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Abstract. In order to reveal the effect of nonlinear (cubic) parametric excitation (NPE)
on the interaction of forced, parametric, and self-oscillation with a limited-power energy
source, a widely used computed model of a self-oscillating system receiving energy from such
a source was used. Solutions of nonlinear differential equations of the model were constructed
using the direct linearization method (DLM), which is distinguished from the known ones
by its simplicity its simplicity and low time costs. The friction force characteristic causing
self-oscillations was linearized by DLM. Equations for the amplitude, oscillation phase and
the velocity of the energy source in nonstationary and stationary motion cases were derived.
Using the Routh — Hurwitz criteria, the stability of stationary movements was considered. The
influence of NPE on the interaction of forced, parametric and self-oscillations was investigated
by calculations. The latter showed NPE to change the shape of the amplitude curves inherent
in linear action and to have a significant impact on the motion stability.
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Annortanus. C 11eJ1b10 BBISIBJIEHUS e CTBUS HETMHEHOTO (KyOUUeCcKOro) mapamMmeTpuiecKoro
Bo30yxneHus (HI1B) Ha B3auMopeiicTBre BIHYXKIEHHbIX, TApAMETPUUECKUX U aBTOKOJIE0AH U
MPU UCTOYHUKE DHEPTUU OTPAHUUYEHHOW MOUIHOCTU HMCMOJIb30BaHA LIMPOKO MpPUMEHsIeMast
pacyeTHast MOJIeTb aBTOKOJIE0ATEIbHOM CUCTEMBI, TTOTYYalolasi 3HEPTUIO OT TAKOTO UCTOYHUKA.
Pemiennst HenmuHeiHbIX auddepeHIIMaIbHBIX ypaBHEHUM MOIEIN TMOCTPOSHBI METOI0M
npsmoii tuHeapusanuu (I1JI), KoTopoMy CBOMCTBEHHBI IMPOCTOTA M MaJible 3aTpaThl BPEMEHH.
XapakTepucThKa CUJIbl TPEHUS, BhI3bIBAIOIAs aBTOKOJIeOaHus, JIMHeapu3oBaHa Mmetonom [1J1.
BoiBeneHbl ypaBHeHUsT JUIsl aMIUIUTYAbI, (a3bl KOJeOAaHUN M CKOPOCTU MCTOUHUKA IHEPIUU
B HECTAllMOHAPDHOM M CTAallMOHAPHOM cilyyasix ABukeHusi. C KMCIONb30BaHUEM KPUTEPUEB
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Payca — I'ypBuma paccMoTpeHa YCTOMYMBOCTH CTAallMOHAPHBIX NBMDKeHMi. Bmusaaue HIIB
Ha B3aMMOJEICTBME BBIHYXIECHHBIX, ITapaMeTpUUYECKMX M aBTOKOJIEOaHUIl MCCIIeNOBAHO WU
pacueTHBIM MyTeM; pacyeThl nmokasanu, yro HIIB uameHsieT (hopMy aMIUIUTYIHBIX KPUBBIX,
MPUCYIINUX JIMHEHHOMY BO3IEICTBUIO, OKA3bIBACT CYLIECTBEHHOE BJIMSHWE Ha YCTOMYMBOCTH
IIBVKCHUSI.
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Introduction

The interaction of forced, parametric and self-oscillations is the most complex of the four
classes of mixed oscillations according to the classification introduced in monograph [1]; they
consist of a combination of oscillation types [2—4]. Of these four classes of mixed oscillations,
the interaction of forced and parametric oscillations under cubic nonlinear parametric excitation
(NPE) is considered in [5] without taking into account the properties of the energy source.

Taking the specified properties into account gained significance in connection with environ-
mental problems, climate change and the reduction of energy resources. The need to take into
account the properties of the energy source, which in the theory of oscillations is associated with
the well-known Sommerfeld effect, is consistently stressed in fundamental monograph [6]. Many
works have been published in this field all over the world, including books and articles [1, 7—17].
The connection between the level of energy consumed during the operation of parts, the accuracy
of their processing and the oscillations is shown [18].

In this paper, we consider mixed forced, parametric and self-oscillations with NPE and limited
power of the energy source. The direct linearization method (DLM) was used to solve nonlinear
differential equations describing these oscillations [19].

Calculation model

— X Under the influence of frictional force,
by Cq self-oscillations arise in many technical
\ A~ objects [20—24]. The model we consider is widely
\ 1k m used to describe them (Fig. 1). A body with mass

1] T m is connected to the housing by means of a

—

= spring and a damper. It lies on a belt driven by
( ,&D ( % ) a motor of limited-power with the torque M(¢)
and the total moment of inertia / of the rotat-

ing parts. A friction force T(U) arises between
M(d) the body and the belt, depending on the relative
velocity U:

0 4 4
'({ . U=V-x, V=50,

where 7, is the radius of the pulley rotating the
belt, r,= const; ¢ is the angular velocity of the

Fig. 1. Model of system considered: motor rotor.
body mass m; angular velocity of motor rotor ¢; Taking into account the external driving force
torque M(¢); friction force T; Asin(v,7) and NPE bx’cos(v?) acting on the body,
radius 7 of the pulley rotating the belt; the equations of motion of the system have the
spring constant ¢, and damping ratio &, following form:

© Amudos A. A., 2025. Uznarens: Cankr-IlerepOyprekuii monurexunueckuii yausepcuteT [letpa Benukoro.
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mi +k, % +c,x=T(U)+\sinvt—bx’ cos vt (1)

1$=M (&)~ T(U)

where k, ¢, X, b, v,, v are constants.
We take the fI‘lCthH force as a functional dependence, which is widespread in real (including

cosmic) conditions [25]:
T(U) = T(sgnU — a,U + 0, UP), ()

where T, is the normal reaction force, 7, = const; a,, a, are constants; sgnU = 1 at U > 0 and
sgnU = —1 at U < 0. In the case of U= 0, i.e., at relative rest, the inequalities —7 < 7(0) < T
hold true.

Using the DLM [19], we replace the nonlinear components of the friction force 7(U) with a
linear component:

TWU)=T,(sgnU + B, +k.x), (3)
where B,= —o,u + a,u’ + 3N2a3ua2p2, k, =—a ]V3(azp2 —h), h=3(;-u’)/ N, u} =a,/30,,

= (2r+ 1)/Q2r+3), N, =(2r+3)/(2r +5).

The quantity 7, included in the expressions for numerical coefficients N, and N,, represents a
linearization accuracy parameter whose value is not limited, but it is suﬁiment to select it in the
interval (0, 2). The coefficients N, and N are compared in [26] with the coefficients obtained by
averaging [27—30] for different values of the degree of nonlinearity n, establishing the acceptable
agreement for the results obtained by both methods.

In view of substitution (3), Egs. (1) take the form

mi+kx+c,x=T,(sgnU + B,)+ L sinv,t —bx’ cos vt, 4)

1o=M(¢)-rT,(sgnU + B, + k; x),
where k = k, — T k,.
Solution of the equations

As shown in monograph [1], the solutions of equations with function (2) at U > 0 and U< 0
are fundamentally different, so they should be considered separately.
We represent these cases with expressions

u> ap,u<ap,

where u = r,Q (Q is the averaged velocity ¢).

Let us consider solutions (4) for the main resonances with frequencies o =~ v, and o = v/2, since
they are of primary practical interest.

Using the change of variables with averaging [19], we obtain the expressions

xX=acosy, x=—apsiny, y=pt+&, p=v/2, p=Q. %)

Next, we consider two cases.
i) u> ap, then

da = —L(ZaA +2Acos&—0.5ha’ sin 2€),

dt 4pm

dé 1 2 2 . 3

== 2 o, — +2Asin&+ba’ cos 2E |, 6
dt 4pma[ am(@, =) & +ba’ cos 2¢ (6a)
du l” u .

L M -1+ By
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ii)y u < ap, then

@=—L{2aA+2kcosE’,—0.5ba3sin2 81, azpz—uz},

dt 4 pm nap

dg

— 2am(o, +2Asin&+ba’ cos2 6b
" 4pma[ (5 —p°) g g], (6b)
du

rT
= 1[M(Z)—::,To(1+BT>—°T°<3n—2w*)},

where ©; =c,/m.
The conditions a =0, § 0 in the case u > ap provide the following relations for determining
the stationary values of @ and &:

(AMb*a®+ b*a’L — A+ 202L — L*— 4b*a4*)* — 4 M*b*a’L = 0,

(7)
tef = D(Dba® — 4))/8a,

where L =32 + ba*[ba> + 2m(02 — pY)|, A= p(k, — T)k,), D = 20+NL)/ba’.
To determine the stationary values of the velocity u from the third equation in (6a), we have,
provided that # =0, an expression of the form

M(u/ry) — S(u) =0, (8)

where S(u) is the load on the energy source from the oscillatory system.

In the case u < ap, to determine the amplitude of stationary oscillations, we have an approx-
imate dependence ap = u and the stationary values of the velocity u are determined by Eq. (8)
taking into account the expression for the load

S@) =r,T[(1+B)) + '3 —2y.)],

following from the third equation in (6b) for u =0.

Stability of stationary oscillations

To determine the stability of stationary oscillations of the system, we compose the variational
equations for Egs. (6), for which we use the Routh—Hurwitz criteria. As a result, we obtain the
following conditions:

D >0,D,>0,DD,-D,>0,
where D, = —(b,, + b,, + b,,),

D,=b b, +b b, +b,b,—~b,b, ~b.,b, —b.b

11733 11722 22733 23732 12721 13731°

D,=b,b,b,+b.b,b,+b,b.b,~b b, b. ~b.b.b, ~b.b b

11723732 12721733 22713731 11722733 12723731 137217327

In the case of velocities # > ap, we have expressions of the form

7 OB BT, 9B,
by, ZYO(Q_”OTog_uT)a b, = I oua —, b;=0,
_Took, , 1 _ ) )
by =a "L, b, _—&Tm{@[ko +T,N,o.,(3a’ p* — h) |-3ba sng},

by, :%[2ksin§+ba3 cos 28], by, = 0,
pm
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b, =— > (hsin&—ba’ cos 28), by, =——| hcos&—ba’sin2¢ |
2pma 2pma
In the case u < ap, only the coefficients change and the expressions take the form
B 2rT T | OB 2
b“:r—OQ—]/bT(')aT— Ity ’bu:_rbo aT+ u ,
I Ou n\/azpz—u2 I | oa Tta\/azpz—u2
k 4uT,
bZIZLT(’aT—i_ 22u202 2
2m ou  nma pAap —u
1 — 2T u’
b,, =———{4p| k,+T,N.o. (3a’ p* — h) |-3ba’ sin 2} — 0 :
= Spm{ p[ o P N, (3a7p )] &} wma’ p* /azpz_uz

where 88[3 =—(a, =3o,u’ =3a,N,a’ p*), %:6N2a3uap2, %:—6%% Q= dM(u/r,)/du.

Calculations

To obtain information on the effect of cubic NPE on the dynamics of mixed forced, paramet-
ric and self-oscillations, calculations were performed using the following parameter values:

©,=1s",5b=0.686 N-cm™,A=0.196 N, k,= 0.196 N-s-cm™', T, =4.9 N,

o,=0.84s-cm”, 0,=0.18 s>>cm™, 7, = 1 cm, /= 9.8 N-S-cm”.

When calculating the amplitude for the linearization coefficient k,, the number N, = 3/4 was
used, which is obtained with the linearization accuracy parameter value » = 1.50. For the linear-
ization coefficient B, the number N, = 3/5 (r = 0.65) was used. The quantities in the figures and
in the text below are normalized.

Fig. 2 shows the frequency response curves a(v) obtained by calculations based on
Eq. (7). The horizontal lines labeled a, correspond to the amplitudes of self-oscillations arising at
velocities « = 1.14 and 1.20.

Fig. 2. Frequency response curves at velocities # = 1.14 (a) and 1.20 (b).
The blue curves are shown for comparison and represent a linear parametric excitation
of the form xcos(v?). The horizontal lines labeled a, show the level of self-oscillation amplitudes.
The shaded sectors reflect the slope Q of the energy source characteristic (Q = dM(u/r,)/du)
and correspond to stable amplitudes (at point A and in other positions)
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The horizontal section on the blue curve (see Fig. 2,a) corresponds to the approximate depen-
dence ap = u = 1.14. The oscillations are stable for the energy source characteristics whose slope QO
lies within the shaded sector (Q = dM(u/r,)/du).

The blue curves represent the linear parametric excitation xcos(vf) and are shown for compar-
ison with NPE x’cos(v?). This comparison shows the difference in the effect of linear and non-
linear parametric excitations on the dynamics of the system. The amplitude levels, shapes of the
excitation curves and widths of the resonance regions differ for these excitations. A difference may
also be observed in the number of amplitudes at the same frequency. For example, it can be seen
from Fig. 2,a that the frequencies near point 4 have three amplitudes under linear excitation, and
four under nonlinear excitation. On the other hand, Fig. 2,b shows that frequencies with more
than one amplitude are absent under NPE but present under linear excitation.

The solution to differential equations (1) was also obtained numerically. The characteristic of
the energy source for the solution was taken in the form

M(p)=M,-0¢.

The slope varied within the range 0 < Q < 20, where the value of QO = 20 corresponds to
an angle of approximately 87°. As an example, Fig. 3 shows a graph for one of the solutions
obtained for different values of the parameters

x - M,, Q, p. The numbers in the frames (in blue)
I /":485.5433 o .
15 p— vis o were obtained computationally. In the case of

[ vt | the solution shown in Fig. 3, the values of the

dmm -

"l (Y in the frame in the figure); this mode corre-
" sponds sufficiently well to the velocity u = 1.14.
05 Y 06415 The value a = 0.991 was obtained for the ampli-
) tude (Y in the frames), close to the value of 1.07
obtained by solving Eq. (7).

We also analyzed the influence of the param-
eters M, Q, characterizing the energy source,
Fig. 3. Dependences x(f) and ¢(7) for the values on dynamic processes. As noted above, the solu-
of the motor parameters M, = 5.9889, O = 5. tions of the equations for the cases u > ap, u < ap

The data were obtained at p = 1 are fundamentally different, and there exists
some boundary value of the velocity u, separat-
ing these cases. A transition from one state to
another can happen in the system at the bound-
ary value of the velocity u,. It depends on the
slope of the energy source characteristic and its
location relative to the curve of the load on the
source. The transition takes place at flat charac-
teristics M(¢) and is associated with the load S(u)
on the energy source from the oscillatory system,
depending on function (2), expressed by Eq. (8).

As an example, Fig. 4 shows a graph of the
above-mentioned transition at certain values of
motor parameters and energy source characteris-
tic. Given the same slope Q = 0.4986 (the angle
of inclination is about 26°), a very small (1-107'7)
difference in the values of M, equal to 0.

As noted above, the amplitude of stationary
Fig. 4. Time evolution of the x-coordinate oscillations at u < ap is determined by the approx-
and angular velocity of the rotor ¢(#) for the imate dependence ap = u. Since the load on the

characteristic M, = 0.8780994695 energy source depends on the amplitude of the

(data were obtained at p = 1) oscillations, its graphs differ under conditions u

25
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M > ap and u < ap. Fig. 5 schematically shows only
fragments of the curves for the dependences of
the load § and the torque M on the velocity u,
over a narrow variation range of u, where the
transition from point A to point B takes place
(corresponding to the data in Fig. 4) at a fixed
: position of the energy source characteristic at the
boundary velocity u, corresponding to point A.
Different transitions with a description of the full

Fig. 5. Dependences of load S and torque M  load curves for different classes of oscillations are

on velocity u in its narrow variation range;  described in detail in monograph [1], so they are

u, is the boundary value of the velocity not given here.

In addition to the results presented in this
paper, differential equations (6) were also solved numerically. The results are not shown here due
to limitations of space. We only note that the results of these solutions are in good agreement
with those for Egs. (7).

Conclusion

As follows from our findings, nonlinear parametric excitation has specific characteristics com-
pared with linear parametric oscillation, namely:

it significantly changes the shape of the amplitude curves;

it has a considerable effect on the stability of oscillations.

Comparing the results for these excitations, we find for the interaction of an oscillatory system
with nonlinear parametric excitation (in the case of an energy source with limited power) that a
number of effects of the same nature occur as with linear parametric excitation. It seems inap-
propriate to describe the nature of these effects here, since they have been thoroughly explored
in monograph [1].
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