A

St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 3.1
Hay4yHo-TexHnuyeckune segomoctu Cr6rmy. dusnko-matemaTnyeckne Hayku. 18 (3.1) 2025

THEORETICAL PHYSICS

Conference materials
UDC 530.145.83
DOI: https://doi.org/10.18721/IJPM.183.162

Qubit-qubit entanglement in the Tavis-Cummings model
with two independent resonators

A.R. Bagrov 2", E.K. Bashkirov'

tSamara National Research University, Samara, Russia
= alexander.bagrov@mail.ru

Abstract. In this paper, a three-qubit Tavis—Cummings model with two independent loss-
less single-mode resonators is considered. It is assumed that the initial states of the resonator
fields are thermal fields and the qubits are in genuine entangled W- and GHZ-type states. For
the model under study and the specified initial states of the resonator fields and qubits, we
have exactly solved the quantum Liouville equation for the full density matrix. The full density
matrix was used to calculate the entanglement parameters — negativity and fidelity. The com-
puter simulation results showed that in the investigated model, the entanglement for all initial
qubit states breaks down rapidly with increasing intensity of the thermal fields of the resonators
compared to the previously investigated three-qubit models. Moreover, a sudden death of en-
tanglement is observed even for vacuum resonator fields.
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Ky6uT-Ky6MTHOE NnepenyTbiBaHuMe B moaenu TaBuca-KammuHrca
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AnHoTamuga. B paGore paccmaTpuBaeTcsl TpexkyouTHasi mopaeiab TaBuca—KammwuHrca
C IBYyMS HE3aBUCHMMBIMM OTHOMOIOBEIMHM pe3oHaTopaMu 0e3 ToTepb. Ilpemmosaraetcs,
YTO HAYaIbHBIM COCTOSSHHMEM TIOJIC pPE30HATOPOB SBISIOTCS TEIJIOBBIC TOJSI, a KyOUTHI
HaXOmsITCSI B MCTUHHO TIepenyTaHHBIX cocTogHUAX W- m GHZ-tuma. [na ucciemyemoi
MOJAEIM M yKa3aHHBIX HayaJbHbIX COCTOSIHWI IOJIei PEe30HATOPOB U KYyOMTOB HaMU ObLIO
TOYHO PELICHO KBaHTOBOE ypaBHeHMe JIMYBWIUIS Ui IOJHOM MaTpUUbI IJIOTHOCTU. IloHas
MaTpulia IIJIOTHOCTM MCIOJIb30Bajdach [IJis BBIYMCJICHUS IapaMeTpOB MEpPenyThbIBAHUS —
OTPUIATEIBHOCTA W CTETICEHW COBHNaAcHUs. Pe3yabTaTel KOMITBIOTEPHOTO MOIEIMPOBAHMS
TMoKa3ajn, UYTO B MCCIEOyeMOM MOIENM IepelyTaHHOCTh IS BCeX HAYaJIbHBIX COCTOSHUM
KyOMTOB OBICTPO pa3pylIacTCcs ¢ YBEINUCHNEM MHTCHCUBHOCTHU TETUIOBBIX TTOJICH pe30HATOPOB
10 CPAaBHEHMIO C paHee UCClIeAyeMbIMM TPEeXKyOUTHBIMU MoAeasiMu. bojee Toro, maxe mis
BaKyyMHBIX I10JIeii pe30HATOPOB HabmogaeTcs: 3(Pp(PeKT MTHOBEHHOI CMEPTH IepenyThIBaHU.
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Introduction

Multiqubit genuine entangled qubit states are the foundation for various areas of quantum
technology [1, 2]. In particular, entangled qubit states are used in quantum computers. The
elementary cells of any quantum computer are so-called gates, which allow the performance of
various operations on qubits, i.e., the building of various quantum algorithms. Descriptions of
physical realizations of two- and three-qubit gates can be found, for example, in [3]. The increased
interest in three-qubit systems is explained by the fact that they can be used for the creation of
universal three-qubit gates of the Toffoli or Fredkin type, which can significantly simplify codes
of quantum error corrections and will allow the creation of more complex quantum algorithms
for solving various problems. Despite the large number of experimental and theoretical works
devoted to the study of entangled states, many aspects of the entanglement, especially in the case
of multiqubit systems, need further detailed study. One of the serious problems arising when using
entangled states in quantum information processing problems is the inevitable degradation of
entangled states and the sudden death of entanglement [4, 5]. These effects have been studied in
detail in various two-qubit systems, and much less work is devoted to the study of sudden death
of entanglement with respect to multiqubit systems (see refs. in [6]).

In this paper, we study in detail the dynamics of qubit entanglement for a three-qubit model in
which three qubits are trapped in two independent resonators and interact with the corresponding
mode of the resonator field via single-photon processes. For the model under study we have
solved exactly the quantum Liouville equation for the full density matrix describing the “three
qubits+two modes of the resonator field”. This density matrix was used to calculate the fidelity,
the negativity criterion, and to analyze the dynamics of qubit entanglement.

The Tavis—Cummings model and its solution

In this work, the dynamics of entanglement of three identical qubits Q,, Q, and Q, are
investigated. Qubit Q, is trapped in the resonator a, qubits Q, and Q, are in the resonator b.
Qubits resonantly interact with the quantum thermal field mode of their ideal resonator via single-
photon processes. The interaction Hamiltonian of the model under study in standard notations
and approximations is written in the following form

Hy, =ty(05,6+05 8" +0pn+0p1" +6n+a517), (1)

where o, =|+),{~| and o] =|-),{+| are the transition operators between the excited |+), and
the ground |-), states in the /-th qubit (/= Q,, 0,, Q,), &(nt) and &(n) are the creation and the
annihilation operators of the photons in the mode of the resonator a(b), y is the qubit-photon
coupling.

As the initial state of the resonator field, we choose a thermal states with a density matrixes
of the form:

or =3 p, 1), |, 9,0 =3 p, [n,)n, |, )
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Here, there are weight coefficients p, =

(n),"
(1 < > )n+1’

photons in the i-th resonator (i = a, b), T’ is the cavity temperature. Let the initial states of qubits
be the W-states, such as

1 )
(n); =——1= is the mean number of
e i/ KpLi _1

[ W1(0)) 0,0, =€080]+,+,—) +sinOsin@|+,—,+) +sinOcos | —,+,+), 3)
| W,(0)) 0,0, =€080 | —,—,+) +sinOsin @ | —,+,—) +sinBcos | +,—,-), “4)

or GHZ-state
|G(0)) =cosd|+,+,+) +sin¢|—,—,-). (&)

Here 0, ¢, and ¢ are the parameters that determine the initial degree of qubit entanglement.
We derived the solutions of the quantum Liouville equation for the whole density matrix
0,05, Of the considered system with Hamiltonian (1) and the indicated initial states for the

qu%its and the resonator field (2)-(5)

_0p
in ngth3FﬂFb - |:HI”’ ’SOQIQZQSFuFb :| (6)

Even compact solutions for the quantum Liouville equation (6) look too large and for this
reason are not presented in this paper to save room.

In this paper, our focus was on two parameters of entanglement: pairwise negativity &, 0, (2)
and fidelity F(y?). The fidelity is written as follows [7]: F[(0), go(t)] Tr[ p(0)' (1) ], where
$2(0) = ©,,0,0,(0) is the initial three-qubit density matrix, g (t)= £00,0, (1) is the three-qubit density
matrix at subsequent time instants 7. The three-qubit density matrix can be obtained from the full
density matrix by averaging over the field variables of the two resonators ©g0.0. =17 17 £4,0,0.r 1, -

We define the negativity €5, (v?) in a standard way [8]: €gp = 227»,,j, where A, are the
negatwe eigenvalues of the two- qubit density matrixes partlally transpgosed in variables of one
qubit go .To calculate the negativity of two qubits, we need to compute a partially transposed

reduced two-qubit density matrix over the variables of one qub1t @QQ, whose elements are
defined as follows via the two-qubit density matrix (p,,m,|@,, Q, ki1, > (kl,m 1900, |Pis1;), where
| p),|m).|k),|I)=|+),|]-) and two-qubit density matrix @, =Ty £p00 (i:/,x=12,3;i# j#x).

Results and Discussion

The results of computer modeling of the pairwise negativities €, 0, (v?) and fidelity F(yr) for
initial qubit W-state (3) and thermal field (2) are shown in Fig. 1. Figures represent the behavior
of negativities calculated for various mean photon numbers (n) with the initial parameters
0 =arccos(l/ x/L =n/4. In Fig. 2, we plot the fidelity for the initial qubit GHZ-state (5) and
thermal field (2) in the model (1) and model “three qubits in common resonator” with the initial
parameters ¢=m/4.

The following conclusions can be drawn from the presented figures. From Figs. 1 and 2, we
can clearly see that the maximum degree of entanglement decreases monotonically with increasing
intensity of the thermal fields of the resonators () for any initial states of qubits (3)-(5). From the
comparison of Fig. 1, aand 1, b, we can conclude that the Q, and Q, qubits are more robust to the
thermal noise of the resonator than the Q, and Q, (or Q, and Q,) qubits. Moreover, the maximum
entanglement degree of qubits Q, and Q, can exceed the initial pairwise entanglement of qubits
€00, = (\/g —1)/3 for the W-states (3)-(4). Moreover, from Fig. 1, a and Fig. 1, b we can clearly
see that at some moments of time negativity takes zero values (a (yt)=0). Th1s suggests the
presence of an sudden death effect of entanglement qubits for the W- state (3) even in the case of low
intensities of the thermal fields of the resonators (n,) =(n,)=0.001. The entangled W-type states
(3)-(4) behave identically and for this reason the plots for the W-state (4) are not given. An analysis
of the behavior of the fidelity (see Fig. 1, ¢ and Fig. 2, a) shows that the initial genuine entangled
Wh-states (3)-(4) or GHZ-state (5) never return to the initial states during the evolution process.
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Fig. 1. The negativity &5, (vf) (a, b) and fidelity F(y?) (c) as functions of the scaled time vz for

the initial W-state of the form (3). The mean number of photons: (n,)=(n,)=0.001 (black solid

line), (n,)={(n,)=0.2 (red dashed line), (n,)=(n,)=05 (blue dotted line). Initial parameters:
0 = arccos(1/+/3), ¢ = /4
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Fig. 2. The fidelity F(yf) as a function of the scaled time vy7 for the initial GHZ-state of the form (5)

in the model (1) (a) and in the model “three qubits in common resonator” (b). The mean number of

photons: (n,)=(n,)=0.001 (black solid line), (n,) =(n,)=0.2 (red dashed line), (n,) =(n,) =0.5 (blue
dotted line). Initial parameter: ¢ =n/4

Thus, the initial entanglement is completely destroyed even in the case of the vacuum field of
the resonator ((n) —0). From the comparison of Fig. 2, a and Fig. 2, b, it can be seen that the
entanglement of qubits in the model with three qubits in a common resonator is more robust
to the thermal noise of the resonator than the model studied in this paper. A similar result is
obtained for genuine entangled W-type states (3)-(4) (see refs. [9]).
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Conclusion

Thus, in this paper we have exactly solved the quantum Liouville equation for the three-
qubit Tavis—Cummings model in which one of the qubits Q, is in the resonator @, and the two
remaining qubits Q, and Q, are trapped in the second resonator b. It is assumed that all qubits are
identical and their coupling to the field is equal. Our focus was on the genuine entangled Werner
and Greenberger—Horn—Zeilinger states, and the fields of the resonators are in the thermal state.
The computational results show that in the model under study, the genuine entangled states
are quite fragile with respect to the thermal noise of the resonators compared to the previously
studied three-qubit models [9]. We also show, using the fidelity F(yf), that the W- and GHZ-type
states never return to the initial states during evolution, even for vacuum fields of ({n) —>0)
resonators. Moreover, the evolution of the negativity criterion shows that the sudden death of pair
entanglement occurs for both W-states (3)-(4).
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