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Аннотация. Исследовано функционирование межмодового волоконно-оптического 

интерферометра со структурой “Singlemode- Multimode-Singlemode-Multimode-
Singlemode» (SMSMS) при его спектральном опросе в С-диапазоне длин волн. 
Таким интерферометром можно измерять показатель преломления n внешней 
среды путем создания интерференции между фундаментальной и оболочечными 
модами в этой структуре. Представлены теоретические выражения для расчета 
спектральной характеристики (СХ) интерферометра, рассчитаны моды этой структуры, 
проанализировано поведение интерференционных компонент СХ, относящихся к 
попарной интерференции фундаментальной и оболочечных мод одномодового волокна 
при изменении n. Проведена оценка методических погрешностей измерения n внешней 
среды, которая состояла из раствора глицерина в дистиллированной воде. Минимальная 
ошибка определения n составила 1,7∙10–4 в диапазоне n = 1,32 – 1,36, что соответствует 
изменению концентрации глицерина в воде на 0,13% в диапазоне от 0 до 25 %.
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Introduction
Measuring the refractive index of the surrounding environment is a major problem with wide 

applications in various fields of industry, science and other spheres of human activity, including 
the oil and gas industry, construction industry, optical instrumentation, medicine, and much more.

Fiber-optic refractive index sensors are the most attractive type of sensor due to their high 
accuracy, compact size, durability, flexibility, biocompatibility, intrinsic safety, as well as resis-
tance to electromagnetic interference, chemical corrosion and radiation. Such refractive index 
sensors can be based on different principles. A direct method for determining the refractive index 
at a given wavelength involves measuring the reflection coefficient at the interface between the 
fiber optic probe and the test liquid [1, 2].
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However, in some applied problems, it is not necessary to determine the refractive index of a 
liquid itself, but only to measure the concentration of a certain substance (analyte) in a solution 
or its variation. Spectral interrogation methods for fiber-optic sensors based on surface plasmon 
resonance [3–5], Fabry–Perot interferometer [6], intermodal interferometers with single-mode 
fiber [7–19] are often used in this case. These methods consist in measuring the reflection or 
transmission spectra of fiber-optic sensors, i.e., the wavelength dependences of reflectance of 
optical radiation from the sensor or its transmittance through the sensor. For convenience, we 
refer to this dependence as the spectral characteristic (SC) of the sensor.

A change in the analyte concentration alters the dispersion dependence of the solution’s 
refractive index, leading to a change in the sensor’s SC. In particular, the resonance wavelength 
shifts in the case of a surface plasmon resonance sensor. It is the phase differences between the 
interfering waves that change in the cases of Fabry–Perot and intermodal interferometer sensors, 
with consequent changes in the frequencies and initial phases of the quasi-harmonic components 
of SC. Notably, these devices are called refractive index sensors, even though they should be 
calibrated for specific analytes in solution. The measurement resolution for analyte concentration 
in the solution is typically expressed in terms of the minimum detectable change in the refractive 
index of the solution at one of the wavelengths within the operational range. Typical values of 
the change in the refractive index for fiber-optic sensors range from 10–4 to 10–9 RIU (Refractive 
Index Unit).

While a refractive index sensor based on an intermodal interferometer with single-mode fiber 
(SMF) is the easiest type to manufacture, it remains the least studied. These interferometers are 
manufactured by splicing input SMF with one or more sections comprising different types of 
fibers and/or fibers with different geometric configurations [7–19]. Examples of such fiber-op-
tic structures are the SNS structure (Singlemode–No core–Single mode) [9–11], the SMSMS 
structure (Singlemode–Multimode–Singlemode–Multimode–Singlemode) [12-15], the structure 
consisting of an input SMF, a spliced single-mode section with an offset and a second input SMF 
[16, 17], etc. Such structures have two input SMF and their SC is measured in transmission. Due 
to mirror symmetry, it is possible to produce structures with similar properties with a reflector, 
one input SMF, and SC measurements in reflection mode [17, 18]. The length of the sensing 
section is reduced by half.

The underlying principle behind the measurements of parameters of the surrounding environ-
ment by the above-mentioned interferometers is that the phase accumulation of the modes excited 
in the sensing section of the interferometer depends on the refractive index of the surrounding 
environment. These are the modes of coreless fiber of the SNS structure, and the cladding modes 
(excited by short multimode fiber sections several tens of micrometers in length) of standard 
single-mode fiber in the central section of the SMSMS structure. In this case, the typical length 
of the sensing section ranges from several to tens of centimeters. Thus, the resulting interference 
signal depends on the refractive index of the surrounding environment.

Even though numerous studies considered using such interferometers for measuring the param-
eters of the surrounding environment, most of them were experimental in nature. In addition to 
the experiment, some papers provide numerical calculations of light propagation in interferome-
ters, carried out in such software as the BeamPROP using the Beam Propagation Method [18, 19] 
and Comsol Wave Optics Toolbox using the Beam Envelope method [11]. However, such cal-
culations do not allow to identify the causes of the observed SCs of interferometers or find 
approaches to improving the sensitivity of interferometers to changes in the parameters of the 
surrounding environment.

To perform such analysis, it is necessary to calculate all the modes (or the most significant 
ones) propagating in each section of the interferometer, which is a rather cumbersome due to a 
large number of such modes. For example, there are 46 guided cladding modes at a wavelength 
of 1.55 μm in standard SMF-28 fiber under axisymmetric excitation. Moreover, the SCs of inter-
ferometers are processed by tracking the positions of extrema along the wavelength scale in most 
of the studies we are aware of. In the general case, their behavior upon changes in the parameters 
of the surrounding environment may turn out to be largely nonlinear. The reason is that the SC 
consists of a set of sinusoids, whose number equals the number of pairwise mode combinations. 
For example, there are as many as 1081 such combinations in the SMF-28 fiber at a wavelength 
of 1.55 μm, strongly overlapping each other in terms of oscillation frequency. Moreover, since 
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different modes exhibit differing sensitivities to changes in the refractive index, the frequencies 
and initial phases of these sinusoids are altered in different ways.

Thus, the resulting SC is generally very complex and difficult to predict. This makes the devel-
opment of such a sensor an extremely intricate challenge, even with the more advanced signal 
processing algorithms.

This paper carries out such calculations of the interferometer, analyzing the effectiveness of 
numerical processing of its spectral characteristics. As an example, we considered an intermodal 
fiber interferometer with SMF based on a reflective SMSMS structure.

The first section of the article includes two subsections, describing the interferometer’s circuit 
and presenting theoretical expressions for calculating its spectral characteristics under variable 
analyte concentration in solution. The second section concentrates on the application of the dis-
crete Fourier transform to processing the interferometer SC. The third section contains the final 
calculations of the interferometer.

Spectral characteristic of intermodal fiber-optic interferometer 
based on the reflective SMSMS structure

Interferometer circuit. The intermodal fiber-optic interferometer considered in this paper based 
on the above-mentioned reflective structure consists of an input single-mode fiber (I-SMF), a 
section several tens of micrometers long made of multimode fiber (MMF) with a larger core 
diameter than that of the single-mode fiber, a section several tens of centimeters long, sensitive 
to changes in the refractive index of the surrounding environment (Sen-SM-Sec), and a mirror 
at the end face of this section (Fig. 1).

The HE11 mode of I-SMF excites several modes of short MMF, in turn allowing to achieve 
divergence of the light beam, which is necessary to excite the cladding modes in Sen-SM-Sec. 
They propagate to the mirror (Mir) at the end of the fiber and return back to MMF, where, again, 
several modes are excited, generating a complex electric field distribution in the cross-section 
of I-SMF end face, which is the result of superposition of the fields of the arriving modes. The 
intensity of the fundamental HE11 mode of I-SMF excited by this distribution depends on the 
phase difference of the modes propagating in the interferometer and should change with a change 
in the refractive index n of the surrounding environment (Env).

The measured wavelength dependence of the intensity of light reflected from the interferom-
eter, normalized by the intensity of the input radiation, is the spectral characteristic of the inter-
ferometer, or, in this case, the actual wavelength dependence of its reflection coefficient.

Calculated theoretical expressions. To calculate the SC of the interferometer, we used a matrix 
approach taking into account the multimode nature of light propagation in both sections of 
the interferometer.

The reflection coefficient of the interferometer is equal to the squared modulus that is the 
product of sequential multiplication of several matrices. The product includes the following:

matrices composed of the mode excitation coefficients at the input to each section;
matrix reflecting the propagation of modes along the MMF section and containing the prop-

agation constants of these modes;
matrix reflecting the propagation of fundamental and cladding modes along Sen-SM-Sec and 

containing the propagation constants of these modes, as well as a phase shift by π upon reflection 
from a mirror.

In this case, the expression for the reflection coefficient of the interferometer takes the 
following form:

Fig. 1. Circuit of reflective SMSMS structure: input single-mode fiber I-SMF; 
multimode fiber section MMF; sensing single-mode section Sen-SM-Sec; mirror Mir; 

surrounding environment Env; modes HEij; arrows indicate the directions of mode propagation
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where q is the radial number of the axisymmetric HE1q mode in MMF (see Fig. 1); p is the 
radial number of the axisymmetric HE1q mode in I-SMF (p = 1 for the fundamental mode, 
p > 1 for HE1p cladding modes); λ is the light wavelength; LMM, LSen are the lengths of MMF 
and Sen-SM-Sec, respectively; βMM

1q , βSM
1p  are the matrices for the propagation constants of 

HE1q modes in ММF and HE1p modes in Sen-SM-Sec, respectively; A11,1q
SM,MM is the matrix of 

excitation coefficients of HE1qММ modes in ММF by the fundamental HE11 mode of I-SMF; 
A1q,1p

MM,SM is the matrix of excitation coefficients of the fundamental HE11 mode and HE1p cladding 
modes in Sen-SM-Sec by HE1q modes in ММF; A1q,11

SM,MM is the matrix of excitation coefficients 
of HE1q modes in ММF by the fundamental HE11 mode and HE1p cladding modes in Sen-SM-
Sec; A1p,1q

MM,SM is the matrix of excitation coefficients of the fundamental HE11 mode by HE1q 
modes in MMF.

The matrices of mode propagation constants in MMF and Sen-SM-Sec denoted as MM and 
SM have a diagonal form:
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The excitation coefficients of the modes are found by calculating the overlap integral via the 
following formula:
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where 
SM
1pE , 

MM
1qE  are the vector transverse modal functions (their complex amplitudes) of the excit-

ing HE1p mode of Sen-SM-Sec and the excited mode of MMF (see Fig. 1); dS is the cross-sec-
tional area element of the fiber; the complex conjugation operator is marked with an asterisk.

The matrices of the excitation coefficients are written as follows:
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where P is the number of considered fundamental and cladding modes in Sen-SM-Sec; Q is the 
number of considered modes in the MMF; the superscript

H denotes the Hermitian conjugate of the matrix.
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Discrete Fourier transform applied to processing  
of the interferometer’s spectral characteristic

It should be noted that MMF has the length of several tens of micrometers (this is four orders 
of magnitude shorter than the length of Sen-SM-Sec), therefore, the oscillatory component of 
the interferometer’s SC can be approximately written as follows:

( ) ( ) ( ) ( )1 ,1 1 ,1
1 1

cos ,
P P

p
S S s η µ η µ

η= µ= +

 λ ≈ λ + λ ⋅ ∆Φ λ ∑ ∑ (5)

where η, μ are the numbers of the components of axisymmetric interfering modes HE1η and HE1μ 
of Sen-SM-Sec.

Expression (5) is the sum of the level S̅(λ), independent of the phase difference, and cosine 
components with amplitudes s1η,1μ(λ) and arguments expressed as the phase difference of the HE1η 
and HE1μ modes; this phase difference follows the expression

ΔΦ1η,1μ(λ) = 2LSen[β1η(λ) – β1μ(λ)],
which is in fact equal to the wavenumber k0 = 2π/λ multiplied by the OPD of the modes:

( ) ( )1 12 2eff eff
Sens Sensn L n Lη µλ ⋅ − λ ⋅

where 1
effn η , 1

effn µ  are the effective refractive indices of the modes with the numbers η and μ.
The number of such components is equal to the number of pairwise combinations of HE1p 

modes equal to (СP)2.
If the ΔΦ1η,1μ(λ) dependence is close to linear in the spectral window Δλ used, while the ampli-

tudes s1η,1μ are nearly wavelength-independent, then the cosine components of the SC can be 
regarded as harmonic.

Then the cosine argument in Eq. (5) can be described by the following expression:

( )1 ,1 1 ,1 1 ,1 ,η µ η µ η µ∆Φ λ ≈ Ω ⋅λ +Θ (6)

and the SC in this spectral window can be regarded as the sum of harmonic components with 
spatial frequencies Ω1η,1μ and initial phases Θ1η,1μ. Then the demodulation of the interferometer 
signal can be reduced to estimation of the frequencies and phases of a polyharmonic SC.

When the interferometer SC is measured, the interrogation system records a sample set Si, 
where i is the sample number corresponding to the light wavelength in vacuum, i.e., Si = S(λi) in 
the spectral window Δλ with the step Δλ and the central wavelength λ0.

Let N be the total number of samples, then the laws of wavelength variation in the second case 
can be written as

λi = λ0 + [i – (N – 1)/2]·Δλ,
where i varies from 0 to N – 1, while the scanning range is Δλ = Δλ·(N – 1).

In this case, demodulation of the interferometer SC is reduced to estimation of the frequencies 
and phases of the harmonic components of the following numerical sequence:

( ) ( ) 1 ,1 1 ,1 1 ,1
1 1

cos ,
P P

i
p

v i w i S s iη µ η µ η µ
η= µ= +

 
 = + ω ⋅ + θ  

 
∑ ∑ (7)

where w(i) is the weighting window used; ω1η,1μ are the angular frequencies of the harmonic com-
ponents of the numerical sequence (measured in rad), θ1η,1μ, rad, are the initial phases.

The angular frequencies are given by the following expressions [20]:

1 ,1 1 ,1 ,η µ λ η µω = ∆ Ω (8)

[ ]1 ,1 0 1 ,1 1 ,1/ 2 .η µ η µ η µθ = λ −∆λ ⋅Ω +Θ (9)
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Frequencies (8) can be found from the peak positions in the Fourier transform modulus of the 
numerical sequence v(i). The phase increments Δθ1η,1μ can be found by calculating the increments 
of the Fourier transform’s argument precisely at the corresponding peak, or, alternatively, by 
calculating the Fourier transform Δψ(ωi) at fixed frequencies ωi near the corresponding maxima.

In the case of a symmetric weighting window w(i), the expression for calculating Δψ(ωi) is 
written as follows:

( ) 0 1 ,1 1 ,1 .i η µ η µ∆ψ ω = λ ⋅∆Ω + ∆Θ (10)

The points of the Fourier transform of the numerical sequence can be found directly by calcu-
lating the discrete Fourier transform (DFT). To achieve a finer sampling of the Fourier transform, 
the sequence v(i) can be zero-padded before applying the DFT [20]. Additionally, to reduce errors 
in estimating frequencies and phases, it is advisable to use custom windows instead of a rectangu-
lar window, for example, Hann, Hamming, Blackman, Chebyshev windows, etc. [20].

Thus, a change in the refractive index of the surrounding environment alters the propagation 
constants of the interfering modes. This in turn leads to a change in the spatial frequencies Ω1η,1μ 
and initial phases Θ1η,1μ of the SC, manifesting as a shift in the positions of the corresponding 
peaks of the Fourier transform of the detected SC, as well as a change in the arguments of the 
Fourier transform near these peaks.

Calculations of interferometer and processing of its spectral 
characteristics via discrete Fourier transform

Numerical simulation was performed for the following characteristics of the interferometer 
(see Fig. 1):

the range of the light wavelength λ = 1.51–1.59 μm, step Δλ = 0.16 nm;
model of SMF-28 section included a silica core with a diameter of 8.2 μm (silica was doped 

with 3.5% germanium) and silica cladding with a diameter of 125 μm;
model of Thorlabs GIF625 MMF included a silica core with a diameter of 62.5 μm (silica 

was doped with 8.5% germanium in the center of the core cross-section) and a silica shell with a 
diameter of 125 μm;

length of MMF section LMM = 50 μm;
length of Sen-SM-Sec fiber LSen = 27 cm;
The surrounding environment consisted of a glycerol solution in distilled water in the mass 

concentration range of 0–25% at a temperature of 23 °C.
Dispersion dependences of the refractive 

indices of the core, cladding and surrounding 
environment (i.e., their dependence on the light 
wavelength) should be obtained for numerical 
simulations of optical fibers. The approaches 
proposed in [21–23] were used to calculate the 
dispersion dependences of silica with germanium 
oxide dopants at a temperature of 23 °C. Data 
from [24, 25] were used to calculate the disper-
sion dependence of water at the same tempera-
ture, and data from [26] were used to calculate 
the dispersion dependence of glycerol. The dis-
persion dependence of the aqueous glycerol solu-
tion was calculated based on the assumption that 
the refractive index of this solution varies linearly 
depending on glycerol mass fraction [27]. The 
corresponding dependences are shown in Fig. 2.

Numerical simulation of the fibers in the 
interferometer was carried out by numerically 
solving the wave equation using the finite ele-
ment method for an electric field in the given 

Fig. 2. Dispersion dependences of refractive 
indices for the media included 

in SMSMS structure: 
fiber core 1, its cladding 2, external aqueous 
environment 3, 25% aqueous glycerol solution 4 

(also a simulated external environment)
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frequency domain. The Helmholtz equation for the electric field was numerically solved at a given 
frequency, and then a wave solution was sought. The field distributions and effective refractive 
indices were calculated for the fundamental mode and the first 15 axisymmetric HE1p-type clad-
ding modes of Sen-SM-Sec within the specified wavelength ranges and glycerol concentrations in 
water, as well as all seven propagating axisymmetric HE1q core modes of MMF.

The electric field distributions of some of them are shown for MMF and Sen-SM-Sec in Fig. 3,a 
and b, respectively. Next, the mode excitation coefficients were calculated (Fig. 3,c). It was found that 
99.9% of mode energy from I-SMF is transferred to core modes of MMF, and 99.8% of this mode 
energy is further transferred to the fundamental mode and the first 15 axisymmetric cladding modes of 
Sen-SM-Sec. The obtained result indicates that the selected number of cladding modes in the SMF 
section is sufficient to describe the behavior of the SMSMS structure considered in the study.

Fig. 4,a shows the calculated dependences of the effective refractive index for HE1p modes in 
Sen-SM-Sec on light wavelength. Figs. 4, b and c show these dependences for HE12 and HE1,16 
modes, respectively, for pure water and for 25% aqueous glycerol solution. Evidently, as the num-
ber of the mode increases, its sensitivity to changes in glycerol concentration increases as well.

As mentioned above, the interference components of the SCs are determined by the cosine 
arguments ΔΦ1η,1μ(λ) in expression (5). We established that the components related to interference 
of the fundamental mode with cladding modes (η = 1, μ = 2–16) are the most significant in 
the structure under consideration. Fig. 5 shows these dependences for water and 25% aqueous 
glycerol solution. Apparently, some of them are rather close to linear, and some are noticeably 
nonlinear; the result of the latter is that such interference components most likely enter the SC 
as harmonic, with deeper frequency modulation.

a)	 b)	 c)

Fig. 3. Calculated electric field strength distributions for first six HE1q modes in MMF (a) 
and Sen-SM-Sec (b); coefficients |a1p,1q

MM,SM| for exciting HE1p modes in Sen-SM-Sec 
by HE1q modes of MMF (c)

a)	 b)	 c)

Fig. 4. Dependences of effective refractive index (n1p)eff for mode set HE1p in Sen-SM-Sec 
on light wavelength (a); enlarged fragments of these dependences (neff) for modes HE12 (b) 

and HE1,6 (c), constructed for pure water (C = 0%) and aqueous glycerol solution (C = 25%)
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Next, the quantity ΔΦ11,1μ(λ) was fitted to a linear function for each of the components (despite the 
slight nonlinearity of some of them) for finding the frequencies Ω11,1μ and the initial phases Θ11,1μ of the 
corresponding harmonic components. After that, Eqs. (8) and (9) were used to calculate the increments 
of frequencies (Δω11,1μ) and phases (Δθ11,1μ) of the harmonic components of the numerical sequence 
v(i) with a varying concentration of glycerol in water. The calculation results are shown in Fig. 6. As 
expected, the interference signal of the fundamental and cladding modes turned out to be increasingly 
sensitive to changes in glycerol concentration with increasing number of the cladding mode.

At the final stage, the spectral characteristics of the interferometer were calculated at various con-
centrations of glycerol in aqueous solution (Fig. 7). It can be seen that they have a complex oscillating 

Fig. 5. Dependences of phase difference ΔΦ11,1μ between HE11 modes 
on light wavelength λ for Sen-SM-Sec, constructed for pure water (solid lines) 

and 25% aqueous glycerol solution (dashed lines)

a)	 b)

Fig. 6. Increments of frequencies Δω11,1μ (а) and phases Δθ11,1μ (b) of harmonic components of numerical 
sequence v(i) as functions of glycerol concentration C in water; arrows indicate the variation in μ
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character. Fig. 8 shows the Fourier transform moduli of spectral characteristics calculated by DFT, 
supplemented with SC zeros using the Hann window with the positions of the frequencies ω11,1μ indi-
cated for 15 harmonic interference components corresponding to mode pairs HE11–HE1μ (μ = 16–2). 
Analyzing the data in Fig. 8, we can conclude that the components with the numbers = ,9 ,8 ,6 ,5 
16 ,15 ,12 unambiguously correspond to the Fourier transform peaks. It is worth noting that the peaks 
are noticeably broadened because the ΔΦ11,1μ(λ) dependences deviate from linearity, which can be 
interpreted as the presence of frequency modulation of harmonic components. The positions of com-
ponent pairs μ = 2 and μ = 3, μ = 4 and μ = 14, μ = 7 and μ = 13, μ = 10 and μ = 11 are located 
very close to each other, and, as can be seen from the figure, their responses in the Fourier transform 
overlap and interfere. The distortion of the shape of the peaks is also caused by the effect of spectral 
leakage in the DFT (mutual influence of the side lobes of the components). Additionally, while all of 
these components are influenced by components from mode pairs HE1η–HE1μ with numbers η ≠ 1, 
we find that their amplitude is an order of magnitude smaller, so their influence is less significant. All 
these undesirable effects introduce systematic errors in estimating the initial phase increments of the 
harmonic components in the sequence v(i) of the SC, which are discussed next.

Fig. 9 shows the calculated results for the increments of the DFT arguments Δψ(ωi) from the 
calculated SCs for the concentration of glycerol in aqueous solution varying from 0 to 25%. The 
calculated expected values of Δψ(ωi) are also given (see Eq. (10)) for complete absence of any 
sources of systematic error. There are noticeable oscillatory systematic errors for components with 
numbers μ = 2 – 5, 7, 10, 14, 16, typical for applying DFT to estimating the initial phases of the 
components of polyharmonic signal.

It should be noted that the mirror counterparts of the components with μ = 1–10 at frequen-
cies ω11,1μ < 0 were selected in the case of processing by DFT (also at ω11,1μ < 0), therefore, their 
corresponding increments Δψ(ωi) > 0 (in contrast to the phase increments Δθ11,1μ shown in Fig. 6).

The table gives the final calculation results for the components under consideration: sensitiv-
ities of the Fourier transform arguments Δψ/ΔC, rad/%, to the concentration, sensitivities of the 
Fourier transform arguments Δψ/Δn, rad/RIU, to the refractive index of the solution at a wave-
length of 1.55 μm, systematic errors in determining the glycerol concentration in solution ΔC, %, 
and refractive index Δn. The smallest errors in determining the glycerol concentration and refrac-
tive index were approximately 0.13% and 1.7∙10–4 RIU, respectively (highlighted in bold).

Fig. 7. Calculated spectral characteristics of SMSMS structure 
for three glycerol concentrations C in aqueous solution

Fig. 8. Calculated Fourier transform moduli for numerical sequences v(i) of spectral 
characteristics of SMSMS structure for four glycerol concentrations C in aqueous solutions
The positions ω11,1μ of 15 harmonic interference components corresponding to mode pairs HE11–HE1μ 

for μ from 2 to 16 are marked by vertical thin lines with the numbers μ in boxes
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