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Abstract. In the paper, the mixed parametric and self-oscillations in the presence of a
nonlinear parametric action and a delay in friction causing self-oscillations have been studied.
For this purpose, a model of a frictional self-oscillating system interacting with an energy
source of limited power was used. The solution of nonlinear differential equations of motion
was constructed using the direct linearization method. The relations of nonstationary and
stationary oscillation modes were obtained. By application of the Routh — Hurwitz criteria, the
conditions for the stability of stationary oscillations were derived. The calculations were carried
out in order to gain information about the dynamics of fluctuations. An analysis of the data
showed that the amplitude-frequency dependence changed its behavior under the influence of
the delay. The latter also led to the appearance of stability regions on the lower branches of the
amplitude curves, and a dependence arose on the steepness of the energy source characteristic.
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AnHoTanua. B pabGore n3ydyeHBI CMEIIaHHBIE MapaMETPUUYECKWE M ABTOKOJIEOAHUST TPU
HaJIMYMU HEJUHEHHOrO IMapamMeTpuyecKoro BO3ACWCTBUS U 3alasIblBaHUSI B TPEHWUM,
BBI3BIBAIOIIErO  aBToKoJieOaHMsA. JJIE BTOro HKCIHOJAb30BaHA MOJEAb  (DPUKIMOHHON
aBTOKOJIEOATEIbHON CUCTEMBI, B3AUMOAEUCTBYIOLIEH C UCTOUHUKOM IHEPTUU OTPAHUYECHHON
MollHOCTHU. PellieHue HennHeiHbIX nuddepeHInalIbHbIX YPABHEHUIN NBUXEHUST TOCTUTHYTO
METOAOM TMpsIMOi JinHeapu3auuu. [loaydyeHbl COOTHOILIEHUSI MEXIY HECTAUMOHAPHBIMU U
CTAallMOHAPHBIMU pexXuMaMu KojebaHuil. C npumeHeHunem KputepueB Payca — T'ypsuna
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YCTAHOBJICHBI YCJIOBUSI YCTOMYMBOCTM CTallMOHAPHBIX KojebaHuii. I[IpoBemeHBI pacueTsl
C LEeJbI0 MoJyYeHUs MHGOpPMALMK O JMHAMMUKE KojieOaHMi. AHaIW3 MOJTYYEHHBIX JaHHBIX
rnokasaj, 4To MOJ ASUCTBUEM 3ama3iblBaHUs aMIIUTYIHO-YaCTOTHAsI 3aBUCUMOCTb U3MEHSIET
CBO€ TOBeJeHME. 3ama3ablBaHuEe MPUBOAUT TakKXe K ITOSBICHMIO YYaCTKOB YCTOMYMBOCTU
Ha HIKHUX BETBIX aMIUIMTYIHBIX KPUBBIX, W BO3HMKAEeT 3aBUCHUMOCTb OT KPYTU3HBI
XapaKTepUCTUKN MCTOUYHUKA IHEPTUU.

KiroueBbie ciioBa: HEIMHEHHOCTb, MapaMeTpuyeckoe BO30YXIeHUe, 3amasibiBaHue,
CMeIlIaHHbIe KoJieOaHusl, TapaMeTpUIecKue KoaebaHusl, aBTOKOJeOaH s, IMHeapu3alust
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Introduction

A large number of studies have considered various oscillatory processes. According to the well-
known classification, oscillation theory distinguishes four types of oscillations, which form four
classes of mixed oscillations (interactions between types) [1—3]. One of these classes comprises
mixed parametric oscillations and self-oscillations.

The goal of this study is to analyze mixed parametric oscillations and self-oscillations, account-
ing for three factors: nonlinear parametric excitation, time delay in friction that causes self-oscil-
lations, and the limited power of the energy source.

Energy consumption has become increasingly important in the modern world, and time delays
can occur in many systems [4—10].

Parametric oscillations, described mathematically by differential equations with periodic coef-
ficients, can arise in various systems. A comprehensive study of parametric oscillations under
quadratic parametric excitation is provided in [11].

In this paper, the solution of the nonlinear differential equations for mixed parametric oscillations
and self-oscillations is constructed using linearization and the change of variables with averaging [17].

Equations of motion

Let us consider mixed parametric oscillations and self-oscillations adopting a commonly used
model of a self-oscillating system [1, 2, 15]. In this model, a spring (with fixed ends) and a
damper are connected to a body lying on a belt that moves continuously at a certain velocity V.
The parameters ¢, and y are the coefficients of the linear and nonlinear parts of the spring force,
respectively; &, is the damping coefficient (all three parameters are constants). The velocity V'is
given by V' =r,@. The body has mass m and velocity x in the direction of motion x. The belt is
driven by a motor with rotor angular velocity ¢ and torque characteristic M (¢), which includes
the resisting torque. A friction force 7(U) arises between the body and the belt, causing self-os-
cillations and depending on the relative velocity U =7,¢p—Xx.

The system of differential equations describing mixed parametric oscillations and self-oscilla-
tions under nonlinear parametric excitation and delay takes the following form:

mi+k,x+c,x=T(U,)—yx’ —bx’ cosvt,

.. ) (1
[o=M(p)—r,T(U,),

where bx’cos(vf) is the term representing nonlinear parametric excitation (b = const, v = const);
r, is the radius at which the friction force is applied (r, = const); U, is the relative velocity
(U, =r,p—x,, x, =x(t—A), A = const is the delay); / is the moment of inertia of the motor
rotor, I = const.
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The characteristic of the friction force 7(U,) is taken in the form
Tu,)= %(Sgn Uy—aU, + a3UA3 ), (2)

where 7 is the normal reaction force, 7, = const; the coefficients a, and o, are constants;
sgn(U,) = +1 for U, > 0, sgn(U,) = —1 for U, <0.
If U, = 0, the characteristic 7(0) lies in the range

T, <T(0)<T,

Interestingly, characteristic (2) also occurred in space experiments [16].
Using the direct linearization method [17—20], we replace expression (2) with a function of
the form

v, =T[sgn(U,) + B, + k, x],

where the linearization coefficients B, and k, are determined by the expressions

B, =—au+ogu’ + 3N,aup’a’, ky=—o N (p’a’—h), h=3(u; —u’)/ N,
ug =a, /3oy, Ny = (2r+ 1)/(2r+ 3), N, =(2r+3)/(2r+5), A3)
a= max|x| is the amplitude.
Using the direct linearization method, we also replace the nonlinear part of the spring force yx?

with a linear one cx with the linearization coefficient ¢ ;= N 3ya2. After linearization, Egs. (1)
take the form

mi+kyx+cx=T,(B,+sgnU, +k,%,)—bx’cos t

. ) ) 4)
1o =M(¢)-rT (sgnU, + B, +k;X,),

where ¢ = ¢t ¢

Solution of the equations and stability conditions for stationary oscillations

The solutions of Egs. (4) obtained by change of variables with averaging [17], taking into
account the expression

X'A: _apSin(\l’ _pA)’
take the following form:

X = acosy, X, = —apsiny, y =pt + &, p =v/2, ¢ = Q. 5)

The solutions of Egs. (4) differ for the cases U, > 0 and U, < 0. The equations for determining
the nonstationary values of the amplitude a, oscillation phase &, and velocity u, given by u = r,Q,
take the following form.

a) u > ap:
da_ 1 (24G-0.5ba*sin2¢),
dt 4 pm
ag_ 1 (2aW +ba® cos 28), (6a)
dt 4pma
du _h u .
Z_Y[M(F)_%%(1+BO‘):|,
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b) u < ap:
%:—L 2aG—0.5ba3sin2§—8T0 Ja'p' —u® |,
dt 4 pm nap
dg 3
— = 2aW +ba’ cos2t),
dt 4pma( ) (6b)
du _ 1| . u n 1y
E_Y{M(V)_%%(I-FBO)_ - (Br-2vy,) |,
where (of):co/m, G = plk, — Tk, cos(pA)l, Wzm((oé—pz)+cp«—p]})k sin pA,

y* = 21 — arcsin(u/ap).
_ The stationary values of the amplitude and phase are determined by the conditions a =0,
€ =0. For the velocity values u > ap, they are found from the relations

4(4G>+ W) = ba*, tg(28) = —2GIW,

and for u < ap, the stationary amplitude satisfies the relation a = u/p.
The load on the energy source from the oscillatory system is determined by the condition
u =0, yielding the relation

M (u/r)— S (a, u) =0,

where

a) u > ap: S(a.u) = r,T,(1 + B):;

b) u <ap: S(a,u) = r,T[(1 + B) + n7'(3n — 2y)].

The stationary values of the velocity # can be found from the intersection points of the curves
M(u/r) and S(a,u).

To derive the stability conditions for stationary oscillations, we compose equations in varia-
tions for Egs. (6) and, using the Routh—Hurwitz criteria, we obtain

B,>0,B,>0,B B, B,>0, (7)

where B, = —(b, + b, + by), B,= b b, + bb,+ bob,— b.b,— b,b, — bb

22733 23732 12721 o 13731°
B,= b, byby,+b,b, b+ bbb, = b b,b.— bbb, — bbb

1723732 12721733 13731 11722733 712723 13721732°

For u > ap, we obtain the following expressions:

7 0B;; -
by, ZYO(Q_”OToﬁ_:)’ b, =61 IVOZYLNZO%uapZ, b; =0,

b, ==3m'T a au cos(pA),

b, = _L{?_p(ko +T,N,a.,(3a” p* — h) cos pA) —%ba2 sin 2&},

4 pm
ba’ i )
by, = 4pm cos2&, b, =-3m T,o,u-sin(pA),
1 = : P
b,, :—[N a(y+2T, o, p’ sin pA)+ba cos2§}, by, =— sin 2&,

2pmbl 3 2pma

9B, _ —(o, =3a,u’ =3a,N a’p?), o _ —~2N.a,ap’,

ou ? oa ’
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If u < ap, we obtain the following coefficients:

r,
b, == 0-rT - ,
=7 0-rT, Bu ,7612[72—1/!2

B 72)272) 530 " 2u

b, = ,
v I | da nasJa’p* —u’

auT, 2

b,, =——| 3a,cos pA— ,
2 m 3005 P na’ p /azpz_uz

2T, u’
Ttmazpz \/a2p2 )

b,, = _%[Zp(ko +T0]\_/30L3(3azp2 —h)cos pA) —iba2 sin 22’;} -
pm 2

b

while the coefficients b ,, b,,, b,,, b,, are unchanged.

Calculations of stationary oscillation regimes
The following parameter values were chosen for the calculations:
m=98Ns em', k,=0.196 N'ssem™, ¢,=N-em™', b= 0.686 N-cm™,

y=+1.96 N~em?, T,=49N,a, =084 scm™”, o, = 0.18 s*cm™,
r,=1lem, /=98 Nscm?, pA=mn/2, n, 3n/2.

Some calculated results for ¥ = 1.2 cm's™' and different characteristics of the spring force
(y > 0, y < 0) are shown in Fig. 1. Solid lines correspond to delay cases pA = rn/2, dashed lines
to pA = x, and dotted lines to pA = 3xn/2.

The shaded sectors correspond to values of the energy source characteristic steepness Q for
which oscillations are stable. It would be more accurate to plot these sectors on the load curve
S(a,u), but for the sake of saving space, they are shown on the amplitude curves.

a) b)
a a
1.2 ;- & — 12 L

- A

B." == e A

& 4
081 (__-7 . B 0.8 f

C

o C
0.4 L . 0.4 L . .
2.05 215 225 v 1.65 1.70 1.75 1.80 v

Fig. 1. Results of numerical calculations of the amplitude-frequency
characteristics of the system under consideration for elastic forces with
Three cases are shown for the delay p4:n/2: n/2 (solid lines), = (dashed lines), and 3n/2 (dotted lines).
The red points A, B, C correspond to the shaded sectors representing the ranges of the slope Q
of the energy source characteristic within which oscillations are stable
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Conclusion

We considered dynamics of mixed parametric oscillations and self-oscillations under nonlinear
parametric excitation and time delay in friction that causes self-oscillations. A model of a frictional
self-oscillating system interacting with a limited-power energy source was used to gain insight into
the properties of these oscillations; calculations of stationary oscillations were performed.

Analysis of the obtained data led to the following conclusions.

First, the amplitude curve shifts significantly in the amplitude-frequency plane compared with
the no-delay case, and the resonance region expands.

Second, stability regions depending on the slope of the energy source characteristic appear in
some sections of the lower branches of the amplitude curves.

A number of effects that occur in the interaction of an oscillatory system with an energy source
under linear parametric excitation are described in detail in monograph [1]. As the present study
has shown, similar effects also occur under nonlinear parametric excitation.

REFERENCES

1. Alifov A. A., Frolov K. V., Interaction of nonlinear oscillatory systems with energy sources;
Hemisphere Publishing Corporation, New York, Washington, Philadelphia, London, 1990.

2. Chelomey V. N. (Chairman), Vibratsii v technike: spravochnik [Vibrations in machinery:
Handbook], in 6 Vols., Vol. 2; Ed. by Blekhman I. 1., Publishing House of Mechanical Engineering,
Moscow, 1979 (in Russian).

3. Andronov A. A., Vitt A. A., Khaikin S. E., Theory of vibration, Nauka Publishing, Moscow, 1981
(in Russian).

4. Krasnoselskii M., Pokrovskii A., Systems with hysteresis, Springer-Verlag, Berlin, Heidelberg,
New-York, 1989.

5. Tkhan V. Z., Dementev Yu. N., Goncharov V. 1., Improving the accuracy calculation of time
delay automatic control, Software & Systems. 31 (3) (2018) 521—526 (in Russian).

6. Keller A. A., Time-delay systems with application to mechanical engineering process dynamics
and control, Math. Comput. Simul. 12 (2018) 64—73.

7. Sykora H. T., Sadeghpour M., Ge J. L., et al., On the moment dynamics of stochastically delayed
linear control systems, Int. J. Robust Nonlin. 30 (18) (2020) 8074—8097.

8. Gupta S. K., Wang J., Barry O. R., Nonlinear vibration analysis in precision motion stage with
PID and time-delayed feedback controls, Nonlinear Dyn. 101 (2) (2020) 439—464.

9. Tsykunov A. M., Robust control of object with distributed delay and unknown order of mathematical
model, Mekhatronika, Avtomatizatsiya, Upravlenie [Mechatronics., Automatization, Control]. 17 (4)
(2016) 219—227 (in Russian).

10. Rubanik V. P., Kolebaniya kvazilineynykh sistem s zapazdyvaniyem [Oscillations of quasilinear
systems having delay], Nauka Publishing, Moscow, 1969 (in Russian).

11. Schmidt G., Schulz R., Parametererregte Schwingungen, Deutscher Verlag d. Wiss., VEB,
Berlin, 1975.

12. Bogolyubov N. N., Mitropolsky Y. A., Asymptotic methods in the theory of non-linear oscillations,
CRC Press, Florida, USA, 1961.

13. Moiseev N. N., Asimptoticheskiye metody nelineynoy mekhaniki [Asymptotic methods of
nonlinear mechanics], Nauka, Moscow, 1981 (in Russian).

14. Butenin N. V., Neymark Yu. 1., Fufayev N. A., Vvedeniye v teoriyu nelineynykh kolebaniy
[Introduction to the theory of nonlinear oscillations], Nauka, Moscow, 1976) (in Russian).

15. Klimov D. M., On one type of self-excited vibrations in a system with dry friction, Mech. Solids.
38 (3) (2003) 1-7.

16. Bronovets M. A., Zhuravlev V. F., On self-excited vibrations in friction source measurement
systems, Mech. Solids. 47 (3) (2012) 261—268.

17. Alifov A. A., Metody pryamoy linearizatsii dlya rascheta nelineynykh system [Methods of direct
linearization for calculation of nonlinear systems], Research Center “Regular and Chaotic Dynamics”,
Moscow, 2015 (in Russian).

18. Alifov A. A., Method of the direct linearization of mixed nonlinearities, J. Mach. Manuf. Reliab.
46 (2) (2017) 128—131.

73



4 St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2026. Vol. 19. No. 2 >
I

19. Alifov A. A., About direct linearization methods for nonlinearity, Hu Z., Petoukhov S.,
He M. (Eds.); Conf. proc.: “Advances in Artificial Systems for Medicine and Education 111 (AIMEE
2019)” (Book Ser. “Advances in Intelligent Systems and Computing”. Vol. 1126). Springer, Cham,
Switzerland (2020) 105—114.

20. Alifov A. A., On the calculation by the method of direct linearization of mixed oscillations in a
system with limited power-supply, Hu Z., Petoukhov S., Dychka I., He M. (Eds.); Conf. proc.: “Advances
in Computer Science for Engineering and Education II (ICCSEEA 2019)” (Book Ser. “Advances in
Intelligent Systems and Computing”. Vol. 938). Springer, Cham, Switzerland (2020) 23—31.

CNMUCOK JIUTEPATYPbI

1. Alifov A. A., Frolov K. V. Interaction of nonlinear oscillatory systems with energy sources. New
York, Washington, Philadelphia, London: Hemisphere Publishing Corporation, 1990. 327 p.

2. Bubpauuu B rexHuke. CupaBouHuk: B 6-tu 1. Pen. coset: B. H. Yenomeii (npexn., rr. pea.) uop. T. 2.
Konebanus HenunHeiHbix MexaHuueckux cucteM. [Ton pea. M. M. baexmana. M.: MailmHocTpoeHue,
1979. 351 c.

3. AuzaponoB A. A., Burr A. A., Xaiikun C. 3. Teopus konebanuit. M.: Hayka. ['n. pen. ¢us.-mart.
aut. 1981. 568 c.

4. Kpacnoceabcknii M. A., ITokpoBckmii A. B. Cucremsl ¢ tucrepe3ucom. M.: Hayka, 1983. 272 c.

5. Txan B. 3., JlementoeB 0. H., I'onuapos B. WM. IloBblmieHre TOYHOCTM pacyeTa CHUCTEM
aBTOMAaTUYECKOTO yIpaBJeHMs C 3aras3nbiBaHueM // [lporpamMMHBIe TIPOAYKTHI M cucTembl. 2018.
T. 31. Ne 3. C. 521—526.

6. Keller A. A. Time-delay systems with application to mechanical engineering process dynamics and
control // International Journal of Mathematics and Computers in Simulation. 2018. Vol. 12. Pp. 64—73.

7. Sykora H. T., Sadeghpour M., Ge J. 1., Bachrathy D., Orosz G. On the moment dynamics of sto-
chastically delayed linear control systems // International Journal of Robust and Nonlinear Control.
2020. Vol. 30. No. 18. Pp. 8074—8097.

8. Gupta S. K., Wang J., Barry O. R. Nonlinear vibration analysis in precision motion stage with
PID and time-delayed feedback controls // Nonlinear Dynamics. 2020. Vol. 101. No. 2. Pp. 439—464.

9. IlpikynoB A. M. PobGactHoe ympaBieHHe OOBEKTOM C pacIipele/eHHBIM 3ala3IblBaHUEM U
HEM3BECTHBIM TOPSIKOM MaTeMaTH4ecKoil Momenn // MexaTpoHMKa, aBTOMAaTHU3alMs, YIIpaBIeHUE.
2016. T. 17. Ne 4. C. 219—227.

10. Pyboanuk B. T1. Kone6aHus kBa3uJIMHENHBIX CUCTeM ¢ 3anasabsiBaHueM. M.: Hayka, 1969. 288 c.

11. IImuar T'. IMapamerpuyeckue Kojaebanust. M.: Mup, 1978. 336 c.

12. Boromooos H. H., Murponoabckmii F0. A. AcCUMOTOTUYECKHME METOABI B TECOPUM HEITMHEIHBIX
kosnebanuii. M.: Hayka, 1974. 504 c.

13. Moucees H. H. Acumntoruueckue MeToabl HeJarMHelHoW MexaHuku. M.: Hayka, 1981. 400 c.

14. Byrennn H. B., Heiimapk 10. U., ®ydaes H. A. BeeneHue B Teopurio HEIMHEHHBIX KOJIEOAHUIA.
M.: Hayka, 1976. 256 c.

15. Kmamos /JI. M. O6 omHOM BHIE aBTOKOJIeOaHWI B CHCTeMe C CyXUM TpeHueM // WM3Bectus
Poccuiickoit akagemun HayK. Mexanuka tBepaoro teaa. 2003. Ne 3. C. 6—12.

16. Bponosen M. A., Kypasiés B. ®. O6 aBTOKOJIcOaHUSIX B CUCTEMAaxX U3MEPEHUS CUJI TpeHuUst //
M3Bectust Poccuiickoil akagemuu Hayk. MexaHuka tBepaoro teja. 2012. Ne 3. C. 3—11.

17. Amado A. A. MeTonpl TIpsAMON JMHeapu3allMy IS pacyeTa HEJIWHEHHBIX CHCTEM.
MockBa—WMxeBck: HULL «PeryaspHas u xaotuueckast amuHaMmukar. 74 .2015 c.

18. Alifov A. A. Method of the direct linearization of mixed nonlinearities // Journal of Machinery
Manufacture and Reliability. 2017. Vol. 46. No. 2. Pp. 128—131.

19. Alifov A. A. About direct linearization methods for nonlinearity // Hu Z., Petoukhov S.,
He M. (Eds.) Conference proceedings: “Advances in Artificial Systems for Medicine and Education
111 (AIMEE 2019)” (Book Series “Advances in Intelligent Systems and Computing”. Vol. 1126).
Cham, Switzerland: Springer, 2020. Pp. 105—114.

20. Alifov A. A. On the calculation by the method of direct linearization of mixed oscillations in a
system with limited power-supply // Hu Z., Petoukhov S., Dychka 1., He M. (Eds.). Conference pro-
ceedings: “Advances in Computer Science for Engineering and Education II (ICCSEEA 2019)” (Book
Series “Advances in Intelligent Systems and Computing”. Vol. 938). Cham, Switzerland: Springer,
2020. Pp. 23—31.

74



4 Simulation of Physical Processes

THE AUTHOR

ALIFOV Alishir A.

Mechanical Engineering Research Institute of the Russian Academy of Sciences
4 Malij Haritonjevskij lane, Moscow, 101000, Russia
alishir@mail.ru

ORCID: 0000-0003-2327-068X

CBEAEHUA Ob ABTOPE

AJIN®OB Amammp A OMIbI — OOKMOpP MeXHUHeCKUx HayK, eAdGHblll HAYYHLLL COMPYOHUK

Jlabopamopuu dunamuueckux npoyeccod Hucmumyma mawunosedenus umenu A. A. baaeonpasosa
Poccutickoii akademuu Hayx.

101000, MockBa, Masblit XapuTOHbEBCKUIA Tepeysiok, 4
alishir@mail.ru

ORCID: 0000-0003-2327-068X

Received 01.12.2025. Approved after reviewing 06.02.2026. Accepted 06.02.2026.

Cmamovs nocmynunra e pedakuuro 01.12.2025. Odobpena nocae peuenzuposanus 06.02.2026.
Ilpunsama 06.02.2026.

© Peter the Great St. Petersburg Polytechnic University, 2026

75



