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Introduction

This study is a direct continuation of the research started in [1—4], examining the analytical
expressions for electric field potentials in cylindrical and conical radio frequency transport chan-
nels [5, 6]. Cylindrical RF traps with stacked ring ion guides (SRIG), first proposed in [7, 8] and
studied in detail in [5, 9—11, 12], are a prototype of such devices. Conical RF funnels, which
are the next generation of devices of this type, are considered in detail in [12—19]. However, the
potential of RF ion funnels is not limited to these simplest cases.

In this paper, we obtained the analytical formulas for electric potentials; these expressions are
convenient for fast qualitative simulation of ion funnels with a complex structure. Indeed, RF
focusing funnels with profiles other than conical (see, for example, [17]), as well as quadrupole
or segmented multipole electrodes (see [20]) offer benefits for design of ion-optical devices. Non-
circular apertures can also be useful; in this case, the corresponding electrical potentials are an
additive superposition of axisymmetric analytic potentials and multipole corrections, representing
analytic solutions for segmented multipole electrodes. These solutions are obtained by expanding
the boundary condition of a single aperture with the required shape in a Fourier series (with respect
to the azimuthal angle) and satisfying this expansion at specific collocation points. Additionally,
optimization of parameters of RF ion funnels with complex structure may require uneven spacing
of apertures along the transport channel, with the corresponding analytic solutions.

Exact or approximate analytical models make it possible to analyze the properties of ion-op-
tical devices, as well as to set and solve inverse problems of synthesis of ion-optical systems. In
the latter case, the electric field providing the necessary functional characteristics is reconstructed
from the behavior set for the charged particles. Subsequently, the electrode configuration required
to construct the device is determined in accordance with this electric field. Yuri Golikov’s studies
(see, for example, books [21—23]) clearly demonstrate the advantages of this approach.

The quasi-static principle is used to construct electric potentials of high-frequency (HF) elec-
tric fields. The quasi-static model of a time-varying electric field assumes that the high-frequency
potential of this field can be expressed as a function of time, setting the law of voltage variation
on the electrodes multiplied by the potential of the electrostatic field corresponding to constant
voltages on the electrodes.

The assumption about the quasi-static nature of a high-frequency electric field is valid when
the characteristic time of voltage change at the electrodes significantly exceeds the propaga-
tion time of electromagnetic perturbation within the device. A time-dependent factor describes
the time variation of electrical voltages, and a coordinate-dependent potential corresponds to
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constant voltages at the electrodes, changing synchronously and proportionally to each other over
time. Although this approach essentially neglects the electrodynamic effects of Maxwell’s equa-
tions, it is still acceptable if the frequency of voltages applied to the electrodes is not too high (in
the above sense).

Next, analytical expressions for electrostatic potentials are considered, corresponding to elec-
trode configurations typical of RF ion funnels. Simulation of straight-axis RF ion funnels with
the corresponding profile of the transport channel involves multiplying these electrostatic poten-
tials by rapidly oscillating time functions that determine the law (in most cases sinusoidal) for
variation of high-frequency voltages on the electrodes. RF voltages with a complex spectrum,
in particular, pulse voltages with an arbitrary pulse shape, can be used within the framework of
the quasi-static model of the electric field instead of sinusoidal RF voltages [24]. In addition,
depending on the operating mode of the funnel, two- and four-phase RF voltages can be applied
to the electrodes [12], as well as amplitude-, frequency-, and phase-modulated RF voltages [12],
providing the A-wave mode during ion transport [25—37].

The goal of this study is to derive analytical quadrature formulas to quickly reconstruct the
electric field over the entire required space from a given distribution of the electric potential on
the axis of the device.

After reconstructing the electric field, we can essentially reconstruct the configuration of the
electrodes responsible for generating the corresponding electric field.

The obtained analytic solutions of the three-dimensional Laplace equation are of not only
practical, but also independent scientific interest, since they can be used to solve problems in
mathematical physics that are not directly related to charged particle optics.

Theoretical background

This section provides a brief overview of the mathematical framework used in subsequent
mathematical calculations. We considered it appropriate to include a summary of these methods
in the introduction to this article, since this material is largely unknown among specialists in
charged particle optics, because the primary sources for reference are either rare editions and/or
had very limited print runs, making them difficult to obtain [21—23].

Planar fields. Planar (two-dimensional) electrostatic fields are characterized by an electric
potential U(x,y), depending only on two Cartesian coordinates and satisfying the two-dimensional
Laplace equation

o’u o°’U
(f’y)+ (f’y)zo. (1)
ox oy

It is well known that the real and imaginary parts of any analytic function of a complex vari-
able, for example, taking the form

f(z)=f(x+iy)=u(x,y)+iv(x,y) Q)

satisfy the two-dimensional Laplace equation because the Cauchy—Riemann conditions are sat-
isfied for these functions [38]:

ou (x,y) _ 8v(x,y) ou (x,y) _ 6v(x,y)

; = : (3)
ox oy oy ox

If there are first-order partial derivatives for the real and imaginary parts of a complex-valued
function of two real variables and the Cauchy-Riemann conditions (3) are satisfied, then such
a function is an analytic function of a complex variable. This means that it is expanded into a
convergent power series and is therefore infinitely differentiable in the neighborhood of any point
where conditions (3) are satisfied.

While the converse statement is also true, it is less commonly recognized.
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Statement 1. Any real function of two variables satisfying the two-dimensional Laplace equation
can be regarded as the real (imaginary) part of some analytic function of a complex variable.

Proof. Let there be a function u(x,y) satisfying Eq. (1). Relations (3) can be considered as
a system of first-order partial differential equations (PDEs) [38] given for an unknown function
v(x,y) with a known function u(x,y). The system of equations is solvable, the solution exists, and
it is unique up to an additive constant, if the condition of equality of mixed derivatives is true for

an unknown function v(x,y):
0 ﬁv(x,y) _0J 8v(x,y) @
vl oax ) axl o )

Since the function u(x,y) is harmonic, this condition is satisfied for system of equations (3)

under consideration.
The solution of system of equations (3) is the following function:

X Y A2 x y
v(X,y)=—J.dt I—a u(tz,s) ds —Iau(t’yo)dt+fau(;)’s)ds+C:

Xo Yo ay Xo ay o
, (5a)
r t0u(t © 0 < ou(t
S P f U)oy Ty (LG Dy e G20
ox ox oy
Yo Xo Yo Xo
which can also be transformed to
v(xy)=-| au((;y’y)dt ja”(;”s)d iC=
Xo Yo
. (5b)
:+j-8u(x,s) _J«éu(t,yo)dH_C
o ax X0

A function of forms (5a) and (5b) is uniquely defined up to the real additive constant C, setting
the value of the function v(x,,y,). Therefore, for any function u(x,y) satisfying Eq. (1), it is possible
to reconstruct the missing imaginary part v(x,y), which could ensure that the Cauchy—Riemann
conditions (3) are satisfied. Thus, the analytic function of a complex variable (2) is determined,
which is unique up to an additive imaginary constant.

The existing function v(x,y), satisfying the two-dimensional Laplace equation, can always be
supplemented in the same way with the missing real part u(x,y), yielding the required analytic
function of the complex variable.

Statement 1 is proved.

Corollary to Statement 1. 1If only harmonic functions of two variables derived from analytic
functions of a complex variable are studied in the process of synthesizing two-dimensional elec-
tron and ion-optical systems, then no solution is omitted.

Let there be an arbitrary analytic function of a complex variable. It can be symmetrized by
ensuring that the real part is even and the imaginary part is odd with respect to the second argument.

Statement 2. Any analytic function of a complex variable f(z) = fix+iy) can be associated with
a unique symmetrized (with respect to the variable y) analytic function of a complex variable. This
resulting function has a real part even with respect to the variable y, the imaginary part is odd with
respect to the same variable, and the values of the real part on the axis y = 0 coicide with those of
the real part of the initial function.

Proof. Let us take an arbitrary analytic function of a complex variable f{z), given by Eq. (2),
where the real and imaginary parts satisfy the Cauchy—Riemann relations (3). Then, the real and
imaginary parts of a complex-valued function (which, generally speaking, does not have to be an
analytic function) of the form
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f(Z)=ux=y)=iv(x.-y)

satisfy the Cauchy—Riemann relations (3). Consequently, this function is also an analytic
function of a complex variable. Therefore, the following function is an analytic function of a
complex variable:

. (6)
1
:E[u(x,y)+u(x,—y)]+§[V(x,y)—v(xa—y)],
where the real and imaginary parts have the required parity with respect to y.
Similarly, an antisymmetric function of the form
1 =/
5(:)=2/(2)-7()]=
(7)

Ao b))

whose real part is odd with respect to the variable y and identically equal to zero at y = 0, while
the imaginary part is even with respect to the variable y and coincides with the imaginary part of
the function f{z) on the axis y = 0 is also an analytic function of a complex variable.

The value on the symmetry axis y = 0 for the real part of the function f{z) and for the real part
of the function A(z) given by Eq. (6) is the same. Similarly, the normal derivatives (derivatives
with respect to the variable y) of the imaginary parts of the functions f{z) and 4(z) coincide on
the symmetry axis y = 0.

The uniqueness of the symmetrized function of a complex variable follows from the uniqueness
of the solution of the Cauchy problem (8) for a two-dimensional harmonic function, considered
below, as well as from the uniqueness of the imaginary part of the analytic function of a complex
variable (up to an additive constant, see Statement 1) for a given real part.

Statement 2 is proved.

Applying symmetrization (6) to an already symmetrized function does not change this func-
tion. The partial derivative of a symmetrized analytic function of a complex variable, taken with
respect to the variable x, is also a symmetrized function of a complex variable. The partial deriv-
ative of a symmetrized function of a complex variable, taken with respect to the variable y, is a
function of a complex variable, whose real part is odd and imaginary part is even with respect to
the second argument, similarly to function (7). The components of the symmetrized (according to
expression (6)) analytic function of a complex variable multiplied by an imaginary unit have the
same parity properties. Similar statements are true for functions of a complex variable obtained
by transformation (7). Successively applying transformations (6) and (7) yields an identical zero.

A Cauchy problem, namely, to determine the value of the function on the entire plane by its
behavior on the symmetry axis, can be posed for a harmonic function U(x,y) that is even with
respect to the variable y and satisfies the condition U(x, —y) = U(x,y):

U(xy) =G(x). (8)

y=0

Statement 3. A solution to the Cauchy problem (8) for a planar harmonic function even with
respect to the variable y exists and is unique, at least in the neighborhood of the symmetry axis y =0,
if the function G(x) is infinitely differentiable and expands into a convergent power series at each point.

Proof. If we take into account the requirements of parity with respect to y, then the two-
dimensional harmonic function U(x,y) can be expanded into a series in even powers of the vari-
able y in the neighborhood of the symmetry axis y = 0:
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1 2k

U(x,y) =U, (x)—EyzU2 (x)+-~~+(—l)k y—.U (x)+.... 9)

The possibility of expansion into a power series follows from the analyticity of two-dimensional
harmonic functions (see Bernstein’s theorem on the analyticity of solutions of two-dimensional
elliptic equations [39, 40]). Substituting expression (9) into Eq. (1) and combining the factors at
identical powers of the variable y, we obtain the values of all coefficients of series (9) using the
following recurrence relations:

_ d*U,, (x)
dx’

Series (9) converges absolutely for the function U(x,y), since the power series for the function
G(x) converges, which can be used as a majorant for series (9).

Statement 3 is proved.

Series of form (9), functional with respect to one variable and power-law with respect to the
other, are called Scherzer series'. They are used in ion optics to describe symmetric electric and
magnetic fields in analysis of paraxial trajectories in the neighborhood of the symmetry plane or
the symmetry axis.

The Cauchy problem on reconstructing a harmonic function, odd with respect to the variable
y, from its normal derivative on the symmetry axis is formulated similarly:

Uy (x) =G (x), Uy (x) . (10)

U xy) = H (x). (11)

Searching for a solution as an antisymmetric series

2k+1

1
U(x,y) =yU, (x)—gy3U3 (x)+"'+(_1)k m(]zkﬂ (x)+"‘ (12)
yields recurrence relations of the form

d’U,,_, (x)

13
o (13)

Ui (x) =

to express all terms of the series in terms of derivatives of the function H(x). Thus, the unique
solution can be found, valid at least in some neighborhood of the symmetry axisy = 0 where this
series converges.

Scherzer series (9) with coefficients (10) does not contain information about the behavior of
the function U(x,y), which is a solution to Cauchy problem (8) away from the symmetry axis. The
integral formula using Green’s function for the Dirichlet problem of the two-dimensional Laplace
equation on the upper half-plane [42] is free from this drawback and takes the following form:

vy f_G)
U (x.y)= n£(x_t)z+y2 d. (14)

It can be directly verified that if the integral in Eq. (14) converges, then the function U(x,y)
satisfies the two-dimensional Laplace equation at y > 0, and satisfies condition (8) at y — 0. If
function (14) must satisfy the given Laplace equation, including on the boundary y = 0, then
differentiability (analyticity) of the function G(?) is required.

I Apparently, this term was introduced in monograph [41].
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Eq. (14) should be used for direct calculations only for y > 0. However, function (14) satis-
fies the condition 0U(x,y)/dy = 0 for y = 0+ and therefore can be smoothly extended onto the
half-plane y < 0 in a symmetrical manner, thus generating an even function with respect to the
variable y.

Similarly, Green’s function for the Neumann problem (11), which is considered on the upper
half-plane y > 0 for the harmonic function U(x,y) odd with respect to y (see book [42]), leads to
the following formula:

17 2,
U(xy)=5- H(1)In| (x=1) +y* |t (15)

00

This formula provides the unique solution for the antisymmetric Cauchy problem (11) if the
function H(7) tends to zero at infinity sufficiently rapidly.

Unfortunately, Eq. (14) for the symmetric Cauchy problem (8) is applicable only when the
modulus of the function G(7) grows at infinity slower than a linear function. An even more strin-
gent condition for tending to zero at infinity is imposed on the function H(?), used in integral (15).
Furthermore, calculating integrals in expressions (14) and (15) requires either a high level of skill
and experience in analytic calculation of integrals or access to reliable mathematical handbooks
(of considerable volume) on function integration.

However, the function G(7) is generally a superposition of well-known elementary functions,
and then the problem is solved more simply. Indeed, for any elementary function of a real vari-
able, its counterpart on the complex plane is known (the result of analytic continuation from the
real axis to the entire complex plane). All that is required in this case is to construct a similar
superposition, including the known analytic functions of a complex variable, and separate its real
or imaginary part from the obtained result. If necessary, it may be necessary to perform symme-
trization or antisymmetrization of the resulting solution, in accordance with Egs. (6) or (7).

Axisymmetric fields. The electric potential of axisymmetric electrostatic fields has the form

U(x,y,z)z V(z,\/x2 +y2 ),

where the function W(z,r) satisfies the axisymmetric Laplace equation of the form

82V(Z,r) 82V(z,r) 18V(z,r)
0z* " or? +; or

As in the case of planar fields, the Cauchy problem on reconstructing the function Wz,r) from
its value on the symmetry axis can be posed for an axisymmetric potential:

V(zr)|  =F(z) (17)

Statement 4. A solution to Cauchy problem (17) for an axisymmetric harmonic function in the
neighborhood of the symmetry axis exists and is unique if the function F(z7) is infinitely differentiable
and expands into a convergent power series at each point.

Proof. Searching for a solution as a Scherzer series

=0. (16)

V(2)=Vo(2) -7V, (2 1) gt () (1)

after substituting this series into Eq. (16) and taking into account the initial value (17) yields the
following recurrence relations:

F(2)=F (=), nk+2<z>=%m<z>. 19
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If we use recurrence relations (19), we can uniquely reconstruct the unknown coefficients of
series (18). The absolute convergence of series (18) with these coefficients follows from the con-
vergence of the power series for the function F(z), which can serve as a majorant.

Statement 4 is proved.

As in the planar case, the axisymmetric Scherzer series (18) makes it possible to study the
behavior of the axisymmetric electric potential only in a certain neighborhood of the symmetry
axis r = 0. The axisymmetric electric potential on the entire plane (z,7) can be reconstructed by
the following effective method. The tools discussed above should be used to analytically continue
the real function F(x) onto the complex plane; this yields a two-dimensional harmonic function
u(x,y) with the required behavior on the axis y = 0:

F(x)—)f(x+iy):u(x,y)+iv(x,y), u(x,O):F(x).

We can then apply the Whittaker—Watson formula?

V(z,r) u(z,rcosg)de, (20)

a |>—*
O e 3

calculating the axisymmetric potential ¥(z,r) when the integrand is a two-dimensional harmonic
function u(x,y).

In the case when the function u(x,y) is even with respect to y, i.e., satisfies the condition
u(x,—y) = u(x,y), Eq. (20) is reduced to the form

/2

V(z,r):;J.u(z,rcoscp)d(p. (21)
0

Statement 5. Eq. (20) establishes a one-to-one correspondence between solutions V(z,r) of Cauchy
problem (17) for axisymmetric harmonic functions and solutions u(x,y) of Cauchy problem (8) for
planar harmonic functions, even with respect to the second argument, which are characterized by the
same behavior on the symmetry axis.

Proof. The function WMz,r) given by Eq. (20) satisfies the axisymmetric equation (16) when
the function u(x,y) satisfies the planar Laplace equation (1). This can be verified by direct substi-
tution after changing the integration variable ¢ to the variable y, in accordance with the formulas

y=rcosQ, dy=—r’—y'do, x=z.

We obtain the following equality:

62V(z,r)+62V(z,r)+16V(z,r):l]‘-(azu ou cosq)(?_ujd
n

—+—cos” @+
oz’ or’ r or ox> oy ® r oy

0

2 r 2
1 ,[8 u y? +%8_u dy zlzj_az(};_yz)ﬂ;@_uL:
ox’ 8y r* ot oy \/,fz_y2 - Y\ Oy oy ) r*t =2

r

1 ou
- -= 2 _yz
r Oy

Provided that » = 0, the following condition is satisfied:

y=+r

y=-r

2 This formula is given in monograph [43]. Its author is unknown to us, but it was presumably derived by one
of the monograph’s authors as a particular case of a general formula for a three-dimensional harmonic func-
tion, derived and examined in Chapter 18. The name 'Whittaker formula', introduced by Golikov, is gradually
gaining recognition.

82



Mathematical Physics
A ysics

g
P (2,0)=~[u(2,0)do=u(z,0)= F (),
T 0
therefore, the behavior of the functions Wz, r) and u(z,#) must coincide on the symmetry axis » = 0.

As shown in Statement 3, reconstruction of a planar harmonic function u(zr), even with
respect to the variable r, from its value #(z,0) on the symmetry axis » = 0 (as given by Eq. (8)) is a
solvable problem. This solution not only exists but is also unique, at least in some neighborhood of
the axis » = 0. Substituting the resulting solution u(z, r) into Eq. (20), we obtain an axisymmetric
harmonic function W(z,r) with the required behavior on the symmetry axis (generally speaking,
it is just one of many such functions). However, it follows from analysis of Scherzer series (18)
that such an axisymmetric harmonic function is unique and, consequently, there are no other
solutions to the problem except the one expressed by Eq. (20).

Statement 5 is proved.

If we represent the function u(z,r) as the sum of a planar harmonic function even with
respect to r

u(z,r)=[u(z, r) +u(z, -r)]/2
and planar harmonic function odd with respect to r
u,(Za 7") = [Z/I(Z, I") - M(Z, —r)]/2,

it is easy to see that integral (20) vanishes for an odd function, and replacing the harmonic function
u(z,r) with the symmetrized harmonic function u,(z,r) leaves the value of this integral unchanged.
Therefore, only planar harmonic functions even with respect to » are important for practical appli-
cation of Eq. (20). Notice that although there may be many planar harmonic prototypes u(z,r) for
Eq. (20) for the existing function ¥(z,r), the symmetrized planar harmonic prototype is unique.
An important conclusion to the subsection on axisymmetric fields is that in the analysis
and synthesis of charged particle optics systems, integral formula (20) can generate all possible
axisymmetric potentials that have no singularities on the symmetry axis, without omitting any.
Multipole fields. In the general case, the potentials of multipole electrostatic fields have the form

U(x,y,z)= (\/x2 +° )m cos(m arg(x+iy)+y) W(z,\/)c2 +y° ), (22)

where m is a positive integer determining the order of multipole®; arg(x,y) here and below is a
function returning the argument of the complex number x + iy, lying in the range from —x to +x.

When the function U(x,y,z) satisfies the three-dimensional Laplace equation, the function
WAz, r) satisfies the multipole Laplace equation:

azW(z,r) N 82W(z,r) N (Zm +1) 8W(z,r)
0z* or’ r or

Multipole symmetry is determined by multipole factors

R, (x,y):(w/x2 +y° )m cos(m arg(x+l'y)+Y)=

=c,P,(x,y)+c,0, (%),
P,(x,y)= (m)m cos(m arg(x+iy)),
0, (x,y) = (\/x2 +y° )m sin(m arg(x+iy)),

for which the planar Laplace equation (1) holds true.

=0. (23)

(24)

3 Strictly speaking, it is not necessary for subsequent mathematical calculations that the index m be positive or
an integer.

83



4 St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 4 >
I

If the index m takes positive integer values, factors (24) are homogeneous harmonic polyno-
mials of degree m, as follows from the recurrence relations

R (x,y)=1 0,(x,y)=0,
P, (x,y)=xP,(x,y)-y0,(xy),

O, (x,3)= 2P, (x,y)+x0, (x,¥),

Consider the Cauchy problem on reconstructing the function W(zr) from its value on the
symmetry axis:

W(zr)_ =F(2). (25)

Statement 6. A solution to the Cauchy problem (25) for the factor of a multipole harmonic
function (22) in the neighborhood of the symmetry axis exists and is unique if the function F(7) is
infinitely differentiable and expands into a convergent power series at each point.

Proof. Searching for a solution as a Scherzer series

2k

W(z,r):wo(z)_%rzwz(z)+..-+(_1)"®mk(z)+... 26)

yields, after substituting series (26) into Eq. (23), taking into account the initial value (25), the
following recurrence relations:

2k +1 y
Wy (z)=F(z), Wzm(z)zz((kJr—nwzl)Wzk(z)’ (27)

The unknown coefficients of series (26) can be uniquely reconstructed from recurrence
relations (27). Its absolute convergence with coefficients (27) follows from convergence of the
power series for F(z), if this series is used as a majorant for series (26).

Statement 6 is proved.

Scherzer series (26) does not make it possible to study the behavior of the multipole electric
potential (22) away from the symmetry axis » = 0. As in the case of the axisymmetric electric
potential, to determine the values of the factor W(z,r) away from the symmetry axis, the real
function F{(x) is analytically continued onto the complex plane. We then define a two-dimensional
harmonic function u(x,y) with the given behavior on the symmetry axis:

F(x)—>f(x+iy):u(x,y)+iv(x,y), u(x,O):F(x),

after that, it becomes possible to apply the Dougall formula (28).

The Dougall formula*, whose particular case at m = 0 is the Whittaker—Watson equation
(20), is used to construct multipole potentials with the arbitrary 2D harmonic functions u(x,y) as
a basis:

W(z,r)=%;fu(z,rcos¢)sinzm ((p) do. (28)

In the case when the harmonic function u(x,y) is even with respect to the variable y and sat-
isfies the condition u(x,—y) = u(x,y), Eq. (28) is reduced to the form

4 The formula is given in the monograph [43] (see Chapter 18, example 2 at the end of the chapter) with reference
to John Dougall as the author of this result. John Dougall (1867—1960) was an outstanding Scottish mathemati-
cian, a member of the Edinburgh Mathematical Society and the Royal Society of Edinburgh. We were unable to
uncover the original publication deriving this formula.
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/2
2mNn [ u(z.rcos)sin™ (¢) do. (29)

0

V(=)= T (m+12)

The normalizing factor in front of the integral sign in Egs. (28) or (29) is not necessary and
does not affect the form of the required multipole potential. However, it is necessary for normal-
izing the value of the function along the multipole symmetry axis » = 0 to ensure its coincidence
with the function u(z,0).

Statement 7. Eq. (28) provides a one-to-one correspondence between solutions of Cauchy prob-
lem (25) for factors of multipole harmonic functions (22) and solutions of Cauchy problem (8) for
planar harmonic functions even with respect to the second argument with the same behavior on the
symmetry axis.

Proof. The function W(zr) given by Eq. (28) satisfies the multipole equation (23) when the
function u(x,y) satisfies the planar Laplace equation (1). This is verified by direct substitution after
changing the integration variable ¢ to the variable y in accordance with the formulas

Yy =rcosqo, dy=—\li’2—y2d(p, xX=z:
o'W (z,r) . o'W (z,r) . (2m+1) oW (z,r)
oz’ or’ r or
T 2 2
_ mY/\r Jab; 81,; 2([H_(Zm+1)cosq>a_u Sin™ o do =
C(m+1/2)3\ &x* oy r oy
_ mn f 82u+82uy_2+(2m+1)y6_u Py dy
L(m+1/2)° (ox* oy r? oy r \/,/Z_yZ
1 m'/\/g of u;, ou T\
- - - 2m+1)y 2 (\/ - ) dy =
Jami2 F(m+1/2);[( o (F Y )+( m+ )yay r=y Y

1 mYJn [8_14( rz_yz)zmﬂj

e I'(m+1/2) - Oy

0

—-r

y=+r
=0.

y=-r

Provided that » = 0, the following condition is satisfied:

Mju(z,o) sin?" (pd(pzu(Z,O):F(Z)’

0

W(Z’O):r(m+1/2)

therefore, the behavior of the functions W(z,r) and u(z,r) must coincide on the symmetry axis = 0.

As shown in Statement 3, Cauchy problem (8) on reconstruction of a planar harmonic func-
tion u(z,r), even with respect to r, from its value on the symmetry axis is always solvable, and its
solution not only exists, but is unique. Substituting this prototype u(z,7) with the given behavior
on the symmetry axis into Eq. (28), we obtain the sought multiplier W(z,r) of the multipole har-
monic function (22) with the required behavior on the symmetry axis (generally speaking, this
multiplier is one of the many possible). It follows from analysis of Scherzer series (26) carried out
earlier for solutions of Eq. (23) that such a factor is unique and, consequently, there are no other
solutions for Cauchy problem (25), except for the function given by Eq. (28).

Statement 7 is proved.

Representing the function u(z,r) as a sum consisting of a planar harmonic function even with
respect to r

u(z,r)=[u(z, r) +u(z,-r)]/2
and planar harmonic function odd with respect to r
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u(z,r)=lu(z, ry—u(z,-r)]/2,

it is easy to see that integral (28) vanishes for an odd function, and replacing the harmonic
function u(z,r) with the symmetrized harmonic function u,(z,r) leaves the value of this integral
unchanged. In other words, only even planar harmonic functions are relevant for using Eq. (28).
Moreover, while there are many suitable planar harmonic prototypes u(z,r), there exists a unique
symmetrized planar harmonic prototype for any given function W(z,r) .

Thus, in the analysis and synthesis of charged particle optics systems, integral formula (28) can
be used to generate all possible multipole potentials that have no singularities on the symmetry
axis, without omitting any.

General-type RF funnels with evenly spaced electrodes

This section discusses analytical formulas for planar, axisymmetric, and multipole electrostatic
fields providing potentials of the following form on the OZ axis of the device:

U, (x,y,z) :Ug (z):f(z)cos(kz), (30)

0,
0

Ug(x,y,2z) =Us(z)=f(z)sin(rz). 31)

:0

where X is the parameter determining the geometric scale of the transport device.

In this case, the function f{z) varies slowly along the axis of the device, compared with the
rapidly oscillating functions cos(Az) and sin(Ag).

Analysis of planar, axisymmetric, or multipole Scherzer series applied to Cauchy conditions
(30), (31) suggests that the solution (which exists and is unique, at least in the neighborhood of
the axis » = 0) should be sought in the form

U (zr) = F(2.r)cos(32) + G (z.r)sin (32),
Us(2.r) = F(z.r)sin(Az) = G(z,r)cos(22),
F(Z,O):f(z),

G(Z,O):O.

(32)

Importantly, the change of variables x — z, y — ris performed for consistency of notation for
the planar Laplace equation (1).

A solution of form (32), in particular, can be used to consider modified Scherzer series for the
functions U(z,r) and Uy(z,r):

U. (Z, r) = (COS(?\,Z)FE) (z) + sin(?»z) G, (Z)) -
27 (cos(12) F (2) 5in (32) Gy (2)) - .

)
r (sin(Az) F, (z) = cos (12) G, (z)) +-- (34)

+(—1)k A .(sin(Xz)Fk (z)—cos(Az) G, (2))+...,
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Substituting expressions (33) and (34) into the corresponding Laplace equations shows that the
coefficients of Scherzer series (33) and (34) are the same and satisfy the same recurrence relations:
a) for the planar Laplace equation (1)

1
P )= 2 e
s () =5y ey (G ()24 ()26 (2)

b) for the axisymmetric Laplace equation (16)

F

K+l (Z) =
Gk+1(z):

1
4(k+1)
_1
4(k+1)

2

¢) for the multipole Laplace equation (23)

1

"+1(Z):4(k+1)(k+m+1)

1

G (Z) =

4(k+1)(k+m+1)

(F{(2)+ 220G (2)-V'F.(2)),

(FZ'(Z) +20G, (Z) - kzﬂ (Z)) ,

5 (G,;' (z) —2\F)] (z) -\’G, (z)) ,

(F/(z)+210G] (z)-VF,(2)),

(GI (2)-20F! (2)-17G,(2)),

(35)

(36)

(37)

Substituting expressions (32) directly into the corresponding Laplace equations and separately
vanishing each of the grouped factors at sines and cosines leads to the Cauchy problem on the
axis » = 0 for a system of two linear elliptic PDEs given with respect to two unknown functions

(F(z,r) and G(z,r)):

a) for the planar Laplace equation (1)

OF O'F oG

—+——AF+2L—=0,
0z or oz
2 2
_8(2;+8?—}L2G—27\48—F:0,
0z or Oz
aF(z,O)
F(z,0)= ,————==0,
(20)=1(2), TC
G(2,0)=0, 9G(z,0) _o,
or

(38)
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b) for the axisymmetric Laplace equation (16)
2 2
OF OF 1OF op 96
0z or~ r or 0z
2 2
0 ?4‘6 §+18—G—X2G—2ka—F=O,
oz or- r or 0z
(39)
F(z o)zf(z) M:o
b b ar b
0G(z,0
G(z,O)zO,L)zo,
or
¢) for the multipole Laplace equation (23)
2 2 2m+1
2 127+8 Ij+( ” )a—F—K2F+2xa—G=O,
0z or r or 0z
2 2 2m+1
G 0G (mrN)oG g 52y,
0z or r or 0z
oF (2,0) 40
F(2,0)=f(z),——=— =0,
0G(z,0
G(z,o)=0,$=0.
or

Let the real function f{(z) be analytically continued onto the complex plane, resulting in a
symmetrized function of a complex variable:

f(z)—)f(x+iy):u(x,y)+iv(x,y),
Ou Ov Ou _ 0Ov
x (41)
u(z,O):f(z), V(Z,O):O,
u(z,—r)=u(z,r), v(z,—r)=—v(z,r).

For the planar Laplace equation, using direct substitution, we can verify that the solution

F(z,r)=u(zr)ch(Ar),
{G(z,r) — v (z.r)sh(ar) )

satisfies system of equations (38), including the initial conditions.

If we apply the Whittaker—Watson formula (20), taking into account parity of the functions
u(z,r) and v(z,r with respect to » ), we obtain that the solutions of Cauchy problem (39) for the
axisymmetric Laplace equation (16), written in the form (32), follow the expressions

/2

F(z,r):; J. u(z,rcosp)ch(rcosp)do,
| (43)

/2

G(z,r)== J. v(z,rcos@)sh(rcos)de.

T
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Similarly, after applying the Dougall formula (28), taking into account parity of the functions
u(z,r) and v(z,r) with respect to r, we obtain that solutions (32) for Cauchy problem (40) (derived
for the multipole Laplace equation (23)) after substituting (32) can be expressed as

2ml\n

F(z,r)= F(m+12) -([ u(z,rcos@)ch(rcos)sin™ (@) de,
Zm'/\/E /2 L, (44)
G(z,r)=——""= J- v(z,rcos@)sh(rcose)sin® (¢) de.

- T(m+1)2)

Positioning of main and auxiliary apertures for ion funnel with uniformly spaced electrodes.
Let there be a planar, axisymmetric, or multipole electric potential U(z,r), defined by the first
formula in (32) for the appropriately calculated functions F(z,7) and G(z,r), and this potential
behaves as follows along the axis » = 0:

U(2,0) = f(z) cos(r2).

Thin apertures (planar, axisymmetric, or multipole) should be located at points of local min-
ima and maxima of the axial distribution, i.e., at points z, = mk/\.

The sizes of the apertures r, for planar and axisymmetric systems are determined from
the conditions

0

Uc(zk’r k) =+l
or, which is the same, from the conditions
F(z.r)=U,

(segmented multipole apertures are discussed below).
Additional apertures with zero or almost zero potential can be positioned at points

Zwip = n(k + 1/2)/k, where the oscillating function cos(Az) vanishes. The sizes r_, n of the addi-
tional apertures can be conveniently determined from the conditions
G(Zk+l/2’rk+1/2) - UR’

providing a smooth profile of the transport channel and making it possible to combine the poten-
tials U.(z,r) and Uy(z,r) within a single electrode system.

Consider a planar, axisymmetric, or multipole electric potential U(z,r), defined by the second
formula in (32) and providing an axial distribution

U(z,0) = fliz)sin(Az)

along the axis » = 0.
Now the thin apertures generating the given electric field should be positioned at the points

2., = mk+ 12)/A,

that is, at the points of local minima and maxima of the axial distribution.
The sizes of the apertures r, n for planar and axisymmetric systems are determined from
the conditions
Udz

k+l/2’rk+l/2

)=+xU,, ie., G(z,,, .7 =U

k+1/2° k+1/2) R’

Additional apertures with zero or almost zero potential can be positioned at points z, = nk/A, at
which the oscillating function sin(Az) vanishes. The sizes r, of the additional apertures are conveniently
determined from the conditions Hz,, r) = U,, ensuring a smooth profile of the transport channel
and making it possible to combine the potentials U(z,7) and U, (z,r) within a single electrode system.

It should be noted that a combined set of apertures located at points(z,,r,) and (z, ., ol /2) can
be used to construct both an electric field with an electric potential UJz,r) (or Uy(z,r)) and an
arbitrary linear combination of these potentials within a single electrode system. For this purpose,
the voltages applied to the apertures should be changed.

To calculate the sizes of apertures for multipole systems, we should bear in mind that the
three-dimensional multipole electric potential is related to the multipole factor W(z,r) = U (z,r)
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by Eq. (22). Additionally, instead of curved multipole apertures whose shape is defined by the
cross-sections of equipotential surfaces at corresponding points on the axis, segmented multipole
circular apertures can be used for analytical electric potentials U, (z,r) or U (z,r).

The conditions for determining the radius of the apertures take the form

rkmF(Zka T ) =vU, and ”knil/zF(Zku/za rk+1/2) =1Us,

where vy is the normalized first harmonic in the expansion of the boundary condition for a seg-
mented multipole circular aperture into a Fourier series.

The contribution of the higher harmonics into the expansion of the boundary condition into a
Fourier series in the neighborhood of the symmetry axis away from the edges of the electrodes is
insignificant and can be neglected.

General-type RF funnels with non-uniformly spaced electrodes

This section discusses analytical formulas for planar, axisymmetric, and multipole electrostatic
fields providing potentials of the following form on the OZ axis of the device:

Ue(xy.z))  =Ue(z)=7()eos(h(2)), (45)
Us(x.p.2) | =Us(2)=/()sin(h(2)). (46)

where A(z) is a monotonic function determining the points where the electrodes are positioned,
and the function f{z) varies slowly along the axis of the device, compared with the rapidly oscil-
lating functions cos[/(z)] and sin[A(z)].

The study of planar, axisymmetric, or multipole Scherzer series applied to Cauchy conditions
(45), (46) suggests that the solution (which exists and is unique) should be sought in the form

U. (z,r) = F(Z,I”)COS(]’I(Z))+ G(z,r)sin(h(z)),
Ug(z,r)= F(z,r)sin(h(z))—G(z,r)cos(h(z)),
F(Z,O)zf(z),
G(Z,O) =0.
Indeed, let us consider the modified Scherzer series adapted to Egs. (47):

Uc(z,r)= z (_1)" (;:)![cos(h(z))ﬂ (z)+sin(h(z))Gk (Z)], (48)

k=0,00

(47)

2k

U, (z,r) = Z (_1)k r—'[sin(h(z))Fk (z) —cos(h(z))Gk (z)] (49)
(2k)!

k=0,0

Substituting expressions (48) and (49) into the corresponding Laplace equations shows that the
coefficients of Scherzer series (48) and (49) are the same and satisfy the same recurrence relations.
These recurrence relations have the following form for the multipole Laplace equation (23):

Fo(2)= 4(k+1)(lk+m+1) (Fi(2)-1'(2)" F ()4 20 (2) G, ()4 K (2) G (), (50)

Gea(2)=7 o (1k+m+1) (G1(2) =1 () G, (2) =21 (2) F (2) =" (=) Fo (2)),
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The required recurrence relations for the planar Laplace equation (1) are obtained from
Egs. (50) as a particular case m = —1/2. The required recurrence relations for the axisymmetric
Laplace equation (17) are obtained from Eqgs. (50) as a particular case m = 0.

Substituting expressions (47) directly into the corresponding Laplace equations and separately
vanishing each of the grouped factors at sines and cosines leads to the Cauchy problem on the
axis » = 0 for a system of two linear elliptic PDEs given with respect to two unknown functions:
Hz,r) and G(z,r). For the multipole Laplace equation (23), this system of equations has the form:

*F &*F (2m+1)oF 2 oG
W (z) F+2h (2) ==+ =0
822+8r2+ r or (Z) i ()82+ ()G ’
2 2
00,20, Crr %6 ey -oi(5) Lo (z)r =0,
0z or r or 0z 51)
8F(Z,0)
F(z,0)= — 2
(Z’ ) f(Z)’ or >
G(2,0)=0, 96(20) _,
or

The system of equations for the planar Laplace equation (1) is obtained from Eqgs. (51) as a
particular case m = —1/2. The system of equations for the axisymmetric Laplace equation (17) is
obtained from Eqgs. (51) as a particular case m = 0.

Let the real functions f{z) and 4(z) be analytically continued onto the complex plane, resulting
in symmetrized functions of a complex variable:

f(z)—)f(x+iy)=u(x y)+iv(x,y),
8u 8\/ 8u ov

N 8y ay o (52)
u(z,O):f(z), v(z,O)zO, u(z,—r):u(z,r), v(z,—r):—v(z,r),
h(z)—)h(x+iy):p(x,y)+iq(x,y),
w_2 w_ o -

6x_8y’ 8y_ ox’
p(z,O):h(z), q(z,O):O,p(z,—r):p(z,r), q(z,—r):—q(z,r).

Using direct substitution, we can verify that, taking into account relations (52) and (53) for
pairs of functions of the form

Ues(x,y)=u(x, y)cos( X, ))ch( X, )) (x, y)sm( (x,y ))sh(q(x, )),
{VC(Z,I") (x y cos( y )ch(q ,y ) u X y sm( y )sh q(x,y ), o9
Us(x,y):u(x,y)sin( )ch( (x,y )) v(x,y) cos( X, ))sh( (x,y)),
{Vs(z,r)v(x,y)sin( (x,y ) (q x,¥) )+u(x ) cos( p(xy )sh(q X,y ), )
the Cauchy—Riemann relations are satisfied.
This means that the functions
U (xy) +iV (x,y) and U (x,y) + iV (x,y) (55a)

are symmetrized analytic functions of a complex variable.
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We should note that if the functions
u(x,y) + iv(x,y) and p(x,y) + ig(x,y)

are symmetric, the symmetrized behavior of functions (54) and (55) can be verified directly.
Due to symmetrization of functions (55a), the functions UJ(z,r) and Ugz,r) are symme-
trized solutions of the two-dimensional Laplace equation (1), providing the required behavior of
potentials (45), (46) on the symmetry axis » = 0.
We obtain the solution of Cauchy problem (51) for m = —1/2, which corresponds to the planar
Laplace equation (1), from equalities (47), after substituting functions (54), (55) into them:

F(z,r) :u(z,r)cos[h(z)—p(z,r)]ch[q(z,r)]—
—v(z,r)sin[h(z)—p(z,r)]sh[q(z,r)],

>

(56)
G(z,r) = u(z,r)sin [h(z)—p(z,r)] ch[q(z,r)]+
+ v(z,r)cos[h(z)—p(z,r)] sh[q(z,rﬂ.

Using the Whittaker—Watson formula (20), we obtain a solution to Cauchy problem (51)
at m = 0, which corresponds to the axisymmetric Laplace equation (17):

F(zr) :% .([ [u(z,rcoscp)cos[h(z)—p(z,rcosq))]ch[q(z,rcoscp)]—

—v(z,rcos (p)sin[h(z)—p(z,rcos (p)} sh [q(z,rcos (p)ﬂ do,
(57)
G(z,r):% .([ [u(z,rCOS(p)sin[h(z)—p(z,rcosq))]ch[q(z,rcosq))]+

+v(z,rcos @) cos[h(z) — p(z,rcos (p)] Sh[q(za rcos (P)ﬂ do.

After applying the Dougall formula (28), we obtain exactly the same solution to Cauchy
problem (51) with an arbitrary index m > 0, which corresponds to the multipole Laplace
equation (23):

N

F(z,r)= F(m+12) '([ [u(z,rcoscp)cos[h(z)—p(z,rcoscp)]ch[q(z,rcoscp)}—
—v(z,7cos@)sin [h(z) —p(z,rcos (p)] sh[q(z,rcos (p)]]sinz’" (¢)do,

(38)

Mnf[u(z,rcoswsm[h(z)_p(z’rCOS(P):ICh[q(Z’rCOS(P)]+

0

G(zr)= T(m+1/2)

+v(z,rcos@)cos| h(z)— p(z,7cosp)|sh[ g(z,rcos (p)]] sin® (9) do.

Positioning of main and auxiliary apertures for ion funnel with non-uniformly spaced electrodes.
By analogy with the case of uniformly spaced electrodes for a planar, axisymmetric, or multi-
pole electric potential U(z,r), defined using the first formula in (47), its distribution along the
axis » = 0 is determined by the formula
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U(z,0) = f{z)-cos[h(z)],

where the function 4(z) is monotonic and has a sufficiently large range of values.

Thin apertures should be positioned at points of local minima and maxima of the axial distri-
bution, i.e., at points z,, representing solutions of algebraic equations 4(z,) = nk/). In view of the
assumptions made about the properties of the function A(z), such solutions exist and are unique
for any values of the subscript & that we are interested in.

The sizes of planar and axisymmetric apertures r, are determined from the conditions

Ulz,.r)=+xU, e, F(zr)=U,;

k
additional apertures with zero (or almost zero) potential can be positioned at points z, 1 which
are solutions to algebraic equations.

Wz, ) =n(k+ Y)Y

the oscillating function cos[/(z)] vanishes at them.
The following distribution is provided along the axis » = 0 for a planar, axisymmetric, or mul-
tipole electric potential Uy(z,r), defined by the second formula in (47):

U(z,0) = f(z) sin[A(z)].

The thin apertures generating the given electric field should be positioned at the points z, | s
for which the following conditions are satisfied:

Wz, ) =n(k+ YV,

k+1/2
that is, at the points of local minima and maxima of the axial distribution.
The sizes of the apertures of planar and axisymmetric systems r , are determined from
the conditions

k+1/2

Udz

k+l/2’rk+l/2

)=+U, i.c., G(z -U

k+1/2’rk+1/2) R’

Additional apertures with zero (or almost zero) potential can be positioned at points z,, deter-
mined by the equations A(z) = nk/L, where the function sin[4(z)] vanishes. The sizes r, of the
additional apertures are determined from the conditions Fz,,r,) = U,, providing a smooth pro-
file of the transport channel and making it possible to combine the potentials U(z,r) and U(z,r)
within a single electrode system.

Using a combined set of apertures located at points (z,,r,) and (z,, ol /2) makes it possible
to construct both an electric field with an electric potential U(z,r) or U(z,r), and an arbitrary
linear combination of these potentials within the framework of a single electrode system. For this
purpose, the voltages applied to the apertures should be changed.

The sizes of the apertures for multipole systems are calculated in exactly the same way as in
the case of uniformly spaced electrodes.

Conclusion

In this paper, we obtained analytical quadrature expressions for electrical potentials, which can
be recommended for analyzing the ion motion in RF traps and straight-axis RF funnels, formed
by planar, circular or multipole apertures with a rectilinear transport channel characterized by a
complex radial profile. The profile of the transport channel is uniquely determined by the axial
distribution of the electric potential used as the initial data for the Cauchy problem to calculate
the electric potentials in the entire space under consideration. Weighted sums of analytical expres-
sions corresponding to circular and segmented multipole apertures make it possible to synthesize
electric potentials for RF funnels with non-circular apertures.

Using the analytical expressions obtained, it is possible to quickly investigate and optimize the
behavior of ions in the corresponding RF ion funnels with the help of a pseudopotential model of
ion motion in high-frequency electric fields [44—46, 6, 12].

The obtained analytical expressions for three-dimensional harmonic functions with oscillating
behavior on the axis can also be useful in solving a number of problems in mathematical physics.
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