. This opens new prospects for
deliberately modifying the electromechanical
properties of ferroelastic materials by producing
structural defects in controlled conditions, which
is a method of domain engineering as a type of
technological engineering.

In this regard, experimental and theoretical
studies considering the influence of defects on
the switching processes and motion of domain
walls are a major focus.

The goal of this study is to develop and verify
a thermodynamically consistent microstructural
model of a ferroelastic material, accounting for
the evolution of polar point defects, which allows
describing the hysteretic behavior in mono- and
polycrystalline ferroelastic materials under arbi-
trary scenarios of complex multiaxial combined
electrical and/or mechanical loading.

We previously considered a microstructural
model accounting for hard-switching point de-
fects [11]. We further develop this approach in this
study, including the option to change the orien-
tation and concentration of dipolar point defects
and the effect this has on the switching processes.

Defect-free model

The scleronomic microstructural model ac-
counting for dissipative motion of domain walls
in a single crystal was originally proposed in [35]
by analogy with the model of crystal plasticity,
and was further developed in [6 — 12]. The mod-
el was rigorously proved from a thermodynamic
perspective and confirmed experimentally [5,
7 — 10].
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The formulation of the constitutive equations
is limited to the infinitesimal isothermal case. It
is assumed that the strain tensor € and the elec-
tric induction vector D can be decomposed as the
sum of linear (reversible) (g, D) and permanent
(similar to plastic) (¢", P") components:

e=¢+¢, (1)
(2)

The linear relations corresponding to a linear
piezoelectric material hold true for the reversible
components:

D=D'+P".

g=¢-¢="8".06+°d"-E,
3)

D'=D-P ' =°d--6+k°-E.

These relations allow for the following revers-
ible form:

6= 4CD~-(8—8’)—3hT-(D—P’),

E=—"h-(g-¢")+p°(D-P"), ¥

where “S” is the tensor of elastic compliance
moduli of the crystal at constant electric field
(4"-order), *d is the tensor of piezoelectric mod-
uli of the crystal (3"-order), k° is the dielectric
constant tensor of the crystal at constant stresses
(2"-order). The tensors “C”, h’, B¢ are deter-
mined based on the tensors “S%, 3d’, k° by invert-
ing the block matrix.

The processes of irreversible deformation and
spontaneous polarization in piezoceramics are
associated with potential sudden displacement
of non-centrosymmetric atoms in the crystal
lattice. N = 6 orientations of <OO 1> spontaneous
polarization (along positive and negative direc-
tions of the three crystallographic axes) occur in
a tetragonal crystal, corresponding to six possible
domain configurations and

M=N(N-1)=30

switching systems.

N = 8 orientations of <1 1 1> spontaneous po-
larization (along the directions of four main di-
agonals of the crystal cell) occur in a rhombo-

hedral single crystal, corresponding to 8 possible
domain configurations and 56 switching systems.
N =12 orientations of <01 1) spontaneous polari-
zation (along the diagonals of the crystal cell fac-
es) occur in an orthorhombic single crystal cor-
responding to 12 possible domain configurations
and 132 switching systems. The residual strain
tensor and the residual polarization vector of the
crystal can be written in this case as the sum of
the contributions of individual domains:

N

e =Y ¢ &, (5)
I=1
N ~

P =) c P, (6)
I=1

where ¢, is the volume fraction (concentration) of
the /" domain in the monocrystal, satisfying the
constraints

N
0<c¢ <1, D¢ =1 (7)
=1

The tildes in expressions (5), (6) represent the
variables defined at the domain level. The tensors
& and vectors P/ are constant, determined by
the values of spontaneous strain and polarization,
as well as the geometry of the unit cell.

The single-crystal moduli *S”, *d and K’ are
calculated based on the moduli *S}, *d, and k¢
of the individual domains using relations similar
to (5) and (6):

N - N -
S =3¢, '§5,2d=Yc, %,
1=1 =1
®)

N
c _ ~G
K’ = E ¢ K;.
I=1

The structure of the tensors *S%, *d, and K°
depends on the type of the crystal lattice. The
simplified approach that has gained wide recog-
nition in practice [35, 6, 9], based on the isotropic
approximation for the elastic compliance tensor
*S? and the dielectric constant tensor K, repre-
sents the tensors characterizing the linear behav-
ior of the piezoelectric material domain as

33



4 St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 14 (1) 2021

I
'Sy =51®1+5,(181+1®1),
‘d, =d, (p®1-pOp®p)+
+c§33p®p®p+
(1®p+1®p—2p®p®p),

)
+(1/2)d,;

K; =«l,

using the symbols for direct and indirect dyadic
products

(A®B)ijkl ‘4731(1’
(A®B)W = 4,B,,
(A@ )g,kz :A B/k’

(A@x)l_jk =A4,x;,

while p = 13;/ | f’,’ | is the unit vector of the polar-
ization direction of the domain.

According to equalities (9), the following 6
material constants are to be found to give the ten-
sors *S¥,*d, and k°:

§ =—v/E,
=(1+9)/E, dy,, dy, d,s, &

Within the framework of the model assuming
a transversely isotropic material [10], with the
normal to the isotropy plane depending on the
polarization direction , the expressions for the
linear moduli *S”, *d, and k¢ can be written in
the following form [29]:

'Sy =5101+5,(181+181)+
+5, (1®p®p+p®p®1)+
+3, (1@p®p+p®p@l)+
+5;p®p®p®p, (10)
361 d~31 (P®1_P®P®P)+d33 pP®pRp+
+(1/2)d,;(1®p+1®p-2p@p®p),

K} =I~<“(1—P®P)+I~<33p®p,

According to Egs. (10), the following 10
material constants are to be found to give *S7, °d,
and K7:
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The rate of change in the concentration of the
I single-crystal domain is expressed in terms of
summation over all switching systems of changes
in the volume fraction of the /" domain due to the
inflow ¢’ for switching domains from Jto / and
due to the outflow ¢’ for switching from 7 to J:

= (e =),

A consequence of relations (5) and (11) is that
the residual strain rates can be represented in the
following form:

(1D

J#I

1=1 1=l J=1
J#l
N N
J>Ix Jo>Ix
DD IR 3 Y ANIEY
1=1 J=1 J=11=1
J=I VE
N N
_ S (gr gr
=22 (s,—sJ)
I=1 J=1
J#I

This implies the representation for the perma-
nent strain rate tensor and a similarly derived ex-
pression for the polarization velocity vector:

N N
_ JoI A1
—ZZC ACYINE

(13)
I=1 J=1
J#I
N N
Pr=3"% AP, (14)
I=1 J=1
J#I
where the tensors and vectors
AE] €, = 5; = ﬁJ—ﬂég:
APJral = Plr _P.; = BJ»IPor

are defined by constants characterizing the crys-
tal lattice; i, ,, and B, ,, are the normalized
Schmidt tensor and vector; &, and P are the
spontaneous deformation and polarization, re-
spectively.

The rates of change in the elastic, piezoelec-
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tric, and dielectric moduli are determined simi-
larly based on Egs. (8) and (11):

N N
AQE _ J—>1 E
S _z A SJ—)I’
I1=1 J=1
J#l
N N
33 -J—>1 A 373
d= ¢’7'Ad, (15)
I=1 J=1
J#I
N N
c __ J—=I A ~0
K7 =2 > ARG,
=1 J=1
J#I

The equations for calculating the kinematic
variables ¢’ which play a fundamental role
in describing the switching processes, are intro-
duced from the condition that the thermody-
namic constraints are satisfied a priori.

Limiting the decomposition of the free ener-
gy (the Helmholtz thermodynamic potential) to
terms not exceeding the second order of small-
ness, we obtain an expression for free energy as
a quadratic form with respect to the reversible
components of the strain tensor € and the electric
induction vector D”:

=(1/2)¢"--*C”--¢' -

-D'-’h--¢' +(1/2)D"-p*-D'. (16)

It is assumed that the free energy is a function
of the reversible strain tensor €, the reversible
electric displacement vector D’ and a number of
internal state variables ¢, (that the moduli 4CP,
*h, B¢ depend on): y(e', D', c)).

Substituting expression (16) for the free ener-
gy into the dissipative inequality

S=6--¢+E-D—y>0 (17)
yields a relation
6:(0—8—Yj--é’+(E—a—WlJ-D’ +
o€ oD
(18)

+6--& +E-P' — za—wc, >0.
c]

A consequence of the independence of the
change and & D’ when considering the linear in-

Simulation of physical processes >

equality (18), are the following relations:

oy
G=Ea (19)
0
=a—]‘;’,, (20)
6=c--=i:’ +E~P’
+(1/2)e- ~6+E-*d--6+ 1)

+(1/2)E-1'c"-E20.

Inequalities (19) and (20) produce the con-
stitutive equations (4). The proof that the sum
N

oy . .
—Z@—Wc, can be substituted by the rates of
1=1 0C;
change in the elastic, piezoelectric, and dielectric

moduli during switching is considered in [11].
Substituting expressions (13)—(15) into rela-
tion (21) yields the expression

5-3

I=1

GJ*}I - J—>1 > 0

M=

(22)

— —

*

NN

where the driving force G’~/, conjugate to ¢’~,
is given by the following equality:

+E-AP’

Jo>I
G =0 A€ N

+(1/2)s-

+E-A’d,,, - 6+(1/2)E-AK, -E.

J1

~A*SE

JoI " "0+

(23)

One possible way to satisfy the non-negative
dissipation condition (22) is to choose the equa-
tion for the evolution of ¢/~ in the form

- J=1

where G'~'>0,B~'>0,n>0,m>0,C,>0are
the material constants that determine the shape
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of the hysteresis curves.

Introducing the last factor (c, /C)" in
Eq.(24) allows to describe the saturation effect
and satisfy the constraints (7), since as the do-
nor concentration is depleted, i.e., at ¢/ — 0,
the switching rate decreases, i.e., ¢’>' =0,
which ensures that the condition ¢’ > 0 is satis-
fied. The parameter B/~ characterizes the vis-
cosity of the material (in general, it is different
for each switching system).

The evolution equation (24) corresponds to
the rheonomic model without a switching thresh-
old, which is similar to the nonlinear viscoelastic
model. However, it can describe scleronomic be-
havior with a switching threshold for large values
of n.

Model with defects

In this work, which is based on a microme-
chanically motivated phenomenological descrip-
tion [11], we assume that two additional internal
variables are introduced to describe the electro-
mechanical state of a real crystallite: the defect
polarization vector P? and the defect strain tensor
g/. They serve as additional arguments of the free
energy and evolution equations of the internal
variables. Crystal polarization P? and its strain £,
resulting from the appearance of point defects,
are calculated by averaging within a representa-
tive volume of the crystal VRVC:

Pl=— j P! av,
Vive Vave
(25)
g’ = ! j g dv
Vve Vave

The change in the dipole moment f)d during
defect formation is determined by the expression

(see [1]):
B’ =P+ GAF,

where p° is the intrinsic dipole moment of the
defect whose position does not coincide with
the center of inversion; Ar, is the displacement
of charges ¢, in the surrounding lattice due to the
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defect emerging.

The distributions of the fields correspond-
ing to the electric potential and the polarization
vector of a fixed dipole, necessary for calculating
the vector P? by Eq. (25), are described by the
equations:

(~Pd = —ﬁd . VV_1/4TC80 = f)d * I'I”_3 /47[80 5 (26)

P/ =p' - VVr ' (e—¢,)/dne, =

(27)

=—p‘ .(1 —3rrr’2)r*3 (8—80)/4‘[[80 ,
where r is the radius vector originating from the
point where the defect is located; 7 is its length; 1
is the unit tensor; €, & are the dielectric constants
of the material and vacuum.

If the crystal has a system of identically ori-
ented polar defects~, they produce volumetric
polarization P¢ = nP“, where n is the number of
defects per unit volume.

According to the continuum theory of point
defects [30], the displacements in an unbounded
body due to the point defects evolving (the defect
is formed because a disproportionate sphere is ei-
ther inserted into a spherical cavity or removed
from it) and their corresponding strain have the
form:

' =—cVr' =crr, (28)

& =—cVVr' =cA-3rrr ), (29)
where ¢ = AV / 4r is the defect power, AV is
the change in the volume during insertion/re-
moval.

It is assumed in formulating the constitutive
equations that the quantities P4 and €“ that de-
scribe the influence of defects (the same as P"and
€") accounting for the switching processes rep-
resent the contribution to the total spontaneous
polarization and strain, and therefore the follow-
ing decompositions are generally used instead of
sums (1) and (2):

e=¢+e&+g (30)

D=D'+P +P’. (31)
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It is assumed that the free energy of a real
crystal (containing defects) allows for decompo-
sition:

V= Visear TV defect » (32)
where v, . =V d@fect(P", g/, P, €) is the free
energy due to formation of defects; y = =
=v._..(D', &, c) is the reversible part of the free
energy (16).

The value v, is determined by the quadratic
form of the reversible components of induction
D' and strain €”:

Ve =(1/2)€ --CF &'+

+D'-’h--¢'+(1/2)D"-p*- D’ )

The arguments P”, € in the function

— d d roar
Wdefect _\Vdefect(P ,€ aP 98)

are introduced to account for the mutual influ-
ence of defects and domain walls.

Since this study is aimed at developing the lin-
ear theory of defects in ferroelastic materials, we
can limit the decomposition of the free energy in
a series to terms no higher than the second order
of smallness. The most general expression for the
free energy of defects has the following quadratic
form:

Vaerect :(1/2)Pd 'QP'Pd +P* 'SQPS gl +
+(1/2)gd-.4Q8..8d+
+Pd'LP'Pr+Pd-3LP8..8r+

r 3 d d 4 r
+P -"L,--e" +¢& "L, --¢g,

€

(34)

where Q,, °Q,, ‘Q_, L,, °L,, °L ,, ‘L_are the
tensors of the 2", 3 and 4" ranks, characteriz-
ing the sensitivity of the material to the influence
of defects. Q-tensors are used in quadratic terms
with respect to the quantities characterizing the
defect state P? £/, and L-tensors are used in linear
terms.
Due to symmetry of the tensors € and £,

ro__ A d _d{(: :_ 711
sij—sﬁ,aij—sﬁ(z,J—l,?)),
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3 3
The tensors *Q,, °L,,
symmetry

L, ‘L, ‘Q_ have

Pe _ Pe LPa _ LPe LSP _ LSP

kij ki > hip = Fgio P — Hio
£ _ MNE  _ )E e _ 7¢ _7¢
Qz‘jkl =0 ikl — Qijlk > Lijkl =L ikl = Lijlk'

In addition, the tensors Q, and *Q_ have
symmetry

P P
Oy =0, Q;kl = Q/fzy

because the left and right factors in expression
(34) are identical.

The tensors L, and *L._generally do not have
such symmetry. It is only in the case of point de-
fects tending to restore symmetry upon polariza-
tion switching [28, 31, 32], so that P¢ becomes
co-directed with P", and €’ coaxial with €, that
the tensors L, and “L_have symmetry

=

Klij*

L,=L,L

ikl

The above symmetry conditions allow reduc-
ing the number of independent components of
the given tensors.

Within the framework of the transversely iso-
tropic material model, the tensors

3 3 3 4 4
Q,.L,,"Q,,,’L,,’L,,"Q,, "L,

appearing in Eq. (34) are expressed as

Q, =0 (1-p®p)+05p®p,
L,=L;(1-p®p)+L,p®p,
'Q,, =0y (p®1-p®p®p)+
+0p®p®p+
+(1/2) 0% (1®p+1®p-2p®p®p),
3LPS:Léjf(p@)l—p@)p@p)+
+L§§p®p®p+
+(1/2) L (1®p+1®p-2p®p®p),
L, =L (p®1-p®p®p)+
+L§’;p®p®p+

(35)
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I
+(1/2) L (1®p+1®p-2p®p®p),

'Q, =011®1+0; (1®1+181) +
+0;(1®p®p+p®p®1)+
+0; (19p®p+p®p®1)+

+0;p®@p®p®p,

‘L, =L101+ L (1®1+181)+
+L(1®p®@p+p®@p®1)+
+L, (19p@p+p®p®1)+

+Lp®@pBp®p,

(35)

where p is the vector of the unit normal to the
isotropy plane defined by the polarization direc-
tion P,

According to expressions (35), the following
23 material constants are to be found to give the
tensors Q,, L,°Q,,,°L,,°L ,,*Q,, ‘L

P AP 7P 7P Pe Pc P
Qll’Q33’Lll’L33’ 31 2 =33 » 15 0
Pe Pe Pe eP eP eP
L31 9L33 ’LIS ’L31 ’L33 ’LIS ’
€ € € € €
Q1 aQ2>Q3 ’Q4’Q5 g
€ € € € €
L,L, L, L, L;.
. . 3
In the isotropic case, the tensors Q,, L, *Q,,,
3 3 4 4 :
L,, L§P, Q,, ‘L, allow for the following rep-
resentation:

Q,=0"1,
L,=1I"1,
QPe = 3I“Ps = 3I“sP = 30’
‘Q,=0'1®1+0; (1@1+1@1),

(36)

‘L, = L1901+ L (181+181).

Substituting Egs. (30)—(32) into the defini-
tion of dissipation (17) yields an expression for
the dissipative function accounting for the mo-
tion of domain walls, their interaction with de-
fects, and defect formation processes:

A 0
Sz(c_aw—m{leﬂl}..él_}_ G_M ..i.:r_{_
o¢ o’

38

0 ) .
+ 6 \I’de_fct e E_a\‘!zdial D+
0 oD

3
(37)

oV ., . oy, )
+ E_M P+ E—WL{;“ PY =
oP" oP

_(1/2)64SE6_E3d6_
—(1/2)E-x°-E20.

Dissipation is absent upon change in linear
reversible strain and electrical induction, so the
differences

_ a\V ideal
o¢

E- a\ll ideal

o ]
oD

M

should become zero. It follows that the stress
tensor and the electric field vector, satisfying the
condition for non-negative dissipation, are de-
fined by the relations:

G:a\g:leaz _ 4CD__(8_8r_8d)_
_3hT.(D_Pr_Pd),

38
E= 8\Ijialeal _—3h" ( )

oD’
+p°-(D-P" = P’).

(s—s’—sd)+

Notably, the last terms in brackets in system of
equations (38) can be neglected in the vast ma-
jority of cases important for practice because the
concentration of defects is assumed to be low.

Accounting for relations (38) in expression
(37) yields the following expression for the dissi-

pative function:
Wdefect j . éd +

0 0
6: G_M ..((.:r+ 6_ 4
oe" o€

N E_a\ljdefect P E_a\l/de{l‘ect P
OP’ oP

39
—(1/2)6--*S* -6 -E-*d-- 6 - ¢9)
—(1/2)E-k°-E >0,

Specific expressions of the evolution equa-
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tions for the cases of hard-switching (frozen) and
switchable (reorientable) defects, obtained from
condition (39) for non-negative dissipation sat-
isfied a priori for arbitrary loading scenarios, are
given below.

Hard-switching defects. In the case of un-
changeable (frozen, hard-switching) defects,
when and P¢ = const and &’ = const, Eq. (39) is
simplified:

0 ) 0 )
5=l g WVaeeer | ol E- Wdejject P
og" OP’

_(1/2)64SE6_E3d c—
—(1/2)E-k°-E>0.

(40)

_ Substituting expressions through & P, *SE,
*d, k° in terms of ¢’ (13)—(15) into Eq. (40)
yields the representation

ﬁ(G;,;,’ ~Gh)e?h 20, (41)

1J
J

&=

N
I=

= —

where G/ is calculated from Eq. (23) and

G 18 defined by the relation:

a\l/ defect
o

J>1 _
defect —

.. Ag"

J—>1 +

P o (42)
n Wde{ect X AP;H[ )
oP

Representing the defect free energy v defect A3
a quadratic form (34), accounting for anisotropy
and mutual influence from the formation of elec-
tric and mechanical defects, gives the following
form for the expression for Gy, (42):

Goon =P"-L, AP, + P! L, - AE |+
+AP] L& +e’ 'L - AF, . (43)

In the simplest case, when the free energy
VY segeer is represented in the isotropic approxima-
tion (36), expression (43) is simplified to three
terms containing only three scalar material
parameters:

J>1 Ppd D’
Gdefect = L P .APJ—>[ +

+]5t d or € ad or (44)
treftrAg’, |, +2L05e" .- Ag .

The evolution equation for ¢’~’, uncondit
tionally satisfying the condition (41) for non-
negative dissipation, is taken in the following

form:
J—1 I\ m
B Jo1 G - Gdefect C,]
G’ F >
c 0

0 GJ—)I <GJ~)I

defect *

The structure of Eq. (45) corresponds to the
kinematic hardening model used in plasticity
theory. The quantity G;_, governs the contribu-
tion of the domain switching system from J to
to the displacement of the hysteretic loop. The
presence of point defects generates internal stress
displacement fields o, and electric fields E,
which directly determine the shift in the hyster-
etic loop centers. As follows from expressions
(43) and (23), generally speaking, the internal
displacement fields for the defect free energy
represented as a quadratic form (34) are linearly
related to the deformation and polarization of the
defects:

o,="L ¢’ +°L, -P?,

46
E, =L, &g +L, P’ (%)

The mathematical structure of the obtained
expressions (46) for the internal displacement
fields is similar to that of the constitutive equa-
tions for piezoelectrics (compare these expres-
sions with Eq. (4) or (38)). In the case of invaria-
ble defects considered, the internal displacement
fields remain constant.

A simplified formulation in the isotropic ap-
proximation (36) obtained by applying expres-
sions (46) results in the absence of influence from
Cross terms:

39



4 St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 14 (1) 2021

_ 78 d

tro, = L, tre",
_ 78 d
deve, = L, deve’,

E,=L"P’,

(47)

where I =3L+2L,, L, =2L,.

Using the microstructural model of ferroelas-
tic material (42)—(45) with hard-switching de-
fects and P? = const, £/ = const allow describing
the horizontal displacement of hysteretic loops.

Switchable defects. Defects resulting from ex-
ternal electrical/mechanical action or internal
local inhomogeneous fields can evolve, which
leads to changes in their characteristics (concen-
tration, polarization direction, dipole moment,
invariant). Kinetic models of the changes in the
internal displacement field based on switching of
the dipole defect orientation were considered in
[15, 17, 33], as well as in [16, 34] based on the
diffusion mechanism of charged particle migra-
tion. Below the introduction of the evolution
equations within the phenomenological and mi-
crostructural approaches based on the use of the
laws of thermodynamics is considered.

One of the simplest ways to satisfy the con-
dition (39) for non-negative dissipation within
the framework of the phenomenological model
is to introduce the evolution equations where the
change rates of the variables characterizing the
defect state, € and Pd, are proportional to the
corresponding driving forces:

8a! — 4B e Wdefect
‘ og! )
o (48
nd _ defec
P _BP-(E—aTdf],

where 4BS and B, are constant tensors character-
izing the relaxation properties (viscosity) of de-
fects.

To ensure non-negative dissipation, it should
be stipulated that the tensors ‘B_and B, are pos-
itive definite:

x‘B,-x>0; y-B,-y>0

for any 2"-order tensors X and vectors y.

40

Then the dissipation induced by a change in
the defect state will be a positive definite quad-

ratic form:
v, oy
6 B efect "4B | e— defect +
¢ ( og’ j ¢ ( og’
o .. o .. (49)
+ E _ \Vde{ject . BP . E _ \Vde{ject .
oP oP

In the general case of representing the defect
free energy y defect A @ quadratic form (34), the
evolution equations (48) take the form of linear
inhomogeneous ordinary differential equations:

P¢ =BP-<E—8d-- QL —P!.Q, -

—g - 4LTPg—P’-LTP),
(50)
éd = 4B8“(6_8d .. 4Q£_Pd . 3QP£_

—¢ - ‘LL-P"-°L,,).

To simplify analysis of the obtained equations,
let us confine ourselves to the case of isotropic
approximation:

B, = B"l,

_ (51)
‘B, = B/1®1+ B; (181+181),
where B” >0, Bf >0, B; >0.

The representation of expression (51) in com-
bination (36) yields, due to Egs. (50), an uncou-
pled system of evolution equations with constant
scalar coefficients:

P/ =B (E-Q'P'-L'P"),
tré! = B° (trc —Qitre” — I tre” ), (52)

devs! = B¢

dev

(deve — 05, deve’ - L deve' ),

dev

where
B; =3B/ +2B;, Q; =307 +20;,
B(:.ISCV

Qjev = ZQZS’ Lfiev = 2L82

L =3[ +2L, B =2B,
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are the material constants.

For arbitrary given E(?), P’(¢), o(¢), €(?), the
general solution of Egs. (52) under initial condi-
tions €*(0)=¢; and P?(0) =P, takes the form

P'=e TPPd+BPje ” (E(t')-
0
LPPr(t’))

tre =e Etr£0+
t=t' (53)

g (trc (¢")— L tre’ (t’)) dr',

ot

t
€
+BtrIe

0

dev

deve’ =e ™ deve] +
t—t'
.

: (devc( ") -

+B§evj L deve’ (1))t
0

where the constants 7, 17 and rd‘” determining
the relaxation times, are given by the expressions:

1 " 1
TP BPQP > TS - BZQS_ K
o __ L (54)
’ derdev

At constant values of 6, €, E, P (under ag-
ing), the solution (53) is simplified:

P’ = eiéP(f + B’ (E—LPP’)(I—eTIP],

t
tre! = = tred +
i
+ B; (trc —Lfrtrsr) l-e ™ |, (55)
o
dev
deve’ =e ™ deve] +

t

Ji-e

+ B, (devc L, deve”

dev

Thus, according to solution (55), the internal
displacement fields 6, and E, (47), proportion-

al to the calculated £’ and P?, will increase over
time under aging in the presence of primary po-
larization by the law 1 — exp(—¢/t), which is con-
firmed by numerous experimental data [15 —17,
35] and theoretical studies based on alternative
approaches [15—17, 33, 34, 36].

Given harmonically varying fields E =
= Eosincot and stresses 6 = 6 sino?, the solution
(53) contains a term of the form exp(—z/t), which
indicates that it is possible to describe the effect
of decreasing internal displacement field under
high-frequency harmonic action observed in the
experiments [17, 36, 37].

It should be noted that the permanent strain
¢ and polarization P’ are calculated within the
framework of the proposed model similar to the
case of hard-switching defects based on Egs.
(13)—(14) and (42)—(45).

Using the evolution equations of the phenom-
enological model for £/ and P? in the form (48)
allows us describing the horizontal shift of the
hysteretic loop as a function of aging time.

The microstructural model of defect evolu-
tion accounts for the discrete nature of potential
dipole defect orientations in accordance with
the real configuration of oxygen vacancies in the
unit crystal cell. In this case, by analogy with de-
compositions (5) and (6), the strain and polar-
ization of defects are defined as the sum of the
contributions of individual orientations:

L

e'=> n &, (56)
=1
L

P/ =>"n P/, (57)
I=1

where L is the number of possible defect orienta-
tions (L = N = 6 for perovskites with tetragonal
symmetry in the polarized state), n, is the density
of dipole defects of a certain direction (coincides
with the polarization orientation of the /™ do-
main for perovskites with tetragonal symmetry in
the polarized state).

If we assume that the total defect density
is unchanged, the density #, satisfies the con-
straints:
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L
0<n, <n,, Zn, =n,. (58)
=1
A thermal activation model of defect reorien-
tation was proposed in [15, 17, 38], according to
which the defect kinetics is described by a system
of linear first-order differential equations:

. & AVVI»JJ
n,=—) a,exp| ————|n, =
=Y e -5
N
:_ZalaJnJ’
J=1
where AWH

, is the activation energy upon
switching from the ' to the Jt defect location;
a, , is the probability of dipole reorientation
from [ to J per unit time; 7T is the temperature;
k=1.38-10"2 J /K is the Boltzmann constant.

Inthe case of complex non-proportional multi-
axial loading, model (59) can lead to violation of
the dissipation inequality. Therefore, a thermody-
namically consistent generalization is proposed in
this paper based on the formalism described above
in the section ‘Defect-free model’.

Instead of the evolution equation (59), it is
proposed to use an equation similar in structure

(39)

to Eq. (24):
gl ! Y
J—1
) (2]
c 0
W =0G7 >0, (60)
0, Gj”l <0;

where 477" >0, H'>' >0,1>0, ¢>0, n,>0
are the material constants.

The change rate in the concentration of the
I case of defects is expressed based on the equal-
ity similar to (11):
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The driving force H’~/, resulting from substi-
tuting the sums (56), (57) into expression (39)
and conjugate to n/~’is, in the context of equality

oy, .
Sd:(c— Wde/ect}..éd+

og’
( 0
+| E—-

defined by the expression:

\Ij defect
d

N N
Dd Jo>I o J—>1
P=D S H R,
1=1 J=1
J#I

oy
JoI _ defect ~d
H —(G—W]“ASJ_)['F
(61)
a\deefect Dd
+[E—W 'APJala
where Aéj_ﬂ = 57 - éj , Al~’j_>, = 13;1 - f’f are the

material constants describing the change in the
characteristics of the dipole defect upon change
in the location of the oxygen vacancy in the crys-
tal lattice.

Importantly, the relations

G — aw defect

_ 6\” defect
o’ '

oP?

3

act as the components in the expressions for the
phenomenological model (48) and for the micro-
structural model (61).

The power dependence of 7”7 on A’ in
Eq. (60) can be obtained by introducing the as-
sumption

R R g1 P

in Eq. (59), using the condition that A~ is
close to HCJ_’I , based on the following transfor-

mation:
A WJ—)[
exp| — =




Jo1 P kT JoI LU
H H kT
=Cxp [HCJ—UJ -1 z[HCJ—ﬂJ

In the case of the defect free energy y defect TEP-
resented as the quadratic form (34), accounting
for anisotropy and mutual influence of electric
and mechanical processes of defect formation,
the expression for /! (61) takes the form:

H™' =(c-2--'Q,-P'-*Q,, -
—¢ - 'LL-P L, ) A, +
+(E-¢'-°Q},-P'-Q, -

—¢ - 'L, —P"-L},)- AP}

Jo>I

(62)

In the simplest case of the free energy v defect
represented in the isotropic approximation (36),
equality (62) is simplified:

H'”!' =(6 -0/ 1tre” —205¢" —

—Ltrg’ —2L5 ) AE),, + (63)
+(E-Q"P/~L'P")- AP} .

Expression (63) does not account for the cross
influence of mechanical and electric fields and
contains the same 6 scalar material parameters

0. 0;. L, L, 0", L',

included in the equations of the phenomenolog-
ical model (52).

The two models of defect evolution consid-
ered (the phenomenological one (48) — (52),
without accounting for the specifics of dipole
defect orientations) and the microstructural one
(56) — (63), accounting for the discrete nature
of potential dipole defect orientations in a unit
cell) are both relaxation-type models, reflect-
ing the system's tendency to equilibrium under
external changes; they satisfy the condition for
non-negative dissipation under arbitrary multi-
axial loading.
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Two-level homogenization method

Analyzing the behavior of polycrystalline fer-
ro-piezoceramics, we can identify three charac-
teristic structural levels: micro- (domain), meso-
(crystallite), macro- (polycrystal). Furthermore,
the relationships between the variables at differ-
ent levels (two-level homogenization) should be
established (Fig. 1).

The relationship between meso-level varia-
bles {&, 6, D, E} describing the behavior of the
crystallite and micro-level variables {%, 6, D, E}
describing the behavior of the domain is deter-
mined analytically in the framework of the Reiss
approach by the equations:

RVC Vpye =1
| (64)
C = 6dV =0,
Vve Vave
1 ~ Yoo
D=—— [ DdVr=>)cD,
Veve Vave 1=l
(65)
1 - .
E=— [ EdV=E,
VRVC Vave
where V__ . is the representative volume of the

RVC
crystallite (grain). The constitutive equations dis-

cussed in the previous two sections correspond to
the meso-level and describe the behavior of the
crystallite.

The relationship between macro-level varia-
bles {€, o, l_), E}, describing the behavior of the
polycrystal, and meso-level variables {€, 6, D, E}
is defined by equations:

1

_ _ 1
€=—- I edV/, 6=—— I cdV, (66)
RVP Vyp RVP Ve
— 1 = 1
D=—— [ DaV, E=— [ EdV, (67)
RVP VRVP RVP VRVP
where V., is the representative volume of the
polycrystal.

To provide the most accurate account for the
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Fig. 1. Micro- (a), meso- (b) and macro- (c) levels in the structure of polycrystalline ferro-piezoceramics,
as well as the corresponding levels (7, 2) of homogenization.
The figure shows unit cell/atoms (a), crystallite/domains (), and polycrystal/crystallites (c);

Ve V-

RVC’> " RVP

mutual influence of differently oriented crystal-
lites in a polycrystal, which considerably affects
the hysteretic behavior of ferroelastic materials,
averagings (66), (67) are performed in this study
based on the finite-element homogenization
method [8, 11].

Verification of the microstructural
model with defects

The microstructural models of the material's
ferroelastic behavior accounting for the evolu-
tion of defects proposed in the section ‘Mod-
el with defects’ have been implemented in the
PANTOCRATOR finite-element (FE) software
package [39, 40]. The package was used to car-
ry out numerous computational experiments for
various electromechanical loading scenarios of
the representative volume of a polycrystal. The
FE solutions of nonlinear coupled electrome-
chanical boundary-value problems were ob-
tained based on the vector potential formulation
[40 — 42], making it possible to ensure conver-
gence of iterative procedures for the nonlinear
solution of the boundary-value problem at large
integration steps, and the method of return
mappings [40, 43], yielding high accuracy of
integration of nonlinear differential-algebraic
constitutive equations.

In order to verify the microstructural mod-
el, the computational results were compared
with experimental data for different materials:
BaTiO, [15, 18], PMN-PZT [24], PZT PIC151
[21], and KTS [27]. Poly- and single-crystalline
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are the representative volumes of crystallite and polycrystal, respectively

materials with tetragonal, rhombohedral, and
orthorhombic structures were considered. The
computational experiments for analyzing poly-
crystalline materials involved a representative
volume of a polycrystal with a 3 x 3 x 3 parti-
tion containing 216 crystallites (see details in
[11]), offering a compromise between solution
accuracy (less than 5% error) and the time for
simulating a nonlinear boundary-value problem
under multistep cyclic loading (3—4 h on Intel
Core 19-9900K 3.6 GHz PC, 32 GB RAM for
one loading cycle).

Fig. 2,a compares the results of FE mode-
ling for the behavior of polycrystalline BaTiO,
samples doped with Ni** (1% acceptor impu-
rity) for defect-containing (subjected to aging
at 45 °C for 15 min after pre-polarization) and
defect-free materials, under cyclic electric load-
ing with the amplitude £ =2 MV/m and fre-
quency f= 1 Hz, with the results of experiments
in [15]. The model of material with a tetrago-
nal structure with hard-switching polar defects
(see Egs. (44), (45)) with material constants for
BaTiO, (see Table) was used in the computa-
tions. Computed curves for dielectric hysteresis
(Fig. 2,a) demonstrate good agreement with the
experimental results for both defect-containing
and defect-free materials. The presence of or-
dered polar point defects generates an internal
displacement field, consequently complicating
the switching process and increasing the coer-
cive field when the defect polarization direction
coincides with the direction of the external elec-
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Fig. 2. FE-computations (lines) based on the material model accounting for absence
or presence of polar point defects compared with experiments (symbols) for polycrystalline
BaTiO, doped with Ni [15] (a) and monocrystalline PMN-PZT doped with Mn [24] ()

tric field (i.e., at £ <0, £,= —0.22 MV/m in this
case) and facilitating back-switching and reduc-
ing the coercive field in the opposite direction
of the electric field (i.e., at £ > 0). As a result,
the hysteretic loop for the material with defects
is shifted by £, to the left (at £, < 0) relative to
the centrally symmetric hysteretic loop of the
defect-free material (see Fig. 2a). The shift in
E , is about one-third of the dielectric hysteresis
loop width, or 0.68 E .

Figure 2,b compares the simulated behavior
of samples of single-crystal piezoelectric mate-
rial Pb(Mg, /3Nb2 /3)03-Pb(Zr,Ti)O3 (abbreviated
as PMN-PZT) doped with Mn?>" (1 % acceptor
impurity) with [001] orientation under cyclic
loading by an electric field with an amplitude
E_ =22 MV/m and frequency /= 1 Hz with
the experimental results in [24]. The model of
material with a rhombohedral structure (see Egs.
(44), (45)) with the material constants (see Table)
was used in the computations. The defect state is
characterized by the value £, = +0.14 MV/m’,
The computed dielectric hysteresis curves (see
Fig. 2,b) visually coincide with the experimental
results. Because £, is positive, the hysteretic loop
is shifted to the right with respect to the origin of
coordinates. The shift is 0.12 of the loop width,
or0.24 E .

Fig. 3 compares the behavior of polycrystal-
line ceramics

Pbo.99[Zro.45Tio,47(Ni0‘33Sbo.67)o.os]o3
(abbreviated as PZT PIC151) in the initial state
(during the first loading cycle) and after 10° cy-
cles of electrical loading (f = 50 Hz), obtained
by FE modeling, with the experimental results in
[21]. A model of a tetragonal/rhombohedral ma-
terial (17%/83%) that satisfactorily describes the
behavior of piezoceramics near the morphotrop-
ic phase boundary was used in the computations,
accounting for the defects based on Egs. (44),
(45) with the material constants given in the Ta-
ble. The defect state is characterized by the elec-
tric field value £, = —0.11 MV/m’. Comparison
of the computed dielectric hysteresis curves with
the experimental results [21] shows good agree-
ment (Fig. 3,a). The hysteretic loop for material
with defects shifts to the left by 0.11 of the loop
width, orby 0.22 £ .

The accuracy of model prediction is somewhat
lower for electromechanical hysteresis curves for
PZT PICI151 material (see Fig. 3,b) than for die-
lectric hysteresis (see Fig. 3,a). However, the mod-
el behavior correctly reflects all the main trends
in the hysteretic loop when polar defects appear:
its shift to the left (£, = —0.11 MV/m’ < 0), an
increase in the strain level in the right wing and a
decrease in the left wing.

Fig. 4 compares the simulated results of me-
chanical behavior in samples of single crystal
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Fig. 3. FE-computations (lines) based on the model accounting for the presence
of polar point defects compared with experiments [21] (symbols) for dielectric (a)
and electromechanical (b) hysteresis in PZT PIC151 material before and after cyclic loading

Table
Material constants used in FE calculations

Value for material
Quantity Notation Unit )
BaTiO, | PMN-PZT | PIC 151 KTS
Com 150 112 126 -
Elastic modulus Cl., GPa 60.0 108 533 -
Ck, 42.9 69 354 0.8
Dielectric ~c
permeability %3 nF/m 10.7 30,1 22 =
Piezoelectric 3
modulus dyss pm/B 415 320 315 -
Spontaneous polarization P C/m? 0.26 0.47 0.5/0.5 -
and deformation g, % 0.3 0.3 1.91/0.55 | 0.48
G” 0.088 - 0.5 -
Critical driving force G MJ/m? —~ 0.26 0.5 —
G” - - 0.003
Exponent of n 3 4 5 12 5
evolution equation m 2 2 15 8
Internal E, MV/m -0.22 +0.14 -0.11 -
displacement field c, MPa — — - +0.005
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Fig. 4. Computed curves (lines) for mechanical hysteresis in monocrystalline KH

0.0
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(Se0,),

3

doped with chromium ([001] orientation) compared with experiment [27] (symbols)

potassium trihydroselenite KH,(SeO,),, (abbre-
viated as KTS), doped with chromium (Cr’"),
under cyclic mechanical loading (twisting) with
the amplitude t,, = 0.27 MPa and frequency
f=0.01 Hz at 206.6 K (Curie point Tc = 211
K) with the experimental results [27]. KTS is a
pure ferroelastic with no ferroelectric proper-
ties. It undergoes a structural phase transition of
the 2" kind at 7 = 211 K (change of symmetry
mmm — m/2 from orthorhombic to mono-
clinic).

The model of material with an orthorhombic
structure with hard-switching polar defects (44),
(45) for material constants at the given temper-
ature was used in the computations (see the Ta-
ble). The computed dielectric hysteresis curves
(Fig. 4) show satisfactory agreement with the
experimental results. The hysteretic loop for the
material with defects shifts to the right by the val-
ue 6,(c, > 0). The shift is about a quarter of the
mechanical hysteresis loop width, or 0.44 6 .

The results presented above are based on the
model with unchanging (hard-switching) defects
(see Egs. (44), (45)). This model makes it pos-
sible to adequately describe the hysteretic phe-
nomena, provided that the defect reorientation
time (see Egs. (54)) greatly exceeds the load cy-
cle time: t,>>¢ . Under these conditions, a more
complex model with variable defects (see Egs.
(44), (45), (52)) leads to equivalent results. A

model with switchable defects should be used for
small or comparable defect reorientation times,
as well as under complex loading scenarios. This
allows describing the evolution of defect polari-
zation and deformation, as well as the time evo-
lution of displacement fields.

The results obtained using the model with
switchable defects (52) are shown in Fig. 5, il-
lustrating the changes in the displacement field
E under aging for 15 min in the absence of field
(E =0) after pre-polarization (P"# 0) for barium
titanate considered in the first example (see Fig.
2,a). Varying the parameter O indicates that a
result close to the experimental one is observed a
0" =10"m/F. E ;= —0.22 MV/m. The following
parameter values were used in the computations:

B?=10" F/(m-s), L" =3-10° m/F,
"=0.26 C/m>.
Importantly, the curves presented in Fig. 5
show an initial exponential growth followed by a

transition to the saturation mode, in accordance
with the dependence
1 —exp(-t/t,). (68)

A similar result is observed for the experimen-
tal data from [17] (see Fig. 5), [15] (see Figs. 2
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Fig. 5. Evolution of displacement field in BaliO, under aging computed using the model
with switchable defects (system of equations (52)) for different values of the parameter Q°, Mm/F:
3(1),5(2),10(3),20(4),50(5), 100 (6);
corresponding values of 7, ¢: 333 (1), 200 (2), 100 (3), 50 (4), 20 (5), 10 (6)
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Fig. 6. Effect of L” parameter value in the model with switchable defects
(system of equations (52)) on horizontal loop displacements and dielectric hysteresis
for single-crystalline (a) and polycrystalline (b) BaTiO,;

L? values, Mm/F. 0 (1), 3 (2),5(3), 7 (4)

and 3), [16] (see Fig. 46 and Eq. (6)).

As can be seen from Fig. 5, saturation mode
is observed at significant aging times, e.g., at
t> 5t,. Amodel with frozen defects (see formulas
(44), (45)) is sufficient for describing the behav-
ior of the material in this case.

The three constants of the phenomenological
model, B?, L* and QF can be identified based on
two experiments with different levels of constant
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electrical action (under aging), by the curves de-
scribing the evolution of the displacement field,
found from the first expression in system (55) and
the third in (47):

E, :LP/QP (E_LPPr)(l_e_tBPQP)‘

The relaxation time
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1
is determined from the curve describing the evo-
lution of the displacement field as the time to
reach the level of 0.632 from the saturation level:

E,(t,)/E,(»)=1-¢" ~0.632.

The parameter L” has a nonlinear effect on
the magnitude of the displacement field £,
Fig. 6 shows the computed dielectric hystere-
sis loops after aging for 15 min for single-crys-
talline and polycrystalline barium titanates, at
different values of the parameter L”. For clarity,
Fig. 6 shows the initial (unshifted) hysteresis at
L? = 0 and only the descending (left-hand)
branches of the hysteresis at L” # 0. The width
of the loop is virtually unchanged as L’ changes.
There is a progressive shift of the hysteresis loop
to the left with increasing L”. The magnitude of
the shift is proportional to the square of L”:

E,~B (L) [0’

The predictions of the phenomenological and
microstructural models of the evolution of point
defects under uniaxial proportional loading (see
Egs. (48) — (52) and (56) — (63), respectively)
produce close results given an appropriate choice
of material constants.

Conclusion

A thermodynamically consistent microstruc-
tural model of a ferroelastic material accounting
for the evolution of polar point defects has been
proposed to describe the hysteretic behavior of
single- and polycrystalline ferroelastic materials
under arbitrary scenarios of complex multiaxial
combined electrical and/or mechanical loading.
The model takes into account the multiphase
composition (tetragonal, rhombohedral and ort-
horhombic phases and their mixtures), the aniso-
tropy of properties, the domain structure and the
dissipative nature of domain wall motion.

We have considered two statements of the de-
fect evolution equations satisfying the thermody-

namic constraints:

phenomenological (excluding the peculiari-
ties of dipole defect orientations);

microstructural (accounting for the discrete
nature of possible orientations of the dipole de-
fect in the unit cell).

Choosing the free energy of defects as a quad-
ratic form of polarization and defect deforma-
tion, we have obtained the constitutive equations
for the linear theory of evolution of charged point
defects, satisfying the dissipative inequality at
non-negative tensor coefficients.

The cases of switchable and frozen defects are
considered separately.

We have investigated the influence of polar
point defects on the switching processes, provid-
ing the dependence of the shift in the hysteretic
loop on the free energy parameters of the defects.

The mutual influence of crystallites in a poly-
crystal is taken into account based on the two-lev-
el finite-element homogenization method used
in calculations.

It is important to describe the presence and
evolution of point defects in the model because
they appear when donor or acceptor additives are
used, which are widespread in modern piezoce-
ramic materials to improve their performance
characteristics, playing a major role in the deg-
radation of properties during aging and fatigue.

Comparing the results computed by the pro-
posed model and the experimental curves for
dielectric, electromechanical, and mechanical
hysteresis for polycrystalline PZT PIC-151 and
BaTiO, and single-crystalline PMN-PZT and
KTS doped with acceptor additives, we found
good agreement.

The model can be further extended to the
non-isothermal case, considering the non-quad-
ratic free energy of defects, accounting for mi-
gration of different types of vacancies; an attempt
can be made to describe the effect of de-aging
under intense cyclic exposure. Furthermore, the
model can be verified for the cases of lead-free
piezoactive and related materials.

This work was supported by RFBR Grant No. 19-
08-01252.
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Introduction

Computational fluid dynamics has been expe-
riencing rapid development in the recent decades.
It is intensified by the development of research
and commercial software packages for computa-
tion and justification of parameters of technical
devices used in various engineering processes, at
different stages of production, for instance, in the
aircraft, aerospace and energy industries.

To date, there are a number of approaches to
discrete modelling retaining monotonicity and
having an increased order of approximation for
the computation of gas-dynamic fluxes. Such
computations are based on an accurate or ap-
proximate solution to breakdown of discontinui-
ty (Godunov type schemes [1—3]); total variation
diminishing (TVD) schemes [4—6]); weighted
essentially non-oscillatory (WENOQO) schemes
at variable templates [7—9]; hybrid algorithms
[10—12], compact schemes [13—15], etc.

Along with the trend of building schemes of
fourth, fifth and higher orders of approximation
[8, 9, 15], discrete models of second-order ap-
proximation are still relevant for a wide variety
of problems [16—20]. For example, a sufficiently
detailed discussion of such schemes can be found
in paper [19], which is developing monotonic
upstream-centered scheme (MUSCL approach)
with the use of various quasi-one-dimensional
schemes of reconstruction.

A hybrid large-particle method was proposed
to solve the problems of multiphase media dy-
namics based on a scheme of customizable dis-
sipative properties (CDP2), which changes the
approximation order depending on the smooth-
ness of solutions [21, 22]. However, applied prob-
lems often contain domains of both “pure” gas
and heterogeneous mixture fluxes with disperse
phase. Therefore, the proposed method should
be universal and demonstrate high resolution
and monotonicity in these two case. It is essen-
tial that the new numerical method is verified
using a series of test problems in a wide range of
flux parameters. It was previously verified using
standard one and two-dimensional test problems
[23-25].

The advantages of the method over known
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schemes that take into account characteristic
properties of conservation laws lies in extension
of the class of problems with equations of both
hyperbolic and mixed types with imaginary char-
acteristics components. The algorithm of the
hybrid large-particle method can be successfully
applied in solving traditionally complex compu-
tational problems such as formation of artificial
boundary layer or fictitious Mach stem, occur-
rence of rarefaction shock wave, carbuncle in-
stability in hypersonic flow regimes, which are
characteristic of Godunov type schemes [26].
The method’s algorithm is simple and has a good
ration of dissipative and dispersive properties.
For example, in a test with double Mach reflec-
tion, the hybrid large-particle method prevails
over popular HLLC (Harten — Lax — van Leer
contact [27]) and WENOS [11] schemes with re-
spect to eddy resolution (see comparison of the
schemes in article [25]).

The present paper verifies computational
properties (monotonicity, dissipativity, eddy res-
olution) of the hybrid large-particle method with
a space-time second-order approximation [28]
for Riemann problem solvers in two-dimensional
domains. The results are compared with the ba-
sic method [29] and solutions based on modern
schemes of increased approximation order [15,
30]. We consider the issues of numerical repro-
duction of complex shock wave and vortex struc-
tures in detail.

The cited papers solve the test problems us-
ing Euler equation. For the purpose of correct
comparison, we present our calculations in an
inviscid problem formulation. This is due to the
need for justification of grid resolution for a cor-
rect solution of Navier-Stokes equation with a
set Reynolds number, when scheme viscosity be-
comes significantly less than the physical one [8].

Hybrid large-particle method

Main equations. Consider conservation laws
of calorically perfect gas in a form of Euler equa-
tions:

‘Z—‘:+VdG+VdF=0, (1)
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a=[p.pv.pE] , G=[pv.pwv,pEv]’,

= [0,p,Pv]T , V, = diag(V.’V,V ,)’

where p, v, p, E are density, velocity vector with
components u and v, pressure, total gas energy
per unit mass; q, G, F are conservative, flux, gra-
dient and deformation values, respectively; ¢ is
time.

Eq. (1) are written in dimensionless form for
the required functions

p'=p/0,, p'=pl/H,

u':u/«/PO/G)O, v'=v/\/E)/®0,

with respect to some dimensional constants ©,
P,

Coordinates are related to the characteristic
linear dimension of the problem statement do-

main
x'=x/L, y'=y/L,

while dimensionless time is determined as

t'=t/(LM).

In Eq. (1) and further in the statements of the
problems, the primes are omitted.
The closing equation has the form

p=(y-1)p(E-v/2),

where v is a ratio of specific heats.

Method implementation. Let us write the hy-
brid large-particle method with CDP2 using a
finite volume formulation in an orthogonal uni-
formly spaced grid [28].

The schemes are formulated with a split into
Lagrange (0), Euler and final (1) stages, without
limiting the generality in the one-dimensional

case:
( /2~ Lp- 1/2) /h

(Gi(?l/z -G, )T/h

0) _

q" =q; - (2)

M (0)

q, =49, 3)

For an increase up to the second order ap-
proximation with respect to time, we use a cor-
recting step:

q,” =0.5(q, +q,,
(a+a") - "

~0,5(F,, ~F",)t/h,
kel _ (2)
q, =4, 5)

_O’S(szi)l/z 512)1/2) /h

where T = #*! — (% is a time step (¢ — time layer);
h is mesh size with its center x _and boundaries

Xpinp =X, T h/2.

If we determine the values at the mesh bound-
aries as arithmetic mean in the centers of adjacent
meshes, we obtain non-dissipative, but absolute-
ly unstable second-order approximation scheme.
In the basic method of large particles, fluxes are
calculated considering their directions by means
of first-order schemes [29].

Non-linear method correction. To ensure sta-
bility and monotonicity of the method retaining
the second-order accuracy for smooth solutions,
we use non-linear correction of gradient and
deformation values F _and G

n+1/2 nkl/2°

At the Lagrange stage (2), we add into scheme

Fn+l/2

T
I:O pn+1/2’pn+1/2un+l/2}

non-linear scalar artificial viscosity

Do = pfﬂ/z [ -y, (r +1/2)]Qni1/2’

where QO  is common linear dissipation, for ex-
ample, Landshoff type one; vy (r ., ) is viscosity
limiter with a slope ratio parameter

n+l/2°
Parameter 7o is calculated under the con-

dition
k k k
(un - un—l /(un+l - un )’
: k k k k
_ lf (unH _un )(an _pn ) Z 0’
rn+l/2 - ‘ i ‘ i
(un+2 - Z’ln+1 )/(unJrl - un )’
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Smooth solutions retain the second order of
approximation:

P =1 = Y ()1 =

F,, >F+0(1).

At the Euler and final stages (3), we calculate
primitive variables ¢ = {p, u, E} with the use of
hybrid non-linear correction (weighted by flux
limiter y, of additive combination of upwind and
central approximation) with accuracy O(h4?) for
smooth solutions:

n P, if un+1/2 >0,
(Pn+l/2

¢,,,, orelse;

(P:+I/2=|:(1 \Vf T 1/2) oy +

+‘|’/ n+1/2 (Pn+1/2:|’

- _ 0)
(Pn+1/2_[(1 ‘Vf n+1/2 Pyt

+ \I’f wi1/2 (Pn+l/2
(] )

+ (Pn (Pn 1

n+l/2 7 (0) 0)

(Pn+1 (Pn

0) 0)

r (Pn+2 (pn+1

n+l/2 7 (0) ) *
(pn+l (pn

Then, numerical mass fluxes

A (0) 0)
= Posr2Uy11/27Ts

M(O)

ntl/2

~(0) 0) 0) (0)
of momentum u, /ZM +1/» and energy En+1 /ZM 1/
are formed and we determine the required func-

tions:
@1 _ (O r(0) r(0)
p=p +(Mn—l/2_Mn+l/2)/h’

7 0) M (0)

n 12t w172 =

e

(1) [pm) (0>+(

o (0) M ©

n+1/2 n+l/2
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E“’ [p(O)E(O) ( L(EO @

n-1/2 n-1/2
/h}/p“)

Functions of limited TVD type are fit to use
for non-linear correction of viscosity and fluxes.
Further we use the following limiters:

_ E(O) M(O)

n+1/2 n+1/2

max[min(r,l),O]

(MM —Minmod),

(r + |r|)/(l + r)

(VL - Van Leer),

max [min(2r,1),min(r,2),0]
(SB—Superbee),

which we will denote using subscripts, for exam-
ple, i minmod viscosity limiter.

Expérience of computations showed that the
limiters provide the hybrid large-particle method
with numerical dissipation in the order of its level
increasing: SB, VL, MM.

At the correcting step (4), (5) computing for-
mulae of numerical gradients, deformation ca-
pacity and convection are similar to the present-
ed ones with the substitution of the superscripts
of k with the notation (1), (0) with the notation
(2), (1) with the notation (k + 1). The hybrid
large-particle method globally has aggregated
second-order space-time approximation O(h> +
+ 12) for smooth solutions.

Method stability. The time step is determined
under the convergence condition by Courant —
Friedrichs — Lewy (CFL):

h

B
max(|uf| + af )
Vn

™ =CFL

where CFL is a fixed Courant number, a’ is the
speed of sound.

Numerical experiments allowed us to justi-
fy stability threshold of the hybrid large-particle
method as CFL < 0.7. The Courant number is

set in the calculations of the paper taking into ac-
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count reliability and accuracy of the algorithm:
CFL =0.4.

Computational results and their discussion

The considered test problems serve to verify
the properties of numerical methods to repro-
duce shock waves, rarefaction waves, contact dis-
continuities and vortex structures in two-dimen-
sional domain.

Tests 3, 4 and 12. Out of the great variety of
two-dimensional Riemann problems, let us con-
sider tests 3, 4 and 12 [30]. Further, assume that
the gas is perfect with ratio of specific heats y =
= 1.4. The problems are solved till time point T
squared

(x,»)€(0,1)x(0,1),

which is divided by lines x = 1/2 and y = 1/2
into four quadrants.

In each quadrant, there are constant initial
conditions set in dimensionless form (see Table).

We performed the calculations using the hy-
brid large-particle method in a uniformly spaced
grid 400 x 400 with flux y ,, and viscosity vy,
limiters (VL — van Leer, tests 3 and 12), and test

4 — Ve Vo (MM — Minmod). We set soft
boundary conditions of extrapolation at the outer
boundaries.

The exact solutions for these problems are un-
known. Numerical solutions re shown in Fig. 1 as
contour lines of density and velocity vectors (ar-
rows). For the purpose of correct comparison, the
lines of the density level correspond to the ones
presented in paper [30].

The problems under consideration cover flux-
es with Mach (Fig. 1, e, f) and double Mach re-
flections (Fig. 1, d), as well as configurations with
closely located contact discontinuities along the
larger side of the “lens” (see Fig. 1, e, f). For tests
3 and 12, there are additional diagonal vorticity
jets. In paper [30], the authors pay attention to
an artifact in test problem 12 which can be more
or less attributed to all difference scheme under
consideration: there is an entropy trace in the
place of the initial discontinuity in the process of
its decay and further calculation.

The indicated computational problem reveals
itself in a number of other test problems. It is ex-
plained by the fact that the initial error occursin a
short time interval of the establishment (“smear-
ing”) of the computational profile of the shock

Constant initial conditions in computations for the three tests fable
Parameter value in the test and in the quadrants
Position in quadrants Parameter TTZSE) ’33’0 Y:F ZS;[) 3’5 ;ezstog é

Upper Lower Upper Lower Upper Lower

P 0.3000 | 0.0290 | 0.3500 | 1.1000 1.0000 1.0000

Left p 0.5323 | 0.1380 | 0.5065 1.1000 1.0000 0.8000
u 1.2060 | 1.2060 | 0.8939 | 0.8939 0.7276 0.0000

v 0.0000 | 1.2060 | 0.0000 | 0.8939 0.0000 0.0000

P 1.5000 | 0.3000 | 1.1000 | 0.3500 0.4000 1.0000

Right p 1.5000 | 0.5323 | 1.1000 | 0.5065 0.5313 1.0000
u 0.0000 | 0.0000 | 0.0000 | 0.0000 0.0000 0.0000

v 0.0000 | 1.2060 | 0.0000 | 0.8939 0.0000 0.7276

Notations:p, pare dimensionless pressure and density; u, v are dimensionless components of velocity vector
v; Tis dimensionless time point till which the problems where being solved.
Note. 1. Square 0,1 x 0,1 is divided into four quadrants. 2. The numbers of tests correspond to the ones used

in paper [30].
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Fig. 1. Results of numerical solution to Riemann problems in two-dimensional domains using the basic large
particle method (a — ¢) and the hybrid method (d — /) with tests [30]: 3 (a, d, g), 4 (b, e) and 12 (c, f, h).
For test 3, we obtained 32 couture lines of density from 0.16 to 1.71; for tests 4 and 12, respectively, 29 couture lines

from 0.52 to 1.92 and 30 couture lines from 0.54 to 1.70; g is a solution with correction of the initial error;
h is a solution compared with WENOS from paper [30]; arrows show velocity vectors.

wave and stays in the form of an entropy trace
[31]. This numerical defect can be eliminated by
means of resetting the gas-dynamic parameters
in the cocurrent stream after the shock wave in
several time steps prior to the initial values (see
the example of computations in Fig. 1, g). Let
us pay attention to the fact that in test 12, in a
small domain the numerical size of a stationary
tangential contact discontinuity, we can observe
density fluctuations.

The hybrid large-particle method (Fig. 1,
d—f) demonstrates significant improvements in

60

terms of reproduction accuracy of flux structures
with respect to the basic method [29] (Fig. 1,
a—c) and the first-order approximation Godu-
nov’s scheme [32]. The CDP2 algorithm in the
tests outperforms the cited method of adaptive
viscosity [16] and the method of piecewise par-
abolic reconstruction [18] in terms of resolution.
The computational results are in good agreement
with the best schemes presented in paper [30].
For example, in Fig. 1, A, there is a direct
comparison with a five-order accuracy WENOS
scheme: a lower layer on top of which we laid over
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an upper layer with the computational results of
the hybrid CDP2 method. Note, that the contour
lines of density almost exactly coincide in the
entire range of the lay-over. The CDP2 scheme
computations are in good agreement with bicom-
pact schemes with conservative monotonization
[15] (these test results were not published, but
kindly provided by the authors for comparison).

Tests A, B, C and D. To verify efficiency of the
hybrid large-particle method, in particular the
level of its dissipative properties and the capabili-
ty to detect instabilities on the contact boundary,
we are interested in two-dimensional Riemann
problems with central symmetry, for example a
well-known test with cylindrical gas propagation
into infinite undisturbed environment (explo-
sion problem) [30] — test A. In addition, let us
consider three other modified problems: tests B,
C and D. Test problem B formulates propagation
into unlimited non-flow gas out of a high pres-
sure domain of square section, while tests C and
D are the previously described problems in space
limited by solid walls.

Due to central symmetry, we perform the
computations in the upper right quadrant in a
uniformly spaced grid 400 x 400 with the limit-
ers of flux v, and viscosity y, i,. To eliminate
(minimize) the influence of the outer boundaries
in the cases of A and B, the computational grid
is expanded to a size of 500 x 500. The infinity
was simulated by means of expanding the grid by
100 meshes with the mesh step progressing to the
right and upwards in compliance with the law

B =h'+0.1h,

so that in the time of the computation, the distur-
bances do not reach the outer boundaries.

The boundary conditions for tests C and D are
standard reflection conditions at the walls. At the
initial time in a circle (cases A and C) and square
(cases Band D), we set density p.= 1 and pressure
p,= 1, while outside of these domains their values
equal p, = 0.125 and p, = 0.1. We made an allow-
ance that the gas in the entire definition domain
is stationary. We assume the size of the compu-
tational domain along the coordinate axes to be
unit

(x,»)€(0, 1.5)x(0, 1.5),

the circle radius and half the length of the square
equal 4/15.

For visual representation of the computational
results in the form of numerical schlieren images,
we use nonlinear function of density gradient:

|vpi,j|

max|V .
Vi,j Pij

s, =exp| —k

>

where i, j are the numbering of meshes along x
and y respectively; Vp, ; Is a density gradient; k
is a customizing coefficient for quality (contrast)
display of the flux phenomena.

Fig. 2 shows numerical schlieren images of
the density gradient function for the problems
of gas propagation into infinite space for se-
quential points of dimensionless time 0.2, 1.1,
1.3 m 3.2 (the upper row displays the initial
high pressure domain as a circle, and the lower
one — as a square). After the decay of the ini-
tial discontinuity, the following phenomena are
formed: shock wave s, contact discontinuity
¢ moving from the center; rarefaction wave w
(case A) or two waves w, and w, (case B) mov-
ing to the center. In the course of time, there is
a secondary circle-shaped (Fig. 2, b, c¢) or al-
most square-shaped (Fig. 2, f, g) curved wave s,
formed converging to the coordinate origin. At
the interface of gases denoted by letter ¢, there
is a discontinuity forming. After focusing of the
curved wave s,, a shock wave s, interacting with
the contact boundary c is reflected from the
symmetry center (Fig. 2, d, h). A comparison of
the numerical solution (Fig. 2, d) with the re-
sults of paper [30] proves lesser dissipativity of
the CDP2 scheme in the problems with the de-
velopment of instability at the contact boundary.

Papers [3, 30] discuss the influence of the
disturbed (step) initial boundary of the circle
on the instability development. As the compu-
tations show, even a smoothed contact discon-
tinuity is not stable. In this sense, we are inter-
ested in test B, in which the contact boundary
(square) in the initial point of time coincides
with the mesh faces. In this case, the distur-
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Fig. 2. Numerical schlieren images of the density gradient function in sequential
points of time: 0.2 (a, e), 1.1 (b, f), 1.3 (¢, g) and 3,2 (d, h).
Tests A (a—d) and B (e—h) were used.

Grid size is 400 x 400; c is the contact boundary; s, s, are shock waves;

s, is a curved wave, w, w,, w, are rarefaction waves.
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Fig. 3. Numerical schlieren images of the density gradient function in sequential
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points of time: 0.2 (a, e), 1.1 (b, /), 1.3 (¢, g) and 3.2 (d, h).

Tests C (a — d) and D (e — h) were used.
Grid size is 400 x 400; ¢ is the contact boundary; §,—s, are shock waves;
w, w,, w, are rarefaction waves.
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a)
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Fig. 4. Numerical schlieren images of the density gradient function
in sequential points of time identical to those presented in Fig. 3,but obtained with a grid size of 800 x 800

bances begin developing from the peaks of the
square domain, and then spread along the whole
gas-gas interface (Fig. 2, h).

Possible solutions of the problems in bound-
ed space (C and D) for the time points above
have a “richer” configuration of gas fluxes and
are shown in Fig. 3. The beginning of the prop-
agation at #, = 0.2 does not differ from the con-
sidered cases (Fig. 2, a, e) as the shock front s,
did not reach the walls. In the subsequent time
points 7z, = 1.1 and ¢, = 1.3, structures that in-
clude shock waves are formed: s, reflected from
the wall, propagated s, and s, reflected from the
contact boundary, secondary reflected s,, fo-
cused s;, and s, formed after a collision of bow
waves. From this point on, at 7, = 3.2, the gas
flux is accompanied by multiple interactions of
the shock waves with the walls, between each
other and with the contact boundary as turbu-
lence begins to develop.

To explain a physical mechanism of the insta-
bility development and vortices formation at the
contact boundary, let us consider a transfer equa-

tion for vorticity @ =V x v :

@:M+(m-V)V—w(V-V),
dt p
where d/dt is a derivative along the vorticity tra-
jectory.

At the initial time point, ® = 0. It follows
from the presented equation that the cause of the
vortices generation lies in the incongruence of
the gradients of pressure and density

(Vprp)/p2 =0

(baroclinic effect).

This effect is especially prominent in multiple
interactions of shock waves reflected from the
walls with the contact boundary, with secondary
vortices forming and turbulence developing (see
Fig. 3, 4, d and h).

To verify the convergence, as well the influ-
ence of the grid resolution on the formation of
vortices, we performed a computation with a grid
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of meshes half the size of the initial one. The re-
sults for cases C and D are shown in Fig. 4. An
overlay of numeric fields (figures not provided)
obtained in different grids proves practical coin-
cidence of the shock wave lines and their conju-
gating in triple points. Vortical elements are dis-
played in great detail in such a detailed grid, while
the computations agree with each other well due
to the stochastic nature in the mean sense.

Conclusion

We considered a class of difference schemes
with customizable dissipative properties and a
split by physical processes: the hybrid large-par-
ticle method of a space-time second-order ap-
proximation for smooth solutions. The method
was verified using well-known Riemann prob-
lems in two-dimensional domains which have

reliable numerical solutions.

The results showed a significant improvement
in the accuracy of reproducing flux structures in
comparison with the basic hybrid large-particle
method. We demonstrated high competitiveness
of the proposed algorithm when comparing it to
the modern schemes of an increased approxima-
tion order.

The paper provides a detailed study of the
method efficiency in new test problems with
multiple interactions of the shock waves with the
contact boundary, channel walls, as well as insta-
bility development.

The hybrid large-particle method proved to
have high resolution both in shock configuration
domains and regions of vortex structures.

The proposed test problems could be used for
verification in other difference schemes.
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YNCNEHHOE UCCNIEAOBAHUE CTPYKTYPbI
U NOKAJIbHOU TYPBY/IU3ALLUU TEYEHUA
B KPOBEHOCHOM COCYAE C OAHOCTOPOHHUM CTEHO30M
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B crarbe mpencraBieHbl pe3ysbTaThl pacueTOB TEYEHUS] B MOJEIM KPOBEHOCHOTO COCyla ¢ Ofi-
HocTOpOoHHUM cTeHo30M 70 % mipu uncie PeitHonbaca, pasaom 1803. YucneHHOe pellieHUe moJry-
YEHO METOJIOM MOJEIMPOBAHUS KPYITHBIX BUXPE M0 NTMHaMu4eckoii monenu xxepmano — JIinmau
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CTBYET Mapa BUXpeil BTOpPUYHOTO TeueHUs1. HeycToiumBOCTH C10s CMEIIeHUsT Ha TpaHUIe CTPYU U
30HBI OOPAaTHOI'O TEUECHUSI MHUIIMUPYIOT TypOyIM3alnio MoToka ¢ o0pa3zoBaHWEeM pa3HOMAacIITad-
HBIX BUXPEBBIX CTPYKTYp. [TocienHue 3amomHsIOT Bce TTOMepevyHoe ceueHre cocyia B OKPECTHOCTH
TOYKU TpucoennuHeHus. TypOyaeHTHbIE HAMPSIKEHWST 3HAUUTEJIbHBI TI0 BEJIMYMHE JIMIIb Ha yJyacTKe
JTUTMHOM 0KOJIO YeThIpeX KaTuOpoB. BHU3 MO MOTOKY TeUeHHWe peJaMUHAPpU3UPYETCs.
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Introduction

Modern computational fluid dynamics
(CFD) offers the broadest range of tools for sim-
ulating blood flow in various segments of the vas-
cular bed. Laminar flow is established in small
and medium-sized vessels, where the Reynolds
number Re does not exceed 1000. We considered
the spatial structure of laminar flow in carotid
artery models, including the case of stenotic ves-
sels (persistent narrowing of its lumen), in several
earlier studies [1 — 3]. However, the flow behind
the stenosis in large blood vessels is characterized
by higher values of the Reynolds number and is
particularly difficult to compute. The flow be-
hind the stenosis in such vessels actually turns
out to be cyclically transient, since it is locally
turbulent during a period in the cardiac cycle,
remaining completely laminar for the rest of the
cycle. Developing approaches to simulation of
the turbulence occurring locally holds the key to
obtaining sufficiently reliable predictions.

Turbulent flows in stenotic vessels are tra-
ditionally computed using models based on the
Reynolds-Averaged Navier — Stokes equations
(RANS) [4 — 7]. It was established that RANS
models are capable of providing good agreement
between the computed field of averaged velocity
and the measured data; however, the predictions
obtained for some turbulence characteristics that
are interesting for biomedical applications turn
out to have very low quality.

Direct Numerical Simulation (DNS) [8 — 11]
and eddy-resolving models (including primar-
ily Large Eddy Simulation or LES) [12 — 15]
have become widely popular in recent years for
improving the quality of numerical analysis of
turbulent flows in stenotic vessels. All compo-
nents of unsteady vortex motion are completely
resolved within the DNS method, which means
that the computational costs for obtaining a nu-
merical solution are high, rapidly increasing with
an increase in the Reynolds number. The much
less expensive LES method only numerically
reproduces sufficiently large eddies, which are
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characterized by energy transfer, while eddies of
a smaller scale are simulated using subgrid-scale
models (SGS).

Most of the applied computations by the LES
method are carried out using the classical Sma-
gorinsky model introducing subgrid-scale turbu-
lIent viscosity. This model was developed assum-
ing a sufficiently developed turbulence, which for
practical applications is reduced to the condition
that the subgrid-scale viscosities be considerably
higher than the molecular ones. The Smagorinsky
model with a constant empirical coefficient C, in
the formula for calculating the subgrid-scale vis-
cosity is ill-suited for flows with a transient nature
of motion (from laminar to turbulent).

Germano et al. [16] expanded the capabilities
of the Smagorinsky algebraic model, in particu-
lar for the case of transient flows, developing the
so-called dynamic model, where the coefficient
CS is not given but calculated based on the ex-
pression obtained by applying a double filtering
procedure to the velocity field. Lilly [17] later
proposed a modification of the dynamic model,
important for practical applications, which con-
sists in cutting off the locally negative values of
the coefficient C, at zero. The Germano-Lilly
dynamic model was successfully applied in [14]
for LES computations of transient regimes in
statistically two-dimensional pulsatile flow in a
channel with local one-sided narrowing (stenosis
model) by 50%; the peak values of the Reynolds
number reached 2000; the periodic boundary
conditions were imposed in the third direction.

This paper presents numerical analysis for
transient three-dimensional flow of an incom-
pressible viscous fluid in a blood vessel mod-
el with unilateral stenosis of 70% at a constant
flow rate corresponding to the Reynolds number
Re = 1803.

The geometry of the stenosis is identical to one
of the cases described in the recent experimental
work [18], using digital tracer imaging (Particle
Image Velocimetry, PIV) to measure the char-
acteristics of pulsatile flow (with a peak value of
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Re = 1803). Simulations using the CFD software
package ANSYS CFX 18.2 were performed based
on the large eddy simulation method with the
Germano — Lilly dynamic model for computing
the subgrid-scale viscosity.

Problem statement and computational aspects

The geometric model of the vessel with uni-
lateral stenosis (Fig. 1) is borrowed from the
experimental study [18]. The vessel beyond the
boundaries of the stenosis is a tube with the di-
ameter D. Let us introduce the Cartesian coor-
dinate system x, y, z, whose origin is located in
the section with the narrowest lumen; the z axis
is directed along the vessel, and the y axis is di-
rected towards the non-stenotic (provisionally
upper) wall. The geometry of the stenosis that is
symmetrical about the central longitudinal plane
x = 0 is described by the following formulas:

d (Z) S S 2z1
=|1- — cos R
D 200, 200 L

2 2
c&)],d@{ L. L
D 2D 2 2
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where d is the local lumen diameter in the sten-
otic region, L is the length of the stenosis, s is the
coordinate of the lumen center along the axis y
(counted from the lower wall, as adopted here
and below),

S=(1-d_/D)100 %

(d_, is the minimum local diameter d).

In the case considered, S = 45%, L = 2D,
while the area of the narrowest section in the
stenotic region is 30.25% of the cross-sectional
area of the tube beyond the stenosis, i.e., the ste-
nosis amounts to 69.75% (70% rounded off).

The flow in this model of a blood vessel at
Re = 1803 was computed by the LES method
using the Germano — Lilly dynamic model [16,
17]. The computational domain included a sten-
otic region, an inlet section with the length of 5D
and an outlet section with the length of 20D; the
latter is sufficient for eliminating any significant
influence of the outlet boundary condition on the
flow near the stenosis.

The computations were carried out using the
general-purpose 'finite-volume' CFD code AN-
SYS CFX, version 18.2. This software tool oper-
ates with dimensional values.

Fig. 1. View of computational mesh in transverse (a) and longitudinal (b) sections of the vessel with stenosis
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Table
Computational parameters and their values
Parameter Notation of mezlijsrllllrtemen t Value
Vessel diameter (beyond stenosis) D mm 10
Mean flow velocity (beyond stenosis) v, m/s 0.627
Fluid density p kg/m? 1000
Dynamic viscosity coefficient n Pas 0.003478
Reynolds number Re =pV,D/p 1803

The set of defining dimensional parameters of
the problem is given in the table. The Reynolds
number is computed from these parameters.

A parabolic velocity distribution was given at
the inlet to the computational domain, which
corresponds to the Poiseuille solution for devel-
oped laminar flow in a circular tube; constant
pressure and 'soft’ conditions for the velocity
were imposed at the outlet. No-slip conditions
were imposed on the walls.

The ICEM CFD program was used to con-
struct a computational O-grid mesh consisting
of hexahedral elements (Fig. 1). The longitu-
dinal mesh spacing was uniform in the stenotic
region and throughout the entire outlet section,
amounting to 0.04D, while the maximum trans-
verse spacing was 0.02D. The longitudinal spac-
ing at the inlet section gradually decreased to
0.04D approaching the stenotic region. The total
number of elements in the mesh was about 4.5
million.

A central scheme with second-order accuracy
was used in the computations for approximating
the convective terms in the equations of motion.
A three-layer Euler scheme was used to advance
in time. The time step was 0.0002 s, which en-
sured local Courant numbers less than unity in
the entire computational domain.

The sample used to obtain the averaged flow
characteristics was accumulated over a time of
10507, where ¢ is the time scale of the problem
(¢, = D/V,); the previous time interval, covering
about 6007 , was sufficient for statistically steady
flow to be established, starting from a zero veloc-
ity field.

The simulations were performed on the Poly-
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technic RSC Tornado cluster of the Polytechnic
Supercomputer Center (http://www.scc.spbstu.
ru). The problem was run on 18 dual-core nodes
(Intel (R) Xeon (R) E5 2697v3) and parallelized
to 450 cores; the full simulation took about a
week of real time (76,000 core hours).

Results and discussion

A peculiarity of the simulated flow is the pres-
ence of a laminar-turbulent transition behind the
stenosis. To illustrate this, the Q-criterion iso-
surface was constructed in Fig. 2,a [19], with the
colors corresponding to the local values of the ve-
locity modulus; this allows visualizing the region
where turbulent vortical structures with different
scales evolve due to hydrodynamic instabilities.
The latter are characteristic for jet-like shear flow.

Fig. 2 also shows two isosurfaces of the
time-averaged longitudinal velocity component.
One of these surfaces (see Fig. 2,b), plotted for
the value V_ = 3.2V, = 2 m/s, illustrates the di-
mensions of the region with pronounced jet flow.
The other one (Fig. 2,c), corresponding to the
value V= —0.002V,, shows two zones of recir-
culation flow behind the stenosis: an extensive
one (about 5D-long) immediately behind the
stenosis, and a very small one, located near the
opposite wall at a distance of about 4D from the
center of the stenosis. A small separation zone is
also formed before the stenosis.

The fields of time-averaged velocity compo-
nents in three cross sections of the vessel mod-
el are shown in Fig. 3. Evidently, the jet formed
in the stenotic region, whose local velocities are
relatively high (exceeding the mean flow rate
V, = 0.627 m/s beyond the stenosis by up to 4
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Fig. 2. Flow structures in stenotic vessel, visualized by constructing a Q-criterion isosurface (Q = 0,06 s72) (a);
two isosurfaces of averaged longitudinal velocity V_ taking the values 3,2V, (b) and —0,002V, (¢)

a) b)
Vz , m/s

2.0.0.0,7. 7.7
5% R % N % G

759,259

Fig. 3. The time-averaged field of longitudinal velocity component with the field of transverse
velocity vectors superimposed on it in three sections of the vessel model: z/D = 2 (a), 4 (b), 10 (¢)

times), is also characterized by the presence of a
fairly intense transverse (secondary) flow in the
form of a vortex pair (see Fig. 3,a). In fact, this
pair, similar to Dean vortices in curved tubes,
develops in the anterior part of the stenosis,
where the flow occurs along curved streamlines
following the geometry of the stenosis. In turn,
the vortex pair developing in the stenosis induc-
es a secondary flow (with opposite circulation)
in the backflow zone behind the stenosis, also
leading to bifurcation of the jet downstream (see
Fig. 2,b and 3,b). The averaged transverse flow
almost completely degenerates at a distance less
than 10D from the center of the stenosis, and the

distribution of the averaged longitudinal velocity
regains an axisymmetric 'tubular’ shape, with the
maximum velocity in the center of the vessel (see
Fig. 3,¢).

The field of averaged longitudinal velocity in
the central longitudinal section (in the plane of
symmetry) is shown in Fig. 4,a. It can be seen
here and in Fig. 3, that the maximum velocity
of the backflow section in the main recirculation
zone is comparable in magnitude with the mean
flow rate V, beyond the stenosis.

A high-gradient shear layer (mixing layer) is
formed at the boundary of the jet and the recircu-
lation zone; the phenomena characteristic for this
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Fig. 4. Computed fields in the symmetry plane of the vessel: time-averaged longitudinal velocity (a),

instantaneous value of x-component of vorticity (»), Reynolds shear stress Ryz =R.= —Vy'Vz' (s),

instantaneous value of the ratio of subgrid-scale vortex to molecular viscosity (d)

layer are caused by the Kelvin — Helmholtz insta-
bility. Visualization for the instantaneous field of
the x-component of the vorticity vector (Fig. 4,b)
indicates that the Kelvin — Helmholtz instability
and other hydrodynamic instabilities appearing
in the presence of backflow and secondary flows
generate turbulent flow with three-dimensional
vortical structures of different scales evolving.
These structures fill the entire cross section of
the vessel in the neighborhood of the attachment
point. However, the flow becomes relaminarized
further downstream. It can be seen from Figs. 2,a
and 4,b that as the distance from the stenosis in-
creases, small-scale structures quickly disappear
from the spectrum of pulsatile flow, while the re-
maining vortical structures with lower intensity
stretch along the flow.

Fig. 4,c shows the field of values for one of
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the components of the Reynolds stress tensor
computed from the numerically resolved compo-
nents of pulsatile motion (marked with a prime;
the overbar corresponds to averaging over time).

It can be seen that the turbulent shear stress Ryz =

=R, =-V,V/, playing a predominant role in

extracting kinetic energy from the main flow, is
significant in magnitude only at several calibers
in the neighborhood of the attachment point,
namely, at 2.5 < z/D < 6.5. This is in agreement
with the measurement data given in [18] for the
generation rate of turbulent Kinetic energy at the
moment of the highest flow rate.

Determining the level of subgrid-scale kine-
matic viscosity predicted in our computations by
the Germano — Lilly dynamic model gives the in-
stantaneous field of the ratio of the subgrid-scale
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Fig. 5. Profiles of time-averaged longitudinal velocity in the symmetry plane, in different sections
of the stenotic vessel; a): z/D=—1 (1), 0(2), 1(3),2 (4); b):z/D=2(4),4(5),5(6), 10 (7)

vortex to molecular viscosity, shown in Fig. 4.,d.
We can conclude from these data that the con-
tribution of subgrid-scale viscosity to dissipative
effects in the given flow configuration, with Re =
= 1803, is again significant only in the region
covering several calibers in the neighborhood of
the attachment point; moreover, even the ratio
Vv, /v is less than unity even in this region.

Fig. 5 shows the profiles of the time-aver-
aged longitudinal component of velocity in the
symmetry plane, normalized to the value of the
mean flow velocity V, for several cross sections
of the flow in the stenotic region (two graphs
are given for clarity). As the flow in the first half
of the stenotic region is strongly accelerated, a
flow core that is nearly homogeneous evolves
in the center of the stenosis, with relatively
thin high-gradient shear layers forming at the
boundaries of the core (see Fig. 5,a). The upper
part of the flow core is already largely smeared
two calibers away from the center of the stenosis
(z/D = 2); this is mainly due to convective trans-
fer of low-velocity fluid from the wall, responsi-
ble for the above-mentioned secondary flow in
the form of a vortex pair (see Fig. 3,a). At the
same time, the high-gradient layer at the lower
boundary is very pronounced up to this section.
The nature of the velocity profiles is drastically
different in the sections z/D = 4 and 5, located
further downstream (Fig. 6,b): their central part

is characterized by very moderate velocity gra-
dients (see Fig. 5,b). The velocity profile related
to the section z/D = 10 is a good illustration for
the consequences of the mixing action of turbu-
lent structures 'residing’ in the neighborhood of
the attachment point and some distance away
from it: an almost axisymmetric central flow re-
gion develops as a result of this mixing (see also
Fig. 3,c), with velocities close to mean flow rate,
along with a boundary layer (gradually increas-
ing in thickness with distance from the given
section).

Longitudinal distributions of the time-aver-
aged skin friction coefficient on the lower and
upper walls of the vessel (in the symmetry plane)
are shown in Fig. 6. The skin friction coefficient
was calculated by the formula

Cf = Tw/(pVbz/z)a
where T is the modulus of the skin shear stress
vector on the wall.

To identify the backflow zones, the values of
the skin friction coefficient shown in the graphs
were computed taking into account the sign of
the longitudinal component T _ of the surface
stress vector.

The skin friction coefficient is very high, ex-
ceeding the value of 0.00887 obtained for the
flow before this region by almost 50 times. The
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values of C y with the largest magnitude in the
backflow zone are 7 times higher than those be-
fore the stenotic region. According to the com-
putations performed, the attachment point of
the flow in the symmetry plane is located at a
distance L = 5.3D from the center of the steno-
sis. This value is fairly close to the experimental
estimate L = 4.5D, which follows from the data
given in [18]. These data were obtained for the
position of the attachment point during pulsa-
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tile flow, with the Reynolds numbers lying in the
range 1000 — 1800.

Fig. 7 shows the profiles of two turbulence
characteristics for four sections located behind
the stenosis: turbulent kinetic energy & and the
Reynolds stress Ryz; both are computed (for the
symmetry plane) from the numerically resolved
components of pulsatile motion and are normal-
ized to the square of the mean flow rate. Nota-
bly, the turbulent kinetic energy in the sections
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z/D = 4 and 5 is close in order of magnitude to
the specific kinetic energy of the flow entering
the stenotic region. The positions of the peak val-
ues of Reynolds stress and turbulent kinetic en-
ergy practically coincide for each of these cross
sections, while the ratios Ryz’pwk/kpeak are ap-
proximately 0.38 and 0.35 for the cross sections
z/D = 4 and 5 respectively.

Furthermore, it seems interesting to com-
pare the value of the numerically resolved Ryz and
simulated (subgrid-scale) turbulent stresses for
these cross sections . The latter can be assessed by
multiplying the characteristic subgrid-scale vis-
cosity by the maximum value of the velocity gra-
dient, estimated from the profiles shown in Fig. 5.
According to the data in Fig. 4,d, the molecular
viscosity can be taken as the characteristic value
of subgrid-scale viscosity. As a consequence, the
estimated value of Ty / V.7 = is 0.005, which is
only 2 — 3 % of the level of numerically resolved
turbulent stresses.

The quantities k and Ryz decrease rapidly
with distance from the sections z/D = 4 and 5.
The profiles of both quantities have local maxima
at y/D =~ 0.6 for the section z/D = 2: on the one
hand, the average velocity profile here is char-
acterized by large gradients (Fig. 5) and, on the
other hand, the manifestation of hydrodynamic
instabilities is fairly pronounced (see Fig. 4,b).

Conclusion

We have applied large eddy simulation with
the Germano — Lilly dynamic model of sub-
grid-scale viscosity for numerical study of sub-
stantially three-dimensional flow developing at
a Reynolds number Re = 1803 in a blood vessel
with unilateral stenosis of 70%. The computa-
tions performed revealed the following peculiar-
ities of the flow.

The averaged motion in the region behind
stenosis is characterized by the presence of two
zones with recirculation flow: an extensive one
developing directly behind the stenosis, and
a small one, located near the opposite wall of
vessel.

As a jet with relatively high local velocities is
generated in the stenotic region, rather intense
secondary flow also develops, taking the form
of a pair of vortices, similar to Dean vortices in
curved tubes. In turn, the vortex pair evolving
in the stenosis induces secondary backflow be-
hind the stenosis, also leading to bifurcation of
the jet.

The cross flow is almost completely degener-
ate at a distance of less than 10 calibers (diame-
ters of the vessel) from the stenosis. A high-gra-
dient mixing layer forms at the boundary between
the jet and the backflow zone. The hydrodynamic
instabilities inherent to this layer generate turbu-
lence in the flow, with three-dimensional vortical
structures of different scales forming, which fill
the entire cross-section of vessel in the neigh-
borhood of the attachment point, located at a
distance of approximately five calibers from the
center of stenosis.

Shear turbulent stresses only have substantial
values in the zone with the size of about 4 calib-
ers in the neighborhood of the attachment point.
The flow is relaminarized downstream.

We believe that applying the LES method is
bound to improve the quality of predicting the
characteristics of turbulence developing during
blood flow through stenotic regions of the vas-
cular bed, and, as a consequence, provide more
reliable data of interest for biomedicine.

This study was financially supported by the Rus-
sian Science Foundation, grant No. 19-73-30003.
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CTPYKTYPUPOBAHHbBIE BUOMOJIEKYJIAPHbDIE NMJIEHKHA
ANA MUKPOSJIEKTPOHUKU

M.A. bapaHoB, O.10. L|bi6H1H, E.H. Besinuko

CaHkT-MeTepbyprckuii NONMTEXHUYECKUI YHBEpcUTET MeTpa Benukoro,
CaHkT-MeTepbypr, Poccuitickas Genepaums

C 11e1p10 pa3paboTKU TEXHOJOTUU AeTUAPATAIIMY OMOMOJIEKYISIPHBIX MJIEHOK C 3aJaHHBIMU T1a-
pameTpamu B 3jieKTpocTaThuueckoM nosie (DI1), ucciaenoBaHbl CTPYKTYPHI IeTUAPATUPOBAHHBIX TLJIC-
HOK, TTOJIyUeHHBIX U3 BOJAHBIX PACTBOPOB MOJIEKYJI aJIbOyMUHA U OCaXXKIEHHBIX HA TBEPIBIX CTEKIISTH-
HBIX MTOJUT0XKaxX B DIT; Mpu 5TOM BapbUpOBaIUCh YCIOBUS AeTUapaTaiuu. [1oydeHHbIe CTPYKTYPBI
M3y4YeHBI TTOJ MUKPOCKOMOM (C perucTpanueit Mukpodororpaduii) B TpoxXoasiieM yepe3 TUIeHKU
CBeTe M OTpa’K€eHHOM OT MOIJIOXeK. AHaIU3 MHUKpodoTorpaduii MO3BOJMI BBISIBUTH XapaKTep-
Hble HEOAHOPOMHOCTH, BO3ZHUKAIOIIME B IMJEHKE, U BbIACIUTh UX OCHOBHBIE TUIbI. OmpeneaeHbl
OINTUMaJIbHBIC 00JIACTU MapaMeTPOB, B KOTOPBIX PEXXUMBbI TTOJTYYEHHUS TICHOK MPEUMYIIeCTBEHHO
peanusyloTcs. BriepBbie st MHTEpIpeTallui MPOCTPAHCTBEHHO-HEOTHOPOIHON CTPYKTYPHI JeTr-
JIPaTUPOBAHHBIX OMOMOJIEKYJISIPHBIX TUIEHOK MPeIIoXKeHa «ITy3bIPbKOBasi» MOJETb, B KOTOPOI YU -
TBIBAIOTCS MPOIIECCHI, 00YCIOBICHHBIE PACTBOPEHHBIMU Ta3aMM B UCXOTHBIX PACTBOPAX.

KiroueBbie ¢j10Ba: caMOOpraHM30BaHHast CTPYKTypa, OMOMOJIEKYJISIpHAs IIJIEHKA, MUKPOJIEKTPOHK -
Ka, OMOJIOrMUYeCKast MOJIEKYJIA, SJIEKTPOXUMUSI, OOCEHCOP
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Introduction

Electronic devices incorporating organic lay-
ers on solid surfaces have rapidly gained impor-
tance in science and technology [1 — 13]. Stud-
ies and applications of polymer films (including
protein, organic single-layer and multilayer) on
solid substrates are diverse, combining physics,
chemistry, materials science, biology, medicine,
electronics, nanoscale engineering, etc. Biomo-
lecular films are in demand for the protein pro-
duction technologies, human genome sequenc-
ing, protein research, and in many other areas,
ranging from food technologies to environmental
problems [14 — 21].

Processes leading to chaotic or ordered inho-
mogeneities have been uncovered through im-
plementations of technologies for synthesizing
films on substrates [1 — 8]. For example, spatial
inhomogeneities can evolve on the film surface,
forming patterns of different size, order, mor-
phology and complexity. Such patterns contain
thin straight and curved lines dividing sections of
the structure, ordered geometric shapes of bulges
and depressions near the surface, as well as pro-
trusions, grooves and cracks of varying depths, in
particular those with long-range spatial order [4,
5]. Spiral, radial, circular cracks, etc., were ob-
served in thin films. Some forms can be repetitive
and stable; they are likely associated with some
peculiar physicochemical properties observed in
the films and their potential applications. For ex-
ample, medical studies have established that the
structure of patterns on dried samples of human
blood, saliva, and tears can be used to diagnose
diseases [6 — 8].

Isothermal dehydration can be an efficient and
flexible method for incorporating biomolecular
films in micro- and nanoelectronics; however,
the nature of the inhomogeneities emerging and
possible ways to eliminate them have not been
fully understood yet [22 — 24].

The goal of the study consists in developing
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a technology for dehydration of biomolecular
films with the given parameters at room and el-
evated temperatures under an applied electro-
static field, which are good candidates for mi-
croelectronics.

Isothermal dehydration method

The technology for removing water from a
previously prepared solution (evaporation, dehy-
dration, drying) is based on fundamental physical
principles. Evaporation of atoms and molecules is
described by the Clausius — Clapeyron reaction,
essentially yielding a channel for loss of neutral
particles:

n, =bT"?exp(~1, /KT),

where n_ is the number of particles evaporating
from a unit area per unit of time; la, J, is the work
done during evaporation of a particle; 7', K, is the
temperature; &, J/K, is the Boltzmann constant;
b, K=, is the thermal evaporation rate.

The mass transport of water from liquid sur-
faces is influenced by temperature, composition
of the gas phase, activity of surface substances,
bulk rheological properties and kinetics of vapor
transport and heat flux through the surface, as
well as the geometry of experimental conditions
[25 —27].

Film seems to have an optimal geometry for
experiments developing the theory of evapora-
tion from the surface, as it is characterized by
small thickness in comparison with the other two
dimensions. Isothermal processes in such ob-
jects make it possible to simplify their analysis.
When self-organized structuring of the surface of
a dehydrated biomolecular film on a substrate is
caused by evaporation of the solvent at a constant
temperature, stable patterns (including periodic
ones) with widely varying morphologies appear
on the film; the characteristic size of the patterns
depends on the initial film thickness.
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The heterogeneity of surface coatings aris-
ing through dehydration is caused by interfacial
dynamic instability due to surface tension gradi-
ents, called the Marangoni instability [28, 29].
The main factors, namely the surface tension
force and the viscous friction force, change along
with varying temperature and amount of solvent.

As biological fluids have complex composi-
tions, and there is a variety of physical, chemical,
mechanical and other processes, the mechanisms
behind the formation of different patterns induced
by spontaneous evaporation are still poorly under-
stood. The patterns observed are very intricate, so
analytical formulas or a single model can hardly
account for all the details of their formation [30].
The mechanism governing the growth of logarith-
mic spiral cracks is associated with a stress front
propagating in a specific direction [31].

The pattern is affected by the structure of the
substrate [32], temperature and humidity con-
ditions, and the electric and magnetic fields ap-
plied to the objects during dehydration.

Ref. [33] reported on drying droplets of
laponite gel (Laponite RD, a synthetic layered
silicate) under an applied radial electric field.
This created reproducible patterns that depended
on the strength, direction and time of exposure
to the electric field. As the electric field was ap-
plied, patterns on the film appeared after a cer-
tain amount of energy was dissipated.

Active electronic and physical properties of
thin biomolecular films were discovered by im-
pedance measurements and theoretical fluctu-
ation studies [34, 35]. Such properties can be
depend on the periodic structure of the films,
which was revealed by optical measurements and
methods of non-equilibrium thermodynamics
[36, 37].

Correlations were found between the dy-
namics of protein film formation and the ionic
component concentration in the initial solution,
which made it possible to link the evolving pro-
cesses with polarization of the sample's molecules
(their electrical nature) [38, 39]. The effect of an
electric field on protein (polypeptide) biomo-
lecular films is a crucial problem for microelec-
tronics; however, data on the subject are scarce in
the literature.

It is known that biomolecular electrical con-
ductivity is provided by different kinds of charge
carriers, electrons and protons in molecules,
playing a major role in the processes that govern
the biological world; this type of conductivity can
be implemented in electronic devices. Recent
studies have substantiated the theoretical foun-
dations of biomolecular electronics and ionics,
proving that it can offer viable technologies [9,
10]. Remarkable strides have been made in pro-
ducing biomolecular materials in the form of film
metamaterials, which can maintain ion and elec-
tron currents over millemeter ranges in microe-
lectronic devices. The structure of biomolecular
metamaterials determines the electrical imped-
ance over a wide frequency range, as well as the
characteristics of electronic devices incorporat-
ing such materials.

We experimentally studied the spatial struc-
ture of dehydrated protein films obtained from
an aqueous albumin solution on a dielectric
substrate during isothermal drying at varying
concentrations of the initial solutions, temper-
atures, and constant electric fields applied with
the strengths ranging from zero to approximately
1 V/cm. We tested large molecules that can serve
as good candidates for micro- and nanoelectron-
ics during dehydration of solutions for the first
time ever.

Method

Albumin protein (Human albumin) from Bi-
otest Pharma GmHb (Dreieich, Germany) was
used in the experiments. An aqueous solution
with an initial concentration of 20% (200 g/L)
was prepared from albumin. Working samples
with a volume of 2 ml, each with concentrations
of 2, 5, and 10%, were prepared from the primary
solution for each experiment. The samples were
placed in glass Petri dishes 20 mm in diameter.

Fig. 1 shows a schematic view of the
experimental setup for studying the spatial struc-
ture of protein films dehydrated in a thermostat
under an applied electric field. The setup con-
tained a flat capacitor with fixed plate-shaped
coatings (F Pl.) made of stainless steel with the
dimensions of 100 x 100 mm; the distance be-
tween the plates was 20 mm. Experimental solu-
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Fig. 1. Schematic representation of the experimental setup used for studies of the spatial structure
of the protein film during its dehydration in an electric field: G — electric field generator;
Th — thermostat; F. Pl. — fixed capacitor plates; Petri dish — Petri dish with aqueous solution

tion samples in a Petri dish were placed between
the plates in an electric field (with a strength of
0; 0.5; 1.2; 5.0 V/cm) and put into a thermostat
(Th) (at temperatures of 293, 298, 303, 308 and
313 K) for a dehydration period, which varied
widely, from one hour or longer. A TC-1/80-SPU
thermostat with forced air circulation was used
to dry the films. The humidity in the thermostat
chamber was 20 + 1%.

Images of the films were recorded in trans-
mitted light using an Olympus CX 43 optical mi-
croscope and a USB camera. We used an Altami
UHCCDO05000KPA camera with a resolution of
1280 x 980, a SONY ICX282AQ sensor, and a
PlanC N microscope lens with a 40x magnifica-
tion, an aperture of 0.10, and 24-bit depth. The
spectral range was 380 — 650 nm.

All micrographs in this paper were recorded
on a common scale. The average thickness of
the obtained samples was 200 = 10 um with the
measuring probe positioned on the sample in the
center and at the edge of the cuvette.

Experimental results

Fig. 2 shows images of spatio-temporal struc-
tures in albumin protein films obtained at dif-
ferent strengths of the applied uniform electric
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field. Spatially periodic images were observed,
containing thin dark straight lines delimiting in-
dividual regions, as well as transparent disks with
circular or spiral boundaries.

After albumin films were dried, the typical siz-
es and densities of the disks and spirals changed
with varying external conditions. The height 4 of
disks and spirals was about 100 um, correspond-
ing to the film thickness H from A << Hto h = H.
As the surface was quasi-periodically filled with
such regions, the film acquired spatial ordering,
exhibiting pronounced properties of a metama-
terial. The main structural elements observed in
Fig. 2 and below are represented by two types of
patterns:

segments dividing straight and curved lines;

a network of disk granules.

All images in Fig. 2 have the same scale; a
scale bar (300 pum) is given in the first image. The
dividing segments are likely due to are caused by
folds and higher density regions in the structure
of the film obtained. Compact small-sized disk
granules, transparent or bounded by circular and
spiral dark walls are observed in the regions be-
tween straight lines (see Fig. 2). The spiral struc-
tures around the disks are similar to those de-
scribed in the literature [40, 41]. A similar study
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Fig. 2. Micrographs of protein films obtained at different albumin solution concentrations
(2% (a — d) and 5% (e — h)) and electric field strengths, V/cm: 0.5 (a, e), 1, 0 (b, /),
2.0 (c, g), 5.0 (d, h); dehydration temperature 7= 310 K

[41] obtained Newton's interference rings during
sample drying. The authors attribute this to de-
lamination of the film with an air gap growing be-
tween the sample and the glass substrate. Similar
structures were also formed in our experiments.
The same as in [41], they can be associated with
diffraction of light by air bubbles and subsequent
interference.

Spiral formation was linked to thermome-
chanical stresses, growth dynamics, and osmot-
ic pressure in [40] and studies. To analyze the
growth dynamics, we recorded the results of
isothermal dehydration of protein films at differ-
ent times, monitoring the film cracking process.
Fig. 3 shows photographs (with a scale bar) of the
inhomogeneities formed with a time step of 1 s.
The finer details coincide in all images, which
means that the processes are slow and fast chang-
es are not observed.

Thermomechanical stresses and adhesion to
the substrate depended on the mass of residual
water, which was determined by weighing. The
resulting dependence of the water mass on the
protein concentration in the initial solution is
shown in Fig. 4.

The dependence (Fig. 4) decreases smooth-
ly as the initial concentration of albumin is in-
creased to 15% (wt.%). The film was strongly
bonded to the substrate in these conditions. The
film became unstable with poor adhesion to the
substrate at an initial albumin concentration of
about 20% or higher. Comparing our results with
the numerical data given in [42], we can analyze
the dependence of free energy for dry film on the
mass of residual water, as well as stability and ad-
hesion of the films. However, such analysis is not
given here as it would be beyond the scope of this
study.
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Fig. 3. Images of film inhomogeneities at different time moments with a step of 0.25 s.
The first image corresponds to 10 s after the object removal from the thermostat
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Fig. 4. Dependence of residual water mass in dehydrated albumin films
on albumin concentration in the initial solution
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Fig. 5. Images of spatial structures in albumin protein films obtained
at different initial concentrations of albumin protein solution (determined by the mass
of components and plotted along the ordinate) and dehydration temperatures.
The dotted curve shows the approximate border of the regionb with increased
surface density of disk structures (the region lies above the curve)
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Fig. 6. Curved surface (obtained experimentally) separating the regions of increased and decreased
concentrations of helical structures in dehydrated films of albumin protein as a function of initial
solution concentration, dehydration temperature, and strength of the applied electric field

Fig. 5 shows the images of spatial structure for
albumin protein films at different values dehy-
dration temperatures and initial concentrations
of albumin protein in the working sample.

Changes in temperature and concentration of
albumin protein in the sample during dehydra-
tion had a joint effect on the disk granule struc-
tures evolving. Microscopic granules changed
from transparent disks to those with circular or
spiral boundaries under some conditions. The
increase in the surface density and the total ar-
ea of the spiral forms became more pronounced
with higher concentrations of the initial solution
in the working sample. More stable films and
smoother lines dividing the surface regions were
produced with higher dehydration temperatures.
The dashed curve in Fig. 5 separates the region
with increased surface density of disk structures,
including circular and spiral forms (the latter lie
mainly above the curve).

Fig. 6 shows an experimentally obtained
curved surface separating regions with increased
and decreased concentrations of disk (including
circular and spiral) structures in dehydrated al-
bumin films. This surface is given as a function of
three parameters: the initial concentration of the
solution, the dehydration temperature, and the

strength of the applied external electric field. The
spiral structures generally did not appear in the
region lying below this surface. The quality of the
films was assessed in this region by the observed
division into regions with rectilinear or curved
boundaries.

Increased concentrations of transparent disk
granules, circular and spiral structures were ob-
served in the films at sufficiently high initial con-
centrations of the solution, dehydration temper-
atures, and external electric field strengths. These
results provide an insight into the nature of the
physical processes occurring at the stage of film
dehydration, making it possible to formulate the
models explaining their evolution.

Discussion

The data given in Fig. 6 can serve as a basis for
developing model representations of the physical
processes occurring. We believe that the mod-
el propose should link the formation of spheri-
cal cavities (bubbles) with the reduced density
of particles in solution films at the dehydration
stage. It is likely that small volumes of air released
from the solution act as such particles. Indeed,
the phenomenon of bubble formation can be
explained by taking into account the presence
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of dissolved air in the initial working sample at
atmospheric pressure. Outward signs indicate
that this is similar to internal vaporization dur-
ing liquid heating. However, quantitative analy-
sis suggests more complex dependences on the
parameters of the processes, which have not been
sufficiently studied.

As water molecules evaporate, the boundaries
of the film approach each other and the dissolved
air is compressed, which leads to formation of gas
bubbles. The bubbles appear as transparent disks
in micrographs of the films (obtained in transmit-
ted light). Due to high values of viscosity forces
of the solution and surface tension, migration of
bubbles is slow, and some of them remain bound-
ed in the dehydrated film. As air escapes to the
film surface, the protein mass may be stretched
at the boundary of the channel in which the air
bubble moves, with such stretching leading to a
compacted a circular state.

The simple model we propose can qualitative-
ly characterize the processes of formation of the
observed structures by taking into account the
presence of dissolved air in the film but requires
a more complete quantitative description. In our
opinion, this model is more adequate than those
suggested earlier. It is proposed for the first time.
A uniform bubble size distribution speaks in fa-
vor of our model. In addition, the model takes
into account the physical processes of dissolution
(absorption) and release of gases in liquids. The
average bubble diameter is much smaller (by an
order of magnitude or more) than the film thick-
ness. Exfoliation of film sections from the sub-
strate cannot be uniform in surface and shape,
and, moreover, cannot be reproduced for differ-
ent substrates in different measurement modes.
Considering the processes associated with dis-
solved air turns out to be sufficient to interpret
the results obtained, making it possible to ignore
secondary physical effects.

Escape of air bubbles to the surface of the film
can explain not only the disk shape of the pat-
terns formed but also the spiral shapes evolving,
which complements or even replaces the tradi-
tional thermomechanical model [43].

A spatially inhomogeneous film can form in
an electric field under the action of nonstationary
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temperature and vapor-gas mechanical stresses,
as well as external electrostatic pressure under
lateral and spatial charge redistribution.

The measurement results (Fig. 6) indicate that
the external electrostatic field has a pronounced
effect. Indeed, the pressure of the electric field on
the surface due to polarization of protein and wa-
ter molecules is proportional to the square of the
electric field strength E:

F
—= saocsEz,

where F, N, is the local value of the force acting
on the region S (m?); £, V/m, is the strength of
the electrostatic field; € is the relative dielectric
constant of the film substance in the correspond-
ing phase state; €, F/m, is the dielectric constant
(g, = 8.85 - 107> F/m); o, S/m, is the specific
electrical conductivity.

The component of the electric field £ normal
to the film surface can induce a lateral charge
redistribution in the volume of the liquid phase
due to the appearance of a concentration gradi-
ent of ions and the potential they generate. The
dielectric constant g, produces a nonuniform
disjoining pressure. In addition to thermome-
chanical effects, this pressure can increase the
film deformation, leading to the formation of
lines with higher density separating individu-
al regions of the surface. Notably, however, the
general effect of the electrostatic field is much
more complex.

The polarizing electric field in an aqueous
solution is proportional to the concentration of
protein impurity ions, and the mobility of impu-
rity ions is proportional to the process tempera-
ture. An increase in the impurity concentration
and temperature lead to an increase in the ion
current density and, accordingly, in the later-
al and spatial charge redistribution. Lateral and
spatial charge redistribution includes electropho-
retic migration in the volume at the liquid phase
stage, as well as induced surface charges at the
transition stage to the solid phase.

Conclusion

We have considered the structure of dehy-
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drated films obtained from aqueous solution of
albumin molecules on a solid glass surface at
an elevated temperature and under an applied
external electrostatic field. Solutions of large
molecules that appear to be suitable candidates
for microelectronic technologies were tested for
dehydration for the first time ever. The initial
concentration of molecular solution, temper-
ature conditions, and the strength of the elec-
trostatic field applied were varied during dehy-
dration. The method for studying the obtained
films consisted in recording micrographs in the
light transmitted through the film and reflect-
ed from the substrate. Analysis of the images
revealed characteristic inhomogeneities of two
main types in the films:

regions separated by thin lines,

microscopic disk-shaped granules (including
those with pronounced circular or spiral bound-
aries), distributed over the surface.

As a result, we have found the parameter
ranges for the conditions in which either the first
or the second type of inhomogeneities evolves.

We have proposed a novel 'bubble' model for
interpreting the spatially inhomogeneous struc-
ture of dehydrated biomolecular films account-
ing for the processes produced by dissolved gas-
es in the initial solution.

The structure of the protein films synthesized
apparently correlates with temperature condi-
tions, the concentration of biomolecules in the
initial solution and the applied electric field,
which are characteristic for the studied dehy-
dration processes. This provides insights into the
thermomechanical and electrical nature of some
of these processes.

The effects of dissolved gases and the bubble
mechanism should also be taken into account in
descriptions of the processes occurring in films
prepared by other methods, for example, Lang-
muir — Blodgett or layer-by-layer deposition.

The proposed dehydration mechanism is at
the stage of supercomputer and experimental
verification. The data can be used to develop
technologies for producing high-quality films
with specific parameters, in particular, for mi-
croelectronics applications.
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Introduction

The paper considers the hyperbolic equation

Ou(x,t
M— a’Au(x,t)= f(x,t) ,
X=(X,%y,%), X, >0,¢>0,
together with the initial and boundary data
0
u(x,0) :Eu(x,O) =0,
(2)

u(xlaxboat) :O'

The direct (initial boundary value) problem
lies in finding the function u(x,¢) from Eq. (1) and
conditions (2), when a > 0, £ (x,f) are known.

Our paper proves the theorem of unique exist-
ence of the solution for the initial boundary value
problem and proposes a formula for its solution
never presented before. The formula can be re-
garded as a generalization of Duhamel integral.

Recall that classic Duhamel integral is the
solution to Cauchy problem when there is neither
a constraint on variable x, nor, respectively, any
boundary condition. The most specific feature of
our formula is the use of discontinuous function
under the integral. The obtained formula also al-
lows us to pose and solve the inverse problem of
finding the coefficient of equation (1).

Moreover, the study conclusions are ap-
plied to a special case of two spatial variables,
when functions u(x,?), f (x,f) depend only on
the variables (x,, x,, t), which can be considered
to be a realization of the descent.

The classic theory of mixed problems is pre-
sented for example in articles [1—3] for a case
of bounded domain of spatial variables. In a
multidimensional case, the known results for
unbounded domains are included in book [3],
where the known data is additionally assumed as
finite which for a bounded time interval allows us
to resolve the problem into the already studied
case of the bounded domain.

Our conclusions for the direct problem are re-
garded as a generalization of the classic results.
There are numerous papers published by vari-
ous authors and devoted to this research direc-
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tion. With no pretense of any extensive review,
we indicated only several of them, for instance,
papers [4 — 16]. As to the inverse problem of this
paper, we noted only the papers by other authors
[17 — 23] most similar to our direction or re-
search.

Notations, definitions
and direct problem statement

Let us introduce the following notations:

G" :{(xl,xz,x3,t), -0 <X, X, <

<o0,x,>0,1>0},

G ={(xl,xz,xg,,t),—oo<x1,x2 <

<oo,x3<0,t>0},

G

[(x1)eG at>x},
G ={(x1)eG  ar<x,),
G ={(x1)€G ar>x,},
G; ={(x1)€G Lar<x};

define a unit sphere in a three-dimensional space
as €2, and its elements as o = (o, ®,, ®,), which
using spherical angles are written as

®, =sinycos o,
®, =sinysin @, ®, =cosQ,
0<y<2n,0<509p<m

For first derivatives of arbitrary function
y(,, ..., § ) with respect to &, except for the tra-
ditional notations, we also use 0,y(§,, ..., & ). The
left-hand side of Eq. (1) is denoted as L u.

We follow the existing tradition, when C?(G)
denotes a set of functions possessing all partial
derivatives up to and including order p continuous
in domain G, while a set of such functions pos-
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sessing continuous extensions of all derivatives
at the domain boundary is denoted as C”(G).
Let us assume that £(x,¢) € C*(G").

Consider function F(x,r) equal to f{x,t) for
x, > 0 and —f (x,t) for x, < 0. Let us denote re-
striction of function x, < 0 on closed set G* us-
ing F'(x,f), and on set G~ using F(x,). Note
that function F(x,f) turns out to be, generally
speaking, discontinuous, when x, = 0.

We search for the generalized solution of
problem (1), (2) in the next class of functions:

u(x,t)eCl (E),u(x,z‘)ec2 (G_f),

u(x,t)e CZ(G;),

i.e. function u(x,7) is the solution to Eq. (1) in
the classic sense in domains G, G, , while at the
border between them it turns continuous with its
first derivatives. Note that continuity of second
derivatives on hyperplane x, = at is not intended.

Differential properties
of the Duhamel-type integral

Consider the following integral:

U(x,t)=%jer(x+arw, t—1)dodt. (3)
0 Q

The following statement is true.
Lemma 1. A function defined by Eq. (3) belongs
to the following classes:

U(x,t)eC' (E),U(x,t)eC2 (G_f),

U(x,t)eC? (G;).

Proof. Suppose (x, t) € G First, let us find
derivatives of function U(x,f) with respect to ¢.
Let us present U(x,f) as a sum

U(x,t) =1 (x,t)+12 (x,t)+l3 (x,t),

I (x,t)=
1 x3/a (4)
er* (x+ar(o, t—r)doodr,
Q

:4—7[:0

+ato(7,9), t—r)sin ododydr,

where o(x,,T) = arccos(—x, / at).

Mathematical physics
ical physi >

(5

Let us differentiate each of the Egs. (4) — (6)
with respect to #:

:4%”[ I F*(x+ar(o(y,(p),0)x

t

x3/a

27 ox3,1)

0

2n a(

e

X3t
0

x sin d edydr,

0

x sindody +

1)

0’1, (x,t)
ot

2n afxs,1)

_[ _[ F*(x+ato(1,9),0)x

0

0

)

0,F* (x+aroa(y,(p), t—r)x

(10)
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I
x sinpdody +

2n
+4t_n£F+(x+atco(%0€(xa”))’0)x

X sinoc(x3,t)%oc(x3,t)dy+

27 ax3,1)

t +
+4_n-|- '([ grad F (x+ata)(y,(p),0)><

(=]

x aw(y,p)sin edody + (10)

21 ox3,t)

+4Ln-[ _([ o,F* (x+ato)(y,(p),0)x

0
x sinpdpdy +
¢ 2nafx.)

L1 T oo (s smotin i)

x3/a 0
x sin pdpdydT,
oL, (x,t)
o
¢ 2 =w B
:E-([ (I,)F (x+atco(y,(p),0)><
x sinpdody + (11)
1 t 2n W B
+E j TI 0, F (x+ar(n(y,(p),t—r)><

xya 0 (x(x3,t)

x sindodydr,

0’1, (x,1) B
ot

127( b

:—I I F(x+ato(y,9),0)x

0 a(xs,t)

x sin pd pdy +
2n
+4LJF(x+atm(y,a(x3,t),0)sinoc(x3,t))><
TEO
0
x(—ga(xpt)jdy%-
2t =W
+4LI I gradxF*(x+atco(y,(p),O)x
n

0 ofx;,0)

x ao(y,®)sin odpdy +

(12)
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2n ®w

+4LJ‘ J- 84F’(x+ato>(y,(p),0)><
0 afx.0)

x sin dod'y + (12)
t 2n

k] ] o (eaotisnicos

xy/a 0 afxs,r)

x sin d odyd.

Now, consider the case of (x,t) € G; (x,> at):

6U(x,t)_
o
:ﬁQF*(x+atm,O)d0)+ (13)
+ﬁ_{[¢£a4F+(x+atm,t—r)dwdT,
o°U (x,1)
o
:L F*(x+at(x),0)doa+
4n g,
+ﬁ£gradxF+(x+atm,0)amdco+
(14)

+4t—nQ<94F+ (x+ato,0)do+

+ﬁ£r£8484F+ (x+ato,t—1)dodr.

By adding up right-hand sides of Egs. (7), (9),
(I1) and letting # — x, /a, we see that the limit
value of this sum coincides with the limit value
of the right-hand side of Eq. (13). Thus, we show
that partial derivative 0U(x,t) / Ot is continuous
atat = x,.

Moreover, using the indicated equations
it is easy to show the continuity of 0,U(x,t) for
(x,)eG .

To analyze the second partial derivative of
function U(x,f) with respect to ¢, we use Egs. (8),
(10), (12), v_vl+1ich result in continuity of 9,0,U(x,1)
for (x,0) e G .

Now, consider derivatives of U(x,f) with
respect to x,. Suppose (x,t) € G,". Then
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ol (x,t)
ox,

:ﬁiF*(x+x3w,t—x3/a)d0)+ (15)
l xX3/a .
+E J 1J53F (x+x,0,i—1)dwdr,

0

o1, (x,1) _

2
Ox;

= 47;2 IF+ (x+x,0,i—x,/a)do+
Q

X,
+
4ma’

jgradF (x+x,0,6—x;/a)ndo+

(16)
J@ F* (x+x,0,6—x;/a)do+

Q

+

4Tca
x3/a
+4L j TJ.8383F*(x+am),t—r)dcodT,
n 0 Q
l1+w,—-1/a);

wheren = (0, ®,,

o, (x,t)

ox,

=_4na J.F X+X,0,0—x; /a)do+

L T (ol (s, 0) -

x3/a 0
—t)dydr+ (17)

t 2nofx.)

b j T.[ -([ 0,F" (x+ato(y,9).t -

—1)dedydr,

o’l, (x,t) B
ox? -

:_4nla2 IF+ (x+x,0,6—x;/a)do—
Q

Y(x+x,0,0- (18)

1
—xs/a)na?co—élml2 x
2n
ij+ (x+x3oo(y,a(x3,x3/a)),z_
0
~x,Ja)dy——x
’ v 4na
x;[a.([a—)%F+(x+arco(y, (x3, )),t—
)dydr_4na2 * (18)

X j83F* (x+x,0,6—x;/a)do+

t

47'c -[ J8F+(x+arw(y, (2,7 ))’t

x3la 0

1)

t 2n a(xz,T)

X J'rJ‘ j 8363F+(x+am)(y,(p),t—
0

x3/a 0

9a(x,7) dydr+ix
ox, 4n

—1)dodydr,

ol, (x,t)

Ox,

2n

:_% j (x+a1:03 Y, 0 (x3,r)),t—
xX3/a

0

1
—’t)dydT+Ex (19)

xj.zf ]E 83F’(x+arm(y,(p),t—

x3/a 0 tx(x3 ,r)

—r)d(pdydt,
8213(x,t)_

ox; -

1 2w
= F(x+x0(y,0(x,x,/a)),t—
4na2-([ ( } ( (3 ’ ))
1
—T)dy - —x (20)
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t 27

X x;[a !%F‘(x+arm(y,oc(x3,r)),t—

—r)dydr+41—n>< (20)

t 2n m

x J-J. I 0,0,F (x+ato(y,9),1 -

x;/a 0 a(x;,7)

—r)d(pdydt.

While computing derivatives of U(x,f) with
respect to x,, we repeatedly used equation
a(x,, x, / a) = 1 which allowed for some simplifi-
cation of the obtained expressions.

For (x,?) € G,, the computations of deriva-
tives with respect to x, are simple:

8U(x,t) 3
ox, -
o e
=—ITI63F+ (x+am),t—1:)doadr,
dny 3
azU(x,t) B
ox? -
. (22)
:—Itjﬁ363F+ (x+at0,t—1)dodr.
dny o

Let us add up right-hand sides of Egs. (15),
(17), (19) and find the limit of the indicated sum,
when ¢ — x, /a. Despite the cumbersome expres-
sions, the required limit turns out to be equal to
the right-hand side of Eq. (21), which proves the
continuity of the first derivative U(x,r) with ree
spect to x, at set G". This property combined with
the previously proved continuity of the derivative
U(x,t) with respect to ¢ allows us to conclude that
U(x,t) e C'(G").

Formulae for other derivatives containing dif-
ferentiation with respect to x,, x, are obtained in
a similar manner, but have a simpler form. It fol-
lows from these formulae as well as from a simple
analysis of the right-hand sides of Egs. (18), (20),
(22) that U(x,?) belongs to the classes of C* (G)),
C’ (G)).

This proves lemma 1.
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Lemma 2. Second partial derivative of function
U(x,t) with respect to t may have a discontinuity of
the first kind when x, = at, while its jump is given by
the formula

lim 8,0,U(x,t)~ lim 8,0,U(x,t)=

t—x3/a+0 t—x3/a—0
(23)

=—f(x1,x2,0,0).

P r o o f. Consider a sum of right-hand sides
of Egs. (8), (10) and (12). The limit of the ob-
tained expression is significantly reduced due to
equations

t=x/a, o(x,x/a)=m,
co(y,oc(x3,x3/a)) =(0,0,-1).

Moreover, some integrals become zero, and
others are simplified. By subtracting from the
thus obtained sum the right-hand sides of Eq.
(14) at = x, /a, we come to formula (23).

This proves lemma 2.

Main results

Theorem. There is a unique generalized solution
to problem (1), (2).

Proof. Letuscomplete the definition of func-
tion F(x,t) with zero for ¢t < 0. Then the integral
in the right-hand side of Eq. (3), considered for
all xe R®, is a convolution of function F(x,?)
with a fundamental solution of the wave Eq. (1).
Therefore, it is a solution of this equation in the
class of generalized functions (Schwartz distri-
butions) (see paper [1, p. 224]). Also note that
this integral is a regular generalized function and,
thanks to the proved properties of function U(x,f)
(lemma 1), has classic continuous derivatives up
to the second order in domains G, G,. Thus,
the equation

L(U(x0)=f (1)

is valid, when (x,1) € G, (x,t) € G, .

Now, let us pay attention to equalities (2). The
boundary conditions U(x ,x,,0,t) follows from the
oddity of function F(x,f) with respect to x, and
the symmetry of the integration domain at x, =
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= 0. As function U(x,?) in domain G, coincides
with classic Duhamel integral, then the initial
conditions in equalities (2) are satisfied as well.
These conclusions, combined with the properties
indicated in lemma 2, allow us to regard function
U(x,t) as the required solution to the problem.
To correlate the notations, all is left is to assume
U(x,t) = u(x,1).

The uniqueness of the solution results from
the uniqueness of the solution to the Cauchy
problem for Eq. (1) in the class of generalized
functions.

The theorem is proved.

Let us further demonstrate the method of de-
scent traditionally used in the Cauchy problem.
Suppose now the right-hand side of Eq. (1) does
not depend, for example, on variable x, Then,
formula (3) is written as

u(x,,x;,1) =
t
:Ljr.[F(xz +at1o,,x; +ato,,t—  (24)
0 Q

—1)dodr.

As Eq. (24) is a special case of formula (3),
then all the conclusions for the problem (1), (2)
are valid in this case as well, with the details easy
to deduct from the presented study. This method
of descent could be further used to obtain the al-
ready known formula semibounded string .

Eq. (23) allows us to state the inverse problem
and propose an algorithm for its solution. Sup-
pose for a certain fixed vector

(xl,xz,x3),x3 >0

there is a defined function

u(x,,%,,%;,1) = h(r).

We need to find coefficient a. Assuming the
condition

f(xl,xz,0,0);tO

is satisfied, let us consider the value of the second
derivative A’ (t).

It results from lemma 2 that 4’ (t) has a uni-
que discontinuity in a certain point 7, = ax,, which
provides the required value a = 7, /x..

Conclusion

As we have already stated, this article is aimed
at generalization of classic results which due a
number of constraints are not always adequate
for applied problems. Therefore, the main pur-
pose of our study is to expand the possibilities
of practical introduction of theoretical conclu-
sions.

The paper considers a case of three spatial var-
iables. However, thanks to the method of descent
the achieved results are applicable to description
of the oscillating process with respect to not only
three-dimensional volumes, but also two-dimen-
sional domains, such as a membrane.

The obtained formula is a new result, as clas-
sic Duhamel integral for a classic solution to the
wave equation was previously used only for the
Cauchy problem and was only applied to smooth
functions of class C2.

In addition, existence of an explicit formula
allowed us to set and solve an inverse problem of
determining the coefficient of the wave equation
characterizing oscillating medium.

The study was also carried out for the purpose
of possible application of the obtained results to
other generalizations.
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The paper presents an experimental study of the low-threshold field electron emission from thin
films of metals (Mo, W, Zr, Ni and Ti) deposited on silicon substrates by magnetron sputtering. Several
samples of such films having effective thickness in the range 6 — 10 nm were capable of room-temper-
ature electron emission in electric field with macroscopic intensity as low as a few kV/mm. Optimized
thermofield treatment procedure further improved their emission properties reducing the threshold
field by several times. AFM study revealed a correlation between film’s emission properties and their
surface topography. At the same time, no equally pronounced correlation of the emissivity with other
characteristics of coatings (including the sort of the metal and the silicon substrate conductivity type)
was detected. Results of the study witness in favor of two-temperature (or hot-electron) emission mech-
anism for the investigated coatings.
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HU3KOMOPOIOBAA NMOJIEBAA DMUCCHUA DNNEKTPOHOB
TOHKUMU NNTIEHKAMU METAJ1J10B

WU.C. buzses, M.I. ra6aynnuu, H.M. l’HyueB, A.B. Apxunos

CaHkT-MeTepbyprckuii NoNUTEXHUYECKUI YHBEpcuTeT MeTpa Bennkoro,
CaHkT-MeTepbypr, Poccuiickas Geaepaums

B pabore aKcrniepuMeHTaIbHO UCCIeA0BaHbl SMUCCUOHHBIE CBOMCTBA TOHKMX TUIEHOK HECKOJIBKUX
metaioB (Mo, Ni, W, Ti u Zr), HaHeCeHHBIX Ha KpeMHUEBbIE MOIJ0KKM METOA0M MarHETPOHHOTO
pactbiieHus. [1pu abdekTrBHOIM TommmHe 6 — 10 HM, MHOTHE 00PAa3IIbl IJICHOK ITOKA3aJIi CII0CO0-
HOCTb 9MUTUPOBATh JIEKTPOHBI TPU KOMHATHOI TeMIlepaType B MoJie ¢ MAKPOCKOMUYECKO Hampsi-
JKEHHOCTBIO TMopsaka efuHul B/MKkM. OnTUMM3MpOBaHHAs TIPOILeAypa TEPMOITOJIEBO 00pabOTKMI
MO3BOJIsIa TOTTOJTHUTETbHO aKTUBUPOBATh UX O9MUCCHOHHBIE CBOMCTBA, CHUXKAs SMUCCUOHHBIN TT0-
pOT B HECKOJIBKO pa3. bblia BhIsIBIEHa KOPPEIsIsS SMUCCUOHHBIX CBOMCTB TJIEHOK ¢ Tororpadueii
MX MTOBEPXHOCTH, OTIPEIe/IIEMOI METOA0M aTOMHO-CUJI0BOM MuKpockonuu (ACM). ITpu 3ToM Bbipa-
SKEHHOU KOppeJIsIliud SMUCCUOHHOM CMOCOOHOCTHU C MPOYMMU XapaKTepUCTUKAMU MOKPBITUI (B TOM
YUCJIe ¢ BUJOM MeTajla M TUIIOM TTPOBOAMMOCTU TOMIOXKN) 0OHapyXeHO He Obuto. [TomydeHHBbIE
3KCIepUMEHTATbHBIC Pe3yIbTaThl CBUAETEILCTBYIOT B IOJb3Y JIBYXTEMIIEPATYPHOU («rOpsuedsieK-
TPOHHOI») MOJIEJIM SMUCCUOHHOTO MeXaHW3Ma 1T U3YYeHHBIX TTOKPBITUI.

KnoueBbie cioBa: rojeBast OMUCCHA, TOHKaA IIJICHKa, aTOMHO-CUJIOBasd MUKPOCKOIIHA, SMUCCUA
TopAYUX DJICKTPOHOB

Ccpuika npu uutupoBanun: busses U.C., Taoaynnun I1.T., THyue H.M., Apxunos A.B. Huzkormo-
porosasi ojieBast 9MUCCHS DJIEKTPOHOB TOHKMMU TJIEHKaMU MeTajuioB // HaydyHo-TexHu4YecKue Be-
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Introduction

One of the attractive applications of nanos-
tructured materials is their use as a part of cold
(non-heated) cathodes of electronic devices.
Currently, in practice, most often are used either
metal (or silicon) tips or carbon nanotubes and
similar fibers [1 — 5]. However, many research-
ers believe that cold emitters of electrons that do
not have sharp points — with a relatively smooth
emitter boundary [3 — 9] — are also promising,
even though no practically competitive systems of
this type have been proposed so far.

In one of the experimental types of cold cath-
odes studied since the 1960s [10 — 13], a nanos-
tructured metal (or carbon) film on a dielectric
substrate was used as the main element. The film
is actually a set of microscopic metal (or carbon)
islands. The current in the film between the elec-
trodes deposited on top of it flows as a result of
the tunneling transfer of electrons through the
gaps separating the islands. In this case, electro-
luminescence and electron emission into the vac-
uum are observed. The mechanism of such emis-
sion has not been definitively determined, but,
according to the most popular model [13 — 15], it
includes the following processes:

hot electrons are emitted,

the electronic subsystem of the islands is heat-
ed by the current injected into them,

high electron temperature is maintained as
a result of violation of the energy exchange be-
tween the electrons and the lattice, the last effect
being characteristic of nanoscale objects.

The validity of this model was confirmed by
the observation of emission while using non-cur-
rent methods of pumping electron energy into
islands — in particular, under the influence of in-
frared (IR) radiation [13, 16].

Another type of experimental samples possess-
ing cold emittion was studied in [17 — 19]. It was
shown that carbon “nano-island” films on sili-
con substrates are able to emit electrons at room
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temperature in sufficiently weak -electrostatic
fields (the macroscopic field intensity was about
1 V/m) and without any additional effects, such
as surface current excitation. At the same time,
there were neither areas with low work function,
nor high-aspect elements of topography (points,
fibers, etc.) on the surface.

To describe the emissivity of such films, we
proposed a model [20, 21], which is largely sim-
ilar to the hot electron model described above.
The assumption of slow relaxation of hot carriers
in nanostructures is also used in this model, but
it is assumed that this slowness is a result of the
peculiarities of the electronic structure of sp*-hy-
bridized carbon [22, 23].

The primary goal of this paper was to test ex-
perimentally the validity of the latter assumption.
It was necessary to determine whether the cold
electron emission in macroscopic electric field
strength of about 1 V/m (without other external
influences, such as the flow of surface current or
IR irradiation) is possible only for carbon island
films, or it will also be observed in case of metal
films of similar structures.

Experimental

The samples of metal films were deposited on
naturally oxidized substrates of doped silicon by
magnetron sputtering using a HEX unit manu-
factured by Mantis Deposit (Great Britain). The
substrates were pre-cleaned by ultrasonic treat-
ment in an acetone solution. Then they were in-
stalled on the slide table of the growth chamber
and subjected to additional thermal cleaning at a
temperature of about 150 °C and residual gases
pressure of 10~ Pa. Before spraying the coating,
the magnetron target was also cleaned: the sub-
strates were covered with a special screen during
the first five minutes of the sprayer operation. The
capabilities of the installation made it possible to
conduct the metal deposition process at a residual
gas pressure of about 10~* Pa, to regulate the dep-
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osition rate (from 0.13 to 1.0 A/s) and the tem-
perature of the substrates (from room tempera-
ture to 250 °C). The effective ("nominal”) coating
thickness was monitored by quartz microweights.

The emission properties of the samples were
tested in an experimental apparatus assembled
on the basis of a TCH-2 vacuum installation at a
residual gas pressure of about 10~7 Pa. The device
contained six identical sections and allowed par-
allel testing of the corresponding number of sam-
ples. Each of them was fixed on a separate object
table equipped with a direct-glow heater, thanks
to which the temperature of the sample could be
adjusted in the range from the room temperature
to 600 °C. The electric field was created in a pla-
nar gap of 0.6 mm wide between the sample and
the end face of a cylindrical anode with a diam-
eter of 6 mm.

After installing a batch of samples in the de-
vice and pre-pumping it, they were decontami-
nated by heating up to 150 °C. Further, the pro-
cedure of thermal field activation of the emission
properties of coatings, developed earlier in the
course of experiments with nanocarbon emitters,
could be carried out [24]. For metal films, the
parameters of the procedure were optimized by
the selection method.

When measuring the emission characteristics,
a slowly varying voltage was applied between the
sample and the anode, up to a maximum value of
4.5kV from a controlled high-voltage source. The
time intervals of its rise and fall (linear in time)
were 35 s, which corresponds to a frequency of
14 mHz. The voltage U(¢) and the emission cur-
rent I(f) were recorded by a digital oscilloscope
and used to obtain the emission characteristics
I(U).

The samples of the coatings that passed the
emission tests were studied using an atomic force
microscope (AFM) of NanoDST Pacific Na-
notechnology (USA) in so-called semi-contact
(CloseContact) mode. This made it possible to
determine the "true" topography of the surface
with absolute values of the normal coordinate in
the course of operational measurements under
non-vacuum conditions, with minimal influence
of the adsorbed layers of atmospheric gases and
water on the measurement results. However, to

remove an excessively dense layer of volatile sub-
stances, some samples were heated in air up to
a temperature above 100 °C for 2 hours before
performing AFM measurements. In addition to
AFM, in some cases, a MIAIA3 Tescan scanning
electron microscope (SEM) (Czech Republic)
with the possibility of EMF analysis of the surface
elemental composition was used.

The choice of the set of experimental methods
used in the described primary experiments made
it possible to conduct rapid testing of a large
number of samples that differed in the material
of metal coatings, their thickness, the parameters
of the deposition processes and the type of sub-
strate.

Experimental results

Emission properties of the samples and the
possibility of their activation.

Experiments with the samples of metal coat-
ings on silicon substrates confirmed the abil-
ity of some of these samples to emit electrons
in an electric field with a macroscopic strength
E (defined as the ratio of the applied voltage to
the width of the field gap) of the order of units
V/um. The measured emission characteristics
(Fig. 1) were usually exponential in the "straight”
I(U) coordinates and were well approximated by
the linear dependence in the Fowler-Nordheim
coordinates

In(I/U?) = £ (1/U),

This is considered to be a confirmation of the
field (tunnel) nature of the emission mechanism.

As for the previously studied nanocarbon ma-
terials [24], the emissivity of metal films could be
activated by applying the following thermal-field
treatment procedure.

An electric field of low intensity (about
1 V/m) was applied to the sample, and the sam-
ple was heated at a rate of about 5 °C/min until
an emission current of 100 nA appeared; or, in
the absence of a field, until the temperature of
600 °C was reached (the point at which the ther-
mal emission current appeared).

For many coatings, the auto-emission cur-
rent appeared and began to increase over time
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Fig.1. Emission characteristics of Mo (a) and Zr (b) film samples with an effective thickness of 6 nm.
The insets show the same dependencies in Fowler — Nordheim coordinates

at a temperature of about 300 °C. After reaching
the current value of 100 nA, the field strength was
being gradually reduced, the current being kept
at the specified value; at the same time the heat-
ing of the sample stopped, and, as the result, the
sample slowly cooled to room temperature, while
the value of the emission current at 100 nA level
was still maintained (for this purpose, the voltage
applied to the field gap was specially selected).

Due to the application of the described proce-
dure to the samples with the best emission prop-
erties, the voltage level required to get the current
of a given value was reduced several times. At-
tempts to simplify the procedure, for example, to
activate the sample without applying an electric
field, but only by temperature action, or to turn
off the field during the cooling of the activated
samples, were unsuccessful. Their result was in-
variably the loss of the emissivity of the studied
structures.
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The table summarizes the results of experi-
ments on the influence of various parameters of
thin metal films on their emissivity. The following
sections of the article are devoted to a more com-
plete description of them.

The emissivity of the samples (the best of the
corresponding series) is characterized in the table
by two values. One of them is the threshold value
of the macroscopic field strength £, which was
determined by the moment of the appearance of
a current equal to about 100 nA. The other is the
maximum value of the current 7, which could
be taken from the sample area located opposite
the anode (its diameter was 6 mm).

Comparison of the emission properties of thin
films of different metals. To determine the effect
of the coating material on emission, samples of
films of five different metals were made: molybde-
num, zirconium, nickel, tungsten and titanium,
having the same nominal thickness dnom (given in
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Table
The main parameters of the studied films and their emission properties
Material L
Experiment Of th t Depr;)tseltlon Eth’ max’
No. ( dn;::gilnl)ng of the substrate A /s’ V/pm mkA
Mo (6) 0.2 3.0 2.2
Zr (6) 0.5 4.3 8.0
1 Ni (6) KDB 10 1.0 5.0 2.6
W (6) 1.0 not determined
Ti (6) 0.2 no emission
Mo (6) Si +200 nm .
2 . 1.0 no emission
Mo (8) of oxide
Mo (4) 4.8 0.05
KDB 10
Mo (6) 3.0 2.20
3 0.2
Mo (4) 4.0 0.15
KEF 7.5
Mo (6) 6.4 0.03
Mo (2) no emission
Mo (4) 0.2 not determined
Mo (6) 3.0 2.2
4 KDB 10
Mo (8) 3.2 12
Mo (10) 1.0 4.0 25
Mo (20) no emission
Mo (6) Ne 1 0.13 3.2 4.16
5 Mo (6) Ne 2 KDB 10 10 4.2 23.70
Mo (6) Ne 3% ' 3.6 1.53

Designations:d  —nominal thickness of the metal film; KDB — boron-doped, hole-conducting silicon;
KEF — phosphorus-doped silicon with electronic conductivity. Figures 7.5 or 10 mean the resistivity of the sub-
strate, expressed in ohms per centimeter; £, — the threshold electric field strength (determined by the moment
of appearance of the current, equal to about 100 nA), / - the maximum emission current obtained.

N o t e s. The substrate temperature was 100 °C; the only exception was sample No. 3* in experiment 5, for

which it was equal to 150°C.

the table in parentheses, in nm). A summary of
the results of the comparison is also presented in
the table.

The best emissivity was shown by the sam-
ples of molybdenum coatings (see Fig. 1,a). As
a result, most of the experiments in this work
were carried out with molybdenum films. Al-
most all the samples of Mo coatings with a nom-
inal thickness in the range of 6 — 10 nm could
emit electrons at a field strength of less than
10 V/um. Figure 2,a shows a typical AFM im-
age of a Mo coating with an effective thickness of

6 nm. From its appearance, it can be concluded
that the coating is heterogeneous, while the av-
erage lateral size of the elevated areas ("islands")
is close to 20 nm at their height of 1 — 2 nm. The
density of the islands is about 500 pm=2.

The zirconium films were characterized by
similar surface topography. In a typical AFM im-
age (Fig. 2,b), grains with an average transverse
size of about 30 nm and a height of up to 2 nm
are distinguishable; their distribution density is
about 400 per um?. The emissivity of such films
was noticeable even before the thermal field ac-
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Fig. 2. AFM images of the surface of samples of metal coatings
made of Mo (a), Zr (b), Ni (¢), W (d) with an effective thickness of 6 nm

tivation procedure, and after the activation it was
further improved (see Fig. 1,b and the table).

In terms of topography, the nickel film was
markedly different from the metal films described
above. The inhomogeneities present in the AFM
images had a significantly larger vertical size and
elongated shape. The length of the observed "el-
evations” for a typical case (see Fig. 2,c) reaches
60 — 100 nm at a height of up to 5 — 8 nm, and
these elevations, as far as can be judged from the
images, are assembled in a common network.
Nickel films differed from those of molybdenum
and zirconium in terms of their emission prop-
erties, and for the worse. After activation, they
showed some emissivity, but the field emission
current was extremely unstable. Upon reaching
the value of 2 — 4 A, the current irreversibly fell
almost to zero; probably, a small number of emis-
sion centers on the surface were destroyed.

A typical AFM image of the surface of a tung-
sten film (Fig. 2,d) is similar in structure to imag-
es of molybdenum and zirconium. However, the
topographical features here are somewhat larg-
er: their transverse size is on average 80 nm, and
their maximal height is about 3 nm. The emis-
sivity of the tungsten films was worse than that
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of the metals considered earlier. When heated to
500 °C during the activation process, an emission
current of 100 nA could be obtained at a voltage
of 3.5 kV (at an emission gap of 0.6 mm). Ho-
wever, after cooling the sample, the threshold
voltage values were above 4 kV, which made it
technically impossible to register the emission
dependences.

When analyzing the above experimental data,
it should be taken into account that AFM imag-
es do not allow us to unambiguously determine
whether the observed inhomogeneities of the
topography are isolated islands of metal. The re-
sults of SEM-EMF mapping carried out for sev-
eral samples indicate that metal coatings with a
nominal thickness of 6 nm (or more) in the areas
that were not damaged during the emission test-
ing by the action of electric discharges (they were
located outside the actively emitting areas), were
solid. Consequently, in many cases, the obtained
AFM images revealed only a local inhomogeneity
of the film thickness, but not their separation into
isolated islands, which could be expected due to
the available data for carbon coatings with simi-
lar emission properties [17 — 19]. Nevertheless,
the comparison of the emissivity of metal coat-
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Fig. 3. AFM images of dendritic structures on the surfaces of two samples of coatings: Ti deposited on a
Si plate without oxidation (a), and Mo deposited on a Si plate with a thick layer (about 200 nm) of oxide (b)

ings with the parameters of their AFM images re-
vealed a significant correlation (confirmed by the
results presented in the following sections): the
best emissivity was possessed by the samples with
the smallest scale of topographic surface hetero-
geneity.

The results of the experiment with titanium
films deserve a separate discussion. They were
distinguished by a complete lack of emissivity;
the thermal field activation procedure also did
not give the desired result. The image of the sur-
face of one of the standard-made films of this
metal is shown in Fig. 3,a. Here, the metal forms
isolated islands of large size (in comparison with
the grains of other coated films shown in Fig. 2),
up to approximately 1 um. The islands have a
characteristic appearance of dendritic structures
that "grow" from a central protrusion of consid-
erable (tens of nanometers) height. There are no
nanometer-sized islands here — this fact has been
specially verified.

This morphology of the titanium film is un-
usual, since this metal is characterized in prin-
ciple by high adhesion to silicon and its dioxide,
which, in particular, allows the use of titanium
layers as buffers when depositing films of other
metals (see, for example, [25]). At the same time,
it is known that the structure of titanium films
significantly depends on the method and condi-
tions of their applying [26]. The growth of den-
drite-like ("fractal") clusters similar in shape and
size to those found in our samples of titanium
films (see Fig. 3), was observed and was theoret-
ically described, for example, in [27]. To imple-

ment the mechanism of dendrite formation pro-
posed there, it is required for the thin surface lay-
er of the substrate to be non-conductive (usually
the role of this layer is performed by the oxide),
and for the deposited material to come in charged
state. In this case, the field of accumulated sur-
face charge prevents the deposition of new mate-
rial in all areas, except for the vicinity of defects
in the non-conducting layer, which defects allow
the charge to "drain" into the volume of the sub-
strate. This is just the place where the growth of
the coating begins, spreading over the surface as a
collection of dendritic structures that are electri-
cally connected to the substrate through defects
in the oxide layer.

For the conditions of applying titanium coat-
ing in this work, both criteria for the feasibility of
the scenario described above could be met:

the natural oxide layer was preserved on the
silicon substrates used;

when implementing the magnetron sputtering
method, a significant part of the material comes
to the substrate in the charged state [28].

The question of what particular features of the
substrates, targets, or sputtering mode we used
led to the formation of a titanium coating in the
form of a set of dendrite-like islands requires fur-
ther study. From the standpoint of the main goal
of this study, the most important conclusion is
that the titanium coating consisting of large den-
drite clusters is not capable of low-threshold cold
electron emission.

To test the assumption about the effect of
the surface electric charging on the morphology
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of the resulting films, a special experiment was
performed (see experiment No. 2 in the table).
The molybdenum films were deposited on silicon
substrates with their own conductivity and on ar-
tificially oxidized surface. In the second case, the
thickness of the oxide layer was 200 nm, which
allowed us to expect an increase in the effects as-
sociated with surface charging, compared with
the case of naturally oxidized substrates. Indeed,
some areas of such coatings differed significantly
in morphology from Mo films on silicon with a
natural oxide layer (see Fig. 2,a) and were sim-
ilar to Ti coatings (see Fig. 3,a): dendritic struc-
tures were formed on the surface, and they were
"tied" to linear and point defects (see Fig. 3,b).
Such samples showed no emissivity either before
or during the thermal field activation procedure.
In addition to the morphological features of the
coatings, the absence of emission activity can al-
so be attributed to the difficult transport of car-
riers to the emission centers through the thick
oxide layer.

Dependence of the emission properties
of coatings on the type
of conductivity of the substrate

The nature of hot electron mechanism of
emission suggests the possibility of a significant
influence of the substrate properties on the emis-
sivity. To assess experimentally the degree and
nature of this effect, two molybdenum films with
different values of effective thickness were grown
on naturally oxidized substrates of p-type silicon
of the KDB 10 brand and n-type silicon of the

KEF 7.5 brand. Here Russian abbreviation KDB
means boron-doped, hole-conducting silicon;
KEF stands for “phosphorus-doped silicon with
electronic conductivity”; figures mean the resis-
tivity of the substrate, expressed in ohms per cen-
timeter.

Summary data on the emissivity of such sam-
ples are given in the table (experiment No. 3). In
general, we can note a slightly higher emissivi-
ty of films grown on substrates with hole con-
ductivity. In addition, the samples of n-silicon
substrates lost their emission properties after a
short time (14 days) after the activation proce-
dure. The best parameters were obtained from a
sample of Mo-coating on a KDB 10 substrate,
which had an effective layer thickness of 6 nm. It
was characterized not only by a high emissivity,
but also by the “correct” response to the thermal
field activation procedure. Due to these prop-
erties, it is the substrates with hole conductivity
that were used in most of the experiments in this
work.

At the same time, the observed difference in
the emissivity of the samples of different sub-
strates could be determined not by the type of
their conductivity itself, but by the morphology
of the films created. AFM images of the surface
of molybdenum coated samples with the same ef-
fective thickness of 6 nm on the substrates of dif-
ferent types are shown in Fig. 4. The differences
in the topography of the films are quite noticea-
ble: the coating grains on the p-Si substrate have
smaller lateral dimensions (30 — 50 nm). The
structure of the films having a surface with such

Fig. 4. AFM images of the surface of Mo films on KDB 10 (a) and KEF 7.5 (b) substrates.
The effective thickness of the films is 6 nm
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a topography was, in our conclusion, optimal in
terms of their emissivity.

Dependence of the emission properties
on the coating thickness

To clarify the relationship between the emis-
sion properties of coatings and their thickness,
samples of molybdenum films with a nominal
thickness of 2 to 20 nm were made on KDB 10
substrates. The summary of their best emission
parameters is presented in the table (experiment
No. 4).

For coatings with the thicknesses dnom of 2
and 4 nm, stable low-threshold emission could
not be obtained. In contrast, coatings with nom-
inal thickness of 6 nm showed low switching
thresholds and stable emission current. Howev-
er, the maximum values of the obtained current
for them were small, and this may indicate a
small number of activated emission centers. The
8 nm films were characterized by slightly high-
er threshold values of the electric field, but the
maximum values of the /_increased by more
than 5 times, compared to the 6 nm films. Films
with a nominal thickness of 10 nm had an even
higher turning on threshold, but the maximum

values of the obtained currents for them turned
out to be the record for this type of structure
studied by us. The sample with dnom = 20 nm
had no emission properties at all; the procedure
for its thermal field activation also did not bring
the required results.

AFM images of the surface of Mo coatings of
different thicknesses on substrates of the same
type (KDB 10) are shown in Fig. 4,a and Fig. 5
(for the coating thickness of 6 nm). The pattern
of regular changes in the surface topography of
samples with an increase in the amount of de-
posited material is also illustrated by the graph in
Fig. 6, which shows the dependence on the ef-
fective thickness of coatings for the "normalized
roughness” of images calculated using the Gwyd-
dion package.

In Fig. 5, a, which represents the coating of
the smallest thickness (2 nm), only a few prom-
inent features (grains) are found on the area of
1 pm? with a characteristic transverse size of up
to 30 — 50 nm and the height of up to 1 — 2 nm.
Approximately these are the dimensions of the
islands, which, in accordance with the emission
models used in the works [13 — 15, 20, 21], were
associated with low-threshold field emission

Fig. 5. AFM images of the surface topography of Mo films with different effective thicknesses, nm:
2 (a), 8 (b), 10 (c); d — "phase" image of the surface area (c).
The films are grown on a KDB 10 substrate
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Fig. 6. Dependences of the root-mean-square parameter of the surface roughness
of Mo films (according to AFM images) on the values of their effective thickness.
Calculated using the Gwyddion package

centers. On the surfaces of d = 6 nmand 8§ nm
(see Fig. 4,a, and 5,b, respectively) grains of the
same size are present in much larger quantities,
which may determine the high emissivity of such
films. At the same time, AFM images of the
10 nm film (see the topography of the sample
surface in Fig. 5,c and the corresponding "phase”
distribution in Fig. 5,d) show a coating com-
posed of contiguous domains of slightly larger
transverse size and height. However, the grains
of the size that we have defined as "optimal" are
also present here. The smaller number of them
can be responsible for the higher field emission
threshold in such coatings, while the greater sta-
bility and endurance of the emission can be de-
termined just by the presence of slightly larger
islands. With further increase in the thickness of
the Mo coating (sample 20 nm), the crystallites
apparently formed a stable multilayer structure,
and the film lost its emissivity.

Dependence of the emission properties
on the parameters of the film deposition process

The experimental results described above in-
dicate that the emission properties of coatings are
related to their morphology. It is known that the
morphology of coatings can change with varying
conditions of their deposition. That is why in the
course of this work, the coatings were compared,
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which differed only in the features of the tech-
nology of their growing. For comparison, Mo
films with dnom = 6 nm grown on silicon sub-
strates with hole conductivity were selected. The
parameters of the manufacturing process of three
such samples are given in the table (experiment
No. 5). The topography of the surface of the ob-
tained films is shown in the SEM images (Fig. 7).

On the surface of the sample No. 1 (see
Fig. 7,a), formed at a temperature of 100 °C and
the lowest growth rate (0.13 A/s), grains with
a typical transverse size of 20 nm were pres-
ent. Their density can be estimated as approxi-
mately 500 um—. In the image of sample No. 2
(Fig. 7,b), formed at the same temperature, but at
a higher deposition rate, the grains have a larger
average size: 30 — 40 nm; their number per unit
area was approximately 300 pm~2. Sample No. 3
(Fig. 7,c) was formed at an elevated substrate
temperature (150 °C) and high film growth rate
(1 A/s). The average grain size here was the
smallest one (about 15 — 20 nm) with a wide size
distribution. The grain concentration was ap-
proximately 700 pm~—2.

Thus, it is obvious that there is a difference in
the morphology of the coatings, and the grain va-
riety, presumably associated with low-threshold
emission centers, was present on the surface in all
cases.
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Fig. 7. SEM images (secondary electron detector) for samples No.1 (a), No.2 (b) and No.3 (¢)
made under different conditions (see experiment No. 5 in the table and description in the text)

In accordance with this, all three samples had
the ability to emit electrons at low voltage with a
noticeable quantitative difference in the emission
parameters (see experiment No. 5 in the table).
The correlation of the surface topography of the
samples with their emissivity corresponded to the
trends noted earlier.

The sample No. 1 with the smallest spatial
scale of heterogeneity was characterized by the
lowest emission threshold.

The threshold field for sample No. 2, with the
largest grains, was the highest, but the maximum
value of the sampled current [ was also the
highest (the current-voltage characteristic of the
emission is shown in Fig. 1,a).

Sample No. 3 demonstrated the lowest value
of the permissible emission current and interme-
diate values of the threshold field.

Discussion of the results and conclusions

The main result of the presented work can be
considered as the fact of detection of low-voltage
electron emission by thin metal films formed on
oxidized silicon.

Then, the correlation of the film's emissivity
with its morphology (as far as it can be estimated
through AFM data) is established. At the same
time, the influence of other factors, namely, the
type of metal and the type of conductivity of the
substrate, was weaker.

In the experiments carried out, the effec-
tiveness of thermopole activation of auto-emis-
sivity was confirmed for the case of metal coat-

ings deposited on the semiconductor substrate.
Just the same procedure was proposed earlier
for carbon films [24]. This activation is large-
ly analogous to the "electroforming” procedure
required (according to the review [13] and the
works mentioned there) to observe the emission
of electrons from metal films when surface cur-
rent flows through them. The physical content of
this process is presumably metal atom migration,
leading to the formation of isolated islands up to
100 nm in size, separated by gaps, on which,
when a lateral potential difference appears, the
electric field is concentrated. When -electric
current flows, the charge carriers cross the gaps
between the islands by tunneling, which creates
favorable conditions for the formation of popu-
lation of hot electrons that can be emitted into
vacuum. The effect is enhanced by the suppres-
sion of the electron-phonon interaction in na-
noscale islands [13 — 15, 20, 21]. At the initial
stages of the proposed thermal field activation
procedure, the increased temperature accelerates
the surface migration of atoms and promotes the
formation of islands. It is known from the lit-
erature that thin solid metal films deposited on
dielectric substrates at low temperature acquire
an island structure as a result of heating to
300 — 600 °C [29]. In the presented experiments,
to initiate the process of activating the emission
properties of most coatings, they needed to be
heated to a temperature from the same range. Af-
ter the appearance of the emission current, the
formation of the optimal coating structure can
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Fig. 8. SEM image of the surface
of the Mo coating sample with the thickness
of 10 nm after emission tests

be facilitated by additional factors caused by this
current, namely, by local heating and ion bom-
bardment of the surface; it was previously shown
[30, 31] that irradiation with ion fluxes also con-
tributes to the transformation of thin solid metal
films into island films (dewetting). The possibility
of forming coverage areas (emission centers) with
a structure that is optimal in terms of the efficien-
cy of heating the electronic subsystem of the is-
lands and the emission of electrons into vacuum,
should be determined, first of all, by the thickness
of the metal film and its original morphology —

the size and concentration of the crystallites al-
ready present in the composition. This is exactly
what was observed in the experiments.

Among other things, the above hypothesis
about the mechanism of activation of the emis-
sivity of the studied coatings explains the small
values of obtained emission currents, which did
not exceed tens of microamperes when the cur-
rent was collected from an area of about 0.3 cm?.
If the action of factors associated with the flow
of the emission current causes an increase in the
emission capacity of the local coating area, then
a positive feedback between the emission cur-
rent and the emission capacity is created, which
should lead to the rapid destruction of most
emission centers. (And indeed, the SEM images
(Fig. 8) of the surface of the samples that had
passed the emission tests often showed a large
number of craters that can be identified with
destroyed emission centers, even if no field gap
breaks were recorded during testing.)

Due to the fact that the emerging emission
centers are constantly activated until self-de-
struction, the lifetime of most of them is small.
This limits the number of simultaneously func-
tioning emission centers and the average value
of the current density. Perhaps, the prospects for
achieving high values of the average density of
the emission current of cold film emitters should
be associated with finding a way to control local
emission currents — for example, with the intro-
duction of microelectrode systems or resistive
ballast layers.
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Introduction

C In papers [1, 2] we theoretically studied
plasma of positive column of low and moderate
pressure glow discharge located in the gap be-
tween two dielectric coaxial cylindrical tubes;
in addition, the longitudinal field £ and the
discharge current were directed along the axis
of the tubes. The authors showed that in such a
discharge geometry, there is a considerable in-
crease in electron temperature 7, in comparison
with the cylindrical geometry even with a small
(0.1 and less) ratio of the radii of the inner to the
outer wall due to the additional channel of elec-
tron losses: electron diffusion to the inner wall.
This result is important, in particular, for design
of gas-discharge light and UV radiation sources,
as it provides an opportunity to increase specific
power of the radiation and its efficiency without
any noticeable reduction in the discharge vol-
ume. All of this is possible by means of a tran-
sition from the traditional cylindrical to coaxial
discharge geometry only. The results of [1, 2]
make it possible to give a physical explanation to
the experimental results obtained earlier in arti-
cles [3—7].

The results of papers [1, 2] were obtained un-
der the assumption of strictly coaxial, concentric
placement of tubes. However, such an ideal case
is hard to translate into practice. Manufacturing
errors often lead to an axial misalignment: eccen-
tricity of the inner and outer tubes, i.e. to central
asymmetry of both the device cross-section, and
the profiles of charged particle densities as well.

This paper aimed to evaluate the quantitative
influence the eccentricity of the discharge chan-
nel cross-section on the spatial distributions of
plasma electron densities » and on the electron
temperature 7.

In this article we confine ourselves to the
study of a simple case of a positive column of
electropositive glow discharge in diffusion mode
under low and moderate pressure: when the
length of thermal diffusivity of the electrons is
more than the outer plasma radius, and elec-
tron temperature 7, is constant inside the device
cross-section. We assume the direct ionization
by electron impact to be the main mechanism of
charged particles production, while ambipolar
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diffusion to the walls being the dominant mecha-
nism of their decay.

Calculation methodology

Fig. 1 shows the discharge channel cross-sec-
tion in eccentric geometry. The origin (point O)
was chosen in the center of the inner circle with
radius R,. The center of the outer circle with ra-
dius R (point O,) is displaced from the origin by
distance d. Angle ¢ is measured from the x axis.
The discharge plasma is located between two said
circles. The discharge current direction is per-
pendicular to xy plane.

The equation or spatial distribution of elec-
trons density in the positive column under the
conditions indicated above has the following
form [8]:

D,An+v.n=0,

where v,, Hz, is ionization frequency; D ,, cm?/s,
is ambipolar diffusion coefficient; the values of v,
and D, do not depend on spatial coordinates due
to assumed constancy of Te.

Using a reduced coordinate X = r / R and de-
fining &= R\/v,/D,, we obtain:

o’n
0X*?

1 On 1 &*n
—t
XoX X’ o¢’

+En=0. (1)

We seek the solutionof Eq. (1) as a product of
two functions:

n=P(r)®(op).

Then Eq. (1) takes the form

XP'

2pr
AP +T+(:2X2 :——:kz,

P

where £ is a constant value.
Consequently, ®" = —k*®, or
D(9) = C" cos(kp) + C¥ sin(ko). (2)
From a physical point of view, ®(o) is a peri-
odic and even function by ¢ with the period of 2.
Therefore, k can have only integer values: k = 0,
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Fig. 1. Discharge channel cross-section
(shaded area) in eccentric geometry:

x, y and r, ¢ are Cartesian and cylindrical coordinate
systems; d is eccentricity of the outer circle with respect
to the inner one (their radii are equal
to Rand R, respectively)

1,2,..., while C{" =0 Vk.
Function P(r) satisfies the expression

P(r) = B,J, (8X)+ BN, (£X), 3)

where J (x), N (x) — Bessel and Neumann
functions of &' order.

As general solution of Eq. (1) we obtain the
following expression in the discharge cross-
section:

i C, cos k(p

k=0

4)
XI:Jk (@X)—# BN, (F:X):'} 5

where B,
Eq.(1).

Boundary conditions on the inner circle cor-
respond to the zero values:

=1, B,, = B, due to homogeneity of

n(p,0)=0Ve, Q)

where p is a reduced radius of the inner wall (p =
= R, / R); the boundary conditions on the outer
wall are the same:

(X, 0p) =0 Ve, €[0,27), (6)

where X is the reduced radial coordinate of a
point on the outer circle having the angle of its
vision from the origin @,.

Values X, and ¢, are connected by the relation
(see Fig. 1):

X;+a*—2X,acos(m—0,) =1,

where a = d/R, or

X, =y/1-a’sin’ ¢, —acosq,.

The angle ¢,, like @, is measured from x axis
counterclockwise, and its angular point lies in the
origin.

It follows from Egs. (4) and (5) that

(7

Jk(ép)
Nk((t:p)

B, =- Vke[0,1,2, ..., »).

Then
n(X.0)=3 C, cos(kp)Q, (EX), ()

where we have introduced a notation

Iy (&p)
N, (&p) N (&X)

It follows from boundary conditions (6) that

Q,(EX) =1, (8X)-

iCk cos(ko,)Q, (€, X,) =0,

k=0

)

where values ¢, and X, are connected by the re-
lation (7).

Eq. (8), provided we find coefficients C, and
eigenvalues & from Eq. (9), is an exact solution of
problem (1) for the eccentric case. But if we set
satisfaction of the boundary conditions (6) in all
points of the outer circle, then to find coefficients
C, we need to solve a system of linear algebraic
equations (9) of unlimited size.

Although, we should note that for a — 0,
when both the value of the gap between the walls
and solution (8) do not depend on angle ¢, and
only one term remains in the sums (8) and (9) —
namely by £ = 0. In addition, Eq.(9) transforms
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into a transcendental equation for eigenvalue &
in the purely coaxial case:

Q& D=17,(¢)-

_ Jo(ip) _
N, (ép) (ip)No(é) 0,

(9a)

and expression (8) transforms into an equation

n(X,p)cQ, (& X). (9b)

Therefore, it is reasonable to assume that in
the eccentric case for small deviations from the
coaxial one, i.e., when a value is small, but finite
(a << 1), we could take a finite number of terms
M in the sums (8) and (9) to obtain an approxi-
mate solution of (1)":

n(X.9)~ 3 G, cosk) 2, EX).  (10)

S

-1
C cos(kpg) €2, (&, X;) =0.

0

(11)

=~
Il

Next, suppose M rays come from the origin O
at angles

¢, =m/(M~-1), j=0,1,.., (M-1)

and divide the upper semi-circumference of the
inner circle X = p into M — 1 identical sectors.
These rays cross the upper semi-circumference
in the points with a reduced radial coordinates
(see Eq. (7)):

X. = [l-a’sin® Y-
/ M -1
—acos( Y ,

M -1

including the points on X axis for ¢ = 0, 7.

To find an approximate solution, let us de-
mand satisfaction of zero boundary conditions
(6) not in all of points of the outer semi-cir-

(12)

! The validity of this assumption is proved in further calculations.
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cumference, but only in M of its upper points
{ X P j}. Since the above boundary conditions
are satisfied in its symmetrically located lower
points by default, these zero conditions are fi-
nally satisfied in (2M — 2) points on the entire
outer semi-circumference. Then expression (11)
transforms into the following:

S

-1

Cy cos(ke;) €2 (5, X ;) =0;

T
(=]

13
j=0,1, .., M—1, (13)

which is a homogenous system of linear algebra-
ic equations (linear system) having square matrix
MxM with respect to a finite number M of coef-
ficients C,.

For the solution of system (13) to be non-triv-
ial, its determinant must equal zero. From here
we can find approximate values of the first M
eigenvalues of problem (1). As function n(X,)
describing the density should never be less than
zero between the circles (i.e. in the space occu-
pied by the discharge plasma), only the eigen-
function corresponding to the smallest eigenval-
ue will have physical sense. It is the one we fur-
ther substitute into Eq. (13).

Due to homogeneity of Eq. (1), its solution
can be calculated up to a constant factor only.
Therefore, we can compute coefficients C, in
relative units, assuming, for example, C, = 1.
Then, the matrix column of linear system (13)
that contains C, = 1 is moved to the right-hand
side of the linear system. Thus, system (13) is
transformed from a homogenous into a inho-
mogeneous, but overdetermined linear system
containing M equations and (M — 1) unknown
coefficients C,, C,, ..., C,_,, which numerical
values can be computed using the method of
least squares.

The calculation showed that the values of
coefficients C, quickly decrease with the growth
of k, so when a < 0.2 and p < 0.5, this proves
the validity of the assumption that finiteness
of the number of terms (10) and (11) brings
no significant error in the solution of n(X,Q).
Fig. 2 demonstrates the quality of fulfillment
of boundary conditions (9) for seven and two
points of the upper semi-circumference and, re-
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Fig. 2. Graphs of fulfillment of boundary conditions (9) at the outer circle
if they are established exactly in (2M — 2) points of the border; the cases presented are for M =7 (a)
and 2 (b); function n(X,@) at the maximum is assumed to be equal to 1

Fig. 3. 3D-distributions of function n(X,®) in the upper semi-circumference,
i.e. when y > 0 (see Fig. 1) for the eccentricity values a = 0.01 (a) 1 0.04 (b);
reduced radius of the inner wall

spectively, for seven and two terms of sum (10).
It can be seen that despite the small amount of
points, boundary conditions (9) have satisfacto-
ry fulfillment at the entirety of the outer border:
a difference in the solutions of n(X,¢) for seven
and two terms of (10) turns out to be inessential,
and in the eigenvalues — in the third decimal
place.

After calculating coefficients C, C,, ...,
C,,_, variable n(X,¢) is normalized to 1 at the
maximum, while values C, C,, ..., C, , are recal-
culated once more.

Calculation results

Fig. 3 presents examples of solutions accord-
ing to the described procedure.

We should note the high sensitivity of the form
of n(X,p) to eccentricity: there is a considerable
inhomogeneity of n(X,p) by the angle even at
small values of a (see Fig. 3). The greater p, the
stronger the inhomogeneity at the same value of
a. Quantitatively it can be characterized by a ratio
between the minimum and the maximum values
of function n(X,p) on the “ridge” (see Fig. 3). A
graph of this ratio #2/h1 vs a is shown on Fig. 4, a.
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Fig. 4. Dependencies of the ratio 42/h1 (a), as well as eigenvalues & and plasma
electron temperature 7, (b) on the eccentricity a of the gas-discharge tube.
Ratio #2/h1 (see Fig. 3) shows inhomogeneity of n(X,@) when p = 0.05 (7) and 0.25 (2). We also present
diagrams of eigenvalues for eccentric (/) and coaxial (2, 3) cases withgaps 1 —p+a(2)and 1 —p —a (3);
value of T, (4) is calculated for Ar plasma at the pressure of 1 Torr and R = 1 ¢cm for the eccentric case

Discussion of results

In the coaxial case, the width of the gap be-
tween the walls » = 1 — p is constant and does
not depend on ¢. Due to central symmetry, in the
coaxial case there is no other direction of the or-
thogonal to the current diffusion flow, except for
the radial one.

The eigenvalue &= R,/v,/D, determines the
value of temperature 7, which in the case under
consideration (low pressure)is constant across
the whole positive column cross-section and
corresponds to the equality of the rates of elec-
trons production by direct ionization in the vol-
ume and their losses due to ambipolar diffusion
to the walls in the radial direction [9, 10]. If we
know the eigenvalue &, we can estimate the value
of T, both for the coaxial and eccentric discharge
geometry using the following expression:

\w | T 1w
=8191CpR [1+——Las|—=exp| ——— |,
e AR [T p[ 27;]

where W, €V, is ionization potential of gas atom;
p, Torr, is gas pressure; R, cm, is radius of the out-
er wall; C is a constant, which values are tabulat-
ed in papers [9, 10] for various gases.

We deduced the presented expression in this
paper using the relation obtained in papers [9,
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10] which connects the value 7 with the tube ra-
dius and gas type for the cylindrical geometry of
the positive column of glow discharge in diffusion
mode.

For the eccentric case in the considered con-
ditions of positive column, the value of 7 for
small eccentricity has only weak deviation from
the ideal coaxial case. An example of dependence
of T, on a for an Ar discharge at p = 1 Torr, R =
= 1.00 cm and R, = 0.25 cm is shown in Fig. 4,b
(curve 4). The value of 7, decreases only insignif-
icantly from 1.68 eV at a = 0 (coaxial geometry)
down to 1.63 eV, when eccentricity a = 0.2. Let us
note that, for the cylindrical geometry in the same
conditions, the value of 7, would only amount to
1.51eV.

In an eccentric discharge, the value of 7 al-
so remains constant in the volume of positive
column, which means that the ionization rate is
constant in the entirety of the volume. However,
the width of the gap between the walls b at a > 0
does not remain constant with the change of the
angle @. It changes fromb  =1—-p—aato=
=0tob =1—p+aate=m(see Fig. 1),
therefore the rate of radial diffusive removing
should depend on the angle ¢: it should be max-
imal at b . and minimal at b_ . The calcula-
tions show that the eigenvalue & for a > 0 (see
Fig. 4,b, curve I) has intermediate value between
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Fig. 5. Spatial distribution of n(X,p) (expressed by
brightness and contours), as well as directions
of electron flows in plasma cross-section
(arrowhead lines) in eccentric discharge
geometry for p = 0.25 and a = 0.04.

The “compensating” flow goes in azimuthal
direction over the ridge of the n(X,) distribution

the ones for two control coaxial cases: with the
gapsequaltob andb . (curves 2and 3, respec-
tively). This means that for the eccentric case, in
the neighborhood of angle ¢ = 0 (where the gap is
the narrowest) the ionization rate turns out to be
insufficient to compensate for the radial diffusive
removing of the particles to the walls, while in the
area of ¢ = m (widest gap) it is excessive.

This result should lead to the following effects:

firstly, to increasing of electron (and ion)
density and its gradient in the neighborhood
of widest gap, and to decreasing of the said
parameters in the narrowest gap in comparison
with the coaxial case a = 0, i.e. to the occur-
rence of azimuthally inhomogeneous distribu-
tion of n(X,) (see Fig. 3);

secondly, for the density distributed in
this manner, there is an azimuthal gradient
grad(P[n(X,(p)] and a corresponding diffusion

electron flow in the azimuthal direction that
“pumps” the electrons from the wide gap into
the narrow one on both sides of the inner wall
(Fig. 5). This flow compensates for the exces-
sive generation of electrons in the wide gap, as
well as the extra electron losses due to diffu-
sive removing to the walls in the narrow gap;
by such a way the balance of charged particles
can be throughout ensured. However, the inho-
mogeneity of n(X,¢p) from the angle ¢ still re-
mains, since the said flow compensating for the
imbalance of the rates of production and decay
of charged particles in different areas of posi-
tive column cross-section can take place only
in the presence of the azimuthal density gradi-
ent. It is necessary to note that the presence of
a gradient of electron densities directed on av-
erage from the narrow gap to the wide one will
cause a constant electric field directed on aver-
age along x axis. It should retard the described
electron diffusion in the azimuthal direction to
the ambipolar one.

Conclusion

Summing up, the absence of central symme-
try of the spatial distribution of the positive col-
umn plasma density in the eccentric discharge
geometry can be considered as a characteristic
feature of plasma in this geometry, which is in fact
responsible for maintaining the charged particles
balance of plasma in the entire volume dedicat-
ed to it. Insignificant eccentricity has only little
impact on the value of electron temperature 7.
However, to retain acceptable azimuthal homo-
geneity of the discharge after the transition from
the cylindrical to coaxial geometry, it is necessary
to provide good accuracy of the gas-discharge
device manufacturing: the distance between the
axes of the inner and the outer cylindrical walls
should not exceed 1—2% of the width of the gap
between the walls.
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COPPER-64 ISOTOPE PRODUCTION
THROUGH THE CYCLOTRON PROTON IRRADIATION
OF THE NATURAL-NICKEL TARGET
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St. Petersburg, Russian Federation

A method of calculation has been developed as well numerical simulation have been performed for
a production process of **Cu isotope by the *Ni (p, n)**Cu nuclear reaction. The required radionuclide
applicable in the nuclear medicine is produced through irradiating a cyclotron target of natural nickel
with a proton beam. The process conditions were dictated by the capabilities of the cyclotron; the initial
kinetic energy of 17 MeV (at a current of 10 pA) was fed into computation. As a result, dependencies of
the ®Cu isotope production on the target thickness and on the irradiation time were obtained. The tar-
get depth of proton penetration was investigated, and it was established where the peak of radionuclide
concentration was produced. An analysis of the obtained data allowed us to find the optimal thickness
of the nickel target, which is 0.54 mm.
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NMPOU3BOACTBO U3OTOINA MEAU-64
NMYTEM OBJIYYEHUA UWMK/IOTPOHHOU MULLEHU
U3 NPUPOAHOIO HUKEJNIA MYYKOM NMPOTOHOB

A. Tu6a, A.10. Eropos, fl.A. bepaHukos, B.H. Jlomacos

CaHkT-MeTepbyprckuii NONUTEXHUYECKUI YHUBEpCUTET MeTpa Bennkoro,
CaHkT-MeTepbypr, Poccuitckas denepaums

Paspaborana MeTomuka pacuera M BBITIOJIHEHO YMCICHHOE MOJCIMPOBAaHNE TIpoliecca MoayJe-
HUS U30TOMa Meau-64 1o saaepHoit peakuuu *Ni (p, n)**Cu. TpeOyeMblil paTfMOHYKINUI, TTPUMEHSI-
eMBblil B SIIEPHOI MeAUIIMHE, MPOU3BOAUTCS MyTeM OOJyUYEeHUsS] MUIIEHU U3 TTPUPOAHOTO HUKES
MMy4KOM MPOTOHOB, TMOJy4aeMbIM Ha LIMKJIOTPOHE. YCIOBMS MPOBEACHMS Mpollecca TUKTOBATUCH
BO3MOXHOCTSIMU IIUKJIOTPOHA. B pacueThl 3aKkjaabiBaiach HadaabHast KHHETUYECKast S9HEPT s MPO-
ToHOB 17 M3B (Tok paBeH 10 MKA). B pesynbraTe mosiydeHbl 3aBUCUMOCTU HapaOOTKM M30TOTa
Menr-64 oT TOJNIIMHBI MUIIEHU U OT BpeMeHU O0TyYeHMSsT, M3ydeHa TJyOorHa TPOHUKHOBEHHUS TIPO-
TOHOB B MUIIIEHb, YCTAHOBJIEHO, Illeé KOHIIEHTPAIIUS siiep HapaOOTaHHOTO PAIUOHYKJINIA MaKCH-
MasibHa. AHaIN3 MOJYYEHHBIX JaHHBIX MTO3BOJIUI OMPEAEJUTh ONTUMAIbHYIO TOJIIMHY HUKETEBOM
MUILeHU, OHa cocTaBuiia 0,54 MM.

KmoueBbie ciioBa: Menb-64, MpUPOIHBIN HUKENb, pacyeT BBIXOIA, TOJIIIMHA MUIIIEHH, ITy4OK ITpO-
TOHOB

Ccbuika npu nutuposanum: Topo6eit H.H., Jlykbsnenko A.C., Tonbues A.B. CobcTBeHHast Macca
Bcenennoit // Hayano-texundeckue BemomMoct CIT6I'TTY. duszuko-matematndeckue Hayku. 2021.
T. 14. Ne 1. C. 130—137. DOI: 10.18721/JPM.14110
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Introduction

As known, radiology and radiation therapy are
based on the use of various radiopharmaceuticals
containing radioactive isotopes. Among the radi-
onuclides belonging to different elements, Cu-64
isotope is unique due it’s capability to emit 3*-, B~
particles (their energies equal 0.65 and 0.57 MeV,
and their yield values are 17.5 and 38.5%, respec-
tively) and Auger electrons as a result of its radio-
active decay. Therefore, this isotope is applicable
in both positron emission tomography (PET), as
well as in theranostics (theranostics focuses on
producing pharmaceuticals which can be simulta-
neously applied as a means of early diagnosis and
as a therapeutic agent) [1, 2]. The isotope’s con-
siderable advantages over others lie not only in its
chemical properties, but also in its long half-life
(12.7 h) allowing simplification of production,
transportation and application of Cu-64 labeled
radiopharmaceuticals in comparison with those in
common use nowadays.

The possibility of reduction of cupric Cu?" to
cuprous Cu* is used in molecular imaging and
targeted radiotherapy of hypoxic tissues, includ-
ing tumors |3, 4].

Clinical trials of *Cu based pharmaceuticals
showed copper uptake only in hypoxic heart and
brain cells. Peptides and antibodies radiolabeled
with this isotope can also be applied in medical
radiology [5—S8].

A comparison of **Cu labeled radiopharma-
ceuticals and those based on '''In-Octreoscan
which is currently in use showed the advantage
of the former as a positron-emitter for it allowed
imaging even for some unpredicted metastatic
growth [9]. Clinical testing of the *Cu-TETA-
mablA3 conjugate (applied in colorectal cancer
detection) demonstrated the advantage of PET
with ®Cu over the similarly '"'In labeled conju-
gate [10—12].

The Cu radionuclide can be produced in re-
actors by means of capturing either $Cu(n, y)**Cu
thermal neutrons or *Zn (n, p)**Cu fast neutrons
(n, p are neutrons and protons, y are gamma rays).

The isotope can be produced in a cyclotron by the
8Ni (p, n)**Cu nuclear reaction [13].

However, the **Cu production yield in reactors
is low, while their radionuclidic purity is often un-
satisfactory [13]. Therefore, the use of cyclotrons
in the *“Cu production becomes necessary since
they support charged particles induced reactions.
Both natural and enriched (by 99.6%) nickel can
serve as a target for the *Cu production in cyclo-
trons.

The purpose of this article is to develop a
method of calculation, and the corresponding
algorithm and program, as well as to conduct a
numerical simulation of the *Cu production by
means of irradiating a natural nickel target with
a proton beam.

Numerical parameters of the model were de-
termined by the characteristics of the MGC-20
cyclotron located in Peter the Great St. Peters-
burg Polytechnic University: proton energy of
17 MeV at a current of 10 pA. The numerical
simulation allowed us to determine the optimal
target thickness for the maximum yield of the de-
sired isotope.

Method of calculation

As it was noted before, for the *Cu produc-
tion, we used a proton beam with the initial en-
ergy of 17 MeV (current of 10 pA). A natural *Ni
isotopic mixture (the percentage of *Ni isotope
in the natural nickel amounts to 0.926%) serves
as the target.

The computations allow for proton energy loss-
es due to excitation and ionization resulting from
the passage through of the target substance [14]:

_dE\ _
dx
KZ*Zp| 1. ( 2m By’ W.
_ Aﬁzp[_h{ : Iizv maxj_ 0

2
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where —dE/dx, MeV/cm, are specific ionization
losses (x is the depth of proton penetration); z,
Z are charge numbers of the projectile particle
and the target respectively; A, g /mol, is atomic
mass; p, g/cm?,is the target density; m,, g, elec-
tron mass; ¢, cm/s, — the speed of light; 3 is a ra-
tio of the projectile particle velocity to the speed
of light (B = v/c); v is the Lorentz factor; W__,
MeV, is maximum energy transfer in a unit col-
lision; 7, eV, is mean ionization potential; 5(Py)
is a correction factor allowing for the influence
of the target density on the ionization potential.

The K coefficient is calculated by the formula
K =4nN 7’m,c’ =0.307 MeV/mol,
where N is the Avogadro constant; r,, cm, is the

classical electron radius.
The maximum energy transfer is expressed as

2m802[32Y2

where M, g, is the mass of the projectile particle.

The Ni mean ionization potential is equal to
(just as for other elements) /=311 = 10 eV [15].

We should note that in a nonrelativistic case
? << 1; furthermore, a proton (z = 1, M >> m)
is the projectile particle, the energy loss occurs at
all Ni isotope electron shells in natural nickel, i.e.,
p=py, = 8.908 g/cm’; A = (4) = 58.6934 g/mol.
Then, Eq. (1) is simplified:

<_a’_E>_ KZp In 2m B’ )
de/ | 4B I |

The solution to Eq. (2) gives a dependence
E(x) of the mean proton energy on the depth of
proton penetration.

The Cu® isotope is produced by means of the
Ni* (p, n) Cu®* reaction. Energy dependence of
this reaction cross section ¢(£) was measured in
many experiments. This article used the results of
the combined data presented in paper [16].
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Using the solution to Eq. (2), let us determine
the dependence of the reaction cross section on
the depth of proton penetration 6(x). The Cu®
production at different depths of target penetra-
tion is then determined by the formula:

ANy _ (JnNiM )x
dx Le

x(1-exp(-td,,, ))o(x),

3)

where N, is the number of “Cu isotope nu-
clides; J, A, is the cyclotron current; n, is “Ni
nuclides concentration in the natural nickel; A
is the **Cu decay constant; e, C, is the electron
charge; ¢, s, is the time of the target irradiation.

By integrating Eq. (3) from zero to the target
thickness T, we obtain a distribution of the *Cu

production with respect to the isotope penetration:

New (trt0) = [ {dL}

[ @)

In this case, we can disregard a decrease in in-
tensity of the proton beam with the increasing of
the target depth, as well other processes resulting
in proton loss. The obtained formula does not
consider the cooling time of the target which can
be allowed for by multiplying it by an exponen-
tial factor of the exp(—ktml) form. It can be seen
from Eq. (3) thatat¢_,~ 3/A, there is no point in
any further irradiation as the accumulation curve
reaches a plateau.

Such a behavior of the dependence is due to
a gradual appearance of commensurability of the
isotope production and its decay rates. However,
the value of 1/A for *Cu equals to 18.3 h, which
significantly exceeds the real time of irradiation.
Att  <<1/\the factor

D —CXp (_)\’trad ):'/7" Rl

i.e., the production is proportional to time.

Results of the used method and discussion

The solution to Eq. (2) is presented in
Fig. 1,a for the protons of the initial kinetic en-
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Fig. 1. Proton energy distribution throughout the depth of the natural nickel target (solution to Eq. (2)) (a) and
dependence of the *Ni(p, n)**Cu reaction cross section on the proton energy (b) and on the target depth (c).
Initial kinetic proton energy is 17 MeV, in Fig. b) and c), the lines show the “cross section” curves behavior,
while the bands correspond to the cross section error [16]
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Fig. 2. lonization loss distribution of **Cu nuclides throughout the depth of target penetration (a)
and dependencies of the number of the produced nuclides on the target thickness (b)
for different irradiation intervals, h: 0.5 (7), 1.0 (2), 1.5 (3), 2.0 (4).
The lines show the dependencies curves, while the bands correspond to their error
(connected with the reaction cross section errors)

ergy of 17 MeV and the natural nickel target. We
can see that the protons lose all of their energy at
the 0.56 mm target depth.

Fig. 1,b shows the result of interpolating the
reaction cross section (3), obtained in paper
[16]. By processing this dependence and using
the solution of Eq. (2) we found a dependence of
the cross section on the target depth (Fig. 1,¢).
It is clear that the cross section is maximal at the
proton energy of approximately 10 MeV, which
is reached at the depth of around 0.32 mm. At
the same depth, we also observe the peak con-
centration of the produced *Cu radionuclides.

Fig. 2,a shows the computational results of
%Cu number distribution throughout the depth
for various irradiation intervals (we took a range

from 0.5 to 2 h, see Eq. (3)). Fig. 2,b presents the
results of integrating dependence (4) with respect
to the target thickness T for the same irradiation
intervals.

Fig. 3 shows the results of computing the num-
ber of the produced *Cu nuclides depending on
two irradiation intervals (5 and 50 h) for four val-
ues of the target thickness. We can see that for the
5 hirradiation interval the number of the produced
nuclides grows in a linear manner and with a fair
degree of accuracy, while for the longer period of
time the growth levels off after the saturation point.

An analysis of the obtained data allows us to
conclude that the peak **Cu production is achieved
at the target thickness of 0.545 = 0.006 mm. The
error is primarily due to the equivocation arising
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(connected with the reaction cross section errors)

from measuring the cross section o(E) [16] at the
reaction energy threshold of 2.5 MeV (we al-
lowed for the equivocation from using the simpli-
fied Eq. (2) instead of the complete Eq. (1)). Any
further increase of the target thickness should not
lead to an increase in the production as at greater
thickness values the mean proton energy falls be-
low the reaction energy threshold. The peak *Cu
nuclide concentration lies at the target depth
from 0.20 to 0.49 mm.

Thus, we can consider the identified target
thickness value, i.e. 0.545 £ 0.006 mm, optimal
for the maximum production number of the *#Cu
isotope.

Conclusion

This article developed a design procedure and
numerical simulation of a production process

for **Cu isotope important for application in the
nuclear medicine. Th process of the *Cu isotope
through irradiating a target of natural nickel with
a proton beam obtained in a cyclotron. The in-
itial kinetic energy of protons was 17 MeV at a
current of 10 pA.

By means of computations we obtained de-
pendencies of the **Cu isotope production on the
target thickness and on the time of irradiation.
We identified the depth of target penetration at
which the nuclide concentration of the produced
isotope reaches its peak.

As a result of the conducted simulation of the
process, we found the optimal target thickness,
which is 0.54 mm, to produce the maximum
number of the **Cu isotope. The obtained result
is essential for diagnostics and therapy of various
diseases applied in nuclear medicine.
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Introduction ity and string theory with quadratic in momenta

The quantization of covariant theories, to (Hamiltonian) constraints, makes it necessary to
which we include gauge theories with constraints expand their phase space by including Lagrange
linear in momenta, as well as the theory of grav- multipliers and ghosts along with the correspond-
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ing canonical momenta [1 — 6]. However, in the
simplest case of the reparametrization-invariant
theory of a relativistic particle, all this construc-
tion is reduced to introducing the particles proper
time parameter into the initial action, followed by
integrating the wave function over this parameter
within [0, o) [7]. The result is a representation of
the Feynman propagator of a particle, which was
first proposed by V.A. Fock [8] and J. Schwing-
er [9]. Based on this, a simplified procedure for
quantizing the covariant theory was proposed in
Ref. [10], in which the parameters of finite sym-
metry transformations (including the proper time
in reparameterization-invariant theories) are in-
troduced into the classical theory as additional
coordinates.

The equations of constraints in quantum the-
ory with this modification take the form of evolu-
tion equations on a group space, and the invariant
propagator is obtained after integrating the wave
function over the group parameters over the en-
tire area of their variation (for proper time, these
are the functional space (FS) integrals within [0,
o0)) with a simple measure equal to 1. However,
in contrast to gauge theories with linear momen-
tum constraints, FS integrals are not removed by
delta functions from Hamiltonian constraints.
This means that in quantum theory there is no
time parameter. In Ref. [11], to solve the problem
of time in the case of a homogeneous isotropic
model of the universe, the second stage of modi-
fication is proposed, in which an additional con-
dition is imposed on the dynamics of proper time
as an independent dynamic variable. It consists in
adding to the initial action its small variation gen-
erated by the infinitesimal shift of proper time.
As a result, a new quantity arises in the theory —
mass-energy, which corresponds to its own time.
In a homogeneous universe, this quantity is an
integral of motion and must be added to the orig-
inal set of constants of the universe. In Ref. [11],
it was also suggested that the mass of the universe,
taking into account the multi-turnaround of time
in the general case [12], will have the character of
a distribution, which should be supplemented by
the corresponding mass flux density. The purpose
of this work is to substantiate this assumption by
the example of a simple dynamical system with

two proper time parameters and with the algebra
of constraints identical to SL (2, R). In this case,
we will have two components of its own mass and
a flow between them. These three parameters are
not integrals of motion. They are present in the
energy-momentum balance of the system (con-
straint equations), and should be considered as
observable quantities. Their equations of mo-
tion, together with the equations of constraints,
make it possible to remove integration over the
parameters of proper time and thereby solve the
problem of time in the quantum theory.

The first stage of modification
of SL (2, R)-model

The initial Lagrange function of the consid-
ered dynamic system has the form:

where the dot denotes derivatives with respect
to an arbitrary parameter t; N,, N, are the lapse
functions, N, is the shift function [12].

Minkowski indices Uy Vo M V= 0,1,2,3are
implied and abbreviated notation for the invari-
ants of the Minkowski space are used.

Hamilton’s function is reduced to a linear
combination of constraints

h=NH +N,H,+N,D, (2)
where
— 1 2 2 _ 2 2
H, —E(p -V ), Hz——(n —u ),
3)

D = pu—mv.

The Poisson brackets of these constraints form
the algebra SL(2, R) [13]:

{D,H }=2H,, {D,H,}=-2H,,

4
{H,.1,} = D, @
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This algebra will serve us as the simplest ana-
logue of the algebra of constraints of the theory
of gravity (and string [14]). The constraints are
generators of infinitesimal symmetry transforma-
tions of the canonical variables, which are com-
pensated by the transformation of the lapse and
shift functions [1],

ON, =¢,-C

Bro

Nge, )
which ensures the invariance of the action (in this
case C,,=2,C,,,=—=2,C,,= ).

At the first stage of the modification of the
dynamic theory, as additional generalized co-
ordinates, we introduce the parameters of finite
symmetry transformations that arise as a result of
the integration of the system of functional differ-
ential equations:

N [ = SGAQB s (6)
where the functions AaB obey the system of dif-
ferential equations [10]:

oA oA

B —— 2

Os Os

Y o

+ AOLSAWC&D[3 =0.

+

(7)

The modified theory is obtained by substitut-
ing (6) into the original Lagrange function (1).

The modified Hamilton function reduces to a
linear combination of modified constraints

by, — Ay H, -

A H —-A .D=0 ®)
Tty TR T

which form a closed algebra with trivial Poisson
brackets.

It is these constraints, in quantum theory that
have the form of evolution equations on a group
space with coordinates s . Since these coordinates
are not observable, one should take additional in-
tegrals over them of the wave function over the
entire range of their variation on the manifold
of the group. For the parameters of proper time,
these are the integrals of the FS within [0, o0). As
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a result of this integration, the wave function los-
es its dynamic meaning. It is necessary to take the
next step in modifying the original theory [11],
which will remove additional integrals.

Second stage of the theory modification

Considering the coordinates on the group
space as independent dynamic variables, we take
their classical equations of motion as additional
conditions. The latter are obtained as a result of
the infinitesimal shift of these variables s —s_+
+ ¢ in the action.

Thus, the finally modified Lagrange function
takes the form:

. 2
Z:l M_FVZNI +
2 N,
+l M+MZN2 —
2 N,
M. 2
1 wwz SN, - 9)
2 1
/. 2
1 (v+]\£3v) +u’ |8N, —
2 N;
_{u(u—N3u)_v(v+N3v)}8N3.
Nl N2

Below we will see that this modification sig-
nificantly changes the theory in the right direc-
tion — the removal of the integrals of the FS over
its group evolution parameters.

We turn to the Hamiltonian form of the mod-
ified theory. Let’s find the canonical momenta:

p:(u—zxgu) L _ON | BN, (10)
N] Nl N] ,
nz(v+N3v)(1—8N2]+v6N3, (1)

N2 N2 2

D :_HlAlﬁ_HZAg_

o



(12)

P, =—H A}~ H,A} - DAL, (13)

The Hamilton function, as expected, is re-
duced to a linear combination of new constraints,
which are here used by Egs. (12).

In these equations, velocities should be elim-
inated by expressing them in terms of canonical
momenta. First, eliminate the variation 6N, 3NV,
ON,. To do this, we use the old constraints that are
contained in Egs. (13) together with the new dy-
namic variables, which are the two components
of the mass distribution in our model universe
and the mass flow. We express the old connections
through new dynamic variables by solving Egs.
(13) using a triple of 3-vectors Qlﬁ,Qé,Qg, each
of which is orthogonal to the corresponding addi-
tional pair of column vectors AP, A%, A :

We find the variations NV,, 8N, from the Ha-
miltonian constraints:
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(15)

and for the variations SN3 the momentum con-
straint remains:

(16)

3N,
VI T—V
N2
N,
N2

which we cannot solve explicitly.

We only note that the variation 3N, is a
homogeneous function of the first degree of the
canonical momenta, as well as Egs. (15), which
contain square roots. After that, we can substitute
the velocities (10), (11) in Egs. (12) and obtain
the required equations of new constraints.

Leaving these constraints in the same implicit
form, we write the modified action in the cano-
nical form:

[=[ar| pi+mi+p, s, -

P&, N, (p, 1)) )

o

where Ea denotes the right hand side of the Egs.
(12).

Here we consider infinitesimal shifts as canoni-
cal momenta. We will see the solution to the prob-
lem of time in our “universe” when we exclude mo-
menta in this canonical form of action and write it
again in Lagrangian form. We can do this explicitly.
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Proper time

We will be the first to exclude the momenta
D, conjugated to the group parameters s . As a
result, we get N, =5, . Next we exclude infini-
tesimal shifts. This gives the equations of motion
in the form of the law of the change in time of
new dynamic variables:

0,=F +
P.Q') oAb . (P.Q%) oAl
+((Q1 A)) 35, Sﬁ+((Q2 A)) 5, (18
s 43 % s5R2 Y
P,Q%) A"
+ﬁaT3Sﬁ:0.
9423 Y

The last ones we exclude the canonical mo-
menta corresponding to the "physical”" degrees
of freedom — the Minkowski coordinates Uy Ve
Here the difficulty remains associated with the
absence of an explicit solution of the constraint
equations with respect to variations 6N,, ON,,
ON,. However, it is easy to see that the resulting
dependence of the modified Hamiltonian on the
canonical momenta is a homogeneous function
of the first degree. The consequence is that all
terms in the canonical action (17), depending on
the canonical momenta, disappear.

Thus, the dependence of the modified action
on all velocities disappears, except for the one
contained in the equations of motion (18), as
well as in the old constraints (4), which we must
now remember and add to the action as addi-
tional conditions. We also recall that the implicit
solution of these constraints involves the opera-
tion of extracting a square root with a choice of
the sign of this root. We must perform the same
operation under additional conditions, writing
down the Hamiltonian constraints with square
roots of the kinetic energies of the physical de-
grees of freedom. As a result, we get the modified
action in the form

fijdrx
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N, .. (P.@")
_ —:V(V+N3V)— Nlsz +
+N. @_vz +N (PS’QZ) —u?
1 QI,A]) ? (Qz,Az) ’

where additional conditions are included with
the corresponding Lagrange multipliers A, A,
Xy Infinitesimal shifts & also fulfill their original
function of the Lagrange multipliers.

Note that the modified Lagrange function is
a homogeneous first-order velocity function, so
that the theory remains explicitly reparameteri-
zation-invariant.

In the quantum theory, in the representation
of a propagator in the form of a functional in-
tegral, integration over the Lagrange multipliers
gives the product of the corresponding function-
al delta functions that remove functional inte-
gration over group parameters s , as well as over
additional parameters P, . The dynamics of the
latter, considered by us as observables, serves to
measure their proper time in the universe. If we
do not allow the introduction of new observables
and set P_= 0, the additional equations of mo-
tion for them also disappear. Then the FS inte-
grals are removed by d-functions from the initial
constraints, which have the same meaning as the
first integral,

(20)

d
IdE—ZM):L
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defining time in mechanics.
Any physical degree of freedom can play the
role of proper time in this case.

Conclusions

A modification of the covariant dynamical
theory with constraint algebra SL2 is inspired
by the problem of time in quantum theory. The
usual practice in this case of imposing addition-
al gauge conditions violating the covariance has
been replaced by a modification of the original
theory at the classical level, which does not vio-
late the covariance of the dynamics of the phys-
ical degrees of freedom. Additional conditions
in it are imposed on the physically unobserva-
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ble parameters of symmetry transformations —
proper time (for each point of the "universe" its
own) and the spatial shift between points. How-
ever, the modification turns out to be deeper,
adding new dynamical variables to the balance
of energy and momentum of physical degrees of
freedom, which should be considered observa-
ble. The dynamics of these observables can serve
to measure proper time and spatial shifts, form-
ing the fundamental frame of reference in the
universe.
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Introduction

Drawing a difficult and non-standard conclu-
sion, as a rule, requires an opinion supplied by a
group of experts. In case of selecting several de-
cisions, to arrange the possible options provided
by the experts, paired comparison method, rank-
ing, and other methods are used [1, 2]. When
choosing a single solution, it is assumed that all
experts are equally professional, and an option is
considered accepted if it received the maximum
number of votes. Many papers [3 — 8] consider
the features and drawbacks of such a manner of
votes processing.

In the article, we consider the possibility of
processing voting results in the case of a team of
experts with different efficiency in the situation
assessment. It is also implied that the experts
need to choose only one of two options. Such an
alternative is common, for example, in the course
of a medical council when deciding on a certain
diagnosis. Using their experience and the data on
a certain patient available, the experts attempt
to identify which of the two situations they are
dealing with: whether a patient is suffering from a
specific disease or not.

A necessity of such a choice occurs not only in
the medical field. Expert experience is in demand
in consulting companies [9], academic and work
councils. There is a binary choice, for example,
when assigning a candidate to the head position
in a company, when there is a need for a decision
on whether the candidate has all the essential
leader qualities and whether he or she is effective
in the future. The experts can also participate in
decision making concerning the feasibility of rev-
olutionary enterprise reforming, involvement in a
certain investment project, etc.

Application of optimal
Neumann — Pearson algorithm
to make a collective expert decision

Assume that an expert team consists of G ho-
mogenous groups with Ng number of experts in
each group. The experts are believed to make de-
cisions independently, including the cases inside
one group. Homogenous group can be formed on
the basis of their previous work in different med-
ical councils. These groups can be represented by

various healthcare facility departments, in each
of which voting takes place. The employees of
one department may have similar views on the
disease symptomes.

Let us denote the a pi,g ) probability that an
expert doctor of a g group takes a healthy patient
for a healthy one, and a pgg ) probability that the
expert doctor takes an ill patient for a healthy
one. Those are conditional probabilities that the
expert says “healthy” in situations 4 and B, re-
spectively. The experts are united in one g group
because they have the same probability values
pﬁf) and pjf). Then the probabilities that the
expert is right equal pﬁ,g) and 1 — pgg). The prob-
abilities of the right choice may be equal to or
satisfy either a pgg) >1— pff) inequality or a
pgg) <l- pgg) inequality. The latter inequality in
the medical field, for instance, characterizes a
doctor who is apt to overdiagnosis, i.e. misdiag-
nosing a patient with a disease.

Further, let us denote the number of votes
supporting 4 in the g group using n,. Unite those
values into a voting vector

n=(n,n, ..., ng).

The number of different results of the voting
equals

M =TT(N, +1).

G
g=1

If we consider that the experts decide inde-
pendently of each other, then the n result possi-
bility in the 4 and B options is expressed as

Pm)=TTCs (p2) (1-p) . )

R =TTk (A) (1-28) " @

Statistics play the key role in building the op-
timal Neumann — Pearson criterion:

B (n)
2, ()

K(n)=

3)
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Let us arrange the possible voting results in
K(n) ascending order:
K(n)<K(n,)<...<K(n,). (4)
Introduce a cross section of sequence (4) by
means of

K,=K(n,),

where ko is the sequence number of the K| value
in sequence (4).

The choice of the k value is discussed below.
A collective decision, according to the Neumann
— Pearson criterion, is made depending on which
of the following conditions is satisfied for the vot-
ingn=n_:

k<k,, (5)
k =k, (6)
k> k. (7

In case (5), the A hypothesis is supported,
i.e. according to the nomenclature accepted in
Mathematical Statistics, the population of such
n, voting vectors falls to the admissible domain.
In case (7), the hypothesis is rejected (n, belongs
to the critical domain). In borderline case (6), the
decision is made statistically: the 4 hypothesis is
rejected with the € probability, and is supported
with the probability of 1 — €.

For this algorithm, the probability of the type
I error equals

o= i PA(nk)+R4(nk0)8. (8)

The probability of the type II error is given by
an expression

B=3 P (n)+~(n,)(1-¢). ©

In the Neumann — Pearson algorithm, the
probability of the type I error can be set arbi-
trarily, while the algorithm provides the minimal
probability of the type II error with the set value
of the type I error probability.
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Then, the k, and & parameters are chosen with
such a condition in mind according to which the
type I error probability o takes the set value. From
relation (8), we obtain:

M
ky=maxk, > P,(n)>a;
1=k

M (10)
ZPA (n,)-a

Bi(n,)

Let us explain the meaning behind the Neu-
mann — Pearson criterion optimality. Consider a
certain arbitrary criterion of making a collective
decision defined by a function

~

e=1-

¢ (n,) (OS(pl(nk)Sl).

This function equals the probability of the 4
hypothesis being rejected, and respectively, with
the probability of 1 — ¢ (n,) being supported in
case of the m, voting result. The corresponding
function for the optimal criterion according to
Egs. (5) — (7) has the form

(11)

0, k<k,;
(p(nk)= g, k=kg
I, k>k,.

Assume that a, and B, are the probabilities of
the type I and type II errors for criterion (11).
The Neumann — Pearson criterion is optimal in a
sense that at any choice of function (11) the con-
dition

o, <a=p =P

is satisfied.

This excludes a case when some criterion has
the type II error probability lower than the opti-
mal criterion has at the same or lower levels of the
type I error probability.

The optimality can be formulated more graph-
ically, if we introduce a notion of comparable cri-
teria with respect to accuracy. Let us assume that
two criteria are comparable if the probabilities of
type I and II errors of one of them deviate from
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the respective probabilities of the other criterion
in one way. We can naturally call the criterion
with lower error probabilities more accurate. In
these terms, the optimal criterion is more accu-
rate than any comparable criterion or both crite-
ria have the same accuracy.

Egs. (10) and (9) allow us to construct the
function

B=B(0L).

The choice of the type I error probability o is
arbitrary, and using the Neumann — Pearson al-
gorithm for each of its value we obtain the mini-
mum possible probability of the type II error.

If we know the a priori probability of the 4
option (let us denote it as P,), then we can set
the following task: to select o in such a way, as to
obtain the minimum possibility of the total error
in making the decision

v(a)=Po+(1-P,)B(a). (12)

This value of 0, is determined by the formula

a,,, =argminy(a). (13)

o

Example of calculation
with the optimal algorithm

Let us present an actual example of calcula-
tions based on the optimal criterion. Consider
a medical council consisting of two groups. The
council parameters are given in Table 1. The re-
sults of applying the optimal criterion to the pro-
cess collective decision making of this council are

displayed in Table 2.

The second Table shows various voting results
ranked by the value of (3). The rightmost col-
umn presents the K(n) values. The second and
the third columns (on the left) give the number of
votes supporting the A option in each of the two
groups: values n, and n,, respectively.

The fourth column on the left shows the prob-
ability of the respective voting result in an as-
sumption that the experts are presented with the
A option. The fifth column on the left includes a
cumulative probability: the probability of this re-
sult or any other (it is located below). The second
and the third columns on the right contain similar
information, but the experts are considering the
B option. Moreover, the cumulative probability is
calculated for the voting results located above the
one under consideration. The cumulative prob-
abilities serve for the purpose of calculating the
statistical errors (see the text below).

Assume that the sequence of the voting results
given in Table 2 is arbitrarily divided into the up-
per and the lower parts. The Table demonstrates
the division at the state with the sequence num-
ber k = k, = 4. According to the optimal crite-
ria, the states located below the border, i.e. the
numbers of the line put in bold red type, belong
to the critical domain, while the states above the
border fall into the admissible domain. If a vot-
ing result falls into the critical domain, then the
experts support the B option. If a voting result is
located in the admissible domain, then the deci-
sion is made in favor of the 4 option. If the voting
ends in the borderline case, then the B option is
supported with the € probability and the A option
is supported with the 1 — € probability.

Table 1
Medical council parameters
Group number Number, people P, Dy
1 3 0.90 0.20
2 2 0.95 0.10

The possibilities that an expert doctor takes a healthy patient for an ill patient (p,) and an ill person for a healthy

one (p,) are presented.
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Table 2
Council voting results and their probability parameters
Seq. Vector Option 4 Option B
of voting
number : K(n)
k for option 4
n=(n,n,)
1 3 2 0.658 1.00 0.00008 0.00008 0.000122
2 2 2 0.219 0.342 0.00096 0.00104 0.00438
3 3 1 0.0693 0.123 0.00144 0.00248 0.0208
4 1 2 0.0244 0.0535 0.00384 0.00632 0.158
5 2 1 0.0231 0.0291 0.0173 0.0236 0.749
6 3 0 0.00182 0.00606 0.00648 0.0301 3.56
7 0 2 0.000902 0.00424 0.00512 0.0352 5.67
8 1 1 0.00257 0.00334 0.06912 0.104 26.9
9 2 0 0.000608 0.000773 0.0778 0.182 128
10 0 1 0.000095 0.000165 0.0922 0.274 970
11 1 0 0.0000675 0.00007 0.311 0.585 4610
12 0 0 0.0000025 0.0000025 0.0415 1.00 166000

Thus, the border is statistically blurred: with
the probability of ¢ it falls into the critical do-
main, while it belongs to the admissible one with
the 1 — € probability. It is clear from the above
that after the choice of the values

kyand e(1<k, <12,0<e<1)

the type I and I error probabilities are equal to:

o= Zk+1+8 P( ),

B=> " +(1-¢)- B,

which is in agreement with Egs. (8) and (9).

The Figure shows a fragment of the (o) func-
tion graph for the a values of interest and model
parameters presented in Table 1. Note that the
dependence of 3 on a is piecewise linear which
results from Eq. (14). Indeed, with a continuous
increase in o, at first the € value grows at the con-
stant value of k. Then, when ¢ reaches it maxi-
mum value of &€ = 1, the & value drops by one, the

cumulative probability kal increases by P( )
while the € value becomes zero. With the further

(14)
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Example of a dependence of the
type II error probability
on the type I error probability
(model parameters are given in Table 1)

growth of a the € value increases again, and the
whole process repeats itself. We can see from
Eq. (14) that the B value has a linear dependence
on €. Therefore, at the regions where o changes,
while k is fixed, B3 a linear dependence on a. The
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Figure shows three of such linear dependence re-
gions. At the peaks of the broken line the value
€ = 1, which means the stochastic element of the
optimal criterion disappears at such values of a.

It follows from the piecewise linear nature of
the B(a) function that the probability of the total
error y(a) has the same property (see Eq. (12)).
But then the task of minimizing the y(a) function
(see Eq. (13)) as its solution has a value of a cor-
responding to one of the peaks. At those peaks,
€ = 1 and the criterion is stochastic. Thus, in the
frame of a rather generalized task setting, the
Neumann — Pearson criterion does not contain a
randomized element. If we take into account the
fact that in case of continuous distribution the
randomization is missing entirely [11], we can
say that the optimal criterion in practice is often
deterministic.

The method presented in this paper allows
rational combination of votes of individual ex-
pert doctors into a collective conclusion of the
council. This algorithm of collective decision
making is optimal in the sense described above.
The previous paragraph shows that even a council
consisting of the experts of different qualification
can make the right decision with high probability.
This situation is akin to lowering the computa-
tional error by means of their independence and
massive character. Similarly, in case of collective
decision making, it is critical that the experts pro-
viding their conclusions are independent of each
other. This condition may be subject to a breach
in real life due to various reasons. For example,
in the course of collective discussion of a diagno-
sis, each specialist might be inclined to unify the
opinions of the council members. Some experts
might exert unintentional pressure (for instance,
due to their authority) on other specialists. All of
these factors may contribute to both an increase

or a decrease of the probability of the right col-
lective decision.

Some misconception widely spread among the
specialists of these group might be another possi-
ble cause for a deviation from independent rea-
soning of an expert. This may lead to emergence
of a statistical dependence (correlation) between
opinions of some experts, although in this case
they do not interact with each other directly.

Let us note that the independence of the ex-
pert decision making is not an essential pre-
condition to the use of the optimal criterion. If
there is a correlation, Egs. (1) and (2) become
invalid. However, if there are sufficient data on
the dependence, we can write the corresponding
formulae even in the presence of the correlation
instead.

Conclusion

We studied a possibility of processing voting
results in case of a team consisting of experts with
different qualification. As an example, we con-
sidered a case in medical sphere when a medical
council was expected to decide whether or not a
patient is suffering from a specific disease. The
most intelligent combination of the individual
expert’s votes into a collective council’s decision
was required. Our algorithm was based on the
Neumann — Pearson principle of minimizing the
type Il error probability at the fixed type I error
probability. We tested the developed algorithm
by using a simple example: two councils that in-
cluded 2 and 3 experts. The team of experts with
different qualifications was numerically shown
to be able to draw a correct conclusion with high
probability. The considered methods are recom-
mended for application both in medical person-
nel training [15, 16], as well as in similar situa-
tions demanding an expert group conclusion.
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Introduction

In paper [1], we presented a constructed
mathematical model of dissemination of new in-
formation in the society:

dt
d—C=0LAN—u(C—C*), (D)
dt
dA
— =pC —nyAN - A4,
5 P
ﬂ:cN—(oi.
dt

While constructing, it was considered that the
main factors for the dissemination of new infor-
mation were the following values, depending on
the time #:

N(?) (after “News”) is a quantitative charac-
teristic of information related to news which cor-
responds to promotion of new views in the infor-
mation space;

C(¥) (after “Censorship™) is a number of cen-
sor bodies with a certain resource base which aim
to maintain the previously established concepts;

A(?) (after “Alternative view”) is a quantitative
characteristic of information flow (probably ini-
tiated by censor bodies) which opposes the dis-
semination of a new concept in the information
space;

i(?) (after “index”) is a parameter of a share
of population favorably disposed towards to new
ideas emerging in mass media at the time of oc-
currence:

1

i=l—-—,

where I, %, corresponds to complete acceptance
of conventional statements before the beginning
of observations; I', %, is a respective characteris-
tic of acceptance of conventional statements with
new views disseminating in mass media.
Parameters 3 > 0, y > 0 respectively shows the
capacity of new information dissemination via
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mass media and probabilistic characteristic of the
effect neutralized by means of stating the oppo-
site opinion. In turn, coefficient o > 0 shows the
intensity of the reaction to the confrontation of
opposite views, parameter i > 0 is inversely relat-
ed to the time of operation of additionally formed
bodies (let us assume that a society always has
some special resource available in the number of
C. in order to protect the previous concept).

Average velocity of news generated by one body
of information C is characterized by parameter
p >0, while >0 is the amount of information 4
aimed at neutralizing the impact of messages V.
Coefficient A > 0 is inversely related to the time
the information A4 is forgotten.

Parameters 6 > 0, ® > 0 characterize respec-
tively the acceptance rate of the new idea and
return to the former concept due to inertia of
mentality.

Undoubtedly, the proposed mathematical
model does not account for all the subtle fea-
tures and details while describing the process of
new information dissemination via mass media in
the society. However, this generalized form of the
model allows binding main factors dedicated to
this action into a system and deeper understand-
ing of the process of information confrontation.

Previously, using the methods described in pa-
pers [2—5], we showed that system (1) has char-
acteristics that allow studying global properties
of its solutions: uniqueness, continuous depend-
ence on parameters, their unlimited extendibility.
In addition, for this system, we proved invariance
of the set

R! =
={(N.C,4,i)eR*:N>0,C20,4>0,i20}.

We also found two stationary solutions which
have rather clear interpretation [1]:

Xlst = (N Clst’ Alst’ ilst) =

1st>

=(0,C.,pC./2,0),

X2st = (NZSt’ C2st9 AZst’ i2st)’
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where

_r(AB-1rC.)
Blap—pny)
o =BG

2 y(ap—pmy)

4 B

2st 9

. _or(AB—wC.)
' op(ap—pny)

2st

b

In the space of system parameters, we indicat-
ed two domains in which X, € R}, i = 1.2, but

with properties significantly different from each
other:

{pr* >AB o .{pr* <AB
umy>op’ pmy<op

By means of using qualitative methods of
studying differential equations, we studied global
properties of the phase pattern of the constructed
dynamic system. This allowed us to identify sev-
eral possible scenarios of dissemination of new
information in the society.

This paper investigates the solution properties
of system (1) in parameter domains

C, <A
A :{YP B’
uny > ap
C.,>\
A :{vp B’
uny < ap

which may be of interest in application.
In these domains, set R} contains only one
stationary solution:

Xlst = (N C Alst’ ilst) =

1st> st

=(0,C.,pC./2,0).

Before the study, one comment should be
made. Since in system (1), a variable i(¢) is pres-
ent only in the last equation, a further investiga-

tion may be conducted for a system of lesser di-
mension which is expedient to present in a form
more suitable for the studies:

dcC
—=0dAN —u(C-_C,),
= B( )

dA
—=pC—(A+MyN)A4,
dt

dN
—=(B-v4)N.
= (B-74)

The obtained results can be then easily ex-
tended to the variable i(7).

It is easy to show that the set

2

R =
={(C.4,N)eR*:C>20,420,N 20}

for this set is invariant and contains only one sta-
tionary solution

X,=(C,,4,,N,)=

st2 “7st?

= (C*apc*/k,()).

Note that in A, this stationary solution in un-
stable, while in A, it is stable.

The conceptual meaning of the stationary
solution X was formulated in paper [1] as a sys-
tem of views predominant in a society, for the
support of which administrative resource in the
number of C, employs a sufficient (from the point
of view of this resource) amount of information
pC.,/\ in mass media.

Due to autonomy of system (2), initial condi-
tions can be written as follows:

C(0)=C, >0,
3)
4(0)=4,>0,N(0)=N, >0.

Analysis if models (2), (3)
in the parameter domain

A reduced two-dimensional system of differ-
ential equations
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dA

e hC—(A+myN) A,

=P (A+myN)
N 4)
Y _(B=yA4)N,
= (B—vA4)

obtained from system (2) at o = 0 and C(¢¥) =
= (C, when ¢ > 0 gives a better understanding of
the behavior of solutions to three-dimensional
system (2), (3) in the A, domain.

We should explain that system (4) describes a
situation when the bodies of information protec-
tion due to various reasons do not react to target-
ed media “injections” of data that contradict the
accepted opinions of the society.

System (4) in the parameter domain A, in the
invariant set

R} ={(4,N)eR*: 420, N >0}
has only one stationary solution:

Xst:(Ast’ st):(pc*/?\"o)’

which is a saddle.

Known techniques of qualitative analysis of
two-dimensional differential equations systems
[6] allow constructing a phase pattern and in-
vestigating the behavior of system (4) trajectories
(Fig. 1). As seen from the Figure, all trajectories
of system (4) with initial conditions

4(0)= 4,20, N(0)=N, >0
when ¢ — +oo have the same behavior:
A(t) > 0,N (1) > +.
We show that in
R =

={(C.4,N)eR*:C>20,420,N >0}

system (2), (3) has a qualitatively similar phase
pattern.
Let
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Fig. 1. Phase pattern of system (4) in the R’ set

R ={(C,4,N)eR}:N>0},
0R* ={(C,4,N)eR}:N=0}.

For an arbitrary solution of system (2), (3),
specifically for

X (1)=(C(1),4(1). N (1)),

let us denote A*(X) as a w-bounding set of this
solution [7].
Lemma. For all trajectories of system(2), origi-
nating in the R* set, A* N OR" is an empty set.
Proof. Theset OR" is invariant due to system
(2), (3). Indeed, if

X, = (CO, A4, NO) €OR",
then system (2) is determined by linear equations

dc

> _u(c-c),

il )

dA

2 5C-d, 5
7 p (5)
N(1,X,)=0,

For which a special X point has global, uni-
form, asymptotic stability in OR*.
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Assume that the A* N OR™ set is not empty.
Then there is such a trajectory X(#, X) of system
(2), (3), that from X (¢,X,) € R" it follows that
X(t, X)) — OR". Based on the theorem of contin-
uous dependence of system (2), (3) solutions on
the initial data [8], X(z, X)) — X when ¢ — +o0.
Which is impossible, as X is an unstable station-
ary solution to system (2), (3).

Thus, the lemma is proved.

Theorem 1. All trajectories of system (2), origi-
nating in the R* set, are not bounded.

P r o o f. Assume the converse. Let there be
such a trajectory X(¢, X)) which is bounded when

X, =(N(0),C(0),4(0),i(0))e R

Introduce Lyapunov’s function into consid-
eration

t
V(X,t) :yAN—BN—yjANd«:,
0
and find its derivative due to system (1):

V(X,t)=yNA+yAN -
—BN—yAN:N(yA—B)z
~(B—y4)’ N <0.

This derivative is locally Lipschitzian along
X and continuous. The V(X, ¢) function itself is
bounded from below. Let us show this:

The boundedness from below of the difference
YyAN — BN is obvious given the boundedness of
the X(¢, X)) trajectory. The third summand of the
presented function is also bounded from below.
Indeed, it is positive in a set, where A<0.Inaset,
where 4 > 0, it can be estimated as follows:

—yIANdr > yIAN dt =

N [ A(1)-4(0) ]2

Nmax Amax YN A (O)

The second derivative V(X , t), due to sys-
tem (1), is obviously bounded from below as well.
Consequently (see [7], statement VIII.4.7),

V(X,t)—>0 att— +o.

This fact ensures that the trajectory is ap-
proaching to its ®-bounding set

AN cM=

={(N,C,A,i) € Rf 1A =E\/N = 0}.
Y

Since system (1) is autonomous, this set is in-
variant due to the system.

Consider an A" set.

In the R* set, a plane 4 = 3/y does not con-
tain sets invariant due to system (2). Therefore,
the trajectory of system (1) cannot approach this
plane when t — +oo. The plane N = 0, accord-
ing to lemma, can also not contain the points of
w-bounding set. Consequently, the system tra-
jectory cannot approach the N = 0 plane when
t — +oo as well. We arrived at a contradiction.

This proves the theorem.

Let us select two subsets in the R* set (Fig. 2):

H, :{(C,A,N)GR+ :ASE},
Y

(6)

:{(C,A,N)eR+ :A>E}.

Y

In the H| subset, consider such surfaces, on
which values C(¢), A(t), N(¢) respectively equal
Zero:

yome-c) N
o4
N=PE_* ®
nyd mny
a=b 9)
Y

Let us estimate the mutual arrangement of sur-
faces (7) and (8) by prior determination of their in-
tersection with the plane N = 0 (see Fig. 2): C =
= C,and C=2A4/p for Egs. (7) and (8) respectively.
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‘A<0

Fig. 2. Two selected subsets (6) in the R* set

At the intersection of these lines, there is a
stationary solution
Xst :(Cst’Ast’ st):(c*’pc*/;\"o)'

At any intersection with a plane 4 = A , sur-
faces (7) and (8) respectively have the form:

C G,

N=E B (10)
ad od
C A

N=P=_2 (11)
nyd  my

For the A, domain parameters, the coefficient
of C in the expression for line (10) turns out to
be greater than the respective coefficient for line
(11), as it results from inequality uny > ap after
dividing by omyA that

H P

—_— > —.
oad mnyd
Note here, that a diagram of the considered
problem (Fig. 3) allows graphical estimation of
the mutual arrangement of surfaces (7), (8) in
the A subset. This representation will be used to
prove the following theorem.
Theorem 2. Assume that in the R* set of the
parameter domain /|,
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X(tX,)=(C(t.X,),4(t.X,),N(t. X,))

is the solution of system (2), (3). Then, att — +0,
a component of this solution A(t) — 0, while
N(t) — +oo.

P r o o f. Let us prove the theorem in three
steps.

Step 1. Let us show that any solution
X(t) = (C(t),A(t),N(t)) from the H, subset
of the R* set after a finite time falls into the H,
subset. Indeed, if A > B/y, it follows from the
third equation of system (2) that N (t) < 0. Then,
still in /1, the X(#) solution in finite time falls in a
rather close neighborhood of plane N = 0. How-
ever, in this plane, all solutions of system (2) at
t — oo approach the stationary solution of X,
for which

A, =pCJ/h<PBly

in A|. Therefore, the theorem of continuous de-
pendence on the initial data [8] guarantees that
any solution to system (2) out of the /1, subset
falls into the H, subset in finite time.

Step 2. It is clear that solutions of X(¢) fall
from H, into H,, where N (t) > 0, through a part
of plane (9) 4 = B/y, in which 4 <0 (see Fig. 2).
Now, let us show that from the part of the H,
set, where 4<0, at t — +oo, the component
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) )
-
C>0
¢=0 ) N L
, /
A0 4 ) X c=C
A=0
Xt C=C. A>0
., C<0,
A>0
C<o
&
6]
) N
/A<0
C=0
A
Cc=0
Xst C=C:
A=0 4>0
C<
@

Fig. 3. Surface (7), (8) for various values of A:
0<A <A, (a),A=A,(5),4,<4<B/y(c)

A(t) — 0, and N(t) — +oo.

Let us introduce two functions: V) (X ) =4
and ¥, (X) = C. Using the relations (7), (8), it is
easy to verify that in the /| subset on the surface
V. (X) =0, when

A, <A<PBly

V,(X) <0 (see Fig. 3,b,c). Therefore, due to sys-
tem (2),

Vl (X)|X:V](X)=O -
=A=pC-myNA<O.

Consequently, the system solution from the
surface 4 =0 falls into the domain, where A<0.
Only for a few values 0 < 4 < A4, indicated in
Fig. 3,a (red line segment), the solution may fall

from the surface 4=0 into a domain, where
A>0. When it starts to go up, the A(f) com-
ponent can grow up to value 4 = 4_ only under
the condition that C <0 at 4 = 4 (Fig. 3,b).
For this, we need to cross the surface V,(X) =
= C =0. But on this surface due to system (2)

V,(X)=C=0AN +adN > 0.

Therefore, as N >0 in the H, subset, then
A(f) through surface (8) again falls into the do-
main, where A< 0, and consequently starts to
drop. Thus, when ¢ — +oo the component A(f) —
— 0, while N(f) — +oo.

Step 3. Solution X(z, X)), starting in the H|
part, where 4 >0 and C < 0, falls either through
the surface A = PB/y into the H, subset or into the
surface 4 =0, where V(X) = 0. Although, in the

first case, as it was shown in the previous steps,
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A(t) — 0, and N(f) — +oo at t — +o0. In the sec-
ond case, due to system (2), we have

g (X)|X:V](X):0 -

=A=pC—-nmyNA<O.

Thus, we find ourselves in the part of the H
domain, in which 4 <0, where due to N >0,
A(f) — 0 again, and N(f) — +oo at t — +o0.
Which is what we set out to prove.

This proves Theorem 2.

Interpretation. With this ratio of parameters
of system (2), the results of the mathematical
studies allow us to make a conclusion on the
preparedness of the society to accept new ideas
and opinions. Any appearance of views and opin-
ions in mass media that do not coincide with the
traditional ones will find support of the society
members. In this case, the recipients replace the
previously dominating concept completely.

Analysis of models (2), (3)
in the parameter domain A

It is easy to show (see paper [1], statement 2)
that in the parameter domain A, a stationary
solution
A

Xst :(Cst’ st Nst):

= (C*apc*/xao)

of system (2), (3) has asymptotic stability. Let us
study its domain of attraction.

Note that the right part of the equation for
C(?) of system (2) ensures the trajectory under
the initial conditions falls from the R} set into a
subset, where C(f) > C,, which is invariant.
Therefore, we will study only this part of Ri. In
addition, from the equation for 4(¢) of system
(2) we can see that plane A = B/A divides this
subspace into two sets (Fig. 4):

R ={(C.,A,N)eR :C>C.,N20},

RY={(C,A,N)eR}:C2C.,N<0},

in which X is located.
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Theorem 3. Assume that for systems (2), (3) in
the parameter domain A, a condition

Bny +uny < po. (12)

is satisfied. Then the entirety of the space
R =
={(C,A.N)eR’:C20,420,N 20}

is a part of the attraction domain of asymptotically
stable stationary solution X .

P r o o f. Take an arbitrary trajectory X(¢, X))
of system (2), (3) originating in the Ri set. As we
noted in the beginning of the section, in finite
time, it either end up in Riv orin R". Let’s em-
ploy further reasoning in three steps as well.

Step 1. Let us show that any solution

X(1)=(C(1). 4(0).N (1)

out of the Riv set in finite time falls into the R”
set.

Consider surface (8) (Fig. 4), where A =0,
and function V| (X ) = A. In the A, parameter
domain, keeping in mind Eq. (8), if condition
(12) is satisfied, for a certain positive volume 0
we have:

V‘ (X)|X:V1(X)=O -
=A=pC-nyNA=

C-d
= (p—J(pa—um—BnH
ny

1y’ 4)+ppC. —Aud >

pC*—?»E

> —— |(po—pmy -
ny

— By +ny*4)+puC. —Mtg =
:(va* - B

o j(poc—ww—
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Fig. 4. Key surfaces (8) and (13) in sets R and R" respectively

- Next, for th A(f) > 0, we have:
_ By +m/2A)+ puyC, —Aup S50 ext, for the component A(f) > 0, we have
Y

A=pC—nyAN —rd > pC -
Thus, the trajectory X(#) falls into the domain,

where 4 > 0, from surface (8), and, respectively, —ny4 (i _A gj A =
4y
N pC A =ny4e >0

The last inequality ensures that any X(¢) tra-
If V,(X) < 0 in a certain part of the Riv space, jectory of system (2) after finite time falls into
then the search for derivative V,(X) sign, due to R", where A > B/y and, consequently, N <0.
system (2), comes down to calculating the sign of Step 2. Let us prove that falling from the R f’
a derivative on the surface V' (X) = 0, since set into the R" set, the X{ (¢) trajectory at t — +oo
approaches the stationary solution X .

V(X = Let us set a direction for a vector field at the
B . l( _)X:VI(X)_«) _ surface
=A=pC—-AA—MyYNA—nyAN > 0
: . ; N=—(C-C,)+q, qg—const. (13)
ZpC—nyNA=V1(X)|X:VI(X)_O > 0. nB( )

Scalar product of vectors
This means that all trajectories out of the RY

set fall in the part, where 4 > 0. _ ON ON _
Due to smoothness of function ¥, (X), we can oC’ 04’
find such a positive number €, so that the com-
ponent N(¢) from some finite point of time starts = (L; 0; — IJ R
satisfying a relation np
dX (dC dA dN
N<£—A—8, —:(—;—;_j
n4d ny dt dt dt dt
only if the X(¢) trajectory is in the Riv set. has the following form:
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P C-C,)x
nB( )

xKa%ﬂjA_(ws)}.

This expression is positive when

A> p+p :(M+B)HB:Z.
af 4y op+mB
np

Because of the fact that in the A, parameter
domain 4 < B/y, the X(¢) trajectory, falling from
the Riv set into R” (see Fig. 4), can no longer go
back from R" to Riv . Andsince inR" N < 0, after
finite time, the X(7) trajectory of system (2) arrives
in the arbitrarily small neighborhood of plane
N =0. For system (2), this plane is invariant, and
according to system of equations (5), all trajecto-
ries on it approach the stationary X . Therefore,
based on the theorem of continuous dependence
of system (2), (3) solutions on the initial data [§],
the X(¢) trajectory of this system from the small
neighborhood of plane N = 0 also approaches the
stationary X, when ¢ — +co.

Step 3. Take the X(z, X)) trajectory of system
(2), (3), originating in the R”" set. At any ¢ mo-
ment of time, a point of this trajectory is located
on surface (13) for some ¢ = ¢,. But in RY, as
shown in the second step of the proof, with the
growth of time 7, X(¢, X)) “descends” onto a sur-
face, where g < g,. Therefore, the X(z, X) solu-
tion originating in the R" set arrives either in the
Riv set via the plane 4 = /y or on surface (13),
where g <0. In both cases, this guarantees, in line
with the reasoning of the previous steps of the
proof, that X(z, X)) — X , when # — +o0.

Thus, Theorem 3 is proved.

The phase pattern of system (2), (3) is shown
in Fig. 5.

The interpretation of the obtained results is of
interest. They show that with the indicated rela-
tions of system (2) parameters the society (or its
segment) is completely dominated by a certain
concept (for example, ideological or technologi-
cal). The cause of this might be full acceptance of
the processes occurring in the society or a failure
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Fig. 5. Phase pattern of system (2),
(3) in the parameter domain A,

to change the established views. This could also
happen due to high efficiency of the censor bod-
ies which do not allow new information to fully
fill the information space.

Conclusion

The study performed in this paper signifi-
cantly expands the domain of investigated sys-
tem characteristics which allows predicting the
behavior of solutions depending on the initial
data.

1. In the parameter space, we identified two
important domains A and A, in which we math-
ematically justified certain global properties of
the phase pattern of the studied dynamic system.

2. Foreach case, we provide an interpretation
of the obtained results. In one instance, it is pre-
paredness of the society to replace the dominat-
ing concept completely (for example, ideological
or technological). In another case, on the contra-
ry, it is a failure to accept new provisions due to
various reasons.

The authors consider the results obtained in
this article to be a continuation of the system re-
search presented in papers [1, 9—11]. This pro-
ject is aimed at studying mass media as a dynamic
system with a high velocity of changes. The use of
the methods of non-linear dynamics allows most
complete and thorough investigation of the struc-
ture and properties of the processes unfolding in
such a system.
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COOTHOWEHMA MEXAY MOAYJIEM IOHIA
U KOPOPUUUNEHTOM ANDDYIUU
ABYX®DA3ZHOIO MATEPUATIA

K.Il. ®ponoea

WHcTuTyT npobnem mawmHoseneHus PAH,
CaHkT-lMeTepbypr, Poccuiickas Genepaums;

CaHkT-MeTepbyprckuii NONUTEXHUYECKUI YHBEpcUTET MeTpa Bennkoro,
CaHkT-MeTepbypr, Poccuiickas Geaepaums

B pabore ycTaHaBIMBaeTCs B3aMMOCBSI3b MEXNY U3MEHEHUSIMU 3((OEKTUBHBIX YIIPYTUX U AUQ-
(by3noHHBIX CBOMCTB NBYyX(Ha3HOTO KOMMO3UTA Yepe3 MUKPOCTPYKTYpHbIe MapaMmeTpbl. [Ipeanona-
raeTcsi, YTo B MaTepualjie MPUCYTCTBYIOT OJMHAKOBBIe MO (hopMe HeoaHOpPOoAHOCTHU. [IpencTaBiieH
BBIBOJI COOTHOLIEHUIi B IBHOM T€H30pHOM Buje. [Ipu ycTaHOBIEHUU B3aUMOCBSI3U MexXay 3 dek-
TUBHBIMU CBOWMCTBaMU Y4YUTbIBaeTcs 3(GGeKT cerperaunu, 3aKIOUAIOMIMNACS B CKauKe KOHIIEH-
TpallMy pacTBOPEHHOTO BEIleCTBAa Ha TpaHUIIe pasjiesia MaTpuila/HeOTHOPOTHOCTD. [lomydeHHbBIe
COOTHOIIIEHUS 11eJIecO00pa3HO MCIOJAb30BaTh IJIsg OMNpenejeHus] oaHUX 3(DHEKTUBHBIX CBOMCTB
yepes Apyrue, Korna MUKPOCTPYKTYpa MaTepuaia HeM3BeCTHA. YCTaHOBJIEHHAs B3aUMOCBSI3b MPO-
BepeHa JUIS U30TPOITHOTO MaTepuasa ¢ nmopamMu. HaiineHHbIe MPpUOIMXKEHHbBIE COOTHOIIIEHUST CpaB-
HUBAIOTCSI C TOUHBIMM, MOJYYEHHBIMU JJIs1 KOHKPETHONW MUKPOCTPYKTYPHI.
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Introduction

Finding connections between various effec-
tive properties of heterogeneous materials is a
fundamental problem of mechanics [1, 2]. These
mathematical expressions interrelate the chang-
es in different physical properties caused by a
certain microstructure. The significance of this
problem is defined by the fact that it allows one to
determine certain effective properties by means
of others in the absence of exhaustive informa-
tion on the composite microstructure.

The search for various cross-property connec-
tions have been a topic for studies in literature
since 1960s. An in-depth review of this problem
is presented in [3]; according to the data present-
ed the published studies may be conditionally di-
vided into four directions:

qualitative research;

establishment of empirical dependencies;

determination of the ranges of material char-
acteristic changes;

finding connections for materials with isolat-
ed inhomogeneities in explicit form.

There are currently a limited number of the
published works devoted to the fourth direction.
Explicit connections between effective elastic and
conductive properties of materials were established
in [4, 5]. These expressions describe anisotropic
material with an isotropic matrix; the accuracy of
the proposed connections depends on the shape
of the inhomogeneities and the difference in the
elastic properties of the constituents. Equations
connecting strength characteristics of metal com-
posite with graphite flakes to its thermal conduc-
tivity were obtained in [6]. Connections between
effective thermal expansion and effective thermal
conductivity were presented in [7, 8]. The accu-
racy of these correlations depends on the shape of
inhomogeneities and the difference in the thermal
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conductivity of the constituents. Mutual depend-
encies between effective diffusion coefficient and
thermal conductivity of a metal-diamond com-
posite were presented in [7, 8]. Explicit connec-
tions between thermal and electrical properties of
a composite were obtained in [11].

A significant difference between the problems
of diffusion and thermal conductivity considered
in [4, 5] is that temperature is a continuous func-
tion across the interface of two phases (matrix/
inhomogeneity) while concentration is usually
not [12]. This phenomenon of the diffusing parti-
cles accumulating at the phase interface or inside
inhomogeneities is known as the segregation ef-
fect [13].

This work is devoted to establishing explicit
connections between effective elastic and diffu-
sion properties of a two-phase composite with in-
homogeneities identical in shape while taking the
segregation effect into account.

The obtained connections are tested for a case
of isotropic porous material while interrelating
the changes in Young’s modulus and diffusion
coefficient.

Connections between
effective elastic and diffusion properties
of a two-phase composite

The connections between effective elastic and
conductive properties obtained in papers [4, 5]
are based on the fact that the changes in these
properties different in nature are under control of
the same microstructural parameters. Two main
assumptions were used in the course of deriving
the connections:

inhomogeneities are spheroidal;

effective properties are determined in the
framework of the non-interaction approximation
(NIA).
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However, papers [4, 5] show that the obtained
connections are valid for materials with differ-
ently shaped inhomogeneities and at greater
concentrations than the NIA permits. This is due
to the fact that the shape and concentration of
inhomogeneities influence the elastic and con-
ductive properties to the same extent.

Based on an analogy between diffusion and
conductivity equations, let us use a methodolo-
gy described in papers [4, 5] to establish connec-
tions between effective elastic and diffusion prop-
erties. According to this methodology, property
contribution tensors are introduced to describe
the effect of an inhomogeneity on the properties
of interest, they act as primary microstructural
parameters [3].

We introduce the fourth-rank compliance
contribution tensor H describing extra strain oc-
curring over a reference volume due to the pres-
ence of the isolated inhomogeneity. The indicat-
ed tensor depends on the shape of the inhomoge-
neity and the difference in the elastic properties
of the matrix and the inhomogeneity. In case the
inclusion is spheroidal, tensor H is transverse-
ly-isotropic (the symmetry axis coincides with
the symmetry axis of the spheroid) and can be
presented as a linear combination of T, T
T, tensor basis elements:

(1)
where
T, =68,

1
T, = 5((99)6,4)

T, =0nn, T, =nno,

+(0)],.,~06),

T, = i (n6n + (nOn)

(1234 T

T T
+(9nn)(l,4) + (Onn)(m)),
T, =nnnn,
0 is a projection tensor; @ = I — nn (I is the sec-

ond-rank unit tensor).
Effective compliance tensor can be deter-

mined in the frame of the NIA in the following
way:

eff _ Q0

S =8" + ZV H,,
where S° is a matrix compliance tensor, V'is a ref-
erence volume, V, is the volume of the £ inho-
mogeneity.

When calculating effective elastic properties

of the materials with inhomogeneities identical in
shape, expression (2) can be rewritten in a form:

(2)

SY =S8 +p(WIL+W,J)+
+W,(Io+ol)+W,(J-0+oJ)+
+W,Q,

©)

where

1 T T
J= 5((11)(1,4) + (II)(2,4))

is the fourth-rank unit tensor; parameters W (i =

=1, 2, ..., 5) are expressed by means of /, coeffi-
cients as
W1=h|—h2/2, W,=h,,
=—2h +h, +2h,,
W,==2h,+hs,
—2h, —hy + hy,
=h 2
while

(4)

p is a volume fraction of the inhomogeneities.
One can determine the effective diffusion
properties of the material consisting of a ma-
trix with an isotropic diffusivity tensor D, = DI
and inhomogeneities with D, = DI in a sim-
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ilar way [14]. Either a second-rank diffusivi-
ty contribution tensor H? which determines
additional mass flux caused by the presence
of the inhomogeneity in the material, or a sec-
ond-rank diffusion resistivity contribution tensor
H"* (HDR = —HD/Dg ), is introduced.

Both the matrix and the inhomogeneity obey
linear Fick’s law. The normal component of the
flux is deemed to be continuous at the interface of
the matrix (denoted by “+”) and the inhomoge-
neity (denoted by “—"), while the concentration
is subject to a jump

¢(x)

where s is the segregation factor.

The presence of the segregation effect leads to
a fundamental distinction of the diffusion process
from that of thermal conductivity considered in
papers [4, 5]. The segregation factor shows a ra-
tio of the concentrations at the inhomogeneity’s
interface and inside of it; it equals one in case
of a continuous concentration function at the
matrix/inhomogeneity interface. A case of s > 1
corresponds to a material in which the diffusing
particles accumulate at the interface of two phas-
es, while the s < 1 case corresponds to trapping
of particles inside the inhomogeneities [14]. In
studies of matrices with pores, only the s < 1 case
is of interest from the physical point of view.

In case of the spheroidal inhomogeneity, the
contribution tensors are determined in the fol-
lowing matter:

)

x—0V+ - SC(x)|x—>6V— >

H” =D,[ B,(I-nn)+B,nn]|,

w1 (6)
H” =——[ B,(I-nn)+B,nn |,
DO

while the B, and B, coefficients depend on the
shape of the inhomogeneities, the difference in
the diffusion coefficients of the matrix and the
inhomogeneity, as well as the segregation factor.

The effective diffusivity tensor is introduced in
the frame of the NIA as

DY =D,I+ %ZVka, (7)
k
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while the effective resistivity tensor has a form

SR
(D) 1=FI+;Z]{:V,(H,{DR.

0

(8)

Effective diffusion properties of the material
with the inhomogeneities identical in shape can
be expressed using the p volume fraction of the
inhomogeneities and the second-rank tensor ®
determined by expressions (4) in the following
manner:

DLDeff—Izl—Do(Deﬂ)1 -

0 9
=Bpl+(B,-B)o. ®)

Establishing explicit connections between the
effective elastic and diffusion properties is possi-
ble if they are expressed in terms of the same mi-
crostructural parameters, i.e. the p scalar param-
eter and o tensor parameter. Therefore, to obtain
the cross-property connections, we need to elim-
inate the summand containing the fourth-rank
Q tensor in effective compliance tensor expres-
sion (3). According to statements in papers [4,
5], this is possible by means of correcting W, W,
W., W, coefficients:

S =8° +Ei[p(s11-1+s2J)+
° (10)
+%3( o +ol) +S?4(J~co+(o~J)},

where E is Young’s modulus of the matrix, s, (i =
=1, 2, 3, 4) coefficients are determined as

5= Eo(h—hy 12),
S, :EOhAZ,
s, =E, (—2f11 +ﬁz +2i;3),

5= Ey(~2h, + ),

and l;i (i=1,2,..,5) coefficients are expressed
through hi as follows:
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h=h(1-38 signh,)
at i=1,2,6;
ho=h(1+3 signh,)
at i=3,5;
o=
R+ h /2-2h —h +h,
a2+ 20| + ||+ ||

To derive the connections between the ef-
fective elastic and diffusion properties of the
material for a general case of orientation distri-
bution of inhomogeneities, let us express the ®
tensor and the p parameter using the D¥ and
(De’f ) tensors, respectively:

(11D

5 (12
3—Dotr(D€ff )
2B, + B,

p:

As a result of substituting these expressions
in Eq. (10), we can obtain two correlations es-
tablishing an explicit connection between the
effective compliance and the effective diffusion
properties:

E,($7 -8°)=
=(a,d-I+0,J)x

x(trDeﬁ' / D, —3)+

+o| (D7 / Dy~ 1)L+
+1(D7 / D, —1)}+ (13)
[(Deff /Dy ~1)J+
+J{D? / D, - )}

while using relations (11) and
E,(S7 -8")=
= (oc]II + ézJ) X

x(3 - Dytr(DY )1)+

+0c3[(l -p,(D7) i+ (4

while using relations (12);
here

51 (Bz _Bl)_S3Bl
(B,-B,)(2B,+B,)’
_ 5 (Bz _Bl)_S4BI
* (B,-B)(2B,+B,)’

a, =

o, =3

> 2(B,-B)
_ Sy

O°“_2(192—Bl)'

Cross-property connections between effective
Young’s modulus and effective
diffusion coefficient of a porous material

To derive connections between effective elas-
tic moduli and effective diffusion coefficients,
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we need to use a component representation of
Egs. (13) and (14). In case of isotropic material,
the following connections are in effect:

EY
=[1+(3a, +3a, +
0
. (15)
DY
+201 + 201, ) -1
DO

while using tensor expression (13) and

o
b;E =[1+ (30, +3a, +
’ L (16)
DO
+2a, +2a, )| 1- D

while using tensor expression (14).

Connections (15) and (16) express a depend-
ence of one effective modulus on the other at
the macro level. The necessary information on
the microstructure is reduced to determining the
shape of an individual inhomogeneity as o, co-
efficients depend on it; in addition, there is no
need to analyze the orientation distribution of in-
homogeneities. In the general case, connections
(15) and (16) are approximate, since they are ob-
tained based on the approximate expression for
effective compliance tensor (10).

Two cases correspond to the isotropic material
containing inhomogeneities:

they have spherical shape,

they have arbitrary orientation distribution.

Connections (15) and (16) are exact in the
first case as & = 0 and consequently the approx-
imate expression for effective compliance tensor
(10) coincides with the exact one. In the second
case, 0 # 0 and expressions (15), (16) are ap-
proximate.

Let us investigate two these cases and evaluate
the accuracy of the obtained approximate con-
nections.

Using Egs. (15), (16), let us determine the
connection between effective Young’s modulus
and the effective diffusion coefficient of the ma-
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terial with spherical pores and compare the ob-
tained expression and a direct calculation.

In case of the matrix with pores, the compo-
nents of inhomogeneity’s compliance contribu-
tion tensor h,— have the form

q 1 q
h|:_6, 2:—’ h3:——3’
2A q,
4 2 17
h4:_%9 hSZ—, h6:i9
qs A

where A = 2(q, 9, — ¢, 4,) and

g =n[4x—1-2(3x-1) f, - 2«1, |,
¢, =2p[1-(2-x) f, =, ],
4, =44 = 2“[(2K_1)f0 +2'§f1]a
qs =4p[f0 +4Kf1],
9s = 8!"LK[ﬁ) _fi]a
K= (1—\/)/2;

p — shear modulus of the matrix; v — Poisson’s
ratio of the matrix; £, f, — functions depending
on the shape of the spheroidal inhomogeneity,

i.e. on the aspect ratio y = a,/a (a, — semiaxis of
rotation) as

o :2(1—y-2)’
/e 4(1—1}/—2)2 |:(2+Y72)g—3y72},
where
1 1-y°
arctan <1
W=7’ Y
g:

! In y+,y2—1 y=>1.
2y -1 (y=47" -1

Diffusivity tensor coefficients have the form
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1
Psh(1-sh) £y

Y (18)

B=—""
Po1-2(1-sh) £y

where L =D, /D,.
Then Egs. (15) and (16) are reduced respec-
tively to equalities

E? [ (1-v)(9+5v)
= 1+—n 7
E, 2(7-5v)
1+2sk (__lﬂ_l
Eeff (1-v)(9+5v) (1%
2(7-5v)

1+ 250 (1 D, j B
1-2 D)|

To obtain explicit cross-property connections,
let us express the volume fraction of the inhomo-
geneities directly through the effective diffusion
coefficient determined within the framework of
the NIA and substitute it into the exact expres-
sion for the effective compliance tensor deter-
mined within the NIA as well.

Thus, the diffusivity and resistivity contribu-

tion tensors of the inhomogeneity are determined
by expressions

TG

P oeh+l 7 20
P (o I
’ (2sk+l)D

Substitution of first and second Egs. (20) re-
spectively into Eq. (7) for the effective diffusivi-
ty tensor and Eq. (8) for the effective resistivity
tensor allows expressing the volume fraction of
the inhomogeneities through effective diffusion
properties.

Subsequent substitution of the obtained ex-
pression for p in effective compliance tensor giv-

en by Eq. (2) taking into account the formula for
isotropic compliance contribution tensor of the
spherical pore

. _15(1—\/){ 1

1
= 11
P |10(1ev)3

-t
7-5v 3

leads to a result that completely coincides with
expressions (19).

Thus, we tested the obtained approximate
connections for a case of microstructure in which
they are exact.

In the second case corresponding to the iso-
tropic material (the arbitrary orientation distri-
bution of the inhomogeneities), connections (15)
and (16) are approximate. At the same time, we
can establish connections between the effective
elastic and diffusion properties for the case of ar-
bitrary orientation distribution of spheroids inde-
pendently by analogy with the method used above
for the case of the spherical inhomogeneities.

For a quantitative and qualitative evaluations
of the obtained approximate connections, let us
compare them with the exact ones determined
for this exact microstructure.

To establish exact connections, let us deter-
mine the volume fraction of the inhomogeneities
using the effective diffusion coefficient of the iso-
tropic material and then substitute the obtained
expression in the equation determining effective
Young’s modulus. This approach is adequate due
to the isotropy of the effective tensors. Therefore,
the scalar parameter p is the only common mi-
crostructural parameter determining the effective
properties of the material. When we use the NIA
in terms of diffusivity contribution tensors, we
obtain the following expression, which connects
effective Young’s modulus to the effective diffu-

sion coefficient:
-1
eff Eh eff
£ ={1+°—2(D——1H, (22)
E, I5n \ D,

and when we use the same method in terms

e2y)
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Fig. 1. Dependencies of relative effective Young’s modulus on the relative effective
diffusion coefficient while using compliance/resistivity (a) and compliance/diffusivity (b)
cross-property connections for various values of the y aspect ratios.
Approximate connections (solid lines) are compared to exact ones (dashed lines)

E?
EO

of resistivity contribution tensors the expression
EOhZ ( D 0

has a form:
-1
=1+ 1- s 23
{ 15\ DY ﬂ 29

where hz =8h, +4h,+ 4h, + 2h + 3h,,
n=2B/3+B,/3.

Fig. 1 presents a comparison of the results ob-
tained on the basis of approximate connections
(15), (16) with the results obtained based on ex-
act connections (22) and (23) respectively for
the case of L = 0, which corresponds to D, — o
(in this case the segregation factor, as it follows
from connection (18), is of no importance), £, =
=208 GPa.

It is clear that connections (15) and (16) de-
scribe the relation between the effective proper-
ties at the macro level with sufficient accuracy.
However, the effective values obtained using the
resistivity tensors (Fig. 1, @) and the diffusivity
tensors (Fig. 1, b) are different. This is due to the
fact that the interaction of the inhomogeneities
was neglected.

To obtain exact connection taking into ac-
count this interaction, let us employ Maxwell’s
homogenization scheme [3]. A result obtained
using this scheme in terms of the diffusivity con-
tribution tensors coincides with the result ob-
tained in terms of the resistivity contribution ten-
sors, and therefore the result is unambiguous as
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opposed to the NIA.

The author has already determined Young’s
modulus of the material with spheroidal pores
in paper [15], and the effective diffusion coef-
ficient of such material in paper [16]. To obtain
exact connections, we need to substitute the ex-
pression of the volume fraction of the inhomo-
geneities
DY - D,

=3 —
P (DY +2D,)n

into the expression for effective Young’s modulus.

Fig. 2 presents a comparison of the approxi-
mate connections established in this work with
the exact ones obtained using Maxwell’s scheme
forA=0, E = 208 GPa.

An analysis of plots shown in Fig. 2 allows us
to conclude that it is a good practice to use the
connections obtained in terms of the diffusivity
contribution tensors as they display better coinci-
dence with the exact connections obtained with-
in the Maxwell’s scheme.

While studying the influence of segregation on
the material cross-property connections, let us
take into account that the diffusion coefficient of
the pores is much greater than that of the matrix
(D, >> D,), but at the same time it is finite; such
an assumption corresponds to a real material.
To be specific, let us assume that A = 0.01, £, =
= 208 GPa. A dependence on the segregation
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Fig. 2. Comparison of approximate compliance/diffusivity (solid lines) and compliance/resistivity
(dashed lines) cross-property connections with exact connections (Maxwell’s scheme, dashed lines)
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Fig. 3. Dependence of the n coefficient on the segregation factor at various aspect ratios y
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Fig. 4. Dependence of effective Young’s modulus on the effective duffusion coefficient at two aspect ratios y

and the segregation parameter: s = 1.00 (solid line) and s = 0.01 (dash and dot line)
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factor is implicitly present in expressions (15),
(16) only in the 1 coefficient, since

3a, +3a, + 204, + 20, =
B 3(51 +s2)+s3+s4 _
3n

b

the same coefficient can be derived in the effec-
tive diffusivity tensor.

The dependence of the n coefficient on the
segregation factor at various aspect ratios of the
spheroid is presented in Fig. 3.

We can see that the segregation has no sig-
nificant influence in the presence of spherical
pores. In case of oblate and prolate spheroidal
pores, the segregation influence is stronger,
which affects the effective diffusion coeffi-
cients as well [14, 16]. However, according to
the dependencies shown in Fig. 4, the segrega-
tion has no significant impact directly on the
cross-property relations (the dependencies are
based on compliance/diffusivity cross-proper-
ty connection). Thus, another advantage of us-
ing the established cross-property connections
in the explicit form consists in no dependence
on whether or not the diffusing particles are
trapped inside the pores: all we need is the in-
formation on the effective material properties
(elastic or diffusion).

Conclusion

The paper provides explicit cross-property
connections between effective elastic and diffu-
sion properties of the material. The obtained de-

pendencies can be applied to determine changes
in certain effective properties by means of others
in the absence of exhaustive information on the
composite microstructure.

The cross-property connections were derived
on the basis of a known (from literature) meth-
odology described in terms of contribution ten-
sors to determine a correlation between effective
elastic and thermal conductivity properties. The
dependencies take the segregation effect into ac-
count, which makes the diffusion problem fun-
damentally different from the thermal conductiv-
ity problem.

The case of isotropic material with containing
trapped particles was detailed. The established
cross-property connections describe the depend-
ence of the effective Young’s modulus of such
material on the effective diffusion coefficient
with sufficient accuracy.

Comparison of the results with the ones ob-
tained within the Maxwell’s scheme accounting
for interaction between inhomogeneities shows
that compliance/diffusivity connections are
more preferable.

The paper analyzed the influence of segrega-
tion on the effective cross-property connections.
It is shown, that accounting for segregation has
no significant impact. This proves the advantage
of applying the obtained connections when de-
termining certain properties using the others at
the macro level, since there is no need to estimate
the segregation factor.

The study was supported by the Russian Founda-
tion for Basic Research (grant No. 20-08-01100).
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