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Abstract. The aim of this work was to develop a model to describe some microscopic 
phenomena in the epitaxial thin films based on lead zirconate PbZrO3. The model takes into 
account the epitaxial contact of the film with the substrate and conditions for mechanical 
compatibility of the domains. It includes contributions from pseudopolarization, elastic 
and domain-domain interactions as well as a contribution analogous to electrostriction in 
ferroelectric materials. The parameter optimization has been performed through free energy 
minimization with varying the magnitudes of elastic displacements and the pseudopolarization 
vectors. The results obtained qualitatively reproduced a part of the experimental observations 
on the domain matching in the thin films, to be exact, the change in microscopic twisting in 
the domain wall regions when removing the epitaxial structure away from the substrate.
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Аннотация. Цель работы – построение модели для описания микроскопических 
скручиваний в эпитаксиальных тонких пленках на основе цирконата свинца 
PbZrO3. Модель описывает эпитаксиальный контакт пленки с подложкой и условия 
механической совместимости доменов, вклады от псевдополяризации, упругих и 
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домен-доменных взаимодействий, а также вклад от аналога электрострикции в 
сегнетоэлектрических материалах. Оптимизация значений параметров осуществлялась 
через минимизацию свободной энергии при варьировании величины упругих смещений 
и векторов псевдополяризации. Полученные результаты качественно воспроизвели 
часть экспериментальных наблюдений по стыковке доменов в изучаемых пленках, а 
именно – изменение микроскопических скручиваний в области доменных стенок при 
удалении эпитаксиальной структуры от ее подложки.
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Introduction

Antiferroelectrics are crystalline compounds where antiparallel orientation of electric dipole 
moments of neighboring ions is observed within a certain temperature range. Ferroelectrics are 
crystalline compounds where spontaneous polarization is observed even in the absence of an 
external electric field. These two types of materials are closely related in many ways, but the 
former are studied in less detail. However, antiferroelectrics have already found practical applica-
tions, for example, as dielectrics in manufacturing of capacitors. Antiferroelectrics are approach-
ing practical application in other areas: with active research focused on using these materials in 
data storage and energy storage [1–4].

The special properties of these two types of materials are due to their domain structure. In 
the case of ferroelectrics, a domain is defined as a region with uniform ordering of the dipole 
moments of unit cells. The presence of an uncompensated electric dipole moment in the unit 
cell results in macroscopic polarization. In contrast, for antiferroelectrics, the domains cannot be 
characterized only in terms of polarization: an additional characteristic, antipolarization, has to 
be introduced [5]. The latter implies an oppositely directed polarization in neighboring unit cells, 
leading to zero macroscopic polarization.

Numerous models were constructed to describe the properties of monocrystalline ferroelectric 
and antiferroelectric materials [5–10]. Most of them are based on Landau’s phenomenological 
theory. Polarization and antipolarization, as well as deformation of the crystal lattice, are used as 
order parameters to describe the free energy of antiferroelectrics [5].

However, there are currently no models consistent with experimental observations of domain 
interactions in thin antiferroelectric films. As advances are made in electronic technology, there 
is a rising need to explore epitaxial thin-film structures for predicting the properties of nanostruc-
tures and minimizing costly experiments. Such models can help interpret complex phenomena 
characteristic of thin epitaxial structures in antiferroelectrics [6, 11–13]. Consequently, develop-
ing these models is a critical objective.

A recent study of the epitaxial PbZrO3 thin film [12] experimentally observed the broadening 
of superstructural reflections. This effect was observed for the first time; the authors attributed it 
to the constraint imposed by the substrate, which prevents the domains in the film from achieving 
full mechanical compatibility, resulting in the formation of micro-twists near the interface.

This experimental study of epitaxial thin films of lead zirconate served as the starting point for 
our paper.
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The goals of this study were to construct a model of microstructural phenomena in epitaxial 
thin films of lead zirconate to analyze the effect of the substrate on the coexistence of domains, and 
to evaluate the applicability of the proposed model by reproducing the experimental observations.

The model is based on Landau’s phenomenological theory of phase transitions. We considered 
the PbZrO3 crystal in the context of ferroelastic distortions occurring in its structure; the model 
introduces pseudopolarization as an auxiliary order parameter. This parameter is used instead 
of the previous antipolarization parameter to simplify the model: it corresponds to higher-level 
domain structures. If a certain antipolarization direction corresponds to the directions of ion 
shifts in PbZrO3 domains, then a certain pseudopolarization direction corresponds to clusters of 
domains with nearly identical spontaneous strain tensors. This approach is more convenient if 
only elastic effects are considered.

The optimal parameters of the model were determined by minimizing the free energy so that 
numerically calculated lattice constant ratios would reproduce the experimentally found values.

Free energy model

The basis for our model is the Landau phenomenological theory with a single order parameter, 
as applied to BaTiO3 in [10]. The pattern of antiferroelectric domains in PbZrO3 crystals is very 
complex, while ferroelastic distortions are far simpler to describe. Pseudopolarization was chosen 
in our model as the order parameter to account for ferroelastic distortions.

This order parameter is distinct from polarization in that it does not generate depolarizing 
fields. This is an abstract order parameter, which we believe occurs in a lead zirconate crystal 
during the phase transition from a paraelectric phase to an antiferroelectric one.

The occurrence of spontaneous pseudopolarization leads to a lowering of the crystal symmetry 
from cubic to tetragonal. This symmetry is higher than the real one in PbZrO3 (which is orthor-
hombic), but it corresponds to the real spontaneous strain tensor of the orthorhombic phase with 
acceptable accuracy.

The unit cell of orthorhombic symmetry should be regarded as pseudotetragonal, with crystal 
lattice constants

apt = a0/√2 ≈ b0/2√2, cpt = c0/√2,
where a0, b0, c0 are the constants of the orthorhombic lattice; apt, cpt are the constants of the 
pseudotetragonal lattice [12].

Thus, our description is similar to the model in [10] for ferroelectric materials, except that the 
proposed description lacks the term responsible for depolarizing fields.

The direction of pseudopolarization is set to be coaxial with cpt in the pseudotetragonal approx-
imation of the crystal lattice. The lattice constant ratio along the a and b axes is 1:2, while the 
lattice constant in the direction of the с axis is 1% smaller than in the direction of the a axis. 
For this reason, the mechanical compatibility of antiferroelectric domains appears significantly 
compromised only if the domains have oppositely oriented c axes.

Let us consider the possible antiferroelectric domain configurations in more detail to clarify 
the nature of domains characterized by pseudopolarization. The antiferroelectric domain struc-
tures in lead zirconate are hierarchical and highly complex. Six orientation states are possible 
in the orthorhombic phase with four translational states possible for each. As a result, there are 
24 possible domain states. Structures consisting of domains that differ only in translation are the 
simplest. For example, following along the b axis, we observe lead ion shifts in an up-up-down-
down pattern. When this pattern is locally disrupted by a change in the phase of the modulation 
wave, for instance, due to an extra ‘down’ shift, an antiphase domain wall forms, located perpen-
dicular to the b axis. These walls are separated by domains with the same orientation and different 
translational states (simplistically called antiphase domains). Such domains are identical in terms 
of spontaneous strains. More complex domain structures are at the boundaries between regions 
filled with antiphase domain structures. The simplest case are 90-degree domain boundaries, 
when the b axes on different sides of the domain wall are oriented at a right angle. Formally, the 
domains on different sides of such a wall differ by spontaneous strains. However, in practice, this 
difference turns out to be small, since the b-axis lattice parameter equals twice the а-axis lattice 
parameter with sufficiently high accuracy (see above). Clusters of such 90-degree domains are 
characterized by a single direction of the с axis. Spontaneous strains become significant at the 
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boundaries between clusters of 90-degree domains with different directions of the c axis, since the 
lattice parameter of this axis differs substantially (by 1%) from a/√2 and b/2√2.

This clarification leads to the following statement: within the ferroelastic description, a domain 
is a cluster of 90-degree antiferroelectric domains with a common c axis along which the pseu-
dopolarization vector is directed.

The formula for the total energy taking into account phenomena of different nature is as follows:

( )
,( ) ( ) ( , ) ( ) ,e

L i C ij q i ij G i jF f P f e f P e f P dV = + + + ∫ (1)

where fL, fC, fG are the contributions from pseudopolarization, from purely elastic interactions, 
from domain–domain interactions, respectively; fq is the contribution similar to that from elec-
trostriction in ferroelectric materials; Pi is the component of the pseudopolarization field vector; 
Pi,j is the derivative of the pseudopolarization vector components along different directions; eij is 
the elastic stress field.

The energy fG is equal to zero for regions with homogeneous pseudopolarization and strain 
(monodomains), since it depends only on the gradients of these fields. Values other than zero 
appear at domain boundaries (domain walls), and therefore it is appropriate to refer to this energy 
component as the energy of the domain–domain interaction. It can be seen from the formula that 
the energy is determined by the pseudopolarization field, its gradient, and the elastic stress field. 
The field eij depends on the elastic displacement field ui by the following formula:

ei,j = (ui,j+ uj,i)/2,
where i, j are the indices for the directions of the 3D space corresponding to the directions of the 
coordinates x, y, z; i, j = {1, 2, 3}.

The total energy of the crystal is given as the integral of the sum of the contributions over the 
entire crystal. The presented model is a continuum model based on a grid with a 1 nm spacing. 
In the absence of distortions, this grid corresponds to the cubic phase. The grid is distorted with 
a change in symmetry so that the aspect ratios reflect the ratios of the new lattice constants.

According to [14], the formula for calculating the contribution F L from one order parameter 
for a certain region of the crystal has the following form:
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where αi, αij, αijk are the coefficients of the Landau–Devonshire potential for pseudopolarization.
The following formula was used to calculate the contribution from elastic energy in a certain 

region of the crystal [10]:
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where C is the stiffness tensor (its components C11, C12, C44, given in Voigt notation, were selected 
in accordance with the data in [15] based on the cubic symmetry of the initial crystal).

The contribution from elastic-pseudopolarization coupling was calculated by the formula [10]:
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For ferroelectric crystals, the term fq takes into account the influence of the electrostrictive 
coupling tensor q determining the magnitude and direction of elastic strain of the crystal lattice. 
Within our proposed model, the term fq determines a similar effect in an antiferroelectric crystal 
due to pseudopolarization.

The ratio from [10] was used to determine the energy of the domain walls in the crystal:

( ) ( )
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Therefore, in addition to the pseudopolarization parameter P, four groups of parameters can 
be distinguished in our proposed model:

parameters C11, C12 and C44, describing the elastic interactions of neighboring atoms;
parameters α1, α11, α12, α111, α112 and α123, determining the magnitude and direction of the pseu-

dopolarization vector P;
parameters q11, q12 and q44, governing the coupling between elastic displacements u and 

pseudopolarization P;
parameters G11, G14 and G44, determining the interaction of neighboring atoms occurring with 

a spatial gradient of the pseudopolarization vector P.

Software implementation of the proposed model

Optimization of the energy function was carried out using the gradient descent method. In 
our case, optimization means minimizing the free energy function by varying the magnitude of 
elastic displacements u and pseudopolarization P with other parameters fixed. To simulate the 
constraints imposed by the substrate, we introduced boundary conditions at the lower interface 
of the crystal corresponding to compressive or tensile epitaxial strain from the substrate. Next, to 
fix the epitaxial layer in the initial position, we assumed the elastic displacement gradient at the 
lower interface to equal zero throughout the entire optimization procedure.

The gradient descent step size was adjusted automatically from the initial guess based on the 
maximum gradient value, increased or decreased until the energy assumed a constant value along 
the optimization path.

The gradient could be calculated by a simpler approach introducing cyclic boundary condi-
tions in the x and y directions. However, this is impossible in this case due to the condition for 
epitaxial strain, inducing a mismatch between the atomic positions at the layer boundaries. Due 
to this obstacle, we had to increase the number of atoms included in the simulation, analytically 
calculating the spatial gradient of the energy function to accelerate the optimization procedure.

Simulation results

One of the goals of our study was to assess whether the proposed model was applicable to 
describing the coexistence of domains in antiferroelectric thin films based on PbZrO3. The films 
were oriented with the [0 0 1] direction normal to the surface and grown on a strontium titanate 
(SrTiO3) substrate. The samples were chosen because their domain structure was known, since we 
analyzed these heterostructures earlier (see [11, 12]) via single-crystal XRD. In our mathematical 
representation, the system is modeled as a grid whose bottom layer describes the substrate. The 
substrate is clamped, while the rest of the grid representing the film is arranged in accordance with 
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the model. In our computational approach, the grid was not explicitly bound to the atomic sites 
of the substrate or film lattice. Instead, the system was represented by a cubic region of the crys-
tal with a side length of 1 nm. In this case, the displacements and pseudopolarization at a given 
point are treated as the averages for the atoms within this region, allowing for small fluctuations.

The initial parameter values were taken for the BaTiO3 ferroelectric from [10]. We believe that 
this approach is acceptable because the parameter values for antiferroelectrics should be close to 
those for ferroelectrics, due to the related nature of the materials. Indeed, antiferroelectric and 
ferroelectric crystals exhibit nearly identical properties under certain conditions, for example, in 
highly symmetric phases (apparently, the values of the parameters for describing them should be 
close as well). On the other hand, the proposed model considers ferroelastic crystal distortions 
instead of the antiferroelectric domain pattern; therefore, the characteristics of perovskite ferro-
electric materials can also be used.

The initial pseudopolarization value was also assumed to be zero, which is equivalent to 
the case of a lead zirconate crystal in cubic phase with a lattice constant a = 4.15 Å [16]. The 
parameter values were optimized in several stages, with the optimal values of one or more groups 
of model parameters determined at each stage. In our case, it is impossible to fully verify the 
obtained parameter values, since no experiments were conducted to obtain these parameters spe-
cifically for PbZrO3 films. Thus, the criteria for achieving optimal parameter values were based on 
the similarity of the parameters of the modeled structure with the experimental data.

At the first stage, we tested the feasibility of using the initial values for the components of the 
stiffness tensor C (C11, C12 and C44), taken from the model for the BaTiO3 ferroelectric in [10]). 
The criterion for using these values was the relaxation of the film lattice constant. Specifically, we 
verified that the lattice parameter tended toward the value characteristic for a bulk single crystal 
with increasing distance from the substrate. Consequently, the following numerical values were 
obtained for the components of the stiffness tensor C:

Parameter	 Value, nJ·m–3

С11 . . . . . . . . . . . . . . . . 2.750

С12 . . . . . . . . . . . . . . . . 1.790

С44 . . . . . . . . . . . . . . . . 0.543
Fig. 1 shows the variation in the parameter ρ (average distance between adjacent layers) depend-

ing on the distance from the substrate. The parameter ρ follows a normalized expression of the form

ρ = (Li+1 – Li)/a,
where Li, Li+1 are the average atomic coordinates of the ith and (i+1)th layers in the z direction, 
respectively, with increasing distance from the substrate, a is the lattice constant.

It can be seen from this formula and from Fig. 1 that the relaxation condition is expressed by 
the equation ρ = 1. The parameter ρ increases 
uniformly with increasing distance from the 
substrate: the ρ value near the substrate–film 
interface is less than unity due to lattice con-
stant mismatch between the film and the sub-
strate. However, the parameter ρ becomes equal 
to unity after the 13th atomic layer, i.e., the 
distance between the layers returns to the case 
of an undeformed single crystal. Notably, the 
numerical values taken by the components of the 
stiffness tensor C, selected by minimization and 
presented above, coincide with the numerical 
values obtained from the model for the BaTiO3 
ferroelectric (see [10]). Thus, it is proved that 
the values of the stiffness tensor components 
are applicable to the case of antiferroelectric 
PbZrO3 films.

Fig. 1. Calculated dependence of averaged 
interlayer spacing in antiferroelectric PbZrO3 
films on the distance from SrTiO3 substrate
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At the second stage of the simulation, we determined the optimal values for the components 
of the domain interaction tensor (α) and the elastic-pseudopolarization coupling tensor (q) using 
the components of the stiffness tensor C obtained at the first stage of the simulation. The param-
eters αi, αij, αijk, q and P are responsible for the difference between the cubic and antiferroelectric 
orthorhombic phases of PbZrO3; the unit cell of the second phase can be regarded as pseudo-
tetragonal [17]. The lowering of the symmetry in the lead zirconate structure is caused by the dis-
placement of several groups of atoms from their positions in the cubic phase and the emergence of 
accompanying internal stresses. As for the behavior of the coordinate grid nodes, the transition to 
the antiferroelectric phase results in a 1% compression of the unit cell (relative to the cubic phase) 
along the pseudopolarization vector. Consequently, new parameters of the PbZrO3 cell in the 
pseudotetragonal representation should take the values a ≈ b ≈ 4.16 Å, c ≈ 4.11 Å. It was observed 
in [12] for PbZrO3 thin films with the normal oriented along the [0 0 1] direction that the shorter 
axis of the pseudotetragonal unit cell can only lie in the film plane. Therefore, we selected such 
values for the components of the parameter α at which the pseudopolarization vector would be 
oriented along the [1 0 0] direction. The values of the q tensor components were chosen so as to 
reproduce the 1% compressive strain of the film lattice. Thus, at the second stage of simulation, 
we obtained the optimal values of the parameters αi, αij, αijk and q at which the film’s unit cell was 
compressed by 1% along the direction of the pseudopolarization vector. The obtained numerical 
values of the parameters αi, αij, αijk и q are given in Table.

At the third stage of the simulation, we determined the optimal values of the parameters G11, 
G14 and G44. For this purpose, we introduced the domain wall, considering its motion under epi-
taxial strain induced by the substrate. We adopted the simplest configuration with two domains 
initially separated by a domain wall located at a 45° angle to the pseudopolarization vector. Such 
an orientation of the domain wall was chosen because this specific configuration is mechanically 
compatible in the free-standing film (i.e., not in contact with the substrate). In other words, the 
domains can be connected in this crystal configuration without inducing strain [12]. Notably, the 
size of the domains was not taken into account at the third stage of the simulation. Strictly speak-
ing, it is not entirely correct to use a two-domain configuration, since there are typically more 
than two domains and their sizes can vary significantly [18]. However, more complex domain 
configurations remained beyond the scope of this study as they are technically challenging to 
implement in the current model.

Tab l e

Optimization of key system parameters

Parameter Value Unit 

α1 –3.98 107 J·m·C–2

α11 6.723 108 J·m5·C–4

α12 5.32 108 J·m5·C–4

α111 1.15 109 J·m–9·C–6

α112 –2.46 109 J·m–9·C–6

α123 –2.28 109 J·m–9·C–6

q11 –5.61 109 J·m·C–2

q12 –3.7 109 J·m·C–2

q44 1.41 109 J·m·C–2
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The criterion for optimizing the parameter at this stage was to preserve the two-domain con-
figuration with the width of the domain wall not exceeding several lattice spacings. Fig. 2 shows 
2D patterns for the initial orientations of the pseudopolarization vectors P (before free energy 
optimization in accordance with the model (Fig. 2,a)) and the corresponding orientations of the 
pseudopolarization vectors after free energy optimization in accordance with the model (Fig. 2,b). 
Evidently, optimization of the parameters leads to curvature of the domain wall. We understand 
the curvature of the domain wall as nothing more than an optimization artifact occurring due to 
relatively small grid sizes.

Fig. 3 illustrates two cases of deformation in different film layers, taking into account all 
contributions to the free energy of the system. The shifts in the atomic positions are magnified, 
making it possible to clearly visualize the deformation of the crystal, even though the actual strain 
magnitude changes by less than 1%. The patterns reveal deformation in the shape of the crystal 
arising from the mismatch between the shapes of the domains with different orientation of the 
polarization vector. The difference in the shapes produces strains near the domain wall. The strain 
amplitudes are not the same for different layers of the crystal: strains with smaller amplitude are 
observed closer to the substrate. As seen from the deformation pattern, the domains rotate in 
opposite directions relative to the domain wall, and their rotation clearly reproduces the experi-
mentally observed ‘clapping’ of the domains, described in [12]. For comparison with the experi-
mental data from [12], we calculated the clapping angles for different layers of the film.

a)	 b)

Fig. 2. 2D patterns of pseudopolarization vector orientation in the crystal (top views):
initial conditions (a), after optimization by the model adopted (b)

a)	 b)

Fig. 3. 2D strain maps for film layers located three (a) and ten (b) atomic spacings away 
from the substrate. For clarity, the deformation in the layers is magnified by 20 times.

The arrows show the directions of rotation of the domains near the domain wall
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The clapping angle 2φ was calculated by the formula

2φ = |Δc – Δa|/ac,
where Δc = сpt – ac, Δa = apt – ac; the product ac is defined as (apt + cpt)/2. The subscript pt cor-
responds to the parameters of the pseudotetragonal lattice, and the subscript c to the parameters 
of the cubic lattice.

The clapping angles obtained from the model data vary, depending on the specific layer: the 
angle is 2φ = 0.0021 near the interface between the substrate and the film, 2φ = 0.0057 in the 
third layer, 2φ = 0.0095 in the tenth layer. The clapping angle virtually does not change with 
subsequent distance from the substrate. The angle 2φ for the relaxed film (thirteenth layer and 
beyond) turned out to be quite close to the experimental observations [12], according to which 
2φ = 0.0097°.

Thus, the clapping angle is different for layers close to the substrate and tends to the theoretical 
value in a single crystal. The numerical values of the components of the domain-domain interac-
tion tensor G, found at the third stage, are given below.

Parameter	 Value, pJ·m3·C–2

G11 . . . . . . . . . . . . . . . . 320

G14 . . . . . . . . . . . . . . . . . . 0

G44 . . . . . . . . . . . . . . . . 100

Conclusion

We describe the domain interactions in antiferroelectric epitaxial structures by decompos-
ing the free energy into several contributions. These include contributions from pseudopolar-
ization, purely elastic interactions, interactions between domains with different pseudopolar-
ization vectors, interactions of elastic displacements, and a contribution similar to that from 
electrostriction in ferroelectric materials. The coefficients for various contributions to the total 
energy were selected so that the calculated results were at least qualitatively consistent with the 
experimental observations.

Ultimately, our results qualitatively reproduce some of the experimental observations on 
domain matching in PbZrO3 thin films: the mechanical compatibility of the domains is compro-
mised by the substrate, which is expressed in the variation in the clapping angle with distance 
from the substrate interface.

The obtained simulation results are in good agreement with experimental data, indicating that 
the model is effective for describing such effects.

The proposed model is preliminary and, in our opinion, requires further refinement. Simulation 
can be improved by refining the boundary conditions that account for the interactions of the film 
with the substrate and the ambient environment. In addition, the model parameters should be 
adjusted experimentally, making it possible to reproduce multidomain cases and their structures 
in crystalline compounds with greater accuracy. To model these systems, particularly larger-scale 
features like stripe domain series in epitaxial heterostructures, the simulation results must be val-
idated and the optimization approach further developed.
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