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Abstract. In order to reveal the effect of nonlinear (cubic) parametric excitation (NPE) 
on the interaction of forced, parametric, and self-oscillation with a limited-power energy 
source, a widely used computed model of a self-oscillating system receiving energy from such 
a source was used. Solutions of nonlinear differential equations of the model were constructed 
using the direct linearization method (DLM), which is distinguished from the known ones 
by its simplicity its simplicity and low time costs. The friction force characteristic causing 
self-oscillations was linearized by DLM. Equations for the amplitude, oscillation phase and 
the velocity of the energy source in nonstationary and stationary motion cases were derived. 
Using the Routh – Hurwitz criteria, the stability of stationary movements was considered. The 
influence of NPE on the interaction of forced, parametric and self-oscillations was investigated 
by calculations. The latter showed NPE to change the shape of the amplitude curves inherent 
in linear action and to have a significant impact on the motion stability.
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ВЛИЯНИЕ НЕЛИНЕЙНОГО ПАРАМЕТРИЧЕСКОГО 
ВОЗБУЖДЕНИЯ НА ВЗАИМОДЕЙСТВИЕ ВЫНУЖДЕННЫХ, 
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Аннотация. С целью выявления действия нелинейного (кубического) параметрического 
возбуждения (НПВ) на взаимодействие вынужденных, параметрических и автоколебаний 
при источнике энергии ограниченной мощности использована широко применяемая 
расчетная модель автоколебательной системы, получающая энергию от такого источника. 
Решения нелинейных дифференциальных уравнений модели построены методом 
прямой линеаризации (ПЛ), которому свойственны простота и малые затраты времени. 
Характеристика силы трения, вызывающая автоколебания, линеаризована методом ПЛ. 
Выведены уравнения для амплитуды, фазы колебаний и скорости источника энергии 
в нестационарном и стационарном случаях движения. С использованием критериев 
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Рауса – Гурвица рассмотрена устойчивость стационарных движений. Влияние НПВ 
на взаимодействие вынужденных, параметрических и автоколебаний исследовано и 
расчетным путем; расчеты показали, что НПВ изменяет форму амплитудных кривых, 
присущих линейному воздействию, оказывает существенное влияние на устойчивость 
движения.
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Introduction

The interaction of forced, parametric and self-oscillations is the most complex of the four 
classes of mixed oscillations according to the classification introduced in monograph [1]; they 
consist of a combination of oscillation types [2–4]. Of these four classes of mixed oscillations, 
the interaction of forced and parametric oscillations under cubic nonlinear parametric excitation 
(NPE) is considered in [5] without taking into account the properties of the energy source.

Taking the specified properties into account gained significance in connection with environ-
mental problems, climate change and the reduction of energy resources. The need to take into 
account the properties of the energy source, which in the theory of oscillations is associated with 
the well-known Sommerfeld effect, is consistently stressed in fundamental monograph [6]. Many 
works have been published in this field all over the world, including books and articles [1, 7–17]. 
The connection between the level of energy consumed during the operation of parts, the accuracy 
of their processing and the oscillations is shown [18].

In this paper, we consider mixed forced, parametric and self-oscillations with NPE and limited 
power of the energy source. The direct linearization method (DLM) was used to solve nonlinear 
differential equations describing these oscillations [19].

Calculation model

Under the influence of frictional force, 
self-oscillations arise in many technical 
objects [20–24]. The model we consider is widely 
used to describe them (Fig. 1). A body with mass 
m is connected to the housing by means of a 
spring and a damper. It lies on a belt driven by 
a motor of limited-power with the torque M(φ·) 
and the total moment of inertia I of the rotat-
ing parts. A friction force T(U) arises between 
the body and the belt, depending on the relative 
velocity U:

0,  ,U V x V r= − = ϕ

where r0 is the radius of the pulley rotating the 
belt, r0 = const; φ· is the angular velocity of the 
motor rotor.

Taking into account the external driving force 
λsin(ν1t) and NPE bx3cos(νt) acting on the body, 
the equations of motion of the system have the 
following form:

Fig. 1. Model of system considered: 
body mass m; angular velocity of motor rotor φ·; 

torque M(φ·); friction force T; 
radius r0 of the pulley rotating the belt; 
spring constant c0 and damping ratio k0
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0 0 1
3( ) sin cosmx k x c x T U t bx t+ + = + λ ν − ν  (1)

0( ) ( )I M r T Uϕ = ϕ − 

where k0, c0, λ, b, ν1, ν are constants.
We take the friction force as a functional dependence, which is widespread in real (including 

cosmic) conditions [25]:

T(U) = T0(sgnU – α1U + α3U
3), (2)

where T0 is the normal reaction force, T0 = const; α1, α3 are constants; sgnU = 1 at U > 0 and 
sgnU = –1 at U < 0. In the case of U = 0, i.e., at relative rest, the inequalities –T0 ≤ T(0) ≤ T0 
hold true.

Using the DLM [19], we replace the nonlinear components of the friction force T(U) with a 
linear component:

0( ) (sgn ),T TT U T U B k x= + +  (3)

where BT = –α1u + α3u
3 + 3N2α3ua2p2, 2 2

3 3
( ),Tk N a p h= −α −  2 2

0 3
,3( ) /h u u N= −
 

2
0 1 33 ,u = α α  

N2 = (2r + 1)/(2r + 3), 3
(2 3) (2 5).N r r= + +

The quantity r, included in the expressions for numerical coefficients N2 and N̅3, represents a 
linearization accuracy parameter whose value is not limited, but it is sufficient to select it in the 
interval (0, 2). The coefficients N̅n and Nn are compared in [26] with the coefficients obtained by 
averaging [27–30] for different values of the degree of nonlinearity n, establishing the acceptable 
agreement for the results obtained by both methods.

In view of substitution (3), Eqs. (1) take the form

10 0
3(sgn ) sin cos ,Tmx k x c x T U B t bx t+ + = + + λ ν − ν  (4)

0 0( ) (sgn ),T TI M r T U B k xϕ = ϕ − + +  

where k = k0 – T0kT.

Solution of the equations

As shown in monograph [1], the solutions of equations with function (2) at U > 0 and U < 0 
are fundamentally different, so they should be considered separately.

We represent these cases with expressions

u ≥ ap, u < ap,
where u = r0Ω (Ω is the averaged velocity φ·).
Let us consider solutions (4) for the main resonances with frequencies ω ≈ ν1 and ω ≈ ν/2, since 

they are of primary practical interest.
Using the change of variables with averaging [19], we obtain the expressions

sin ,  .cos ,  ,  / 2,  x a px ap t p= ψ ψ = + ξ = ν= − ψ ϕ = Ω (5)

Next, we consider two cases.
i) u ≥ ap, then

0

2

0
0

3

2 3
0

0

1 2 2 cos 0.5 sin 2
4
1 2 ( ) 2 sin cos 2 ,

4

( ) (1 ) ;

( ),= − + λ ξ − ξ

ξ  = ω − + λ ξ + ξ 

 = − +  T
u
r

da aA ba
dt pm
d am p ba
dt pma

rdu M r T B
dt I

(6a)
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ii) u < ap, then

0

2

0 0
0

3 0

2 3
0

0
0

2 2 281 2 2 cos 0.5 sin 2 ,
4
1 2 ( ) 2 sin cos 2 ,

4

( ) (1 ) (3 2 ) ,∗

 
= − + λ ξ − ξ − − π 

ξ  = ω − + λ ξ + ξ 

 = − + − π− ψ π 
T

u
r

Tda aA ba a p u
dt pm ap
d am p ba
dt pma

r r Tdu M r T B
dt I

(6b)

2
0 0where .c mω =

The conditions 0,  0a = ξ =  in the case u ≥ ap provide the following relations for determining 
the stationary values of a and ξ:

(λ2b2a6 + b2a6L – λ4 + 2λ2L – L2 – 4b2a8A2)2 – 4 λ2b4a12L = 0,

tgξ = D(Dba3 – 4λ)/8aA,
(7)

where L = λ2 + ba4[ba2 + 2m(ω2
0 – p2)], A = p(k0 – T0kT), D = 2(λ±√L)/ba3. 

To determine the stationary values of the velocity u from the third equation in (6a), we have, 
provided that 0u = , an expression of the form 

M(u/r0) – S(u) = 0, (8)

where S(u) is the load on the energy source from the oscillatory system.
In the case u < ap, to determine the amplitude of stationary oscillations, we have an approx-

imate dependence ap ≈ u and the stationary values of the velocity u are determined by Eq. (8) 
taking into account the expression for the load

S(u) = r0T0[(1 + BT) + π–1(3π – 2ψ*)],

following from the third equation in (6b) for 0.u =

Stability of stationary oscillations

To determine the stability of stationary oscillations of the system, we compose the variational 
equations for Eqs. (6), for which we use the Routh–Hurwitz criteria. As a result, we obtain the 
following conditions:

D1 > 0, D3 > 0, D1D2 – D3 > 0,
where D1 = –(b11 + b22 + b33),

D2 = b11b33 + b11b22 + b22b33 – b23b32 – b12b21 – b13b31,

D3 = b11b23b32 + b12b21b33 + b22b13b31 – b11b22b33 – b12b23b31 – b13b21b32.

In the case of velocities u ≥ ap, we have expressions of the form
2

0 0
0 0 13

0
11 12  0,,  ( ),  T Tr r TB Bb Q r T b

I u
b

I a
∂ ∂

= −
∂

== −
∂

{ }2 2 20
0 021 22 3 3

1,  4 (3 ) 3 sin 2 ,  
2 8

TT kb a b p k T N a p h ba
m u pm
∂  = = − + α − − ξ ∂

31
3

23
1 2 sin c ,os 2   ,

4
0bb ba

pm
 = λ ξ =ξ +



St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 3

24

3 3
232 33

1 1( sin cos 2 ),  cos sin 2 .
2 2

b ba b ba
pma pma

 = − λ ξ − ξ = λ ξ − ξ 

In the case u < ap, only the coefficients change and the expressions take the form

2
0 0 0

0
0 0

011 122 2 2 2 2 2

2 2,  ,T Tr r T r TB B ub Q r T b
I u I aa p u a a p u
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0
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8

T ub p k T N a p h ba
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where 2 2 2
1 3 3 2

( 3 3 ),TB u N a p
u

∂
= − α − α − α

∂
 2

32
6 ,TB N uap

a
∂

= α
∂

 36 ,Tk u
u

∂
= − α

∂
 Q = dM(u/r0)/du.

Calculations

To obtain information on the effect of cubic NPE on the dynamics of mixed forced, paramet-
ric and self-oscillations, calculations were performed using the following parameter values:

ω0 = 1 s–1, b = 0.686 N·cm–1, λ = 0.196 N, k0 = 0.196 N·s·cm–1, T0 = 4.9 N,

α1 = 0.84 s·cm–1, α3 = 0.18 s3·cm–3, r0 = 1 cm, I = 9.8 N·S·cm2.
When calculating the amplitude for the linearization coefficient kT, the number N̅3 = 3/4 was 

used, which is obtained with the linearization accuracy parameter value r = 1.50. For the linear-
ization coefficient BT, the number N2 = 3/5 (r = 0.65) was used. The quantities in the figures and 
in the text below are normalized.

Fig. 2 shows the frequency response curves a(ν) obtained by calculations based on 
Eq. (7). The horizontal lines labeled aa correspond to the amplitudes of self-oscillations arising at 
velocities u = 1.14 and 1.20.

a)	 b)

Fig. 2. Frequency response curves at velocities u = 1.14 (a) and 1.20 (b). 
The blue curves are shown for comparison and represent a linear parametric excitation 

of the form xcos(νt). The horizontal lines labeled aa show the level of self-oscillation amplitudes. 
The shaded sectors reflect the slope Q of the energy source characteristic (Q = dM(u/r0)/du) 

and correspond to stable amplitudes (at point A and in other positions)
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The horizontal section on the blue curve (see Fig. 2,a) corresponds to the approximate depen-
dence ap ≈ u = 1.14. The oscillations are stable for the energy source characteristics whose slope Q 
lies within the shaded sector (Q = dM(u/r0)/du).

The blue curves represent the linear parametric excitation xcos(νt) and are shown for compar-
ison with NPE x3cos(νt). This comparison shows the difference in the effect of linear and non-
linear parametric excitations on the dynamics of the system. The amplitude levels, shapes of the 
excitation curves and widths of the resonance regions differ for these excitations. A difference may 
also be observed in the number of amplitudes at the same frequency. For example, it can be seen 
from Fig. 2,a that the frequencies near point A have three amplitudes under linear excitation, and 
four under nonlinear excitation. On the other hand, Fig. 2,b shows that frequencies with more 
than one amplitude are absent under NPE but present under linear excitation.

The solution to differential equations (1) was also obtained numerically. The characteristic of 
the energy source for the solution was taken in the form

0( ) .M M Qϕ = − ϕ 

The slope varied within the range 0 < Q ≤ 20, where the value of Q = 20 corresponds to 
an angle of approximately 87°. As an example, Fig. 3 shows a graph for one of the solutions 

obtained for different values of the parameters 
M0, Q, p. The numbers in the frames (in blue) 
were obtained computationally. In the case of 
the solution shown in Fig. 3, the values of the 
parameters M0 = 5.9889, Q = 5 were taken, 
allowing to reach the mode with the average 
angular velocity of the motor rotor φ· = 1.1401 
(Y in the frame in the figure); this mode corre-
sponds sufficiently well to the velocity u = 1.14. 
The value a ≈ 0.991 was obtained for the ampli-
tude (Y in the frames), close to the value of 1.07 
obtained by solving Eq. (7).

We also analyzed the influence of the param-
eters M0, Q, characterizing the energy source, 
on dynamic processes. As noted above, the solu-
tions of the equations for the cases u ≥ ap, u < ap 
are fundamentally different, and there exists 
some boundary value of the velocity ub separat-
ing these cases. A transition from one state to 
another can happen in the system at the bound-
ary value of the velocity ub. It depends on the 
slope of the energy source characteristic and its 
location relative to the curve of the load on the 
source. The transition takes place at flat charac-
teristics M(φ·) and is associated with the load S(u) 
on the energy source from the oscillatory system, 
depending on function (2), expressed by Eq. (8).

As an example, Fig. 4 shows a graph of the 
above-mentioned transition at certain values of 
motor parameters and energy source characteris-
tic. Given the same slope Q = 0.4986 (the angle 
of inclination is about 26°), a very small (1·10–10) 
difference in the values of M0, equal to 0.

As noted above, the amplitude of stationary 
oscillations at u < ap is determined by the approx-
imate dependence ap ≈ u. Since the load on the 
energy source depends on the amplitude of the 
oscillations, its graphs differ under conditions u 

Fig. 3. Dependences х(t) and φ· (t) for the values 
of the motor parameters M0 = 5.9889, Q = 5.

The data were obtained at p = 1

Fig. 4. Time evolution of the x-coordinate 
and angular velocity of the rotor φ(t) for the 

characteristic M0 = 0.8780994695
(data were obtained at p = 1)
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≥ ap and u < ap. Fig. 5 schematically shows only 
fragments of the curves for the dependences of 
the load S and the torque M on the velocity u, 
over a narrow variation range of u, where the 
transition from point A to point B takes place 
(corresponding to the data in Fig. 4) at a fixed 
position of the energy source characteristic at the 
boundary velocity ub corresponding to point A. 
Different transitions with a description of the full 
load curves for different classes of oscillations are 
described in detail in monograph [1], so they are 
not given here.

In addition to the results presented in this 
paper, differential equations (6) were also solved numerically. The results are not shown here due 
to limitations of space. We only note that the results of these solutions are in good agreement 
with those for Eqs. (7).

Conclusion

As follows from our findings, nonlinear parametric excitation has specific characteristics com-
pared with linear parametric oscillation, namely:

it significantly changes the shape of the amplitude curves;
it has a considerable effect on the stability of oscillations.
Comparing the results for these excitations, we find for the interaction of an oscillatory system 

with nonlinear parametric excitation (in the case of an energy source with limited power) that a 
number of effects of the same nature occur as with linear parametric excitation. It seems inap-
propriate to describe the nature of these effects here, since they have been thoroughly explored 
in monograph [1].
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