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AnHoTanua. MccienoBaHel  OCOOEGHHOCTM  MPUMEHEHMSI  TMPEIJIOKEHHBIX  HAMM
napabosMyeckux BOJIHOBBIX TMakeToB (PWP) K pelleHuI0 HecTauMOHAapHOIrOo YpaBHEHUS
[Ipénunarepa (TDSE) mns atoma Bomopona, HaXOISIIETOCS TIOA AEMCTBUEM IMTEIHHOTO
JIa3epHOro MMIyJidbca. B pamkax HecrammoHapHOro BapuamuoHHoro mpuHiuna (TDVP)
ypaBHeHue TDSE npeobpasyercs B cuctemy auddepeHinaabHbIX ypaBHEHUI TTIEPBOro MOpsiaKa
OTHOCUTeNIbHO TapameTpoB PWP. DddekTuBHOCTL MNpemiaraeMoil cxeMbl McCledoBaHa Ha
TOYHO peNIaeMOM MPUMEPE UMITYJICOB TPOU3BOIILHON (B TOM YMCIIE KOMIUJIEKCHO ) aMITJIATYIbI
W JUTMTETbHOCTH. PaccMoOTpeH Takske ciayvail BO3AEHCTBMS YJIbTPa(UOIETOBOTO M3TYUCHMUS,
JIJIST KOTOPOTO BBITIOJIHEHO COIIOCTABJIEHNE HAIIMX pPacYeTHBIX MaHHBIX C pe3yJbTaTamMu
npyrux aBTopoB. [lepeuncieHbl BO3MOXHBIC MPUYMHBI HAOJIOMAEMOTO PACXOXIACHUST MEXIY
pe3yibTaTaMu MPUMEHEHUs Hallero MoaxoJa W pe3yjbTaTaMy UCMOJb30BAHUS CTaHAAPTHBIX
METOOB.

KmioueBbie cioBa: rmapabosiMuyeckue BOJIHOBbIe TakeThbl, YypaBHeHue Illpémnunrepa,
BapUALIMOHHBINA TIPUHLMII, aTOM BOAOPOA, UMITYJILCHBIN JIa3ep

®dunancupoBanue. Pazpaborka dopmanuama npumeHeHus: PWP nins onucanus neiictBust
JUTUTEJIbHBIX JIa3epPHBIX UMITYJIbCOB HAa aTOM BOJOPOJA, a TaKXke ACHUCTBUS HAa HEr0 KOPOTKUX
WHTEHCUBHBIX WMITyJIbCOB KOTEPEHTHOTO 3JKCTpeMaibHOTO yiabTpaduosetoBoro (XUV)
u3ydeHus1 rmoaaepxaHa Poccuiickum HaydHbIM (poHmoM (mpoekT Ne 23-72-01072, https://
rscf.ru/project/23-72-01072/).
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Introduction

The advances made in developing attosecond pulse sources of X-ray and ultraviolet radiation [1]
have opened up new possibilities for studying time-dependent phenomena in atoms and mole-
cules. Such experiments make it possible to observe the dynamics of ultrafast electrons in real
time [2, 3], to study the generation of high harmonics [4], etc. In turn, interpreting these new
experimental data theoretically has driven intense research to develop efficient numerical methods
for solving the Time-Dependent Schrudinger Equation (TDSE) [5]. In the case of weak fields,
Coulomb scattering states modified by laser radiation are accurately described analytically within
the framework of the strong field approximation [6], the Bunkin—Fedorov approach [7] and the
Coulomb—Volkov model [8].

© 3aiues A. C., 3aiteB C. A., 3aiiuesa [I. C., Kpamaps E. W., 2025. Uznatens: Cankr-IleTepOyprckuiit moJMTeXHUUECKUi
yHuBepcuteT Ilerpa Benukoro.
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The shift toward laser radiation with higher power has fueled the development of more pre-
cise methods based on direct numerical solution of the TDSE. The most widespread is the
Crank—Nicolson method [9], which is an implicit-explicit finite-difference scheme, and its mod-
ifications [10]. An additional approach, based on Dirac’s variational principle, is the Time-
Dependent Variational Principle (TDVP) [11]. The parameters of the trial functions used to
represent the TDSE solution satisfy the TDVP. A successful application of TDVP was developed
in [12], where the TDSE solution is sought as Gaussian Wave Packets (GWP).

We previously proposed a method for solving the TDSE [13] describing a hydrogen atom
exposed to linearly polarized laser radiation. Our approach assumes that the solution is expanded
in the space of so-called parabolic wave packets (PWP) with time-dependent parameters. The
axial symmetry is taken into account within our PWP approach by using parabolic coordinates
with the z axis directed along the polarization vector. Thus, the initially three-dimensional prob-
lem is reduced to finding a solution on the plane (&,1).

The advantage of the method is that it can yield solutions in an unbounded space, so that the
numerical procedure is free from spurious boundary reflections typical for approaches that rely on
a computational domain with explicitly set boundaries

The method also has a number of drawbacks. The main one is that the order of the numerical
scheme must be sufficient to provide the accuracy required for the stability of the procedure. For
example, the relatively stable Crank—Nicolson method is the most frequently used in evolution
problems that apply the finite element method or the grid-based spatial discretization method [9].
Unfortunately, this method turned out to be insufficiently accurate in our case: the matrix of the
equation became singular at the first steps of the procedure.

This study concentrates on expanding the capabilities of the PWP approach to make it applicable
to pulses with the duration of about 10 optical cycles. This was achieved by using an eighth-order
Dormand—Prince method consisting of 13 stages [14], belonging to the Runge—Kutta family. The
developed numerical scheme was tested for a complex pulse allowing for an exact solution as a
single PWP function. Notably, choosing the values of the pulse parameters yields solutions that
become non-normalizable at certain times. This behavior, which falls outside standard boundary
conditions, provides an additional test of the numerical scheme’s robustness.

We also calculated the photoelectron spectra for pulses of different durations, comparing our
results with those obtained earlier by other authors. In particular, we considered cases of short
intense pulses of coherent extreme ultraviolet (XUYV) radiation [15], as well as single-cycle and
7-cycle pulses [16, 17]. While the results of our earlier work [13] showed full agreement with
other studies for short few-cycle pulses, the situation is different for longer pulses. For instance,
the photoionization spectrum calculated by the standard method for such radiation exhibits rel-
atively regular oscillations with increasing electron energy. On the other hand, according to our
calculations, the curve characterizing the spectrum of the electron ejected by the pulse contains
several peaks followed by a monotonic decrease. To determine the reasons for this discrepancy,
we analyzed the error of our numerical scheme, as well as the convergence of the results with
decreasing time step and with increasing basis set size.

Atomic units (a.u./a.e.) 7 = e =m, = 1 are used in the paper, unless otherwise specified.

Quantum-mechanical theory of the phenomenon under consideration
Consider a TDSE of the form

P .
iE‘P(t)zH(l)‘P(t), (1)

where the complete Hamiltonian of the system
H(t)=H.+U (1), )

is represented by the sum of the Coulomb Hamiltonian FIC and the perturbation energy U(f)
induced by the laser field.
The Coulomb Hamiltonian is defined as
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- 1 z
H.=———V2+ 3
Y > 3)

where r is the radius vector of a particle with mass M; in the case of the hydrogen atom, M =1
and the particle charge Z= —1.

In the case of a linearly polarized laser pulse, the natural choice for the direction of the z axis
is parallel to the polarization vector.

Thus, the perturbation operator takes the following form in the dipole approximation and the
length gauge:

U(t)=E(t)z, 4)

where E(?) is the field.
Axial symmetry necessitates parabolic coordinates &, n, ¢, which are related to the Cartesian
coordinates by the formulas

. |
Encos@,y =+/&n smcp,z=5(§—n)- )

Thus, the TDSE expressed by Eq. (1) is reduced to the following equation on the plane (&,n):

L B R

4 2M \ 0 "0 oOn 8T] 2 8
x‘P(t,ﬁ,n).

(6)

Parabolic wave packets. We seek the solution to Eq. (1) as the following expansion [13]:

0= 2 (1), )

k j=1

with respect to the basis functions

. eh«b A
(&nofu ) =“=[en] g (1.8m). 2. =[] ®)
where
g(1.&m)=exp[v(1) t)n]. ©)

We call the trial functions (9) parabolic wave packets (PWP) by analogy with the Gaussian
wave packets (GWP) known in the literature [12].

Variational principle. If a basis set of N vectors (9) is used, the wave function of the system is
represented by a vector of length 3N, whose components are nonlinear parameters

{v,®.a,(0.6,(0},j=1,...N,

ordered as follows:
q= {al(t),az(t),...,aN(t)}, . (10)
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Thus, the time dependence of the PWP parameters determines the evolution of the atomic
system. The equation for the components of the parameter vector is obtained by substituting
expansion (7) into Eq. (1), followed by the application of the McLachlan TDVP [11].

As a result, the initial TDSE is transformed into a system of first-order ordinary differential
equations (see, for example, [12]) with respect to the parameters

iM{ = v. (1)

Here M is a positive definite Hermitian matrix of size 3N x 3N, whose elements are deter-
mined by the formula

_[ov|ow )
"\, |0q, |
where v is a complex vector of length 3NV with the following elements:
ovY| .~
v, ={—|HY). (13)
aq,

The initial values of the parameters ¢(0) are determined by diagonalization of Hamiltonian (3)
for the hydrogen atom.

Exactly solvable case. Benchmark solutions are essential for validating the proposed numerical
scheme. As such, we constructed the following auxiliary field [13]:

E()=F(0)+i24), (14)
r
where F(#) = 0 for <0 and
s())=[F(t')dr, (15)

0

which allows for an exact solution in the form of a single PWP (9). Indeed, if we substitute
expression (9) into Eq. (6), we obtain an equation of the form

2 __10,0,0 0 FO) o s

xg(1,&m),

(&+n) 0

1

A system of equations with respect to the PWP parameters follows from Eq. (16):

a(t)+b(t)=1,

(17)
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Finally, assuming for the ground state of the hydrogen atom
1 1
a(0)=5b(0) = By and y(0) = 5 In2,

we obtain the following system of equations:
b(t)=5[1-is(r)]. (18)

We should note that the function F(f) can be arbitrary, which means that perturbation theory
may be inapplicable to such a pulse for arbitrary values of its carrier frequency and amplitude.

In the case of benchmark problem (14), (15) admitting the existence of a solution as a single
PWP (see Eq. (9)), the (3x3)-matrix .# (12) takes the following explicit form:

i u+22v 2u+v |
u+v - -
u %
e’ u+2v u+3v u+v
M= - 2 2 . 19
4u*V? u u’ uv (19)
_2u+v 2u+v 23u:—v
% uv %

where u=a+ a’,v=>b+ b and o =y +v" (the asterisk indicates the operation of complex conjugation).
In turn, expression (13) for the vector v also takes the simple form:

__1+a+b_2a2—is(t)_2b2—is(t)+E(t)(L_L ]
2u 2v 2 \u? WV
e 1—a—b+2a2—is(t)+2b2+is(t)_E(t)(i_L ' 20)
2uv u u? 2uy 2 W w?
l—a-b 2a’°—is(t) 2b*+is(¢) E(t)(l 3
+ + 2 N 2. 3

v 2uy % 2uvv3J

Note, however, that matrix equation (11) cannot be reduced to system (17) by symbolic trans-
formations, so to validate the approach based on Egs. (11)—(13), we are left with the option of
the numerical scheme from [13]. We validate our approach for the examples presented in the
following sections.

Ionization amplitude. The solution of TDSE (1) can be used to obtain information about
energy and angle distributions of photoelectrons produced by the laser pulse. In our case, the
characteristic under study is the ionization amplitude, defined as follows.

The perturbation U(#) vanishes at ¢ > 1, O that the solution ¥(7) can be formally expanded in
terms of eigenfunctions of the Hamiltonian FIC:

2

Lk
W (1,r) = [akC (k) y; (r)e )y, (-1,.x), 1)

where vy is the continuum state wave function of the atomic system, momentum-normalized to
the 5-function; y, denotes the contribution of all bound states of the atom.
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The coefficients C(k) in expression (21) determine the amplitude of the electron transition to
the continuum state vy, namely, the ionization amplitude.

As shown in [18], to extract the amplitude C(k), it is sufficient to apply Green’s function of
the Coulomb system

2

égﬂ(z,M,k){z’;W

-1
+i8—Hc}

to the solution ¥(7) at the end of the pulse, i.e., at time 7 = L.

Indeed, it follows from the properties of Green’s function for » — o [19] that the required
amplitude appears in the asymptotic expression for G@‘P(tf) as a coefficient for a divergent
Coulomb wave:

(r

where B is the Sommerfeld parameter, p = ZM/k.
On the other hand, we proved in [13] that

<r

G(C+) (Z,M,k)‘ ‘P(tf )> _ —\/ﬁC(kf') exp {i[kr —Bln(Zk’”)]} , (22)

r

6y (Z,M,k)‘%> =—2rC; (k) il LiC) (23)

B
where
iB
. _mB I+p. )(1+gq.
¢ ()=o) =M P ey T 1 [(p)(ra)
T [4ajb,~] c;+s; c;+s,
I-p, ) 4p . C.
4+b. +b | —= || 1+(1 - -
R ) B p | 2
—q; . 4, S;
+a, | —= || 1+(1+iB
j( +q/} ( ) l—q,»)z ¢ ts;
t=t,
where
p = —ikl2a, g = —ik/2b,
¢ =(1-p)(1 + q)cos’(6/2), (25)
s = (1 + p)(1 - g)sin’(6/2),
(’ (7’l+7b)'

C

= RS (26)

Thus, the ionization amplitude is represented as a sum
N
C(k)=2C,; (k). (27)
j=1

In turn, the ionization probability (or the photoelectron spectrum) is then calculated by inte-
grating the squared amplitude over all possible electron emission angles:
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d—szj|c(k)|2 Q.

dE (28)

Numerical implementation for the solution of the matrix equation

The solution of matrix equation (11) in this paper is obtained by an eighth-order Runge—Kutta
scheme with a constant step depending on the size of the matrix. Differential system (11) is stiff,
so the number of steps must be increased with increasing size of the basis. We believe that this is
because experience shows that the exponents aj(t), b(?) corresponding to different 4 (see expres-
sion (9)) can differ by several orders of magnitude. The difference in parameters increases rather
quickly. Consequently, the equation matrix becomes singular at the first steps of the procedure
even with small values of N (N = 10), and the solution process terminates prematurely.

We also achieved the required accuracy for the numerical stability of this procedure. This was
possible with the help of an eight-order Dormand—Prince method consisting of 13 stages [14].
The chosen scheme also yields a solution for pulses with the duration of about 10 optical cycles.
We analyzed the error of the numerical scheme, as well as the convergence of the method both
with increasing basis set size and with increasing number of time steps (decreasing step size).

Results and discussion

Exactly solvable problems. The case when the strength of the external laser field is comparable
to that of the intra-atomic field is of particular interest. Since perturbation theory turns out to be
inapplicable, this situation serves as a convenient test for our numerical approach.

We considered two exactly solvable examples of the auxiliary field £(7) (14), when the function
K(?) follows different expressions:

L. F|(t) = sin(?); 1L. F,(¢) = [(1 + i)/2] sin(?).
As follows from system of equations (18), the function s(7) in Example I is real, so that
Re[(a(?)] = Re[(b()] = 1/2,

and thus the solution g(#,¢,nn) remains normalized at each point in time. Preserving the unit
norm is one of the standard requirements for solving the TDSE for the initially bound state of a
quantum system.

The pulse amplitude in Example I1 is complex, which leads to unusual behavior of the real part
of the parameter a(f), which now vanishes at points L= n(2j + 1). Therefore, the solution g(z,&,h)
ceases to be normalized with respect to the variable £ at these points in time. This deviation from
the behavior typical for quantum systems can serve as an additional test of the stability of the
numerical scheme based on Eq. (11).

The absolute deviations of the calculated parameters y(¢), a(f) and b(#) from their exact val-
ues (18) are shown in Fig. 1. The calculations used different versions of the schemes, i.e., the
fourth-order Runge—Kutta scheme and the Dormand—Prince scheme. It follows from the results
in Fig. 1 that the accuracy of the calculations expectedly increases by 6—8 orders of magnitude
with the Dormand—Prince scheme.

Our main finding is that the error remains stable over time, allowing our approach to be used
with the Dormand—Prince scheme for long pulses. Finally, these results validate our approach for
high-power laser radiation, i.e., under conditions where neither field (atomic nor external) can be
treated within perturbation theory.

Ultraviolet radiation. The PWP approach was also validated for the case of a weak field where
perturbation theory is applicable. In particular, we calculated the photoelectron spectrum for a
hydrogen atom exposed to a laser pulse with the following shape [16, 17]:

. . o T Tf -7
E(t) = Eysin[o(t —1,)]sin” —,f, =———,0<¢ < T, (29)
T, 2
where o = 1.71; T.= 3.67 or 25.72 for the cases of one or seven optical cycles, respectively.
The amplitude £ of the field linearly polarized along the z axis was assumed to be 0.05 (small

compared to the intra-atomic field strength).
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ARe(y)
3= = aim(y)
-+ ARe(a)
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'|,' Y- Alm(l})
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3o Alm(b)

50 60 ¢

Fig. 1. Time evolutions of absolute deviations A of parameters y, a, and b
(solutions of system (12) taking into account (19) and (20)) from their exact values (18):
fourth-order Runge—Kutta (a, ¢) and Dormand—Prince (b, d) schemes were used
The corresponding PWP (9) satisfies Eq. (16) with pulse (14), (15), where the function F(7)
follows the expressions F(7) (a, b) and F,(?) (¢, d)

The calculation results for the ionization probability are shown in Fig. 2, a and b, respectively,
for pulse durations of one or seven optical cycles (the data obtained by us are also compared with
the results from [16, 17]).

A basis set of PWP (8) of size N = 54 was used for a single-cycle pulse whose shape is repre-
sented by expression (29). We also analyzed the dependence of the ionization probability on the
time step A4, which was varied in the range of 7.34-(107—107°).

As follows from Fig. 2,a, convergence of ionization probability density is achieved fairly quickly:
the corresponding curves become indistinguishable starting from /4 = 7.34:107. The calculation results
obtained in [16] are also shown for comparison in Fig. 2,a. The ionization probability density for a
7-cycle pulse compared with the results from [17] is also shown in Fig. 2,b. The convergence proper-
ties were analyzed in this case using basis sets of size N = 54 and 78. Taking into account the increase
in pulse duration, the initial time step was also increased to 2 = 1.29-10™%. The time step 4 was
decreased to 2.57-107. As seen from Fig. 2,b, convergence occurs already at # = 1.29-107*, A similar
pattern is observed with an increase in the number of PWP used, which reached 78 in our calculations.

Finally, we considered the case when a hydrogen atom is exposed to a 9-cycle pulse [15]:

E() = f0) E, sin(o?) (30)

with a fairly common shape of the envelope f{(7):

sin’ m , 0<t<nT,
2nT

f(t): 1’ anStS(nl_'_nz)Ta (31)

.o mt
sin , (m+n)T<t<Lt,.
(2} s

69



4 St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 4 >
I

a) b)

9 ° 0=0.7; n,=n3=1.5, n,=6.0; E9=0.05338

—[16] i 0.06
— — h=7.34%10"5

102 4 0.04 9
10 - h=3.67%1075
\ — - h=1.83*10°5 0021 1
107 4 61
— - h=7.34*10" 0.00

-0.04 4

-0.06

60 80

10°9 g Yl [17]

1074 — — h=129%1074 (V=54)
- - h=5.14%1075 (V=54)
— - =h=2.57*10"3 (N=54)

T [1|5]

— = h=4.04%1074 ]
— -~ h=8.08*10~5
W= h=4.04¥1075

1

1

1

*105 (V=781
1
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Fig. 2. Probability density for ionization (28) of hydrogen atoms exposed
to XUV pulses (29) (a, b) and (30) with envelope (31) (d); the data were obtained
using the Dormand—Prince scheme for different time steps:
for single-cycle (Tf= 3.67) (a), 7-cycle ( Tf= 25.72) (b) pulses; shape of 9-cycle pulse with the corresponding
parameters (c), probability density obtained for this (c) pulse (d). The corresponding results from [16] (a),
[17] (b) and [15] (d) are presented for comparison

where T is the period of one cycle of the central frequency, T'= 2n/w; n,, n, n, are the shape
parameters that set the number of cycles corresponding to the phases of ramp-on, plateau and
ramp-off of the pulse, respectively.

As a result, the quantity 1= (n, + n,+ n,)T determines the total duration of the pulse. We
used the characteristic values of the parameters [15]: n, = n,= 1.5; n,= 6.0. The amplitude and
frequency of the pulse are also taken from [15]: @ = 0.7; E, = 0.05338. The shape of the pulse is
shown in Fig. 2, c.

In this case, we also used 54 PWP (see Eq. (8)). It follows from the results obtained for the
ionization probability (Fig. 2,d) that convergence is achieved with a time step # = 8.08-1073; note
that further reduction of the step size produces a negligible effect.

Our results for all cases considered in this section are generally consistent with the correspond-
ing results obtained by other authors.

Analysis of discrepancies with the results in the literature. The clear discrepancies observed
require further analysis of their possible origin. Firstly, full agreement with the results in [11] was
reached in the cases we previously calculated for ultrashort half-cycle pulses [13]. Thus, it is nat-
ural to assume that the discrepancies observed for pulses of longer duration (a higher number of
cycles) are explained by a loss of accuracy with a corresponding increase in the number of time
steps. To eliminate this possible cause, we used the Dormand—Prince scheme, providing higher
accuracy (by 6—8 orders of magnitude) than the fourth-order Runge—Kutta method (see Fig. 1);
we used the latter in [13].

The second possible reason is an inappropriate choice of time step. To account for this, our cal-
culations included a convergence study with a decreasing time step, similar to the one conducted
in [13]. Recall that the good agreement of our calculations with the results in [10] for a 4-cycle
pulse, achieved at a step of 0.0001 a.u., deteriorates as the step decreases. Note that time-step
convergence was achieved in our calculations (both in the previous paper [13] and in this work).
On the other hand, we have not encountered such analysis in the literature mentioned above.
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Finally, the representation of the angular part of the solution deserves separate discussion.
Notably, if spherical coordinates are used, a large number of partial waves (ranging from 15 to
60) is typically required to describe the solution. In other words, the angular dependence has the
form of polynomials including functions sinf and cos0 of rather high degree. As follows from Egs.
(24) and (25) for the ionization amplitude, the dependence of this amplitude on the angle 6 in our
representation is a rational function, and it cannot always be approximated even by the number
of Legendre polynomials typically used in calculations with spherical coordinates. Thus, in the
general case, it is impossible to compare our method with standard approaches.

Conclusion

This paper aimed to extend the PWP method developed in [13] to make it applicable to
pulses of about 10 optical cycles in duration. This was possible with the help of an eighth-order
Dormand—Prince method consisting of 13 stages [14]. The developed numerical scheme was
tested for a model pulse allowing for an exact solution as a single PWP. Notably, selecting the
values of the pulse parameters makes it possible to obtain solutions that become non-normalizable
at certain times, which falls outside standard boundary conditions and can serve as an additional
test of the numerical scheme’s robustness.

We also performed calculations of photoelectron spectra for weak fields considered by other
authors. In particular, the results were obtained for pulses with a duration of 1 [16], 7 [16, 17]
and 9 [15] optical cycles.

Despite the general agreement of our calculations with the results of [15—17], there are signif-
icant differences. For example, the photoionization spectrum calculated by other authors shows
oscillations with increasing electron energy. In our case, the spectrum only contains several peaks,
after which it decreases monotonically. We believe that there are two main reasons for this dif-
ference. Firstly, the angular part of the solution is described by radically different means in our
PWP approach and in standard methods using spherical coordinates. The PWP amplitude uses
rational expressions containing the functions sin® and cosf, whereas the standard methods use the
expansion of the amplitude in terms of Legendre polynomials.

Therefore, it is difficult to compare these two approaches, for example, because the expan-
sion of the PWP amplitude may require an exceedingly large number of Legendre polynomials.
Furthermore, our calculations include a convergence study for the results with a significantly
decreased time step. Unfortunately, such a study is not available in [15—17], so it is not yet pos-
sible to compare methods at this level.

In the future, we plan an in-depth comparison of the methods, considering various aspects of
standard approaches.
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