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AnHoTanusa. B paboTe mpencraBieH HOBBIM METOJ PELIeHUs 3aJa4d BBIYMCICHUST alipuoOpU
HEU3BECTHBIX M HE TOIIAIOIITIXCS IIPSIMBIM U3MEPEHUSIM ITapaMeTPOB, BXOISIINX B COCTaB CUCTEM
mnddepeHINATEHBIX YPaBHEHNI, aIeKBATHO OTTMCHIBAIOLINX UMEIOIINECST 9KCIIEPUMEHTAIbHBIC
IaHHBIC, HO HE MMEIOIINX aHAJIMTUUYECKO (DOpMBI pellieHUs. 3agadyd TaKOro poia HepemKo
BCTpEYAIOTCs NpU (PU3MYECKUX MCCIIEIOBAHUIX TTOJIYIIPOBOIHMKOBBIX MAaTePUAIOB, a TAKXKE B
2JIEKTPOHUKE, OMopU3NKe U MeAULIMHCKON (u3uke. HoBu3Ha 3akitouaeTcs B MpeasIOXKEeHHO
HUIee YMCICHHOro pacyeTa YaCTHBIX MPOM3BOAHBIX, YTO MO3BOJIMIO MPUMEHUTD IS PELIESHUS
TaKoil 3amauyd MeTOH HeJIWHEHHOW ammpokcuMmauuu JleBeHOepra — Mapksapara. Ha
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KOHKPETHBIX IpUMepaxX IMOKa3aHO, YTO ITOTPELIHOCTh BBIYMCICHMS 3HAUYCHUN IapaMeTpOB
OKa3bIBaeTCs HE 0OJblIE MOTPEIIHOCTH 3KCHEPUMEHTATbHBIX TaHHBIX.

Kmouesbie ciaoBa: oOpaTtHas 3aaayva, cucteMa nuddepeHInanbHbIX YPaBHEHUI, KOCBEHHbIE
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Introduction

Systems of ordinary differential equations (ODEs) with solutions in the form of periodic nonlinear
undamped oscillations are widely used for mathematical modeling of physical, chemical and bio-
logical self-oscillatory processes [1—4, 10]. Generally, the argument in these solutions is the time .

Real processes in living and nonliving matter commonly include a large number of separate
subprocesses or stages, often incredibly complex, especially in complex processes of current flow
in semiconductor materials [10] or biological processes [3—6, 13]. Ideally, their model descrip-
tion should include a large number of related variables, which complicates the analysis, leads to
ill-posedness of models and instability of model solutions, typically obtained numerically, since it
often turns out that analytical solutions to such models do not exist.

In view of the above, models have to be simplified for clarity and stability, the number of
variables is reduced; some unimportant reactions (as judged by the researchers) are neglected and
others are combined into sets to quantify (albeit incompletely) the influence of those numerous
reactions that do not determine the overall qualitative course of the given process.

To preserve the quantitative adequacy of simplified models that include such combined reaction
sets, it is necessary to correctly define their rate coefficients acting as de-facto fitting parameters.

Notably, even the rates of individual biochemical reactions or the values of some parameters of
new semiconductor materials are also known quite approximately; the data from different authors
vary greatly.

Models can include unknown or ill-known parameters. It would be optimal to be able to cal-
culate and refine their values to obtain new quantitative physical information.

If the variables that make up the solution of the ODE system are measured experimentally,
it becomes possible to calculate unknown parameters to compare computational and experi-
mental model results. Such an inverse problem of the ODE system can become the basis for
indirect experimental measurements, when unknown parameters cannot be measured directly
but can be calculated through a known relationship (model) with other measurable quantities
and/or variables.

The goal of this paper is to develop a procedure for solving such an inverse problem and test it.

Problem statement

In general, the problem is formulated as follows. Experimental data are available about the variables
u(t), W(t), w(t), ... , measured (with an error) at k points in time 7. There is also a system of ODE:

i = f(t,i,7,W,..,a,b,c,...)
v =g(t,i,v,W,...,a,b,c,...)
; (1)

W= h(t,i,v,W,...,a,b,c,...)
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with N components of the solution

>

u(t,a,b,c,...),v(t,,a,b,c,..),w(t,a,b,c,...),....

It is assumed that system (1) has no analytical solution and that the components of solution (1)
can only be found numerically.

Let us also assume that these components can adequately match the experimental data, denoted
below as

= (8., = V(1) %, = W(,)....

Let the initial conditions of all equations (1) be set at the conditional time origin 7;; then the
ODE system (1) is the Cauchy problem. It is required to find unknown numerical values of the
parameters a, b, c, ... included in system (1), minimizing the functional of sums of square devia-
tions of the solution components in system (1) from the corresponding experimental data:

k k
S =>li(t,a,b,c,..)—u,T + Y [¥(t,a,b,c,..)—v,] +
i=1 i=1
(2)

k
~ 2 .
+> [W(t,a,b,c,..)—w, ] +... > min.

i=1

The number of sums in the functional § is equal to n, the number of those variables of
system (1) for which experimental data were obtained.

Notably, it was found in the course of this study that it is unnecessary to obtain the experi-
mental data for all N variables of system (1). Data on a smaller number of variables n < N, and
often only on a single variable is sufficient to calculate the parameters with acceptable accuracy.

A problem similar to the one formulated in this section was posed earlier in [5] for the model
of the Belousov—Zhabotinsky reaction [6]. The experimental data in [5] were modeled by solv-
ing a direct problem; no additional model error was introduced in these data. The parametric
search for the minimum S was carried out in [5] using the Hooke—Jeeves method [7], which is a
variant of the coordinate descent method [9]. The method is direct, so that inverse problem (2)
was actually solved by searching over solutions to direct problem (1). For such methods of
solving inverse problems, convergence is guaranteed only in a very small neighborhood of the
minimum; it is also characterized by long calculation times and low accuracy of the results. The
calculation accuracy for three reaction rates given in [5] turned out to be rather unsatisfactory:
12, 14, and 420%.

Algorithm for solving the problem

An alternative method is proposed in this paper to find the parameters minimizing functional
(2), which is close in theory to the Levenberg—Marquardt nonlinear approximation method [11],
including elements of gradient descent along with preconditioning and regularization.

Since solution (1) exists but the analytical form of its components

u(t,a,b,c,..),v(t,a,b,c,..),w(t,,a,b,c,...),...

remains unknown, we are forced to assume a nonlinear dependence of the components on the
parameters a, b, c, ... . Therefore, to find the latter, it is advisable to apply one of the methods
for nonlinear minimization of the functional S.

All such methods are based on linearization of deviations

u(t,a,b,c,..)—u;v(t,a,b,c,.)—v;w(t,a,b,c,.)—w; .., etc.

of relatively small increments of the parameters da, db, dc, ... .
Let us assume that a certain initial set of parameters is known from physical considerations:
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ay,b,,Cy,... = Py-

Here it makes sense to immediately try to solve system (1) with the initial parameter set p,,
calculate the relative residual of the form

k k
. D it a0, by, )=, T D [9(t,,a0,by,C00e) =V, T
— )=l 4=l
n 2 2

Po = +
. 12 (3)
D [W(t,,a9, by, Cope) = W, T

+ i=1

+...

and compare it with the relative experimental error p.

If it turns out that p, = p, we can assume that the required parameters were found. However,
this is generally not the case, and p, > p. If the value of p, is excessively higher than the value
of p, it is worthwhile to refine the initial set by trial and error, varying a,, b, c,, ... , finding p,
from expression (3) and comparing the values of p, and p.

We should note that the time dependences of some components of solution (1) often take the
form of a sequence of narrow pulses with a large duty cycle. Practice shows that reliable conver-
gence is guaranteed when the pulses of solution (1) overlap with the corresponding experimental
data by at least 10%.

Next, we expand the deviation in the ith position:

u(t,,a,,b,,c,,...)—u;v(t,,a,,by,¢y,...) —v;; W(t,,a,,b,,¢,,...) — W;; 4)

in the vicinity of a,, b, c,, ... into a Taylor series with respect to increments of parameters da, db,
de, ..., retaining only the linear terms of the expansion:

2
k ~ ~
5= {ﬁ(ti,ao,bo,co,...)—ui+au(ti)| da+a”(;gi)| db+..1 "
i=1

i= a |Po |Po

)

a

Po

2
+[v(t,.,a0,b0,c0,...)—v,. + da+ava(£f)| db+..1 o (5)
Po

2
+ ﬂz(t,.,ao,bo,co,...)—wi+8W(t”)| da+aw(t")| db+...| +..¢.
da ob |

|Po Po

Thus, problem (2) turns out to be linearized with respect to the increments da, db, dc, ... .
Then, as in the linear least squares method, we should find the partial derivatives

S oS oS
d[da]’ d[db] o[dc]”

9

equate them to zero and obtain a system of linear algebraic equations (SLAE) with respect to the
unknowns da, db, dc, ... :

135



4 St. Petersburg Polytechnic University Journal. Physics and Mathematics. 2025. Vol. 18. No. 2 >
I

A [dal+ A, [db]+ A [dc]+...= A,
A, [dal+ A, [db]+ A, [dc]+...= A,

6
A [da)+ A,[db]+ A [dc]+...= A, ®)
y =Zk: oi(t)| oi(t,)| +6ﬁ(t[)| ov(1,)| +8ﬂ/(ti)| on(t,)| L
” i=l aa |Po ab |Po 661 |P0 ab |Po aa |P0 ab |Po , (7)
o (An N
AaO:—Z outt;) [ﬁ(tl.,ao,bo,co,...)—ul.]+M [V(¢,ay,0y,Cp0-) =V, ]+ p
i=1 aa Po aa Po

The main problem with applying the linearization method to find the parameters of con-
trol systems is that, unlike other nonlinear minimization methods (including the Levenberg—
Marquardt method), it is impossible to calculate partial derivatives in (7) analytically, since it was
initially assumed that system (1) does not have an analytical solution.

In this paper, it is proposed to find derivatives numerically.

Let us define an initial set p, = a,, b, ¢, ..., and initial conditions of system (1) from the exper-
imental data. We solve system (1) numerically and find the components of the solution

u(t,,a,,b,,c,,...), v(t,,a,,by,¢cy,...), ..., etc.

After that, we define a small increment to parameter a,, such that [34| < |g,|, and leave all other
parameters unchanged. Substituting @, + da into system (1) instead of a, we solve it with the
same initial conditions and find

u(t,,a, +90a,b,,c,,...), v(t,,a,+90a,b,,c,y,...) ..., etc.

Next, calculating the relation

u(t,,a,+9da,by,c,,...) —u(t,,a,,by,¢,,...)  Su(t;,a,,by,cy,...)
da da

we obtain a numerical equivalent of the partial derivative

; ®)

aii(ti,a,b,c,...)|

oa »,
Partial derivatives —| for the remaining components of solution (1) are found similarly.
o odly, . o
Then a small increment is given to the parameter 5, and numerical analogues —| , etc., are
found similarly. -

As a result, the problem of calculating all the elements of SLAE (6) is successfully solved.
The solution to SLAE (6) is a vector

dp =[da,db,dc,...].

Ostensibly, problem (2) should be solved iteratively, defining an initial parameter set p,, con-
structing and solving a SLAE (6), finding dp and then p = p,+ dp. After that, it is necessary
to check whether the quantity § in Eq. (2) decreases when p, is substituted instead of p,. If
it decreases, then p, is taken for p, and the next iteration begins: system (1) is solved again,
SLAE (6) is composed, and so on, until the value of .S is stabilized as it decreases monotonically.
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So far, everything seems logical, since we describe the well-known Gauss—Newton method for
finding the minimum. However, we found in this study that this method is basically unsuitable
for solving inverse problems of ODE systems in practice. If this method is used, the value of §
often does not decrease at all when the initial approximation is not sufficiently close to the set of
parameters giving the minimum, and/or when the matrix 4 from SLAE (6) is ill-conditioned [12].

Solving inverse problems of ODE systems by the Gauss—Newton method, generally yields
S(p,) > S(p,) instead of S(p,) < S(p,) at first iteration, and S(p,) often turns out to be much larger
than S(p,). This is because physical considerations often give such a set a, b, ¢, ... that neither
the increments of the parameters da, db, dc, ... , nor the deviations (4) are sufficiently small to
neglect the higher terms of series (5). Then all expressions starting from (5) are, strictly speaking,
incorrect, i.e., do not correspond to the problem. However, all these expressions would corre-
spond to it if the increments da, db, dc, ... were small.

Therefore, we propose, firstly, the same preconditioning procedure with matrix A as in the
Levenberg—Marquardt method [11], called scaling, where matrix A is transformed into matrix R:

Lor, 7.
o L T oo 4

, where Vm,n>0r, =-—2— 9)

T Tw b J4, A4

It is also necessary to recalculate the elements in the column of free terms of SLAE (6):
Vm> 01, = Ay /[ A - (10)
The scaled SLAE replacing SLAE (6) takes the following matrix form
Rz=R,, (11)

and the components of its solution z, (their number is equal to the number of required parameters)
are related to the components of the solution of SLAE (6) by

Ym >0 [dpl, =z, /\[4,. - (12)
SLAE (11) turns out to be much better-posed, and its solution is more stable than that of

SLAE (6).

Secondly, to further improve the well-posedness of SLAE and accelerate the convergence of
the method, we propose, based on the results from [11], to introduce additional regularization:
a positive number p should be added to the diagonal elements of the matrix R (which is positive
definite and whose eigenvalues are all positive). In addition to reducing the condition number
of SLAE (12), introducing the coefficient u, according to Levenberg [11], forcibly makes the
increments of the parameters small.

As a result, instead of SLAE (6), we need to solve the following SLAE:

(R+ 1wz =R, (13)

where [ is the identity matrix.

The quantity p must be refined during the solution of the problem. In the first iteration, it is
recommended to take p = 0.1—0.3.

After composing SLAE (6), converting it to form (13) and finding a solution, we should per-
form inverse scaling of Eq. (12), thus calculating the increments of the required parameters da,
db, dc, ... . Next, we find

p,=p,tdp=a,+da,b,+db,c,+dc,..=ab,c,, ...
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Next, the found values of the parameters a,, b,, ¢, ... are inserted into system (1), solved, and
the residual p, is calculated:

Z[u(tﬂal’bl’cl’ Z[v(tz’al’bl’cl’ )= v]
P :; k +-= k +
2 2V
=1 i=1
12 (14)

k
D [t a,,b,¢5.) =W,

+ i=1

+...

Now we should check whether there will be p, = p. If that is the case, then the required
parameters were found (these are a, b, c,, ...), and the problem was successfully solved.

End of calculations.

If p, > p,, the iteration is not counted, the value of u should be increased (approximately by
1.5 times) and it is necessary to return to the beginning of solution (13). Occasionally, the ratio
p, > p, suddenly appears in the course of calculations after the first iteration. Then the procedure
for increasing p can help restore convergence and stability. If p has reached an excessively large
value (exceeding 2), this indicates an error in the formulation of the problem.

End of calculations.

On the other hand, if p, < p,, but still p, > p, then p, is taken as p, and p, as p,. Then it is nec-
essary to reduce the quantity p (multiplying it by 0.6—0.9) and start the next iteration: construct
SLAE (6) again, etc.

Iterations are carried out until § stabilizes and p, becomes approximately equal to p.

Example solutions of inverse problems of ODE systems

In this section, two well-known models that can be called classical are considered as examples.
The fourth-order Runge—Kutta method with a posteriori error estimation [8, 9] was used in this
work to numerically solve system (1).

Brusselator model of autocatalytic reaction (Model I). The Brusselator model [13] was initially
created by Prigogine and Lefever as a computational experiment, i.e., to find and establish a rea-
sonable physico-chemical mechanism of periodic biochemical reactions. Subsequently, the model
made it possible to study the properties of dissipative structures in various nonlinear systems,
including those of a non-chemical nature. The model does not relate to any specific reaction,
therefore, the values of all rates of the hypothetical intermediate stages of the reaction were fitting
parameters, selected so that the solutions of the model equations exhibited an oscillatory behavior.

The ODE system proposed in the [13] has the following form:

x=a—(b+1)x+x’y;
y=bx-x"y .

The variables x(#) and y(¢) are proportional to the concentrations of the substances participat-
ing in the reaction and can be measured experimentally. The values of parameters a and b were
assumed to be unknown.

The error of the model experimental data for the time functions x(#) and y(#) was taken as
about 5% for this example. The starting approximations for the values of parameters a, and b,
were selected by trial and error. As a result, a, = 1.0; b, = 2.5 were taken. The dev1at10n of x (t)
and y,(7) from the experimental data amounted to 97% (Flg 1, a, b).

The results of the algorithm after 18 iterations are shown in Fig. 1, ¢, d: the found parameter
values were a = 1.09; b = 3.16; the error did not exceed 1.3% (model values of 1.1 and 3.2), which
can be accepted as a good result.
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Fig. 1. Solution of inverse problem of ODE system for model 1
with respect to x(¢) (curves /) and y(f) (curves 2);
the graphs show the experimental data (symbols) and calculation results (lines):
variables calculated from the initial parameter approximations (a); limit cycle plotted from
the experimental data and from the initial approximations (b); variables with optimal values
of parameters and experimental data (c); limit cycles plotted from variables with optimal values
of parameters and from the experimental data (d)

The above example shows that if there is experimental data on the time dependence of the
concentrations of reagents and products of a particular reaction, it is possible to quantify the
rates of the intermediate stages of this reaction (which is the essence of an indirect experiment),
establishing the mechanism of their course based on this.

Oregonator model of periodic reaction (Model III). This model was proposed by Field and Noyes
in [6] and is a good example of the simplified models mentioned in Introduction. It describes the
mechanism of an entire class of reactions such as the Belousov—Zhabotinsky reaction including about
80 different stages. Reducing such a complex reaction to a system of only three equations for the con-
centrations of the principal reagents, the authors inevitably had to subdivide the entire range of inter-
mediate reactions into a small number of complexes with some effective rates; attempts to refine these
reaction rates are still made with varying success [5]. However, the purpose of this example was not
to study the reaction itself but to identify the advantages of the algorithm proposed in this paper com-
pared with algorithms used by other authors to solve the inverse problem of the same ODE system.

The corresponding system of equations takes the following form [6]:

x=a(x+y—qgx’—xy);
y=2hz—y—xy; . (15)
z=(x-2)/2

The initial values of the parameters, selected by trial and error, were:

a,=30.0; g, = 0.005; 1, = 1.0,
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Fig. 2. Example solutions of inverse problem of ODE system (model 1I): experimental
values (symbols) and components of solution of system (15) with initial approximations
of parameters (lines) (a, ¢, e); comparison of components of solution of system (15)
with optimal values of parameters (lines) found with experimental data (symbols) (b, d, f)

The input error of the experimental data was about 5%. The deviation of the initial variables
x,(9), y,(?) and z,(?) from the experimental data was 84% (Fig. 2, a, ¢, e). The results of the algo-
rithm are shown in Fig. 2, b, d, f. After 21 iterations, we obtained:

p, =5.17%; a = 34.6, ¢ = 0.0059; h = 0.758,
the deviations of the parameters from the model values (a = 33.3; ¢ = 0.006; # = 0.75) are no
more than 3.9%, which can be accepted as a good result.

It is important to note that the accuracy of the results obtained by the method for solving the
inverse problem of ODE systems proposed in this paper turned out to be of the same order as
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the experimental data (this is also true for Model I) and significantly exceeds the accuracy of the
above-mentioned results obtained by the direct Hooke—Jeeves method used in [5] for the same
Oregonator model.

Both examples given here show that the presented algorithm for solving the inverse problem
of ODE systems without analytical solutions can yield satisfactory accuracy for indirect measure-
ments of the values of the parameters included in these ODE systems.

Results and discussion

If only one parameter a is unknown in the inverse problem of ODE system, then instead of the
(rather complex) linearization algorithm presented above, it is advisable to minimize the quantity

S = Zk:[ft(ti,a)—ui]z + Zk:[ﬁ(ti,a)—vi]z +Zk:[v~v(tl.,a)— w T +...— min,

using a simpler golden ratio algorithm [9], which, of course, should include the algorithm for
solving system (1). It is common to try to avoid iterative solution of the direction problem by
searching in the solution of inverse problems, due to the duration of the calculation and the unsat-
isfactory accuracy of the solutions obtained. However, in the case of a single unknown parameter,
the golden ratio method combines fast convergence with good accuracy of the parameter value.
On the other hand, the approach proposed in this paper is preferable for two or more parameters,
since the golden ratio method turns out to be unsuitable, and other methods for solving inverse
problems based on repeatedly solving the direct problem by searching over a multidimensional
grid require much time while the accuracy of the results remains mediocre.

There are problems where it is required to calculate not the constant values of the parameters
included in the ODE system but an unknown function f{#), which is also part of ODE system
(1) not related to the components of its solution. Then, if it is possible (for example, for physi-
cal considerations) to represent this function as a dependence on a finite number of parameters
ft, a, b, ...), then the proposed method for solving the inverse problem of ODE system can be
applied and the numerical values of these parameters can be determined as described above.

It should also be noted that the solutions of ODE systems are very sensitive to parameter
values. On the one hand, this complicates the choice of initial parameter values guaranteeing
reliable convergence of the method (however, the preconditioning and regularization included in
the proposed method significantly improve its convergence). On the other hand, such sensitivity
makes it possible to consequently achieve good accuracy in calculating the required parameters
even with noticeable errors in the experimental data.
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