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AnHoramusa. B cratee oOcyxkmaeTcss 3(pHEKTUBHBIN aqrOPUTM TOJYYEHUST TTPUOTUKEHHBIX
TMOJMHOMUAJIBHBIX PEUIEHUN JIJIST IMHEWHBIX OOBIKHOBEHHBIX NUdhepeHIINaTbHBIX YPaBHEHUN
U CUCTEM JIMHEUHBIX OOBIKHOBEHHBIX AU(depeHIInaTbHbIX YPABHEHUN C MOJUHOMUATIbHBIMU
KO3 GuLMeHTaMM U TIOJIMHOMUAJIbHBIMU MpaBbIMU  (YHKUUSIMU. AJITOPUTM  SBISIETCS
YCOBEPUIEHCTBOBAHHOW Bepcueil Tay-merona K. JlaHIoma u maeTr BO3MOXHOCTb MOJTy4aTh
ONTUMaJIbHOE OTKJIOHEHME TIPUOJIMKEHHOTO PpEIIeHUsI OT TOYHOTO B COOTBETCTBUU C
MWHMMAKCHOW HOPMOU I 3alaHHOro oTpe3ka. [Ipm He3HauyuTeabHOU MoauduKanuu
aJITOPUTM TI03BOJISIET HAXOAWUTh MPUOIMKEHHbBIE BBIPAXKEHUS [JIs1 TPOM3BOIHBIX TOUYHBIX
pEelIeHUIt ¢ CYIIECTBEHHO 0OJIbllIel TOUHOCTHIO, YEM CIIOCOOHBI 00eCcreunuBaTh MPOU3BOIHbBIC
MPUOTMXKEHHBIX PELICHUI.

KmoueBbie cioBa: MWHMMakcHass Hopma, mnojguHOM YeOblieBa, ONTUMAaIbHAS
anmnpoKcuMalus, JuHeliHOe 00bIKHOBEHHOE nuddepeHIInaIbHOEe YpaBHEHUE, Tay-MeTO/
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Introduction

The Lanczos Tau-method' allows to obtain approximate polynomial solutions for linear ordi-
nary differential equations (LODEs) with polynomial coefficients and polynomial right-hand
functions [1, 2]. These solutions should have maximum accuracy in a finite interval under consid-
eration in accordance with the minimax norm, which is the opposite of approximation by ordinary
least squares and/or approximation by series of orthogonal polynomials of various types [3—5].

This article discusses the reasons why polynomial solutions obtained using the original Lanczos
algorithm may turn out to be suboptimal and suggests effective ways to improve the algorithm.
General theoretical considerations are supported by numerical examples.

Initially, the Tau-method was proposed in [1] and subsequently described in detail in mono-
graph [2] with a large number of illustrative examples. The basic mathematical definitions allow-
ing to rigorously describe the method are given in [6]. A case considered in [7] concerns an inter-
val divided into small segments, subsequently applying the Tau-method to each small segment to
obtain a smooth and accurate approximate piecewise polynomial solution.

Another approach to improving the accuracy of this method is described in [8]. Recurrent
schemes of the Tau-method, when the degree of the approximating polynomial is increased in
steps, without recalculating it from zero, are considered in [9, 10]. The errors of approximate
solutions are analyzed in [11, 12]. Extensions of the Tau-method to linear differential equations
with coefficients differing from polynomial to nonlinear differential equations, partial differential
equations, etc., are discussed in [13—15].

Revived interest in techniques for constructing approximate solutions of ODEs, systems of
integral equations and other objects can be traced in recent publications. The Lanczos Tau-
method is also used, but with the construction of a shifted Legendre basis for solving time-delay
systems [16]; the approximation of differential operators is applied (the same as in our paper)
with shifted Chebyshev polynomials [17], expansions of functions with respect to Hermite and
Laguerre polynomials are presented [18].

In addition, the special Tau Toolbox was developed?, in particular for solving ODEs (includ-
ing nonlinear ones) and their systems, as well as integral equations [19—21]. Applications of this
toolbox to expansion of solutions with respect to Sobolev polynomials and solutions of singular
integral equations can be found in [22, 23]. The coefficients of approximating formulas are sought
in [24] when the Chebyshev alternation is reached. This approach is used in the approximation
of Fermi—Dirac functions based on an iterative procedure.

More recent studies consider Chebyshev approximations of functions [25, 26]; several text-
books deal with a wider range of issues related to the search for approximate solutions and sub-
stantiation of their properties [27—29].

Thus, interest in this major research problem does not weaken.

' The name Tau-method was proposed and introduced by Cornelius Lanczos (a Hungarian physicist and
mathematician) in [1]: the additional free terms for the Chebyshev polynomials on the right-hand side of
differential equations were denoted with the subscripts t.

2 The package can be downloaded from the website https://bitbucket.org/tautoolbox/tautoolbox/src/main/.

© bynanuna A. JI., bepanukoB A. C., EBcrpamoB A. A., 2025. Uszmarens: Cankr-IlerepOyprckuii MmoJUTEXHUUECKUI
yHuBepcuret I[lerpa Benaukoro.
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The Tau-method was originally formulated as a way to approximate special functions of
mathematical physics that could be expressed using ODEs. This method has become a powerful
and accurate tool for numerical solution of complex differential and functional equations. The
approach proposed by Lanczos is to approximate the solution of a given problem by calculating
the exact solution of some approximate problem close to the original one. The solution of the
differential equation along this path is approximated by a polynomial which is an exact solution to
the differential equation obtained by adding the polynomial terms of the perturbation to its right-
hand side. The perturbation terms are chosen so as to guarantee the existence of an analytical
polynomial solution to the perturbed equation.

If the coefficients of the equation and/or the initial conditions and/or the boundaries of the
interval depend on any parameters, then the output is an algebraic expression depending on these
parameters. This is an undoubted advantage of the Tau-method, compared with classical numerical
methods that produce individual solutions for fixed numerical values of parameters. The method can
greatly simplify analysis, allowing to optimize solutions to parameter-dependent differential equations.

The following section contains various definitions and theorems to be used further for this study.

The section ‘Example solution of equation by Tau-method’ illustrates the steps of the Lanczos
Tau-method; here a linear differential equation with polynomial coefficients and a known analyt-
ical non-polynomial solution is solved.

The section ‘Difference between errors and residuals’ analyzed the fundamental difference
between the error (the discrepancy between the exact and approximate solutions) and the differ-
ential residual (the parasitic value on the right-hand side of the differential equation after sub-
stituting the approximate solution). Minimization of the differential residual is not equivalent to
minimization of the error, and therefore Chebyshev polynomials or some other orthogonal poly-
nomials used to minimize the differential residual do not provide an optimal approximate solution.

The following section describes an optimized Tau-method for solving reduced LODEs with
polynomial coefficients. The integral form of a LODE and Picard’s theorem make it possible to
prove the statement that the residual of integral form is proportional to the error of the approximate
solution. Therefore, if the perturbation of integral form is the sum of Chebyshev polynomials, the
approximate solution obtained by the Tau-method is close to optimal. The optimized Tau-method
introduces perturbations both to the right-hand side of the differential equation and to the initial
conditions of the approximate solution (the latter differs significantly from the original Tau-method).

The section ‘Discussion’ compares the approaches to the problem and analyzes the advantages
of the proposed modification of the method.

The main results are summarized in Conclusion.

Necessary definitions and general theorems

This section contains definitions and general theorems used later in this study. Details and
proofs of the corresponding statements can be found in books [3—5].
Definition 1. A polynomial of the form

P(x)=a,tax+..+ax"

of degree n is the minimax approximation of the given function f{x) with the given weight w(x)
# 0 on the given interval x € [x, x|, if P(x) is the solution to the variational problem

w(x)(f(x)—P(x))|—)min (1)

where minimization is performed over all possible sets of coefficients a, a,, ..., a
Definition 2. A reduced polynomial of the form

= n—1 n
Px)=a,tax+..ta x"'+x

max

xe[xa ’xb]

a.

n-1> "n

of degree n is called the polynomial of least deviation from zero on the given interval x € [x, x,]
with the given weight w(x) # 0 if P(x) is the solution to the variational problem

max

xe[xa,xb]

w(x)P(x)| — min, ()

where minimization is performed over all possible sets of coefficients a, a,, ..., a
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The lower part g, + ax + ..+ a_x"" of a polynomial of degree n of least deviation from
zero is a polynomial of degree n — 1 providing a minimax approximation (solution to variational
problem (1)) for the function f{x) = —x" with the weight w(x).

Definition 3. A set of m points

X <x <..<x
1 2 m

is called a Chebyshev alternation of size m for a function A(x) on the interval [x , x,] if the points
X, € [x, x,] are alternating local minima and maxima of 4(x) with equal absolute values, so that

h(x,) = (-1)'e and |e| = max|A(x)| for x € [x , x,].

Theorem 1 (de la Vallée Poussin theorem). Suppose there is a polynomial Q(x) of degree n,
a function f(x), an interval [x ,x,| and a weight function w(x) # 0. Let us also assume that there are
n + 2 points (de la Vallée Poussin alternation)

< <
X Sx <x,<..<x =X,

in which the expression w(x)|f(x) — Q(x)]| has nonzero values with alternating signs:
A Ay, oy F (DA

(it is assumed that ,,_ > 0 for Vk )).
If \ is the minimax deviation from zero for

w(x) [fx) — P(x)],
where the optimal polynomial P(x) is the solution of the variational problem (1), then
A=min{d, A, ..., A}
If the given points x, are also local minima and maxima forw(x)[(x) — Q(x)], then
A<max{Ai,\, ..., _}.

Theorem 2 (Chebyshev’s alternation theorem). If there exists a Chebyshev alternation of size
n + 2 on the interval [x, x,] for the function w(x) [f(x) — P(x)], where w(x) # 0 and f(x) are the
given functions, and P(x) is a polynomial of degree n, then this polynomial P(x) is the only solution
fo variational problem (1). If the functions w(x) # 0 and f(x) are continuous on the interval [x x|,
then variational problem (1) has a unique solution P(x), and this solution satisfies the condition of
Chebyshev'’s theorem, i.e., there is a Chebyshev alternation of dimension n + 2 on the interval [x ,x,]
Jor the function w(x)[f(x) — P(x)].

Theorem 3 (Chebyshev criterion). If a Chebyshev alternation of size n + 1 exists for a function
w(x) P(x) on the interval [x x|, where w(x) # 0 is the given function, and P(x) is a polynomial of
degree n with the leading coefficient equal to unity, then the polynomial P(x) is a unique solution to
the variational problem (2), i.e., the polynomial of least deviation from zero. If the function w(x) # 0
is continuous on the interval [x ,x,], then variational problem (2) has a unique solution, and this
solution satisfies the Chebyshev criterion, i.e., a Chebyshev alternation of size n + 1 exists for function
w(x) P(x) on the interval [x x,].

Algorithms allowing to calculate polynomials for minimax approximations and polynomials of
least deviation from zero for the given weight w(x) # 0 on the given interval [x ,x,] are considered
in [30—32].

Definition 4. Polynomials T (x) of degree n, defined as

T (x) = cos(n arccos x)

for —1 < x < +1 are called first-kind Chebyshev polynomials.

According to Definition 2 and Theorem 3, the polynomials 7 (x)/2""' are polynomials of
degree n that deviate least from zero on the interval x € [—1,+1] with weight w(x) = 1. The devi-
ation is equal to 1/2"'.

Definition 5. Let there be an ordinary differential equation of the form

Lx(n] =0,
where L[x(7)] is a certain differential operator.
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If the following equality holds true for the trial function x(7):
Lix()] = O(1),

then Q(?) is called the differential residual of x(7).
Definition 6. Let there be an integral equation

x(1) = K[x(1)],
equivalent to the differential equation
Lx(n] =0,

where K|x(7)] a certain integral operator.
If the following equality holds true for the trial function x(7):

x(2) - K[x(1)] = R(2),

then R(?) is called the integral residual of x(7).
Definition 7. Let there be an ordinary differential equation

Lix(] =0,
such that x'(7) is the exact solution of the equation. If x(#) is an approximate solution of the equa-
tion, then the difference
Ax(?) = x(f) — x'(¢)
is called the error of the approximate solution x(?).

Remark 1. Differential residuals, integral residuals and errors for systems of ODEs are
introduced similarly.

Example solution of equation by Tau-method

The Lanczos method gives approximate polynomial solutions on a certain fixed interval for
LODEs with polynomial coefficients and polynomial right-hand sides of the form

L[x(t)] = x"Y(t) + a (Ox" () + ... + a_ (Ox'(?) + a (O)x() — f) = 0,

where a,(7), f(1) are polynomials; x(7) is an unknown function.
For illustration, consider a simple example:

Lx(0)] = x"(£) + x'(£) + 2x(2) = 0,
x(0) =0, x'(0) = 1.

3)

The exact solution of Eq. (3) is x*(#) = texp(—#/2). Suppose that the exact solution is unknown
and it is necessary to find an approximate solution to problem (3) at 0 < ¢ < 4. The Weierstrass
approximation theorem (see, for example, monograph [33]) guarantees that any continuous func-
tion can be approximated on a fixed interval of finite size with arbitrarily high accuracy by a poly-
nomial of the appropriate degree. This statement serves as the basis for finding an approximate
solution in the form of a polynomial for the given problem.

We search for an approximate solution to problem (3) as a 7th-degree polynomial with indef-
inite coefficients b,:

x(t)=b,+bt+br+ . +bt. 4)

After substituting expression (4) into Eq. (3), the right-hand side (differential residual) turns
out to be a polynomial:

O(t) = (2b,+ 2b,) + (3b,+ 6b,)t + (4b,+ 12b,)*+ (5b,+20b,)F +
+(6b,+ 30b)t*+ (Th,+ 42b.) + 8b 15+ 9b.1".

(&)
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We need to bring differential residual (5) as close to zero as possible; for example, by satisfying
the condition Q(7) = 0. However, this is possible only when the exact solution of the equation is a
polynomial of the required (or lower) degree. The statement ‘bring the residual as close to zero as
possible’ is not clearly defined and cannot be regarded as unambiguous in a mathematical sense.
For example, we set as many coefficients of the lower-degree terms in residual (5) as possible
equal to zero, provided that some coefficients are used to satisfy the initial conditions. This is
sufficient for residual (5) to exclude terms with multipliers 1, ¢, 2, #, #, £ and even #. Then the
solution is as follows:

b,=b,=b,=b=0,b=1,b=-1/2,b.=1/8, b =—1/48,
O(t) = -3/16¢".

As expected, this result is a truncated Taylor series for the function fexp(—#/2). Fig. 1 shows
a comparison of the exact solution with the approximate polynomial solution (4) with coef-
ficients (6) for ¢ € [0,4]. Obviously, this solution is unsatisfactory, despite the high degree of
the polynomial.

(6)

One of the possible reasons for this fail-

xX,x* ure is that although the differential residual

0.6 O(1) = —37/16 is small near the point ¢ = 0, this

residual is unreasonably large in the vicinity of

0.4 the point ¢ = 4. Apparently, if we require that

the residual be approximately the same over the

0.2 entire interval, then we can expect a significantly
better result.

0 I 5 3 T 7 The first step proposed by Lanczos is to

- \ remove the ill-defined empirical conditions. In

the new formulation of the problem, it is neces-
sary to find the coefficients b, b, — b,, 1, 1, for
Fig. 1. Exact (x*()) and approximate (x()) which function (5) satisfies the conditions

solutions of differential equation (3) _ 1O — =/t f

(thin and bold lines, respectively); X0)=0,x(0) = 1, L[x()] = 7+ T,t"
the coefficients of the polynomial x(7) The problem has not actually changed, but
are determined by Egs. (6) now the system of equations is well-defined

from an algebraic standpoint. The corresponding
SLAE has a unique solution. Naturally, this solution coincides with solution (6).
The next important step proposed by Lanczos consists in replacing the differential residual
1, °+1,17 (i.e., a function that is small at one end of the interval but large at the other end) with
a differential residual

167_"6 (t) + 177_’7 (t),

where T,(7) and T.(#) are transformed Chebyshev polynomials 7,(#) and 7 (#) of the corresponding
degree [2, 34, 35].

These polynomials are rescaled from ¢ € [—1, +1] to # € [0, 4] and deviate least from zero on
the interval 7 € [0.4]:

Tl (1) + 7T (1)
7_"6(t)=T6(£—1], i(t)zzg(i—lj,
2 2
T (1) =32t~ 487+ 180 1,
T(x) = 6417~ 1120+ 567 Tr.
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Now the differential residual Q(7) on the right-hand side of the equation is approximately the
same at all points of the interval under consideration. Then it is logical to assume that the error
of the approximate solution is also approximately the same over the entire interval. This hypoth-
esis is supported by the fact that the error of the approximate solution is zero at all points of the
interval provided that the residual Q(7) is zero at all of its points. However, minimization of the
residual does not necessarily mean minimization of the error (see the example below).

Solution (4), obtained for Eq. (3) using the Lanczos Tau-method, contains the
following coefficients:

b,= 0, b,=1.000000000, b,~ 0.052400600, b,~ —-0.830052000,
b,~0.442647000, b~ -0.091658100, (7)
b,= 0.006894820, b,~ —0.000023572.

Fig. 2 illustrates the discrepancy between the exact and approximate polynomial solutions (4)
with coefficients (7) obtained using the Lanczos Tau-method. The approximate solution x(7) lies
in the range of 0—0.6 with the maximum error on the interval 7 € [0.4] equal to 0.012. The graphs
of the exact and approximate solutions are virtually indistinguishable. Fig. 2 shows the graphs
for error and differential residual. It can be seen that the accuracy of the approximate solution
obtained using the Lanczos Tau-method is satisfactory.

a) b)
AX 0
0.010! 0.10]
0.005 0.05)

0 T 2 3 \/ 7 0 T ) 3 T
-0.005 -0.05]
_0_010 '0.10‘
Fig. 2. Error of approximate solution obtained by Lanczos Tau-method (a)
and its differential residual (b)

Monograph [34] shows that expanding the approximate solution into a truncated Chebyshev
series often yields higher accuracy than the Lanczos method. However, approximate solutions
obtained using the truncated Chebyshev series also do not guarantee the highest possible accu-
racy. The goal of this study is to create a modification of the Lanczos Tau-method providing the
highest possible accuracy of the approximate solution.

Indeed, a small (with respect to the minimax norm) differential residual in the differential
equation does not mean a small minimax error of the solution. As an example, consider the equa-
tion y"(f) + y(f) = 0 with an exact solution

Y'(f) = c,cost + ¢ sint
and the equation z'(#) + z(#) = esinf with the exact solution
z'(t) = c,cost + ¢ sint — g(fcost — sint)/2.

No matter how small the differential residual Q(7) = esint is in the second equation, the dif-
ference between these two solutions with the same initial conditions becomes arbitrarily large as
the interval ¢ € [0, 7] increases.

Difference between errors and residuals

The error Ax(7) is the difference between the exact solution x'(#) and the approximate solu-

tion x(7). The differential residual Q(¢) is the deviation of the right-hand side of the differential
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equation after an approximate solution is substituted. The theorem on the unique solution for
ODE:s states:

“If the differential residual is zero everywhere, then the error is zero everywhere, and vice versa.”

The Lanczos Tau-method is an attempt to make the differential residual as close to zero as
possible, assuming that this keeps the error as close to zero as possible. As proved above, this
statement is incorrect.

To find the relationship between the error and the differential residual, it is necessary to use
the integral form of the equation. Suppose that there is an equation

YOO + e,y @+ ey + () =0, ®)

where ¢ (1), ¢,(?), ..., ¢(#) and ¢(7) are continuous on the interval ¢ € [z,7]. Eq. (8) is equivalent
to the equation

©)

where y(t) = y,, y'(t) = ¥, ..., ¥"D(8) =y, are the initial conditions for Eq. (8).
Picard’s theorem [36] on the existence and uniqueness of a solution to a LODE uses, in par-
ticular, a recurrent sequence of functions y (7) defined by the equalities

Ve = Ny, (9], (10)

where N[y(7)] is the integral operator on the right-hand side of expression (9).

Regardless of the initial function y,(#) and the size of the considered finite interval 7 € [7, 7],
iterations quickly converge to the solution of integral equation (9), i.e., to the solution y(7) of
differential equation (8). The given solution is unique and definite for any 7 € [£,,7].

Analyzing the proof of Picard’s theorem, we find that

max |y(t)—y, (t)| < C max |yk+1 (t)-» (2)

1€t 7] 1€t T] ’ (11)
where the constant C is determined only by the coefficients of Eq. (8) and the interval [£,7]. A
more accurate estimate leads to the equality C = C /k!

Importantly, the constant Cin Eq. (11) does not depend on the choice of initial function y,(7),
chain of functions y (7) or solution y(7).

This result can be formulated as follows.

Theorem 4 (about the integral residual). Assume that y(f) = N|y(?)] is the integral equation (9)
obtained from differential equation (8); y(f), z(¥) are the exact and approximate solutions of Eqs. (&)
and (9), respectively; R(?) is the integral residual for z(t), given by the relation

z(t) = N[z()] + R(?). (12)

Then the error y(t) — z(f) satisfies the relation

max y(t)—z(t)| < C max |R(t)

te[to,T] te[tO,T]

: (13)

where the constant C is determined only by the coefficients of Eq. (8) and the interval [1,T].
Proof. Integration by parts gives the relations
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(13)

=c,,(t)y(t)- j 2¢!, (¢) y(t)dt +jdt(jc,’,'_2 (t)y(t)dtj -

) 0}

ey ()9 (t) e (1)) o) e (1) () U,

1!

jdr[jd{j )er_...

Integral equation (9) is transformed into an equivalent integral equation of the form

=H t)+jdt[hl (t)y(t)+jd{h2 (t)y(t)+...+jdt(hn (t)y(t)+c(t))U,

ty

where A,(7) are some continuous functions (e.g., polynomials) defined by coefficients c,(7) after
integration by parts; H(?) is a polynomial of degree n — 1 with the coefficients given by complex
expressions involving the values of the known functions (coefficients of the equation and their
derivatives) at ¢ = 7, and the known initial conditions for y(7).

Importantly, H(7) does not depend on the unknown solution y(7).
Iterations

Vea (2 Jd{ _[d{ £) v, (t)+.. +jdt )yk(t)+c(t))D

)
converge quickly under any initial condition y (7). To prove this, we introduce the notations

Ayk(t):ykn(t)*yk() M = maX|Ayo

tefty,T]

(1)

te[t T]

The iterations for Ay (7) take the form

Ay, (1 jd{ 1) Ay, (1 jd{ £) Ay, (1)+.. +jh Ayk()d]}

)

whence we obtain the following estimates for the interval 7 € [z, T]:
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Ay, (O] = M,
A, (0] < M(ATH At+AT2H AR2\+.. +AT'H At'/n!) < MGAL,

Ay,(0) < MG(ATH AP/2! +AT2H AP/31+...) < MGPAR/2)

Ay ()] < MG*AY/R!,
where At = (¢t — 1))/AT, AT=T — 1,0 <A< 1, Gis a constant:
G=ATH +AT°H,+ ...+ AT"H .
A sequence of iterative values
Ven @ =y () + Ay () + Ay, () + ... + Ay (1)

converges uniformly on the interval 7 € [£, 7], since the sum of the increments Ay () is majorized
by uniformly absolutely-convergent series:

Ay () + Ay, () + ... + Ay, (O] < [Ayy ()] + Ay, (D) + ... +
Ay (O] + ... < M exp(GA?).

Therefore, there is a limit y,,,(f) — y(?); it gives the solution y(#) of integral equation (9) and
differential equation (8), as well as an error estimate:

(@) =y, (DI < Ay ()] + |Ay, (D] + ... HAY (D) +...<
< M exp(GA?) < MC,

(14)

although this may turn out to be a very rough estimate of the constant C used in inequality (12).
Let y, (1) = z(?), where z(7) satisfies Eq. (12). Then the following equalities hold true:

y,(0) = Nz()] = 2(2) - R(0), Ay () = y,(1) = y,(1) = =R(?),
M = max|Ay (7)| = max|R()|.

Combining this relation with Eq. (14), we obtain relation (12).

Theorem 4 is proved.

This proof bears significant similarities to the proof of Picard’s theorem for systems of
LODEs [30], but with minor modifications. Inequality (13) means that in order to minimize the
difference between the approximate solution z(7) and the exact solution y(7), we should minimize
the modulus of the function R(7) in Eq. (12). Returning from Eq. (9) to Eq. (8), equality (12) is
transformed into equality

Z0(t) + e, (2" () + ...+ ¢ (Dz + c(t) = O(F) = d"R(t)/dt". (15)

Eq. (15) shows that the differential residual for the Tau-method is the nth derivative of the error
with an accuracy up to a constant factor (see inequality (13)). In particular, if the sum of Chebyshev
polynomials is used as a perturbation for the right-hand side of differential equations, as is done
in the original Lanczos method, then the error of the approximate solution is an n-fold integral of
the sum composed of Chebyshev polynomials. Therefore, the error of the approximate solution for
high-order differential equations may be far from the function deviating least from zero.

Similar statements are true for systems of LODEs with continuous coefficients.

Optimized Tau-method for solving differential equations

Suppose that there is a LODE (8) where the leading coefficient is equal to, and the remaining
coefficients and the free term are polynomials of the independent variable. As discussed in the previ-
ous section, an optimal approximate solution is obtained by selecting the right-hand side in the form
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=2 0L (1), (16)

k

where T, (7) are first-kind Chebyshev polynomials of least deviation from zero, with an argument
scaled from the interval [-1, +1] to the interval [£,T]; 1, are constants to be determined later.
The number of terms in sum (16) and the degrees of the polynomials correspond to the differ-
ential residual in the right-hand side of differential equation (8) after substituting an approximate
polynomial solution with indefinite coefficients.
If the integral form

n-1
’ a1y \E— 1 —
2(t) =y + v (1=1,) + ot 3 1)—((;4—01))' +> 0.7,
: %

Lo (17)

[ [la(6) 20 ()4, (1) 2(2) + (1) | ...
is converted to a differential equation, the output signal is equal to
P (1)+¢ (t)z("fl) (t)+...+c, (1) z+¢( Zrk (18)
where the polynomials S . (t) are defined as

S, (1) (t)/dt".

k+n

Similarly to the original Lanczos method, Eq. (18) allows to determine both the coefficients of
the approximate solution z(#) and the coefficients t,. In addition, analysis of Eq. (17) shows that
the initial conditions of the approximate solution z(7) should be calculated as

N odlz(t d’T,., .
Z((JJ):% _ 0 +ka "j) L j=0,1, ..., n—1. (19)

t=t, t=t,

Combining Egs. (19) and linear equations derived from Eq. (18), we can unambiguously find
all the indefinite coefficients. This result can be formulated as follows.

Theorem 5. Let the optimized Tau-method be obtained by combining relations (18) for the dif-
ferential residual of the approximate solution z(f) and relations (19) for the initial conditions of the
approximate solution (1), where S, (t)=d"T,_,, (t)/ dt" and T,,,(t) are Chebyshev polynomials
of degree k + n, recalculated from the interval [—1,+1] fo the interval [1,,T|. Then the error of the
approximate solution z(f), calculated as an exact analytical solution of the perturbed problem (18),
(19), satisfies the relation

max |y(t)—z(¢ )|<Cmax

te[ty.T] tefty,T]

Z 7.1, k+n

where the constant C in Eq. (20) is determined only by the coefficients of Eq. (§) and the interval
[7,,T], and the approximate solution z(t) obtained by this technique is close to the optimal minimax
approximation of the exact solution y(t).

Proof. The statement of the theorem follows directly from Theorem 4 if the weighted sum
of scaled first-kind Chebyshev polynomials is used as the integral residual. The final inequality in
Eq. (20) follows from the fact that the minimax norm of each of the scaled Chebyshev polyno-
mials on the interval under consideration equals unity.

Theorem 5 is proved
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Remark 2. Strictly speaking, the sum of several scaled Chebyshev polynomials is not the
polynomial that deviates least from zero on the interval under consideration, and therefore the
approximate solution obtained differs from the optimal minimax approximation of the exact
solution of the differential equation. The deviation of the error of the approximate solution from
the error of the true minimax approximation to the exact solution y(f) is determined by the de
la Vallée Poussin theorem (see Theorem 1) after analysis of the local minima and maxima of the
value of the right-hand side in inequality (20). _

Remark 3. In the case when exact initial conditions are required, the polynomials 7, (t) are
represented as

T (1) =(1=1,) T, (1= 1) /(T =1,))
where T° (7) are the polynomials deviating least from zero, with the weight # on the normalized
interval ¢ € [0,1].
This procedure gives a large error but allows to set accurate initial conditions. Algorithms for

numerical calculation of polynomials are discussed in [25—27].
Example. Consider an approximate solution of problem (3) in the form of a polynomial

x(t)=c,tettelftetf+et+cel+ct+ct. 1)

_ Substituting this solution into Eq. (3), we conclude (see Eq. (5)) that two auxiliary polynomials
S, () and S, () with the leading terms 76 and ¢ are required:

_ AT (1) - d’T, (¢
Sﬁ(t)=d—;2(), S7(t)=d—;2(),

— t — t
R(0)-1(5-1). 505 1-1).
T(t) = 1287°- 2561°+160t* + 327°— 1,
T,(t) =2567° - 5761+ 4327° — 1207° + 91.

In view of Egs. (19) for the initial conditions, we obtain the following relations:
X' () + e (£)+2x(t) = 1,5, (1) + 1,5, (1),
x(0)-1,T; (0)-1,T, (0) =0,
x'(0)-1,T;(0)-1,T;(0) =1
We obtain the following solution of the corresponding SLAE with respect to unknown coefficients:
¢,~0.00234716, ¢, = 0.92262700,
¢,=0.41914500, ¢,~ -1.45266000,

c,~0.78428300, ¢,~ -0.20136600,
¢~ 0.02406430, ¢,~-0.00106550.

(22)

Figs. 3 and 4 illustrate the accuracy of the approximate solution and its first and second-order
derivatives. Since there are no visual differences between the graphs of approximate and exact
solutions, such graphs are not shown in Fig. 3. The maximum error on the interval 7 € [0.4] is
0.0023 for the approximate solution; the error for the first-order derivative is 0.0770; the absolute
error for the second-order derivative reaches 0.8400.
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Fig. 3. Characteristics of approximate solution of Eq. (3) obtained by the optimized Tau-method:
a is the error of this solution, b is its differential residual
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Fig. 4. First (a, b) and second (¢, d) derivatives of approximate (x(7)) and exact (x*(7))
solutions of Eq. (3) (a, ¢) and error of derivatives for approximate solution (b, d).
Results were obtained by the optimized Tau-method

Discussion

As mentioned in Remark 2 to Theorem 5, the result may differ from the optimal minimax
polynomial if the proposed algorithm uses more than one auxiliary polynomial. To find the true
optimal solution, it is necessary to consider a general variational problem, where the free param-
eters of the approximate solution are used to obtain the least deviating polynomial for the right-
hand side of the integral equation.

However, the process of solving such a problem is poorly algorithmized. Substituting the true,
least deviating polynomial in the right-hand side of the integral equation by the sum of Chebyshev
polynomials makes it possible to reduce the general variational problem to simple algebraic cal-
culations. Even if the error of the approximate solution obtained does not turn out to be the true
minimax error, this error is still sufficiently small.

The undoubted advantage of the algorithm under consideration is that it allows to obtain
approximate analytical solutions when the coefficients of the equation and/or the initial condi-
tions and/or endpoints of the interval under consideration are algebraic expressions depending
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on the parameters. This allows to investigate and optimize solutions without numerically solving
differential equations for each set of parameters under consideration.

Conclusion

Based on the analysis carried out, we can formulate the following generalizing statements.

1. Minimization of differential residuals of an n-th order LODE or a system of first-order
LODE:s is not equivalent to minimization of errors of approximate solutions. The polynomial
differential residuals in the right-hand sides of the equations used in the Lanczos method should
be nth-order derivatives of Chebyshev polynomials and not Chebyshev polynomials themselves.

2. Using approximate initial conditions for approximate solutions gives the researcher more
freedom in constructing approximate solutions and ensures greater accuracy. Optimal variations
of the initial conditions follow from the analysis of integral residuals, which are linear combi-
nations of scaled Chebyshev polynomials with abstract coefficients calculated subsequently from
SLAE of the optimized Tau-method.

3. Derivatives of approximate solutions are not the best approximations to derivatives of exact
solutions, even if approximate solutions turn out to be the best approximations to exact solutions.
To obtain good approximations for derivatives of exact solutions, it is necessary to transform a lin-
ear differential equation with polynomial coefficients into a system of first-order linear differential
equations and then apply the Lanczos method to this system. This approach also introduces more
free coefficients for varying the approximate solution and, therefore, provides greater accuracy for
the best approximate solution.

A separate publication will consider the potential offered by replacing a single differential
equation with a system of differential equations in combination with the optimized Tau-method.

The proposed approach is an optimization of the original Lanczos Tau-method for the
following reasons.

Firstly, the new method optimizes the error of the approximate solution, whereas the origi-
nal Tau-method optimizes only the differential residual. However, the error of the approximate
solution for high-order differential equations, calculated by multiple iterated integration of the
minimum differential discrepancy, may turn out to be very far from the minimum achievable
error if the differential residual is not identically zero. The same considerations hold true when
some authors use orthogonal polynomials of other types to optimize differential residuals of
differential equations.

Secondly, the proposed method introduces a controlled perturbation of the initial conditions.
This gives the researcher more freedom to optimize the approximate solution, consequently yield-
ing results with greater accuracy.

Thirdly, error-oriented analysis of integral residuals shows that equations with leading coeffi-
cients of polynomials should be considered using adjusted tau algorithms to obtain good accuracy
for approximate solutions.

We intend to analyze the special case of the optimized Tau-method, focusing on differential
equations with a leading coefficient of the polynomial in a future study.
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