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Abstract. The paper studies the influence of imperfect contacts (IC) at the phase interfaces 

of a micro-heterogeneous material on the macroscopic transport of impurity and the stress-
strain state caused by its accumulation. Two types of IC are considered: segregation, which 
involves the accumulation of impurity that disrupts the continuity of concentration, and the 
formation of bypass paths for accelerated diffusion, which disrupts the continuity of the normal 
component of the flux. Modeling the coupled processes of mass transport and changes in the 
stress-strain state of the medium consists of two stages. In the first stage, the effective diffusion 
permeability of the material is determined using micromechanical methods. In the second 
stage, the macroscopic elasticity problem caused by mass transport is solved. The analysis is 
carried out using the example of a long cylinder, which is a two-phase material at the micro-
level, consisting of a matrix and less permeable prolate spheroidal inhomogeneities with an 
arbitrary distribution of orientations.
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Аннотация. В работе исследовано влияние неидеальных контактов (НК) на границах раздела 

фаз неоднородного (на микроуровне) материала на транспорт примеси и на напряженно-
деформированное состояние среды (на макроуровне), вызванное ее накоплением. 
Рассмотрены два типа НК: сегрегация (оседание примеси), когда нарушается непрерывность 
концентрации, и образование обходных путей ускоренной диффузии, когда нарушается 
непрерывность нормальной компоненты потока. Моделирование связанных процессов 
массопереноса и изменения напряженно-деформированного состояния среды включает 
два этапа. На первом определяется эффективная диффузионная проницаемость материала 
с помощью методов микромеханики. На втором этапе решается задача массоупругости 
на макроуровне. Анализ проведен на примере длинного цилиндра, представленного как 
двухфазный материал, состоящий из матрицы и менее проницаемых сфероидальных 
неоднородностей, имеющих вытянутую форму и произвольно распределенных по 
ориентациям. Показано, что тип НК и способ его учета могут оказывать существенное 
влияние на распределение примеси в образце и на величину внутреннего давления.
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Introduction
As more new materials are created and their range of applications expands, new challenges 

arise, associated with describing the state of objects under thermomechanical loads, taking into 
account the influence of various characteristics of the internal structure. Simulations of the behav-
ior of materials that are inhomogeneous at the meso-level can be divided into two stages: at the 
first stage, effective properties are determined using micromechanical methods, and at the second 
stage, the problem is solved at the macro-level.

As a rule, calculations of the effective properties assume that the fields are continuous at the phase 
interfaces in the material [1]. However, this hypothesis may prove invalid in some cases. In particular, 
in the context of the problem on determining the diffusion properties, segregation (impurity depo-
sition) [2] cannot be described if the concentration field is assumed to be continuous [3]. Cracking, 
grain refinement, etc., can lead to the formation of additional bypasses of accelerated diffusion [4], 
which, in turn, contradicts the assumption of continuity of the normal component of the flux.



143

Mechanics

Any disruption of field continuity means the presence of imperfect contact (IC) [5]. ICs of 
the above types have been taken into account in a number of studies describing various processes. 
For example, the diffusion process was considered in [6–8] taking into account segregation in a 
material consisting of a matrix and isolated inhomogeneities. The model introduced a parameter 
equal to the ratio of concentrations on the outer and inner sides of the phase interface (the segre-
gation parameter). Thermal processes in two-phase materials containing isolated inhomogeneities 
were considered in [9–11] taking into account various types of imperfect contact. It was assumed 
that the inhomogeneities have a coating with extreme properties (it is an insulator or supercon-
ductor). We carried out generalization and comparison of different approaches to simulation of 
imperfect contacts in [12].

The presence of imperfect contacts that must be taken into account to determine the effec-
tive diffusion permeability can directly affect both the impurity distribution in the macroscopic 
sample and its stress–strain state, as the latter can change as a result of impurity accumulation. 
We analyzed the effect of segregation on diffusion and mass elasticity in [13]. Impurity deposi-
tion at the phase interface between matrix and inhomogeneity was modeled only by setting the 
segregation parameter.

This study focuses on analysis of the influence of two types of imperfect contacts (segregation 
and the formation of additional bypasses of accelerated diffusion). These contacts are investigated 
by different approaches: determining a jump in the field and considering an inhomogeneity with 
a thin coating of extreme properties.

The analysis is presented for a two-phase material consisting of a matrix and less conductive, 
arbitrarily oriented inhomogeneities shaped like prolate spheroids. This microstructure is typical, 
in particular, for polycrystals used in simulation of grains with inhomogeneities and grain bound-
aries with the matrix [7]. Hydrogen-assisted degradation is a major issue in polycrystals, as the 
accumulation of hydrogen leads to fracture of metals [14, 15].

Simulation stages

Coupled processes of mass transfer and change in the stress–strain state of the material in the 
presence of two types of imperfect contacts at the phase interface (segregation and formation of 
additional bypasses for accelerated diffusion) on a smaller scale is modeled in two stages. At the 
first stage, the effective diffusion permeability of the material is determined taking into account 
its internal structure; at the second stage, the coupled problem of mass transport and elasticity is 
solved, taking into account the macroscopic properties found.

To determine the effective diffusion permeability Deff, we limit ourselves to considering linear 
macroisotropic material, i.e.,

Deff = DeffI
(I is a unit tensor); this material consists of an isotropic matrix with the permeability D0 = D0I 
and isotropic inhomogeneities with permeability D1 = D1I, shaped as prolate spheroids with an 
arbitrary orientation distribution.

Consider different types of imperfect contacts at the phase interface. Segregation is modeled 
by taking into account the discontinuity of the concentration field c. The additional bypasses of 
accelerated diffusion are modeled by taking into account the normal component of the flux Jn.

We solve the initial boundary-value quasi-static problem of elasticity caused by mass transport 
for a long cylinder with radius r0. We assume that stresses and strains arise in the cylinder solely 
due to accumulation of diffusing species with a constant concentration maintained on the lateral 
surface. We consider two cases: with and without taking into account the phenomenon of pres-
sure-induced diffusion, where the pressure gradient gives rise to an additional diffusion flux.

Next, we present a mathematical formulation of the problem for each simulation stage, dis-
cussing the methods for solving it.

Determination of effective material properties

These properties of the material are obtained from the solution to the homogenization problem 
for a representative volume V, which is a material point of the continuum at the macro-level [9]. 
The macroscopic diffusion permeability tensor Deff relates the volume-averaged flux J and the 
concentration gradient c, in accordance with classical Fick’s law:
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.eff
V Vc< > = − ⋅ < ∇ >J D (1)

It is assumed that the conservation law is fulfilled at each point of the representative volume:

( ) 0,∇⋅ =J x (2)

where x is the radius vector, and the flux is linearly related to the concentration gradient by 
the formula

( ) ( ) ( ) ,c= − ⋅∇J x D x x (3)

where D(x) is the diffusion permeability tensor of the material at point x.
It is convenient to define a homogeneous Hill condition on the boundary Σ of the 

representative volume:

( ) 0 .c
Σ
= ⋅x G x (4)

The presence of imperfect contacts is taken into account either by setting the field jump at the 
interface between matrix (+) and the inhomogeneity (–), or by considering inhomogeneities with 
a thin coating with extreme properties. In the latter case, it is first assumed that the inhomoge-
neity is represented by confocal ellipsoids whose semi-axes b1, b2, b3 and a1, a2, a3 are related as

2 2  1, 2,3 ,   const,( )i ib a i= + ξ = ξ =

while the properties of the layer Ds formed by two ellipsoids are finite.
Then the passage to the limit is carried out at ξ → 0 and either at Ds → 0, or at Ds → ∞, 

depending on the type of imperfect contact [10, 11].
As a result, the presence of segregation can be taken into account in the model either by setting 

the parameter sc such that the concentration jump is defined as

( ) ( ) ,[ ] 1cc s c
→Γ−

= −
x

x (5)

(Γ is the interface of the inhomogeneity with the external normal n Γ), or by setting the dimensionless 
parameter β of the equivalent surface resistance, expressed as follows for spheroidal inhomogeneities

2
1

0, 02

1 2 lim ,
2 sD

s

D
S a Dξ→ →

+ γ ξ
β =

γ
(6)

where γ is the ratio of the spheroid semi-axes, γ = a3/a; S is the surface area of the spheroid 
divided by (4/3)πa2.

Similarly, the formation of additional bypasses of accelerated diffusion is taken into account 
either by setting the parameter sf,

( ) ( ) ,[ ] 1n fJ s Γ →Γ−
= − ⋅

x
n J x (7)

characterizing a jump in the normal component of the flux, or by setting a dimensionless equiv-
alent surface permeability λ, which, in the case of spheroids, takes the form

2

0,2
1

1 2 1 lim .
2 sD sD

S D a ξ→ →∞

+ γ
λ = ξ

γ
(8)

The problem of determining the effective properties consists of two stages. At the first stage, 
the problem of isolated inhomogeneity in an infinite matrix is solved. At the second stage, a 
homogenization scheme is used to account for the presence of multiple inhomogeneities.

Based on the solution to the problem of isolated inhomogeneity, we can obtain an expression 
for the tensor characterizing the contribution of inhomogeneity to the required property [1]. 
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The tensor H characterizing the contribution to the diffusion permeability can be obtained from 
the representation of the average flux as

1
0 0.V

V
V

 < > = − + ⋅ 
 

J D H G (9)

Expression (9) takes into account that the average concentration gradient does not depend on 
the microstructure and is completely determined by boundary condition (4):

0.Vc< ∇ > = G

The sum of the contribution tensors is a microstructural parameter that can be used to express 
the macroscopic characteristics of a material. Expressions for the tensors corresponding to the con-
tributions of ellipsoidal and, in particular, spheroidal inhomogeneities were obtained and analyzed 
in [8–12]. The presence of various imperfect contacts was taken into account in two ways: by set-
ting the field jump and by considering the inhomogeneity with a coating with extreme properties.

Let us give the final expressions for the contribution tensors of spheroids taking into account 
various factors:

( ) ( )
3

1 0 1 0
0

10 1 0 0 0 1 0 01 1 2 2
cs c c

ic c

D s D D s DD
f D f s D f D f s D=

 
+ 

− −
=

+ − − + 
∑H nnθ (10)

accounting for the discontinuity of the concentration field using the parameter sc;

( ) ( ) ( )

( )

( ) ( )

1 0 0

0

1 0

0

0 0 0 0

0

0

0

1 0 0

1 0 00 0 0

1 1

1 2

1 2 2 2 1 2 n

SD D f D
D Sf D f D f D f F

SD D f D

Sf D f D f D f F

θ

β

 − − β γ= 
 + − + − β −
 γ

− − − β γ

− + + β −


+

+
−

γ

H

nn

θ

(11)

accounting for the discontinuity of the concentration field using the dimensionless equivalent 
surface resistance β;

( ) ( )
1 0 1 0

0
0 1 0 0 0 1 0 01 1 2 2

fs f f

f f

s D D s D D
D

f s D D f f s D f D
 − −

=  
+ − − + 

+


H nnθ (12)

accounting for the discontinuity of the normal component of the flux using the parameter sf;

( )

( ) ( )

( ) ( ) ( )

1 0 1

0

1 0 1

1 0 1

1 0 1

0

0

0 0 0

0

0 0 0 01 1

1

1 1

2

2 2 2 2 n

SD D D f
D Sf D f D f D f F

SD D f D
nnSf D f D f D f F

θ

λ

 − + λ − γ= 
 + − + λ − +
 γ

− + λ γ

+ + λ +
γ

− −


+

+

H θ

(13)
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accounting for the discontinuity of the normal component of the flux using the dimensionless 
equivalent surface diffusion permeability λ.

The following notations are used in Eqs. (10)–(13): n is the unit vector along the symmetry axis 
of the spheroid; θ = I – nn; Fn, Fθ are functions of the parameter γ for which the equalities hold true:

( )0
2 2

21
1 2

,  2 ,
2 nnF F F

f
θ

γ γ+
= −

−
=

+ γ

where

( ) ( )
( ) ( )

2

2

0 2 2

2 2

11 arctan ,  1
11

,  
2 1 11 ln ,  1.

2 1 1

g
f g g

−

 − γ
γ ≤

γγ − γ− γ γ = = γ = 
− γ  γ + γ −

  γ ≥  γ γ − γ − γ −  

To determine the effective properties of a material with multiple inhomogeneities, we use the 
Mori–Tanaka method [1, 16], giving physically consistent results for both small and large vol-
ume fractions of inclusions. We analyzed this method along with several others for materials with 
imperfect contacts earlier in [8]. Let us outline the main points of the method and present the 
results for effective diffusion permeability.

Within the framework of the Mori–Tanaka method, inhomogeneities are treated as isolated 
and the interaction between them is taken into account by placing them in an effective field aver-
aged over the matrix rather than in the initial field G0 satisfying expression (4):

0
.eff

V
c= ∇G (14)

The very presence of an imperfect contact as well as its type and the approach to account for 
it directly influence the effective field. Note that for the Mori–Tanaka method to be applied, we 
need to take into account the discontinuity of the concentration field/normal component of the 
flux at two stages: when we solve the problem of the isolated inhomogeneity and when we use 
the homogenization scheme, since the parameters responsible for imperfect contact appear not 
only in expressions for contribution tensors [8]. Indeed, taking into account various factors, the 
effective diffusion permeability of a material with spheroidal inhomogeneities is defined as follows 
in terms of the contribution tensors:

( )
11

0 1 0
1 1 11c cs seff

i i
i c

i
i

iV p V
V s V

−−  
 = + ⋅ − + − ⋅ 
   

∑ ∑D D H I D D H (15)

accounting for imperfect contact using the parameter sc;

( )

( )

( )
1

0

1

1

0 0

1 0 0 0 1 0 0

3

0

3

1 11

1 1 1 2

1 2
i i

eff
i i

i i

i

i

i i

V p V
V V

S Sf f
H HS SD D D f D D D f

β

−

β β

= + ⋅ − + ×

 +β +β −  γ γ  × +
 − − β − − β − γ γ 

∑ ∑D D H I

n nθ
(16)

accounting for the imperfect contact using the parameter β, here the tensors correspond-
ing to the contributions of individual inhomogeneities are represented in coordinate form 
as ( )11 33 ;H Hβ β β= − +H I nn nn
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( ) ( )
1

1

0 1 0
1 11f fs seff

i f
i

i i
i

iV p s V
V V

−
− = + ⋅ − + − ⋅  

∑ ∑D D H I D D H (17)

accounting for imperfect contact using the parameter sf;

( )

( )

0

1

11 33

1 0 1 1 0 10 0

1 11

1 1

1 2
i i

eff

i

i i i
i

j

i

i

i

V p V
V V

H HS SD D D f D D D f

λ

−

λ λ

= + ⋅ − + ×




− + λ − − +

 
 
 × +



λ 


 γ γ 

∑ ∑D D H I

n nθ

(18)

accounting for imperfect contact using the parameter λ.
In the case when the inhomogeneities have the same properties and the same shape (while 

their sizes may generally be different), the summation operation in expressions (15)–(18) can be 
replaced by averaging over the orientations of the inhomogeneities.

1 ... ... ,ii
V V p=∑

which is reduced to averaging the tensor θ and the dyadic nn in expressions (10)–(13) for the 
contribution tensors.

Consequently, we obtain the following final formulas for calculating the effective diffusion per-
meability of macroisotropic material consisting of isotropic phases (taking into account the arbitrary 
orientation distribution of inhomogeneities and, accordingly, equality ( )1 3=nn I  holding true):

( ) ( )

3311

0 0

0

2
1 ,  

31
1

cc

c

c
c

ss

eff
s

s
s

c

HH
pA D DD ApAD p

s

+
= + =

− +
α −

(19)

accounting for imperfect contact using the parameter sc (the dimensionless parameter α = D1/D0 
is introduced here);

( )

( )

( )

3311

0 0

0

0 0
3311

0 0
0 0

2
1 ,  ,

1 3

1 1 1 2
2 1
3 31 1 1 2

eff
HH

pA D DD A
D p pB

S Sf f
HHB S SD Df f

ββ

β
β

β

ββ

β

+
= + =

− +

+β +β −
γ γ= +

α − −β α − −β −
γ γ

(20)

accounting for imperfect contact using the parameter β;

( ) ( )

3311

0 0

0

2
1 ,  

3
1

1

ff

f

f
f

ss

eff
s

s
s

f

HH
pA D DD ApAD

p
s

+
= + =

− +
α −

(21)

accounting for imperfect contact using the parameter sf;
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( )

( )

3311

0 0

0

331

0

1

0 0
0

2
1 ,  ,

1 3

2 1 1 1
3 31 1 1 2

eff
HH

pA D DD A
D p pB

HHB S SD DK f K f

λλ

λ

λ

λλ

λ

+
= + =

− +

= +

γ
α − +α − α − +

γ
α

(22)

accounting for imperfect contact using the parameter λ.

Solution to coupled problem of mass transport and elasticity

Now let us describe the diffusion process at the macro-level. The diffusion equation has the 
following local form:

,c
t
∂

= −∇⋅
∂

J (23)

where t is the time.
The diffusion flux J can generally be driven by both a concentration gradient c and a pressure 

gradient P (pressure-induced diffusion; P = –trσ, where σ is the stress tensor):

( ) ,effD c Ac P= − ∇ + ∇J (24)

where A = MαV/(3ρRT) (M is the molar mass, αV is the volumetric coefficient of thermal expan-
sion, ρ is the density, R is the universal gas constant, T is the temperature).

Along with the case when the flux is given by expression (24), let us consider classical Fick’s law:

.effD c= − ∇J (25)

The presence of imperfect contacts at the meso-level is taken into account here in the coef-
ficient Deff, determined from one of the formulas (19)–(22) depending on the type of imperfect 
contact and the model used.

The stress–strain state of the material satisfies the equilibrium equation

0.∇⋅ =σ (26)

As a rule, the accumulation of diffusing species leads only to volumetric expansion of the 
material. In this case, the constitutive relations between stress and strain ε are given by the 
Duhamel–Neumann equations:

( )( )02 dev ,  tr ,VP P K c c= − + µ = − −α −I Iσ ε ε (27)

where с0 is the reference concentration; K and μ are the bulk modulus and the shear 
modulus, respectively.

Strains in linear material are defined in terms of the displacement gradient as ( ) .s= ∇uε
Example problem for long cylinder. Now let us consider an initial boundary-value problem for 

a long cylinder. We write a system of equations in a cylindrical coordinate system (r,φ,z); the unit 
basis vectors are denoted, respectively, as er, eφ, ez.

A constant concentration c1 is maintained on the lateral surface of the cylinder, and this sur-
face is free from loading:

0 0
1,  0.rr r r r

c c
= =

= ⋅ =e σ (28)

The following conditions are satisfied in the center of the cylinder:

0
0

0,  .r r
r

c
r =

=

∂
= ⋅ < ∞

∂
u e (29)

The following integral equilibrium condition holds true in accordance with Saint-Venant’s 
principle and the plane section hypothesis:
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0

0

0.
r

z rdr⋅ =∫e σ (30)

Assuming axial symmetry, the solution to the problem takes the following form:

( ) ( ) ( ),  const, .z
r r z z

uu r u z c c r
z

∂
= + = ε = =

∂
u e e (31)

The initial concentration distribution is assumed to be zero:

00
0.

t
c c

=
= = (32)

In accordance with expression (27) and taking into account assumptions (31), the nonzero 
components of the stress tensor take the following form:

4 1 ,
3 2

4 1 ,
3 2
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(33)

and the pressure P takes the form
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(34)

Let us turn to the dimensionless formulation of the problem, introducing the following scales:
radius of the cylinder r0 for the radial coordinate r and the radial displacement ur;
quantity 4µ/3 for the components of the stress tensor σii and pressure P;
concentration c1 maintained on the lateral surface for the concentration c.
The scale for time t is denoted as T.
Then the final system of equations, supplemented by initial and boundary conditions, takes the 

following form (the notations are preserved for dimensionless quantities):
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where the dimensionless coefficients k = 3K/4μ, Ak = 4μ/3A are introduced; F is the diffusion 
Fourier number, 2

0 .effF D T r=
Note that the presence of imperfect contacts in the dimensionless formulation of the problem 

is taken into account only in the diffusion Fourier number, since it includes the effective diffusion 
permeability. For a fixed time scale and the same cylinder radius, varying the parameter F means 
varying Deff.

System of equations (35) was solved numerically using the implicit finite difference method. 
A one-dimensional spatial mesh was introduced along the r axis, concentration and radial dis-
placements were set in nodes, stresses (including pressure) and strains were set in cells.

Analysis of results

Consider the influence of imperfect contacts on the solution to the coupled problem of mass 
transport and elasticity. Let us consider several models in this case. First, let us find a solution 
with and without taking into account pressure-induced diffusion. Secondly, let us consider two 
types of imperfect contacts: I and II.

I. Segregation occurs.
II. Additional bypasses of accelerated diffusion arise in the material.
We use two approaches to account for imperfect contact within the framework of each model.
1. The field jump is defined as a ratio of the quantities from the outer and inner sides of 

inhomogeneity boundary.
2. An inhomogeneity with a thin coating of extreme properties is introduced.
Let us compare the results obtained with those for the case of perfect contacts at the matrix/

inhomogeneity interface. To compare the approaches, let us express the parameters sc and sf in 
terms of the equivalent surface resistance β and permeability λ, respectively:

1 ,  1 2 ;c fs s= +β = + λ (36)

then both approaches to accounting for imperfect contacts produce the same results in the case 
of spherical inhomogeneities.

The analysis is carried out for the example of a material consisting of a matrix and arbitrarily 
oriented prolate spheroidal inhomogeneities with a ratio of semi-axis lengths γ = 10; we adopt the 
ratio of diffusion permeabilities α = D1/D0 = 0.2.

Let us first present the results for effective properties of the material with imperfect contacts. 
The effect of segregation is illustrated in Fig. 1.

As can be seen from Fig. 1, the diffusion permeability decreases with an increase in the volume 
fraction of inhomogeneities p, while the presence of imperfect contact leads to a more pronounced 
change in the property (see Fig. 1,a). Fig. 1,b shows the dependences of effective permeability on 
parameter β at fixed volume fraction of inhomogeneities p = 0.9. It can be seen that the difference 

a)	 b)

Fig. 1. Dependences of effective diffusion coefficient on volume fraction of inhomogeneities p 
for two values of parameter β (a) and on parameter β (b) for the case of segregation (I), simulated 
by approaches 1 and 2 (solid and dashed lines, respectively), see also the explanations in the text
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between approaches to accounting for imperfect contact increases with increasing β. The differ-
ence remains insignificant with the selected characteristics of the structure.

The influence of the presence of bypasses for accelerated diffusion is shown in Fig. 2. Evidently, 
the presence of imperfect contact at the phase interface increases the diffusion permeability, compared 
with the case of its absence. Depending on the value of the parameter λ, the diffusion permeability 
can either decrease with an increase in the volume fraction of inhomogeneities, or increase, which is 
explained by the simultaneous influence of two competing factors, the presence of less conductive inho-
mogeneities in the matrix and bypasses of accelerated diffusion. Evidently, an increase in the param-
eter λ entails an increase in the difference between approaches to accounting for imperfect contact.

We solve the coupled problem of mass transport and elasticity with the following parameter 
values: k = 1.6, A = 49.3, αV = 4.5·10-6 (typical parameters for aluminum). The presence of imper-
fect contacts influences the value of the effective diffusion permeability and, consequently, the 
diffusion Fourier number F. Consider the values of Deff/D0 obtained at p = 0.9 and, depending on 
the type of imperfect contact, at β = 10 or λ = 10 (see column 3 in Table). Note that the ratios of 
the diffusion Fourier numbers corresponding to different values of the effective diffusion permea-
bility are more important for analysis than the absolute values of F. We introduce the notation F0 

a)	 b)

Fig. 2. Dependences of effective diffusion coefficient on volume fraction of inhomogeneities p 
at 4 values of parameter λ (a) and parameter λ (b) for the case of bypasses for accelerated 
diffusion (II), simulated by approaches 1 and 2 (solid and dashed lines, respectively), see also 

the explanations in the text

Tab l e

Diffusion characteristics of material: calculation results

Model Parameter value
IC type Approach to accounting for IC Deff/D0 Fi

Without accounting for IC 0.26 F0 = 2.25·10–4

I
1 0.08 F1 = 0.3 F0

2 0.10 F2 = 0.4 F0

II
1 3.68 F3 = 14.2 F0

2 3.25 F4 = 12.5 F0

Nota t i on s :  Deff/D0 is the dimensionless effective diffusion permeability; Fi is the diffu-
sion Fourier number; IC is the imperfect contact. The numbers I, II, 1, 2 are explained in 
the text.
No t e .  The calculations were carried out for the material consisting of a matrix and arbi-
trarily oriented, prolate spheroidal inhomogeneities with a ratio of semi-axis lengths γ = 10.
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for the Fourier number corresponding to the value of Deff/D0 obtained without taking into account 
imperfect contacts (sc = sf = 1, β = λ = 0). The value of F0 is calculated at Deff = 1·10-12 m2/s 
(typical parameter for aluminum), r0 = 0.004 m, T = 3600 s = 1 h. The values of the diffusion 
Fourier number are given in Table (last column).

The concentration profiles and pressure dependences on the radius (cylindrical coordinate sys-
tem) at different values of diffusion Fourier number at time t = 100 are shown in Fig. 3. Note that 
the results obtained without and with taking into account pressure-induced diffusion coincided 
with the given material parameters (the value of parameter Ak is small, so the pressure gradient 
multiplied by it turns out to be much smaller than the concentration gradient).

Fig. 3 shows that the presence of imperfect contacts and the approach to accounting for them 
for has a significant influence on the concentration of diffusing species in the material and on its 
distribution. In particular, the presence of segregation for which a decrease in the diffusion rate is 
observed can considerably reduce the concentration of impurities in the material. The concentration 
gradient increases, which leads to more pronounced pressure drops. Such a variation in pressure, in 
turn, can be critical in problems of hydrogen degradation where local characteristics are important. 
The presence of bypasses for accelerated diffusion can lead to a significant increase in the concen-
tration in the material, directly influencing its behavior in case of aggressive environments. The 
approach where the field jump is set as the ratio of the field values from the outer and inner sides of 
the inhomogeneity interface (both in the case of segregation and in the case of additional bypasses of 
accelerated diffusion) affects the result to a greater extent. The difference between models II-1 and 
II-2 used to simulate the discontinuity of the normal component of the flux is particularly significant.

The effect of pressure-induced diffusion was studied separately and is shown in Fig. 4. This 
effect occurs at higher values of the thermal expansion coefficient than the characteristic value 
for aluminum. In particular, the graphs in Fig. 4 are plotted for αV = 0.2. For clarity, the figure 

a)	 b)

Fig. 3. Dependences of concentration (a) and pressure (b) on radius 
(coordinate along the polar axis) at different values of diffusion Fourier number 

(see Table) at time t = 100

a)	 b)

Fig. 4. Dependences of concentration (a) and pressure (b) of diffusing species on radius (coordinate 
along the polar axis) at different values of diffusion Fourier number (see Table), taking into 
account (dashed lines) and without taking into account (solid lines) pressure-induced diffusion
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shows the results obtained at three values of F0 from Table: at the value obtained without taking 
into account imperfect contacts as well as at the maximum and minimum values from the con-
sidered range. Fig. 4 shows that the presence of pressure-induced diffusion leads to an increase 
in the concentration of the diffusing species in the material, a decrease in both the concentration 
gradient and the pressure difference in all cases.

Thus, the presence, type, and approach to accounting for imperfect contacts influences the 
distribution of diffusing species in the material and its stress–strain state.

Conclusion

We obtained a solution to the coupled problem (in particular, to the one-way coupled prob-
lem) of diffusion and elasticity, describing the material’s elastic behavior due to impurity accu-
mulation taking into account the presence of imperfect contacts at the phase interface. Two types 
of imperfect contacts were considered: the presence of segregation (leading to discontinuity of the 
concentration field) and the presence of additional bypasses of accelerated diffusion (leading to 
discontinuity of the normal component of the flux). Each type of imperfect contact was taken into 
account within the framework of two approaches: by setting the ratio of the field magnitudes from 
the outer and inner sides of the inhomogeneity interface and by considering an inhomogeneity 
with a thin coating of extreme properties.

The microstructure was taken into account at the stage when the effective properties of 
the material were determined by the Mori–Tanaka homogenization method based on tensors 
describing the contributions to diffusion permeability.

The analysis was carried out for an axisymmetric sample made of two-phase material with arbi-
trarily oriented prolate spheroidal inhomogeneities characterized by lower diffusion permeability 
than the matrix.

It was established that the type of imperfect contact and the approach to accounting for it can 
have a significant effect on the distribution of impurities in the sample and on the internal pres-
sure. This can be crucial, for example, in the case of saturation of metals with harmful impurities.

Thus, to improve the accuracy of stress–strain analysis, it is necessary to take into account the 
specifics of impurity transport and the presence of defects, so that the assumption of continuity 
of fields at the phase interfaces may have to be consequently abandoned.
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