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Abstract. In the paper, the mixed parametric and self-oscillations in the presence of a 
nonlinear parametric action and a delay in friction causing self-oscillations have been studied. 
For this purpose, a model of a frictional self-oscillating system interacting with an energy 
source of limited power was used. The solution of nonlinear differential equations of motion 
was constructed using the direct linearization method. The relations of nonstationary and 
stationary oscillation modes were obtained. By application of the Routh – Hurwitz criteria, the 
conditions for the stability of stationary oscillations were derived. The calculations were carried 
out in order to gain information about the dynamics of fluctuations. An analysis of the data 
showed that the amplitude-frequency dependence changed its behavior under the influence of 
the delay. The latter also led to the appearance of stability regions on the lower branches of the 
amplitude curves, and a dependence arose on the steepness of the energy source characteristic.
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Аннотация. В работе изучены смешанные параметрические и автоколебания при 
наличии нелинейного параметрического воздействия и запаздывания в трении, 
вызывающего автоколебания. Для этого использована модель фрикционной 
автоколебательной системы, взаимодействующей с источником энергии ограниченной 
мощности. Решение нелинейных дифференциальных уравнений движения достигнуто 
методом прямой линеаризации. Получены соотношения между нестационарными и 
стационарными режимами колебаний. С применением критериев Рауса – Гурвица 
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установлены условия устойчивости стационарных колебаний. Проведены расчеты 
с целью получения информации о динамике колебаний. Анализ полученных данных 
показал, что под действием запаздывания амплитудно-частотная зависимость изменяет 
свое поведение. Запаздывание приводит также к появлению участков устойчивости 
на нижних ветвях амплитудных кривых, и возникает зависимость от крутизны 
характеристики источника энергии.
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Introduction

A large number of studies have considered various oscillatory processes. According to the well-
known classification, oscillation theory distinguishes four types of oscillations, which form four 
classes of mixed oscillations (interactions between types) [1–3]. One of these classes comprises 
mixed parametric oscillations and self-oscillations.

The goal of this study is to analyze mixed parametric oscillations and self-oscillations, account-
ing for three factors: nonlinear parametric excitation, time delay in friction that causes self-oscil-
lations, and the limited power of the energy source.

Energy consumption has become increasingly important in the modern world, and time delays 
can occur in many systems [4–10].

Parametric oscillations, described mathematically by differential equations with periodic coef-
ficients, can arise in various systems. A comprehensive study of parametric oscillations under 
quadratic parametric excitation is provided in [11].

In this paper, the solution of the nonlinear differential equations for mixed parametric oscillations 
and self-oscillations is constructed using linearization and the change of variables with averaging [17].

Equations of motion

Let us consider mixed parametric oscillations and self-oscillations adopting a commonly used 
model of a self-oscillating system [1, 2, 15]. In this model, a spring (with fixed ends) and a 
damper are connected to a body lying on a belt that moves continuously at a certain velocity V. 
The parameters с0 and γ are the coefficients of the linear and nonlinear parts of the spring force, 
respectively; k0 is the damping coefficient (all three parameters are constants). The velocity V is 
given by 0= ϕV r . The body has mass m and velocity ẋ in the direction of motion x. The belt is 
driven by a motor with rotor angular velocity ϕ  and torque characteristic ( )ϕM , which includes 
the resisting torque. A friction force T(U) arises between the body and the belt, causing self-os-
cillations and depending on the relative velocity 0= ϕ− U r x .

The system of differential equations describing mixed parametric oscillations and self-oscilla-
tions under nonlinear parametric excitation and delay takes the following form:

0 0

0

3 3( ) cos ,

( ) ( ),
∆

∆

+ + = − γ − ν

ϕ = ϕ −

 

 

mx k x c x T U x bx t

I M r T U
(1)

where bx3cos(νt) is the term representing nonlinear parametric excitation (b = const, ν = const); 
r0 is the radius at which the friction force is applied (r0 = const); UΔ is the relative velocity 
( 0∆ ∆= ϕ− U r x , ( )∆ = − ∆ x x t , Δ = const is the delay); I is the moment of inertia of the motor 
rotor, I = const.
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The characteristic of the friction force T(UΔ) is taken in the form

3
0 1 3( ) (sgn ),T U T U U U∆ ∆ ∆ ∆= −α +α (2)

where T0 is the normal reaction force, T0 = const; the coefficients α1 and α3 are constants; 
sgn(UΔ ) = +1 for UΔ > 0, sgn(UΔ) = –1 for UΔ < 0.

If UΔ = 0, the characteristic T(0) lies in the range

–T0 ≤ T(0) ≤ T0.
Interestingly, characteristic (2) also occurred in space experiments [16].
Using the direct linearization method [17–20], we replace expression (2) with a function of 

the form

T(UΔ) = T0[sgn(UΔ) + BT + kT ẋ],
where the linearization coefficients BT and kT are determined by the expressions
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Using the direct linearization method, we also replace the nonlinear part of the spring force γx3 
with a linear one cfx with the linearization coefficient 2

3
.fc N a= γ  After linearization, Eqs. (1) 

take the form

0

3
0 0

0

( sgn ) cosí ,
( ) (sgn ),

TÒ

T T

mx k x c x T B U k x bx t
I M r T U B k x

∆ ∆

∆ ∆

+ + = + + −
ϕ = ϕ − + +

  

  

(4)

where c = c0 + cf .

Solution of the equations and stability conditions for stationary oscillations

The solutions of Eqs. (4) obtained by change of variables with averaging [17], taking into 
account the expression

ẋΔ = –apsin(ψ – pΔ),
take the following form:

x = acosψ, ẋΔ = –apsinψ, ψ = pt + ξ, p = ν/2, φ̇ = Ω. (5)

The solutions of Eqs. (4) differ for the cases UΔ > 0 and UΔ < 0. The equations for determining 
the nonstationary values of the amplitude a, oscillation phase ξ, and velocity u, given by u = r0Ω, 
take the following form.

a) u ≥ ap:

0
0

3

3

0

1 2 0.5 sin 2
4

1 2 cos 2
4

( ) (1 ) ;

( ),

( ),

= − − ξ

ξ
= + ξ

 = − + Ò
u
r

da aG ba
dt pm
d aW ba
dt pma

rdu M r T B
dt I

(6a)
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b) u < ap:

0 0
0

3 0

3

0
0

2 2 281 2 0.5 sin 2 ,
4

1 2 cos 2
4

( ) (1 ) (3 2 ) ,

( ),

∗

 
= − − ξ − − π 

ξ
= + ξ

 = − + − π− ψ π 
Ò

u
r

Tda aG ba a p u
dt pm ap

d aW ba
dt pma

r r Tdu M r T B
dt I

(6b)

where 2
0 0 ,ω = c m  G = p[k0 – T0kT cos(pΔ)], 22

0 0( ) sin= ω − + − ∆fÒW m p c pT k p , 
ψ* = 2π – arcsin(u/ap).

The stationary values of the amplitude and phase are determined by the conditions 0=a , 
0ξ = . For the velocity values u ≥ ap, they are found from the relations

4(4G2 + W2) = b2a4, tg(2ξ) = –2G/W,
and for u < ap, the stationary amplitude satisfies the relation a ≈ u/p.

The load on the energy source from the oscillatory system is determined by the condition 
0u = , yielding the relation

M (u/r) – S (a, u) = 0,
where

a) u ≥ ap: S(a,u) = r0T0(1 + BT);
b) u < ap: S(a,u) = r0T0[(1 + BT) + π–1(3π – 2ψ)].
The stationary values of the velocity u can be found from the intersection points of the curves 

M(u/r) and S(a,u).
To derive the stability conditions for stationary oscillations, we compose equations in varia-

tions for Eqs. (6) and, using the Routh–Hurwitz criteria, we obtain

B1 > 0, B3 > 0, B1B2 – B3 > 0, (7)

where B1 = –(b11 + b22 + b33), B2 = b11b33 + b11b22 + b22b33 – b23b32 – b12b21 – b13b31, 
B3 = b11b23b32 +b12b21b33 + b22b13b31 – b11b22b33 – b12b23b31 – b13b21b32.

For u ≥ ap, we obtain the following expressions:

2 20
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0 130 311 12 2
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∂
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0 022 3 3
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4 2
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∂ ∂
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u a
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0
( ).= u
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dQ M
du
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If u < ap, we obtain the following coefficients:

0 0
0

0
011 2 2 2
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 
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4 2

 = − + α − ∆ − ξ −   π −

T ub p k T N a p h p ba
pm ma p a p u

while the coefficients b13, b23, b31, b33 are unchanged.

Calculations of stationary oscillation regimes

The following parameter values were chosen for the calculations:

m = 9.8 N·s2·cm–1, k0 = 0.196 N·s·cm–1, c0 = N·cm–1, b = 0.686 N·cm–1,

γ = ±1.96 N·cm–3, T0 = 4.9 N, α1 = 0.84 s·cm–1, α3 = 0.18 s3·cm–3,

r0 = 1 cm, I = 9.8 N·s·cm2, pΔ = π/2, π, 3π/2.
Some calculated results for u = 1.2 cm·s–1 and different characteristics of the spring force 

(γ > 0, γ < 0) are shown in Fig. 1. Solid lines correspond to delay cases pΔ = π/2, dashed lines 
to pΔ = π, and dotted lines to pΔ = 3π/2.

The shaded sectors correspond to values of the energy source characteristic steepness Q for 
which oscillations are stable. It would be more accurate to plot these sectors on the load curve 
S(a,u), but for the sake of saving space, they are shown on the amplitude curves.

a)	 b)

Fig. 1. Results of numerical calculations of the amplitude-frequency 
characteristics of the system under consideration for elastic forces with

Three cases are shown for the delay pΔ:π/2: π/2 (solid lines), π (dashed lines), and 3π/2 (dotted lines). 
The red points A, B, C correspond to the shaded sectors representing the ranges of the slope Q 

of the energy source characteristic within which oscillations are stable
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Conclusion

We considered dynamics of mixed parametric oscillations and self-oscillations under nonlinear 
parametric excitation and time delay in friction that causes self-oscillations. A model of a frictional 
self-oscillating system interacting with a limited-power energy source was used to gain insight into 
the properties of these oscillations; calculations of stationary oscillations were performed.

Analysis of the obtained data led to the following conclusions.
First, the amplitude curve shifts significantly in the amplitude-frequency plane compared with 

the no-delay case, and the resonance region expands.
Second, stability regions depending on the slope of the energy source characteristic appear in 

some sections of the lower branches of the amplitude curves.
A number of effects that occur in the interaction of an oscillatory system with an energy source 

under linear parametric excitation are described in detail in monograph [1]. As the present study 
has shown, similar effects also occur under nonlinear parametric excitation.
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