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ELASTIC CONDUCTIVITY OF GERMANENE “ARM-CHAIR”  
NANORIBBONS WITH DONOR IMPURITIES

O.S. Lebedeva1,2, N.G. Lebedev1, I.A. Lyapkosova2

1 Volgograd State University, 
Volgograd, Russian Federation;

2 Volgograd State Agricultural University, 
Volgograd, Russian Federation

In the article, results of theoretical calculations of the piezoresistance characteristics of impurity 
germanene nanoribbons (NR) of the “arm-chair” type with donor defects with various concentra-
tions uniformly distributed in the crystal lattice of the nanomaterial have been presented and ana-
lyzed. Arsenic atoms were used as donor impurities. Investigations of the NR’s band structure were 
carried out in the frameworks of the Hubbard’s and Anderson’s models. The computation of the main 
characteristic of the piezoresistance effect, i.e., the longitudinal component of the elastic conductiv-
ity tensor was carried out using the Green's function method within the framework of the same the-
oretical models. An analysis of the dependence of this characteristic on the tensile and compressive 
strains, the concentration of impurities and the nanoribbon width were carried out.

Keywords: band structure, stress-strain state, piezoresistance effect, elastic conductivity tensor

Citation: Lebedeva O.S., Lebedev N.G., Lyapkosova I.A. Elastic conductivity of germanene 
“arm-chair” nanoribbons with donor impurities, St. Petersburg Polytechnical State University Jour-
nal. Physics and Mathematics. 14 (1) (2021) 8–20. DOI: 10.18721/JPM.14101

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.org/
licenses/by-nc/4.0/)

ЭЛАСТОПРОВОДИМОСТЬ КРЕСЕЛЬНЫХ  
ГЕРМАНЕНОВЫХ НАНОЛЕНТ С ДОНОРНЫМИ ДЕФЕКТАМИ

О.С. Лебедева1,2, Н.Г. Лебедев1, И.А. Ляпкосова2

1 Волгоградский государственный университет, 
г. Волгоград, Российская Федерация;

2 Волгоградский государственный аграрный университет, 
г. Волгоград, Российская Федерация

В работе представлены и проанализированы результаты теоретических расчетов пьезо-
резистивных характеристик примесных германеновых нанолент кресельного типа (“arm-
chair”) с донорными дефектами разной концентрации, однородно распределенными в кри-
сталлической решетке наноматериала. В качестве донорных примесей использованы атомы 
мышьяка. Исследование зонной структуры нанолент проведено в рамках моделей Хаббарда 
и Андерсона. Вычисление основной характеристики пьезорезистивного эффекта – продоль-
ной компоненты тензора эластопроводимости выполнено в рамках тех же теоретических мо-
делей с использованием метода функций Грина. Проанализированы зависимости указанной 
компоненты от относительной деформации растяжения и сжатия, концентрации примесей и 
ширины наноленты.

Ключевые слова: зонная структура, напряженно-деформированное состояние, пьезорези-
стивный эффект, тензор эластопроводимости

Condensed matter physics
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Condensed matter physics

Introduction

One of the priority problems of condensed 
matter physics is obtaining of materials with pre-
set properties and a possibility to control them. 
Since 2004, scientists have been synthesizing and 
studying carbon based nanomaterials (graphene, 
graphene nanoribbons) possessing practically 
important electronic, conductive, optical and 
mechanical properties which can expand the 
spectrum of their use [1 – 3].

The electronic properties of graphene na-
noribbons are rather diverse and depend on the 
nature and concentration of impurities, applied 
external fields, mechanical strain, etc. Since the 
moment it was synthetized first in 2004, graphene 
became the object of most promising technolo-
gies of nanoelectromechanical systems for the 
development of nanoelectronic devices. It can 
replace silicon as a basis for transistors, cantilever 
for atomic force microscopy, chemical sensors, 
etc.

Despite its spectrum of unique properties, 
graphene is still not devoid of some drawbacks in 
terms of its practical use, e.g. it lacks band gap 
energy almost completely, which eliminates a 
possibility to close a graphene-based FET chan-
nel [4]. One of the priority solutions of this prob-
lem is the search for new non-carbon promising 
2D materials with a structure similar graphene, 
but possessing a sufficient band gap.

In 2013, by means of computer choice among 
the materials with properties similar to graphene 
and a 2D-like structure, there were 92 promising 
analogues identified [5]. Forty of them were never 
proposed as a compound similar to graphene be-
fore, and their properties, including the conduc-
tive ones, remain poorly explored. Despite such 
an abundance of the selected alternatives that are 
promising in terms of creating a basis for nano-
electronic devices, their application is extremely 
limited by the problems of synthesis and interac-

Ссылка при цитировании: Лебедева О.С., Лебедев Н.Г., Ляпкосова И.А. Эластопроводи-
мость кресельных германеновых нанолент с донорными дефектами // Научно-технические 
ведомости СПбГПУ. Физико-математические науки. 2021. Т. 14. № 1. С. 8–20. DOI: 10.18721/
JPM.14101

Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://creative-
commons.org/licenses/by-nc/4.0/)

tion with the substrate. Therefore, selection of 
analogues among actually synthesized nanoma-
terials from the “graphene family” and study of 
their piezoresistance properties is a relevant task 
of the first stage of work.

Predicted in 2009 and successfully synthe-
sized in 2014, germanene should be regarded as 
one of the most promising nanomaterials of the 
“post-graphene era” [6 – 9].

Band gap and electronic properties of ger-
manene are sensitive to external fields, me-
chanical strain and chemisorption [10, 11]. 
According to theoretical studies, the width of 
the germanene band gap equals approximately  
24 meV (Eg ≈ 24 meV), which by several or-
ders of magnitude exceeds the one known for 
graphene (Eg < 0.05 meV). This expansion of the 
band gap allows using germanene in devices the 
work of which is based on field effects, such as 
transistors. It can be achieved either by applying 
external impact [12] or by means of intention-
al doping of a nanomaterial with acceptor and 
donor impurities of various concentrations. By 
combining mechanical strain/stress and varying 
the number of defects, we can create and effec-
tive mechanism of controlling the germanene 
band gap.

This paper is devoted to a theoretical study 
(and consequently, to a prediction) of the pi-
ezoresistance properties of the impurity ger-
manene nanoribbons (NR): GeNRs.

Model of electronic structure of deformed
impurity germanene nanoribbons

Geometric model of GeNRs is chosen based 
on the view of the two-dimensional hexagonal 
graphene layer. Fig. 1 shows a deformed unit cell 
of the germanene crystal lattice, where α denotes 
the angle between the primitive translation vec-
tors a

1
 and a

2
, while Δi is the interatomic spac-

ing vector and a is the constant lattice of the 
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deformed GeNR (a
1
 = a

2
 = a). The length and 

width of the NR are measured along the Оx and 
Оy axes respectively.

Electronic spectrum of undeformed GeNRs 
in the frame of the strong coupling method and 
the nearest neighbors approximation can be pre-
sented in the following form [13]:

where t
0
, eV, is the resonance or hopping integral 

(t
0
 = 1.47 eV [6]); k, cm–1, is the wave vector; a

1
, 

a
2
, nm, are the primitive translation vectors. 
The Fermi level in Eq. (1) is traditionally tak-

en as 0 eV.
The direction of the (a

1
 + a

2
) vector is called 

“arm-chair”, while the (a
1
 – a

2
) vector has a 

“zig-zag” direction.

( ) ( )

( )
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1 2
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1 2

1/2

1 22

1 + 4cos
2
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2
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− 
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k a a
k

k a a

k a a

(1)

0
23 = , 1,2,...,x x

x

qk R q N
N
π

= (2)

Fig. 1. Fragment of the arm-chair  
GeNR structure deformed by longitudinal  

tension of force Fx: 
Δi (i = 1, 2, 3) – interatomic spacing vectors;  

a
1
, a

2
 – primitive translation vectors;  

α – angle between vectors a
1
 and a

2

The condition of quantizing the wave vector 
k along the NR width can be written as follows 
[13]:

For the arm-chair GeNRs, and

for the zig-zag NRs. 
Here, R

0
, nm, is the equilibrium interatomic 

spacing in the undeformed GeNR; kx, ky, cm–1, 
are wave numbers in the Brillouin zone.

Fig. 1 demonstrates a geometric modifica-
tion of the arm-chair GeNR lattice hexagon de-
formed by longitudinal tension of force Fx.

Modeling of band structure of the deformed 
GeNRs is performed by means of transforming 
the parameters of the unit cell and the Brillouin 
zone. This procedure is described in detail in pa-
per [15].

If we present the value of relative strain of the 
interatomic bond length R as δ = ΔR/R

0
, where 

ΔR is the change of the equilibrium (Ge-Ge) 
bond length R

0
 (ΔR = R – R

0
), then we can ob-

tain the following expressions for the components 
of the wave vector [15]:

for the arm-chair GeNR (kx  the Brillouin zone);

0
23 = , 1,2,...,y y

y

qk R q N
N
π

= (3)

( )

( )( )

1 2

0

2
1 1 cos ,

x

xk R

+
=

= + δ + α

k a a

( )

( )

1 2

0

2

1 sin ,

1,2,...,

y

y
qk R

n
q n

−
=

π
= + δ α =

=

k a a
(4)

( )1 2

2
x +

=
k a a
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for the zig-zag type GeNR (ky  the Brillouin zone).
Tensile (compression) strain causes changes 

in the transverse dimensions of the GeNR, and 
consequently the chiral vector modulus [13] is 
modified in the following way:

where a
0
, nm, is a constant lattice of the unde-

formed GeNR, a
0
 = R

0
; Nx, Ny – integers defin-

ing the size and the type of the NR (Ny = 0 for 
the arm-chair type and Ny = Nx the zig-zag type); 
ν is the Poisson’s ratio taking values of 0.27 and 
0.19 for the arm-chair and zig-zag type GeNRs, 
respectively.

We can evaluate angle α from relation (6) [15]:

for the arm-chair GeNR;

for the zig-zag GeNR.
Finally, the electronic spectrum of the de-

formed GeNRs takes the form [15]:

( )0 1 cos 1 ,

1,2,..., ,

x
qk R

n
q n

π
= + δ α + −δ =  

=

( ) ( )1 2
0 1 sin

2
y

yk R
−

= + δ α
k a a

(5)

( )0

2 2
0 0

1 ,

,

h h

h x y x y

C C

C a N N N N

= −νδ

= + +
(6)

0
1sin sin ,
1
−νδ α = α + δ 

2cos 1 sinα = − α

( )
( )( )0

1cos
1

1 1 cos 1 ,

α = ×
+ δ

× −νδ + α − + δ  

2sin 1 cosα = − α

( )aε =k

where γ(δ) is the resonance integral of the de-
formed GeNRs as a function of the relative strain 
δ; subscripts “a” and “z” denote the spectra of 
the arm-chair and zig-zag type NRs, the +/– 
symbols result from the fact that an NR unit cell 
contains for Ge atoms.

The electronic spectrum of the deformed 
GeNRs with no impurities, taking into account 
the Coulomb repulsion at one point, was calcu-
lated in the frame of the Hubbard’s model [16], 
which is described in detail in paper [17]:

where ε(k) is the band structure of ideal NRs; 
U, J, is the energy of the Coulomb interaction 
at one point that is a semi-empirical method pa-
rameter of MNDO quantum chemistry [18], n

–β 
is the number of electrons with opposite spin in 
the zone.

A comparative analysis of the depiction of the 
band structures E(k) of Eq. (9) and ε(k) of Eq. (7) 
for the arm-chair GeNR revealed no significant 
differences. 

A quantitative evaluation of the energy band 
gap width of the semiconductor GeNR in case of 
longitudinal tensile (compression) strain showed 
its broadening (narrowing). The conduction 
band, as well as the valence band act in the same 
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manner. As a result, the density of electronic 
states in these zones increases (decreases). Such 
a behavior of the dispersion curves was observed 
during the study of achiral (arm-chair and zig-
zag) carbon nanotubes [15, 17].

The gapless band structure of the conductive 
arm-chair GeNRs in case of longitudinal tension 
(compression) is also changed in the above de-
scribed way. The only exclusion from the identi-
cal behavior is the nonoccurrence of band gaps in 
the spectra of such ribbons as they remain con-
ductive. 

Longitudinal tension of the conductive 
GeNRs also has no essential influence on the 
qualitative behavior of their band structure, while 
the band gap is absent at small strain.

Adding impurities in the crystalline structure 
of the GeNRs under consideration can facilitate 
the change in their piezoresistance as it is shown 
on example of graphene nanoribbons in paper 
[19], which will allow exerting intentional influ-
ence on their conductivity.

The calculation of the electronic spectrum of 
doped GeNRs was conducted using Anderson 
model [16]. This model consists in separate con-
sideration of collective π-electrons and localized 
electron, the interaction between which is ac-
counted for by means of introducing hybridiza-
tion potential. The model is successfully adapt-
ed to the studies of the influence point defects 
(donor and acceptor) have on band structure of 
graphene nanoribbons [19]. 

The GeNR electronic spectrum in the frame 
of Anderson model has the following form [16]:

where ε(k), eV, is the band structure of an ideal 
(undoped) nanoribbon expressed by Eq. (7); εl, 
eV, is electron energy at the defect; x = Nd /N is 
the concentration of impurities (N is the number 
of unit cells in the crystal, Nd is the number of de-
fects); V

GeD
(δ), eV, is the hybridization potential 

which consists in a matrix element of the energy 
of the crystal/point defect electron interaction 

(10)
[

22
GeD

1( ) ( )
2

( ( )) 36 ( ) ,

l

l

E

V x

= ε + ε ±

± ε − ε + δ ⋅ 

k k

k

and is the function of the relative strain δ. 
This paper considers such donor impurities of 

arsenic atoms as point defects. The electron en-
ergy at the defect can be evaluated as a difference 
of impurity/crystallite ionizing potential:

εl = IGe – IAs = 
= (7.88 – 9.81) eV = –1.93 eV.

The dependencies of the hopping integral γ(δ) 
and the hybridization potential V

GeD
(δ) on the 

relative strain were calculated by means of the 
density functional theory method using the ex-
change–correlation energy functional B3LYP in 
the STO-3G basis sets [18]. For quantum chemi-
cal calculations, we considered a fragment of ger-
manene surface the size of 6 × 6 unit cells (UC). 
Boundary unsaturated bonds were closed with 
monovalent hydrogen. A defect atom (As) was 
placed in the center of the constructed cluster to 
decrease the influence of the boundary atoms. 
We were modeling the deformation of the struc-
ture along the “arm-chair” direction by means 
of step-by-step freezing of germanium atoms at 
the opposite boundaries of the fragment. The ob-
tained numerical values of the γ(δ) and V

GeD
(δ) 

dependencies interpolated by the following ana-
lytical expressions:

The equilibrium interatomic bond lengths in 
further calculations were assumed equal to R

0
 =  

= 2.44 Å; this value was obtained as a result of pri-
or optimization of the geometric structure of the 
constructed germanene fragment using the above 
described density functional theory method.

Adding donor impurities of various 
concentrations to the system of undeformed 
GeNRs leads to a change in the band structure 
of the latter. Features of the energy spectrum of 
low-dimensional structures with donor nitrogen 
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atoms in the lattice are analyzed on the example 
of carbon nanotubes in paper [17]. The zone 
of impurity states in this case is localized in the 
proximity of the electron energy level at the defect 
εl and contains a local band gap which does not 
change the crystallite properties as a whole. As 
the impurity concentration increases, there is a 
greater change in the band structure of the carbon 
nanotubes, in particular, there is an increase in 
the local band gap. The described features of the 
electronic spectrum of the undeformed carbon 
nanotubes with impurities are verified by the 
general Anderson model theory [16].

Elastic conductivity of germanene 
nanoribbons with acceptor defects

According to the recommendation in book 
[20], determination of the elastic conductivity 
tensor of the two-dimensional crystalline 
structures can be written as

where σξρ is the conductivity tensor; δχη is the 
strain tensor; ξ, ρ, χ, η = x, y.

For a case of quasi-one-dimensional 
structures (for example, the arm-chair GeNR), 
the longitudinal component M = Mxxxx of the 
fourth-rank elastic conductivity tensor can be 
expressed by the following formula:

where Δσ, S/m, is a change of the longitudinal 
component of the conductivity tensor due to 
strain; σ

0
, S/m, the longitudinal component σxx 

of the second-rank conductivity tensor of the un-
deformed arm-chair nanoribbons, Δσ = σ – σ

0
 

(σ, S/m, is the same component σxx of the de-
formed nanoribbons).

An expression for calculating the longitudinal 
component σ of the conductivity tensor of the 

[ ]

,

1 Sp ,
2 2

,

xx yy

M

M M M M

ξρ
ξρχη χη

ξρχη ρξχη ρξηχ ξρηχ

∆σ
= ⋅δ

σ

σ + σ
σ = σ =

= = =

(12)

0

1 ,M ∆σ
=
σ δ

(13)

arm-chair GeNRs obtained in the frame of the 
Green – Kubo theory [21] using Green’s fun-
ction method and Hubbard model Hamiltonian 
[18] is presented in works [17, 19]:

where V, m3, is the nanoribbon volume; T, К, is 
the absolute temperature; e, C, is the elementa-
ry charge; k, q are two-component wave vectors 
within the Brillouin zone (BZ); β, λ are the spin 
indices; v(k), m/s, is the longitudinal component 
of the electron velocity vector in the Brillouin 
zone;       – is the average number of particles 
in a quantum state with the wave vector k and 
spin β.

The average number of particles       is 
expressed by the Fermi – Dirac distribution 
function:

where kB, J/K, is the Boltzmann constant; μ,  
J/mol, is the chemical potential which is found 
from a condition of distribution function nor-
malization by a total number of Ne electrons in 
the system; this number is expressed as

The velocity vector is determined by means of 
a standard method using the electronic spectrum 
(10):
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This paper presents the results of studying 
the piezoresistance properties of the arm-chair 
GeNRs of various width and with different types 
of conductivity: nArm, where n sets the number 
of unit cells (UC) along the ribbon width. The 
values of the parameters used in the calculations 
are summarized in the Table.

Dependencies of the longitudinal component 
М of the elastic conductivity tensor on the value 
of the relative strain δ calculated using Eq. (13), 
are presented in Figs. 2 and 3. The calculated 
points in the figures are marked by symbols and 
connected by lines. 

We considered a case of the so-called half-
filled band, i. e. each Ge atom gives one electron 
to the system, while each impurity As atom gives 
two. Therefore, the total number of electrons was 
calculated as Ne = N·n + Nd.

As it follows from Fig. 2, a, the value of М from 
the conducting arm-chair 9Arm NR is po-si-
tive at low concentration of the defects (Nd = 
= 1) and negative at all other values of the 
con-centration. All curves М(δ) for the conduct-
ing 9Arm NR with different concentrations show 
nonmonotonic decrease while the strain δ rises 
over the entire range of its values. The case of  
Nd = 100 is an exception, where the coefficient 
М exhibits monotonic growth in the domain of  
δ > 0 (tensile strain).

Table
Model parameter values used in the calculations

Parameter Notation Values
Number of UC along NR

length
width

N
n

10 000
9, 10, 50, 100

Number of defects in NR Nd 1, 10, 100, 1000

Relative tensile
 (compression) strain δ

–0.10; –0.06; –0.04;
–0.02; –0.01;

0.01; 0.02; 0.04;
0.06; 0.10

Equlibrium
interatomic bond length

(Ge-Ge), Å
R0 2.44

Deformation
temperature, K Т 300

N o t e: UC is the unit cell, NR is the nanoribbon.

Behavior of function М(δ) completely corre-
lates with the changes in the band structure of 
the conducting impurity nanoribbons described 
above. An increase in the conduction band 
width leads to a decrease of the states density at 
the Fermi level with the growth of δ. However, 
the band gap occurring at the impurity level gets 
wider as the values Nd and δ grow. Therefore, as 
a result of the competition between these two 
effects, the conductivity of the nanoribbon de-
creases as a whole, which leads to the behavior 
of the component М described above for the 
cases of small concentration of impurities (Nd =  
= 1, 10).

An increase in the impurities concentration 
leads to an interesting effect. In general, the nu-
merical value of the coefficient М decreases with 
the growth of the concentration practically for all 
the calculated values of the relative strain δ. But 
at the concentration of Nd = 100, the dependence 
of М(δ) lies higher than that for the case of Nd = 
100. Such a behavior of the value М is connected 
with the fact that due to thermal fluctuations the 
electrons fill the conduction band of the NR thus 
facilitating the conductivity growth. The increase 
of the donor impurities concentration raises the 
number of charge carriers in the conduction 
band. All these factors change the conductivity, 
the contribution to which is made by all filled 
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Fig. 2. Dependencies of the longitudinal component М of the elastic conductivity tensor  
of the arm-chair 9Arm GeNRs (a) and 10Arm GeNRs (b)  

(9 and 10 are the number of the UC along the width) on the value of the relative strain 
δ for various donor defect concentrations N

d
: 1(1), 10 (2), 100 (3), 1000 (4); 

The calculated points in the figures are marked by symbols and connected by lines

a)

b)

electronic states in the conduction band.
The dependence of М(δ) for the number of 

defects Nd = 1000 retains the general behavior 
trend of the NR 9Arm longitudinal component. 
The competition between two factor, in particu-
lar, the broadening of the band gap in the prox-
imity of the impurity level due to defect concen-
tration growth and the relative strain, and the 
increase in the number of free carriers, leads to a 
reduction of М(δ) in the domain of δ < 0 (com-
pression strain) and its rise in the domain of δ > 0 
(tensile strain).

In case of the semiconductor arm-chair 
GeNRs (10Arm, 50Arm, 100Arm), the behavior 
of the longitudinal component of the elastic con-

ductivity tensor М depends on the width of the 
nanoribbon studied. Thus, function М(δ) GeNR 
10Arm monotonically decreases with the growth 
of the relative strain over the entire range of value 
δ (Fig. 2,b) for various values of the defects con-
centration (Nd = 1, 10, 100, 1000). Starting from 
δ = –0.1, the value of М is positive for all values 
of Nd. The positive value is due to crystallite con-
ductivity increasing along with the compression 
strain (δ < 0) as a result of band gap narrowing 
and the number of the conduction band free car-
riers rising. 

Then, for the case of small concentrations of 
the defects (Nd = 1, 10), the curves go into the 
negative value domain. As in the case of ideal 
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a)

b)

Fig. 3. Dependencies similar to the ones indicated in Fig. 2, but for 50Arm GeNRs (a)  
and 100Arm GeNRs (b) and the same concentration of donor defects N

d

GeNRs [12], it stems from the reduction of the 
conductivity along with the growth of strain δ. 
We can explain this effect with the broadening 
of the band gap Eg of the semiconductor NRs, 
which decreases the number of the filled elec-
tronic states in the conduction band.

The growth in the donor defects concentra-
tion (Nd = 1, 10, 100, 1000) in general does not 
change the behavior trend of the М value only in-
creasing its numerical value.

The character of the functional depend-
ence М(δ) changes for wide NRs of 50Arm and 
100Arm. In the negative domain of δ (com-
pression), we can observe the value of М GeNR 
50Arm decreasing for all defects concentrations 
(Fig. 3,a). During the transition to the positive 

strain (tensile) domain for the case of Nd = 1 the 
longitudinal component of the elastic conductiv-
ity tensor faces practically no changes until δ =  
= 0.1 (“plateau” domain), in the latter case we 
observe we see its growth. Further growth of the 
defects concentration (Nd = 10, 100, 1000) leads 
to dramatic rise of the М value in the tensile strain 
domain. Producing a wider ribbon (100Arm) 
results in a “plateau” for the case of Nd = 10  
(Fig. 3,b) as well. Such an effect corresponds 
to the behavior of the band structure of the de-
formed semiconductor NRs. There is a compe-
tition between two factors. The first one is con-
nected with the growth of the NR conductivity 
thanks to the increase in the number of free car-
riers in the conduction band cause by the donor 
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defects. The second factor consists in the blocked 
conductivity of the ribbon due to an increase of 
Eg along with the growth of δ.

In general, wider GeNR leads to a reduction 
of the band gap Eg ~ 1/H, where H – is the ribbon 
width. In turn, this increases the crystallite 
conductivity and, consequently, the numerical 
value of the coefficient M (Fig. 3,b).

The approach described above and the 
analytical algorithm were applied to the 
study of the piezoresistance properties of 
graphene nanoribbons with donor and acceptor 
impurities [19]. The comparison of the trends 
in the dependencies behavior M(δ) presented 
in this paper along with the literature data 
on piezoresistance properties of graphene 
nanoribbons showed a qualitative agreement of 
the obtained results. We should expect that the 
described properties are characteristic of the 
other graphene family structures as well.

Conclusion

A theoretical study of the piezoresistance 
of germanene nanoribbons of the “arm-
chair” type with donor defects with different 
types of conductivity doped with point 
substitutional defects showed a number of 

features of a qualitative and quantitative change 
of the longitudinal component of the elastic 
conductivity tensor M.

A study of the behavior and value of the 
constant M depending on the concentration of 
donor impurities, the geometric parameters of the 
nanoribbon (in particular, its width), the extent 
of the strain, demonstrates a complete picture 
of the change in the longitudinal conductivity of 
nanoribbons caused by mechanical tension and 
compression.

The sensitivity of the elastic conductivity 
tensor to the listed factors proves the possibility 
of effective control over the conductivity of 
germanene. 

The obtained theoretical data can be 
proposed for quantitative calibration of 
nanoelectromechanical devices that function 
on the basis of the piezoresistance effect and 
have germanene nanoribbons as their primary 
structural material.
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critical one (I

с
). It is shown that, if I > I
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, the maximum value of the non-quenching current is 
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, the critical current is determined by the value of the magnetic field at which the 
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ТОКОВЫЕ КОНФИГУРАЦИИ В ДЛИННОМ 
ДЖОЗЕФСОНОВСКОМ КОНТАКТЕ  
ВО ВНЕШНЕМ МАГНИТНОМ ПОЛЕ
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Рассмотрены токовые конфигурации в периодически модулированном длинном джо-
зефсоновском контакте, находящемся во внешнем магнитном поле, для значений параметра 
пиннинга I больше и меньше критического (I

с
). Показано, что при I > I

с
 максимальное значе-

ние незатухающего тока определяется длиной контакта и не зависит от величины внешнего 
магнитного поля. В случае I < I

с
 критический ток определяется значением магнитного поля 

H
max

, при котором вихри начинают заполнять всю длину контакта, и не зависит от длины кон-
такта. При этом с ростом внешнего магнитного поля критическое значение тока снижается.
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Introduction

The studies of the recent years brought us 
much closer to room-temperature superconduc-
tivity [1, 2]. Therefore, the problem of critical 
fields and currents, essential for practical ap-
plication of superconductors, is now of utmost 
importance. For the classic superconductors, 
this problem is solved on the basis of Ginzburg 
– Landau equations. High-temperature super-
conductors (HTSC) are for the most part repre-
sented by granulated ceramics. They consist of 
adjoining granules separated by a dielectric. At 
the points where the granules touch each other, 
Josephson contacts are formed. All these Joseph-
son contacts are nonlinear elements, which high-
ly complicates the analysis of such media.

Moreover, the macrostructure of the HTSC 
is a cellular medium which leads to vortex pin-
ning. Such complexities exclude the possibility 
of using Ginzburg – Landau equations to cal-
culate current states in the HTSC. Other ap-
proaches have to be found to analyze currents 
in such media.

Recently, long Josephson contacts are in 
the focus of scientists’ attention. On the one 
hand, this is connected with the possibility of 
developing artificial structures of such a type 
[3 – 5] that could allow testing theoretical pre-
dictions. At the present time, such structures 
in which the dielectric in the layer between the 
superconductors is replaced by a ferromag-
netic are under study [6]. This keen interest to 
the indicated structures is also caused by the 
physical phenomena observed in them attrib-
utable to three-dimensional superconductors: 
the Meissner effect, emergence and interaction 
of vortices, vortex lattice formation, etc. Peri-
odic modulating of a long Josephson contact 
allows us to study both the problems of vortex 
pinning, as well as the profile of the magnetic 
field penetrating the contact in a form of vor-
tices. In this case, the mathematical problem is 
much simpler, than that for the three-dimen-
sional superconductor, and can have an exact 
solution. Therefore, many works are devoted 
to the research of the long Josephson contacts  

[7 – 12]. For example, papers [10, 11] con-
sidered a periodically modulated long contact 
placed into a constant external magnetic field 
parallel to the contact plane in case when the 
total current through the contact equals zero. 
Next, paper [12] presents a calculation of the 
current distribution in a contact with a given 
total current in a zero external magnetic field. 
However, in many cases the external field is not 
equal to zero, thus we should evaluate its influ-
ence on the superconductor current, in particu-
lar, on the critical current value.

The purpose of this study is to analyze a gen-
eral case of a long Josephson contact with a non-
dissipative supercurrent placed into an external 
magnetic field.

Problem setting

An artificial periodically modulated long Jo-
sephson contact (PMLJC) (Fig. 1, а) is a thin 
dielectric layer (plane xz) between two supercon-
ductors crossed by dielectric strips 2l thick along 
the axis y and d wide along the axis x; the strips 
are parallel to each other, infinite along the axis z 
and are periodically located along the axis x, at a 
distance of L from each other. The external mag-
netic field, as well the axes of the vortices are di-
rected along the axis z. Fig. 1,b depicts the struc-
ture of the artificially created PMLJC [3]. In the 
regions between the strips, the value of the phase 
jump φ between the sides of the contact is chang-
ing slowly in the coordinates, while it changes 
dramatically in the strip.

In Fig. 1,а, the value of the phase jump mean 
with respect to the kth region between the strips 
is denoted as φk. Assume the phase jump in the 
region closest to the contact boundary equals φ

1
, 

and as it advances deeper into the long contact 
the phase jumps is denoted as φ

2
, φ

3
, etc. The 

distribution of the φk values describes the steady-
state current. 

We should consider the penetration of the 
magnetic field in the presented model of the con-
tact at zero and nonzero currents, as well as the 
processes in the absence of any external magnetic 
field.
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a)

b)

Fig. 1. Model of a periodically modulated long Josephson contact (а)
 and an example of the structure of such a contact created (b);

 φ
k
 – is the value of the phase jump mean with respect to the kth region between the strips

Penetration of magnetic field
in a PMLJC at zero total current

First, let us consider a case when the total cur-
rent through the PMLJC equals zero. We should 
account for the fact that in the presence of pin-
ning, the distribution of the phase jumps and cur-
rents throughout the contact is ambiguous. The 
cause of this ambiguity lies in the obvious “hys-
teresis” of the situation: the form of the estab-
lished distribution configuration depends on the 
previous history of the PMLJC operation, i.e. on 
how the contact achieved this state. For example, 
if it was placed in any arbitrarily small field before 
the cool down and the transition into the super-
conducting state, then the magnetic fluxes will 
penetrate the inner cells of the contact as well. If 
it was placed in a magnetic field in the supercon-
ducting state, then at small fields, it will have the 
Meissner configuration, i.e. the field penetrates 
only a narrow boundary layer. There is an enor-
mous range of variations.

Let us solve the problem for the case of adia-
batic switching of the field. The contact is already 
in the superconducting state, while the external 
field He is slowly growing from the zero value.

Since the current is equal to zero and due 

to symmetry, we can conclude that near both 
boundaries of the contact, the currents are dis-
tributed similarly, but have opposite directions.

At small values of He, there is the Meissner 
configuration near the contact boundary, when 
the φk values decrease as the number goes up and 
equal zero in the depth of the contact. At the same 
time, the magnetic field created by the boundary 
currents completely compensates the external 
one in the depth of the contact. Such a situation 
can take place until the external field reaches a 
certain maximum possible value Hs, moreover, 
up until the moment the Meissner state is stable 
[13]. In the Type-I superconductors, the limit of 
the indicated state is defined by the equality of 
the energies of the normal and the superconduct-
ing states taking into account the energy of the 
shielding currents. If the external field exceeds 
Hs, then the sample goes into a normal state. In 
the case of the Josephson contact under consid-
eration, this reasoning is inapplicable.

It is interesting to learn how the contact be-
haves, when the external field exceeds the Hs val-
ue and the Meissner state is impossible. As it is 
known, when the pinning is absent, there would 
be a periodic sequence of vortices in the contact. 
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In this case, we need to account for the occur-
rence of the pinning. The authors of papers [10 
– 12] demonstrated (including the authors of this 
article) that the character of the vortex picture 
depends on the value of the so-called pinning pa-
rameter [12]:

where jc, A/m2, is the critical current density of 
each point Josephson junction; Φ

0
, Wb, is the 

magnetic flux quantum; the sense of the geomet-
ric variables L, l, d is clear from Fig. 1. 

At small values of the pinning parameter I, 
the situation is the same as with zero pinning, 
i.e. when the external field exceeds a certain val-
ue Hmax > Hs, vortices fill the entire contact from 
its boundary and to infinity. This is similar to the 
situation of the Type-II superconductor. At great 
values of the parameter I, with the growth of the 
field vortices advance from the boundary inside 
the contact, while the magnetic field in the depth 
of the contact remains equal to zero, i.e. the sit-
uation is similar to the Type-III superconductor 
behavior. On the basis of an approach developed 
in nonlinear dynamics [13, 14], paper [12] shows 
that there is a critical value of the pinning param-
eter Ic = 0.9716 which divides these two cases.

In the frame of works [10, 11], we calculat-
ed the magnetic field profile inside the contact 
based on the analysis of continuous configuration 
transformation which takes place in the direction 
of its energy decreasing (to be precise, Gibbs en-
ergy decreasing). The process of reconstructing 
the configuration is regarded as a continuous 
transformation of the currents and phase jumps 
distribution. As the external magnetic field in-
creases gradually starting from zero, there is a 
continuous transformation of the transient cur-
rent distribution. In addition, in some configu-
ration regions the currents decrease, while in the 
other they rise, i.e. the vortices are not like hard 
particles “pushed” inside by the field, it is as if 
they are “flowing” inside the contact.

An algorithm proposed in papers [10, 11] al-
lowed finding such a configuration, into which 
the Meissner state transits when the external field 
exceeds the Hs value to a small degree, and ob-

0 04 ,cI j Lld= πµ Φ

serving its development during any further growth 
of the field. This method answers the question of 
the state stability as well.

The calculations showed that there is such a 
critical value of the pinning parameter Ic in the 
range of 0.95–1.00 which divides two possible 
modes of the magnetic field penetrating the con-
tact. This result correlates with the critical value 
of the pinning parameter Ic = 0.9716 found in pa-
pers [12 – 14]. In case of I > Ic, at any value of the 
external field there is a boundary current struc-
ture of finite length which completely compen-
sates the external field in the depth of the contact. 
In our article [10], we present a detailed research 
of this case. In the depth of the contact, the mag-
netic field equals zero, at the border it decreases 
with the depth almost linearly, with some more or 
less considerable oscillations. Values of the slope 
coefficient are rational fractions that remain con-
stant in the finite intervals of the parameter I. If a 
value of I goes beyond the upper limit of such an 
interval, the slope coefficient spikes and assumes 
the value of another rational fraction

As it was mentioned before, in the considered 
case of zero total current through the contact, the 
currents are distributed identically near both of 
its ends, but go in opposite directions. Moreover, 
the magnetic fields generated in the points sym-
metrical with respect to the middle of the contact 
are identical in value and direction.

Let us introduce normalized strength of the 
external field h = He / H

0
, where H

0
 = Φ

0
/μ

0
S is a 

value of the external field at which one quantum 
of the magnetic flux Φ

0
 passes through each cell 

with the area S. Then the magnetic field inside 
the mth cell can be calculated using the formula 
[10]:

Fig. 2 presents magnetic field reliefs inside the 
contact for different values of the I parameter at 
certain values of the external normalized mag-
netic field h. The calculation was based on the 
assumption that right and left structures do not 
intersect, i.e. the contact length was considered 
infinite. If the length is finite, then the right and 
the left diagrams intersect, a recalculation should 

( )1 2 .m m mh += ϕ −ϕ π
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Fig. 2. Profiles of the magnetic field inside a long (m = 100) contact for two values of the pinning parameter: 
5 and 2 (curves 1 and 2 respectively) at certain values of the external magnetic field (m is the cell number)

be made to account for that. However, in any case 
the picture is symmetrical, and the vortex system 
is at a standstill.

If I < Ic, then the boundary structure can only 
exist till the value of the external field H

max
(I). At 

He > H
max

, the length of the boundary configu-
ration, calculated by the method used in paper 
[10] (i.e. assuming infinite contact length), grows 
continuously in the process of the calculation. 
This means that the calculation process can have 
infinite duration, while the field penetrates the 
contact to infinite depth. For a detailed analysis 
of the I < Ic case, we used the indicated method 
in paper [11] for the option of the limited contact 
length, as two symmetrical sequences of vortices 
coming from different ends of the contact must 
stop after they meet at its center.

Just as for I > Ic, in any case the picture is sym-
metrical, and the vortex system is at a standstill.

Nonzero current in the absence
 of the external magnetic field

At the zero external magnetic field, due to 
symmetry, one can argue that the currents are 
distributed in a similar manner near both ends 
and flow in the same direction. It results from the 
Ampère’s circuital law that the field outside is ex-
pressed as

where J, A, is the total current through the con-
tact; b, m, is the length of the contact along the 
axis z.

As in the “Penetration of magnetic field in a 
PMLJC at zero total current” section, we should 
find the configuration of the phase jump distri-
bution in the boundary region minimizing Gibbs 
energy at the given fields on both sides of the 
contact (see this calculation in the aforemen-
tioned section). The critical value of the pinning 
parameter dividing the modes is the same, i.e.  
Ic = 0.9716. The difference in this case consists in 
the fact that the total current serves as the given 
parameter instead of the external magnetic field. 
If the value of the pinning parameter is less than 
critical (I < Ic), then the boundary structure can 
exist only till the external field value H

max
(I), i.e. 

till the value of the total current

However, the main difference of the option 
under study from the one in the aforementioned 
section lies in the fact that vortices at different 
ends of the contact have opposite orientations. 
Until the contact length is great enough for these 
vortex picture not to overlap (either at I > Ic or 
at I < Ic and J < J

max
), the whole configuration 

is static, the vortices are still. But, if the contact 
length is such that the pictures overlap, then in 
this region of overlap, the vortices of the oppo-

2 ,H J b=

( ) ( )max max2 .J I b H I=
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site orientations are attracted to one another and 
“annihilate”, i.e. are mutually eliminated. At the 
same time, the vortices that were contributing to 
the force holding the vortex configuration due to 
pinning disappear, and the picture stops being 
static. New vortices enter the overlap region, and 
the same happens to them as well. As the vortices 
move, the energy transfers into heat, and the cur-
rents stop being nondissipative.

The same phenomenon occurs, if I < Ic, but  
J > Jmax, when the vortex sequences from both 
sides tend to fill the entire length of the contact. 
These sequences have opposite orientations, and 
so they are mutually eliminated. They are re-
placed by new vortices, which motion leads to a 
transfer of the energy into heat.

Contact in external magnetic field
at nonzero current

Let us consider a general case. A contact is in 
an external magnetic field which was switched 
on adiabatically, i.e. the magnetic field strength 
was growing slowly and monotonically from zero 
to He. After that, an external current is passing 
through the contact which is growing slowly and 
monotonically from zero to J. The resultant field 
outside the contact on one side (to be specific, let 
us say, the right one) equals J + J/2b, and on the 
other side is equal to He – J/2b.

Let us denote the vortex orientation in the 
right structure as positive, while the reverse one is 
negative. Again, we face the problem of calculat-
ing the boundary region configurations. 

Case of I > Ic. Introduce dimensionless pa- 
rameters

where lcont is the contact length expressed as the 
number of cells.

Fig. 3 shows the magnetic field profiles inside 
the contact for the case when it is long enough, 
so prior to switching the j current the boundary 
structures (in dashed lines) do not overlap. With 
the growth of the j current the situation inside the 
contact near its opposite ends starts to differ dra-
matically. On its right end, in the neighborhood 

0

, ,cont
cont

LJj l
bH L d

= =
+

of which the field equals He + J/2b, the con-
figuration corresponds the minimum of Gibbs 
energy at the adiabatic increase of the magnetic 
field from He to He + J/2b, i.e. the field linearly 
decreases with the depth into the contact start-
ing from He + J/2b. The length of this boundary 
structure equals (h + j/2)/k cells.

On the other end, the field was decreasing 
from He to He – J/2b, i.e. there was a counter 
motion of the external magnetic field. Therefore, 
due to hysteresis, the relief is no longer linear.

The following cases are possible.
1. If j > 4h h, then h – j/2 < –h. In addition, 

the field subdues the pinning of the vortices al-
ready existing on the left end, as a result of which 
there is a vortex structure consisting of opposite-
ly oriented vortices establishing on the left end  
(Fig. 3,а). The field profile on the left end of the 
contact is also linear, its length is equal to (j/2 –  
– h)/k. If the contact length lcont is less than the 
sum of the boundary structure lengths, in par-
ticular

then in their overlap region the oppositely orient-
ed vortices are annihilated and replaced by new 
ones which cause the energy transfer into heat, 
and the currents stop being nondissipative.

2. If 2h < j < 4h, then the vortices closest to 
the left end of the contact are negatively ori-
ented, while the farthest are positively oriented  
(Fig. 3,b). In addition, the length of the negative 
part of the structure equals (j/2 – h)/k cells. With 
the current growth, the right structure expands, 
but the vortices are not annihilated on the bound-
ary with the left one, since they have the same 
orientation. The left configuration is shrinking 
under the pressure of the right one, and its vorti-
ces of the positive orientation are moving left and 
cancel out the negative ones. If the contact length 
is less then the sum of the lengths, i.e.

then all positive vortices of the left structure are 
eliminated, and the negative vortices of the left 
structure are cancelling out the positive vortices 

( ) ( )2 2 ,h j k j h k j k+ + − =

( ) ( )2 2 ,h j k j h k j k+ + − =
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of the right one. Again, we find ourselves in the 
situation considered in clause 1.

Generalizing cases 1 and 2, we draw a con-
clusion that the continuous vortices motion with 
the energy-heat transfer occurs if the following 
conditions are met: j > klcont, j > 2h, which can be 
written in a form

This result includes the condition of the vortex 
picture motion j > klcont, obtained in paper [12], 
when h = 0.

3. If h > j/2 (Fig. 3,c), then both vortex struc-
tures are oriented identically, therefore there is  
no mutual annihilation in case of them overlap-
ping. But there is a question whether the picture 

a)

b)

c)

Fig. 3. Profiles of the magnetic field inside 
the long contact at the given external field 

h and different values of the current j: 
 j > 4h (a), 4h > j > 2h (b), j < 2h (c). 

Dashed lines show the profiles prior  
to the current switching (j = 0)

{ }max , 2 .contj kl h> (1)

is stationary or not. If the boundary structures in-
tersect at nonzero current, then the forces acting 
on a point of their intersection from both sides are 
equal. With the current increasing, the right end 
force grows, while the left end one drops, as the 
left structure was obtained due to a decrease in 
the magnetic field strength. Therefore, the right 
structure is moving the left one to the left. At the 
same time, the left configuration shrinks to such 
a state at which the force of its counteraction is 
maximal. This state corresponds to a linear de-
pendence of the magnetic field on the depth with 
the same coefficient k.

As a result, boundary profiles of the magnetic 
field of finite length establish at both ends. The 
sum of the boundary structure lengths equals

Fig. 4 demonstrates various possible cases. In 
case shown in Fig. 4,a, the structures don’t inter-
sect, the situation is stationary. In case presented 
in Fig. 4,b, the structures AFG and CMN would  
be at a standstill. We need to find whether the 
structures DBFG and BDMN would be at a stand-
still, and if the force exerted by BDMN on DBFG  
is sufficient to hold it at rest. It follows from the 
equilibrium of CMN that the force exerted by 
BDMN is equal to the force of CBD, which in turn 
equals the ABD force. The latter compensates the 
BDFG force, i.e. the BDFG structure would be 
at rest. The same goes for the BDMN structure. 
Similar consideration shows that in the case dis-
played in Fig. 4,c the structures are at a standstill 
as well.

However, in the case shown in Fig. 4,d (see its 
description below), there is no equilibrium, thus 
the vortices move right to left, and their energies 
transfer to heat.

Let us find such a ratio of parameters at which 
the situation d) occurs:

It follows from FP > RP that j > klcont. Taking 
account, that h > j/2, we come to a relation

( )2

2 2 cells.

h j k

h j k h k

+ +

+ − =

2, 2,
.

FG h j MN h j
FP FG MN j
= + = −

= − =
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Fig. 4. Possible profiles of the normalized mag-
netic field strength in the contact. In the cases a, b 

and с, the structures are stationary; in the case d
there is a right-to-left motion

(letters denoting the points are introduced for 
convenience of reference in the text)

klcont < j < 2h.

By combining conditions (1) and (2), we ob-
tain the condition for the nonstationary state at 
I > Ic:

j > klcont

(at any h).
Case of I < I

c
. In case of the indicated condi-

tion, various situations may occur. 
If h + j/2 < hs, then there are Meissner con-

figurations lining up at both ends. If the contact is 
not too short, they do not overlap and the picture 
is stationary. 

However, if h + j/2 < hmax, then at the right 
end of the contact, a sequence of vortices forms 
that tends to seize the entire length of the contact. 
The left structure is either a Meissner configura-

(2)

tion, or a finite boundary structure, or a chain 
of vortices, which also tends to seize the whole 
contact. But, since the field strength at the right 
end is greater than that at the left one, then the 
left structure cannot counteract the push from 
the right, the vortices move right to left with their 
energy transferring into heat.

In another case, when the conditions

are simultaneously satisfied, there are structures 
of finite length at both ends.

Nevertheless, their lengths are not propor-
tional to the field values in the neighborhood of 
the boundary, as it was in the case of I > Ic. One 
can analyze the behavior of the boundary struc-
tures depending on the ratio of the structure and 
contact lengths. However, since the range of the 
magnetic fields from hs to hmax is rather narrow, 
then we can confidently neglect this situation 
and assert that the picture stops being stationary 
as soon as the greater field He + J/2b exceeds the 
Hmax value, i.e. h + j/2 > hmax.

In paper [12], at h = 0 the condition of the 
vortices motion has the form j > 2hmax, which is a 
subresult of the obtained formula.

We can consider the case of 3D Josephson 
medium in a similar manner with some suppo-
sitions [15].

Conclusion

Current configurations in a periodically modu-
lated long Josephson contact located in an exter-
nal magnetic field are considered for values of the 
pinning parameter I greater than and less than the 
critical one (Ic). The study is based on the results 
of an analysis of continuous configuration trans-
formation which takes place in the direction of its 
energy decreasing (to be precise, Gibbs energy de-
creasing). The process of reconstructing the con-
figuration is regarded as a continuous transforma-
tion of the currents and phase jumps distribution.

It is shown that, if I > Ic, the maximum val-
ue of the nondissipative current is determined 
by the contact length and does not depend on 

max2 ,sh h j h< + <

max2 ,sh h j h< − <
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МИКРОСТРУКТУРНАЯ МОДЕЛЬ СЕГНЕТОЭЛЕКТРОУПРУГОГО 
МАТЕРИАЛА С УЧЕТОМ ЭВОЛЮЦИИ ДЕФЕКТОВ

А.С. Семенов

Санкт-Петербургский политехнический университет Петра Великого, 
Санкт-Петербург, Российская Федерация

Для описания гистерезисного поведения сегнетоэлектриков/сегнетоэластиков в условиях 
сложного многоосного комбинированного электрического и/или механического нагружения 
предложена термодинамически согласованная микроструктурная модель сегнетоэлектро- 
упругого материала с учетом наличия и эволюции полярных точечных дефектов. Модель также 
учитывает многофазный состав, анизотропию свойств, доменную структуру и диссипативный 
характер движения доменных стенок. Предложена линейная теория эволюции заряженных то-
чечных дефектов на основе выбора свободной энергии дефектов в виде квадратичной формы 
вектора поляризации и тензора деформации дефектов, уравнения эволюции которых получе-
ны на основе диссипативного неравенства. Установлена зависимость величины смещения пе-
тель гистерезиса от параметров свободной энергии дефектов. Сравнение результатов расчетов 
c экспериментальными кривыми диэлектрического, механического и электромеханического 
гистерезисов для легированных акцепторными добавками поликристаллической пьезокерами-
ки PZT PIC-151, поликристаллического BaTiO

3
, монокристаллических PMN-PZT и KTS пока-

зало хорошее совпадение.

Simulation of physical processes
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Introduction

Ferroelectric piezoceramics (ferroelectroelas-
tics) [1 – 3] are the most prominent example of 
active (smart) materials, finding wide practical 
applications as components of fuel injectors, na-
nopositioners, micromotors, scanning tunneling 
microscope drives, vibration dampers, piezoelec-
tric transformers, memory cells, etc. The posi-
tioning accuracy, strength and durability of these 
devices can be assessed by developing develop re-
fined models of ferroelastic materials [2, 4 – 12].

Point defects in the crystal lattice are a ma-
jor influence on the evolution and motion of 
domain boundaries, the size and shape of hys-
teretic curves, switching times, and dielectric, 
piezoelectric and mechanical properties [1, 3, 
13 – 16]. This is confirmed by numerous exper-
iments performed for barium titanate (BaTiO3) 
[15, 17, 18], PZT [19–21], PLZT [22], PMS-
PZT [23], PMN-PZT [24], BNT-BT [25], 
KNN [26], TGS [1, 13], KTS [27]. However, 
modern models of ferroelastic materials do not 
directly account for the presence of defects and 
their evolution.

Point defects also considerably affect the deg-
radation of electromechanical properties [16], 
either arising through cyclic electrical and/or 
mechanical stress (fatigue), or evolving over time 
in the absence of external mechanical and elec-
trical loading (aging). The basic mechanisms be-
hind fatigue and aging are similar in nature and 
are directly related to the presence and evolution 
of point defects.

Lattice defects can be both intrinsic and pro-
duced artificially during crystal growth by intro-
ducing acceptor or donor impurities, as well as 
by exposing the crystal to high-energy particles 
(including irradiation with X-rays, gamma rays, 
neutrons, and electrons) [13]. The presence of 

Ключевые слова: поликристаллическая пьезокерамика, точечный дефект, определяющее 
уравнение, гистерезис, конечно-элементная гомогенизация, моделирование
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spatially ordered polar defects with a given con-
centration makes it possible to generate an inter-
nal bias electric field in the crystal, preserving a 
stable monodomain state [13], to achieve large 
changes in the strain with a small change in the 
electric field [28]. This opens new prospects for 
deliberately modifying the electromechanical 
properties of ferroelastic materials by producing 
structural defects in controlled conditions, which 
is a method of domain engineering as a type of 
technological engineering.

In this regard, experimental and theoretical 
studies considering the influence of defects on 
the switching processes and motion of domain 
walls are a major focus.

The goal of this study is to develop and verify 
a thermodynamically consistent microstructural 
model of a ferroelastic material, accounting for 
the evolution of polar point defects, which allows 
describing the hysteretic behavior in mono- and 
polycrystalline ferroelastic materials under arbi-
trary scenarios of complex multiaxial combined 
electrical and/or mechanical loading.

We previously considered a microstructural 
model accounting for hard-switching point de-
fects [11]. We further develop this approach in this 
study, including the option to change the orien-
tation and concentration of dipolar point defects 
and the effect this has on the switching processes.

Defect-free model

The scleronomic microstructural model ac-
counting for dissipative motion of domain walls 
in a single crystal was originally proposed in [5] 
by analogy with the model of crystal plasticity, 
and was further developed in [6 – 12]. The mod-
el was rigorously proved from a thermodynamic 
perspective and confirmed experimentally [5,  
7 – 10].
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Simulation of physical processes

The formulation of the constitutive equations 
is limited to the infinitesimal isothermal case. It 
is assumed that the strain tensor ε and the elec-
tric induction vector D can be decomposed as the 
sum of linear (reversible) (εl, Dl) and permanent 
(similar to plastic) (εr, Pr) components:

The linear relations corresponding to a linear 
piezoelectric material hold true for the reversible 
components:

These relations allow for the following revers-
ible form:

where 4SE is the tensor of elastic compliance 
moduli of the crystal at constant electric field 
(4th-order), 3d is the tensor of piezoelectric mod-
uli of the crystal (3rd-order), κσ is the dielectric 
constant tensor of the crystal at constant stresses 
(2nd-order). The tensors 4CD, 3hT, βε are deter-
mined based on the tensors 4SE, 3dT, κσ by invert-
ing the block matrix.

The processes of irreversible deformation and 
spontaneous polarization in piezoceramics are 
associated with potential sudden displacement 
of non-centrosymmetric atoms in the crystal 
lattice. N = 6 orientations of       spontaneous 
polarization (along positive and negative direc-
tions of the three crystallographic axes) occur in 
a tetragonal crystal, corresponding to six possible 
domain configurations and

M = N (N – 1) = 30

switching systems.
N = 8 orientations of       spontaneous po-

larization (along the directions of four main di-
agonals of the crystal cell) occur in a rhombo-
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hedral single crystal, corresponding to 8 possible 
domain configurations and 56 switching systems. 
N = 12 orientations of       spontaneous polari-
zation (along the diagonals of the crystal cell fac-
es) occur in an orthorhombic single crystal cor-
responding to 12 possible domain configurations 
and 132 switching systems. The residual strain 
tensor and the residual polarization vector of the 
crystal can be written in this case as the sum of 
the contributions of individual domains:

where cI is the volume fraction (concentration) of 
the Ith domain in the monocrystal, satisfying the 
constraints

The tildes in expressions (5), (6) represent the 
variables defined at the domain level. The tensors 
    and vectors    are constant, determined by 
the values of spontaneous strain and polarization, 
as well as the geometry of the unit cell.

The single-crystal moduli 4SE, 3d and κσ are 
calculated based on the moduli    ,     and     
of the individual domains using relations similar 
to (5) and (6):

The structure of the tensors    ,     and     
depends on the type of the crystal lattice. The 
simplified approach that has gained wide recog-
nition in practice [5, 6, 9], based on the isotropic 
approximation for the elastic compliance tensor 
     and the dielectric constant tensor    , repre -
sents the tensors characterizing the linear behav-
ior of the piezoelectric material domain as
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using the symbols for direct and indirect dyadic 
products

while             is the unit vector of the polar-
ization direction of the domain. 

According to equalities (9), the following 6 
material constants are to be found to give the ten-
sors    ,     and    :

Within the framework of the model assuming 
a transversely isotropic material [10], with the 
normal to the isotropy plane depending on the 
polarization direction , the expressions for the 
linear moduli    ,     and    can be written in 
the following form [29]:

According to Eqs. (10), the following 10 
material constants are to be found to give    ,     
and    :
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The rate of change in the concentration of the 
Ith single-crystal domain is expressed in terms of 
summation over all switching systems of changes 
in the volume fraction of the Ith domain due to the 
inflow      for switching domains from J to I and 
due to the outflow      for switching from I to J:

A consequence of relations (5) and (11) is that 
the residual strain rates can be represented in the 
following form:

This implies the representation for the perma-
nent strain rate tensor and a similarly derived ex-
pression for the polarization velocity vector:

where the tensors and vectors

are defined by constants characterizing the crys-
tal lattice;      and      are the normalized 
Schmidt tensor and vector;    and    are the 
spontaneous deformation and polarization, re-
spectively.

The rates of change in the elastic, piezoelec-
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tric, and dielectric moduli are determined simi-
larly based on Eqs. (8) and (11):

The equations for calculating the kinematic 
variables      , which play a fundamental role 
in describing the switching processes, are intro-
duced from the condition that the thermody-
namic constraints are satisfied a priori.

Limiting the decomposition of the free ener-
gy (the Helmholtz thermodynamic potential) to 
terms not exceeding the second order of small-
ness, we obtain an expression for free energy as 
a quadratic form with respect to the reversible 
components of the strain tensor εl and the electric 
induction vector Dl:

It is assumed that the free energy is a function 
of the reversible strain tensor εl, the reversible 
electric displacement vector Dl and a number of 
internal state variables cI (that the moduli 4CD, 
3h, βε depend on): ψ(εl, Dl, cI).

Substituting expression (16) for the free ener-
gy into the dissipative inequality

yields a relation

A consequence of the independence of the 
change and      when considering the linear in-
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equality (18), are the following relations:

Inequalities (19) and (20) produce the con-
stitutive equations (4). The proof that the sum 

          can be substituted by the rates of  

change in the elastic, piezoelectric, and dielectric 
moduli during switching is considered in [11].

Substituting expressions (13)–(15) into rela-
tion (21) yields the expression

where the driving force GJ→I, conjugate to cJ→I,  
is given by the following equality:

One possible way to satisfy the non-negative 
dissipation condition (22) is to choose the equa-
tion for the evolution of cJ→I in the form
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of the hysteresis curves.
Introducing the last factor (cJ /C

0
)m in 

Eq.(24) allows to describe the saturation effect 
and satisfy the constraints (7), since as the do-
nor concentration is depleted, i.e., at cJ → 0, 
the switching rate decreases, i.e.,         ,  
which ensures that the condition cJ ≥ 0 is satis-
fied. The parameter BJ→I characterizes the vis-
cosity of the material (in general, it is different 
for each switching system).

The evolution equation (24) corresponds to 
the rheonomic model without a switching thresh-
old, which is similar to the nonlinear viscoelastic 
model. However, it can describe scleronomic be-
havior with a switching threshold for large values 
of n.

Model with defects

In this work, which is based on a microme-
chanically motivated phenomenological descrip-
tion [11], we assume that two additional internal 
variables are introduced to describe the electro-
mechanical state of a real crystallite: the defect 
polarization vector Pd and the defect strain tensor 
εd. They serve as additional arguments of the free 
energy and evolution equations of the internal 
variables. Crystal polarization Pd and its strain εd, 
resulting from the appearance of point defects, 
are calculated by averaging within a representa-
tive volume of the crystal VRVC:

The change in the dipole moment    during 
defect formation is determined by the expression 
(see [1]):

where    is the intrinsic dipole moment of the  
defect whose position does not coincide with 
the center of inversion;     is the displacement  
of charges    in the surrounding lattice due to the 

0J Ic → →
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1 ,d d
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1 .d d
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dV
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= ∫ ε ε

(25)

dp

,d s
i i

i
q= + ∆∑p p r  

defect emerging. 
The distributions of the fields correspond-

ing to the electric potential and the polarization 
vector of a fixed dipole, necessary for calculating  
the vector Pd by Eq. (25), are described by the 
equations:

where r is the radius vector originating from the 
point where the defect is located; r is its length; 1 
is the unit tensor; ε, ε

0
 are the dielectric constants 

of the material and vacuum.
If the crystal has a system of identically ori-

ented polar defects, they produce volumetric 
polarization         , where n is the number of 
defects per unit volume.

According to the continuum theory of point 
defects [30], the displacements in an unbounded 
body due to the point defects evolving (the defect 
is formed because a disproportionate sphere is ei-
ther inserted into a spherical cavity or removed 
from it) and their corresponding strain have the 
form:

where c = ΔV / 4π is the defect power, ΔV is 
the change in the volume during insertion/re-
moval.

It is assumed in formulating the constitutive 
equations that the quantities Pd and εd that de-
scribe the influence of defects (the same as Pr and 
εr) accounting for the switching processes rep-
resent the contribution to the total spontaneous 
polarization and strain, and therefore the follow-
ing decompositions are generally used instead of 
sums (1) and (2):
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It is assumed that the free energy of a real 
crystal (containing defects) allows for decompo-
sition:

where ψdefect = ψdefect(P
d, εd, Pr, εr) is the free  

energy due to formation of defects; ψideal =  
= ψideal(D

l, εl, cI) is the reversible part of the free 
energy (16).

The value ψideal is determined by the quadratic 
form of the reversible components of induction 
Dl and strain εl:

The arguments Pr, εr in the function

are introduced to account for the mutual influ-
ence of defects and domain walls.

Since this study is aimed at developing the lin-
ear theory of defects in ferroelastic materials, we 
can limit the decomposition of the free energy in 
a series to terms no higher than the second order 
of smallness. The most general expression for the 
free energy of defects has the following quadratic 
form:

where QP, 3QPε, 
4Qε, LP, 3LPε, 

3LεP, 4Lε are the 
tensors of the 2nd, 3rd and 4th ranks, characteriz-
ing the sensitivity of the material to the influence 
of defects. Q-tensors are used in quadratic terms 
with respect to the quantities characterizing the 
defect state Pd εd, and L-tensors are used in linear 
terms.

Due to symmetry of the tensors εr and εd,

,ideal defectψ = ψ +ψ (32)
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4Qε have 
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In addition, the tensors QP and 4Qε have 
symmetry

because the left and right factors in expression 
(34) are identical.

The tensors LP and 4Lε generally do not have 
such symmetry. It is only in the case of point de-
fects tending to restore symmetry upon polariza-
tion switching [28, 31, 32], so that Pd becomes 
co-directed with Pr, and εd coaxial with εr, that 
the tensors LP and 4Lε have symmetry

The above symmetry conditions allow reduc-
ing the number of independent components of 
the given tensors.

Within the framework of the transversely iso-
tropic material model, the tensors

appearing in Eq. (34) are expressed as
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where p is the vector of the unit normal to the 
isotropy plane defined by the polarization direc-
tion Pr.

According to expressions (35), the following 
23 material constants are to be found to give the 
tensors QP, LP, 3QPε, 

3LPε, 
3LεP, 4Qε, 

4Lε:

In the isotropic case, the tensors QP, LP, 3QPε, 
3LPε, 

3LεP, 4Qε, 
4Lε allow for the following rep-

resentation:

Substituting Eqs. (30)–(32) into the defini-
tion of dissipation (17) yields an expression for 
the dissipative function accounting for the mo-
tion of domain walls, their interaction with de-
fects, and defect formation processes:
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Dissipation is absent upon change in linear 
reversible strain and electrical induction, so the 
differences

should become zero. It follows that the stress 
tensor and the electric field vector, satisfying the 
condition for non-negative dissipation, are de-
fined by the relations:

Notably, the last terms in brackets in system of 
equations (38) can be neglected in the vast ma-
jority of cases important for practice because the 
concentration of defects is assumed to be low.

Accounting for relations (38) in expression 
(37) yields the following expression for the dissi-
pative function:

Specific expressions of the evolution equa-
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tions for the cases of hard-switching (frozen) and 
switchable (reorientable) defects, obtained from 
condition (39) for non-negative dissipation sat-
isfied a priori for arbitrary loading scenarios, are 
given below.

Hard-switching defects. In the case of un-
changeable (frozen, hard-switching) defects, 
when and Pd = const and εd = const, Eq. (39) is 
simplified:

Substituting expressions through             
      in terms of      (13)–(15) into Eq. (40) 
yields the representation

where      is calculated from Eq. (23) and 
      is defined by the relation:

Representing the defect free energy ψdefect as 
a quadratic form (34), accounting for anisotropy 
and mutual influence from the formation of elec-
tric and mechanical defects, gives the following 
form for the expression for       (42):

In the simplest case, when the free energy 
ψdefect is represented in the isotropic approxima-
tion (36), expression (43) is simplified to three 
terms containing only three scalar material 
parameters:
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The evolution equation for     , uncondit-
tionally satisfying the condition (41) for non- 
negative dissipation, is taken in the following 
form:

The structure of Eq. (45) corresponds to the 
kinematic hardening model used in plasticity 
theory. The quantity       governs the contribu -
tion of the domain switching system from J to I  
to the displacement of the hysteretic loop. The 
presence of point defects generates internal stress 
displacement fields σd and electric fields Ed, 
which directly determine the shift in the hyster-
etic loop centers. As follows from expressions 
(43) and (23), generally speaking, the internal 
displacement fields for the defect free energy 
represented as a quadratic form (34) are linearly 
related to the deformation and polarization of the 
defects:

The mathematical structure of the obtained 
expressions (46) for the internal displacement 
fields is similar to that of the constitutive equa-
tions for piezoelectrics (compare these expres-
sions with Eq. (4) or (38)). In the case of invaria-
ble defects considered, the internal displacement 
fields remain constant.

A simplified formulation in the isotropic ap-
proximation (36) obtained by applying expres-
sions (46) results in the absence of influence from 
cross terms:
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where   
Using the microstructural model of ferroelas-

tic material (42)–(45) with hard-switching de-
fects and Pd = const, εd = const allow describing 
the horizontal displacement of hysteretic loops.

Switchable defects. Defects resulting from ex-
ternal electrical/mechanical action or internal 
local inhomogeneous fields can evolve, which 
leads to changes in their characteristics (concen-
tration, polarization direction, dipole moment, 
invariant). Kinetic models of the changes in the 
internal displacement field based on switching of 
the dipole defect orientation were considered in 
[15, 17, 33], as well as in [16, 34] based on the 
diffusion mechanism of charged particle migra-
tion. Below the introduction of the evolution 
equations within the phenomenological and mi-
crostructural approaches based on the use of the 
laws of thermodynamics is considered.

One of the simplest ways to satisfy the con-
dition (39) for non-negative dissipation within 
the framework of the phenomenological model 
is to introduce the evolution equations where the 
change rates of the variables characterizing the 
defect state,    and    , are proportional to the 
corresponding driving forces:

where 4Bε and BP are constant tensors character-
izing the relaxation properties (viscosity) of de-
fects.

To ensure non-negative dissipation, it should 
be stipulated that the tensors 4Bε and BP are pos-
itive definite:

for any 2nd-order tensors x and vectors y. 
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Then the dissipation induced by a change in 
the defect state will be a positive definite quad-
ratic form:

In the general case of representing the defect 
free energy ψdefect as a quadratic form (34), the 
evolution equations (48) take the form of linear 
inhomogeneous ordinary differential equations:

To simplify analysis of the obtained equations, 
let us confine ourselves to the case of isotropic 
approximation:

where   
The representation of expression (51) in com-

bination (36) yields, due to Eqs. (50), an uncou-
pled system of evolution equations with constant 
scalar coefficients:
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are the material constants.
For arbitrary given E(t), Pr(t), σ(t), εr(t), the  

general solution of Eqs. (52) under initial condi-
tions           and            takes the form

where the constants τP,    and    , determining 
the relaxation times, are given by the expressions:

At constant values of σ, εr, E, Pr (under ag-
ing), the solution (53) is simplified:

Thus, according to solution (55), the internal 
displacement fields σd and Ed (47), proportion-
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al to the calculated εd and Pd, will increase over 
time under aging in the presence of primary po-
larization by the law 1 – exp(–t/τ), which is con-
firmed by numerous experimental data [15 –17, 
35] and theoretical studies based on alternative 
approaches [15–17, 33, 34, 36].

Given harmonically varying fields E = 
= E0sinωt and stresses σ = σ0sinωt, the solution 
(53) contains a term of the form exp(–t/τ), which 
indicates that it is possible to describe the effect 
of decreasing internal displacement field under 
high-frequency harmonic action observed in the 
experiments [17, 36, 37].

It should be noted that the permanent strain 
   and polarization    are calculated within the 
framework of the proposed model similar to the 
case of hard-switching defects based on Eqs. 
(13)–(14) and (42)–(45).

Using the evolution equations of the phenom-
enological model for    and    in the form (48) 
allows us describing the horizontal shift of the 
hysteretic loop as a function of aging time.

The microstructural model of defect evolu-
tion accounts for the discrete nature of potential 
dipole defect orientations in accordance with 
the real configuration of oxygen vacancies in the 
unit crystal cell. In this case, by analogy with de-
compositions (5) and (6), the strain and polar-
ization of defects are defined as the sum of the 
contributions of individual orientations:

where L is the number of possible defect orienta-
tions (L = N = 6 for perovskites with tetragonal 
symmetry in the polarized state), nI is the density 
of dipole defects of a certain direction (coincides 
with the polarization orientation of the Ith do-
main for perovskites with tetragonal symmetry in 
the polarized state).

If we assume that the total defect density n0 
is unchanged, the density nI satisfies the con-
straints:
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A thermal activation model of defect reorien-
tation was proposed in [15, 17, 38], according to 
which the defect kinetics is described by a system 
of linear first-order differential equations:

where ΔWI→J is the activation energy upon 
switching from the Ith to the Jth defect location; 
aI→J is the probability of dipole reorientation 
from I to J per unit time; T is the temperature;  
k = 1.38∙10–23 J/K is the Boltzmann constant.

In the case of complex non-proportional multi-
axial loading, model (59) can lead to violation of 
the dissipation inequality. Therefore, a thermody-
namically consistent generalization is proposed in 
this paper based on the formalism described above 
in the section ‘Defect-free model’.

Instead of the evolution equation (59), it is 
proposed to use an equation similar in structure 
to Eq. (24):

where                                   
are the material constants. 

The change rate in the concentration of the  
Ith case of defects is expressed based on the equal-
ity similar to (11):
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The driving force HJ→I, resulting from substi-
tuting the sums (56), (57) into expression (39) 
and conjugate to nJ→I is, in the context of equality

defined by the expression:

where                                are the 
material constants describing the change in the 
characteristics of the dipole defect upon change 
in the location of the oxygen vacancy in the crys-
tal lattice. 

Importantly, the relations 

act as the components in the expressions for the 
phenomenological model (48) and for the micro-
structural model (61).

The power dependence of      on HJ→I in  
Eq. (60) can be obtained by introducing the as-
sumption

in Eq. (59), using the condition that HJ→I is  
close to      , based on the following transfor-
mation:
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In the case of the defect free energy ψdefect rep-
resented as the quadratic form (34), accounting 
for anisotropy and mutual influence of electric 
and mechanical processes of defect formation, 
the expression for HJ→I  (61) takes the form:

In the simplest case of the free energy ψdefect 
represented in the isotropic approximation (36), 
equality (62) is simplified:

Expression (63) does not account for the cross 
influence of mechanical and electric fields and 
contains the same 6 scalar material parameters

included in the equations of the phenomenolog-
ical model (52).

The two models of defect evolution consid-
ered (the phenomenological one (48) – (52), 
without accounting for the specifics of dipole 
defect orientations) and the microstructural one 
(56) – (63), accounting for the discrete nature 
of potential dipole defect orientations in a unit 
cell) are both relaxation-type models, reflect-
ing the system's tendency to equilibrium under 
external changes; they satisfy the condition for 
non-negative dissipation under arbitrary multi-
axial loading.
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Two-level homogenization method

Analyzing the behavior of polycrystalline fer-
ro-piezoceramics, we can identify three charac-
teristic structural levels: micro- (domain), meso- 
(crystallite), macro- (polycrystal). Furthermore, 
the relationships between the variables at differ-
ent levels (two-level homogenization) should be 
established (Fig. 1).

The relationship between meso-level varia-
bles {ε, σ, D, E} describing the behavior of the  
crystallite and micro-level variables {         }  
describing the behavior of the domain is deter-
mined analytically in the framework of the Reiss 
approach by the equations:

where VRVC is the representative volume of the 
crystallite (grain). The constitutive equations dis-
cussed in the previous two sections correspond to 
the meso-level and describe the behavior of the 
crystallite.

The relationship between macro-level varia-
bles {         }, describing the behavior of the 
polycrystal, and meso-level variables {ε, σ, D, E} 
is defined by equations:

where VRVP is the representative volume of the 
polycrystal.

To provide the most accurate account for the 
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Fig. 1. Micro- (a), meso- (b) and macro- (c) levels in the structure of polycrystalline ferro-piezoceramics,  
as well as the corresponding levels (1, 2) of homogenization.  

The figure shows unit cell/atoms (a), crystallite/domains (b), and polycrystal/crystallites (c); 
V

RVC
, V

RVP
 are the representative volumes of crystallite and polycrystal, respectively

   a)         b)          c)

mutual influence of differently oriented crystal-
lites in a polycrystal, which considerably affects 
the hysteretic behavior of ferroelastic materials, 
averagings (66), (67) are performed in this study 
based on the finite-element homogenization 
method [8, 11].

Verification of the microstructural  
model with defects

The microstructural models of the material's 
ferroelastic behavior accounting for the evolu-
tion of defects proposed in the section ‘Mod-
el with defects’ have been implemented in the 
PANTOCRATOR finite-element (FE) software 
package [39, 40]. The package was used to car-
ry out numerous computational experiments for 
various electromechanical loading scenarios of 
the representative volume of a polycrystal. The 
FE solutions of nonlinear coupled electrome-
chanical boundary-value problems were ob-
tained based on the vector potential formulation 
[40 – 42], making it possible to ensure conver-
gence of iterative procedures for the nonlinear 
solution of the boundary-value problem at large 
integration steps, and the method of return 
mappings [40, 43], yielding high accuracy of 
integration of nonlinear differential-algebraic 
constitutive equations.

In order to verify the microstructural mod-
el, the computational results were compared 
with experimental data for different materials: 
BaTiO

3 
[15, 18], PMN-PZT [24], PZT PIC151 

[21], and KTS [27]. Poly- and single-crystalline 

materials with tetragonal, rhombohedral, and 
orthorhombic structures were considered. The 
computational experiments for analyzing poly-
crystalline materials involved a representative 
volume of a polycrystal with a 3 × 3 × 3 parti-
tion containing 216 crystallites (see details in 
[11]), offering a compromise between solution 
accuracy (less than 5% error) and the time for 
simulating a nonlinear boundary-value problem 
under multistep cyclic loading (3–4 h on Intel 
Core i9-9900K 3.6 GHz PC, 32 GB RAM for 
one loading cycle).

Fig. 2,a compares the results of FE mode-
ling for the behavior of polycrystalline BaTiO

3 

samples doped with Ni2+ (1% acceptor impu-
rity) for defect-containing (subjected to aging 
at 45 °C for 15 min after pre-polarization) and 
defect-free materials, under cyclic electric load-
ing with the amplitude Emax = 2 MV/m and fre-
quency f = 1 Hz, with the results of experiments 
in [15]. The model of material with a tetrago-
nal structure with hard-switching polar defects 
(see Eqs. (44), (45)) with material constants for 
BaTiO

3
 (see Table) was used in the computa-

tions. Computed curves for dielectric hysteresis 
(Fig. 2,a) demonstrate good agreement with the 
experimental results for both defect-containing 
and defect-free materials. The presence of or-
dered polar point defects generates an internal 
displacement field, consequently complicating 
the switching process and increasing the coer-
cive field when the defect polarization direction 
coincides with the direction of the external elec-
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tric field (i.e., at E < 0, Ed = –0.22 MV/m in this 
case) and facilitating back-switching and reduc-
ing the coercive field in the opposite direction 
of the electric field (i.e., at E > 0). As a result, 
the hysteretic loop for the material with defects 
is shifted by Ed to the left (at Ed < 0) relative to 
the centrally symmetric hysteretic loop of the 
defect-free material (see Fig. 2a). The shift in 
Ed is about one-third of the dielectric hysteresis 
loop width, or 0.68 Ec.

Figure 2,b compares the simulated behavior 
of samples of single-crystal piezoelectric mate-
rial Pb(Mg

1/3
Nb

2/3
)O

3
-Pb(Zr,Ti)O

3
 (abbreviated 

as PMN-PZT) doped with Mn2+ (1 % acceptor 
impurity) with [001] orientation under cyclic 
loading by an electric field with an amplitude 
Emax = 2.2 MV/m and frequency f = 1 Hz with 
the experimental results in [24]. The model of 
material with a rhombohedral structure (see Eqs. 
(44), (45)) with the material constants (see Table) 
was used in the computations. The defect state is 
characterized by the value Ed = +0.14 MV/m3. 
The computed dielectric hysteresis curves (see 
Fig. 2,b) visually coincide with the experimental 
results. Because Ed is positive, the hysteretic loop 
is shifted to the right with respect to the origin of 
coordinates. The shift is 0.12 of the loop width, 
or 0.24 Ec.

Fig. 3 compares the behavior of polycrystal-
line ceramics 

Fig. 2. FE-computations (lines) based on the material model accounting for absence  
or presence of polar point defects compared with experiments (symbols) for polycrystalline  

BaTiO
3
 doped with Ni [15] (a) and monocrystalline PMN-PZT doped with Mn [24] (b)

   a)                 b)

Pb0.99[Zr0.45Ti0.47(Ni0.33Sb0.67)0.08]O3 

(abbreviated as PZT PIC151) in the initial state 
(during the first loading cycle) and after 109 cy-
cles of electrical loading (f = 50 Hz), obtained 
by FE modeling, with the experimental results in 
[21]. A model of a tetragonal/rhombohedral ma-
terial (17%/83%) that satisfactorily describes the 
behavior of piezoceramics near the morphotrop-
ic phase boundary was used in the computations, 
accounting for the defects based on Eqs. (44), 
(45) with the material constants given in the Ta-
ble. The defect state is characterized by the elec-
tric field value Ed = –0.11 MV/m3. Comparison 
of the computed dielectric hysteresis curves with 
the experimental results [21] shows good agree-
ment (Fig. 3,a). The hysteretic loop for material 
with defects shifts to the left by 0.11 of the loop 
width, or by 0.22 Ec.

The accuracy of model prediction is somewhat 
lower for electromechanical hysteresis curves for 
PZT PIC151 material (see Fig. 3,b) than for die-
lectric hysteresis (see Fig. 3,a). However, the mod-
el behavior correctly reflects all the main trends 
in the hysteretic loop when polar defects appear: 
its shift to the left (Ed = –0.11 MV/m3 < 0), an 
increase in the strain level in the right wing and a 
decrease in the left wing.

Fig. 4 compares the simulated results of me-
chanical behavior in samples of single crystal 
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   a)                 b)

Fig. 3. FE-computations (lines) based on the model accounting for the presence  
of polar point defects compared with experiments [21] (symbols) for dielectric (a)  

and electromechanical (b) hysteresis in PZT PIC151 material before and after cyclic loading

Table
Material constants used in FE calculations

Quantity Notation Unit
Value for material

BaTiO3 PMN-PZT PIC 151 КТS

Elastic modulus GPa
150
60.0
42.9

112
108
69

126
53.3
35.4

–
–

0.8

Dielectric
permeability nF/m 10.7 30,1 22 –

Piezoelectric 
modulus pm/В 415 320 315 –

Spontaneous polarization 
and deformation

C/m2

%
0.26
0.3

0.47
0.3

0.5/0.5
1.91/0.55

–
0.48

Critical driving force MJ/m3

0.088
–
–

–
0.26

–

0.5
0.5
–

–
–

0.003

Exponent of 
evolution equation

n
m

–
4
2

5
2

12
1.5

5
8

Internal 
displacement field

Ed

σd

MV/m
MPa

–0.22
–

+0.14
–

–0.11
–

–
+0.005

3333
EC

1133
EC

1313
EC

33
σκ

333d

0P

0ε

71
cG

90
cG

60
cG
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potassium trihydroselenite KH
3
(SeO

3
)

2
, (abbre-

viated as KTS), doped with chromium (Cr3+), 
under cyclic mechanical loading (twisting) with 
the amplitude τ

13
 = 0.27 MPa and frequency  

f = 0.01 Hz at 206.6 K (Curie point Tc = 211 
K) with the experimental results [27]. KTS is a 
pure ferroelastic with no ferroelectric proper-
ties. It undergoes a structural phase transition of 
the 2nd kind at Tc = 211 K (change of symmetry  
mmm → m/2 from orthorhombic to mono- 
clinic).

The model of material with an orthorhombic 
structure with hard-switching polar defects (44), 
(45) for material constants at the given temper-
ature was used in the computations (see the Ta-
ble). The computed dielectric hysteresis curves 
(Fig. 4) show satisfactory agreement with the 
experimental results. The hysteretic loop for the 
material with defects shifts to the right by the val-
ue σd (σd > 0). The shift is about a quarter of the 
mechanical hysteresis loop width, or 0.44 σc.

The results presented above are based on the 
model with unchanging (hard-switching) defects 
(see Eqs. (44), (45)). This model makes it pos-
sible to adequately describe the hysteretic phe-
nomena, provided that the defect reorientation 
time (see Eqs. (54)) greatly exceeds the load cy-
cle time: τP ˃˃ tc. Under these conditions, a more 
complex model with variable defects (see Eqs. 
(44), (45), (52)) leads to equivalent results. A 

Fig. 4. Computed curves (lines) for mechanical hysteresis in monocrystalline KH
3
(SeO

3
)

2
 

doped with chromium ([001] orientation) compared with experiment [27] (symbols)

model with switchable defects should be used for 
small or comparable defect reorientation times, 
as well as under complex loading scenarios. This 
allows describing the evolution of defect polari-
zation and deformation, as well as the time evo-
lution of displacement fields.

The results obtained using the model with 
switchable defects (52) are shown in Fig. 5, il-
lustrating the changes in the displacement field 
Ed under aging for 15 min in the absence of field 
(E = 0) after pre-polarization (Pr ≠ 0) for barium 
titanate considered in the first example (see Fig. 
2,a). Varying the parameter QP indicates that a 
result close to the experimental one is observed a 
QP = 107 m/F: Ed ≈ –0.22 MV/m. The following 
parameter values were used in the computations:

BP = 10–9 F/(m∙s), LP = 3∙106 m/F,
Pr = 0.26 C/m2.

Importantly, the curves presented in Fig. 5 
show an initial exponential growth followed by a 
transition to the saturation mode, in accordance 
with the dependence

1 – exp(–t/τP).

A similar result is observed for the experimen- 
tal data from [17] (see Fig. 5), [15] (see Figs. 2 

(68)
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Fig. 5. Evolution of displacement field in BaTiO
3
 under aging computed using the model  

with switchable defects (system of equations (52)) for different values of the parameter QP, Mm/F:
3 (1), 5 (2), 10 (3), 20 (4), 50 (5), 100 (6);

corresponding values of τ
P
, с: 333 (1), 200 (2), 100 (3), 50 (4), 20 (5), 10 (6)

Fig. 6. Effect of LP parameter value in the model with switchable defects  
(system of equations (52)) on horizontal loop displacements and dielectric hysteresis  

for single-crystalline (a) and polycrystalline (b) BaTiO
3
; 

LP values, Mm/F: 0 (1), 3 (2), 5 (3), 7 (4)

   a)                 b)

and 3), [16] (see Fig. 46 and Eq. (6)).
As can be seen from Fig. 5, saturation mode 

is observed at significant aging times, e.g., at  
t > 5τP. A model with frozen defects (see formulas 
(44), (45)) is sufficient for describing the behav-
ior of the material in this case.

The three constants of the phenomenological 
model, BP, LP and QP can be identified based on 
two experiments with different levels of constant 

electrical action (under aging), by the curves de-
scribing the evolution of the displacement field, 
found from the first expression in system (55) and 
the third in (47):

The relaxation time

( )( )1 .
P PP P P r tB Q

dE L Q E L P e−= − −
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is determined from the curve describing the evo-
lution of the displacement field as the time to 
reach the level of 0.632 from the saturation level:

The parameter LP has a nonlinear effect on 
the magnitude of the displacement field Ed.  
Fig. 6 shows the computed dielectric hystere-
sis loops after aging for 15 min for single-crys-
talline and polycrystalline barium titanates, at 
different values of the parameter LP. For clarity,  
Fig. 6 shows the initial (unshifted) hysteresis at  
LP = 0 and only the descending (left-hand) 
branches of the hysteresis at LP ≠ 0. The width 
of the loop is virtually unchanged as LP changes. 
There is a progressive shift of the hysteresis loop 
to the left with increasing LP. The magnitude of 
the shift is proportional to the square of LP:

The predictions of the phenomenological and 
microstructural models of the evolution of point 
defects under uniaxial proportional loading (see 
Eqs. (48) – (52) and (56) – (63), respectively) 
produce close results given an appropriate choice 
of material constants.

Conclusion

A thermodynamically consistent microstruc-
tural model of a ferroelastic material accounting 
for the evolution of polar point defects has been 
proposed to describe the hysteretic behavior of 
single- and polycrystalline ferroelastic materials 
under arbitrary scenarios of complex multiaxial 
combined electrical and/or mechanical loading. 
The model takes into account the multiphase 
composition (tetragonal, rhombohedral and ort-
horhombic phases and their mixtures), the aniso-
tropy of properties, the domain structure and the 
dissipative nature of domain wall motion.

We have considered two statements of the de-
fect evolution equations satisfying the thermody-

1
P P PB Q
τ =

( ) ( ) 11 0.632.d P dE E e−τ ∞ = − ≈

( )2

0 .r P P
dE P L Q

namic constraints: 
phenomenological (excluding the peculiari-

ties of dipole defect orientations);
microstructural (accounting for the discrete 

nature of possible orientations of the dipole de-
fect in the unit cell).

Choosing the free energy of defects as a quad-
ratic form of polarization and defect deforma-
tion, we have obtained the constitutive equations 
for the linear theory of evolution of charged point 
defects, satisfying the dissipative inequality at 
non-negative tensor coefficients.

The cases of switchable and frozen defects are 
considered separately.

We have investigated the influence of polar 
point defects on the switching processes, provid-
ing the dependence of the shift in the hysteretic 
loop on the free energy parameters of the defects.

The mutual influence of crystallites in a poly-
crystal is taken into account based on the two-lev-
el finite-element homogenization method used 
in calculations.

It is important to describe the presence and 
evolution of point defects in the model because 
they appear when donor or acceptor additives are 
used, which are widespread in modern piezoce-
ramic materials to improve their performance 
characteristics, playing a major role in the deg-
radation of properties during aging and fatigue.

Comparing the results computed by the pro-
posed model and the experimental curves for 
dielectric, electromechanical, and mechanical 
hysteresis for polycrystalline PZT PIC-151 and 
BaTiO

3
 and single-crystalline PMN-PZT and 

KTS doped with acceptor additives, we found 
good agreement.

The model can be further extended to the 
non-isothermal case, considering the non-quad-
ratic free energy of defects, accounting for mi-
gration of different types of vacancies; an attempt 
can be made to describe the effect of de-aging 
under intense cyclic exposure. Furthermore, the 
model can be verified for the cases of lead-free 
piezoactive and related materials.

This work was supported by RFBR Grant No. 19-

08-01252.
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Introduction

Computational fluid dynamics has been expe-
riencing rapid development in the recent decades. 
It is intensified by the development of research 
and commercial software packages for computa-
tion and justification of parameters of technical 
devices used in various engineering processes, at 
different stages of production, for instance, in the 
aircraft, aerospace and energy industries.

To date, there are a number of approaches to 
discrete modelling retaining monotonicity and 
having an increased order of approximation for 
the computation of gas-dynamic fluxes. Such 
computations are based on an accurate or ap-
proximate solution to breakdown of discontinui-
ty (Godunov type schemes [1–3]); total variation 
diminishing (TVD) schemes [4–6]); weighted 
essentially non-oscillatory (WENO) schemes 
at variable templates [7–9]; hybrid algorithms  
[10–12], compact schemes [13–15], etc. 

Along with the trend of building schemes of 
fourth, fifth and higher orders of approximation 
[8, 9, 15], discrete models of second-order ap-
proximation are still relevant for a wide variety 
of problems [16–20]. For example, a sufficiently 
detailed discussion of such schemes can be found 
in paper [19], which is developing monotonic 
upstream-centered scheme (MUSCL approach) 
with the use of various quasi-one-dimensional 
schemes of reconstruction. 

A hybrid large-particle method was proposed 
to solve the problems of multiphase media dy-
namics based on a scheme of customizable dis-
sipative properties (CDP2), which changes the 
approximation order depending on the smooth-
ness of solutions [21, 22]. However, applied prob-
lems often contain domains of both “pure” gas 
and heterogeneous mixture fluxes with disperse 
phase. Therefore, the proposed method should 
be universal and demonstrate high resolution 
and monotonicity in these two case. It is essen-
tial that the new numerical method is verified 
using a series of test problems in a wide range of 
flux parameters. It was previously verified using 
standard one and two-dimensional test problems 
[23–25].

The advantages of the method over known 

schemes that take into account characteristic 
properties of conservation laws lies in extension 
of the class of problems with equations of both 
hyperbolic and mixed types with imaginary char-
acteristics components. The algorithm of the 
hybrid large-particle method can be successfully 
applied in solving traditionally complex compu-
tational problems such as formation of artificial 
boundary layer or fictitious Mach stem, occur-
rence of rarefaction shock wave, carbuncle in-
stability in hypersonic flow regimes, which are 
characteristic of Godunov type schemes [26]. 
The method’s algorithm is simple and has a good 
ration of dissipative and dispersive properties. 
For example, in a test with double Mach reflec-
tion, the hybrid large-particle method prevails 
over popular HLLC (Harten – Lax – van Leer 
contact [27]) and WENO5 [11] schemes with re-
spect to eddy resolution (see comparison of the 
schemes in article [25]).

The present paper verifies computational 
properties (monotonicity, dissipativity, eddy res-
olution) of the hybrid large-particle method with 
a space-time second-order approximation [28] 
for Riemann problem solvers in two-dimensional 
domains. The results are compared with the ba-
sic method [29] and solutions based on modern 
schemes of increased approximation order [15, 
30]. We consider the issues of numerical repro-
duction of complex shock wave and vortex struc-
tures in detail.

The cited papers solve the test problems us-
ing Euler equation. For the purpose of correct 
comparison, we present our calculations in an 
inviscid problem formulation. This is due to the 
need for justification of grid resolution for a cor-
rect solution of Navier-Stokes equation with a 
set Reynolds number, when scheme viscosity be-
comes significantly less than the physical one [8].

Hybrid large-particle method

Main equations. Consider conservation laws 
of calorically perfect gas in a form of Euler equa-
tions:

(1)0,d dt
∂

+ + =
∂
q G F∇ ∇
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where ρ, v, p, E are density, velocity vector with 
components u and v, pressure, total gas energy 
per unit mass; q, G, F are conservative, flux, gra-
dient and deformation values, respectively; t is 
time. 

Eq. (1) are written in dimensionless form for 
the required functions

with respect to some dimensional constants Θ
0
, 

P
0
. 
Coordinates are related to the characteristic 

linear dimension of the problem statement do-
main

while dimensionless time is determined as

In Eq. (1) and further in the statements of the 
problems, the primes are omitted. 

The closing equation has the form

where γ is a ratio of specific heats.
Method implementation. Let us write the hy-

brid large-particle method with CDP2 using a 
finite volume formulation in an orthogonal uni-
formly spaced grid [28].

The schemes are formulated with a split into 
Lagrange (0), Euler and final (1) stages, without 
limiting the generality in the one-dimensional 
case:

[ ], , ,TE= ρ ρ ρq v [ ], , ,TE= ρ ρ ρG v vv v

[ ]0, , ,Tp p=F v ( )diag , , ,d = ⋅ ⋅∇ ∇ ∇ ∇

0' / ,ρ = ρ Θ 0' / ,p p P=

0 0' / ,u u P= Θ 0 0' / ,v v P= Θ

' ,x x L= ' ,y y L=

( )0 0' / .t t L P= Θ

( ) ( )21 2 ,p E= γ − ρ − v

(2)( )(0)
1/2 1/2 ,k k k

n n n n h+ −= − − τq q F F

(3)( )(1) (0) (0) (0)
1/2 1/2 .n n n n h+ −= − − τq q G G

For an increase up to the second order ap-
proximation with respect to time, we use a cor-
recting step:

where τ = tk+1 – tk is a time step (tk – time layer); 
h is mesh size with its center xn and boundaries

If we determine the values at the mesh bound-
aries as arithmetic mean in the centers of adjacent 
meshes, we obtain non-dissipative, but absolute-
ly unstable second-order approximation scheme. 
In the basic method of large particles, fluxes are 
calculated considering their directions by means 
of first-order schemes [29].

Non-linear method correction. To ensure sta-
bility and monotonicity of the method retaining 
the second-order accuracy for smooth solutions, 
we use non-linear correction of gradient and 
deformation values Fn±1/2 and Gn±1/2.

At the Lagrange stage (2), we add into scheme

non-linear scalar artificial viscosity

where Qn±1/2 is common linear dissipation, for ex-
ample, Landshoff type one; ψv(rn±1/2) is viscosity 
limiter with a slope ratio parameter rn±1/2. 

Parameter rn±1/2 is calculated under the con-
dition

(4)
( )

( )

(2) (1)

(1) (1)
1/2 1/2

0,5

0,5 ,

k
n n n

n n h+ −

= + −

− − τ

q q q

F F

(5)
( )

1 (2)

(2) (2)
1/2 1/20,5 ,

k
n n

n n h

+

+ −

= −

− − τ

q q

G G

1 2 2n / nx x h .± = ±
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Tk

n n n np p u± ± ± ± =  F  
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( ) ( )

1 1

1 1
1 2

2 1 1

,

if 0;
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+

+ + +

 − −

 − − ≥= 
 − −





St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 14 (1) 2021

58

Smooth solutions retain the second order of 
approximation:

At the Euler and final stages (3), we calculate 
primitive variables φ = {ρ, u, E} with the use of 
hybrid non-linear correction (weighted by flux 
limiter ψ

f
 of additive combination of upwind and 

central approximation) with accuracy O(h2) for 
smooth solutions:

Then, numerical mass fluxes

of momentum           and energy            
are formed and we determine the required func-
tions:

1 2 1 21 ( ) 1n / v n /r r± ±→ ⇒ ψ → ⇒

( )2
1/2 .n O h± → +F F

(0)
1/2 1/2

1/2
1/2

  if  0,
ˆ

  or else;
n n

n
n

u+
+ +

+ −
+

ϕ ≥ϕ = 
ϕ

( )( )
( )

(0)
1 2 1 2

(0)
1 2 1 2

1

;

n / f n / n

f n / n /

r
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+ ψ ϕ 
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Functions of limited TVD type are fit to use 
for non-linear correction of viscosity and fluxes. 
Further we use the following limiters:

which we will denote using subscripts, for exam-
ple, ψv,MM

 is minmod viscosity limiter. 
Experience of computations showed that the 

limiters provide the hybrid large-particle method 
with numerical dissipation in the order of its level 
increasing: SB, VL, MM.

At the correcting step (4), (5) computing for-
mulae of numerical gradients, deformation ca-
pacity and convection are similar to the present-
ed ones with the substitution of the superscripts 
of k with the notation (1), (0) with the notation 
(2), (1) with the notation (k + 1). The hybrid 
large-particle method globally has aggregated 
second-order space-time approximation O(h2 + 
+ τ2) for smooth solutions.

Method stability. The time step is determined 
under the convergence condition by Courant – 
Friedrichs – Lewy (CFL):

where CFL is a fixed Courant number,    is the 
speed of sound. 

Numerical experiments allowed us to justi-
fy stability threshold of the hybrid large-particle 
method as CFL < 0.7. The Courant number is 
set in the calculations of the paper taking into ac-

(
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+
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count reliability and accuracy of the algorithm: 
CFL = 0.4.

Computational results and their discussion

The considered test problems serve to verify 
the properties of numerical methods to repro-
duce shock waves, rarefaction waves, contact dis-
continuities and vortex structures in two-dimen-
sional domain.

Tests 3, 4 and 12. Out of the great variety of 
two-dimensional Riemann problems, let us con-
sider tests 3, 4 and 12 [30]. Further, assume that 
the gas is perfect with ratio of specific heats γ =  
= 1.4. The problems are solved till time point T 
squared

which is divided by lines x = 1/2 and y = 1/2  
into four quadrants.

In each quadrant, there are constant initial 
conditions set in dimensionless form (see Table).

We performed the calculations using the hy-
brid large-particle method in a uniformly spaced 
grid 400 × 400 with flux ψf,VL and viscosity ψv,VL 
limiters (VL – van Leer, tests 3 and 12), and test 

( ) ( ) ( ), 0,1 0,1 ,x y ∈ ×

4 – ψf,VL, ψv,MM (ММ – Minmod). We set soft 
boundary conditions of extrapolation at the outer 
boundaries.

The exact solutions for these problems are un-
known. Numerical solutions re shown in Fig. 1 as 
contour lines of density and velocity vectors (ar-
rows). For the purpose of correct comparison, the 
lines of the density level correspond to the ones 
presented in paper [30].

The problems under consideration cover flux-
es with Mach (Fig. 1, e, f) and double Mach re-
flections (Fig. 1, d), as well as configurations with 
closely located contact discontinuities along the 
larger side of the “lens” (see Fig. 1, e, f). For tests 
3 and 12, there are additional diagonal vorticity 
jets. In paper [30], the authors pay attention to 
an artifact in test problem 12 which can be more 
or less attributed to all difference scheme under 
consideration: there is an entropy trace in the 
place of the initial discontinuity in the process of 
its decay and further calculation.

The indicated computational problem reveals 
itself in a number of other test problems. It is ex-
plained by the fact that the initial error occurs in a 
short time interval of the establishment (“smear-
ing”) of the computational profile of the shock 

Table
Constant initial conditions in computations for the three tests

Position in quadrants Parameter

Parameter value in the test and in the quadrants
Test 3,

T = 0,30
Test 4,

T = 0,25
Test 12,
T = 0,25

Upper Lower Upper Lower Upper Lower

Left

p 0.3000 0.0290 0.3500 1.1000 1.0000 1.0000
ρ 0.5323 0.1380 0.5065 1.1000 1.0000 0.8000
u 1.2060 1.2060 0.8939 0.8939 0.7276 0.0000
v 0.0000 1.2060 0.0000 0.8939 0.0000 0.0000

Right

p 1.5000 0.3000 1.1000 0.3500 0.4000 1.0000
ρ 1.5000 0.5323 1.1000 0.5065 0.5313 1.0000
u 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
v 0.0000 1.2060 0.0000 0.8939 0.0000 0.7276

N o t a t i o n s: p, ρ are dimensionless pressure and density; u, v are dimensionless components of velocity vector 
v; T is dimensionless time point till which the problems where being solved. 
N o t e. 1. Square 0,1 × 0,1 is divided into four quadrants. 2. The numbers of tests correspond to the ones used 
in paper [30].
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Fig. 1. Results of numerical solution to Riemann problems in two-dimensional domains using the basic large 
particle method (a – c) and the hybrid method (d – h) with tests [30]: 3 (a, d, g), 4 (b, e) and 12 (с, f, h).
For test 3, we obtained 32 couture lines of density from 0.16 to 1.71; for tests 4 and 12, respectively, 29 couture lines  

from 0.52 to 1.92 and 30 couture lines from 0.54 to 1.70; g is a solution with correction of the initial error;  
h is a solution compared with WENO5 from paper [30]; arrows show velocity vectors.

wave and stays in the form of an entropy trace 
[31]. This numerical defect can be eliminated by 
means of resetting the gas-dynamic parameters 
in the cocurrent stream after the shock wave in 
several time steps prior to the initial values (see 
the example of computations in Fig. 1, g). Let 
us pay attention to the fact that in test 12, in a 
small domain the numerical size of a stationary 
tangential contact discontinuity, we can observe 
density fluctuations.

The hybrid large-particle method (Fig. 1, 
d–f) demonstrates significant improvements in 

terms of reproduction accuracy of flux structures 
with respect to the basic method [29] (Fig. 1, 
a–c) and the first-order approximation Godu-
nov’s scheme [32]. The CDP2 algorithm in the 
tests outperforms the cited method of adaptive 
viscosity [16] and the method of piecewise par-
abolic reconstruction [18] in terms of resolution. 
The computational results are in good agreement 
with the best schemes presented in paper [30].

For example, in Fig. 1, h, there is a direct 
comparison with a five-order accuracy WENO5 
scheme: a lower layer on top of which we laid over 
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an upper layer with the computational results of 
the hybrid CDP2 method. Note, that the contour 
lines of density almost exactly coincide in the 
entire range of the lay-over. The CDP2 scheme 
computations are in good agreement with bicom-
pact schemes with conservative monotonization 
[15] (these test results were not published, but 
kindly provided by the authors for comparison).

Tests A, B, C and D. To verify efficiency of the 
hybrid large-particle method, in particular the 
level of its dissipative properties and the capabili-
ty to detect instabilities on the contact boundary, 
we are interested in two-dimensional Riemann 
problems with central symmetry, for example a 
well-known test with cylindrical gas propagation 
into infinite undisturbed environment (explo-
sion problem) [30] – test A. In addition, let us 
consider three other modified problems: tests B, 
C and D. Test problem B formulates propagation 
into unlimited non-flow gas out of a high pres-
sure domain of square section, while tests C and 
D are the previously described problems in space 
limited by solid walls.

Due to central symmetry, we perform the 
computations in the upper right quadrant in a 
uniformly spaced grid 400 × 400 with the limit-
ers of flux ψf,VL and viscosity ψv,SB. To eliminate 
(minimize) the influence of the outer boundaries 
in the cases of A and B, the computational grid 
is expanded to a size of 500 × 500. The infinity 
was simulated by means of expanding the grid by 
100 meshes with the mesh step progressing to the 
right and upwards in compliance with the law

so that in the time of the computation, the distur-
bances do not reach the outer boundaries.

The boundary conditions for tests C and D are 
standard reflection conditions at the walls. At the 
initial time in a circle (cases A and C) and square 
(cases B and D), we set density ρi = 1 and pressure 
pi = 1, while outside of these domains their values 
equal ρ

0
 = 0.125 and p

0
 = 0.1. We made an allow-

ance that the gas in the entire definition domain 
is stationary. We assume the size of the compu-
tational domain along the coordinate axes to be 
unit

the circle radius and half the length of the square 
equal 4/15.

For visual representation of the computational 
results in the form of numerical schlieren images, 
we use nonlinear function of density gradient:

where i, j are the numbering of meshes along x 
and y respectively;      is a density gradient; k 
is a customizing coefficient for quality (contrast) 
display of the flux phenomena. 

Fig. 2 shows numerical schlieren images of 
the density gradient function for the problems 
of gas propagation into infinite space for se-
quential points of dimensionless time 0.2, 1.1, 
1.3 и 3.2 (the upper row displays the initial 
high pressure domain as a circle, and the lower 
one – as a square). After the decay of the ini-
tial discontinuity, the following phenomena are 
formed: shock wave s

1
, contact discontinuity 

c moving from the center; rarefaction wave w 
(case A) or two waves w

1
 and w

2
 (case B) mov-

ing to the center. In the course of time, there is 
a secondary circle-shaped (Fig. 2, b, c) or al-
most square-shaped (Fig. 2, f, g) curved wave s

2
 

formed converging to the coordinate origin. At 
the interface of gases denoted by letter c, there 
is a discontinuity forming. After focusing of the 
curved wave s

2
, a shock wave s

3
 interacting with 

the contact boundary c is reflected from the 
symmetry center (Fig. 2, d, h). A comparison of 
the numerical solution (Fig. 2, d) with the re-
sults of paper [30] proves lesser dissipativity of 
the CDP2 scheme in the problems with the de-
velopment of instability at the contact boundary.

Papers [3, 30] discuss the influence of the 
disturbed (step) initial boundary of the circle 
on the instability development. As the compu-
tations show, even a smoothed contact discon-
tinuity is not stable. In this sense, we are inter-
ested in test B, in which the contact boundary 
(square) in the initial point of time coincides 
with the mesh faces. In this case, the distur-

( ) ( ) ( ), 0,  1.5 0, 1.5 ,x y ∈ ×

1' ' 0.1 ,n nh h h+ = +

,
,

,,

exp ,
max

i j
i j

i ji j

s k
∀

 ∇ρ = −
 ∇ρ
 

,i j∇ρ
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Fig. 2. Numerical schlieren images of the density gradient function in sequential 
points of time: 0.2 (a, e), 1.1 (b, f), 1.3 (c, g) and 3,2 (d, h).

Tests A (a–d) and B (e–h) were used.
Grid size is 400 × 400; c is the contact boundary; s

1
, s

3
 are shock waves;

 s
2
 is a curved wave, w, w

1
, w

2
 are rarefaction waves.

Fig. 3. Numerical schlieren images of the density gradient function in sequential 
points of time: 0.2 (a, e), 1.1 (b, f), 1.3 (c, g) and 3.2 (d, h).

Tests C (a – d) and D (e – h) were used.
Grid size is 400 × 400; c is the contact boundary; s

1
–s

9
 are shock waves;

 w, w
1
, w

2
 are rarefaction waves.
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bances begin developing from the peaks of the 
square domain, and then spread along the whole 
gas-gas interface (Fig. 2, h).

Possible solutions of the problems in bound-
ed space (C and D) for the time points above 
have a “richer” configuration of gas fluxes and 
are shown in Fig. 3. The beginning of the prop-
agation at t

1
 = 0.2 does not differ from the con-

sidered cases (Fig. 2, a, e) as the shock front s
1 

did not reach the walls. In the subsequent time 
points t

2
 = 1.1 and t

3
 = 1.3, structures that in-

clude shock waves are formed: s
4
 reflected from 

the wall, propagated s
5
, and s

6
 reflected from the 

contact boundary, secondary reflected s
7
, fo-

cused s
8
, and s

9
 formed after a collision of bow 

waves. From this point on, at t
4
 = 3.2, the gas 

flux is accompanied by multiple interactions of 
the shock waves with the walls, between each 
other and with the contact boundary as turbu-
lence begins to develop.

To explain a physical mechanism of the insta-
bility development and vortices formation at the 
contact boundary, let us consider a transfer equa-

tion for vorticity                   :

where d/dt is a derivative along the vorticity tra-
jectory.

At the initial time point, ω = 0. It follows 
from the presented equation that the cause of the 
vortices generation lies in the incongruence of 
the gradients of pressure and density

(baroclinic effect). 
This effect is especially prominent in multiple 

interactions of shock waves reflected from the 
walls with the contact boundary, with secondary 
vortices forming and turbulence developing (see 
Fig. 3, 4, d and h).

To verify the convergence, as well the influ-
ence of the grid resolution on the formation of 
vortices, we performed a computation with a grid 

ω = ∇× v

( ) ( )2 ,d p
dt
ω ∇ρ×∇
= + ω⋅∇ −ω ∇⋅

ρ
v v

( ) 2 0p∇ρ×∇ ρ ≠

Fig. 4. Numerical schlieren images of the density gradient function  
in sequential points of time identical to those presented in Fig. 3,but obtained with a grid size of 800 × 800
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of meshes half the size of the initial one. The re-
sults for cases C and D are shown in Fig. 4. An 
overlay of numeric fields (figures not provided) 
obtained in different grids proves practical coin-
cidence of the shock wave lines and their conju-
gating in triple points. Vortical elements are dis-
played in great detail in such a detailed grid, while 
the computations agree with each other well due 
to the stochastic nature in the mean sense.

Conclusion

We considered a class of difference schemes 
with customizable dissipative properties and a 
split by physical processes: the hybrid large-par-
ticle method of a space-time second-order ap-
proximation for smooth solutions. The method 
was verified using well-known Riemann prob-
lems in two-dimensional domains which have 

reliable numerical solutions.
The results showed a significant improvement 

in the accuracy of reproducing flux structures in 
comparison with the basic hybrid large-particle 
method. We demonstrated high competitiveness 
of the proposed algorithm when comparing it to 
the modern schemes of an increased approxima-
tion order.

The paper provides a detailed study of the 
method efficiency in new test problems with 
multiple interactions of the shock waves with the 
contact boundary, channel walls, as well as insta-
bility development.

The hybrid large-particle method proved to 
have high resolution both in shock configuration 
domains and regions of vortex structures.

The proposed test problems could be used for 
verification in other difference schemes.

REFERENCES

1. Godunov S.K., A difference method for nu-
merical calculation of discontinuous solutions of 
the equations of hydrodynamics, Matematicheskii 
Sbornik. 47 (89) (3) (1959) 271–306 (in Russian).

2. Kolgan V.P., Primeneniye printsipa mini-
malnykh znacheniy proizvodnykh k postroyeniyu 
konechno-raznostnykh skhem dlya rascheta raz-
ryvnykh resheniy gazovoy dinamiki [An application 
of the minimal derivative values concept to con-
struction of the finite-difference schemes for calcu-
lating the discontinuous solutions of gasdynamics], 
Uchenyye Zapiski TsAGI. 3 (6) (1972) 68–77 (in 
Russian).

3. Toro E.F., Riemann solvers and numerical 
methods for fluid dynamics, Springer-Verlag, Ber-
lin, Heidelberg, 2009.

4. Harten A., High resolution schemes for hy-
perbolic conservation laws, J. Comput. Phys. 49 (3) 
(1983) 357–393.

5. Sweby P.K., High-resolution schemes using 
flux limiters for hyperbolic conservation laws, SI-
AM J. Numer. Anal. 21 (5) (1984) 995–1011.

6. Hirsch C., Numerical computation of internal 
and external flows, Vol. 2, Computational methods 
for inviscid and viscous flows, John Wiley & Sons, 
New York, 1990. 

7. Jiang G.-S., Shu C.-W., Efficient implemen-
tation of weighted ENO schemes, J. Comp. Phys. 
126 (1) (1996) 202–228.

8. Shi J., Zhang Y.-T., Shu C.-W., Resolution 
of high order WENO schemes for complicated flow 
structures, J. Comp. Phys. 186 (2) (2003) 690–696.

9. Evstigneev N.M., On the construction and 
properties of WENO schemes order five, seven, 
nine, eleven and thirteen. Part 2. Numerical ex-
amples, Computer Research and Modeling. 8 (6) 
(2016) 885–910 (in Russian).

10. Fedorenko R.P., The application of differ-
ence schemes of high accuracy to the numerical 
solution of hyperbolic equations, USSR Comput. 
Math. and Math. Phys. 2 (6) (1963) 1355–1365.

11. Liu X., Zhang S., Zhang H., Shu C.-W., A 
new class of central compact schemes with spec-
tral-like resolution II: Hybrid weighted nonlinear 
schemes, J. Comp. Phys. 284 (1 March) 133–154.

12. Lobanov A.I., Mirov F.Kh., Hybrid difference 
scheme under generalized approximation condition 
in the space of undetermined coefficients, Comput. 
Math. and Math. Phys. 58 (8) (2018) 1270–1279.

13. Tolstykh A.I., On families of compact fouth- 
and fifth-order approximations involving the inver-
sion of two-point operators for equations with con-



65

Simulation of physical processes

Received 28.10.2020, accepted 26.11.2020.

vective terms, Comput. Math. and Math. Phys. 50 
(5) (2010) 848–861.

14. Shen Y.-Q., Zha G.-C., Generalized finite 
compact difference scheme for shock/complex flow 
field interaction, J. Comp. Phys. 230 (12) (2011) 
4419–4436.

15. Bragin M.D., Rogov B.V., Conservative lim-
iting method for high-order bicompact schemes as 
applied to systems of hyperbolic equations, Appl. 
Num. Math. 151 (May) (2020) 229–245.

16. Popov I.V., Fryazinov I.V., Calculations of 
two-dimensional test problems by the method of 
adaptive viscosity, Math. Models Comput. Simul. 2 
(6) (2010) 724–732.

17. Karabasov S.A., On the power of second-or-
der accurate numerical methods for model prob-
lems of gas- and hydrodynamics, Math. Models 
Comput. Simul. 3 (1) (2011) 92–112.

18. Bulat P.V., Volkov K.N., Solution of two-di-
mensional Rieman problems using the method of 
piecewise parabolic reconstruction, J. Eng. Phys. 
Thermophys. 90 (3) (2017) 525–534.

19. Kolesnik E.V., Smirnov E.M., Testing of 
various schemes with quasi-one-dimensional re-
construction of gasdynamic variables in the case of 
unstructured-grid calculations, St. Petersburg Poly-
technic University Journal. Physics and Mathemat-
ics. 10 (3) (2017) 123–139.

20. Chizhonkov E.V., On second-order accuracy 
schemes for modeling of plasma oscillations, Nu-
merical Methods and Programming. 21 (1) (2020) 
115–128 (in Russian).

21. Sadin D.V., TVD scheme for stiff problems 
of wave dynamics of heterogeneous media of non-
hyperbolic nonconservative type, Comput. Math. 
and Math. Phys. 56 (12) (2016) 2068–2078.

22. Sadin D.V., Schemes with customizable dis-
sipative properties as applied to gas-suspensions 
flow simulation, Matem. Mod. 29 (12) (2017) 89–
104 (in Russian).

23. Sadin D.V., Davidchuk V.A., Comparison of 
a modified large-particle method with some high 
resolution schemes. One-dimensional test prob-

lems, Numerical Methods and Programming. 20 
(2) (2019) 138–146 (in Russian).

24. Sadin D.V., Belyayev B.V., Davidchuk V.A., 
Comparison of a modified large-particle method 
with some high resolution schemes. Two-dimen-
sional test problems, Numerical Methods and Pro-
gramming. 20 (3) (2019) 337–345 (in Russian).

25. Sadin D.V., Analysis of dissipative proper-
ties of a hybrid large-particle method for struc-
turally complicated gas flows, Computer Re-
search and Modeling. 12 (4) (2020) 757–772 (in 
Russian).

26. Tagirova I.Yu., Rodionov A.V., Application of 
the artificial viscosity for suppressing the carbuncle 
phenomenon in Godunov-type schemes, Mathe-
matical Models and Computer Simulations. 8 (3) 
(2016) 249–262.  

27. Balsara D.S., A two-dimensional HLLC 
Riemann solver for conservation laws: Applica-
tion to Euler and magneto hydrodynamic flows, J. 
Comput. Phys. 231 (22) (2012) 7476–7503.

28. Sadin D.V., A modification of the large-par-
ticle method to a scheme having the second order 
of accuracy in space and time for shockwave flows 
in a gas suspension, Bulletin of the South Ural State 
University. Ser. Mathematical Modelling, Pro-
gramming & Computer Software (Bulletin SUSU 
MMCS). 12 (2) (2019) 112–122 (in Russian).

29. Belotserkovskii O.M., Davydov Yu.M., 
A non-stationary “Coarse particle” method for 
gas-dynamical computations, URSS  Comp. Math. 
and Math. Phys. 11 (1) (1971) 241–271.

30. Liska R., Wendroff B., Comparison of sever-
al difference schemes on 1D and 2D test problems 
for the Euler equations, SIAM J. Sci. Comp. 25 (3) 
(2003) 995–1017.

31. Woodward P., Colella P., The numerical sim-
ulation of two-dimensional fluid flow with strong 
shocks, J. Comp. Phys. 54 (1) (1984) 115–173.

32. Brio M., Zakharian A.R., Webbz G.M., 
Two-dimensional Riemann solver for Euler equa-
tions of gas dynamics, J. Comp. Phys. 167 (1) 
(2001) 177–195.



St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 14 (1) 2021

66

THE AUTHORS

SADIN Dmitriy V.

Military Space Academy named after A.F. Mozhaysky

13, Zhdanovskaya St., St. Petersburg, 197198, Russian Federation

sadin@yandex.ru

GOLIKOV Igor O.

Military Space Academy named after A.F. Mozhaysky

13, Zhdanovskaya St., St. Petersburg, 197198, Russian Federation

igira55@yandex.ru

SHIROKOVA Elena N.

Military Space Academy named after A.F. Mozhaysky

13, Zhdanovskaya St., St. Petersburg, 197198, Russian Federation

shirokelen-78@mail.ru

СПИСОК ЛИТЕРАТУРЫ

1. Годунов С.К. Разностный метод числен-
ного расчета разрывных решений гидромеха-
ники // Математический сборник. 1959. Т. 47 
(89). № 3. С. 271–306.

2. Колган В.П. Применение принципа ми-
нимальных значений производных к построе-
нию конечно-разностных схем для расчета раз-
рывных решений газовой динамики // Ученые 
записки ЦАГИ. 1972. Т. 3. № 6. С. 68–77.

3. Toro E.F. Riemann solvers and numerical 
methods for fluid dynamics. Berlin, Heidelberg: 
Springer-Verlag, 2009. 724 p.

4. Harten A. High resolution schemes for hyper-
bolic conservation laws // Journal of Computation-
al Physics. 1983. Vol. 49. No. 3. Pp. 357–393.

5. Sweby P.K. High-resolution schemes using 
flux limiters for hyperbolic conservation laws // SI-
AM Journal of Numerical Analysis. 1984. Vol. 21. 
No. 5. Pp. 995–1011.

6. Hirsch C. Numerical computation of internal 
and external flows. Vol. 2. Computational meth-
ods for inviscid and viscous flows. New York: John 
Wiley & Sons, 1990. 691 p.

7. Jiang G.-S., Shu C.-W. Efficient imple-
mentation of weighted ENO schemes // Journal 
of Computational Physics. 1996. Vol. 126. No. 1.  
Pp. 202–228.

8. Shi J., Zhang Y.-T., Shu C.-W. Resolution of 
high order WENO schemes for complicated flow 

structures // Journal of Computational Physics. 
2003. Vol. 186. No. 2. 690–696.

9. Евстигнеев Н.М. О построении и свой-
ствах WENO-схем пятого, седьмого, девято-
го, одиннадцатого и тринадцатого порядков. 
Часть 2. Численные примеры // Компьютер-
ные исследования и моделирование. 2016. Т. 8. 
№ 6. 885–910.

10. Федоренко Р.П. Применение разностных 
схем высокой точности для численного реше-
ния гиперболических уравнений // Журнал вы-
числительной математики и математической 
физики. 1962. Т. 2. № 6. С. 1122–1128.

11. Liu X., Zhang S., Zhang H., Shu C.-W. A 
new class of central compact schemes with spec-
tral-like resolution II: Hybrid weighted nonline-
ar schemes // Journal of Computational Physics. 
2015. Vol. 284. 1 March. Pp. 133–154.

12. Лобанов А.И., Миров Ф.Х. Гибридная 
разностная схема с обобщенным условием ап-
проксимации. Анализ в пространстве неопре-
деленных коэффициентов// Журнал вычисли-
тельной математики и математической физи-
ки. 2018. Т. 58. № 8. С. 73–82.

13. Толстых А.И. О семействах компактных 
аппроксимаций 4-го и 5-го порядков с обраще-
нием двухточечных операторов для уравнений 
с конвективными членами // Журнал вычисли-
тельной математики и математической физи-



67

Simulation of physical processes

ки. 2010. Т. 50. № 5. С. 894–907.
14. Shen Y.-Q., Zha G.-C. Generalized finite 

compact difference scheme for shock/complex flow 
field interaction // Journal of Computational Phys-
ics. 2011. Vol. 230. No. 12. Pp. 4419–4436.

15. Bragin M.D., Rogov B.V. Conservative lim-
iting method for high-order bicompact schemes as 
applied to systems of hyperbolic equations // Ap-
plied Numerical Mathematics. 2020. Vol. 151. May. 
Pp. 229–245.

16. Попов И.В., Фрязинов И.В. Расчеты дву-
мерных тестовых задач методом адаптивной 
искусственной вязкости // Математическое 
моделирование. 2010. Т. 22. № 5. С. 57–66.

17. Карабасов С.А. О возможностях методов 
второго порядка аппроксимации на примере 
модельных задач газо- и гидродинамики // Ма-
тематическое моделирование. 2010. Т. 22. № 7. 
С. 93–120.

18. Булат П.В., Волков К.Н. Решение дву-
мерных задач Римана при помощи метода ку-
сочно-параболической реконструкции // Ин-
женерно-физический журнал. 2017. Т. 90. № 3. 
С. 558–568.

19. Колесник Е.В., Смирнов Е.М. Тестиро-
вание различных схем с квазиодномерной ре-
конструкцией газодинамических переменных 
при расчетах на неструктурированных сетках 
// Научно-технические ведомости СПБГПУ. 
Физико-математические науки. 2017. Т. 10.  
№ 3. С. 123–139.

20. Чижонков Е.В. О схемах второго поряд-
ка точности для моделирования плазменных 
колебаний // Вычислительные методы и про-
граммирование. 2020. Т. 21. № 1. С. 115–128.

21. Садин Д.В. TVD-схема для жестких задач 
волновой динамики гетерогенных сред негипер-
болического неконсервативного типа // Журнал 
вычислительной математики и математической 
физики. 2016. Т. 56. № 12. С. 2098–2109.

22. Садин Д.В. Схемы с настраиваемыми 
диссипативными свойствами для численного 
моделирования течений газа и газовзвесей // 
Математическое моделирование. 2017. Т. 29.  
№ 12. С. 89–104.

23. Садин Д.В., Давидчук В.А. Сравнение 
модифицированного метода крупных частиц с 
некоторыми схемами высокой разрешающей 

способности. Одномерные тесты // Вычисли-
тельные методы и программирование. 2019.  
Т. 20. № 2. C. 138–146.

24. Садин Д.В., Беляев Б.В., Давидчук В.А. 
Сравнение модифицированного метода круп-
ных частиц с некоторыми схемами высокой 
разрешающей способности. Двумерные тесты 
// Вычислительные методы и программирова-
ние. 2019. Т. 20. № 3. C. 337–345.

25. Садин Д.В. Анализ диссипативных 
свойств гибридного метода крупных частиц для 
структурно сложных течений газа // Компью-
терные исследования и моделирование. 2020.  
Т. 12. № 4. С. 757–772.

26. Тагирова И.Ю., Родионов А.В. Примене-
ние искусственной вязкости для борьбы с кар-
бункул-неустойчивостью в схемах типа Году-
нова // Математическое моделирование. 2015.  
Т. 27. № 10. С. 47–64.

27. Balsara D.S. A two-dimensional HLLC 
Riemann solver for conservation laws: Applica-
tion to Euler and magnetohydrodynamic flows // 
Journal of Computational Physics. 2012. Vol. 231.  
No. 22. Pp. 7476–7503.

28. Садин Д.В. Модификация метода круп-
ных частиц до схемы второго порядка точности 
по пространству и времени для ударно-вол-
новых течений газовзвеси // Вестник Южно- 
Уральского государственного университета. 
Сер. Математическое моделирование и про-
граммирование. 2019. Т. 12. № 2. C. 112–122.

29. Белоцерковский О.М., Давыдов Ю.М. 
Нестационарный метод “крупных частиц” для 
газодинамических расчетов // Журнал вычис-
лительной математики и математической фи-
зики. 1971. Т. 11. № 1. С. 182–207.

30. Liska R., Wendroff B. Comparison of several 
difference schemes on 1D and 2D test problems for 
the Euler equations // SIAM Journal on Scientific 
Computing.  2003. Vol. 25. No. 3. Pp. 995–1017.

31. Woodward P., Colella P. The numerical sim-
ulation of two-dimensional fluid flow with strong 
shocks // Journal of Computational Physics. 1984. 
Vol. 54. No. 1. Pp. 115–173.

32. Brio M., Zakharian A.R., Webbz G.M. 
Two-Dimensional Riemann Solver for Euler Equa-
tions of Gas Dynamics // Journal of Computation-
al Physics.  2001. Vol. 167. No. 1. Pp. 177–195.



St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 14 (1) 2021

Статья поступила в редакцию 28.10.2020, принята к публикации 26.11.2020.

СВЕДЕНИЯ ОБ АВТОРАХ

САДИН Дмитрий Викторович – доктор технических наук, профессор Военно-космической академии 

имени А.Ф. Можайского, Санкт-Петербург, Российская Федерация.

197198, Российская Федерация, г. Санкт-Петербург, Ждановская ул., 13

sadin@yandex.ru

ГОЛИКОВ Игорь Олегович – кандидат технических наук, доцент Военно-космической академии 

имени А.Ф. Можайского, Санкт-Петербург, Российская Федерация.

197198, Российская Федерация, г. Санкт-Петербург, Ждановская ул., 13

igira55@yandex.ru

ШИРОКОВА Елена Николаевна – кандидат химических наук, преподаватель Военно-космической 

академии имени А.Ф. Можайского, Санкт-Петербург, Российская Федерация.

197198, Российская Федерация, г. Санкт-Петербург, Ждановская ул., 13

shirokelen-78@mail.ru

© Санкт-Петербургский политехнический университет Петра Великого, 2021



69

Simulation of physical processes

DOI: 10.18721/JPM.14105
UDC 532.542.4

A FLOW IN THE BLOOD VESSEL 
 WITH A ONE-SIDE STENOSIS: NUMERICAL STUDY  
OF THE STRUCTURE AND LOCAL TURBULIZATION

Ya.A. Gataulin, E.M. Smirnov

Peter the Great St. Petersburg Polytechnic University, 
St. Petersburg, Russian Federation

In the paper, the LES results of a flow by using a model of the blood vessel with a one-side 70% 
stenosis, at a Reynolds number of 1803, have been presented. The Germano – Lilly model was 
applied to subgrid viscosity evaluation. A jet-like zone and a recirculation one were found to stand 
out just behind the stenosis, and a pair of secondary-flow vortices forms being within each of them. 
Instabilities of the mixing layer initiated the flow turbulence with formation of vortex structures of 
different scales at the boundary between the reverse flow zone and the jet. These structures filled 
the whole cross-section of the vessel about the flow attachment point. Turbulent shear stresses were 
significant in magnitude only at a flow section of about four-caliber length. Further downstream, the 
flow relaminarised.
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ЧИСЛЕННОЕ ИССЛЕДОВАНИЕ СТРУКТУРЫ  
И ЛОКАЛЬНОЙ ТУРБУЛИЗАЦИИ ТЕЧЕНИЯ  

В КРОВЕНОСНОМ СОСУДЕ С ОДНОСТОРОННИМ СТЕНОЗОМ
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В статье представлены результаты расчетов течения в модели кровеносного сосуда с од-
носторонним стенозом 70 % при числе Рейнольдса, равном 1803. Численное решение полу-
чено методом моделирования крупных вихрей по динамической модели Джермано – Лилли 
для оценки подсеточной вязкости. Установлено, что непосредственно за стенозом в потоке 
выделяются 2 зоны: струйного течения и обширная рециркуляционная, а в каждой присут-
ствует пара вихрей вторичного течения. Неустойчивости слоя смешения на границе струи и 
зоны обратного течения инициируют турбулизацию потока с образованием разномасштаб-
ных вихревых структур. Последние заполняют все поперечное сечение сосуда в окрестности 
точки присоединения. Турбулентные напряжения значительны по величине лишь на участке 
длиной около четырех калибров. Вниз по потоку течение реламинаризируется.
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Introduction

Modern computational fluid dynamics 
(CFD) offers the broadest range of tools for sim-
ulating blood flow in various segments of the vas-
cular bed. Laminar flow is established in small 
and medium-sized vessels, where the Reynolds 
number Re does not exceed 1000. We considered 
the spatial structure of laminar flow in carotid 
artery models, including the case of stenotic ves-
sels (persistent narrowing of its lumen), in several 
earlier studies [1 – 3]. However, the flow behind 
the stenosis in large blood vessels is characterized 
by higher values of the Reynolds number and is 
particularly difficult to compute. The flow be-
hind the stenosis in such vessels actually turns 
out to be cyclically transient, since it is locally 
turbulent during a period in the cardiac cycle, 
remaining completely laminar for the rest of the 
cycle. Developing approaches to simulation of 
the turbulence occurring locally holds the key to 
obtaining sufficiently reliable predictions. 

Turbulent flows in stenotic vessels are tra-
ditionally computed using models based on the 
Reynolds-Averaged Navier – Stokes equations 
(RANS) [4 – 7]. It was established that RANS 
models are capable of providing good agreement 
between the computed field of averaged velocity 
and the measured data; however, the predictions 
obtained for some turbulence characteristics that 
are interesting for biomedical applications turn 
out to have very low quality. 

Direct Numerical Simulation (DNS) [8 – 11] 
and eddy-resolving models (including primar-
ily Large Eddy Simulation or LES) [12 – 15] 
have become widely popular in recent years for 
improving the quality of numerical analysis of 
turbulent flows in stenotic vessels. All compo-
nents of unsteady vortex motion are completely 
resolved within the DNS method, which means 
that the computational costs for obtaining a nu-
merical solution are high, rapidly increasing with 
an increase in the Reynolds number. The much 
less expensive LES method only numerically 
reproduces sufficiently large eddies, which are 

Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://creative-
commons.org/licenses/by-nc/4.0/)

characterized by energy transfer, while eddies of 
a smaller scale are simulated using subgrid-scale 
models (SGS). 

Most of the applied computations by the LES 
method are carried out using the classical Sma-
gorinsky model introducing subgrid-scale turbu-
lent viscosity. This model was developed assum-
ing a sufficiently developed turbulence, which for 
practical applications is reduced to the condition 
that the subgrid-scale viscosities be considerably 
higher than the molecular ones. The Smagorinsky 
model with a constant empirical coefficient CS in 
the formula for calculating the subgrid-scale vis-
cosity is ill-suited for flows with a transient nature 
of motion (from laminar to turbulent). 

Germano et al. [16] expanded the capabilities 
of the Smagorinsky algebraic model, in particu-
lar for the case of transient flows, developing the 
so-called dynamic model, where the coefficient 
CS is not given but calculated based on the ex-
pression obtained by applying a double filtering 
procedure to the velocity field. Lilly [17] later 
proposed a modification of the dynamic model, 
important for practical applications, which con-
sists in cutting off the locally negative values of 
the coefficient CS at zero. The Germano-Lilly 
dynamic model was successfully applied in [14] 
for LES computations of transient regimes in 
statistically two-dimensional pulsatile flow in a 
channel with local one-sided narrowing (stenosis 
model) by 50%; the peak values of the Reynolds 
number reached 2000; the periodic boundary 
conditions were imposed in the third direction. 

This paper presents numerical analysis for 
transient three-dimensional flow of an incom-
pressible viscous fluid in a blood vessel mod-
el with unilateral stenosis of 70% at a constant 
flow rate corresponding to the Reynolds number  
Re = 1803. 

The geometry of the stenosis is identical to one 
of the cases described in the recent experimental 
work [18], using digital tracer imaging (Particle 
Image Velocimetry, PIV) to measure the char-
acteristics of pulsatile flow (with a peak value of 
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Re = 1803). Simulations using the CFD software 
package ANSYS CFX 18.2 were performed based 
on the large eddy simulation method with the 
Germano – Lilly dynamic model for computing 
the subgrid-scale viscosity. 

Problem statement and computational aspects

The geometric model of the vessel with uni-
lateral stenosis (Fig. 1) is borrowed from the 
experimental study [18]. The vessel beyond the 
boundaries of the stenosis is a tube with the di-
ameter D. Let us introduce the Cartesian coor-
dinate system x, y, z, whose origin is located in 
the section with the narrowest lumen; the z axis 
is directed along the vessel, and the y axis is di-
rected towards the non-stenotic (provisionally 
upper) wall. The geometry of the stenosis that is 
symmetrical about the central longitudinal plane 
x = 0 is described by the following formulas:

( )

( )

21 cos ,
200 200

;
2 2
( )1 , ,

2 2 2

d z S S z
D L

L Lz

c z d z L Lz
D D

π   = − −   
   

− ≤ ≤

= − − ≤ ≤

Fig. 1. View of computational mesh in transverse (a) and longitudinal (b) sections of the vessel with stenosis

a)

b)

where d is the local lumen diameter in the sten-
otic region, L is the length of the stenosis, s is the 
coordinate of the lumen center along the axis y 
(counted from the lower wall, as adopted here 
and below),

S = (1 – dmin/D)·100 %

(dmin is the minimum local diameter d).
In the case considered, S = 45%, L = 2D, 

while the area of the narrowest section in the 
stenotic region is 30.25% of the cross-sectional 
area of the tube beyond the stenosis, i.e., the ste-
nosis amounts to 69.75% (70% rounded off). 

The flow in this model of a blood vessel at  
Re = 1803 was computed by the LES method 
using the Germano – Lilly dynamic model [16, 
17]. The computational domain included a sten-
otic region, an inlet section with the length of 5D 
and an outlet section with the length of 20D; the 
latter is sufficient for eliminating any significant 
influence of the outlet boundary condition on the 
flow near the stenosis.

 The computations were carried out using the 
general-purpose 'finite-volume' CFD code AN-
SYS CFX, version 18.2. This software tool oper-
ates with dimensional values. 
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The set of defining dimensional parameters of 
the problem is given in the table. The Reynolds 
number is computed from these parameters.

A parabolic velocity distribution was given at 
the inlet to the computational domain, which 
corresponds to the Poiseuille solution for devel-
oped laminar flow in a circular tube; constant 
pressure and 'soft' conditions for the velocity 
were imposed at the outlet. No-slip conditions 
were imposed on the walls.

The ICEM CFD program was used to con-
struct a computational O-grid mesh consisting 
of hexahedral elements (Fig. 1). The longitu-
dinal mesh spacing was uniform in the stenotic 
region and throughout the entire outlet section, 
amounting to 0.04D, while the maximum trans-
verse spacing was 0.02D. The longitudinal spac-
ing at the inlet section gradually decreased to 
0.04D approaching the stenotic region. The total 
number of elements in the mesh was about 4.5 
million.

A central scheme with second-order accuracy 
was used in the computations for approximating 
the convective terms in the equations of motion. 
A three-layer Euler scheme was used to advance 
in time. The time step was 0.0002 s, which en-
sured local Courant numbers less than unity in 
the entire computational domain.

The sample used to obtain the averaged flow 
characteristics was accumulated over a time of 
1050ts, where ts is the time scale of the problem 
(ts = D/Vb); the previous time interval, covering 
about 600ts, was sufficient for statistically steady 
flow to be established, starting from a zero veloc-
ity field. 

The simulations were performed on the Poly-

Table
Computational parameters and their values

Parameter Notation Unit
of measurement Value

Vessel diameter (beyond stenosis) D mm 10
Mean flow velocity (beyond stenosis) Vb m/s 0.627

Fluid density ρ kg/m3 1000
Dynamic viscosity coefficient μ Pa∙s 0.003478

Reynolds number Re = ρVbD/μ 1803

technic RSC Tornado cluster of the Polytechnic 
Supercomputer Center (http://www.scc.spbstu.
ru). The problem was run on 18 dual-core nodes 
(Intel (R) Xeon (R) E5 2697v3) and parallelized 
to 450 cores; the full simulation took about a 
week of real time (76,000 core hours).

Results and discussion

A peculiarity of the simulated flow is the pres-
ence of a laminar-turbulent transition behind the 
stenosis. To illustrate this, the Q-criterion iso-
surface was constructed in Fig. 2,a [19], with the 
colors corresponding to the local values of the ve-
locity modulus; this allows visualizing the region 
where turbulent vortical structures with different 
scales evolve due to hydrodynamic instabilities. 
The latter are characteristic for jet-like shear flow.

Fig. 2 also shows two isosurfaces of the 
time-averaged longitudinal velocity component. 
One of these surfaces (see Fig. 2,b), plotted for 
the value Vz = 3.2Vb = 2 m/s, illustrates the di-
mensions of the region with pronounced jet flow. 
The other one (Fig. 2,c), corresponding to the 
value Vz = –0.002Vb, shows two zones of recir-
culation flow behind the stenosis: an extensive 
one (about 5D-long) immediately behind the 
stenosis, and a very small one, located near the 
opposite wall at a distance of about 4D from the 
center of the stenosis. A small separation zone is 
also formed before the stenosis.

The fields of time-averaged velocity compo-
nents in three cross sections of the vessel mod-
el are shown in Fig. 3. Evidently, the jet formed 
in the stenotic region, whose local velocities are 
relatively high (exceeding the mean flow rate  
Vb = 0.627 m/s beyond the stenosis by up to 4 
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Fig. 2. Flow structures in stenotic vessel, visualized by constructing a Q-criterion isosurface (Q = 0,06 s–2) (a);  
two isosurfaces of averaged longitudinal velocity Vz taking the values 3,2Vb (b) and –0,002Vb (c)

Fig. 3. The time-averaged field of longitudinal velocity component with the field of transverse  
velocity vectors superimposed on it in three sections of the vessel model: z/D = 2 (a), 4 (b), 10 (c)

a)         b)    c)

times), is also characterized by the presence of a 
fairly intense transverse (secondary) flow in the 
form of a vortex pair (see Fig. 3,a). In fact, this 
pair, similar to Dean vortices in curved tubes, 
develops in the anterior part of the stenosis, 
where the flow occurs along curved streamlines 
following the geometry of the stenosis. In turn, 
the vortex pair developing in the stenosis induc-
es a secondary flow (with opposite circulation) 
in the backflow zone behind the stenosis, also 
leading to bifurcation of the jet downstream (see 
Fig. 2,b and 3,b). The averaged transverse flow 
almost completely degenerates at a distance less 
than 10D from the center of the stenosis, and the 

distribution of the averaged longitudinal velocity 
regains an axisymmetric 'tubular' shape, with the 
maximum velocity in the center of the vessel (see 
Fig. 3,c).

The field of averaged longitudinal velocity in 
the central longitudinal section (in the plane of 
symmetry) is shown in Fig. 4,a. It can be seen 
here and in Fig. 3,b that the maximum velocity 
of the backflow section in the main recirculation 
zone is comparable in magnitude with the mean 
flow rate Vb beyond the stenosis. 

A high-gradient shear layer (mixing layer) is 
formed at the boundary of the jet and the recircu-
lation zone; the phenomena characteristic for this 
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Fig. 4. Computed fields in the symmetry plane of the vessel: time-averaged longitudinal velocity (a),  

instantaneous value of x-component of vorticity (b), Reynolds shear stress Ryz =            (s), 

 instantaneous value of the ratio of subgrid-scale vortex to molecular viscosity (d)

,yz y zR V V′ ′= −

layer are caused by the Kelvin – Helmholtz insta-
bility. Visualization for the instantaneous field of 
the x-component of the vorticity vector (Fig. 4,b) 
indicates that the Kelvin – Helmholtz instability 
and other hydrodynamic instabilities appearing 
in the presence of backflow and secondary flows 
generate turbulent flow with three-dimensional 
vortical structures of different scales evolving. 
These structures fill the entire cross section of 
the vessel in the neighborhood of the attachment 
point. However, the flow becomes relaminarized 
further downstream. It can be seen from Figs. 2,a 
and 4,b that as the distance from the stenosis in-
creases, small-scale structures quickly disappear 
from the spectrum of pulsatile flow, while the re-
maining vortical structures with lower intensity 
stretch along the flow.

Fig. 4,c shows the field of values for one of  

the components of the Reynolds stress tensor 
computed from the numerically resolved compo-
nents of pulsatile motion (marked with a prime; 
the overbar corresponds to averaging over time). 
It can be seen that the turbulent shear stress Ryz = 

=             playing a predominant role in 

extracting kinetic energy from the main flow, is 
significant in magnitude only at several calibers 
in the neighborhood of the attachment point, 
namely, at 2.5 < z/D < 6.5. This is in agreement 
with the measurement data given in [18] for the 
generation rate of turbulent kinetic energy at the 
moment of the highest flow rate.

Determining the level of subgrid-scale kine-
matic viscosity predicted in our computations by 
the Germano – Lilly dynamic model gives the in-
stantaneous field of the ratio of the subgrid-scale 

,yz y zR V V′ ′= −
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vortex to molecular viscosity, shown in Fig. 4,d. 
We can conclude from these data that the con-
tribution of subgrid-scale viscosity to dissipative 
effects in the given flow configuration, with Re =  
= 1803, is again significant only in the region 
covering several calibers in the neighborhood of 
the attachment point; moreover, even the ratio  
t / is less than unity even in this region.

Fig. 5 shows the profiles of the time-aver-
aged longitudinal component of velocity in the 
symmetry plane, normalized to the value of the 
mean flow velocity Vb for several cross sections 
of the flow in the stenotic region (two graphs 
are given for clarity). As the flow in the first half 
of the stenotic region is strongly accelerated, a 
flow core that is nearly homogeneous evolves 
in the center of the stenosis, with relatively 
thin high-gradient shear layers forming at the 
boundaries of the core (see Fig. 5,a). The upper 
part of the flow core is already largely smeared 
two calibers away from the center of the stenosis  
(z/D = 2); this is mainly due to convective trans-
fer of low-velocity fluid from the wall, responsi-
ble for the above-mentioned secondary flow in 
the form of a vortex pair (see Fig. 3,a). At the 
same time, the high-gradient layer at the lower 
boundary is very pronounced up to this section. 
The nature of the velocity profiles is drastically 
different in the sections z/D = 4 and 5, located 
further downstream (Fig. 6,b): their central part 

a)            b)

Fig. 5. Profiles of time-averaged longitudinal velocity in the symmetry plane, in different sections 
of the stenotic vessel; a): z/D = –1 (1), 0 (2), 1 (3), 2 (4); b): z/D = 2 (4), 4 (5), 5 (6), 10 (7)

is characterized by very moderate velocity gra-
dients (see Fig. 5,b). The velocity profile related 
to the section z/D = 10 is a good illustration for 
the consequences of the mixing action of turbu-
lent structures 'residing' in the neighborhood of 
the attachment point and some distance away 
from it: an almost axisymmetric central flow re-
gion develops as a result of this mixing (see also 
Fig. 3,c), with velocities close to mean flow rate, 
along with a boundary layer (gradually increas-
ing in thickness with distance from the given 
section).

Longitudinal distributions of the time-aver-
aged skin friction coefficient on the lower and 
upper walls of the vessel (in the symmetry plane) 
are shown in Fig. 6. The skin friction coefficient 
was calculated by the formula

where τw is the modulus of the skin shear stress 
vector on the wall. 

To identify the backflow zones, the values of 
the skin friction coefficient shown in the graphs 
were computed taking into account the sign of 
the longitudinal component τwz of the surface 
stress vector.

The skin friction coefficient is very high, ex-
ceeding the value of 0.00887 obtained for the 
flow before this region by almost 50 times. The 

( )2 2 ,f w bC V= τ ρ
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a)            b)

Fig. 6. Longitudinal changes in the time-averaged skin friction coefficient  
in the stenotic region (a) and behind it (b);

 data are given for the upper (solid line) and lower (dashes) walls

Fig. 7. Normalized profiles of turbulent kinetic energy of turbulence k (а) and Reynolds stress Ryz (b)  
in symmetry plane of the vessel for 4 sections located in the region behind the stenosis:  

z/D = 2 (1), 4 (2), 5 (3), 10 (4)

a)            b)

values of Cf with the largest magnitude in the 
backflow zone are 7 times higher than those be-
fore the stenotic region. According to the com-
putations performed, the attachment point of 
the flow in the symmetry plane is located at a 
distance Lr = 5.3D from the center of the steno-
sis. This value is fairly close to the experimental 
estimate Lr  4.5D, which follows from the data 
given in [18]. These data were obtained for the 
position of the attachment point during pulsa-

tile flow, with the Reynolds numbers lying in the 
range 1000 – 1800.

Fig. 7 shows the profiles of two turbulence 
characteristics for four sections located behind 
the stenosis: turbulent kinetic energy k and the 
Reynolds stress Ryz; both are computed (for the 
symmetry plane) from the numerically resolved 
components of pulsatile motion and are normal-
ized to the square of the mean flow rate. Nota-
bly, the turbulent kinetic energy in the sections  
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In order to develop the technology for dehydration of biomolecular films with specified parameters 
under an electrostatic field (EF), the structures of dehydrated films obtained from aqueous solutions 
of albumin molecules and deposited on solid glass substrates in the EF have been studied, dehydration 
conditions being varied. The resulting structures were examined under a microscope (with recording 
the micrographs) in the light passing through the films and in the one reflected from the substrates. An 
analysis of the micrographs made it possible to reveal characteristic inhomogeneities arising in the films 
and recognize their main types. The optimal regions of parameters in which the film production modes 
were predominantly realized were found. For the first time, a "bubble" model for interpretation of the 
spatially inhomogeneous structure of dehydrated biomolecular films was put forward. In the model, the 
processes conditioned by dissolved gases in the initial solutions were taken into account.
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СТРУКТУРИРОВАННЫЕ БИОМОЛЕКУЛЯРНЫЕ ПЛЕНКИ  
ДЛЯ МИКРОЭЛЕКТРОНИКИ

М.А. Баранов, О.Ю. Цыбин, Е.Н. Величко

Санкт-Петербургский политехнический университет Петра Великого, 
Санкт-Петербург, Российская Федерация

С целью разработки технологии дегидратации биомолекулярных пленок с заданными па-
раметрами в электростатическом поле (ЭП), исследованы структуры дегидратированных пле-
нок, полученных из водных растворов молекул альбумина и осажденных на твердых стеклян-
ных подложках в ЭП; при этом варьировались условия дегидратации. Полученные структуры 
изучены под микроскопом (с регистрацией микрофотографий) в проходящем через пленки 
свете и отраженном от подложек. Анализ микрофотографий позволил выявить характер-
ные неоднородности, возникающие в пленке, и выделить их основные типы. Определены 
оптимальные области параметров, в которых режимы получения пленок преимущественно 
реализуются. Впервые для интерпретации пространственно-неоднородной структуры деги-
дратированных биомолекулярных пленок предложена «пузырьковая» модель, в которой учи-
тываются процессы, обусловленные растворенными газами в исходных растворах.

Ключевые слова: самоорганизованная структура, биомолекулярная пленка, микроэлектрони-
ка, биологическая молекула, электрохимия, биосенсор
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Introduction

Electronic devices incorporating organic lay-
ers on solid surfaces have rapidly gained impor-
tance in science and technology [1 – 13]. Stud-
ies and applications of polymer films (including 
protein, organic single-layer and multilayer) on 
solid substrates are diverse, combining physics, 
chemistry, materials science, biology, medicine, 
electronics, nanoscale engineering, etc. Biomo-
lecular films are in demand for the protein pro-
duction technologies, human genome sequenc-
ing, protein research, and in many other areas, 
ranging from food technologies to environmental 
problems [14 – 21]. 

Processes leading to chaotic or ordered inho-
mogeneities have been uncovered through im-
plementations of technologies for synthesizing 
films on substrates [1 – 8]. For example, spatial 
inhomogeneities can evolve on the film surface, 
forming patterns of different size, order, mor-
phology and complexity. Such patterns contain 
thin straight and curved lines dividing sections of 
the structure, ordered geometric shapes of bulges 
and depressions near the surface, as well as pro-
trusions, grooves and cracks of varying depths, in 
particular those with long-range spatial order [4, 
5]. Spiral, radial, circular cracks, etc., were ob-
served in thin films. Some forms can be repetitive 
and stable; they are likely associated with some 
peculiar physicochemical properties observed in 
the films and their potential applications. For ex-
ample, medical studies have established that the 
structure of patterns on dried samples of human 
blood, saliva, and tears can be used to diagnose 
diseases [6 – 8].

Isothermal dehydration can be an efficient and 
flexible method for incorporating biomolecular 
films in micro- and nanoelectronics; however, 
the nature of the inhomogeneities emerging and 
possible ways to eliminate them have not been 
fully understood yet [22 – 24].

The goal of the study consists in developing 
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a technology for dehydration of biomolecular 
films with the given parameters at room and el-
evated temperatures under an applied electro-
static field, which are good candidates for mi-
croelectronics.

Isothermal dehydration method

The technology for removing water from a 
previously prepared solution (evaporation, dehy-
dration, drying) is based on fundamental physical 
principles. Evaporation of atoms and molecules is 
described by the Clausius – Clapeyron reaction, 
essentially yielding a channel for loss of neutral 
particles:

where na is the number of particles evaporating 
from a unit area per unit of time; la, J, is the work 
done during evaporation of a particle; T, K, is the 
temperature; k, J/K, is the Boltzmann constant; 
b, K–1/2, is the thermal evaporation rate.

The mass transport of water from liquid sur-
faces is influenced by temperature, composition 
of the gas phase, activity of surface substances, 
bulk rheological properties and kinetics of vapor 
transport and heat flux through the surface, as 
well as the geometry of experimental conditions 
[25 – 27].

Film seems to have an optimal geometry for 
experiments developing the theory of evapora-
tion from the surface, as it is characterized by 
small thickness in comparison with the other two 
dimensions. Isothermal processes in such ob-
jects make it possible to simplify their analysis. 
When self-organized structuring of the surface of 
a dehydrated biomolecular film on a substrate is 
caused by evaporation of the solvent at a constant 
temperature, stable patterns (including periodic 
ones) with widely varying morphologies appear 
on the film; the characteristic size of the patterns 
depends on the initial film thickness.

( )1 2 exp ,a an bT l kT= −
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The heterogeneity of surface coatings aris-
ing through dehydration is caused by interfacial 
dynamic instability due to surface tension gradi-
ents, called the Marangoni instability [28, 29]. 
The main factors, namely the surface tension 
force and the viscous friction force, change along 
with varying temperature and amount of solvent.

As biological fluids have complex composi-
tions, and there is a variety of physical, chemical, 
mechanical and other processes, the mechanisms 
behind the formation of different patterns induced 
by spontaneous evaporation are still poorly under-
stood. The patterns observed are very intricate, so 
analytical formulas or a single model can hardly 
account for all the details of their formation [30]. 
The mechanism governing the growth of logarith-
mic spiral cracks is associated with a stress front 
propagating in a specific direction [31].

The pattern is affected by the structure of the 
substrate [32], temperature and humidity con-
ditions, and the electric and magnetic fields ap-
plied to the objects during dehydration.

Ref. [33] reported on drying droplets of 
laponite gel (Laponite RD, a synthetic layered 
silicate) under an applied radial electric field. 
This created reproducible patterns that depended 
on the strength, direction and time of exposure 
to the electric field. As the electric field was ap-
plied, patterns on the film appeared after a cer-
tain amount of energy was dissipated.

Active electronic and physical properties of 
thin biomolecular films were discovered by im-
pedance measurements and theoretical fluctu-
ation studies [34, 35]. Such properties can be 
depend on the periodic structure of the films, 
which was revealed by optical measurements and 
methods of non-equilibrium thermodynamics 
[36, 37].

Correlations were found between the dy-
namics of protein film formation and the ionic 
component concentration in the initial solution, 
which made it possible to link the evolving pro-
cesses with polarization of the sample's molecules 
(their electrical nature) [38, 39]. The effect of an 
electric field on protein (polypeptide) biomo-
lecular films is a crucial problem for microelec-
tronics; however, data on the subject are scarce in 
the literature.

It is known that biomolecular electrical con-
ductivity is provided by different kinds of charge 
carriers, electrons and protons in molecules, 
playing a major role in the processes that govern 
the biological world; this type of conductivity can 
be implemented in electronic devices. Recent 
studies have substantiated the theoretical foun-
dations of biomolecular electronics and ionics, 
proving that it can offer viable technologies [9, 
10]. Remarkable strides have been made in pro-
ducing biomolecular materials in the form of film 
metamaterials, which can maintain ion and elec-
tron currents over millemeter ranges in microe-
lectronic devices. The structure of biomolecular 
metamaterials determines the electrical imped-
ance over a wide frequency range, as well as the 
characteristics of electronic devices incorporat-
ing such materials. 

We experimentally studied the spatial struc-
ture of dehydrated protein films obtained from 
an aqueous albumin solution on a dielectric 
substrate during isothermal drying at varying 
concentrations of the initial solutions, temper-
atures, and constant electric fields applied with 
the strengths ranging from zero to approximately  
1 V/cm. We tested large molecules that can serve 
as good candidates for micro- and nanoelectron-
ics during dehydration of solutions for the first 
time ever.

Method

Albumin protein (Human albumin) from Bi-
otest Pharma GmHb (Dreieich, Germany) was 
used in the experiments. An aqueous solution 
with an initial concentration of 20% (200 g/L) 
was prepared from albumin. Working samples 
with a volume of 2 ml, each with concentrations 
of 2, 5, and 10%, were prepared from the primary 
solution for each experiment. The samples were 
placed in glass Petri dishes 20 mm in diameter.

Fig. 1 shows a schematic view of the 
experimental setup for studying the spatial struc-
ture of protein films dehydrated in a thermostat 
under an applied electric field. The setup con-
tained a flat capacitor with fixed plate-shaped 
coatings (F. Pl.) made of stainless steel with the 
dimensions of 100 × 100 mm; the distance be-
tween the plates was 20 mm. Experimental solu-
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Fig. 1. Schematic representation of the experimental setup used for studies of the spatial structure  
of the protein film during its dehydration in an electric field: G – electric field generator;  

Th – thermostat; F. Pl. – fixed capacitor plates; Petri dish – Petri dish with aqueous solution

tion samples in a Petri dish were placed between 
the plates in an electric field (with a strength of 
0; 0.5; 1.2; 5.0 V/cm) and put into a thermostat 
(Th) (at temperatures of 293, 298, 303, 308 and 
313 K) for a dehydration period, which varied 
widely, from one hour or longer. A TC-1/80-SPU 
thermostat with forced air circulation was used 
to dry the films. The humidity in the thermostat 
chamber was 20 ± 1%.

Images of the films were recorded in trans-
mitted light using an Olympus CX 43 optical mi-
croscope and a USB camera. We used an Altami 
UHCCD05000KPA camera with a resolution of 
1280 × 980, a SONY ICX282AQ sensor, and a 
PlanC N microscope lens with a 40× magnifica-
tion, an aperture of 0.10, and 24-bit depth. The 
spectral range was 380 – 650 nm.

All micrographs in this paper were recorded 
on a common scale. The average thickness of 
the obtained samples was 200 ± 10 μm with the 
measuring probe positioned on the sample in the 
center and at the edge of the cuvette.

Experimental results

Fig. 2 shows images of spatio-temporal struc-
tures in albumin protein films obtained at dif-
ferent strengths of the applied uniform electric 

field. Spatially periodic images were observed, 
containing thin dark straight lines delimiting in-
dividual regions, as well as transparent disks with 
circular or spiral boundaries.

After albumin films were dried, the typical siz-
es and densities of the disks and spirals changed 
with varying external conditions. The height h of 
disks and spirals was about 100 μm, correspond-
ing to the film thickness H from h << H to h ≈ H. 
As the surface was quasi-periodically filled with 
such regions, the film acquired spatial ordering, 
exhibiting pronounced properties of a metama-
terial. The main structural elements observed in 
Fig. 2 and below are represented by two types of 
patterns:

segments dividing straight and curved lines;
a network of disk granules. 
All images in Fig. 2 have the same scale; a 

scale bar (300 μm) is given in the first image. The 
dividing segments are likely due to are caused by 
folds and higher density regions in the structure 
of the film obtained. Compact small-sized disk 
granules, transparent or bounded by circular and 
spiral dark walls are observed in the regions be-
tween straight lines (see Fig. 2). The spiral struc-
tures around the disks are similar to those de-
scribed in the literature [40, 41]. A similar study 
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Fig. 2. Micrographs of protein films obtained at different albumin solution concentrations  
(2% (a – d) and 5% (e – h)) and electric field strengths, V/cm: 0.5 (a, e), 1, 0 (b, f), 

 2.0 (c, g), 5.0 (d, h); dehydration temperature T = 310 K

a)

d) e)

g) h)

f)

b) c)

[41] obtained Newton's interference rings during 
sample drying. The authors attribute this to de-
lamination of the film with an air gap growing be-
tween the sample and the glass substrate. Similar 
structures were also formed in our experiments. 
The same as in [41], they can be associated with 
diffraction of light by air bubbles and subsequent 
interference.

Spiral formation was linked to thermome-
chanical stresses, growth dynamics, and osmot-
ic pressure in [40] and studies. To analyze the 
growth dynamics, we recorded the results of 
isothermal dehydration of protein films at differ-
ent times, monitoring the film cracking process.  
Fig. 3 shows photographs (with a scale bar) of the 
inhomogeneities formed with a time step of 1 s. 
The finer details coincide in all images, which 
means that the processes are slow and fast chang-
es are not observed.

Thermomechanical stresses and adhesion to 
the substrate depended on the mass of residual 
water, which was determined by weighing. The 
resulting dependence of the water mass on the 
protein concentration in the initial solution is 
shown in Fig. 4.

The dependence (Fig. 4) decreases smooth-
ly as the initial concentration of albumin is in-
creased to 15% (wt.%). The film was strongly 
bonded to the substrate in these conditions. The 
film became unstable with poor adhesion to the 
substrate at an initial albumin concentration of 
about 20% or higher. Comparing our results with 
the numerical data given in [42], we can analyze 
the dependence of free energy for dry film on the 
mass of residual water, as well as stability and ad-
hesion of the films. However, such analysis is not 
given here as it would be beyond the scope of this 
study. 
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Fig. 3. Images of film inhomogeneities at different time moments with a step of 0.25 s.  
The first image corresponds to 10 s after the object removal from the thermostat

Fig. 4. Dependence of residual water mass in dehydrated albumin films  
on albumin concentration in the initial solution 

Fig. 5. Images of spatial structures in albumin protein films obtained  
at different initial concentrations of albumin protein solution (determined by the mass  

of components and plotted along the ordinate) and dehydration temperatures.  
The dotted curve shows the approximate border of the regionb with increased 

surface density of disk structures (the region lies above the curve)



87

Atom physics and physics of clusters and nanostructures

Fig. 5 shows the images of spatial structure for 
albumin protein films at different values dehy-
dration temperatures and initial concentrations 
of albumin protein in the working sample.

Changes in temperature and concentration of 
albumin protein in the sample during dehydra-
tion had a joint effect on the disk granule struc-
tures evolving. Microscopic granules changed 
from transparent disks to those with circular or 
spiral boundaries under some conditions. The 
increase in the surface density and the total ar-
ea of the spiral forms became more pronounced 
with higher concentrations of the initial solution 
in the working sample. More stable films and 
smoother lines dividing the surface regions were 
produced with higher dehydration temperatures. 
The dashed curve in Fig. 5 separates the region 
with increased surface density of disk structures, 
including circular and spiral forms (the latter lie 
mainly above the curve).

Fig. 6 shows an experimentally obtained 
curved surface separating regions with increased 
and decreased concentrations of disk (including 
circular and spiral) structures in dehydrated al-
bumin films. This surface is given as a function of 
three parameters: the initial concentration of the 
solution, the dehydration temperature, and the 

Fig. 6. Curved surface (obtained experimentally) separating the regions of increased and decreased 
concentrations of helical structures in dehydrated films of albumin protein as a function of initial 

solution concentration, dehydration temperature, and strength of the applied electric field

strength of the applied external electric field. The 
spiral structures generally did not appear in the 
region lying below this surface. The quality of the 
films was assessed in this region by the observed 
division into regions with rectilinear or curved 
boundaries.

Increased concentrations of transparent disk 
granules, circular and spiral structures were ob-
served in the films at sufficiently high initial con-
centrations of the solution, dehydration temper-
atures, and external electric field strengths. These 
results provide an insight into the nature of the 
physical processes occurring at the stage of film 
dehydration, making it possible to formulate the 
models explaining their evolution.

Discussion

The data given in Fig. 6 can serve as a basis for 
developing model representations of the physical 
processes occurring. We believe that the mod-
el propose should link the formation of spheri-
cal cavities (bubbles) with the reduced density 
of particles in solution films at the dehydration 
stage. It is likely that small volumes of air released 
from the solution act as such particles. Indeed, 
the phenomenon of bubble formation can be 
explained by taking into account the presence 
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of dissolved air in the initial working sample at 
atmospheric pressure. Outward signs indicate 
that this is similar to internal vaporization dur-
ing liquid heating. However, quantitative analy-
sis suggests more complex dependences on the 
parameters of the processes, which have not been 
sufficiently studied.

As water molecules evaporate, the boundaries 
of the film approach each other and the dissolved 
air is compressed, which leads to formation of gas 
bubbles. The bubbles appear as transparent disks 
in micrographs of the films (obtained in transmit-
ted light). Due to high values of viscosity forces 
of the solution and surface tension, migration of 
bubbles is slow, and some of them remain bound-
ed in the dehydrated film. As air escapes to the 
film surface, the protein mass may be stretched 
at the boundary of the channel in which the air 
bubble moves, with such stretching leading to a 
compacted a circular state.

The simple model we propose can qualitative-
ly characterize the processes of formation of the 
observed structures by taking into account the 
presence of dissolved air in the film but requires 
a more complete quantitative description. In our 
opinion, this model is more adequate than those 
suggested earlier. It is proposed for the first time. 
A uniform bubble size distribution speaks in fa-
vor of our model. In addition, the model takes 
into account the physical processes of dissolution 
(absorption) and release of gases in liquids. The 
average bubble diameter is much smaller (by an 
order of magnitude or more) than the film thick-
ness. Exfoliation of film sections from the sub-
strate cannot be uniform in surface and shape, 
and, moreover, cannot be reproduced for differ-
ent substrates in different measurement modes. 
Considering the processes associated with dis-
solved air turns out to be sufficient to interpret 
the results obtained, making it possible to ignore 
secondary physical effects.

Escape of air bubbles to the surface of the film 
can explain not only the disk shape of the pat-
terns formed but also the spiral shapes evolving, 
which complements or even replaces the tradi-
tional thermomechanical model [43].

A spatially inhomogeneous film can form in 
an electric field under the action of nonstationary 

temperature and vapor-gas mechanical stresses, 
as well as external electrostatic pressure under 
lateral and spatial charge redistribution.

The measurement results (Fig. 6) indicate that 
the external electrostatic field has a pronounced 
effect. Indeed, the pressure of the electric field on 
the surface due to polarization of protein and wa-
ter molecules is proportional to the square of the 
electric field strength E:

where F, N, is the local value of the force acting 
on the region S (m2); E, V/m, is the strength of 
the electrostatic field; ε is the relative dielectric 
constant of the film substance in the correspond-
ing phase state; ε

0
, F/m, is the dielectric constant 

(ε
0
 = 8.85 ∙ 10–12 F/m); σ, S/m, is the specific 

electrical conductivity. 
The component of the electric field E normal 

to the film surface can induce a lateral charge 
redistribution in the volume of the liquid phase 
due to the appearance of a concentration gradi-
ent of ions and the potential they generate. The 
dielectric constant ε

0
 produces a nonuniform 

disjoining pressure. In addition to thermome-
chanical effects, this pressure can increase the 
film deformation, leading to the formation of 
lines with higher density separating individu-
al regions of the surface. Notably, however, the 
general effect of the electrostatic field is much 
more complex.

The polarizing electric field in an aqueous 
solution is proportional to the concentration of 
protein impurity ions, and the mobility of impu-
rity ions is proportional to the process tempera-
ture. An increase in the impurity concentration 
and temperature lead to an increase in the ion 
current density and, accordingly, in the later-
al and spatial charge redistribution. Lateral and 
spatial charge redistribution includes electropho-
retic migration in the volume at the liquid phase 
stage, as well as induced surface charges at the 
transition stage to the solid phase. 

Conclusion

We have considered the structure of dehy-

2
0 ,F E

S
= εε σ
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drated films obtained from aqueous solution of 
albumin molecules on a solid glass surface at 
an elevated temperature and under an applied 
external electrostatic field. Solutions of large 
molecules that appear to be suitable candidates 
for microelectronic technologies were tested for 
dehydration for the first time ever. The initial 
concentration of molecular solution, temper-
ature conditions, and the strength of the elec-
trostatic field applied were varied during dehy-
dration. The method for studying the obtained 
films consisted in recording micrographs in the 
light transmitted through the film and reflect-
ed from the substrate. Analysis of the images 
revealed characteristic inhomogeneities of two 
main types in the films:

regions separated by thin lines,
microscopic disk-shaped granules (including 

those with pronounced circular or spiral bound-
aries), distributed over the surface.

As a result, we have found the parameter 
ranges for the conditions in which either the first 
or the second type of inhomogeneities evolves.

We have proposed a novel 'bubble' model for 
interpreting the spatially inhomogeneous struc-
ture of dehydrated biomolecular films account-
ing for the processes produced by dissolved gas-
es in the initial solution.

The structure of the protein films synthesized 
apparently correlates with temperature condi-
tions, the concentration of biomolecules in the 
initial solution and the applied electric field, 
which are characteristic for the studied dehy-
dration processes. This provides insights into the 
thermomechanical and electrical nature of some 
of these processes.

The effects of dissolved gases and the bubble 
mechanism should also be taken into account in 
descriptions of the processes occurring in films 
prepared by other methods, for example, Lang-
muir – Blodgett or layer-by-layer deposition. 

The proposed dehydration mechanism is at 
the stage of supercomputer and experimental 
verification. The data can be used to develop 
technologies for producing high-quality films 
with specific parameters, in particular, for mi-
croelectronics applications.
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Introduction

The paper considers the hyperbolic equation

together with the initial and boundary data

The direct (initial boundary value) problem 
lies in finding the function u(x,t) from Eq. (1) and 
conditions (2), when a > 0, f (x,t) are known.

Our paper proves the theorem of unique exist-
ence of the solution for the initial boundary value 
problem and proposes a formula for its solution 
never presented before. The formula can be re-
garded as a generalization of Duhamel integral.

Recall that classic Duhamel integral is the 
solution to Cauchy problem when there is neither 
a constraint on variable x

3
 nor, respectively, any 

boundary condition. The most specific feature of 
our formula is the use of discontinuous function 
under the integral. The obtained formula also al-
lows us to pose and solve the inverse problem of 
finding the coefficient of equation (1).

Moreover, the study conclusions are ap-
plied to a special case of two spatial variables, 
when functions u(x,t), f (x,t) depend only on  
the variables (x2, x3, t), which can be considered 
to be a realization of the descent.

The classic theory of mixed problems is pre-
sented for example in articles [1–3] for a case 
of bounded domain of spatial variables. In a 
multidimensional case, the known results for 
unbounded domains are included in book [3], 
where the known data is additionally assumed as 
finite which for a bounded time interval allows us 
to resolve the problem into the already studied 
case of the bounded domain.

Our conclusions for the direct problem are re-
garded as a generalization of the classic results. 
There are numerous papers published by vari-
ous authors and devoted to this research direc-

tion. With no pretense of any extensive review, 
we indicated only several of them, for instance, 
papers [4 – 16]. As to the inverse problem of this 
paper, we noted only the papers by other authors  
[17 – 23] most similar to our direction or re-
search.

Notations, definitions
and direct problem statement

Let us introduce the following notations:

define a unit sphere in a three-dimensional space 
as Ω, and its elements as ω = (ω1, ω2, ω3), which 
using spherical angles are written as

For first derivatives of arbitrary function  
ψ(ξ1, ..., ξn) with respect to ξi, except for the tra-
ditional notations, we also use ∂i ψ(ξ1, ..., ξn). The 
left-hand side of Eq. (1) is denoted as La u.

We follow the existing tradition, when CP(G) 
denotes a set of functions possessing all partial 
derivatives up to and including order p continuous 
in domain G, while a set of such functions pos-
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sessing continuous extensions of all derivatives 
at the domain boundary is denoted as       .  
Let us assume that               .

Consider function F(x,t) equal to f(x,t) for  
x

3
 ≥ 0 and –f (x,t) for x

3
 < 0. Let us denote re-

striction of function x
3
 < 0 on closed set G+ us-

ing F+(x,t), and on set G– using F–(x,t). Note 
that function F(x,t) turns out to be, generally 
speaking, discontinuous, when x

3
 = 0.

We search for the generalized solution of 
problem (1), (2) in the next class of functions:

i.e. function u(x,t) is the solution to Eq. (1) in 
the classic sense in domains        , while at the 
border between them it turns continuous with its 
first derivatives. Note that continuity of second 
derivatives on hyperplane x

3
 = at is not intended.

Differential properties  
of the Duhamel-type integral

Consider the following integral:

The following statement is true.
Lemma 1. A function defined by Eq. (3) belongs 

to the following classes:

P r o o f. Suppose          . First, let us find 
derivatives of function U(x,t) with respect to t. 
Let us present U(x,t) as a sum

( )pC G
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 / aτ).

Let us differentiate each of the Eqs. (4) – (6) 
with respect to t:
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Now, consider the case of          (x
3
 > at):

By adding up right-hand sides of Eqs. (7), (9), 
(11) and letting t → x

3 
/a, we see that the limit 

value of this sum coincides with the limit value 
of the right-hand side of Eq. (13). Thus, we show 
that partial derivative ∂U(x,t) / ∂t is continuous 
at at = x

3
.

Moreover, using the indicated equations 
it is easy to show the continuity of ∂4U(x,t) for 
  

To analyze the second partial derivative of 
function U(x,t) with respect to t, we use Eqs. (8), 
(10), (12), which result in continuity of ∂4∂4U(x,t)  
for  

Now, consider derivatives of U(x,t) with 
respect to x
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where η = (ω
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While computing derivatives of U(x,t) with 
respect to x

3
, we repeatedly used equation  

α(x
3
, x

3
 / a) = π which allowed for some simplifi-

cation of the obtained expressions.
For          , the computations of deriva-

tives with respect to x
3
 are simple:

Let us add up right-hand sides of Eqs. (15), 
(17), (19) and find the limit of the indicated sum, 
when t → x

3 
/a. Despite the cumbersome expres-

sions, the required limit turns out to be equal to 
the right-hand side of Eq. (21), which proves the 
continuity of the first derivative U(x,t) with ree-
spect to x

3
 at set     . This property combined with 

the previously proved continuity of the derivative 
U(x,t) with respect to t allows us to conclude that 
  

Formulae for other derivatives containing dif-
ferentiation with respect to x

1
, x

2
 are obtained in 

a similar manner, but have a simpler form. It fol-
lows from these formulae as well as from a simple 
analysis of the right-hand sides of Eqs. (18), (20), 
(22) that U(x,t) belongs to the classes of  
                 

This proves lemma 1.
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π
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1( , ) ( ).U x t C G+∈

2
1( ),C G+

Lemma 2. Second partial derivative of function 
U(x,t) with respect to t may have a discontinuity of 
the first kind when x

3
 = at, while its jump is given by 

the formula

P r o o f. Consider a sum of right-hand sides 
of Eqs. (8), (10) and (12). The limit of the ob-
tained expression is significantly reduced due to 
equations

Moreover, some integrals become zero, and 
others are simplified. By subtracting from the 
thus obtained sum the right-hand sides of Eq. 
(14) at t = x

3 
/a, we come to formula (23). 

This proves lemma 2.

Main results

Theorem. There is a unique generalized solution 
to problem (1), (2).

P r o o f. Let us complete the definition of func-
tion F(x,t) with zero for t < 0. Then the integral 
in the right-hand side of Eq. (3), considered for 
all        is a convolution of function F(x,t) 
with a fundamental solution of the wave Eq. (1). 
Therefore, it is a solution of this equation in the 
class of generalized functions (Schwartz distri-
butions) (see paper [1, p. 224]). Also note that 
this integral is a regular generalized function and, 
thanks to the proved properties of function U(x,t) 
(lemma 1), has classic continuous derivatives up 
to the second order in domains         Thus, 
the equation

is valid, when  
Now, let us pay attention to equalities (2). The 

boundary conditions U(x
1
,x

2
,0,t) follows from the 

oddity of function F(x,t) with respect to x
3
 and 

the symmetry of the integration domain at x
3
 =  

2
2( ).C G+

( ) ( )

( )
3 3

4 4 4 4/ 0 / 0

1 2

lim , lim ,

, ,0,0 .
t x a t x a

U x t U x t

f x x
→ + → −

∂ ∂ − ∂ ∂ =

= − (23)

( )3 3 3, , ,t x a x x a= α = π

( )( ) ( )3 3, , 0,0, 1 .x x aω γ α = −

3,x R∈

1 2, .G G+ +

( )( ) ( ), ,aL U x t f x t=

1 2( , ) , ( , ) .x t G x t G+ +∈ ∈
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We need to find coefficient a. Assuming the 
condition

is satisfied, let us consider the value of the second 
derivative           . 

It results from lemma 2 that         has a uni- 
que discontinuity in a certain point t

0
 = ax

3
, which 

provides the required value a = t
0
 /x

3
. 

Conclusion

As we have already stated, this article is aimed 
at generalization of classic results which due a 
number of constraints are not always adequate 
for applied problems. Therefore, the main pur-
pose of our study is to expand the possibilities 
of practical introduction of theoretical conclu-
sions.

The paper considers a case of three spatial var-
iables. However, thanks to the method of descent 
the achieved results are applicable to description 
of the oscillating process with respect to not only 
three-dimensional volumes, but also two-dimen-
sional domains, such as a membrane.

The obtained formula is a new result, as clas-
sic Duhamel integral for a classic solution to the 
wave equation was previously used only for the 
Cauchy problem and was only applied to smooth 
functions of class C 2.

In addition, existence of an explicit formula 
allowed us to set and solve an inverse problem of 
determining the coefficient of the wave equation 
characterizing oscillating medium.

The study was also carried out for the purpose 
of possible application of the obtained results to 
other generalizations.

= 0. As function U(x,t) in domain     coincides 
with classic Duhamel integral, then the initial 
conditions in equalities (2) are satisfied as well. 
These conclusions, combined with the properties 
indicated in lemma 2, allow us to regard function 
U(x,t) as the required solution to the problem. 
To correlate the notations, all is left is to assume 
U(x,t) = u(x,t).

The uniqueness of the solution results from 
the uniqueness of the solution to the Cauchy 
problem for Eq. (1) in the class of generalized 
functions. 

The theorem is proved.
Let us further demonstrate the method of de-

scent traditionally used in the Cauchy problem. 
Suppose now the right-hand side of Eq. (1) does 
not depend, for example, on variable x

1
 Then, 

formula (3) is written as

As Eq. (24) is a special case of formula (3), 
then all the conclusions for the problem (1), (2) 
are valid in this case as well, with the details easy 
to deduct from the presented study. This method 
of descent could be further used to obtain the al-
ready known formula semibounded string .

Eq. (23) allows us to state the inverse problem 
and propose an algorithm for its solution. Sup-
pose for a certain fixed vector

there is a defined function

2G+

( )

(

)

2 3

2 2 3 3
0

, ,

1 , ,
4

.

t

u x x t

F x a x a t

d d
Ω

=

= τ + τω + τω −
π

−τ ω τ

∫ ∫ (24)

( )1 2 3 3, , , 0x x x x >

( ) ( )1 2 3, , , .u x x x t h t=

( )1 2, ,0,0 0f x x ≠

( )''h t
( )''h t
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НИЗКОПОРОГОВАЯ ПОЛЕВАЯ ЭМИССИЯ ЭЛЕКТРОНОВ  
ТОНКИМИ ПЛЕНКАМИ МЕТАЛЛОВ
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В работе экспериментально исследованы эмиссионные свойства тонких пленок нескольких 
металлов (Mo, Ni, W, Ti и Zr), нанесенных на кремниевые подложки методом магнетронного 
распыления. При эффективной толщине 6 – 10 нм, многие образцы пленок показали способ-
ность эмитировать электроны при комнатной температуре в поле с макроскопической напря-
женностью порядка единиц В/мкм. Оптимизированная процедура термополевой обработки 
позволяла дополнительно активировать их эмиссионные свойства, снижая эмиссионный по-
рог в несколько раз. Была выявлена корреляция эмиссионных свойств пленок с топографией 
их поверхности, определяемой методом атомно-силовой микроскопии (АСМ). При этом выра-
женной корреляции эмиссионной способности с прочими характеристиками покрытий (в том 
числе с видом металла и типом проводимости подложки) обнаружено не было. Полученные 
экспериментальные результаты свидетельствуют в пользу двухтемпературной («горячеэлек-
тронной») модели эмиссионного механизма для изученных покрытий.

Ключевые слова: полевая эмиссия, тонкая пленка, атомно-силовая микроскопия, эмиссия  
горячих электронов
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Introduction

One of the attractive applications of nanos-
tructured materials is their use as a part of cold 
(non-heated) cathodes of electronic devices. 
Currently, in practice, most often are used either 
metal (or silicon) tips or carbon nanotubes and 
similar fibers [1 – 5]. However, many research-
ers believe that cold emitters of electrons that do 
not have sharp points – with a relatively smooth 
emitter boundary [3 – 9] – are also promising, 
even though no practically competitive systems of 
this type have been proposed so far.

In one of the experimental types of cold cath-
odes studied since the 1960s [10 – 13], a nanos-
tructured metal (or carbon) film on a dielectric 
substrate was used as the main element. The film 
is actually a set of microscopic metal (or carbon) 
islands. The current in the film between the elec-
trodes deposited on top of it flows as a result of 
the tunneling transfer of electrons through the 
gaps separating the islands. In this case, electro-
luminescence and electron emission into the vac-
uum are observed. The mechanism of such emis-
sion has not been definitively determined, but, 
according to the most popular model [13 – 15], it 
includes the following processes:

hot electrons are emitted,
the electronic subsystem of the islands is heat-

ed by the current injected into them,
high electron temperature is maintained as 

a result of violation of the energy exchange be-
tween the electrons and the lattice, the last effect 
being characteristic of nanoscale objects.

The validity of this model was confirmed by 
the observation of emission while using non-cur-
rent methods of pumping electron energy into 
islands – in particular, under the influence of in-
frared (IR) radiation [13, 16].

Another type of experimental samples possess-
ing cold emittion was studied in [17 – 19]. It was 
shown that carbon “nano-island” films on sili-
con substrates are able to emit electrons at room 
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temperature in sufficiently weak electrostatic 
fields (the macroscopic field intensity was about 
1 V/m) and without any additional effects, such 
as surface current excitation. At the same time, 
there were neither areas with low work function, 
nor high-aspect elements of topography (points, 
fibers, etc.) on the surface.

To describe the emissivity of such films, we 
proposed a model [20, 21], which is largely sim-
ilar to the hot electron model described above. 
The assumption of slow relaxation of hot carriers 
in nanostructures is also used in this model, but 
it is assumed that this slowness is a result of the 
peculiarities of the electronic structure of sp2-hy-
bridized carbon [22, 23].

The primary goal of this paper was to test ex-
perimentally the validity of the latter assumption. 
It was necessary to determine whether the cold 
electron emission in macroscopic electric field 
strength of about 1 V/m (without other external 
influences, such as the flow of surface current or 
IR irradiation) is possible only for carbon island 
films, or it will also be observed in case of metal 
films of similar structures.

Experimental

The samples of metal films were deposited on 
naturally oxidized substrates of doped silicon by 
magnetron sputtering using a HEX unit manu-
factured by Mantis Deposit (Great Britain). The 
substrates were pre-cleaned by ultrasonic treat-
ment in an acetone solution. Then they were in-
stalled on the slide table of the growth chamber 
and subjected to additional thermal cleaning at a 
temperature of about 150 °C and residual gases 
pressure of 10–3 Pa. Before spraying the coating, 
the magnetron target was also cleaned: the sub-
strates were covered with a special screen during 
the first five minutes of the sprayer operation. The 
capabilities of the installation made it possible to 
conduct the metal deposition process at a residual 
gas pressure of about 10–4 Pa, to regulate the dep-
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osition rate (from 0.13 to 1.0 Å/s) and the tem-
perature of the substrates (from room tempera-
ture to 250 °C). The effective ("nominal") coating 
thickness was monitored by quartz microweights.

The emission properties of the samples were 
tested in an experimental apparatus assembled 
on the basis of a ТСН-2 vacuum installation at a 
residual gas pressure of about 10–7 Pa. The device 
contained six identical sections and allowed par-
allel testing of the corresponding number of sam-
ples. Each of them was fixed on a separate object 
table equipped with a direct-glow heater, thanks 
to which the temperature of the sample could be 
adjusted in the range from the room temperature 
to 600 °C. The electric field was created in a pla-
nar gap of 0.6 mm wide between the sample and 
the end face of a cylindrical anode with a diam-
eter of 6 mm.

After installing a batch of samples in the de-
vice and pre-pumping it, they were decontami-
nated by heating up to 150 °C. Further, the pro-
cedure of thermal field activation of the emission 
properties of coatings, developed earlier in the 
course of experiments with nanocarbon emitters, 
could be carried out [24]. For metal films, the 
parameters of the procedure were optimized by 
the selection method.

When measuring the emission characteristics, 
a slowly varying voltage was applied between the 
sample and the anode, up to a maximum value of 
4.5 kV from a controlled high-voltage source. The 
time intervals of its rise and fall (linear in time) 
were 35 s, which corresponds to a frequency of  
14 mHz. The voltage U(t) and the emission cur-
rent I(t) were recorded by a digital oscilloscope 
and used to obtain the emission characteristics 
I(U).

The samples of the coatings that passed the 
emission tests were studied using an atomic force 
microscope (AFM) of NanoDST Pacific Na-
notechnology (USA) in so-called semi-contact 
(CloseContact) mode. This made it possible to 
determine the "true" topography of the surface 
with absolute values of the normal coordinate in 
the course of operational measurements under 
non-vacuum conditions, with minimal influence 
of the adsorbed layers of atmospheric gases and 
water on the measurement results. However, to 

remove an excessively dense layer of volatile sub-
stances, some samples were heated in air up to 
a temperature above 100 °C for 2 hours before 
performing AFM measurements. In addition to 
AFM, in some cases, a MIAIA3 Tescan scanning 
electron microscope (SEM) (Czech Republic) 
with the possibility of EMF analysis of the surface 
elemental composition was used.

The choice of the set of experimental methods 
used in the described primary experiments made 
it possible to conduct rapid testing of a large 
number of samples that differed in the material 
of metal coatings, their thickness, the parameters 
of the deposition processes and the type of sub-
strate.

Experimental results

Emission properties of the samples and the 
possibility of their activation.

Experiments with the samples of metal coat-
ings on silicon substrates confirmed the abil-
ity of some of these samples to emit electrons 
in an electric field with a macroscopic strength 
E (defined as the ratio of the applied voltage to 
the width of the field gap) of the order of units  
V/µm. The measured emission characteristics 
(Fig. 1) were usually exponential in the "straight" 
I(U) coordinates and were well approximated by 
the linear dependence in the Fowler-Nordheim 
coordinates

ln(I/U2) = f (1/U),

This is considered to be a confirmation of the 
field (tunnel) nature of the emission mechanism.

As for the previously studied nanocarbon ma-
terials [24], the emissivity of metal films could be 
activated by applying the following thermal-field 
treatment procedure.

An electric field of low intensity (about  
1 V/m) was applied to the sample, and the sam-
ple was heated at a rate of about 5 °C/min until 
an emission current of 100 nA appeared; or, in 
the absence of a field, until the temperature of 
600 °C was reached (the point at which the ther-
mal emission current appeared).

For many coatings, the auto-emission cur-
rent appeared and began to increase over time 
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Fig.1. Emission characteristics of Mo (a) and Zr (b) film samples with an effective thickness of 6 nm.  
The insets show the same dependencies in Fowler – Nordheim coordinates

a)

b)

at a temperature of about 300 °C. After reaching 
the current value of 100 nA, the field strength was 
being gradually reduced, the current being kept 
at the specified value; at the same time the heat-
ing of the sample stopped, and, as the result, the 
sample slowly cooled to room temperature, while 
the value of the emission current at 100 nA level 
was still maintained (for this purpose, the voltage 
applied to the field gap was specially selected).

Due to the application of the described proce-
dure to the samples with the best emission prop-
erties, the voltage level required to get the current 
of a given value was reduced several times. At-
tempts to simplify the procedure, for example, to 
activate the sample without applying an electric 
field, but only by temperature action, or to turn 
off the field during the cooling of the activated 
samples, were unsuccessful. Their result was in-
variably the loss of the emissivity of the studied 
structures.

The table summarizes the results of experi-
ments on the influence of various parameters of 
thin metal films on their emissivity. The following 
sections of the article are devoted to a more com-
plete description of them.

The emissivity of the samples (the best of the 
corresponding series) is characterized in the table 
by two values. One of them is the threshold value 
of the macroscopic field strength Eth, which was 
determined by the moment of the appearance of 
a current equal to about 100 nA. The other is the 
maximum value of the current Imax, which could 
be taken from the sample area located opposite 
the anode (its diameter was 6 mm).

Comparison of the emission properties of thin 
films of different metals. To determine the effect 
of the coating material on emission, samples of 
films of five different metals were made: molybde-
num, zirconium, nickel, tungsten and titanium, 
having the same nominal thickness dnom (given in 
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Table
The main parameters of the studied films and their emission properties

Experiment
No.

Material Deposition
rate,
Å/s

Eth,
V/µm

Imax,
mkAOf the coating

(dnom, nm) of the substrate

1

Mo (6)

KDB 10

0.2 3.0 2.2
Zr (6) 0.5 4.3 8.0
Ni (6) 1.0 5.0 2.6
W (6) 1.0 not determined
Ti (6) 0.2 no emission

2
Mo (6) Si + 200 nm

of oxide 1.0 no emission
Mo (8)

3

Mo (4)
KDB 10

0.2

4.8 0.05
Mo (6) 3.0 2.20
Mo (4)

KEF 7.5
4.0 0.15

Mo (6) 6.4 0.03

4

Mo (2)

KDB 10

0.2
no emission

Mo (4) not determined
Mo (6) 3.0 2.2
Mo (8)

1.0
3.2 12

Mo (10) 4.0 25
Mo (20) no emission

5
Mo (6) № 1

KDB 10
0.13 3.2 4.16

Mo (6) № 2
1.0

4.2 23.70
Mo (6) № 3* 3.6 1.53

D e s i g n a t i o n s: dnom – nominal thickness of the metal film; KDB – boron-doped, hole-conducting silicon; 
KEF – phosphorus-doped silicon with electronic conductivity. Figures 7.5 or 10 mean the resistivity of the sub-
strate, expressed in ohms per centimeter; Eth – the threshold electric field strength (determined by the moment 
of appearance of the current, equal to about 100 nA), Imax – the maximum emission current obtained.
N o t e s. The substrate temperature was 100 °C; the only exception was sample No. 3* in experiment 5, for 
which it was equal to 150°C.

the table in parentheses, in nm). A summary of 
the results of the comparison is also presented in 
the table.

The best emissivity was shown by the sam-
ples of molybdenum coatings (see Fig. 1,a). As 
a result, most of the experiments in this work 
were carried out with molybdenum films. Al-
most all the samples of Mo coatings with a nom-
inal thickness in the range of 6 – 10 nm could 
emit electrons at a field strength of less than  
10 V/µm. Figure 2,a shows a typical AFM im-
age of a Mo coating with an effective thickness of  

6 nm. From its appearance, it can be concluded 
that the coating is heterogeneous, while the av-
erage lateral size of the elevated areas ("islands") 
is close to 20 nm at their height of 1 – 2 nm. The 
density of the islands is about 500 µm–2.

The zirconium films were characterized by 
similar surface topography. In a typical AFM im-
age (Fig. 2,b), grains with an average transverse 
size of about 30 nm and a height of up to 2 nm  
are distinguishable; their distribution density is 
about 400 per µm2. The emissivity of such films 
was noticeable even before the thermal field ac-
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Fig. 2. AFM images of the surface of samples of metal coatings
made of Mo (a), Zr (b), Ni (c), W (d) with an effective thickness of 6 nm

tivation procedure, and after the activation it was 
further improved (see Fig. 1,b and the table).

In terms of topography, the nickel film was 
markedly different from the metal films described 
above. The inhomogeneities present in the AFM 
images had a significantly larger vertical size and 
elongated shape. The length of the observed "el-
evations" for a typical case (see Fig. 2,c) reaches  
60 – 100 nm at a height of up to 5 – 8 nm, and 
these elevations, as far as can be judged from the 
images, are assembled in a common network. 
Nickel films differed from those of molybdenum 
and zirconium in terms of their emission prop-
erties, and for the worse. After activation, they 
showed some emissivity, but the field emission 
current was extremely unstable. Upon reaching 
the value of 2 – 4 µA, the current irreversibly fell 
almost to zero; probably, a small number of emis-
sion centers on the surface were destroyed.

A typical AFM image of the surface of a tung-
sten film (Fig. 2,d) is similar in structure to imag-
es of molybdenum and zirconium. However, the 
topographical features here are somewhat larg-
er: their transverse size is on average 80 nm, and 
their maximal height is about 3 nm. The emis-
sivity of the tungsten films was worse than that 

of the metals considered earlier. When heated to 
500 °C during the activation process, an emission 
current of 100 nA could be obtained at a voltage 
of 3.5 kV (at an emission gap of 0.6 mm). Ho- 
wever, after cooling the sample, the threshold 
voltage values were above 4 kV, which made it 
technically impossible to register the emission 
dependences.

When analyzing the above experimental data, 
it should be taken into account that AFM imag-
es do not allow us to unambiguously determine 
whether the observed inhomogeneities of the 
topography are isolated islands of metal. The re-
sults of SEM-EMF mapping carried out for sev-
eral samples indicate that metal coatings with a 
nominal thickness of 6 nm (or more) in the areas 
that were not damaged during the emission test-
ing by the action of electric discharges (they were 
located outside the actively emitting areas), were 
solid. Consequently, in many cases, the obtained 
AFM images revealed only a local inhomogeneity 
of the film thickness, but not their separation into 
isolated islands, which could be expected due to 
the available data for carbon coatings with simi-
lar emission properties [17 – 19]. Nevertheless, 
the comparison of the emissivity of metal coat-
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Fig. 3. AFM images of dendritic structures on the surfaces of two samples of coatings: Ti deposited on a  
Si plate without oxidation (a), and Mo deposited on a Si plate with a thick layer (about 200 nm) of oxide (b)

ings with the parameters of their AFM images re-
vealed a significant correlation (confirmed by the 
results presented in the following sections): the 
best emissivity was possessed by the samples with 
the smallest scale of topographic surface hetero-
geneity.

The results of the experiment with titanium 
films deserve a separate discussion. They were 
distinguished by a complete lack of emissivity; 
the thermal field activation procedure also did 
not give the desired result. The image of the sur-
face of one of the standard-made films of this 
metal is shown in Fig. 3,a. Here, the metal forms 
isolated islands of large size (in comparison with 
the grains of other coated films shown in Fig. 2), 
up to approximately 1 µm. The islands have a 
characteristic appearance of dendritic structures 
that "grow" from a central protrusion of consid-
erable (tens of nanometers) height. There are no 
nanometer-sized islands here – this fact has been 
specially verified.

This morphology of the titanium film is un-
usual, since this metal is characterized in prin-
ciple by high adhesion to silicon and its dioxide, 
which, in particular, allows the use of titanium 
layers as buffers when depositing films of other 
metals (see, for example, [25]). At the same time, 
it is known that the structure of titanium films 
significantly depends on the method and condi-
tions of their applying [26]. The growth of den-
drite-like ("fractal") clusters similar in shape and 
size to those found in our samples of titanium 
films (see Fig. 3), was observed and was theoret-
ically described, for example, in [27]. To imple-

ment the mechanism of dendrite formation pro-
posed there, it is required for the thin surface lay-
er of the substrate to be non-conductive (usually 
the role of this layer is performed by the oxide), 
and for the deposited material to come in charged 
state. In this case, the field of accumulated sur-
face charge prevents the deposition of new mate-
rial in all areas, except for the vicinity of defects 
in the non-conducting layer, which defects allow 
the charge to "drain" into the volume of the sub-
strate. This is just the place where the growth of 
the coating begins, spreading over the surface as a 
collection of dendritic structures that are electri-
cally connected to the substrate through defects 
in the oxide layer.

For the conditions of applying titanium coat-
ing in this work, both criteria for the feasibility of 
the scenario described above could be met:

the natural oxide layer was preserved on the 
silicon substrates used;

when implementing the magnetron sputtering 
method, a significant part of the material comes 
to the substrate in the charged state [28].

The question of what particular features of the 
substrates, targets, or sputtering mode we used 
led to the formation of a titanium coating in the 
form of a set of dendrite-like islands requires fur-
ther study. From the standpoint of the main goal 
of this study, the most important conclusion is 
that the titanium coating consisting of large den-
drite clusters is not capable of low-threshold cold 
electron emission.

To test the assumption about the effect of 
the surface electric charging on the morphology 



St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 14 (1) 2021

112

of the resulting films, a special experiment was 
performed (see experiment No. 2 in the table). 
The molybdenum films were deposited on silicon 
substrates with their own conductivity and on ar-
tificially oxidized surface. In the second case, the 
thickness of the oxide layer was 200 nm, which 
allowed us to expect an increase in the effects as-
sociated with surface charging, compared with 
the case of naturally oxidized substrates. Indeed, 
some areas of such coatings differed significantly 
in morphology from Mo films on silicon with a 
natural oxide layer (see Fig. 2,a) and were sim-
ilar to Ti coatings (see Fig. 3,a): dendritic struc-
tures were formed on the surface, and they were 
"tied" to linear and point defects (see Fig. 3,b). 
Such samples showed no emissivity either before 
or during the thermal field activation procedure. 
In addition to the morphological features of the 
coatings, the absence of emission activity can al-
so be attributed to the difficult transport of car-
riers to the emission centers through the thick 
oxide layer.

Dependence of the emission properties  
of coatings on the type  

of conductivity of the substrate

The nature of hot electron mechanism of 
emission suggests the possibility of a significant 
influence of the substrate properties on the emis-
sivity. To assess experimentally the degree and 
nature of this effect, two molybdenum films with 
different values of effective thickness were grown 
on naturally oxidized substrates of p-type silicon 
of the KDB 10 brand and n-type silicon of the 

KEF 7.5 brand. Here Russian abbreviation KDB 
means boron-doped, hole-conducting silicon; 
KEF stands for “phosphorus-doped silicon with 
electronic conductivity”; figures mean the resis-
tivity of the substrate, expressed in ohms per cen-
timeter.

Summary data on the emissivity of such sam-
ples are given in the table (experiment No. 3). In 
general, we can note a slightly higher emissivi-
ty of films grown on substrates with hole con-
ductivity. In addition, the samples of n-silicon 
substrates lost their emission properties after a 
short time (14 days) after the activation proce-
dure. The best parameters were obtained from a 
sample of Mo-coating on a KDB 10 substrate, 
which had an effective layer thickness of 6 nm. It 
was characterized not only by a high emissivity, 
but also by the “correct” response to the thermal 
field activation procedure. Due to these prop-
erties, it is the substrates with hole conductivity 
that were used in most of the experiments in this 
work.

At the same time, the observed difference in 
the emissivity of the samples of different sub-
strates could be determined not by the type of 
their conductivity itself, but by the morphology 
of the films created. AFM images of the surface 
of molybdenum coated samples with the same ef-
fective thickness of 6 nm on the substrates of dif-
ferent types are shown in Fig. 4. The differences 
in the topography of the films are quite noticea-
ble: the coating grains on the p-Si substrate have 
smaller lateral dimensions (30 – 50 nm). The 
structure of the films having a surface with such 

Fig. 4. AFM images of the surface of Mo films on KDB 10 (a) and KEF 7.5 (b) substrates.  
The effective thickness of the films is 6 nm
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a topography was, in our conclusion, optimal in 
terms of their emissivity.

Dependence of the emission properties  
on the coating thickness

To clarify the relationship between the emis-
sion properties of coatings and their thickness, 
samples of molybdenum films with a nominal 
thickness of 2 to 20 nm were made on KDB 10 
substrates. The summary of their best emission 
parameters is presented in the table (experiment 
No. 4).

For coatings with the thicknesses dnom of 2 
and 4 nm, stable low-threshold emission could 
not be obtained. In contrast, coatings with nom-
inal thickness of 6 nm showed low switching 
thresholds and stable emission current. Howev-
er, the maximum values of the obtained current 
for them were small, and this may indicate a 
small number of activated emission centers. The 
8 nm films were characterized by slightly high-
er threshold values of the electric field, but the 
maximum values of the Imax increased by more 
than 5 times, compared to the 6 nm films. Films 
with a nominal thickness of 10 nm had an even 
higher turning on threshold, but the maximum 

values of the obtained currents for them turned 
out to be the record for this type of structure 
studied by us. The sample with dnom = 20 nm 
had no emission properties at all; the procedure 
for its thermal field activation also did not bring 
the required results.

AFM images of the surface of Mo coatings of 
different thicknesses on substrates of the same 
type (KDB 10) are shown in Fig. 4,a and Fig. 5 
(for the coating thickness of 6 nm). The pattern 
of regular changes in the surface topography of 
samples with an increase in the amount of de-
posited material is also illustrated by the graph in 
Fig. 6, which shows the dependence on the ef-
fective thickness of coatings for the "normalized 
roughness" of images calculated using the Gwyd-
dion package.

In Fig. 5, a, which represents the coating of 
the smallest thickness (2 nm), only a few prom-
inent features (grains) are found on the area of  
1 µm2 with a characteristic transverse size of up 
to 30 – 50 nm and the height of up to 1 – 2 nm. 
Approximately these are the dimensions of the 
islands, which, in accordance with the emission 
models used in the works [13 – 15, 20, 21], were 
associated with low-threshold field emission 

Fig. 5. AFM images of the surface topography of Mo films with different effective thicknesses, nm:  
2 (a), 8 (b), 10 (c); d – "phase" image of the surface area (c).  

The films are grown on a KDB 10 substrate
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Fig. 6. Dependences of the root-mean-square parameter of the surface roughness  
of Mo films (according to AFM images) on the values of their effective thickness.  

Calculated using the Gwyddion package

centers. On the surfaces of dnom = 6 nm and 8 nm  
(see Fig. 4,a, and 5,b, respectively) grains of the 
same size are present in much larger quantities, 
which may determine the high emissivity of such 
films. At the same time, AFM images of the  
10 nm film (see the topography of the sample 
surface in Fig. 5,c and the corresponding "phase" 
distribution in Fig. 5,d) show a coating com-
posed of contiguous domains of slightly larger 
transverse size and height. However, the grains 
of the size that we have defined as "optimal" are 
also present here. The smaller number of them 
can be responsible for the higher field emission 
threshold in such coatings, while the greater sta-
bility and endurance of the emission can be de-
termined just by the presence of slightly larger 
islands. With further increase in the thickness of 
the Mo coating (sample 20 nm), the crystallites 
apparently formed a stable multilayer structure, 
and the film lost its emissivity.

Dependence of the emission properties  
on the parameters of the film deposition process

The experimental results described above in-
dicate that the emission properties of coatings are 
related to their morphology. It is known that the 
morphology of coatings can change with varying 
conditions of their deposition. That is why in the 
course of this work, the coatings were compared, 

which differed only in the features of the tech-
nology of their growing. For comparison, Mo 
films with dnom = 6 nm grown on silicon sub-
strates with hole conductivity were selected. The 
parameters of the manufacturing process of three 
such samples are given in the table (experiment 
No. 5). The topography of the surface of the ob-
tained films is shown in the SEM images (Fig. 7).

On the surface of the sample No. 1 (see  
Fig. 7,a), formed at a temperature of 100 °C and 
the lowest growth rate (0.13 Å/s), grains with 
a typical transverse size of 20 nm were pres-
ent. Their density can be estimated as approxi-
mately 500 µm–2. In the image of sample No. 2  
(Fig. 7,b), formed at the same temperature, but at 
a higher deposition rate, the grains have a larger 
average size: 30 – 40 nm; their number per unit 
area was approximately 300 µm–2. Sample No. 3  
(Fig. 7,c) was formed at an elevated substrate 
temperature (150 °C) and high film growth rate  
(1 Å/s). The average grain size here was the 
smallest one (about 15 – 20 nm) with a wide size 
distribution. The grain concentration was ap-
proximately 700 µm–2.

Thus, it is obvious that there is a difference in 
the morphology of the coatings, and the grain va-
riety, presumably associated with low-threshold 
emission centers, was present on the surface in all 
cases.
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In accordance with this, all three samples had 
the ability to emit electrons at low voltage with a 
noticeable quantitative difference in the emission 
parameters (see experiment No. 5 in the table). 
The correlation of the surface topography of the 
samples with their emissivity corresponded to the 
trends noted earlier.

The sample No. 1 with the smallest spatial 
scale of heterogeneity was characterized by the 
lowest emission threshold.

The threshold field for sample No. 2, with the 
largest grains, was the highest, but the maximum 
value of the sampled current Imax was also the 
highest (the current-voltage characteristic of the 
emission is shown in Fig. 1,a).

Sample No. 3 demonstrated the lowest value 
of the permissible emission current and interme-
diate values of the threshold field.

Discussion of the results and conclusions

The main result of the presented work can be 
considered as the fact of detection of low-voltage 
electron emission by thin metal films formed on 
oxidized silicon.

Then, the correlation of the film's emissivity 
with its morphology (as far as it can be estimated 
through AFM data) is established. At the same 
time, the influence of other factors, namely, the 
type of metal and the type of conductivity of the 
substrate, was weaker.

In the experiments carried out, the effec-
tiveness of thermopole activation of auto-emis-
sivity was confirmed for the case of metal coat-

Fig. 7. SEM images (secondary electron detector) for samples No.1 (a), No.2 (b) and No.3 (c) 
made under different conditions (see experiment No. 5 in the table and description in the text)

ings deposited on the semiconductor substrate. 
Just the same procedure was proposed earlier 
for carbon films [24]. This activation is large-
ly analogous to the "electroforming" procedure 
required (according to the review [13] and the 
works mentioned there) to observe the emission 
of electrons from metal films when surface cur-
rent flows through them. The physical content of 
this process is presumably metal atom migration, 
leading to the formation of isolated islands up to  
100 nm in size, separated by gaps, on which,  
when a lateral potential difference appears, the 
electric field is concentrated. When electric 
current flows, the charge carriers cross the gaps 
between the islands by tunneling, which creates 
favorable conditions for the formation of popu-
lation of hot electrons that can be emitted into 
vacuum. The effect is enhanced by the suppres-
sion of the electron-phonon interaction in na-
noscale islands [13 – 15, 20, 21]. At the initial 
stages of the proposed thermal field activation 
procedure, the increased temperature accelerates 
the surface migration of atoms and promotes the 
formation of islands. It is known from the lit-
erature that thin solid metal films deposited on 
dielectric substrates at low temperature acquire  
an island structure as a result of heating to  
300 – 600 °C [29]. In the presented experiments, 
to initiate the process of activating the emission 
properties of most coatings, they needed to be 
heated to a temperature from the same range. Af-
ter the appearance of the emission current, the 
formation of the optimal coating structure can 
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Introduction

C In papers [1, 2] we theoretically studied 
plasma of positive column of low and moderate 
pressure glow discharge located in the gap be-
tween two dielectric coaxial cylindrical tubes; 
in addition, the longitudinal field Ez and the 
discharge current were directed along the axis 
of the tubes. The authors showed that in such a 
discharge geometry, there is a considerable in-
crease in electron temperature Te in comparison 
with the cylindrical geometry even with a small 
(0.1 and less) ratio of the radii of the inner to the 
outer wall due to the additional channel of elec-
tron losses: electron diffusion to the inner wall. 
This result is important, in particular, for design 
of gas-discharge light and UV radiation sources, 
as it provides an opportunity to increase specific 
power of the radiation and its efficiency without 
any noticeable reduction in the discharge vol-
ume. All of this is possible by means of a tran-
sition from the traditional cylindrical to coaxial 
discharge geometry only. The results of [1, 2] 
make it possible to give a physical explanation to 
the experimental results obtained earlier in arti-
cles [3–7].

The results of papers [1, 2] were obtained un-
der the assumption of strictly coaxial, concentric 
placement of tubes. However, such an ideal case 
is hard to translate into practice. Manufacturing 
errors often lead to an axial misalignment: eccen-
tricity of the inner and outer tubes, i.e. to central 
asymmetry of both the device cross-section, and 
the profiles of charged particle densities as well.

This paper aimed to evaluate the quantitative 
influence the eccentricity of the discharge chan-
nel cross-section on the spatial distributions of 
plasma electron densities n and on the electron 
temperature Te.

In this article we confine ourselves to the 
study of a simple case of a positive column of 
electropositive glow discharge in diffusion mode 
under low and moderate pressure: when the 
length of thermal diffusivity of the electrons is 
more than the outer plasma radius, and elec-
tron temperature Te is constant inside the device 
cross-section. We assume the direct ionization 
by electron impact to be the main mechanism of 
charged particles production, while ambipolar 

diffusion to the walls being the dominant mecha-
nism of their decay.

Calculation methodology

Fig. 1 shows the discharge channel cross-sec-
tion in eccentric geometry. The origin (point О) 
was chosen in the center of the inner circle with 
radius R

1
. The center of the outer circle with ra-

dius R (point ОR) is displaced from the origin by 
distance d. Angle φ is measured from the x axis. 
The discharge plasma is located between two said 
circles. The discharge current direction is per-
pendicular to xy plane.

The equation or spatial distribution of elec-
trons density in the positive column under the 
conditions indicated above has the following 
form [8]:

where νi, Hz, is ionization frequency; DA, cm2/s, 
is ambipolar diffusion coefficient; the values of νi 
and DA do not depend on spatial coordinates due 
to assumed constancy of Te.

Using a reduced coordinate X = r / R and de-
fining             , we obtain:

We seek the solutionof Eq. (1) as a product of 
two functions:

Then Eq. (1) takes the form

where k is a constant value. 
Consequently,           , or

From a physical point of view, Φ(φ) is a peri-
odic and even function by φ with the period of 2π. 
Therefore, k can have only integer values: k = 0, 

i AR Dξ = ν

0,A iD n n∆ + ν =

2 2
2

2 2 2

1 1 0.n n n n
X X X X
∂ ∂ ∂

+ + + ξ =
∂ ∂ ∂ϕ

(1)

( ) ( ).n r= Ρ Φ ϕ

2
2 2 2 ,X X X k

′′ ′ ′′Ρ Ρ Φ
+ + ξ = − =

Ρ Ρ Φ

2k′′Φ = − Φ

( ) ( )
1 2( ) cos( ) sin( ).k kC k C kΦ ϕ = ϕ + ϕ (2)
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Fig. 1. Discharge channel cross-section 
(shaded area) in eccentric geometry:

x, y and r, φ are Cartesian and cylindrical coordinate  
systems; d is eccentricity of the outer circle with respect  

to the inner one (their radii are equal 
to R and R

1
, respectively)

1, 2,…, while  
Function P(r) satisfies the expression

where Jk(x), Nk(x) – Bessel and Neumann 
functions of kth order.

As general solution of Eq. (1) we obtain the 
following expression in the discharge cross- 
section:

where                due to homogeneity of 
Eq.(1).

Boundary conditions on the inner circle cor-
respond to the zero values:

where ρ is a reduced radius of the inner wall (ρ =  
= R

1
 / R); the boundary conditions on the outer 

wall are the same:

( )
2 0 .kC k= ∀

( ) { ( )

( ) ( ) }
0

, cos

J N ,

k
k

k k k

n X C k

X B X

∞

=

ϕ = ϕ ×

× ξ + ξ  

∑
(4)

1 21, .k k kB B B= ≡

( , ) 0 ,n ρ ϕ = ∀ϕ (5)

( , ) 0 [0, 2 ),R R Rn X ϕ = ∀ϕ ∈ π (6)

where XR is the reduced radial coordinate of a 
point on the outer circle having the angle of its 
vision from the origin φR.

Values XR and φR are connected by the relation 
(see Fig. 1):

where a = d/R, or

The angle φR, like φ, is measured from x axis 
counterclockwise, and its angular point lies in the 
origin.

It follows from Eqs. (4) and (5) that

Then

where we have introduced a notation

It follows from boundary conditions (6) that

where values φR and XR are connected by the re-
lation (7).

Eq. (8), provided we find coefficients Ck and 
eigenvalues ξ from Eq. (9), is an exact solution of 
problem (1) for the eccentric case. But if we set 
satisfaction of the boundary conditions (6) in all 
points of the outer circle, then to find coefficients 
Ck we need to solve a system of linear algebraic 
equations (9) of unlimited size.

Although, we should note that for a → 0, 
when both the value of the gap between the walls 
and solution (8) do not depend on angle φ, and 
only one term remains in the sums (8) and (9) – 
namely by k = 0. In addition, Eq.(9) transforms 

2 2 2 cos( ) 1,R R RX a X a+ − π−ϕ =

2 21 sin cos .R R RX a a= − ϕ − ϕ (7)
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J
[0,1, 2, ..., ).
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k

B k
ξρ

= − ∀ ∈ ∞
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into a transcendental equation for eigenvalue ξ  
in the purely coaxial case:

and expression (8) transforms into an equation

Therefore, it is reasonable to assume that in 
the eccentric case for small deviations from the 
coaxial one, i.e., when a value is small, but finite 
(a << 1), we could take a finite number of terms 
M in the sums (8) and (9) to obtain an approxi-
mate solution of (1)1:

Next, suppose M rays come from the origin O 
at angles

and divide the upper semi-circumference of the 
inner circle X = ρ into M – 1 identical sectors. 
These rays cross the upper semi-circumference 
in the points with a reduced radial coordinates 
(see Eq. (7)):

including the points on X axis for φ = 0, π.
To find an approximate solution, let us de-

mand satisfaction of zero boundary conditions 
(6) not in all of points of the outer semi-cir-

1 The validity of this assumption is proved in further calculations.

( )
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0 0

0
0

0

( ,1) J
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N

Ω ξ = ξ −

ξρ
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( )0( , ) , .n X Xϕ ∝Ω ξ (9b)

1

0
( , ) cos( ) ( , ),

M

k k
k

n X C k X
−

=

ϕ ≈ ϕ Ω ξ∑ (10)

1

0
cos( ) ( , ) 0.

M

k R k R
k

C k X
−

=

ϕ Ω ξ =∑ (11)

( )1 , 0,1, ..., ( 1)j j M j Mϕ = π − = −

2 21 sin
1

cos ,
1

j
jX a

M
ja

M

π = − − − 
π −  − 

(12)

cumference, but only in M of its upper points  
          Since the above boundary conditions 
are satisfied in its symmetrically located lower 
points by default, these zero conditions are fi-
nally satisfied in (2M – 2) points on the entire 
outer semi-circumference. Then expression (11) 
transforms into the following:

which is a homogenous system of linear algebra-
ic equations (linear system) having square matrix 
M×M with respect to a finite number M of coef-
ficients Ck.

For the solution of system (13) to be non-triv-
ial, its determinant must equal zero. From here 
we can find approximate values of the first M 
eigenvalues of problem (1). As function n(X,φ) 
describing the density should never be less than 
zero between the circles (i.e. in the space occu-
pied by the discharge plasma), only the eigen-
function corresponding to the smallest eigenval-
ue will have physical sense. It is the one we fur-
ther substitute into Eq. (13).

Due to homogeneity of Eq. (1), its solution 
can be calculated up to a constant factor only. 
Therefore, we can compute coefficients Ck in 
relative units, assuming, for example, C

0
 = 1. 

Then, the matrix column of linear system (13) 
that contains C

0
 = 1 is moved to the right-hand 

side of the linear system. Thus, system (13) is 
transformed from a homogenous into a inho-
mogeneous, but overdetermined linear system 
containing M equations and (M – 1) unknown 
coefficients C

1
, C

2
, ..., CM–1

, which numerical 
values can be computed using the method of 
least squares.

The calculation showed that the values of 
coefficients Ck quickly decrease with the growth 
of k, so when a ≤ 0.2 and ρ ≤ 0.5, this proves 
the validity of the assumption that finiteness 
of the number of terms (10) and (11) brings 
no significant error in the solution of n(X,φ). 
Fig. 2 demonstrates the quality of fulfillment 
of boundary conditions (9) for seven and two 
points of the upper semi-circumference and, re-

{ }, .j jX ϕ

1

0
cos( ) ( , ) 0;

0,1, ..., 1,

M

k j k j
k

C k X

j M

−

=

ϕ Ω ξ =

= −

∑
(13)
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spectively, for seven and two terms of sum (10). 
It can be seen that despite the small amount of 
points, boundary conditions (9) have satisfacto-
ry fulfillment at the entirety of the outer border: 
a difference in the solutions of n(X,φ) for seven 
and two terms of (10) turns out to be inessential, 
and in the eigenvalues – in the third decimal 
place.

After calculating coefficients C
1
, C

2
, ..., 

CM–1
 variable n(X,φ) is normalized to 1 at the 

maximum, while values C
0
, C

1
, ..., CM–1

 are recal-
culated once more.

       a)     b)

Fig. 2. Graphs of fulfillment of boundary conditions (9) at the outer circle  
if they are established exactly in (2M – 2) points of the border; the cases presented are for M = 7 (а)  

and 2 (b); function n(X,φ) at the maximum is assumed to be equal to 1

Fig. 3. 3D-distributions of function n(X,φ) in the upper semi-circumference, 
i.e. when y ≥ 0 (see Fig. 1) for the eccentricity values a = 0.01 (a) и 0.04 (b); 

reduced radius of the inner wall 

Calculation results

Fig. 3 presents examples of solutions accord-
ing to the described procedure.

We should note the high sensitivity of the form 
of n(X,φ) to eccentricity: there is a considerable 
inhomogeneity of n(X,φ) by the angle even at 
small values of a (see Fig. 3). The greater ρ, the 
stronger the inhomogeneity at the same value of 
a. Quantitatively it can be characterized by a ratio 
between the minimum and the maximum values 
of function n(X,φ) on the “ridge” (see Fig. 3). A 
graph of this ratio h2/h1 vs a is shown on Fig. 4, a.
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Fig. 4. Dependencies of the ratio h2/h1 (а), as well as eigenvalues ξ and plasma  
electron temperature Te (b) on the eccentricity a of the gas-discharge tube.

Ratio h2/h1 (see Fig. 3) shows inhomogeneity of n(X,φ) when ρ = 0.05 (1) and 0.25 (2). We also present  
diagrams of eigenvalues for eccentric (1) and coaxial (2, 3) cases with gaps 1 – ρ + a (2) and 1 – ρ – a (3); 

value of Te (4) is calculated for Ar plasma at the pressure of 1 Torr and R = 1 cm for the eccentric case

       a)     b)

Discussion of results

In the coaxial case, the width of the gap be-
tween the walls b = 1 – ρ is constant and does 
not depend on φ. Due to central symmetry, in the 
coaxial case there is no other direction of the or-
thogonal to the current diffusion flow, except for 
the radial one.

The eigenvalue              determines the 
value of temperature Te, which in the case under 
consideration (low pressure)is constant across 
the whole positive column cross-section and 
corresponds to the equality of the rates of elec-
trons production by direct ionization in the vol-
ume and their losses due to ambipolar diffusion 
to the walls in the radial direction [9, 10]. If we 
know the eigenvalue ξ, we can estimate the value 
of Te both for the coaxial and eccentric discharge 
geometry using the following expression:

where Wi, eV, is ionization potential of gas atom; 
p, Torr, is gas pressure; R, cm, is radius of the out-
er wall; C is a constant, which values are tabulat-
ed in papers [9, 10] for various gases.

We deduced the presented expression in this 
paper using the relation obtained in papers [9, 

i AR Dξ = ν

4
1 18191 1 exp ,
2 2

i e i

e i e

W T WCpR
T W T

 
ξ = + − 

 

10] which connects the value Te with the tube ra-
dius and gas type for the cylindrical geometry of 
the positive column of glow discharge in diffusion 
mode.

For the eccentric case in the considered con-
ditions of positive column, the value of Te for 
small eccentricity has only weak deviation from 
the ideal coaxial case. An example of dependence 
of Te on a for an Ar discharge at p = 1 Torr, R =  
= 1.00 cm and R1 = 0.25 cm is shown in Fig. 4,b 
(curve 4). The value of Te decreases only insignif-
icantly from 1.68 eV at a = 0 (coaxial geometry) 
down to 1.63 eV, when eccentricity a = 0.2. Let us 
note that, for the cylindrical geometry in the same 
conditions, the value of Te would only amount to 
1.51 eV.

In an eccentric discharge, the value of Te al-
so remains constant in the volume of positive 
column, which means that the ionization rate is 
constant in the entirety of the volume. However, 
the width of the gap between the walls b at a > 0 
does not remain constant with the change of the 
angle φ. It changes from bmin = 1 – ρ – a at φ =  
= 0 to bmax = 1 – ρ + a at φ = π (see Fig. 1), 
therefore the rate of radial diffusive removing 
should depend on the angle φ: it should be max-
imal at bmin and minimal at bmax. The calcula-
tions show that the eigenvalue ξ for a > 0 (see  
Fig. 4,b, curve 1) has intermediate value between 
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the ones for two control coaxial cases: with the 
gaps equal to bmax and bmin (curves 2 and 3, respec-
tively). This means that for the eccentric case, in 
the neighborhood of angle φ ≈ 0 (where the gap is 
the narrowest) the ionization rate turns out to be 
insufficient to compensate for the radial diffusive 
removing of the particles to the walls, while in the 
area of φ ≈ π (widest gap) it is excessive.

This result should lead to the following effects:
firstly, to increasing of electron (and ion) 

density and its gradient in the neighborhood 
of widest gap, and to decreasing of the said 
parameters in the narrowest gap in comparison 
with the coaxial case a = 0, i.e. to the occur-
rence of azimuthally inhomogeneous distribu-
tion of n(X,φ) (see Fig. 3);

secondly, for the density distributed in 
this manner, there is an azimuthal gradient 
gradφ[n(X,φ)] and a corresponding diffusion 

electron flow in the azimuthal direction that 
“pumps” the electrons from the wide gap into 
the narrow one on both sides of the inner wall 
(Fig. 5). This flow compensates for the exces-
sive generation of electrons in the wide gap, as 
well as the extra electron losses due to diffu-
sive removing to the walls in the narrow gap; 
by such a way the balance of charged particles 
can be throughout ensured. However, the inho-
mogeneity of n(X,φ) from the angle φ still re-
mains, since the said flow compensating for the 
imbalance of the rates of production and decay 
of charged particles in different areas of posi-
tive column cross-section can take place only 
in the presence of the azimuthal density gradi-
ent. It is necessary to note that the presence of 
a gradient of electron densities directed on av-
erage from the narrow gap to the wide one will 
cause a constant electric field directed on aver-
age along x axis. It should retard the described 
electron diffusion in the azimuthal direction to 
the ambipolar one.

Conclusion

Summing up, the absence of central symme-
try of the spatial distribution of the positive col-
umn plasma density in the eccentric discharge 
geometry can be considered as a characteristic 
feature of plasma in this geometry, which is in fact 
responsible for maintaining the charged particles 
balance of plasma in the entire volume dedicat-
ed to it. Insignificant eccentricity has only little 
impact on the value of electron temperature Te. 
However, to retain acceptable azimuthal homo-
geneity of the discharge after the transition from 
the cylindrical to coaxial geometry, it is necessary 
to provide good accuracy of the gas-discharge 
device manufacturing: the distance between the 
axes of the inner and the outer cylindrical walls 
should not exceed 1–2% of the width of the gap 
between the walls.

Fig. 5. Spatial distribution of n(X,φ) (expressed by  
brightness and contours), as well as directions  

of electron flows in plasma cross-section  
(arrowhead lines) in eccentric discharge  

geometry for ρ = 0.25 and a = 0.04.
The “compensating” flow goes in azimuthal  

direction over the ridge of the n(X,φ) distribution
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СOPPER-64 ISOTOPE PRODUCTION  
THROUGH THE CYCLOTRON PROTON IRRADIATION 

OF THE NATURAL-NICKEL TARGET

A. Tiba, A.Yu. Egorov, Ya.A. Berdnikov, V.N. Lomasov

Peter the Great St. Petersburg Polytechnic University, 
St. Petersburg, Russian Federation

A method of calculation has been developed as well numerical simulation have been performed for 
a production process of 64Cu isotope by the 64Ni (p, n)64Cu nuclear reaction. The required radionuclide 
applicable in the nuclear medicine is produced through irradiating a cyclotron target of natural nickel 
with a proton beam. The process conditions were dictated by the capabilities of the cyclotron; the initial 
kinetic energy of 17 MeV (at a current of 10 µA) was fed into computation. As a result, dependencies of 
the 64Cu isotope production on the target thickness and on the irradiation time were obtained. The tar-
get depth of proton penetration was investigated, and it was established where the peak of radionuclide 
concentration was produced. An analysis of the obtained data allowed us to find the optimal thickness 
of the nickel target, which is 0.54 mm.
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ПРОИЗВОДСТВО ИЗОТОПА МЕДИ-64  
ПУТЕМ ОБЛУЧЕНИЯ ЦИКЛОТРОННОЙ МИШЕНИ  
ИЗ ПРИРОДНОГО НИКЕЛЯ ПУЧКОМ ПРОТОНОВ

А. Тиба, А.Ю. Егоров, Я.А. Бердников, В.Н. Ломасов

Санкт-Петербургский политехнический университет Петра Великого, 
Санкт-Петербург, Российская Федерация

Разработана методика расчета и выполнено численное моделирование процесса получе-
ния изотопа меди-64 по ядерной реакции 64Ni (p, n)64Cu. Требуемый радионуклид, применя-
емый в ядерной медицине, производится путем облучения мишени из природного никеля 
пучком протонов, получаемым на циклотроне. Условия проведения процесса диктовались 
возможностями циклотрона. В расчеты закладывалась начальная кинетическая энергия про-
тонов 17 МэВ (ток равен 10 мкА). В результате получены зависимости наработки изотопа 
меди-64 от толщины мишени и от времени облучения, изучена глубина проникновения про-
тонов в мишень, установлено, где концентрация ядер наработанного радионуклида макси-
мальна. Анализ полученных данных позволил определить оптимальную толщину никелевой 
мишени, она составила 0,54 мм.

Ключевые слова: медь-64, природный никель, расчет выхода, толщина мишени, пучок про-
тонов

Ссылка при цитировании: Горобей Н.Н., Лукьяненко А.С., Гольцев А.В. Собственная масса 
Вселенной // Научно-технические ведомости СПбГПУ. Физико-математические науки. 2021. 
Т. 14. № 1. С. 130–137. DOI: 10.18721/JPM.14110

Nuclear physics



131

Nuclear physics

Статья открытого доступа, распространяемая по лицензии CC BY-NC 4.0 (https://creative-
commons.org/licenses/by-nc/4.0/)

Introduction

As known, radiology and radiation therapy are 
based on the use of various radiopharmaceuticals 
containing radioactive isotopes. Among the radi-
onuclides belonging to different elements, Cu-64 
isotope is unique due it’s capability to emit β+-, β– 
particles (their energies equal 0.65 and 0.57 MeV, 
and their yield values are 17.5 and 38.5%, respec-
tively) and Auger electrons as a result of its radio-
active decay. Therefore, this isotope is applicable 
in both positron emission tomography (PET), as 
well as in theranostics (theranostics focuses on 
producing pharmaceuticals which can be simulta-
neously applied as a means of early diagnosis and 
as a therapeutic agent) [1, 2]. The isotope’s con-
siderable advantages over others lie not only in its 
chemical properties, but also in its long half-life 
(12.7 h) allowing simplification of production, 
transportation and application of Cu-64 labeled 
radiopharmaceuticals in comparison with those in 
common use nowadays.

The possibility of reduction of cupric Cu2+ to 
cuprous Cu+ is used in molecular imaging and 
targeted radiotherapy of hypoxic tissues, includ-
ing tumors [3, 4].

Clinical trials of 64Cu based pharmaceuticals 
showed copper uptake only in hypoxic heart and 
brain cells. Peptides and antibodies radiolabeled 
with this isotope can also be applied in medical 
radiology [5–8].

A comparison of 64Cu labeled radiopharma-
ceuticals and those based on 111In-Octreoscan 
which is currently in use showed the advantage 
of the former as a positron-emitter for it allowed 
imaging even for some unpredicted metastatic 
growth [9]. Clinical testing of the 64Cu-TETA- 
mab1А3 conjugate (applied in colorectal cancer 
detection) demonstrated the advantage of PET 
with 64Cu over the similarly 111In labeled conju-
gate [10–12].

The 64Cu radionuclide can be produced in re-
actors by means of capturing either 63Cu(n, γ)64Cu 
thermal neutrons or 64Zn (n, p)64Cu fast neutrons 
(n, p are neutrons and protons, γ are gamma rays). 

The isotope can be produced in a cyclotron by the 
64Ni (p, n)64Cu nuclear reaction [13]. 

However, the 64Cu production yield in reactors 
is low, while their radionuclidic purity is often un-
satisfactory [13]. Therefore, the use of cyclotrons 
in the 64Cu production becomes necessary since 
they support charged particles induced reactions. 
Both natural and enriched (by 99.6%) nickel can 
serve as a target for the 64Cu production in cyclo-
trons.

The purpose of this article is to develop a 
method of calculation, and the corresponding 
algorithm and program, as well as to conduct a 
numerical simulation of the 64Cu production by 
means of irradiating a natural nickel target with 
a proton beam.

Numerical parameters of the model were de-
termined by the characteristics of the MGC-20 
cyclotron located in Peter the Great St. Peters-
burg Polytechnic University: proton energy of  
17 MeV at a current of 10 µA. The numerical 
simulation allowed us to determine the optimal 
target thickness for the maximum yield of the de-
sired isotope.

Method of calculation

As it was noted before, for the 64Cu produc-
tion, we used a proton beam with the initial en-
ergy of 17 MeV (current of 10 µA). A natural 64Ni 
isotopic mixture (the percentage of 64Ni isotope 
in the natural nickel amounts to 0.926%) serves 
as the target.

The computations allow for proton energy loss-
es due to excitation and ionization resulting from 
the passage through of the target substance [14]: 
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where –dE/dx, MeV/cm, are specific ionization 
losses (x is the depth of proton penetration); z, 
Z are charge numbers of the projectile particle 
and the target respectively; A, g /mol, is atomic 
mass; ρ, g/cm3,is the target density; me, g, elec-
tron mass; c, cm/s, – the speed of light; β is a ra-
tio of the projectile particle velocity to the speed 
of light (β = v/c); γ is the Lorentz factor; Wmax, 
MeV, is maximum energy transfer in a unit col-
lision; I, eV, is mean ionization potential; δ(βγ) 
is a correction factor allowing for the influence 
of the target density on the ionization potential. 

The K coefficient is calculated by the formula

where NA is the Avogadro constant; re, cm, is the 
classical electron radius.

The maximum energy transfer is expressed as

where M, g, is the mass of the projectile particle.
The Ni mean ionization potential is equal to 

(just as for other elements) I = 311 ± 10 eV [15]. 
We should note that in a nonrelativistic case  

β2 << 1; furthermore, a proton (z = 1, M >> me) 
is the projectile particle, the energy loss occurs at 
all Ni isotope electron shells in natural nickel, i.e.,  
ρ = ρNi = 8.908 g/cm3; A =     = 58.6934 g/mol. 
Then, Eq. (1) is simplified:

The solution to Eq. (2) gives a dependence 
E(x) of the mean proton energy on the depth of 
proton penetration. 

The Cu64 isotope is produced by means of the 
Ni64 (p, n) Cu64 reaction. Energy dependence of 
this reaction cross section σ(E) was measured in 
many experiments. This article used the results of 
the combined data presented in paper [16].
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Using the solution to Eq. (2), let us determine 
the dependence of the reaction cross section on 
the depth of proton penetration σ(x). The Cu64 
production at different depths of target penetra-
tion is then determined by the formula:

where N
Cu64

 is the number of 64Cu isotope nu-
clides; J, А, is the cyclotron current; n

Ni64
 is 64Ni 

nuclides concentration in the natural nickel; λ 
is the 64Cu decay constant; e, C, is the electron 
charge; trad, s, is the time of the target irradiation.

By integrating Eq. (3) from zero to the target 
thickness τ, we obtain a distribution of the 64Cu 
production with respect to the isotope penetration:

In this case, we can disregard a decrease in in-
tensity of the proton beam with the increasing of 
the target depth, as well other processes resulting 
in proton loss. The obtained formula does not 
consider the cooling time of the target which can 
be allowed for by multiplying it by an exponen-
tial factor of the exp(–λtcool) form. It can be seen 
from Eq. (3) that at trad ≈ 3/λ, there is no point in 
any further irradiation as the accumulation curve 
reaches a plateau. 

Such a behavior of the dependence is due to 
a gradual appearance of commensurability of the 
isotope production and its decay rates. However, 
the value of 1/λ for 64Cu equals to 18.3 h, which 
significantly exceeds the real time of irradiation. 
At trad << 1/λ the factor

i.e., the production is proportional to time.

Results of the used method and discussion

The solution to Eq. (2) is presented in  
Fig. 1,a for the protons of the initial kinetic en-

( )( ) ( )

Cu64 Ni64

1 exp ,rad

dN Jn
dx e

t x

 = × λ 
× − − λ σ

(3)

( ) Cu64
Cu64

0

, ,rad
dNN t dx

dx

τ  τ =  
 ∫ (4)

( )1 exp ,rad radt t− −λ λ ≈  



133

Nuclear physics

σ, mbσ, mbE, Mev

x, cm x, cmE, Mev

     a)             b)     c)

Fig. 1. Proton energy distribution throughout the depth of the natural nickel target (solution to Eq. (2)) (a) and 
dependence of the 64Ni(p, n)64Cu reaction cross section on the proton energy (b) and on the target depth (c).

Initial kinetic proton energy is 17 MeV; in Fig. b) and с), the lines show the “cross section” curves behavior,  
while the bands correspond to the cross section error [16]

ergy of 17 MeV and the natural nickel target. We 
can see that the protons lose all of their energy at 
the 0.56 mm target depth.

Fig. 1,b shows the result of interpolating the 
reaction cross section (3), obtained in paper 
[16]. By processing this dependence and using 
the solution of Eq. (2) we found a dependence of 
the cross section on the target depth (Fig. 1,с). 
It is clear that the cross section is maximal at the 
proton energy of approximately 10 MeV, which 
is reached at the depth of around 0.32 mm. At 
the same depth, we also observe the peak con-
centration of the produced 64Cu radionuclides.

Fig. 2,a shows the computational results of 
64Cu number distribution throughout the depth 
for various irradiation intervals (we took a range 

from 0.5 to 2 h, see Eq. (3)). Fig. 2,b presents the 
results of integrating dependence (4) with respect 
to the target thickness τ for the same irradiation 
intervals.

Fig. 3 shows the results of computing the num-
ber of the produced 64Cu nuclides depending on 
two irradiation intervals (5 and 50 h) for four val-
ues of the target thickness. We can see that for the 
5 h irradiation interval the number of the produced 
nuclides grows in a linear manner and with a fair 
degree of accuracy, while for the longer period of 
time the growth levels off after the saturation point.

An analysis of the obtained data allows us to 
conclude that the peak 64Сu production is achieved 
at the target thickness of 0.545 ± 0.006 mm. The 
error is primarily due to the equivocation arising 

1

2

3

4

1

2

3

4

x, cm τ, cm

NCu64dNCu64 /dx, cm–1

     a)       b)

Fig. 2. Ionization loss distribution of 64Cu nuclides throughout the depth of target penetration (a)  
and dependencies of the number of the produced nuclides on the target thickness (b)  

for different irradiation intervals, h: 0.5 (1), 1.0 (2), 1.5 (3), 2.0 (4).
The lines show the dependencies curves, while the bands correspond to their error  

(connected with the reaction cross section errors)
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Fig. 3. Dynamics of the number of accumulated 64Cu nuclides in 5 h (a) and 50 h (b)  
of irradiating the target of different thickness τ, mm: 0.2 (1), 0.3 (2), 0.4 (3), 0.5 (4). 

The lines show the dependencies curves, while the bands correspond to their error  
(connected with the reaction cross section errors)

1

2

3

4

1

2

3

4

NCu64
NCu64

t, hrs t, hrs

     a)       b)

from measuring the cross section σ(E) [16] at the  
reaction energy threshold of 2.5 MeV (we al-
lowed for the equivocation from using the simpli-
fied Eq. (2) instead of the complete Eq. (1)). Any 
further increase of the target thickness should not 
lead to an increase in the production as at greater 
thickness values the mean proton energy falls be-
low the reaction energy threshold. The peak 64Сu 
nuclide concentration lies at the target depth 
from 0.20 to 0.49 mm. 

Thus, we can consider the identified target 
thickness value, i.e. 0.545 ± 0.006 mm, optimal 
for the maximum production number of the 64Cu 
isotope.

Conclusion

This article developed a design procedure and 
numerical simulation of a production process 

for 64Cu isotope important for application in the 
nuclear medicine. Th process of the 64Cu isotope 
through irradiating a target of natural nickel with 
a proton beam obtained in a cyclotron. The in-
itial kinetic energy of protons was 17 MeV at a 
current of 10 µA.

By means of computations we obtained de-
pendencies of the 64Cu isotope production on the 
target thickness and on the time of irradiation. 
We identified the depth of target penetration at 
which the nuclide concentration of the produced 
isotope reaches its peak.

As a result of the conducted simulation of the 
process, we found the optimal target thickness, 
which is 0.54 mm, to produce the maximum 
number of the 64Cu isotope. The obtained result 
is essential for diagnostics and therapy of various 
diseases applied in nuclear medicine.
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Theoretical physics

Introduction

The quantization of covariant theories, to 
which we include gauge theories with constraints 
linear in momenta, as well as the theory of grav-

ity and string theory with quadratic in momenta 
(Hamiltonian) constraints, makes it necessary to 
expand their phase space by including Lagrange 
multipliers and ghosts along with the correspond-
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ing canonical momenta [1 – 6]. However, in the 
simplest case of the reparametrization-invariant 
theory of a relativistic particle, all this construc-
tion is reduced to introducing the particles proper 
time parameter into the initial action, followed by 
integrating the wave function over this parameter 
within [0, ∞) [7]. The result is a representation of 
the Feynman propagator of a particle, which was 
first proposed by V.A. Fock [8] and J. Schwing-
er [9]. Based on this, a simplified procedure for 
quantizing the covariant theory was proposed in 
Ref. [10], in which the parameters of finite sym-
metry transformations (including the proper time 
in reparameterization-invariant theories) are in-
troduced into the classical theory as additional 
coordinates.

The equations of constraints in quantum the-
ory with this modification take the form of evolu-
tion equations on a group space, and the invariant 
propagator is obtained after integrating the wave 
function over the group parameters over the en-
tire area of their variation (for proper time, these 
are the functional space (FS) integrals within [0, 
∞)) with a simple measure equal to 1. However, 
in contrast to gauge theories with linear momen-
tum constraints, FS integrals are not removed by 
delta functions from Hamiltonian constraints. 
This means that in quantum theory there is no 
time parameter. In Ref. [11], to solve the problem 
of time in the case of a homogeneous isotropic 
model of the universe, the second stage of modi-
fication is proposed, in which an additional con-
dition is imposed on the dynamics of proper time 
as an independent dynamic variable. It consists in 
adding to the initial action its small variation gen-
erated by the infinitesimal shift of proper time. 
As a result, a new quantity arises in the theory – 
mass-energy, which corresponds to its own time. 
In a homogeneous universe, this quantity is an 
integral of motion and must be added to the orig-
inal set of constants of the universe. In Ref. [11], 
it was also suggested that the mass of the universe, 
taking into account the multi-turnaround of time 
in the general case [12], will have the character of 
a distribution, which should be supplemented by 
the corresponding mass flux density. The purpose 
of this work is to substantiate this assumption by 
the example of a simple dynamical system with 

two proper time parameters and with the algebra 
of constraints identical to SL (2, R). In this case, 
we will have two components of its own mass and 
a flow between them. These three parameters are 
not integrals of motion. They are present in the 
energy-momentum balance of the system (con-
straint equations), and should be considered as 
observable quantities. Their equations of mo-
tion, together with the equations of constraints, 
make it possible to remove integration over the 
parameters of proper time and thereby solve the 
problem of time in the quantum theory.

The first stage of modification  
of SL (2, R)-model

The initial Lagrange function of the consid-
ered dynamic system has the form:

where the dot denotes derivatives with respect 
to an arbitrary parameter τ; N

1
, N

2
 are the lapse 

functions, N
3
 is the shift function [12]. 

Minkowski indices uμ, vν, μ, ν = 0, 1, 2, 3 are 
implied and abbreviated notation for the invari-
ants of the Minkowski space are used. 

Hamilton’s function is reduced to a linear 
combination of constraints

where

The Poisson brackets of these constraints form 
the algebra SL(2, R) [13]:

(4)
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This algebra will serve us as the simplest ana-
logue of the algebra of constraints of the theory 
of gravity (and string [14]). The constraints are 
generators of infinitesimal symmetry transforma-
tions of the canonical variables, which are com-
pensated by the transformation of the lapse and 
shift functions [1],

which ensures the invariance of the action (in this 
case C

311
 = 2, C

322
 = –2, C

123
 = 1).

At the first stage of the modification of the 
dynamic theory, as additional generalized co-
ordinates, we introduce the parameters of finite 
symmetry transformations that arise as a result of 
the integration of the system of functional differ-
ential equations:

where the functions Λαβ obey the system of dif-
ferential equations [10]:

The modified theory is obtained by substitut-
ing (6) into the original Lagrange function (1). 

The modified Hamilton function reduces to a 
linear combination of modified constraints

which form a closed algebra with trivial Poisson 
brackets. 

It is these constraints, in quantum theory that 
have the form of evolution equations on a group 
space with coordinates sα. Since these coordinates 
are not observable, one should take additional in-
tegrals over them of the wave function over the 
entire range of their variation on the manifold 
of the group. For the parameters of proper time, 
these are the integrals of the FS within [0, ∞). As 

,N C Nα α βγα β γδ = ε − ε (5)

,N sβ α αβ= Λ (6)

(7)
0.

s s
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a result of this integration, the wave function los-
es its dynamic meaning. It is necessary to take the 
next step in modifying the original theory [11], 
which will remove additional integrals.

Second stage of the theory modification

Considering the coordinates on the group 
space as independent dynamic variables, we take 
their classical equations of motion as additional 
conditions. The latter are obtained as a result of 
the infinitesimal shift of these variables sα → sα + 
+ εα in the action. 

Thus, the finally modified Lagrange function 
takes the form:

Below we will see that this modification sig-
nificantly changes the theory in the right direc-
tion – the removal of the integrals of the FS over 
its group evolution parameters.

We turn to the Hamiltonian form of the mod-
ified theory. Let’s find the canonical momenta:
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The Hamilton function, as expected, is re-
duced to a linear combination of new constraints, 
which are here used by Eqs. (12). 

In these equations, velocities should be elim-
inated by expressing them in terms of canonical 
momenta. First, eliminate the variation δN

1
, δN

2
, 

δN
3
. To do this, we use the old constraints that are 

contained in Eqs. (13) together with the new dy-
namic variables, which are the two components 
of the mass distribution in our model universe 
and the mass flow. We express the old connections 
through new dynamic variables by solving Eqs. 
(13) using a triple of 3-vectors            each 
of which is orthogonal to the corresponding addi-
tional pair of column vectors  

We find the variations δN
1
, δN

2
 from the Ha- 

miltonian constraints:
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and for the variations δN
3
 the momentum con-

straint remains:

which we cannot solve explicitly. 
We only note that the variation δN

3
 is a 

homogeneous function of the first degree of the 
canonical momenta, as well as Eqs. (15), which 
contain square roots. After that, we can substitute 
the velocities (10), (11) in Eqs. (12) and obtain 
the required equations of new constraints. 

Leaving these constraints in the same implicit 
form, we write the modified action in the cano- 
nical form:

where    denotes the right hand side of the Eqs. 
(12). 

Here we consider infinitesimal shifts as canoni-
cal momenta. We will see the solution to the prob-
lem of time in our “universe” when we exclude mo-
menta in this canonical form of action and write it 
again in Lagrangian form. We can do this explicitly.
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Proper time

We will be the first to exclude the momenta 
   conjugated to the group parameters sα. As a 
result, we get        . Next we exclude infini-
tesimal shifts. This gives the equations of motion 
in the form of the law of the change in time of 
new dynamic variables:

The last ones we exclude the canonical mo-
menta corresponding to the "physical" degrees 
of freedom – the Minkowski coordinates uμ, vν. 
Here the difficulty remains associated with the 
absence of an explicit solution of the constraint 
equations with respect to variations δN

1
, δN

2
, 

δN
3
. However, it is easy to see that the resulting 

dependence of the modified Hamiltonian on the 
canonical momenta is a homogeneous function 
of the first degree. The consequence is that all 
terms in the canonical action (17), depending on 
the canonical momenta, disappear. 

Thus, the dependence of the modified action 
on all velocities disappears, except for the one 
contained in the equations of motion (18), as 
well as in the old constraints (4), which we must 
now remember and add to the action as addi-
tional conditions. We also recall that the implicit 
solution of these constraints involves the opera-
tion of extracting a square root with a choice of 
the sign of this root. We must perform the same 
operation under additional conditions, writing 
down the Hamiltonian constraints with square 
roots of the kinetic energies of the physical de-
grees of freedom. As a result, we get the modified 
action in the form

sp
α

N sα α=
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where additional conditions are included with 
the corresponding Lagrange multipliers λ

1
, λ

2
, 

λ
3
. Infinitesimal shifts εβ also fulfill their original 

function of the Lagrange multipliers. 
Note that the modified Lagrange function is 

a homogeneous first-order velocity function, so 
that the theory remains explicitly reparameteri-
zation-invariant.

In the quantum theory, in the representation 
of a propagator in the form of a functional in-
tegral, integration over the Lagrange multipliers 
gives the product of the corresponding function-
al delta functions that remove functional inte-
gration over group parameters sα, as well as over 
additional parameters   . The dynamics of the 
latter, considered by us as observables, serves to 
measure their proper time in the universe. If we 
do not allow the introduction of new observables 
and set Pε = 0, the additional equations of mo-
tion for them also disappear. Then the FS inte-
grals are removed by δ-functions from the initial 
constraints, which have the same meaning as the 
first integral,
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defining time in mechanics. 
Any physical degree of freedom can play the 

role of proper time in this case.

Conclusions

A modification of the covariant dynamical 
theory with constraint algebra SL2 is inspired 
by the problem of time in quantum theory. The 
usual practice in this case of imposing addition-
al gauge conditions violating the covariance has 
been replaced by a modification of the original 
theory at the classical level, which does not vio-
late the covariance of the dynamics of the phys-
ical degrees of freedom. Additional conditions 
in it are imposed on the physically unobserva-

ble parameters of symmetry transformations – 
proper time (for each point of the "universe" its 
own) and the spatial shift between points. How-
ever, the modification turns out to be deeper, 
adding new dynamical variables to the balance 
of energy and momentum of physical degrees of 
freedom, which should be considered observa-
ble. The dynamics of these observables can serve 
to measure proper time and spatial shifts, form-
ing the fundamental frame of reference in the 
universe.
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In the article, we consider the possibility of processing voting results in the case of a team of experts 
with different efficiency in assessing the situation. The experts were expected to decide whether or not 
a patient is suffering from a specific disease. The most intelligent combination of the individual expert’s 
votes into a collective council’s decision was required. Our algorithm was based on the Neumann – 
Pearson principle of minimizing the type II error probability at the fixed type I error probability. The 
team of experts with different qualifications was shown to be able to draw a correct conclusion with high 
probability.
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Introduction

Drawing a difficult and non-standard conclu-
sion, as a rule, requires an opinion supplied by a 
group of experts. In case of selecting several de-
cisions, to arrange the possible options provided 
by the experts, paired comparison method, rank-
ing, and other methods are used [1, 2]. When 
choosing a single solution, it is assumed that all 
experts are equally professional, and an option is 
considered accepted if it received the maximum 
number of votes. Many papers [3 – 8] consider 
the features and drawbacks of such a manner of 
votes processing.

In the article, we consider the possibility of 
processing voting results in the case of a team of 
experts with different efficiency in the situation 
assessment. It is also implied that the experts 
need to choose only one of two options. Such an 
alternative is common, for example, in the course 
of a medical council when deciding on a certain 
diagnosis. Using their experience and the data on 
a certain patient available, the experts attempt 
to identify which of the two situations they are 
dealing with: whether a patient is suffering from a 
specific disease or not.

A necessity of such a choice occurs not only in 
the medical field. Expert experience is in demand 
in consulting companies [9], academic and work 
councils. There is a binary choice, for example, 
when assigning a candidate to the head position 
in a company, when there is a need for a decision 
on whether the candidate has all the essential 
leader qualities and whether he or she is effective 
in the future. The experts can also participate in 
decision making concerning the feasibility of rev-
olutionary enterprise reforming, involvement in a 
certain investment project, etc.

Application of optimal
Neumann – Pearson algorithm 

to make a collective expert decision

Assume that an expert team consists of G ho-
mogenous groups with Ng number of experts in 
each group. The experts are believed to make de-
cisions independently, including the cases inside 
one group. Homogenous group can be formed on 
the basis of their previous work in different med-
ical councils. These groups can be represented by 

various healthcare facility departments, in each 
of which voting takes place. The employees of 
one department may have similar views on the 
disease symptoms.

Let us denote the a      probability that an 
expert doctor of a g group takes a healthy patient 
for a healthy one, and a      probability that the 
expert doctor takes an ill patient for a healthy 
one. Those are conditional probabilities that the 
expert says “healthy” in situations А and B, re-
spectively. The experts are united in one g group 
because they have the same probability values 
    and    . Then the probabilities that the  
expert is right equal      and 1 –     . The prob-
abilities of the right choice may be equal to or  
satisfy either a              inequality or a 
             inequality. The latter inequality in 
the medical field, for instance, characterizes a 
doctor who is apt to overdiagnosis, i.e. misdiag-
nosing a patient with a disease. 

Further, let us denote the number of votes 
supporting A in the g group using ng. Unite those 
values into a voting vector

The number of different results of the voting 
equals

If we consider that the experts decide inde-
pendently of each other, then the n result possi-
bility in the A and B options is expressed as

Statistics play the key role in building the op-
timal Neumann – Pearson criterion:

( )g
Ap

( )g
Ap

( )g
Ap

( )g
Bp

( )g
Bp

( )g
Bp

( ) ( )1g g
A Bp p> −

( ) ( )1g g
A Bp p< −

( )1 2, , , .Gn n n=n 

( )
1

1 .
G

g
g

M N
=

= +∏

( ) ( )( ) ( )( )
1

1 ,
g g g

g

g

G n N nn g g
A N A A

g

P C p p
−

=

= −∏n (1)

( ) ( )( ) ( )( )
1

1 .
g g g

g

g

G n N nn g g
B N B B

g

P C p p
−

=

= −∏n (2)

( ) ( )
( )

.B

A

P
K

P
=

n
n

n
(3)



St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 14 (1) 2021

148

Let us arrange the possible voting results in 
K(n) ascending order:

Introduce a cross section of sequence (4) by 
means of

where k0 is the sequence number of the K0 value 
in sequence (4).

The choice of the k0 value is discussed below. 
A collective decision, according to the Neumann 
– Pearson criterion, is made depending on which 
of the following conditions is satisfied for the vot-
ing n = nk:

In case (5), the A hypothesis is supported, 
i.e. according to the nomenclature accepted in 
Mathematical Statistics, the population of such 
nk voting vectors falls to the admissible domain. 
In case (7), the hypothesis is rejected (nk belongs 
to the critical domain). In borderline case (6), the 
decision is made statistically: the A hypothesis is 
rejected with the ε probability, and is supported 
with the probability of 1 – ε.

For this algorithm, the probability of the type 
I error equals

The probability of the type II error is given by 
an expression

In the Neumann – Pearson algorithm, the 
probability of the type I error can be set arbi-
trarily, while the algorithm provides the minimal 
probability of the type II error with the set value 
of the type I error probability.
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Then, the k0 and ε parameters are chosen with 
such a condition in mind according to which the 
type I error probability α takes the set value. From 
relation (8), we obtain:

Let us explain the meaning behind the Neu-
mann – Pearson criterion optimality. Consider a 
certain arbitrary criterion of making a collective 
decision defined by a function

This function equals the probability of the A 
hypothesis being rejected, and respectively, with 
the probability of 1 – φ1(nk) being supported in 
case of the nk voting result. The corresponding 
function for the optimal criterion according to 
Eqs. (5) – (7) has the form

Assume that α
1
 and β

1
 are the probabilities of 

the type I and type II errors for criterion (11). 
The Neumann – Pearson criterion is optimal in a 
sense that at any choice of function (11) the con-
dition

is satisfied.
This excludes a case when some criterion has 

the type II error probability lower than the opti-
mal criterion has at the same or lower levels of the 
type I error probability.

The optimality can be formulated more graph-
ically, if we introduce a notion of comparable cri-
teria with respect to accuracy. Let us assume that 
two criteria are comparable if the probabilities of 
type I and II errors of one of them deviate from 
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the respective probabilities of the other criterion 
in one way. We can naturally call the criterion 
with lower error probabilities more accurate. In 
these terms, the optimal criterion is more accu-
rate than any comparable criterion or both crite-
ria have the same accuracy.

Eqs. (10) and (9) allow us to construct the 
function

The choice of the type I error probability α is 
arbitrary, and using the Neumann – Pearson al-
gorithm for each of its value we obtain the mini-
mum possible probability of the type II error.

If we know the a priori probability of the A 
option (let us denote it as PA), then we can set 
the following task: to select α in such a way, as to 
obtain the minimum possibility of the total error 
in making the decision

This value of αopt is determined by the formula

Example of calculation  
with the optimal algorithm

Let us present an actual example of calcula-
tions based on the optimal criterion. Consider 
a medical council consisting of two groups. The 
council parameters are given in Table 1. The re-
sults of applying the optimal criterion to the pro-
cess collective decision making of this council are 

( ).β = β α

( ) ( ) ( ).A AP Pγ α = α + 1− β α (12)

( )arg min .opt
α

α = γ α (13)

displayed in Table 2.
The second Table shows various voting results 

ranked by the value of (3). The rightmost col-
umn presents the K(n) values. The second and 
the third columns (on the left) give the number of 
votes supporting the A option in each of the two 
groups: values n

1
 and n

2
, respectively.

The fourth column on the left shows the prob-
ability of the respective voting result in an as-
sumption that the experts are presented with the 
A option. The fifth column on the left includes a 
cumulative probability: the probability of this re-
sult or any other (it is located below). The second 
and the third columns on the right contain similar 
information, but the experts are considering the 
B option. Moreover, the cumulative probability is 
calculated for the voting results located above the 
one under consideration. The cumulative prob-
abilities serve for the purpose of calculating the 
statistical errors (see the text below).

Assume that the sequence of the voting results 
given in Table 2 is arbitrarily divided into the up-
per and the lower parts. The Table demonstrates 
the division at the state with the sequence num-
ber k = k

0
 = 4. According to the optimal crite-

ria, the states located below the border, i.e. the 
numbers of the line put in bold red type, belong 
to the critical domain, while the states above the 
border fall into the admissible domain. If a vot-
ing result falls into the critical domain, then the 
experts support the B option. If a voting result is 
located in the admissible domain, then the deci-
sion is made in favor of the A option. If the voting 
ends in the borderline case, then the B option is 
supported with the ε probability and the A option 
is supported with the 1 – ε probability.

Table  1
Medical council parameters

Group number Number, people pA pB

1 3 0.90 0.20
2 2 0.95 0.10

The possibilities that an expert doctor takes a healthy patient for an ill patient (pA) and an ill person for a healthy 
one (pB) are presented.
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Table  2
Council voting results and their probability parameters

Seq. 
number

k

Vector  
of voting  

for option A 
n = (n1, n2)

Option A Option B
K(n)

1
2
3
4
5
6
7
8
9
10
11
12

3
2
3
1
2
3
0
1
2
0
1
0

2
2
1
2
1
0
2
1
0
1
0
0

0.658
0.219
0.0693
0.0244
0.0231
0.00182
0.000902
0.00257
0.000608
0.000095
0.0000675
0.0000025

1.00
0.342
0.123
0.0535
0.0291
0.00606
0.00424
0.00334
0.000773
0.000165
0.00007

0.0000025

0.00008
0.00096
0.00144
0.00384
0.0173
0.00648
0.00512
0.06912
0.0778
0.0922
0.311

0.0415

0.00008
0.00104
0.00248
0.00632
0.0236
0.0301
0.0352
0.104
0.182
0.274
0.585
1.00

0.000122
0.00438
0.0208
0.158
0.749
3.56
5.67
26.9
128
970
4610

166000

Thus, the border is statistically blurred: with 
the probability of ε it falls into the critical do-
main, while it belongs to the admissible one with 
the 1 – ε probability. It is clear from the above 
that after the choice of the values

the type I and II error probabilities are equal to:

which is in agreement with Eqs. (8) and (9).
The Figure shows a fragment of the β(α) func-

tion graph for the α values of interest and model 
parameters presented in Table 1. Note that the 
dependence of β on α is piecewise linear which 
results from Eq. (14). Indeed, with a continuous 
increase in α, at first the ε value grows at the con-
stant value of k

0
. Then, when ε reaches it maxi-

mum value of ε = 1, the k
0
 value drops by one, the  

cumulative probability       increases by    ,  
while the ε value becomes zero. With the further 

growth of α the ε value increases again, and the 
whole process repeats itself. We can see from  
Eq. (14) that the β value has a linear dependence 
on ε. Therefore, at the regions where α changes, 
while k

0
 is fixed, β a linear dependence on α. The 

Example of a dependence of the 
type II error probability

on the type I error probability
 (model parameters are given in Table 1)

( )
0 1
A

k +∑ ( )
0

A
kP
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Figure shows three of such linear dependence re-
gions. At the peaks of the broken line the value  
ε = 1, which means the stochastic element of the 
optimal criterion disappears at such values of α.

It follows from the piecewise linear nature of 
the β(α) function that the probability of the total 
error γ(α) has the same property (see Eq. (12)). 
But then the task of minimizing the γ(α) function 
(see Eq. (13)) as its solution has a value of α cor-
responding to one of the peaks. At those peaks,  
ε = 1 and the criterion is stochastic. Thus, in the 
frame of a rather generalized task setting, the 
Neumann – Pearson criterion does not contain a 
randomized element. If we take into account the 
fact that in case of continuous distribution the 
randomization is missing entirely [11], we can 
say that the optimal criterion in practice is often 
deterministic.

The method presented in this paper allows 
rational combination of votes of individual ex-
pert doctors into a collective conclusion of the 
council. This algorithm of collective decision 
making is optimal in the sense described above. 
The previous paragraph shows that even a council 
consisting of the experts of different qualification 
can make the right decision with high probability. 
This situation is akin to lowering the computa-
tional error by means of their independence and 
massive character. Similarly, in case of collective 
decision making, it is critical that the experts pro-
viding their conclusions are independent of each 
other. This condition may be subject to a breach 
in real life due to various reasons. For example, 
in the course of collective discussion of a diagno-
sis, each specialist might be inclined to unify the 
opinions of the council members. Some experts 
might exert unintentional pressure (for instance, 
due to their authority) on other specialists. All of 
these factors may contribute to both an increase 

or a decrease of the probability of the right col-
lective decision.

Some misconception widely spread among the 
specialists of these group might be another possi-
ble cause for a deviation from independent rea-
soning of an expert. This may lead to emergence 
of a statistical dependence (correlation) between 
opinions of some experts, although in this case 
they do not interact with each other directly.

Let us note that the independence of the ex-
pert decision making is not an essential pre-
condition to the use of the optimal criterion. If 
there is a correlation, Eqs. (1) and (2) become 
invalid. However, if there are sufficient data on 
the dependence, we can write the corresponding 
formulae even in the presence of the correlation 
instead. 

Conclusion

We studied a possibility of processing voting 
results in case of a team consisting of experts with 
different qualification. As an example, we con-
sidered a case in medical sphere when a medical 
council was expected to decide whether or not a 
patient is suffering from a specific disease. The 
most intelligent combination of the individual 
expert’s votes into a collective council’s decision 
was required. Our algorithm was based on the 
Neumann – Pearson principle of minimizing the 
type II error probability at the fixed type I error 
probability. We tested the developed algorithm 
by using a simple example: two councils that in-
cluded 2 and 3 experts. The team of experts with 
different qualifications was numerically shown 
to be able to draw a correct conclusion with high 
probability. The considered methods are recom-
mended for application both in medical person-
nel training [15, 16], as well as in similar situa-
tions demanding an expert group conclusion.
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Introduction

In paper [1], we presented a constructed 
mathematical model of dissemination of new in-
formation in the society:

While constructing, it was considered that the 
main factors for the dissemination of new infor-
mation were the following values, depending on 
the time t:

N(t) (after “News”) is a quantitative charac-
teristic of information related to news which cor-
responds to promotion of new views in the infor-
mation space;

C(t) (after “Censorship”) is a number of cen-
sor bodies with a certain resource base which aim 
to maintain the previously established concepts;

A(t) (after “Alternative view”) is a quantitative 
characteristic of information flow (probably ini-
tiated by censor bodies) which opposes the dis-
semination of a new concept in the information 
space;

i(t) (after “index”) is a parameter of a share 
of population favorably disposed towards to new 
ideas emerging in mass media at the time of oc-
currence:

where I, %, corresponds to complete acceptance 
of conventional statements before the beginning 
of observations; I*, %, is a respective characteris-
tic of acceptance of conventional statements with 
new views disseminating in mass media.

Parameters β ≥ 0, γ ≥ 0 respectively shows the 
capacity of new information dissemination via 

,dN N AN
dt

= β − γ

( )* ,dC AN C C
dt

= α −µ −

,dA C AN A
dt

= ρ −ηγ −λ

.di N i
dt

= σ −ω

(1)

*

1 ,Ii
I

= −

mass media and probabilistic characteristic of the 
effect neutralized by means of stating the oppo-
site opinion. In turn, coefficient α ≥ 0 shows the 
intensity of the reaction to the confrontation of 
opposite views, parameter µ > 0 is inversely relat-
ed to the time of operation of additionally formed 
bodies (let us assume that a society always has 
some special resource available in the number of 
C

*
 in order to protect the previous concept).
Average velocity of news generated by one body 

of information C is characterized by parameter  
ρ ≥ 0, while η ≥ 0 is the amount of information A 
aimed at neutralizing the impact of messages N. 
Coefficient λ > 0 is inversely related to the time 
the information A is forgotten.

Parameters σ > 0, ω ≥ 0 characterize respec-
tively the acceptance rate of the new idea and 
return to the former concept due to inertia of 
mentality.

Undoubtedly, the proposed mathematical 
model does not account for all the subtle fea-
tures and details while describing the process of 
new information dissemination via mass media in 
the society. However, this generalized form of the 
model allows binding main factors dedicated to 
this action into a system and deeper understand-
ing of the process of information confrontation.

Previously, using the methods described in pa-
pers [2–5], we showed that system (1) has char-
acteristics that allow studying global properties 
of its solutions: uniqueness, continuous depend-
ence on parameters, their unlimited extendibility. 
In addition, for this system, we proved invariance 
of the set

We also found two stationary solutions which 
have rather clear interpretation [1]:

( ){ }
4

4, , , : 0, 0, 0, 0 .

R

N C A i R N C A i
+ =

= ∈ ≥ ≥ ≥ ≥

( )
( )

1 1 1 1 1

* *

, , ,

0, , ,0 ,
st st st st stX N C A i

C C

= =

= ρ λ

( )2 2 2 2 2, , , ,st st st st stX N C A i=
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where

In the space of system parameters, we indicat-
ed two domains in which         , i = 1.2, but 
with properties significantly different from each 
other:

By means of using qualitative methods of 
studying differential equations, we studied global 
properties of the phase pattern of the constructed 
dynamic system. This allowed us to identify sev-
eral possible scenarios of dissemination of new 
information in the society.

This paper investigates the solution properties 
of system (1) in parameter domains

which may be of interest in application. 
In these domains, set    contains only one 

stationary solution:

Before the study, one comment should be 
made. Since in system (1), a variable i(t) is pres-
ent only in the last equation, a further investiga-

( )

( )

*
2

2
*

2

,
( )

,

st

st

C
N

CC

µ λβ− γρ
=
β αρ−µηγ

αλβ−ηµγ
=

γ αρ−µηγ

( )
( )

2

*
2

,

.

st

st

A

C
i

β
=
γ

σµ λβ− γρ
=
ωβ αρ−µηγ

4
istX R+∈

* *
1 2: , : .

C Cγρ > λβ γρ < λβ 
Ω Ω µηγ > αρ µηγ < αρ 

*
1 : ,

Cγρ < λβ
Λ µηγ > αρ

*
2 : ,

Cγρ > λβ
Λ µηγ < αρ

4R+

( )
( )

1 1 1 1 1

* *

, , ,

0, , ,0 .
st st st st stX N C A i

C C

= =

= ρ λ

tion may be conducted for a system of lesser di-
mension which is expedient to present in a form 
more suitable for the studies:

The obtained results can be then easily ex-
tended to the variable i(t).

It is easy to show that the set

for this set is invariant and contains only one sta-
tionary solution

Note that in Λ1 this stationary solution in un-
stable, while in Λ2 it is stable.

The conceptual meaning of the stationary 
solution X

st
 was formulated in paper [1] as a sys-

tem of views predominant in a society, for the 
support of which administrative resource in the 
number of C

*
 employs a sufficient (from the point 

of view of this resource) amount of information  
ρC

*
/λ in mass media.

Due to autonomy of system (2), initial condi-
tions can be written as follows:

Analysis if models (2), (3)  
in the parameter domain

A reduced two-dimensional system of differ-
ential equations

( )* ,dC AN C C
dt

= α −µ −

( ) ,dA C N A
dt

= ρ − λ +ηγ (2)

( ) .dN A N
dt

= β− γ

( ){ }
3

3, , : 0, 0, 0

R

C A N R C A N
+ =

= ∈ ≥ ≥ ≥

( )
( )* *

, ,

, ,0 .
st st st stX C A N

C C

= =

= ρ λ

( )
( ) ( )

0

0 0

0 0,

0 0, 0 0.

C C

A A N N

= ≥

= ≥ = ≥
(3)
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obtained from system (2) at α = 0 and C(t) =  
= C* when t ≥ 0 gives a better understanding of 
the behavior of solutions to three-dimensional 
system (2), (3) in the Λ1 domain.

We should explain that system (4) describes a 
situation when the bodies of information protec-
tion due to various reasons do not react to target-
ed media “injections” of data that contradict the 
accepted opinions of the society.

System (4) in the parameter domain Λ1 in the 
invariant set

has only one stationary solution:

which is a saddle.
Known techniques of qualitative analysis of 

two-dimensional differential equations systems 
[6] allow constructing a phase pattern and in-
vestigating the behavior of system (4) trajectories 
(Fig. 1). As seen from the Figure, all trajectories 
of system (4) with initial conditions

when t → +∞ have the same behavior:

We show that in

system (2), (3) has a qualitatively similar phase 
pattern.

Let

( ) ,dA C N A
dt

= ρ − λ +ηγ

(4)

( ) ,dN A N
dt

= β− γ

( ){ }2 2, : 0, 0R A N R A N+ = ∈ ≥ ≥

( ) ( )*, ,0 ,st st stX A N C= = ρ λ

( ) ( )0 00 0, 0 0A A N N= ≥ = >

( ) ( )0, .A t N t→ →+∞

( ){ }
3

3, , : 0, 0, 0

R

C A N R C A N
+ =

= ∈ ≥ ≥ ≥

Fig. 1. Phase pattern of system (4) in the      set2R+

For an arbitrary solution of system (2), (3), 
specifically for

let us denote Λ+(X) as a ω-bounding set of this 
solution [7].

Lemma. For all trajectories of system(2), origi-
nating in the R+ set, Λ+ ∩ ∂R+ is an empty set.

P r o o f. The set ∂R+ is invariant due to system 
(2), (3). Indeed, if

then system (2) is determined by linear equations

For which a special X
st
 point has global, uni-

form, asymptotic stability in ∂R+.

( ){ }3, , : 0 ,R C A N R N+
+= ∈ >

( ){ }3, , : 0 .R C A N R N+
+∂ = ∈ =

( ) ( ) ( ) ( )( ), , ,X t C t A t N t=

( )0 0 0 0, , ,X C A N R+= ∈∂

( )

( )

*

0

,

,

, 0,

dC C C
dt

dA C A
dt
N t X

= −µ −

= ρ −λ

≡

(5)
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Assume that the Λ+ ∩ ∂R+ set is not empty. 
Then there is such a trajectory X(t, X

0
) of system 

(2), (3), that from             it follows that 
X(t, X

0
) → ∂R+. Based on the theorem of contin-

uous dependence of system (2), (3) solutions on 
the initial data [8], X(t, X

0
) → X

st
 when t → +∞. 

Which is impossible, as X
st
 is an unstable station-

ary solution to system (2), (3). 
Thus, the lemma is proved.
Theorem 1. All trajectories of system (2), origi-

nating in the R+ set, are not bounded.
P r o o f. Assume the converse. Let there be 

such a trajectory X(t, X
0
) which is bounded when

Introduce Lyapunov’s function into consid-
eration

and find its derivative due to system (1):

This derivative is locally Lipschitzian along 
X and continuous. The V(X, t) function itself is 
bounded from below. Let us show this:

The boundedness from below of the difference 
γAN – βN is obvious given the boundedness of 
the X(t, X

0
) trajectory. The third summand of the 

presented function is also bounded from below. 
Indeed, it is positive in a set, where Ȧ < 0. In a set, 
where Ȧ > 0, it can be estimated as follows:

The second derivative        , due to sys-
tem (1), is obviously bounded from below as well. 
Consequently (see [7], statement VIII.4.7),

0( , )X t X R+∈

( ) ( ) ( ) ( )( )0 0 , 0 , 0 , 0X N C A i R+= ∈

( )
0

, ,
t

V X t AN N AN d= γ −β − γ τ∫ 

( )
( )

( )2

,

0.

V X t NA AN

N AN N A

A N

= γ + γ −

− β − γ = γ −β =

= − β− γ ≤

 

 

( ) ( )
( )

max
0 0

max

max max max

0

0 .

t t

AN d AN d

N A t A

N A N A

−γ τ ≥ −γ τ =

= −γ − ≥  
≥ −γ + γ

∫ ∫ 

( ),V X t

                                  at t → +∞.

This fact ensures that the trajectory is ap-
proaching to its ω-bounding set

Since system (1) is autonomous, this set is in-
variant due to the system. 

Consider an Λ+ set.
In the R+ set, a plane A = β/γ does not con-

tain sets invariant due to system (2). Therefore, 
the trajectory of system (1) cannot approach this 
plane when t → +∞. The plane N = 0, accord-
ing to lemma, can also not contain the points of 
ω-bounding set. Consequently, the system tra-
jectory cannot approach the N = 0 plane when  
t → +∞ as well. We arrived at a contradiction.

This proves the theorem.
Let us select two subsets in the R+ set (Fig. 2):

In the H
1
 subset, consider such surfaces, on  

which values               respectively equal 
zero:

Let us estimate the mutual arrangement of sur-
faces (7) and (8) by prior determination of their in-
tersection with the plane N = 0 (see Fig. 2): C =  
= C* and C = λA/ρ for Eqs. (7) and (8) respectively.

( ), 0V X t →

( ) 4, , , : 0 .

M

N C A i R A N

+

+

Λ ⊂ =

 β
= ∈ = ∨ = γ 

( )2 , , : .H C A N R A+ β
= ∈ > γ 

(6)

( )1 , , : ,H C A N R A+ β
= ∈ ≤ γ 

( ), ( ), ( )C t A t N t
  

( ) ,
C C

N
A

∗µ −
=

α
(7)

,CN
A

ρ λ
= −
ηγ ηγ

(8)

(9).A β
=
γ
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At the intersection of these lines, there is a 
stationary solution

At any intersection with a plane      , sur-
faces (7) and (8) respectively have the form:

For the Λ1 domain parameters, the coefficient 
of C in the expression for line (10) turns out to 
be greater than the respective coefficient for line 
(11), as it results from inequality μηγ > αρ after 
dividing by αηγÃ that

Note here, that a diagram of the considered 
problem (Fig. 3) allows graphical estimation of 
the mutual arrangement of surfaces (7), (8) in 
the H1 subset. This representation will be used to 
prove the following theorem.

Theorem 2. Assume that in the R+ set of the 
parameter domain H1,

Fig. 2. Two selected subsets (6) in the R+ set

( ) ( )* *, , , ,0 .st st st stX C A N C C= = ρ λ

A A= 

* ,CCN
A A

µµ
= −
α α 

(10)

.CN
A

ρ λ
= −

ηγηγ 
(11)

.
A A
µ ρ

>
α ηγ 

is the solution of system (2), (3). Then, at t → +∞,  
a component of this solution A(t) → 0, while  
N(t) → +∞.

P r o o f. Let us prove the theorem in three 
steps.

Step 1. Let us show that any solution 
                        from the H2 subset  
of the R+ set after a finite time falls into the H1 
subset. Indeed, if A > β/γ, it follows from the  
third equation of system (2) that         . Then,  
still in H2, the X(t) solution in finite time falls in a 
rather close neighborhood of plane N = 0. How-
ever, in this plane, all solutions of system (2) at  
t → +∞ approach the stationary solution of X

st
, 

for which

A
st
 = ρC*/λ < β/γ

in Λ1. Therefore, the theorem of continuous de-
pendence on the initial data [8] guarantees that 
any solution to system (2) out of the H2 subset 
falls into the H1 subset in finite time.

Step 2. It is clear that solutions of X(t) fall 
from H2 into H1, where         , through a part 
of plane (9) A = β/γ, in which       (see Fig. 2).  
Now, let us show that from the part of the H1 
set, where      , at t → +∞, the component  

( ) ( ) ( ) ( )( )0 0 0 0, , , , , ,X t X C t X A t X N t X=

( ) ( ) ( ) ( )( ), ,X t C t A t N t=

( ) 0N t <

( ) 0N t >

0A <

0A <
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a) b)

c)

Fig. 3. Surface (7), (8) for various values of А:  
0 < A < A

st
 (a), A = A

st
 (b), A

st
 < A < β/γ (c)

A(t) → 0, and N(t) → +∞. 
Let us introduce two functions:             

and            Using the relations (7), (8), it is 
easy to verify that in the H1 subset on the surface 
V1(X) = 0, when 

A
st
 < A ≤ β/γ

V2(X) < 0 (see Fig. 3,b,c). Therefore, due to sys-
tem (2),

Consequently, the system solution from the  
surface       falls into the domain, where        
Only for a few values 0 < A < A

st
, indicated in  

Fig. 3,а (red line segment), the solution may fall  

( )1V X A= 
( )2 .V X C= 

( )
( )1

1 : 0X V X
V X

=
=

0.A C NA= = ρ −ηγ <  

0A =

0A =

0.A <

from the surface       into a domain, where 
     . When it starts to go up, the A(t) com-
ponent can grow up to value A = A

st
 only under  

the condition that       at A = A
st 

 (Fig. 3,b).  
For this, we need to cross the surface         
        But on this surface due to system (2)

Therefore, as        in the H1 subset, then  
A(t) through surface (8) again falls into the do-
main, where      , and consequently starts to  
drop. Thus, when t → +∞ the component A(t) → 
→ 0, while N(t) → +∞. 

Step 3. Solution X(t, X
0
), starting in the H1 

part, where       and      , falls either through  
the surface A = β/γ into the H2 subset or into the 
surface      , where V1(X) = 0. Although, in the 
first case, as it was shown in the previous steps, 

0A >

0C <

2 ( )V X =
0.C= =

( )2 0.V X C AN AN= = α +α >  

0N >

0A <

0A > 0C <

0A =
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A(t) → 0, and N(t) → +∞ at t → +∞. In the sec-
ond case, due to system (2), we have

Thus, we find ourselves in the part of the H1 
domain, in which      , where due to      ,  
A(t) → 0 again, and N(t) → +∞ at t → +∞. 
Which is what we set out to prove.

This proves Theorem 2.
Interpretation. With this ratio of parameters 

of system (2), the results of the mathematical 
studies allow us to make a conclusion on the 
preparedness of the society to accept new ideas 
and opinions. Any appearance of views and opin-
ions in mass media that do not coincide with the 
traditional ones will find support of the society 
members. In this case, the recipients replace the 
previously dominating concept completely.

Analysis of models (2), (3)  
in the parameter domain Λ2

It is easy to show (see paper [1], statement 2) 
that in the parameter domain Λ2, a stationary 
solution

of system (2), (3) has asymptotic stability. Let us 
study its domain of attraction.

Note that the right part of the equation for 
C(t) of system (2) ensures the trajectory under 
the initial conditions falls from the     set into a  
subset, where C(t) ≥ C*, which is invariant. 
Therefore, we will study only this part of   . In  
addition, from the equation for A(t) of system  
(2) we can see that plane A = β/λ divides this  
subspace into two sets (Fig. 4):

in which X
st
 is located.

( )
( )1

1 : 0

0.
X V X

V X

A C NA
=
=

= = ρ −ηγ <



  

0A < 0N >

( )
( )* *

, ,

, ,0
st st st stX C A N

C C

= =

= ρ λ

3R+

3R+

( ){ }3
*, , : , 0 ,NR C A N R C C N+ += ∈ ≥ ≥

( ){ }3
*, , : , 0 ,NR C A N R C C N− += ∈ ≥ ≤

Theorem 3. Assume that for systems (2), (3) in 
the parameter domain Λ2, a condition

is satisfied. Then the entirety of the space

is a part of the attraction domain of asymptotically 
stable stationary solution X

st
.

P r o o f. Take an arbitrary trajectory X(t, X
0
) 

of system (2), (3) originating in the    set. As we 
noted in the beginning of the section, in finite 
time, it either end up in     or in     . Let’s em-
ploy further reasoning in three steps as well.

Step 1. Let us show that any solution

out of the     set in finite time falls into the      
set.

Consider surface (8) (Fig. 4), where      ,  
and function           . In the Λ2 parameter 
domain, keeping in mind Eq. (8), if condition 
(12) is satisfied, for a certain positive volume δ 
we have:

.βηγ +µηγ < ρα (12)

( ){ }
3

3, , : 0, 0, 0

R

C A N R C A N
+ =

= ∈ ≥ ≥ ≥

3R+

NR+

NR+

NR−

NR−

( ) ( ) ( ) ( )( ), ,X t C t A t N t=

0A =
( )1V X A= 

( )
( )

(

)

(

)

(

1
1 : 0

2
*

2
*

2

X V X
V X

A C NA

C A

A C A

C

A C

C

=

∗

∗

=

= = ρ −ηγ =

 ρ −λ
= ρα −µηγ −βηγ + ηγ 

+ηγ +ρµ −λµ ≥

β ρ −λ γ ≥ ρα −µηγ −
ηγ 

 
 

β
− βηγ + ηγ +ρµ −λµ =

γ

 ργ −λβ
= ρα −µηγ − ηγ 
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Thus, the trajectory X(t) falls into the domain, 
where      , from surface (8), and, respectively,

If V1(X) < 0 in a certain part of the     space,  
then the search for derivative V1(X) sign, due to 
system (2), comes down to calculating the sign of 
a derivative on the surface V1(X) = 0, since

This means that all trajectories out of the     
set fall in the part, where           .

Due to smoothness of function V1(X), we can 
find such a positive number ε, so that the com-
ponent N(t) from some finite point of time starts 
satisfying a relation

only if the X(t) trajectory is in the    set.

)2 * 0.CA ρµγ −λµβ
− βηγ + ηγ + > δ >

γ

Fig. 4. Key surfaces (8) and (13) in sets       and       respectivelyNR+
NR−

0A >

.CN
A

ρ λ
< −
ηγ ηγ

NR+

NR+

( ) ( )

( )
( )

1

1

1 : 0

1 : 0
0.

X V X

X V X

V X

A C A NA AN

C NA V X

<

=

=

= = ρ −λ −ηγ −ηγ ≥

≥ ρ −ηγ = >



   

  

NR+

0A >

,CN
A

ρ λ
< − − ε
ηγ ηγ

NR+

Next, for the component A(t) > 0, we have:

The last inequality ensures that any X(t) tra-
jectory of system (2) after finite time falls into 
    , where A > β/γ and, consequently,            .

Step 2. Let us prove that falling from the      
set into the     set, the X(t) trajectory at t → +∞ 
approaches the stationary solution X

st
. 

Let us set a direction for a vector field at the 
surface

Scalar product of vectors

has the following form:

0.

A C AN A C

CA A
A

A

= ρ −ηγ −λ > ρ −

 ρ λ
− ηγ − − ε −λ = ηγ ηγ 

= ηγ ε >



NR−

NR−

0N <

( )* , const.N C C q qρ
= − + −
ηβ

(13)

; ; 1

; 0; 1 ,

N N
C A
∂ ∂ = − = ∂ ∂ 
 ρ

= − ηβ 

n

; ;dX dC dA dN
dt dt dt dt

 =  
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This expression is positive when

Because of the fact that in the Λ2 parameter 
domain Ā < β/γ, the X(t) trajectory, falling from  
the    set into    (see Fig. 4), can no longer go 
back from      to    . And since in          , after  
finite time, the X(t) trajectory of system (2) arrives 
in the arbitrarily small neighborhood of plane  
N = 0. For system (2), this plane is invariant, and 
according to system of equations (5), all trajecto-
ries on it approach the stationary X

st
. Therefore, 

based on the theorem of continuous dependence 
of system (2), (3) solutions on the initial data [8], 
the X(t) trajectory of this system from the small 
neighborhood of plane N = 0 also approaches the 
stationary X

st
, when t → +∞.

Step 3. Take the X(t, X
0
) trajectory of system 

(2), (3), originating in the    set. At any t mo-
ment of time, a point of this trajectory is located 
on surface (13) for some q = q

0
. But in    , as  

shown in the second step of the proof, with the 
growth of time t, X(t, X

0
) “descends” onto a sur-

face, where q < q
0
. Therefore, the X(t, X

0
) solu-

tion originating in the     set arrives either in the 
    set via the plane A = β/γ or on surface (13), 
where q ≤ 0. In both cases, this guarantees, in line 
with the reasoning of the previous steps of the 
proof, that X(t, X

0
) → X

st
, when t → +∞.

Thus, Theorem 3 is proved.
The phase pattern of system (2), (3) is shown 

in Fig. 5.
The interpretation of the obtained results is of 

interest. They show that with the indicated rela-
tions of system (2) parameters the society (or its 
segment) is completely dominated by a certain 
concept (for example, ideological or technologi-
cal). The cause of this might be full acceptance of 
the processes occurring in the society or a failure 

( )

( )

*

.

C C

A

ρ
− ×

ηβ

  ρ
× α + γ − µ +β  ηβ  

( ) .A A
µ +β ηβµ +β

> = =
ρ αρ+ γηβα + γ
ηβ

NR+
NR+

NR−
NR−

NR−

NR−

NR−

NR− 0N <

NR+

to change the established views. This could also 
happen due to high efficiency of the censor bod-
ies which do not allow new information to fully 
fill the information space.

Conclusion

The study performed in this paper signifi-
cantly expands the domain of investigated sys-
tem characteristics which allows predicting the 
behavior of solutions depending on the initial 
data. 

1. In the parameter space, we identified two 
important domains Λ1 and Λ2, in which we math-
ematically justified certain global properties of 
the phase pattern of the studied dynamic system.

2. For each case, we provide an interpretation 
of the obtained results. In one instance, it is pre-
paredness of the society to replace the dominat-
ing concept completely (for example, ideological 
or technological). In another case, on the contra-
ry, it is a failure to accept new provisions due to 
various reasons.

The authors consider the results obtained in 
this article to be a continuation of the system re-
search presented in papers [1, 9–11]. This pro-
ject is aimed at studying mass media as a dynamic 
system with a high velocity of changes. The use of 
the methods of non-linear dynamics allows most 
complete and thorough investigation of the struc-
ture and properties of the processes unfolding in 
such a system.

Fig. 5. Phase pattern of system (2), 
(3) in the parameter domain Λ

2
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CROSS-PROPERTY CONNECTIONS  
BETWEEN YOUNG’S MODULUS AND DIFFUSION COEFFICIENT  

OF TWO-PHASE COMPOSITE
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The paper interrelates changes in the effective elastic and diffusion properties of a two-phase 
composite using microstructural parameters. It is suggested that there are some inhomogeneities 
identical in shape in the material. The development of the cross-property connections in the explicit 
tensor form has been presented. The segregation effect, being a constant jump in concentration of 
particles of the solute flux at the matrix/inhomogeneity interface, was taken into account. It is a good 
practice to apply the derived cross-property relations to finding some effective properties of material 
using others when the material’s microstructure is unknown. The obtained expressions were put to 
the test for isotropic material with pores; the approximate correlations were compared with exact 
ones found for the specific microstructure.
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СООТНОШЕНИЯ МЕЖДУ МОДУЛЕМ ЮНГА  
И КОЭФФИЦИЕНТОМ ДИФФУЗИИ 

ДВУХФАЗНОГО МАТЕРИАЛА

К.П. Фролова

Институт проблем машиноведения РАН, 
Санкт-Петербург, Российская Федерация;

Санкт-Петербургский политехнический университет Петра Великого, 
Санкт-Петербург, Российская Федерация

В работе устанавливается взаимосвязь между изменениями эффективных упругих и диф-
фузионных свойств двухфазного композита через микроструктурные параметры. Предпола-
гается, что в материале присутствуют одинаковые по форме неоднородности. Представлен 
вывод соотношений в явном тензорном виде. При установлении взаимосвязи между эффек-
тивными свойствами учитывается эффект сегрегации, заключающийся в скачке концен-
трации растворенного вещества на границе раздела матрица/неоднородность. Полученные 
соотношения целесообразно использовать для определения одних эффективных свойств 
через другие, когда микроструктура материала неизвестна. Установленная взаимосвязь про-
верена для изотропного материала с порами. Найденные приближенные соотношения срав-
ниваются с точными, полученными для конкретной микроструктуры.

Mechanics
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Introduction

Finding connections between various effec-
tive properties of heterogeneous materials is a 
fundamental problem of mechanics [1, 2]. These 
mathematical expressions interrelate the chang-
es in different physical properties caused by a 
certain microstructure. The significance of this 
problem is defined by the fact that it allows one to 
determine certain effective properties by means 
of others in the absence of exhaustive informa-
tion on the composite microstructure. 

The search for various cross-property connec-
tions have been a topic for studies in literature 
since 1960s. An in-depth review of this problem 
is presented in [3]; according to the data present-
ed the published studies may be conditionally di-
vided into four directions:

qualitative research;
establishment of empirical dependencies;
determination of the ranges of material char-

acteristic changes;
finding connections for materials with isolat-

ed inhomogeneities in explicit form.
There are currently a limited number of the 

published works devoted to the fourth direction. 
Explicit connections between effective elastic and 
conductive properties of materials were established 
in [4, 5]. These expressions describe anisotropic 
material with an isotropic matrix; the accuracy of 
the proposed connections depends on the shape 
of the inhomogeneities and the difference in the 
elastic properties of the constituents. Equations 
connecting strength characteristics of metal com-
posite with graphite flakes to its thermal conduc-
tivity were obtained in [6]. Connections between 
effective thermal expansion and effective thermal 
conductivity were presented in [7, 8]. The accu-
racy of these correlations depends on the shape of 
inhomogeneities and the difference in the thermal 

conductivity of the constituents. Mutual depend-
encies between effective diffusion coefficient and 
thermal conductivity of a metal-diamond com-
posite were presented in [7, 8]. Explicit connec-
tions between thermal and electrical properties of 
a composite were obtained in [11].

A significant difference between the problems 
of diffusion and thermal conductivity considered 
in [4, 5] is that temperature is a continuous func-
tion across the interface of two phases (matrix/
inhomogeneity) while concentration is usually 
not [12]. This phenomenon of the diffusing parti-
cles accumulating at the phase interface or inside 
inhomogeneities is known as the segregation ef-
fect [13].

This work is devoted to establishing explicit 
connections between effective elastic and diffu-
sion properties of a two-phase composite with in-
homogeneities identical in shape while taking the 
segregation effect into account.

The obtained connections are tested for a case 
of isotropic porous material while interrelating 
the changes in Young’s modulus and diffusion 
coefficient.

Сonnections between
effective elastic and diffusion properties

of a two-phase composite

The connections between effective elastic and 
conductive properties obtained in papers [4, 5] 
are based on the fact that the changes in these 
properties different in nature are under control of 
the same microstructural parameters. Two main 
assumptions were used in the course of deriving 
the connections:

inhomogeneities are spheroidal; 
effective properties are determined in the 

framework of the non-interaction approximation 
(NIA). 
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However, papers [4, 5] show that the obtained 
connections are valid for materials with differ-
ently shaped inhomogeneities and at greater 
concentrations than the NIA permits. This is due 
to the fact that the shape and concentration of 
inhomogeneities influence the elastic and con-
ductive properties to the same extent.

Based on an analogy between diffusion and 
conductivity equations, let us use a methodolo-
gy described in papers [4, 5] to establish connec-
tions between effective elastic and diffusion prop-
erties. According to this methodology, property 
contribution tensors are introduced to describe 
the effect of an inhomogeneity on the properties 
of interest, they act as primary microstructural 
parameters [3].

We introduce the fourth-rank compliance 
contribution tensor H describing extra strain oc-
curring over a reference volume due to the pres-
ence of the isolated inhomogeneity. The indicat-
ed tensor depends on the shape of the inhomoge-
neity and the difference in the elastic properties 
of the matrix and the inhomogeneity. In case the 
inclusion is spheroidal, tensor H is transverse-
ly-isotropic (the symmetry axis coincides with 
the symmetry axis of the spheroid) and can be 
presented as a linear combination of T

1
, T

2
, …, 

T
6
 tensor basis elements:

where

θ is a projection tensor; θ = I – nn (I is the sec-
ond-rank unit tensor).

Effective compliance tensor can be deter-
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mined in the frame of the NIA in the following 
way:

where S0 is a matrix compliance tensor, V is a ref-
erence volume, Vk is the volume of the kth inho-
mogeneity. 

When calculating effective elastic properties 
of the materials with inhomogeneities identical in 
shape, expression (2) can be rewritten in a form:

where

is the fourth-rank unit tensor; parameters Wi(i =  
= 1, 2, …, 5) are expressed by means of hi coeffi-
cients as

while

ρ is a volume fraction of the inhomogeneities.
One can determine the effective diffusion 

properties of the material consisting of a ma-
trix with an isotropic diffusivity tensor D
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ilar way [14]. Either a second-rank diffusivi-
ty contribution tensor HD which determines 
additional mass flux caused by the presence 
of the inhomogeneity in the material, or a sec-
ond-rank diffusion resistivity contribution tensor  
HDR                   is introduced.

Both the matrix and the inhomogeneity obey 
linear Fick’s law. The normal component of the 
flux is deemed to be continuous at the interface of 
the matrix (denoted by “+”) and the inhomoge-
neity (denoted by “–”), while the concentration 
is subject to a jump

where s is the segregation factor.
The presence of the segregation effect leads to 

a fundamental distinction of the diffusion process 
from that of thermal conductivity considered in 
papers [4, 5]. The segregation factor shows a ra-
tio of the concentrations at the inhomogeneity’s 
interface and inside of it; it equals one in case 
of a continuous concentration function at the 
matrix/inhomogeneity interface. A case of s > 1 
corresponds to a material in which the diffusing 
particles accumulate at the interface of two phas-
es, while the s < 1 case corresponds to trapping 
of particles inside the inhomogeneities [14]. In 
studies of matrices with pores, only the s ≤ 1 case 
is of interest from the physical point of view.

In case of the spheroidal inhomogeneity, the 
contribution tensors are determined in the fol-
lowing matter:

while the B
1
 and B

2
 coefficients depend on the 

shape of the inhomogeneities, the difference in 
the diffusion coefficients of the matrix and the 
inhomogeneity, as well as the segregation factor.

The effective diffusivity tensor is introduced in 
the frame of the NIA as
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while the effective resistivity tensor has a form

Effective diffusion properties of the material 
with the inhomogeneities identical in shape can 
be expressed using the ρ volume fraction of the 
inhomogeneities and the second-rank tensor ω 
determined by expressions (4) in the following 
manner:

Establishing explicit connections between the 
effective elastic and diffusion properties is possi-
ble if they are expressed in terms of the same mi-
crostructural parameters, i.e. the ρ scalar param-
eter and ω tensor parameter. Therefore, to obtain 
the cross-property connections, we need to elim-
inate the summand containing the fourth-rank  
Ω tensor in effective compliance tensor expres-
sion (3). According to statements in papers [4, 
5], this is possible by means of correcting W
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W
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To derive the connections between the ef-
fective elastic and diffusion properties of the 
material for a general case of orientation distri-
bution of inhomogeneities, let us express the ω 
tensor and the ρ parameter using the Deff and 
        tensors, respectively:

As a result of substituting these expressions 
in Eq. (10), we can obtain two correlations es-
tablishing an explicit connection between the 
effective compliance and the effective diffusion 
properties:
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To derive connections between effective elas-
tic moduli and effective diffusion coefficients, 

( )
( )
( )
( )
( )

0

3 0

0

4 0

0

tr / 3

/

/

/ ·

· /

eff

eff

eff

eff

eff

D

D

D

D

D

−

 −
− +

 −
− 

× +

+α +

+

+α +

+

D

D

D

D

I

J

D

I

I

J

I I

I

(13)

( )
( )

( )( )
( )( )
( )( )
( )( )
( )( )

0
0

1 2

1

0

1

3 0

1

0

1

4 0

1

0

á

3 tr

·

·

eff

eff

eff

eff

eff

eff

E

D

D

D

D

D

−

−

−

−

−






− =

= α + ×

× − +

+α − +

+ −

+

+


 +


α −

−





+



S S

II J

D

I D I

I I D

I D J

J I D

(14)

( )
( )( )

( )
( )( )

( )

( )

2 1

2 1 2

2 1

2 1 2

2

1

1 3 1
1

1

2 4 1
2

3
3

1

2 1

4
4

,  
2

,
2

,
2

.
2

s s
B B

s s

B

B

B B B
B B

B B B
B B

B

B B

B
s

s

−
α

−

=

−
α =

−
− +

−
+

−
=

−

α

α =



St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 14 (1) 2021

172

we need to use a component representation of  
Eqs. (13) and (14). In case of isotropic material, 
the following connections are in effect:

while using tensor expression (13) and

while using tensor expression (14). 
Connections (15) and (16) express a depend-

ence of one effective modulus on the other at 
the macro level. The necessary information on 
the microstructure is reduced to determining the 
shape of an individual inhomogeneity as αi co-
efficients depend on it; in addition, there is no 
need to analyze the orientation distribution of in-
homogeneities. In the general case, connections 
(15) and (16) are approximate, since they are ob-
tained based on the approximate expression for 
effective compliance tensor (10). 

Two cases correspond to the isotropic material 
containing inhomogeneities:

they have spherical shape, 
they have arbitrary orientation distribution. 
Connections (15) and (16) are exact in the 

first case as δ = 0 and consequently the approx-
imate expression for effective compliance tensor 
(10) coincides with the exact one. In the second 
case, δ ≠ 0 and expressions (15), (16) are ap-
proximate.

Let us investigate two these cases and evaluate 
the accuracy of the obtained approximate con-
nections.

Using Eqs. (15), (16), let us determine the 
connection between effective Young’s modulus 
and the effective diffusion coefficient of the ma-
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terial with spherical pores and compare the ob-
tained expression and a direct calculation.

In case of the matrix with pores, the compo-
nents of inhomogeneity’s compliance contribu-
tion tensor hi have the form

where Δ = 2(q
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where λ = D
0 
/D

1
.

Then Eqs. (15) and (16) are reduced respec-
tively to equalities

To obtain explicit cross-property connections, 
let us express the volume fraction of the inhomo-
geneities directly through the effective diffusion 
coefficient determined within the framework of 
the NIA and substitute it into the exact expres-
sion for the effective compliance tensor deter-
mined within the NIA as well.

Thus, the diffusivity and resistivity contribu-
tion tensors of the inhomogeneity are determined 
by expressions

Substitution of first and second Eqs. (20) re-
spectively into Eq. (7) for the effective diffusivi-
ty tensor and Eq. (8) for the effective resistivity 
tensor allows expressing the volume fraction of 
the inhomogeneities through effective diffusion 
properties.

Subsequent substitution of the obtained ex-
pression for ρ in effective compliance tensor giv-
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en by Eq. (2) taking into account the formula for 
isotropic compliance contribution tensor of the 
spherical pore

leads to a result that completely coincides with 
expressions (19).

Thus, we tested the obtained approximate 
connections for a case of microstructure in which 
they are exact.

In the second case corresponding to the iso-
tropic material (the arbitrary orientation distri-
bution of the inhomogeneities), connections (15) 
and (16) are approximate. At the same time, we 
can establish connections between the effective 
elastic and diffusion properties for the case of ar-
bitrary orientation distribution of spheroids inde-
pendently by analogy with the method used above 
for the case of the spherical inhomogeneities.

For a quantitative and qualitative evaluations 
of the obtained approximate connections, let us 
compare them with the exact ones determined 
for this exact microstructure.

To establish exact connections, let us deter-
mine the volume fraction of the inhomogeneities 
using the effective diffusion coefficient of the iso-
tropic material and then substitute the obtained 
expression in the equation determining effective 
Young’s modulus. This approach is adequate due 
to the isotropy of the effective tensors. Therefore, 
the scalar parameter ρ is the only common mi-
crostructural parameter determining the effective 
properties of the material. When we use the NIA 
in terms of diffusivity contribution tensors, we 
obtain the following expression, which connects 
effective Young’s modulus to the effective diffu-
sion coefficient:

and when we use the same method in terms 
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of resistivity contribution tensors the expression 
has a form:

where h∑ = 8h
1
 + 4h

2
 + 4h

3
 + 2h

5
 + 3h

6
,

η = 2B
1
/3 + B

2
/3. 

Fig. 1 presents a comparison of the results ob-
tained on the basis of approximate connections 
(15), (16) with the results obtained based on ex-
act connections (22) and (23) respectively for 
the case of λ = 0, which corresponds to D

1
 → ∞ 

(in this case the segregation factor, as it follows 
from connection (18), is of no importance), E

0
 = 

= 208 GPa.
It is clear that connections (15) and (16) de-

scribe the relation between the effective proper-
ties at the macro level with sufficient accuracy. 
However, the effective values obtained using the 
resistivity tensors (Fig. 1, a) and the diffusivity 
tensors (Fig. 1, b) are different. This is due to the 
fact that the interaction of the inhomogeneities 
was neglected.

To obtain exact connection taking into ac-
count this interaction, let us employ Maxwell’s 
homogenization scheme [3]. A result obtained 
using this scheme in terms of the diffusivity con-
tribution tensors coincides with the result ob-
tained in terms of the resistivity contribution ten-
sors, and therefore the result is unambiguous as 

1
0 0

0

,1 1
15

eff

eff

E h DE
E D

−
∑  = + −  η   

(23)

Fig. 1. Dependencies of relative effective Young’s modulus on the relative effective  
diffusion coefficient while using compliance/resistivity (a) and compliance/diffusivity (b)  

cross-property connections for various values of the γ aspect ratios.
Approximate connections (solid lines) are compared to exact ones (dashed lines)

opposed to the NIA.
The author has already determined Young’s 

modulus of the material with spheroidal pores 
in paper [15], and the effective diffusion coef-
ficient of such material in paper [16]. To obtain 
exact connections, we need to substitute the ex-
pression of the volume fraction of the inhomo-
geneities

into the expression for effective Young’s modulus.
Fig. 2 presents a comparison of the approxi-

mate connections established in this work with 
the exact ones obtained using Maxwell’s scheme 
for λ = 0, E

0
 = 208 GPa.

An analysis of plots shown in Fig. 2 allows us 
to conclude that it is a good practice to use the 
connections obtained in terms of the diffusivity 
contribution tensors as they display better coinci-
dence with the exact connections obtained with-
in the Maxwell’s scheme.

While studying the influence of segregation on 
the material cross-property connections, let us 
take into account that the diffusion coefficient of 
the pores is much greater than that of the matrix 
(D

1
 >> D

0
), but at the same time it is finite; such 

an assumption corresponds to a real material. 
To be specific, let us assume that λ = 0.01, E

0
 = 

= 208 GPa. A dependence on the segregation 

( )
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D D
D D

ρ
+
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Fig. 2. Comparison of approximate compliance/diffusivity (solid lines) and compliance/resistivity 
(dashed lines) cross-property connections with exact connections (Maxwell’s scheme, dashed lines)

Fig. 3. Dependence of the η coefficient on the segregation factor at various aspect ratios γ

Fig. 4. Dependence of effective Young’s modulus on the effective duffusion coefficient at two aspect ratios γ  
and the segregation parameter: s = 1.00 (solid line) and s = 0.01 (dash and dot line)



St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 14 (1) 2021

176

REFERENCES

1. Berryman J.G., Milton G.W., Microgeometry 
of random composites and porous media, Journal 
of Physics D: Applied Physics. 21(1) (1988) 87–94.

2. Gibiansky L.V., Torquato S., Connection be-
tween the conductivity and bulk modulus of iso-
tropic composite materials, Proceedings of the 
Royal Society of London. Series A: Mathematical, 
Physical and Engineering Sciences. 452 (1945) 
(1996) 253–283.

3. Kachanov M., Sevostianov I., Microme-
chanics of materials, with applications, Vol. 249, 
Springer, Berlin, Germany, 2018.

4. Sevostianov I., Kachanov M., Explicit 
cross-property correlations for anisotropic two-phase 
composite materials, Journal of the Mechanics and  
Physics of Solids. 50 (2) (2002) 253–282.

5. Sevostianov I., Kachanov M., Connections 
between elastic and conductive properties of het-

factor is implicitly present in expressions (15), 
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