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Abstract. We present an analytic-numerical framework for carriers and excitons in
lens-shaped (semi-ellipsoidal) quantum dots within the effective-mass and envelope-func-
tion approximations, assuming hard-wall confinement. Exploiting the geometry, we use
an adiabatic separation of fast (axial) and slow (planar) motion to obtain closed-form
single-particle states and energies. The exciton binding energy is evaluated numerically in
first-order perturbation theory using the analytic envelopes. Interband absorption follows
from bright-state selection rules, and photoluminescence is obtained from absorption via
the van Roosbroeck—Shockley relation with Lorentzian broadening. It is shown that sin-
gle-particle confinement energies are much more sensitive to the dot height than to the
lateral size, states with higher axial quantum number lie well above the lowest branch, the
Coulomb binding decreases with increasing size, exhibiting comparable fractional sensitiv-
ity to both the axial and planar semi-axes and grouping primarily by radial quantum num-
ber. The framework yields compact formulas, transparent scaling trends, and interpretable
spectra for the design and analysis of lens-shaped quantum dots.
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Annoramus. [lpencraBieH aHaATUTUKO-YUMCACHHBIM MOIXOJ K ONMMUCAHWUIO HOCUTENei
U 3KCUTOHOB B JIMH30BUIHBIX (TOJY3JUIMIICOUIANIBHBIX) KBAHTOBBIX TOYKAaX B paMKax
npubavxeHuil apekTUBHONM Macchl U orudamwleil GyHKUMY TIPpU MPEeAToNoXeHUn oec-
KOHEYHOTO TMOTEeHIMaJIbHOTO orpaHuyeHus. Mcnoib3ysi reOMETpUIO0 CUCTEMbI, Mbl TIPU-
MeHsieM aguabaTuyecKoe pasaeieHUe ObICTPBIX (aKCHAJbHBIX) M MEMJIEHHBIX (IIOCKUX)
JIBUXKEHUI, UTO TMO3BOJSIET MOJYUYUTh aHAJTUTUUYECKHE BBIPAXKEHUS MJISI OMHOYACTUUYHBIX
COCTOSIHMI U DHEPruii. DHeprus CBsI3U DKCUTOHA PACCUMTHIBAETCSI YMCICHHO B MEPBOM
MOPSIIKE TEOPUX BO3MYILIEHUI C UCTIOJIb30BAaHUEM aHAJIMTUUECKUX OTMOAIOIIUX (DYHKIIUIA.
Mex30HHOE MOMIOIIEHUE OMPEAESIeTCs MpaBUaMu O0TOOpa ISl CBETJIbIX COCTOSIHUM, a
(poToMOMUHECLIEHIIMS TIOJyYaeTcsl U3 CIeKTpa MOTJOLIEHUSI ¢ MOMOIIbIO COOTHOILIEHMUS
BaH PoocOpyka—Illokiu ¢ jopeHLIeBCKUM yiuupeHueM. ITokazaHo, 4TO OJHOYACTUYHBIE
SHEPruY 3HAUYUTEIbHO 0o0Jiee UyBCTBUTEIbHBI K BBICOT€ KBAHTOBOW TOYKM, YeM K IIM-
pUHE; COCTOSIHUSI ¢ 00Jiee BBICOKUM aKCUAJIbHBIM KBAHTOBBIM UMCJIOM pacrojiaraloTcs
3HAYMTEJILHO BBILIE HUXXHEW BETBU CIIEKTpa; KyJIOHOBCKasl SHEPrusi CBSI3U YMEHbIIAETCSs
C POCTOM pa3MeEPOB CTPYKTYPHI, I€MOHCTPUPYST COMOCTABUMYIO OTHOCUTEIbHYIO YYBCTBU -
TEJIbHOCTb KaK K aKCUaJbHOM, TaK U K IJIOCKOH TOJYyOCSM U TPYNMNUPYSICh MperuMylle-
CTBEHHO 1O paJguaJbHOMy KBAaHTOBOMY 4uciy. [1pennoXXeHHbI Moaxoa MPUBOAUT K KOM-
MakTHBIM (OpMyJiaM, HaJISIAHBIM 3aKOHOMEPHOCTSIM MaclITabMpoBaHUsS U (PU3MYECKU
WHTEPIPETUPYEMBIM CIIEKTPaM, UTO AejJaeT ero yaAoOHbIM MHCTPYMEHTOM JUISl aHaiu3a U
MPOEKTUPOBAHUS JUH30BUAHBIX KBAHTOBBIX TOYEK.
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Introduction

Semiconductor quantum dots (QDs) are often described as “artificial atoms” because quantum
confinement yields discrete energy spectra and size-tunable optical properties with broad impact
across imaging, sensing, and optoelectronics. Recent surveys and application-driven studies
highlight both the technological progress and remaining challenges in materials, devices, and
integration [1]. In bioimaging and biodiagnostics, QDs offer bright, photostable labels with
multiplexing capabilities [2]. Together, these works underscore the central role of QDs in modern
photonics and the importance of tractable theoretical models that connect geometry to spectra.

Beyond composition and overall size, shape is a powerful design parameter for tailoring selection
rules, oscillator strengths, and polarization characteristics. Ellipsoidal families — including oblate
and prolate spheroids — have been analyzed in detail for their electronic states and interband
absorption [3, 4], as well as for related ellipsoidal/lens-like nanostructures with strong shape
anisotropy [5 — 7]. In epitaxial systems, lens-shaped (semi-ellipsoidal) QDs arise naturally.
Related work on asymmetric biconvex lens-shaped dots mapped the influence of external fields
on interband and intraband optical properties [8].

Against this backdrop, the present paper develops a minimal effective-mass, envelope-function
description for carriers and excitons in lens-shaped (semi-ellipsoidal) QDs with hard-wall
confinement. We derive closed-form single-particle states in an adiabatic (fast/slow) separation,
compute first-order Coulomb corrections to exciton energies using analytic envelopes, and obtain
interband absorption together with photoluminescence (PL) via the van Roosbroeck—Shockley
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4 Quantum wires, quantum dots, and other low-dimensional systems >

detailed balance relation [9]. Our goal is to provide compact formulas, transparent scaling trends,
and interpretable spectra that clarify how lens geometry organizes bright transitions and Coulomb-
induced splittings.

Theory

Single-Particle Energies and States. The geometry of the lens-shaped quantum dot is modeled
by a cylindrically symmetric semi-ellipsoid illustrated in Fig. 1 that satisfies the condition ¢ << a
where a and ¢ denote the major and minor semi-axes of the semi-ellipsoid, respectively.

The confining potential of a particle in such
a quantum dot is defined as V(r) = 0 inside and
V(r) = o outside the dot. The single-particle
Hamiltonian in cylindrical coordinates then takes
the form

2 2 2
H :_[6_2+12+L6_+6_J+V( ) (1)
or’* ror r’op oz
where distances and energies are expressed in
effective atomic units (Bohr radius and Rydberg).

It follows from the condition ¢ << ¢ that the motion of the particle along the OZ axis is much
faster than in the OXY plane, which makes it possible to apply the adiabatic approximation.
Within this approximation, the particle Hamiltonian can be separated into two components: /1,
corresponds the slow planar degrees of freedom, while H_ corresponds to the fast axial one. The
solution of the stationary Schrédinger equation is sought in the form

v(r,e,z)=vy, (r)y.(r,z)e". Q)

For a fixed value of ., the fast subsystem can be represented as a potential well with an effective
width y(y) = cy/1-7? / ¢* and the solution of the Schrodinger equation yields

where n_1is the axial quantum number. Here € () can be expanded in a Taylor series with respect
to r/a as

Fig. 1. Schematic representation of a
semi-ellipsoid with semi-axes a, a and ¢

2
T T
82( ) on; +B2 2 G_C—Z,B:;. 4)

Substituting € () into the equation for the slow subsystem as an effective potential leads to
the problem of a two-dimensional harmonic oscillator. Accordingly, the radial component of the
wave function y (r) is given by

r 2
v, (r)= AP g (Bn rz) (&)

where n_and m are the radial and angular quantum numbers, respectively, L b ‘( -) is the associated
Laguerre polynomial, and A4 is a normalization constant.
The corresponding single-particle energy spectrum is

E .= an’ +Bn, (an +|m|+1). (6)

n,,n,

For the lowest longitudinal branch n_= 1, the energy depends onlyon N=2n + |m|; all states
with the same N are degenerate with multlphclty N+1=2n +|m|+ 1.

Exciton Energy
The Hamiltonian of the exciton is

T (7
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where H, and H, are the single-particle Hamiltonians of the electron and hole, respectively, and
the last term describes their Coulomb attraction.

When comparing with optical spectra, the relevant interband transition energy includes the
band gap Eg:

E,.=E,+E,.E,=E+E, -V,, (8)
where £ and E, are the confinement (single-particle) energies of the electron and the hole
measured from tﬁe band edges, and

Vo = I\V: (re)\V; (rh)

re rh

—|We (re)\Vh (rh)d3red3rh’ (9)

where y , are the normalized envelopes from the previous subsection.

Interband Absorption and Photoluminescence

Interband absorption probes the allowed optical transitions in the quantum dot and is strongly
shaped by excitonic effects. The absorption coefficient (up to a material-dependent prefactor) can
be written as a sum over electron-hole envelope states. Taking into account the orthonormality of
the modes, it can be reduced to a sum over bright transitions only (7 = nf,nf = nf, m,=-m,),

e

o« Y 8| ho-E,(n,,n.,m)]. (10)

n.,n,,m

Substituting the absorption spectrum into the RS relation [10] yields the PL spectrum

R(h(x)) o« (ho)’ z S(h(o—Eex (nr,nz,m))%.

where f and f, are the Fermi-Dirac occupation probabilities of the conduction and valence band
states that depend on the lattice temperature.

In practice, delta-peaks are broadened by coupling to phonons. A convenient replacement is
a Lorentzian with typical half-width at half-maximum vy in the range 0.5—5 meV. The resulting
broadened spectra are evaluated numerically in the next section.

(11

Results and Discussion

Fig. 2 shows the probability density |\un o (r (p,z)| for several representative states in the
lens-shaped dot. The expected nodal structure is evident: along z there are n_— 1 internal nodes
and n_ lobes, while in the radial direction the Laguerre part yields exactly n radial nodes. The
angular quantum number m controls the central behavior via the 7" term: for m = 0 the density
is maximal at » = 0, whereas for |m| <1 it vanishes at » = 0 and forms ring-like maxima whose
radius grows with |m| Overall, the examples show clear localization of the particle near the dot
center for the lowest (n, m) and the emergence of additional nodes as n_or n_increase.

States with n_> 1 have energies far above the n_= 1 ones as a direct consequence of the
relation ¢ << q, and will be disregarded in what follows. The lowest level shows only a very weak
dependence on « since the dominant a-term is controlled solely by c.

Fig. 3 presents the electron-hole Coulomb contribution V in electron Rydbergs for several
n_= 1 states as a function of the dot dimensions. The range is chosen based on GaAs parameters. As
either the height ¢ (a) or the lateral semi-axis a (b) increases, the binding weakens monotonically.
Notably, the sensitivity to relative changes in @ and in c is comparable over the plotted ranges. An
interesting systematic ordering emerges: curves group primarily by the radial quantum number 7
(across different m) and with an increasing n_the binding energy decreases.

The calculated PL spectrum R(A®) for the representative dot is shown in Fig. 4. The sequence
of peaks follows the ordering of the single-particle ladder corrected by the electron-hole
attraction consistent with the selection rules. In the non-interacting limit, the states within a fixed
N = 2n_+ |m| would be degenerate with multiplicity N + 1. The Coulomb term V', depends on
(n, |m|) and therefore partially lifts this degeneracy.
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Fig. 2. Probability densities and marginals in the lens-shaped dot. Each panel displays the probability
density |y, , ,(r,0,2) | for a representative state. For each state, curves plotted to the left and on top
show the longitudinal and the radial marginal probability densities respectively
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Fig. 3. Exciton Coulomb binding energy versus vertical semi-axis c at fixed a = 5r, (a) and
lateral semi-axis a at fixed ¢ = 0.5r, (b) for n_ =1
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Fig. 4. Absorption (a) and photoluminescence (b) spectra for a GaAs lens-shaped dot with a = 5r, and
¢ = 0.5r, and T = 300K. Both graphs use Lorentzian peak broadening with half-width y = 0.5meV

Conclusion

We developed an analytic-numerical framework for carriers and excitons in a lens-shaped
(semi-ellipsoidal) quantum dot with hard-wall confinement. Within an adiabatic separation of fast
(longitudinal) and slow (in-plane) motion, we derived closed-form envelope functions and the
single-particle spectrum, and established simple size dependence. Using these states, we evaluated
the electron-hole interaction energy and constructed interband absorption and PL spectra.

The main findings are as follows. (i) The Coulomb binding |Veh‘ decreases monotonically
with increasing a or c; over the plotted ranges, its relative sensitivity to changes in a and c is
comparable, and the curves group primarily by the radial quantum number nr, reflecting the role
of central localization. (ii) The absorption and PL spectra are dominated by bright transitions with
matched envelope quantum numbers; electron-hole attraction lifts the non-interacting degeneracy
within each N=2n + |m| multiplet, shifting more localized states to lower energy and producing
the observed multiplet structure.

In summary, the semi-ellipsoidal model combined with adiabatic separation provides compact
analytic states, clear size-dependence trends, and physically interpretable optical spectra, offering
a useful baseline for both the design and analysis of lens-shaped quantum dots.
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