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Аннотация. Исследованы возбужденные состояния наноразмерных полупроводниковых 

кристаллов СdS с объемным типом легирования. Продемонстрировано, что в их 
спектрах фотопоглощения доминирует гигантский дипольный резонанс. Показано, что 
варьирование высоты потенциального барьера на границах наночастиц может приводить 
к изменению характера коллективной моды от колебаний электронной плотности 
плазмонного типа к режиму размерного квантования, в зависимости от размера частицы 
и числа свободных носителей заряда.
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Introduction
The advances in nanoelectronics in recent decades have led to an interest in creating funda-

mentally new materials, whose properties differ from those of the corresponding bulk compo-
nents. A burgeoning field is quantum plasmonics, which includes the study of interaction between 
electromagnetic radiation with matter at the nanoscale [1–7]. Doped semiconductor nanocrystals 
show promise in this field [4, 8–13].

A characteristic feature of such nanoscale systems is the presence of dipole resonances in their opti-
cal spectra. The position of the resonance line in the spectra of semiconductor nanoparticles depends 
on a number of parameters, in particular, on carrier density, properties of the medium and doping type, 
which can be generally defined as surface or bulk [8, 14–17]. In the first case, free carriers are injected 
into the bulk of the semiconductor nanoparticle by donors located on its surface [18, 19], and in the 
second case, the charge density of free carriers is distributed over the entire bulk of the crystal and is 
neutralized by the dopant charge [8, 10, 14, 17]. The difference in doping methods produces a signif-
icant difference in the behavior of the dipole resonance mode excited in semiconductor nanoparticles.

As shown in [20–22], the specifics of the electronic configuration of nanocrystals with surface 
doping [18, 19] is that only angular degrees of freedom are excited in the collective dipole mode 
upon interaction with an external electromagnetic field, while the electron motion in the radial 
direction does not occur and the electrons oscillate tangentially relative to the boundary of the 
system inside a relatively thin spherical layer.

In the case of bulk-doped semiconductor nanoparticles [12, 15–17], the dipole plasmon can 
be described in the adiabatic approximation [23, 24] by a model of harmonic oscillations of an 
entire system of delocalized electrons relative to the center of the positively charged core, in the 
direction normal to its surface.

It was found in [20, 21] that due to the peculiarities of the electronic structure of surface-doped 
nanocrystals, the frequencies and oscillator strengths of their plasmon modes are almost com-
pletely determined by the contribution of correlated excitations from a single dipole transition 
between single-particle HOMO and LUMO levels, which made it possible to describe the optical 
properties of such systems within a simple two-level model [21, 25].

The situation is different for bulk doping. Evidently, for theoretical description of the collective 
excited state, it is necessary to take into account the contributions of at least two single-particle 
channels connected by correlation interaction. On the other hand, the interaction of the har-
monic mode with the surface of the nanocrystal in the presence of a potential barrier between 
the semiconductor particle and its dielectric medium leads to splitting of the resonance line into 
several separate modes [25].

The optical characteristics of nanoscale semiconductor crystals with various types of doping 
are considered in [17], demonstrating that the spectra of dipole excitations in such systems show 
a transition from size quantization with a small number of free carriers to plasmon oscillations 
with an increased number of free charge carriers. Additionally, it is also established in [25] that 
regardless of the doping approach used, the optical spectrum of nanoparticles is dominated by 
the resonant dipole mode whose nature depends both on the dimensions of the system itself and 
by the type of doping and its degree, i.e., the number of delocalized charge carriers. In this case, 
the transition from the size quantization mode to classical plasmon oscillations of the electronic 
system occurs both as the number of electrons increases and as the geometric dimensions of the 
system increase. The very nature of plasmon oscillations, depending on the degrees of freedom 
involved, can vary from the translational type, where the electron cloud moves in the direction 
normal to the surface of the system, to the collective rotational mode, where only angular degrees 
of freedom are excited, while motion in the radial direction practically does not occur.
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The goal of this study is to investigate the dependence of many-particle excited states in the 
electronic system of bulk-doped semiconductor nanocrystals on the height of the potential bar-
rier at the boundary and on the geometric dimensions of the system, considering the example of 
cadmium sulfide (CdS) crystals.

Our approach is based on a self-consistent quantum mechanical description of many-particle 
excitations in a system of delocalized charge carriers.

Calculations of the ground state of the system were carried out in the local density approxima-
tion (LDA) taking into account the local interparticle exchange interaction by numerically solving 
the self-consistent Kohn–Sham equations [26].

The photoabsorption spectra of nanocrystals of various dimensions were obtained using the 
random phase approximation (RPA) with local exchange interaction (RPAX) [27, 28]. The sys-
tem of atomic units |e| = ħ = me = 1 is used in the study.

Theoretical approach

We consider n-doped CdS nanocrystals with bulk-type doping in a dielectric medium. Let us 
consider an electrically neutral system of fermions coupled by the Coulomb interaction. We define 
negative particles as electrons with an effective mass in the conduction band m*

e. In the case consid-
ered in this paper, the full Hamiltonian Ĥ is the operator of the total energy of a system of N electrons 
interacting with each other via the Coulomb potential V in an external field with the potential Uext(r):

2

*
,

ˆ 1ˆ ( ) ( , ).
2 2

N N N
i

ext i i j
i i i je

H U V
m

′= + +∑ ∑ ∑p r r r (1)

The motion of delocalized electrons within the bulk of the nanoparticle is restricted by the 
boundary of the conduction band near the surface. The external potential Uext(r) restricting the 
motion of delocalized electrons is described as a spherically symmetric potential well whose geo-
metric parameter R is determined by the given dimensions of the nanocrystal, while the positive 
charge under bulk doping is assumed to be evenly distributed throughout the entire volume of the 
system. Thus, the external potential generated by this charge within the framework of the model 
used takes the form of the potential of a uniformly charged sphere with the charge Z = Ne in a 
dielectric medium [17, 25]:

2
2 21

3
1 2

2

2

21 ,     0 ,
2

( )

,                                  ,
ext

Ne r R r R
R

U r
Ne U r R

r

   ε
− + < <    ε ε   = 

 − + > ε

(2)

where U is the phenomenological parameter characterizing the height of the potential barrier at 
the interface between the nanocrystal and the dielectric medium (this height is commensurate in 
order of magnitude with the electron work function from the bulk material of the semiconductor); 
ε1, ε2 are the dielectric constants of the CdS nanocrystal and its dielectric medium, respectively; 
e is the elementary charge.

The Coulomb pair interaction between electrons at points ra and rb is screened as a result 
of polarization of both the semiconductor material itself (indicated by the subscript 1) and the 
medium (subscript 2), so that multipole decomposition of the interparticle interaction potential 
at ri,rj < R can be written as follows:

( ) ( ) ( )
( )( )

*

2
1 2

1 2 1
1 1 2

( , ) ( ) ( ),          
2 1

14 ,
1

L
i j LM i LM j

LM

L
L

i j
L L L

VV Y Y
L

L rre rV
r L L R
<
+ +

>

=
+

 ε − ε +π  = +
ε ε + + ε 

 

∑r r n n

(3)



147

Theoretical Physics

where r>,< are, respectively, the largest and smallest of the radii ri,j; YLM(ni,j) are the spherical 
components of the electron wave function whose position in space is determined by the position 
vectors ri and rj, respectively; L is the total orbital moment of the system.

The interparticle interaction in the ground state of the system is described using the Local 
Density Approximation (LDA) where the single-particle wave functions of electrons ϕi(ri) satisfy 
the self-consistent Kohn–Sham equations [26]:

( )
2

* ( ) ( ) ( ) ( ) ( ) ( ),
2

i
i i ext i H i x i i

e
ii i iU U U E

m
∆

− φ + + + φ = φr r r r r r

(4)

where Ei are the single-particle electron energies; UH(r) is the corresponding Hartree potential; 
Ux(r) is the local exchange potential.

In the case of the system with filled shells, the Hartree potential is written as

( )( ) , ( ) ,H eU V d′ ′ ′= ρ∫r r r r r (5)

where the bulk density of electrons ρe(r) is calculated by summation over all filled single-particle states:

*( ) 2 ( ) ( ).e i i iρ = φ φ∑r r r

The local exchange potentials in the Dirac–Slater approximation Ux(r) were defined as

( ) ( )1/32
1( ) / 3 ( ) / .x eU e= − ε ρ πr r (6)

For spherically symmetric systems with closed electron shells and isotropic angular depen-
dences r(r) and U(r), the cumulative index i denotes

i = (n, l, m, σ),
where n is the radial quantum number; l, m are the angular momentum and its projection; σ is 
the spin projection.

Single-particle wave functions for such systems are written as the product of radial, angular, 
and spin components [29]:

( )( )( ) , .nl
nlm lm

P r Y
rσ σφ = θ ϕ χr (7)

RPAX was used to describe many-electron correlations.
In this approach, the wave function of the excited state kΦ  is represented as a superposition 

of single-particle excitations of the particle–vacancy type [28]:

( )( ) ( )
0ˆ ˆ ˆ ˆ ,k k

k im m i im i m
im

X a a Y a a+ +Φ = + Φ∑ (8)

where 0Φ  is the ground state of the system; â+, â are single-particle creation and annihilation 
operators; Xim

(k), Yim
(k) are the amplitude coefficients for forward-in-time and backward-in-time 

amplitudes, respectively (characterizing the contribution of the corresponding particle–vacancy 
pair to the many-particle excited state kΦ ); the subscripts i, m here and below to denote filled 
and unfilled single-particle states of the electronic subsystem.

The excited states of the many-particle system with filled shells possessing spherical symmetry 
are characterized in the spin-orbit (LS) coupling approximation by the total angular momentum L 
and its projection M, therefore, all single-particle particle–vacancy excitations in superposition (8) 
have the same multipole. To describe the optical properties of the systems considered, it is suffi-
cient to consider only dipole transitions from the ground state 0Φ  to excited multiparticle states 

kΦ  with L = 1, M = 0.
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The amplitude coefficients X(k) and Y(k) in superposition (8) are determined by solving the 
matrix equation of RPAX:

( ) ( ) ,k k
k= ΩUZ Z (9)

where Ωk are the eigenvalues of the matrix U:
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The elements of Hermitian matrices A, B are expressed in terms of single-particle energies Ei 
and Coulomb matrix elements of interparticle pair interaction taking the form
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with single-particle functions obtained by solving Eqs. (4), where the potential V(r,r’) is deter-
mined from expression (3).

Matrices A and B relate the single-particle excitations within the electron system:
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where ωim = Em – Ei, including both direct (Hartree) and local exchange interactions within RPAX:
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while the local exchange potential Ux is determined in accordance with expression (6).
The positive eigenvalues Ωk are the transition energies between the ground state 0Φ  and 

the correlated excited states kΦ  (8). The energy spectra of excited states obtained by solving 
Eqs. (9) and (10) and the corresponding wave functions allow to describe the processes associated 
with excitation of the system by various external perturbations. In particular, the response of the 
system to an external electromagnetic field is determined by the spectrum of dipole excitations. 
The oscillator strengths fk for dipole transitions between the ground and the kth excited state are 
described by the formula

* 22 ,k m k kf m D= Ω (15)

and satisfy the Thomas–Reich–Kuhn sum rule, i.e., k kf N=∑ .
The dipole matrix elements Dk (in the length calibration) are calculated by summation over all 

single-particle excitations:

( )( ) ( ) ,k k
k im im im mi

im
D X d Y d= +∑ (16)

where dim = <i|z|m> are the single-particle dipole amplitudes for the particle–vacancy pair, and 
the amplitude coefficients X(k) and Y(k) are normalized by the condition
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Results and discussion

This section discusses the calculation results for dipole excitation spectra of spherically sym-
metric bulk-doped nanoscale CdS quantum dots containing 8 delocalized electrons, forming two 
closed shells with the configuration 1s22p6 in the ground state in the central field approximation, 
characteristic for such systems. Such a simple system was chosen as an example for illustrating the 
main factors associated with the influence of the potential barrier at its boundary on the spectral 
characteristics of the nanoparticle, aiming to minimize the number of independent parameters in 
the model used. Calculations were performed for different radii R of the nanocrystal and potential 
barrier heights U at its boundary.

Fig. 1 shows the distributions of oscillator strengths calculated by Eqs. (9) and (16), or (which 
is the equivalent for the local exchange potential) by Eqs. (A9) and (A18) (see Appendix It can 
be seen from the graphs for radii R = 1 and 6 nm that spectrum in the limit of ‘free’ systems (at 
U = 0) for both values of R consists of one dominant plasmonic line containing from 90% (at 
R = 1 nm) to 100% (at R = 6 nm) oscillator strengths, which is typical for harmonic oscillations of 
electron density as a whole. It turned out that the results obtained using the complete basis of sin-

gle-particle excitations (denoted as RPAX in the 
graph) are almost identical to the results taking 
into account only two ground-state transitions: 
2p → 3d and2p → 2s (see Eq. (A19) of Appendix) 
over the entire variation range of the barrier 
height. There is a noticeable difference between 
the RPAX spectra, for which each excited state is 
described by linear combination (8) and the line 
distributions of single-particle transitions. This 
indicates a significant contribution of many-parti-
cle correlations to the formation of dipole modes 

kΦ  (see Fig. 1), which have a collective nature.
It was important to establish the influence of 

potential barrier height on the distribution of oscil-
lator strengths in the studied spectra. We found that 
as this height increases, the dominant line of the 
collective mode splits into two distinct components 
and the relative distribution of oscillator strengths 
between them depends on the geometric dimen-
sions of the system. Moreover, as discussed below, 
when a harmonic mode interacts with a potential 
barrier at the nanocrystal boundary, the contri-
butions of single-particle channels 2p → 3d and 
2p → 2s are redistributed between the two observed 
lines of collective modes as the potential barrier 
height increases. In other words, there is a signifi-
cant dependence of the corresponding amplitudes 
Xim

(k) and Yim
(k) on the height of the barrier.

As seen from Fig. 2, the distribution of elec-
tron density in the ground state of the system 
at different radii depends on the height of the 
potential barrier. This naturally leads not only to 
a noticeable shift of the resonant frequencies to 
the right as the height of the barrier increases (see 
Fig. 1), but also to a transformation in the radial 
dependence of the transition density ρ(k)

tr(r). The 
latter is defined for the kth collective mode (8) as

b)

a)

Fig. 1. Energy distribution of oscillator 
strengths for CdS quantum dots with N = 8 
electrons, nanocrystal radii R = 1 nm (a) 
and 6 nm (b), at different potential barrier 

heights (U = 0.0 and 6.0 eV)
Results of exact RPAX calculation (see Eq. (9)) 
are shown by solid lines, results accounting for 
only two ground-state transitions (see Eq. (A19) 
in Appendix) are shown by dotted lines; oscillator 
strengths for these transitions are shown in single-

particle approximation (dashed lines)
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where F is the Fermi level energy of the system, and ϕ(r) are single-particle wave functions (7).
In this case, there is not only a shift in the transition densities following the shift of the elec-

tron density itself to the center of the system, but also a qualitative transformation in their radial 
dependencies. This is most noticeable for a smaller nanocrystal (see Fig. 2, a, b). It follows 
therefore that a change in the barrier height causes a redistribution between the contributions of 
single-particle channels during the formation of the corresponding excited state (8), i.e., the ratios 
between the amplitudes X(k) and Y(k) change significantly. Clearly, this concerns the redistribution 
between the contributions of single-particle channels 2p → 3d and 2p → 2s. Importantly, in the 
absence of a barrier for modes with the frequency Ω1, the maximum transition density is observed 
near the interface. This is typical for surface plasmon modes where electron density fluctuations 
occur in the direction normal to the boundary. On the other hand, a significant part of radial 
density of the transitions is distributed over the bulk of the system for oscillations with the fre-
quency Ω2, which is typical for excited states in which rotational degrees of freedom make the 
main contribution [21, 22, 25].

As seen from Fig. 1, these modes are practically absent in the spectrum of excited states at 
U = 0 and the dominant line corresponds to almost 100% of the oscillator-strength sum. This 
indicates that electron density fluctuations in free nanoparticles exhibit the behavior of a surface 
plasmon harmonic mode. On the contrary, as follows from the graphs in Figs. 1 and 2, b, d, two 
dominant lines with the frequencies Ω1 and Ω2 are clearly observed in the presence of a potential 
barrier at the nanoparticle boundary in the spectrum of its dipole excitations, where almost the 
entire sum of the oscillator strengths is also concentrated. The maximum distribution of the tran-
sition density near the surface, characteristic for surface plasmon oscillations, is already observed 
for the frequency Ω2, while a significant part of the transition density for Ω1 falls on the internal 
volume of the system; this is especially pronounced for particles with smaller radii (at R = 1 nm).

c)	 d)

a)	 b)

Fig. 2. Spatial distributions of electron density for ground state 
of CdS quantum dots with N = 8 electrons, nanocrystal radii R = 1 nm (a, b) 

and 6 nm (c, d), at potential barrier heights U = 0.0 eV (a, c) and 6.0 eV (b, d)
Radial density distributions of dipole transitions corresponding 

to RPAX spectral lines with frequencies Ω1 and Ω2 are also shown
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For more detailed analysis of the influence of potential barrier on the dipole spectrum of the 
nanoparticles studied, we considered the dependences of oscillator strengths (8), frequencies, 
and amplitudes Xim

(k) and Yim
(k) of collective modes, determining the contributions of individual 

single-particle excitations to the correlated excited state within of RPAX, on the magnitude of U 
at different geometric dimensions of the system. The absolute value of the backward-in-time 
amplitude Yim

(k) for the single-particle ground-state transition, describing the contribution of cor-
relations in the ground state and generally comparable in order of magnitude to the corresponding 
forward-in-time amplitude Xim

(k) for collective modes, was chosen as one of the criteria for evalu-
ating the plasmonic behavior of the excited state considered [25, 30].

Figs. 3–6 show the results of calculations performed for nanoparticles with radii R = 1, 4, 6 
and 8 nm.

Excited states in nanocrystals of radius R = 1 nm. The graphs in Fig. 3 show that the oscillator 
strength of the excited state oscillator with the transition frequency Ω1 ranges from 88 to 96% of 
the sum rule for relatively small heights of the potential barrier U, while the contribution of the 
mode with the transition frequency Ω2 remains negligible up to U = 2 eV, which is consistent with 

the data in Fig. 1,a, where a single line is 
observed in the RPAX spectrum. Rapid 
growth of the second spectral compo-
nent begins above 2 eV; the oscillator 
strength of this component reaches the 
magnitude of the first one at U ≈ 3.5 eV, 
after which the line with the frequency Ω2 
starts to dominate. At U ≈ 8 eV, oscillator 
strengths of the two dominant modes are 
virtually unchanged and correlate as

( ) ( )1 2/ 70 / 30,f fΩ Ω ≈

which is typical for excitations with domi-
nant angular and radial degrees of freedom, 
respectively [21, 22]. The frequencies of 
both dipole excitations Ω1 и Ω2, as well as 
the energy differences of single-particle lev-
els, increase with increasing barrier height, 
which is observed in Fig. 1,b. At the same 
time, the oscillator strengths of single-par-
ticle transitions 2p → 3d and 2p → 2s 
remain virtually unchanged over the entire 
range of U values considered, suggesting 
that the redistribution of oscillator strengths 
(16) is related to the correlation interac-
tion between these channels. This conclu-
sion is confirmed by the behavior of the 
dependences of the amplitudes X2p–3d

(k) and 
X2p–2s

(k) for modes Ω1 and Ω2 (respectively) 
with increasing barrier height. It turned out 
that the main contribution to the excited 
state with a higher frequency Ω1 is made 
primarily by the 2p → 3d channel at U ≈ 0, 
while the contribution of the 2p → 2s chan-
nel 2 is relatively small. As the potential 
barrier increases, the amplitude ratio begins 
to change rapidly, so that correlation mix-
ing of channels occurs, their contributions 
become equal at U ≈ 2.5 eV, after which 
the component 2p → 2s dominates.

c)	 d)

a)	 b)

Fig. 3. Dependences of main quantities on potential 
barrier height U for CdS quantum dots 
with N = 8 electrons, radius R = 1 nm:

frequencies of main collective excitations and energies 
of single-particle transitions (a); oscillator strengths (b); 
forward-in-time amplitudes Xim for dominant single-

particle components for excited states 
with frequencies Ω1 (с) and Ω2 (d). 

Insets: dependences of backward-in-time amplitudes Yim on U
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The situation is reversed in the case of low-frequency excitation (with Ω2): at first, the main 
contribution to the oscillator strength is made by the 2p → 2s channel, but these oscillations still 
remain practically unexcited at U ≈ 0, followed by rapid increase in both the oscillator strength 
and the amplitude of the 2p → 3d component, whose contribution begins dominate at U ≥ 2.5 eV. 
Ultimately, at U ≥ 4.0 eV, it turns out that the modes are reversed with respect to the two 
single-particle channels dominant in sum (8) compared to the situation with a free system.

This redistribution of contributions between the main single-particle channels can be explained 
by the example of radial dependences of transition density (see Fig. 2). In the absence of the 
potential barrier, the surface plasmon-type mode is effectively excited, characterized by the distri-
bution ρtr(r) corresponding to the line with the frequency Ω1 and the 2p → 3d channel, where the 
radial component of the wave function P3d(r) has no roots in the bulk of the system. The surface 
plasmon behavior of this excited state is also confirmed by the relatively large absolute values of 
the backward-in-time amplitude Y2p–3d

(1) ≈ 0.20–0.15, characteristic for plasmon modes at small 
barrier heights, as can be seen in the inset to Fig. 3,a. As the barrier further increases, the exci-
tation of electron density fluctuations in the near-surface region becomes less effective, and they 
are replaced by fluctuations with the dominant 2p → 2s channel, where the radial component of 
the wave function P2s(r) has a root and the electron density is more uniformly distributed over the 
volume. The absolute value of the amplitude Y2p–3d

(1) decreases rapidly, which indicates a transi-
tion to a size-quantization mode where the electron density is localized inside a region bounded 
by the surface potential barrier.

Notably, the frequency Ω1 takes values very close to the single-particle energy difference 
of the 2p → 2s channel, while its oscillator strength tends to the corresponding single-particle 

value in the limit of large U (see Fig. 3, a, 
b). These features of frequency behavior 
confirm the transition of this mode from 
collective plasmon excitations to almost 
single-particle in nature.

For the second mode, where the oscil-
lator strength begins to dominate the 
spectrum at U ≥ 4 eV (see Fig. 3,b), its 
frequency Ω2 retains, with increasing U, 
a noticeable difference from the energy 
difference of the channel E3d–E2p, which 
becomes the main one for this mode. 
This suggests that the excitation is cor-
related, but also localized in a potential 
well with the barrier U at its boundary. 
The absolute value of the amplitude 
Y2p–3d

(2) increases markedly with an increase 
in U although it remains smaller than 0.1. 
Thus, a state with the frequency Ω2 can 
be described as collective excitation with 
dominant rotational degrees of freedom.

Excited states in nanocrystals of radius 
R = 4 nm. An increase in the radius of 
the system to 4 nm leads to some changes 
in its spectral characteristics. First, the 
scale of all energies decreases by an order 
of magnitude (see Fig. 4,a). At the same 
time, both the frequencies of collective 
modes and the differences of single-par-
ticle energies of the same single-particle 
channels E2s–E2p and E3d–E2p, making the 
main contribution at R = 1 nm, prac-
tically cease to depend on the barrier 
height at U ≈ 4-6 eV. In other words, 

c)	 d)

a)	 b)

Fig. 4. Same dependences as in Fig. 3 
but for nanocrystal radius R = 4 nm
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the barrier more than an order of magni-
tude higher than the maximum energy of 
a single-particle dipole transition practi-
cally becomes infinitely high for this sys-
tem. Thus, it turns out that the frequen-
cies Ω1 and Ω2 of both RPAX modes dif-
fer significantly from the single-particle 
energy differences over the entire vari-
ation range of the barrier height, which 
means that interparticle correlations play 
a significant role in the formation of both 
excited states.

It can be seen from the dependence of 
oscillator strengths on the barrier height 
(Fig. 4,b) that the oscillator strengths of 
single-particle transitions remain virtu-
ally unchanged both at R = 4 nm and at 
R = 1 nm over the entire range of barrier 
heights U. As for collective modes, in the 
case of the free system at U = 0, there is 
also a single line with the frequency Ω1 
in the spectrum, including almost 100% 
of the sum rule, which is typical for exci-
tations of the classical surface plasmon 
type. As in the previous case, oscillations 
with the frequency Ω2 are practically 
not excited and their oscillator strength 
begins to manifest only with the appear-
ance of the potential barrier. What is 
more, unlike the situation at R = 1 nm, 
the oscillator strength begins to markedly 
increase at small values (U < 0.1 eV) and 
upon reaching U ≈ 7–8 eV, the oscillator 
strengths of both modes take a value of 

approximately 50% of the total value in the sum rule, becoming commensurate. Thus, for the 
case R = 4 nm, the effect of the potential barrier at U ≈ 7–8 eV leads to the disappearance of the 
clearly dominant line in the dipole spectrum of the nanoparticle.

Analyzing the graphs in Fig. 4, c, d allows to draw some conclusions about the distribution of 
contributions of single-particle channels to correlated RPAX states (8). The same as at R = 1 nm, 
the forward-in-time amplitude of the dominant component X2p–3d

(1) exceeds 0.9 for the line with 
the frequency Ω1 in the free system, but when a potential barrier appears, it decreases sharply, 
and the amplitude X2p–2s

(1) starts to dominate at U ≈ 0.5 eV. In this case, the component X2p–3d
(1) does 

not tend to zero (as was the case at R = 1 nm), but retains a finite value of about 0.4, and thus 
the excited state turns out to be mixed based on two channels coupled by correlation interaction. 
The situation is reversed for the other mode with the frequency Ω2: an increase in the barrier 
height leads to an increase in the contribution of the 2p → 3d channel while the finite value of 
the amplitude X2p–2s

(1) is retained.
Let us focus more closely on the dependences for the absolute values of the backward-in-time 

amplitude for the more correlated 2p → 3d channel (see the insets in Fig. 4, c, d). For spec-
tral line 1, the absolute value of the amplitude Y2p–3d

(1) in the absence of potential barrier reaches 
about 0.3, i.e., it turns out to be of the same order as X2p–3d

(1). This makes it possible to define this 
mode as surface dipole plasmon with the harmonic frequency Ω1. As the barrier height increases, 
both amplitudes of the 2p → 3d channel begin to decrease rapidly, and mode 1 becomes close to 
size quantization with dominant 2p → 2s component, but with significant correlations between 
the channels.

c)	 d)

a)	 b)

Fig. 5. Same dependences as in Figs. 3 and 4
but for nanocrystal radius R = 6 nm
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The absolute value of the amplitude 
Y2p–3d

(2) for mode 2, whose oscillator strength 
increases considerably at U ≈ 2 eV, also 
increases to about 0.2, and since the 
2p → 3d channel is the main one for 
this excitation at U ≥ 2 eV, then, as with 
R = 1 nm, this mode also becomes a cor-
related many-particle state. The relative 
contributions of both excitations to the 
sum of oscillator strengths turn out to be 
equal, and thus none of the modes can 
be described as purely radial or purely 
rotational oscillations.

Excited states in nanocrystals with 
radii R = 6 and 8 nm. Calculations indi-
cate that a further increase in the geo-
metric dimensions of the system leads to 
a number of changes in the spectral char-
acteristics of the nanocrystal under study. 
As the radius R of the system increases, 
the energy of the single-particle levels 
further decreases (Figs. 5,a and 6,a), but 
the corresponding oscillator strengths for 
the ground-state transitions 2p → 3 d and 
2p → 2s virtually do not change com-
pared with the cases R = 1 and 4 nm (see 
Figs. 5,b and 6,b). The relative increase 
in the energy difference between excited 
states in RPAX, the frequencies Ω1 and 
Ω2 as well as the energy differences 
between single-particle levels continues, 
which indicates a further increase in the 
role of interparticle correlations in the 
formation of collective modes (8). As for 

the oscillator strengths of collective modes, the situation turns out to be different compared to 
the results shown in Fig. 3. As seen from Figs. 5,b and 6,b, the potential barrier appearing at 
the system boundary no longer leads to significant redistribution of oscillator strengths of dipole 
modes. Despite the appearance of the spectral line with the frequency Ω2, the contribution of the 
mode with Ω1 (as follows from the data in Figs. 5,b and 6,b) remains dominant, further gaining 
dominance with increasing radius R and reaching large values of U in the limit (about 75% of the 
total value in the sum rule) at R = 8 nm.

On the other hand, as in the situations discussed above, the interaction of the electron system 
with the potential barrier leads to redistribution of the contributions of single-particle channels 
to the collective excited state. The increase in the potential on the surface of the nanoparticle 
still causes a redistribution of amplitudes of single-particle channels Xim

(k) in collective excitations. 
However, the contributions of the transitions 2p → 3d and 2p → 2s remain of the same order over 
most of the entire variation range of U (see Figs. 5, c, d and 6, c, d). Thus, significant interchannel 
correlations in both excited states ensure their many-particle nature both in the absence of the 
barrier and in its presence. Furthermore, it follows from the dependences for the absolute value 
of backward-in-time amplitudes Yim

(k)(U) shown in the insets that the ratio of the coefficients |Y|/X 
turns out to be smaller than or approximately equal to 0.2 for all values of the barrier height U, 
which serves as an indicator of plasmonic nature of both collective modes.

Thus, it can be concluded for the considered system with eight delocalized electrons (N = 8) 
that the appearance of a potential barrier at its boundary at R > 4 nm does not lead to a tran-
sition to the size quantization for any of the modes, while electron density fluctuations retain 
the character of dipole surface plasmons. The same conclusion is can be drawn by analyzing the 

c)	 d)

a)	 b)

Fig. 6. Same dependences as in Figs. 3–5 
but for nanocrystal radius R = 8 nm
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radial dependence of transition density for the system with R = 6 nm (see Fig. 2,d), which has a 
maximum at the outer boundary of the electron density for both excited states in the presence of 
the potential barrier with the height U = 6 eV at the nanocrystal boundary.

Conclusion

We considered the excited states in spherical cadmium sulfide nanocrystals of various dimen-
sions containing 8 delocalized electrons. The interparticle interaction of electrons with each other 
is described by the Dirac–Slater local exchange potential. To account for the correlation effects, 
the random phase approximation with exchange (RPAX) was used to describe the wave functions 
of collective excited states.

It was found for the limit of free systems in the absence of a potential barrier at the boundary 
that a dominant plasmon line with a frequency Ω1 is present in the excitation spectrum. In 
addition, there are two ground-state transitions in the considered systems; accounting for them 
within RPAX yielded results virtually identical to the results obtained accounting for full basis of 
single-particle excitations. The dominant line turned out to be significantly correlated, i.e., it has 
a many-particle nature.

The appearance of a potential barrier at the nanocrystal boundary leads to an increase in the 
second resonant mode with the frequency Ω2. For nanocrystals with the radius R = 1 nm, as the 
barrier height increases, the modes change places and the second mode starts to dominate. This 
effect disappears as the system’s dimensions increase. In particular, for nanocrystals with the radius 
R = 4 nm, with sufficiently large heights of the potential barrier, there is clearly no predominant 
mode, while the first line continues to dominate for larger systems at any height of the barrier.

Furthermore, as the dimensions of the system increase, interparticle correlations gain a more 
prominent role in the formation of the dominant dipole modes.

As for the nature of the excitations, when the system’s radius is less than 4 nm, a transition 
to size quantization occurs for the mode Ω1 with increasing height of the potential barrier. For 
nanocrystals with larger radii, such a transition does not occur for any modes or at any height of 
the potential barrier.

To summarize, we considered the influence of potential barrier height at the boundary and 
the influence of the geometric dimensions of nanocrystals on the nature of excited states in CdS 
nanocrystals containing 8 delocalized electrons and located in a dielectric medium.

However, to validate the obtained dependences and properties of spectral characteristics for 
any such systems, it is necessary to study the excited states of nanocrystals containing a larger 
number of free carriers.

Appendix

Application of two-level model within RPAX

If we assume that matrix elements (12) are real, Eqs. (9) and (10) can generally be rewritten 
in matrix form

( ) ( )

( ) ( ) ,
k k

kk k

    
= Ω     −    

A B X X
B A Y Y

(A1)

and as a system of linear equations:

( ) ( ) ( )

( ) ( ) ( )

  
.

k k k
k

k k k
k

 + = Ω


+ = −Ω

AX BY X
BX AY Y

(A2)

After sequential addition and subtraction of Eqs. (A2), we obtain, respectively, equations of 
the form

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
.

k k k k
k

k k k k
k

 + + = Ω −


− − = Ω +

A B X Y X Y

A B X Y X Y
(A3)
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Expressing the difference (X(k) – Y(k))  on the right-hand side of the first equation in (A3) as

( ) ( ) ( )1( ) ( ) ( ) ( ) ,k k k k
k

−− = Ω − +X Y A B X Y (A4)

we obtain the following equation for the vector (X(k) + Y(k)):

( ) ( ) ( ) ( )1( ) ( ) 2 ( ) ( )k k k k
k

−+ + = Ω − +A B X Y A B X Y (A5)

After premultiplying and postmultiplying Eq. (A5) by the matrix (A – B)–1/2 and using the 
obvious relation

( ) ( )1/2 1/2 1,−− − =A B A B (A6)

Eq. (A5) can be reduced to a more symmetrical form:

( ) ( ) ( )( ) ( ) ( ) ( ) ( )1/2 1/2 1/2 1/2( ) ( ) 2 ( ) ( ) .k k k k
k

− −− + − − + = Ω − +A B A B A B A B X Y A B X Y (A7)

If we introduce new notations

( ) ( ) ( )
( ) ( )

1/2 1/2

1/2( ) ( ) ( )
,

    k k k−

= − + −

= − +

F A B A B A B

Z A B X Y
(A8)

then the matrix equation with respect to the eigenvectors Z(k) takes the form

( ) 2 ( ).k k
k= ΩFZ Z (A9)

Now it remains to determine the normalization condition for Z(k) in accordance with Eq. (17); 
it follows the identity

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 1.k k k k k k k k
im im im im

im
X Y X Y+ − ≡ + − =∑X Y X Y (A10)

It follows from Eqs. (A7) and (A3), respectively, that

( ) ( )1/2( ) ( ) ( ) ,k k k+ = −X Y A B Z (A11)

( ) ( ) ( ) ( )1 1/2( ) ( ) ( ) ( ) ( ).k k k k k
k k

− −− = Ω − + Ω −X Y A B X Y = A B Z (A12)

Thus, according to equalities (A10)–(A12), normalization of the eigenvectors follows 
the expression

( ) ( ) ( ) ( ) ( ) ( )2 21/2 1/2( ) ( ) ( ) ( ) ( ) ( ) 1.k k k k k k
im im im im k im k im

im im im
X Y X Y Z Z−+ − = Ω − − Ω =∑ ∑ ∑A B A B = (A13)

We assume that the eigenvectors obtained by solving Eq. (A9) are initially normalized in accor-
dance with the condition ( )2( ) 1k

im
im

Z =∑ , so their elements should be subsequently renormalized  

to satisfy the requirement

( )2( ) 1.k
im k

im
Z −= Ω∑ (A14)
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In turn, this transforms expression (16) for the oscillator strengths as follows:

( )( )1/21/2 ( ) ,k
k k im

imim
D d−= Ω −∑ A B Z (A15)

where the elements of the vector Z(k) are normalized by unity, i.e., |Z(k)| = 1.
Now, after considering the general case, let us examine the special one, when the interpar-

ticle exchange interaction is described in the local density approximation, for example, using 
local exchange potentials (6) and (14). In this case, the elements of matrices (12) turn out to be 
equal, namely

,in U mj ij U mn=

and, consequently, the following equations hold true:

2 ,
,        

+ +
−

A B = U
A B =

ω
ω

(A16)

and, thus, expressions (A8) take the following form:

( )
( )

1/2 1/2

( ) 1/2 ( ) ( )

2 ,

.k k k−

= +

= +

F U

Z X Y

ω ω ω

ω
(A17)

In turn, the oscillator strengths (A15)	  are now expressed in terms of the elements of the 
eigenvectors Z(k) as

1/2 1/2 ( ).k
k k im im im

im
D d Z−= Ω ω∑ (A18)

Thus, applying the RPAX equation in the form (A9) taking into account expressions (A17)allows 
to reduce the dimension of the matrix by two times compared to the initial expression (10), but 
unfortunately, this makes it impossible to independently analyze the contribution of the forward-
in-time and backward-in-time amplitudes to superposition (8) characterizing the many-particle 
excited state.

If the dominant contribution to superposition of single-particle excitations (8) is given by only 
two ground-state transitions, conventionally denoted by the subscripts 1 and 2, the matrix equa-
tion (A9) takes the form of a system of two linear equations:

( )( ) ( )

( ) ( )( )

1/22 (1) (2)
1 1 11 1 2 12

1/2 (1) 2 (2)
1 2 21 2 2 22

2 2 0,

2 2 0,

U Z U Z

U Z U Z

 Ω −ω ω + − ω ω =

− ω ω + Ω −ω ω + =

(A19)

where ω1, ω2 are the frequencies of the corresponding transitions and the condition U12 = U21is 
satisfied for matrix elements.

The condition that the determinant of system (A19) be equal to zero implies a second-order 
algebraic equation with respect to the squared frequencies of collective excitations Ω2:

Ω4 + bΩ2 + c = 0, (A20)

where

( )( )
( ) ( )( )

2 2
1 2 1 11 2 22

2
1 2 1 11 2 22 12

2 ,

2 4 .

b U U

c U U U

= − ω + ω + ω + ω

= ω ω ω + ω + −
(A21)
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It is easy to verify that in the limiting case of non-interacting particles at

( )2 2 2 2
1 2 1 2 0,  and  ijU b c= − ω + ω = ω= ω

we obtain the following trivial solution:

( ) ( )2 12 2 2 2 2 2
1,2 1 2 1 2 1 2

2

1 4 .
2

ω Ω = ω + ω ± ω + ω − ω ω =   ω  
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