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Abstract. We study the Ising model on two-dimensional surfaces discretized using the Fibo-
nacci method with Delaunay triangulation, considering the ring, cut ring, and torus topologies.
The phase diagrams reveal a universal critical temperature of 7, = 3.33(3)J in the thermody-
namic limit, which is consistent with the results for the Fibonacci sphere [1]. Despite the ex-
clusion of topological defects (vertices with coordination numbers 5/7) in the ring and cut ring
Fibonacci configurations, deviations from the critical temperature of the ideal flat triangular
lattice are observed. The T, values, similar to the spherical case, experience shifts. Notably,
the torus, which possesses the minimal defect density (<1%), exhibits smooth convergence and
negligible finite-size shifts in 7. These results underscore the interplay between local connec-
tivity and global topology in shaping critical phenomena.
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AnHotamua. Mbl  uccienyemM  Mojaedab M3uHra Ha o ABYMEPHBIX  ITOBEPXHOCTSIX,
IUCKPETU3UPOBAHHBIX MeTogoM PuboHauyum ¢ TpuaHryjasuueil [emoHe, paccmaTpuBast
TOITOJIOTUM KOJIblIa, KOJIbIIa C pa3pe3oM U Topa. Pa3oBble aUarpaMMbl JIEMOHCTPUPYIOT
YHUBEPCAIbHYIO KPUTHYECKYIO Temmepatypy 1. = 3,33(3)J B TepMOAMHAMUYECKOM MpELEIE,
4YTO corjacyercss ¢ pesyabTatamu mjist cepbl @ubonayum [1]. HecMoTpst Ha McKIoueHue
TOIMOJIOTUYECKUX 1e(eKTOB (BEPILIMH C KOOPAMHALIMOHHBIMU YMCIaMu 5/7) B KOH(PUTYpaIIUSIX
KOJIblla M KoJiblla ¢ pa3pe3oM PubOoOHAYUM HAOIIONAIOTCSI OTKJIOHEHMSI OT KPUTHYECKOI
TEMIEPATYpPhl UAEATBHOM MJIOCKOW TPEYroNbHOM perueTku. 3HadyeHus T, aHaJTOTUYHO CITy4Yalo
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chepbl, MCHOBITBIBAIOT cOBUrU. [IpuMedarenbHO, 4YTO TOp, OOJAZAIOLIMI MWHUMAIbHOI
IJIOTHOCTHIO AepeKTOB (<1%), 1eMOHCTPUPYET IIAaBHYIO CXOAMMOCTD U IIPEHEeOPEeKMMO MaJjibie
capurn T, DTU pe3yabTaThl NOAYEPKUBAIOT B3aMMOCBA3b MEXIY JIOKAJTbHON CBA3HOCTLIO U
IJI00AJIBHOM TOMOJIOTHEN B (POPMUPOBAHNN KPUTUICCKUX STBJICHWIA.

KmoueBbie ciaoBa: moneinb M3uHra, Tomosiormyeckue nedekThbl, peiueTku PubGoHauyu,
Momnte-Kapno MoaenupoBaHue, (¢pa3oBble TUarpaMmMbl
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Introduction

The two-dimensional Ising model is a fundamental system for studying phase transitions
and critical phenomena [2]. Although its characteristics on standard flat lattices are thoroughly
documented, the behavior on curved surfaces featuring non-trivial topology introduces novel
theoretical questions and research avenues.

This research examines the ferromagnetic Ising model on curved surfaces, where the lattices
are defined by a Fibonacci distribution and discretized using Delaunay triangulation [3]. This
technique produces highly uniform tessellations consisting of nearly equal-area triangles [4],
offering a robust approach for investigating the thermodynamic limit on curved geometries. A
defining aspect of such lattices is the emergence of topological defects—specifically vertices with
coordination numbers five and seven. Growth in the number of nodes within a Fibonacci sphere
induces discrete transitions in the triangulation structure, marking sudden shifts in network
connectivity. These structural changes significantly affect the system's statistical mechanics, giving
rise to discontinuities reminiscent of first-order transitions as the sphere expands [1].

Fibonacci lattices have already been used in studies of the XY model [5] and have also proven
effective in modeling magnetic resonance [6], among other applications. In turn, studying the
ferromagnetic phase transition on curved surfaces will become an important aspect for modeling
spherical nanoparticles and magnetic films.

Fibonacci lattices

Fibonacci lattices are characterized by an almost uniform and isotropic distribution of nodes.
This allows for efficient discretization of curvilinear surfaces using triangles of approximately equal
area. The structure is based on Fibonacci numbers. A Fibonacci number F is part of an infinite
sequence in which each element, starting from the third (i > 3), is the sum of the two previous
elements: F,= F_ + F . The first few numbers in the sequence are: 0, 1, 1, 2, 3, 5, 8, 13, 21...
In the limit of a large number of elements, the ratio of two consecutrve numbers approaches the
value of the golden ratio g=(1++/5 )/2.

The Fibonacci distribution on two-dimensional surfaces forms a structure consisting of two
sets of spiral arcs [4, 7]. In these arcs, the distance between neighboring points is determined
by Fibonacci numbers [8]. Some sets of spirals are twisted clockwise, while others are twisted
counterclockwise. As the lattice radius (total number of nodes) increases, the number of dominant
spirals grows. It can also be shown that the Fibonacci lattice is essentially the result of a sequential
arrangement of elements along a single “generative spiral” [9]. The angular distance between
elements of this generative spiral corresponds to g.

When discretizing Fibonacci surfaces using a set of triangles in our case, Delaunay triangulation
— defects in connectivity properties are observed, as detailed for the sphere case in [1]. The number
of neighboring vertices varies from 5 to 7, with points having 6 neighbors being predominant.

© [MoumHok A.C., Momnoukos A.B., Yepnonyo M.H., Yenak A.K., 2025. U3narens: Cankr-IleTepOyprckuit mosuTeXHUUECKUit
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To examine the influence of lattice connectivity defects on the critical temperature of the Ising
model, it is necessary to study the phase transition in a region where the number of 5- and
7-coordinated nodes tends to 0. Defective connectivity is primarily localized at the poles of the
spherical lattice. Therefore, we use a ring topology of the Fibonacci sphere. This is achieved
by excising the poles, i.e., the polar regions with a high concentration of coordination number
defects. Such a structure forms an equatorial zone dominated by hexagonal order (6 neighbors),
bringing it closer to a regular triangular lattice. The width of the equatorial region with 6 neighbors
depends on the number of lattice sites N. The ring topology obtained by excising the poles of the
triangulated sphere is shown in Fig. 1, a.

To most closely approximate the case of an ideal flat triangular lattice for result comparison,
it is necessary to obtain a flat space with a Fibonacci distribution. In this work, we achieve such
a configuration by removing nodes along one generatrix of the ring. Thus, we obtain a locally
flat space (for all points except boundary ones) with a Fibonacci distribution with a hexagonal
structure (Fig. 2, b).

A toroidal triangulated lattice is equivalent to an ideal flat triangular lattice with periodic
boundary conditions, for which the known critical temperature of the Ising model is 7. ~ 3.64.
Therefore, we investigate the phase transition on the Fibonacci torus (Fig 1, ¢). Similar to the
sphere, the Fibonacci torus has points with 5 and 7 neighbors, but their number is significantly
smaller (<1%) (Fig. 2). The Fibonacci torus was defined by equations (1, 2):

x=(R+rcosp)cosd, y=(R+rcos)sin®, z=rsing, (1)
oo 20k o2k o
g N

where k is the site index and N is the number of sites in the lattice.

Fig. 1. Fibonacci lattices: ring (a); cut ring (b); torus (c)
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Fig. 2. Distribution of the number of neighboring vertices for a torus with 3000 and 47000 nodes
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The Fibonacci torus exhibits interesting patterns related to its spiral structure. The Euler
characteristic of the Fibonacci torus equals zero only for specific filling ranges. For example,
in the filling range 2500 < N < 3000, the lattices are topologically equivalent to a torus. For
N < 2500, the Euler characteristic is not zero, indicating defects such as intersections of triangle
bonds. Further statistical analysis revealed that the “true” torus occurs sequentially and was found
for N = {7000 — 8000; 17000 — 23000; 46000 — ...}. Moreover, as the number of points increases,
the width of the N range for “true” torus increases. This effect, similar to the sphere, may be
associated with the formation of new spirals but requires more detailed study.

Ising model

The two-dimensional Ising model is one of the simplest statistical models, where the spin
variable S represents the magnetic moment of an atom at site x. This variable can take values
§ = +lor S = -1, corresponding to upward or downward orientation of the magnetic moment
relative to the atomic crystalline plane. The Hamiltonian of the system is given by (3):

H=-J) 88 -h).S.. 3)
(x.y) x

We consider dimensionless variables in units of the coupling J = 1. All calculations will be
performed for systems in the absence of an external magnetic field # = 0.

A parameter critically sensitive to the phase transition is the magnetic susceptibility y , which
quantitatively characterizes fluctuations of the order parameter — spontaneous magnetization.

Within the formalism of the canonical ensemble and in the absence of an external magnetic
field, the magnetic susceptibility is defined via fluctuations of the total magnetization M by the
following relation:

o) =2 (T’N)>;<M(T’N)>2 , @

where M = ZXSX is the total magnetic moment of the system.

Results and Discussion

The study of the Ising model phase transition on a ring lattice was conducted with fixed
boundary conditions: spins at the ring boundaries were fixed in the +1 state. This spin fixation
minimizes boundary fluctuations, simplifying the analysis of the contribution from internal nodes
to the phase transition.

Numerical simulation was carried out using the Monte Carlo method, using the Metropolis
algorithm.

The magnetic susceptibility of the Fibonacci ring (Fig. 3, b (right)) was calculated using
formula (4). This effect arises because the size of the excised poles and the number of boundary
points are related to the neighbor distribution. Critical temperatures for the three sequences,
derived from Gaussian function approximation of the magnetic susceptibility peaks, are shown
in Fig. 4. The magnetic susceptibility exhibits behavior similar to the sphere case [1], presenting
analogous sequences. In the continuum limit, the critical temperature of the phase transition on
the Fibonacci ring approaches that of the sphere, T, = 3.3.

For a comparative analysis of the critical temperature behavior of the ferromagnetic phase
transition between Fibonacci lattices and a flat triangular lattice, the magnetic susceptibility was
calculated for the cut ring topology (Fig. 1, ). Such a lattice is considered to be locally flat if
we consider the regions excluding the boundaries. The boundary conditions were similarly fixed.

The behavior of the magnetic susceptibility (Fig. 3, a (left)) is analogous to the ring case and
presents itself as sequences. The plot of the critical temperature dependence on the inverse number
of nodes is shown in (Fig. 4). For all sequences, the critical temperature differs insignificantly
and, as in previous Fibonacci lattices, approaches 7.~ 3.3 in the limit.

For further investigation of the Ising model phase transition on Fibonacci lattices, topologically
correct torus with Euler characteristic equal to zero were selected, namely with N = {3000, 8000,
17000, 47000}. Using the same calculation methods, magnetic susceptibility was obtained for this
set of lattices (Fig. 5).

34



Condensed matter physics

0.0030

0.0025

0.0020 1

a) Sites:
0.004 - Sphere Ring
’ ——2000 | 1052
——2700 | 1857
| ——3350 | 2530
0.003 25000 | 14430
—— 30000 | 19950
Y 0002 ——52000 | 42769
0.001 A
0.000 T T T T )
3.2 3.4 3.6 3.8 4.0 4.2

T

c

X 0.0015-
0.0010
0.0005 +

0.0000 T

b)

Sites:

Sphere | Cutring

6000 | 3101
——7000 | 4136
——8000 | 5312
——12000| 6128
—— 14000 | 8306
—— 16000 | 10567

33 34 35

T T 1

36 37 38 39

Tc

Fig. 3. Examples of two sequences of magnetic susceptibilities on Fibonacci ring (a — left) and
Fibonacci cut ring (b — right) lattices. Data corresponding to two different sequences are highlighted
with shades of similar colors
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Fig. 4. Scaling of the pseudocritical temperature derived from the magnetic susceptibility approximation
on the Fibonacci ring and cut ring as a function of the inverse number of sites, 1/N
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Fig. 5. Scaling of the pseudocritical temperature derived from the magnetic susceptibility approximation
on the Fibonacci torus as a function of the inverse number of nodes, 1/N

Unlike the sphere and its ring topologies, on Fibonacci torus the phase transition temperature
is consistently 7.~ 3.2. The value is constant due to the absence of abrupt changes in connectivity

properties.

Since the torus corresponds to a flat triangular lattice with periodic boundary conditions, it
was expected that the critical temperature would be close to 7.~ 3.64 [10]. However, contrary to
expectations, the critical point of the Ising model on the Fibonacci torus is close to the values on

the sphere, ring, and Fibonacci cut ring.
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Conclusion

In summary, it can be concluded that the Ising model on Delaunay-triangulated Fibonacci
lattices demonstrates universal critical temperature behavior regardless of topology. The proximity
of the T~ 3.33(3)/ value to that of the flat triangular lattice emphasizes the role of quasi-isotropic
node distribution and the predominance of hexagonal order. However, the slight deviation is due
to the spiral structure of the Fibonacci distribution, which leads to a decrease in 7. compared to
theoretical predictions for regular lattices.
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