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Abstract. This study continues a series of articles devoted to the operating features of ion-
optical devices with periodic electric power supply and constant homogenous magnetic field,
used in mass spectrometers. It has been shown how the structure of combined ion trap stability
diagram is changed when the trap configuration deviates from the ideal one. The influence
of an angle between the electric field symmetry axis and a magnetic field direction as well as
the influence of the electric field asymmetry on the pattern of stability zones were found. The
results obtained are worthy of use both for estimating the impact of manufacturing defects and
for designing new nonclassical ion traps.
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Annoramusa. JlaHHoe wucciegoBaHUE TIPONOJKAET LMK — CTaTel, TMOCBSIIEHHBIX
OCOOEHHOCTSIM  (bYHKIIMOHUPOBAHUSI MOHHO-ONTUYECKUX YCTPOUCTB € TEPUOIAUYECCKUM
3JIEKTPUYECKUM MUTAHUEM U TTIOCTOIHHBIM OJHOPOAHBIM MATHUTHBIM MOJIEM, IPUMEHSIEMBIX B
Macc-CIeKTpoMeTpuu. B cTaThe mokazaHo, Kak quarpaMma yCTOMYMBOCTM KOMOMHUPOBAHHOM
WOHHOI JIOBYIIKM MEHSIET CBOIO CTPYKTYPY IPHM OTKJIOHEHMU KOHOUTYpalluM JOBYIIKUA OT
uneanbHoil. OTpeiesieHo BIAWSIHUE BEIUUUHBI yTJIa MEXIY OChI0 CUMMETPUM IJICKTPUUECKOTO
MoJIT M HaIlpaBJICHWEM MATHUTHOM WHIYKIWHU, a TakKe BIMSHUE HapyIICHUsS OCEBOM
CUMMETPUM BJECKTPUUECKOIO MOJIsI Ha KapTUHY 30H YCTOMYMBOCTHU. IloslyueHHbIE pe3yabTaThl
11eJ1ecCO00pa3HO MCIOJIb30BaTh KaK MJISI OLCHKM BAMSIHUSL Ne(heKTOB H3TrOTOBJIEHUS 10O
IOCTMPOBKM Ha pabOTy KJIaCCUUYECKOM KOMOMHUPOBAHHOM JIOBYIIIKH, TaK 1 JUISI TPOSKTUPOBAHUS
HOBBIX HEKJIACCUYECKNX MOHHBIX JIOBYIIIEK.
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Introduction

A combined ion trap is commonly understood as a Penning trap with oscillating voltages sup-
plied to its electrodes. This trap is actually a combination of Penning and Paul traps [1, 2]. The
combined ion trap, although it has the disadvantages of each of its components, has a number of
advantages, in particular, an increased stability zone.

It is convenient to construct the stability zones of ions in a combined trap in a rotating coor-
dinate system, which makes it possible to separate the variables and obtain a pair of independent
Hill equations [3] (in the particular case, the Mathieu equations). The stability zone of the sys-
tem is constructed in this case as the intersection region of the stability zones of the obtained
Hill equations.

© bepnaukoB A. C., Eroposa A. B., Kpacnosa H. K., Maciokesuu C. B., ConosbeB K. B., 2025. Wznatens: CaHkT-
[MeTepOyprckuii moauTeXHMYeCKUii yHuBepcuteT [letpa Bemmkoro.
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However, this technique is effective only for systems with axial symmetry. A number of config-
urations of the combined trap are not intended for an axisymmetric system but preserve linearity
of the equations of ion motion. The latter makes it possible to study the nature of ion motion
using the analytical tools of Floquet theory [4, 5]. We already adopted an approach based on this
theory in our previous studies [6—8]. It allows to directly establish the conditions for stability of
ion motion, facilitating the study of the system and allowing to draw conclusions about its possible
operating modes.

This paper confirms that Floquet theory can be used to analyze ion traps based on non-ax-
isymmetric hyperbolic electric fields with oscillating voltage immersed in a uniform magnetic field
of arbitrary direction.

Stability of dimensionless trap model

For simplicity, we introduce dimensionless units of measurement [16], assuming that the
dimensional coordinates R = (X, Y, Z) and time ¢ are related as follows to the corresponding
dimensionless coordinates r = (x, y, z) and time t:

R=¢(r,t=Tx, (1)

where ¢, T are linear and time scales chosen from physical considerations.

The motion of a particle with charge e and mass m in a trap occurs in a constant uniform
magnetic field with the strength B and the direction set by the polar and azimuthal angles (6, ¢)
relative to the coordinate system associated with the geometry of the electric quadrupole:

B = B, (sinf-cose, sinf-sing, cosb) 2)
and in an electric field (with oscillating voltage) quadratic with respect to the coordinates:
aX>+BY* +yZ°

62
f(o(t+0)) = f(wr),
a+pB+y=0,

U=(U,-U f(ot))

3

3)

where U, U, are the amplitudes of the DC and AC components of the supply voltage; o is the
angular frequency of the latter, ¢ is its period; a, B, y are the parameters defining the geometry
of the field.

The dimensionless equations of motion in these fields form a system

¥=-20(a—-2q- f(21))x+ yb, - zb,

y==2P(a-2q- f(21))y +zb, - xb_, 4)
z=-2y(a-2q- f(21))z+xb,— yb,,

where the components of the dimensionless magnetic field are determined by the equality
b = b(sinBcos@,sinOsing,cos0) = (b,,b,b.), (5)

and the coefficients a, g, b for the given time scale 7= 2/w are determined by the relations

g 4eU, _ 2eU, b 2eB,

- B} q - B .
o’m/l? o’m/l? om

(6)

The dots above the variables in Egs. (4) denote differentiation with respect to dimensionless
time 1.
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In the general case, system (4) has six independent parameters that affect stability:

traditional ones, a and ¢;

new ones, b, 0, ¢, related to the strength and direction of the magnetic field;

two parameters of the geometry of the electric field, for example, a, B (taking into account the
last equation in system (3)).

Evidently, the multidimensional region can only be visualized by sections whose dimensions do
not exceed 3. Here we confine ourselves to traditional two-dimensional diagrams.

For a dimensionless magnetic field b = b (0, 0, 1) directed along the symmetry axis of the
electric field, the form of equations (4) is simplified:

X=20(a—-2q- f(27))x+ by,

y=2B(a-2q- f(20))y - bx, (7
Z==2y(a=2q- f(2V)z=—(a. -2q." f(27))z,

The electric field with axial symmetry corresponds to a set of parameters
(o, B, y) =(-1/4,-1/4, 1/2).

The diagrams for the stability zones below are given in the coordinates (¢, a) = (¢, a,).

The stability of ion motion in the axisymmetric hyperbolic electric field and the longitudinal
magnetic field is studied in a coordinate system rotating around the z axis. Recall that if we intro-
duce a complex variable &£ = x + iy for o = p = —1/4, then we obtain the following equation from
the first two equations in system (7):

£ (a- 24 FQT)5- b ®)

Next, moving on to the rotating coordinate system n = x* +iy*, using the transformation
& = nrexp(-ibi/2),
Eq. (6) is converted to the following form:

2

1 b B
H—E(G—T—ZCI‘J((ZT))H—O- 9

Thus, we obtain the Hill equation shifted with respect to the parameter a. Then the stability of
the system including the third equation of system (7) and Egs. (8), (9) can be easily analyzed by
the traditional method of superposition of stability zones of the Hill equation [1, 2].

Case 1. Consider the case where the electric field is axisymmetric, namely,
(a, B, v) = (-1/4, -1/4, 1/2), and the magnetic field is directed at an angle 6 to the z axis, i.e.,
there is misalignment between the magnetic field and the symmetry axis of the electric field.
There is no dependence on the azimuthal angle, the strength of the dimensionless magnetic field
isb = b (sind, 0, cos 0). Then system (4) takes the following form:

X=-2a(a—-2q- f(21))x +bycosH,
$=-2B(a—-2q- f(21))y +b(zsin® — x cos ), (10)
Z=-2y(a—2q- f(21))z—bysinb.

In turn, system (10) cannot be reduced to a set of Hill equations, but it remains linear with
periodic coefficients and therefore is subject to analysis by the technique proposed in [6].
Let us rewrite Eq. (23) as follows:

X =A(1)X, A(t+4) = A1), (11)

where
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X = (X X, X3 X, X; xs)T =(xxyyz Z)T (12)

(the superscript 7" denotes transposition);

0 1 0 0 0 0
—20(a—-2q-f(21)) O 0 b, 0 -b,
A 0 0 0 1 0 0
(0= 0 -b, 2B(a-2q-f(2t)) O 0 b, | (13)
0 0 0 0 0 1
0 b, 0 -b. 2y(a-2q-f(27)) O

In accordance with Floquet theory [4, 5], the stability of solutions (13) is assessed through
analysis of the monodromy matrix eigenvalues of system (11). The procedure for constructing
stability diagrams of system (11)—(13) is described in sufficient detail in [6]; let us briefly recall its
key points: the fundamental matrix of solutions X(t), X(0) = E is constructed. Next, the spectrum
of the monodromy matrix X(A) is analyzed. The spectral radius equal to unity corresponds to the
values of the parameters representing stable motion.

Fig. 1 illustrates the evolution in the configuration of the first stability zone for f{t) = cost at
b = 1 with varying parameter 6.

0.0 04 0.8 1.2 q0.0 04 0.8 1.2 q
Fig. 1. Stability zones (hatched by horizontal lines) for different values
of misalignment angle 0 between the symmetry axis of the electric field

and the direction of the magnetic field; b = 1; f{r) = cost (Case 1)
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Fig. 2. Stability zones (hatched by horizontal lines) for different values
of the electric field asymmetry parameter ¢; b = 1, f{t) = cost (Case II)

1.0}-

02}

0.0

-02}

]

Fig. 3. Diagram (g, a) (lower part of figure) and dependence of L(q) (upper part):
the former shows the configuration of stability regions in coordinates (g, a),
the second shows the change in the spectral radius of the monodromy matrix L
from identity to non-identity and vice versa at the boundaries of stability regions
with the parameter ¢ varying along the line ¢ = 0.02 (horizontal dashed line)
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Case II. Consider a situation where the axial symmetry of the electric field is broken. We intro-
duce the parameter ¢, lying in the range 0 < ¢ < min(a,B), and analyze the case of an electric field
with geometric parameters (a, B,v) = (-1/4 — ¢,-1/4 + ¢,1/2). The condition that the sum of the
parameters be equal to zero is satisfied, we have a field with equipotentials that are hyperboloids
of revolution for ¢ = 0, a harmonic non-axisymmetric field for ¢ # 0. The system of equations of
motion is the same: (11)—(13). Although all components (5) of the magnetic field strength b are
important in this case, for ease of visualization, we focus on the option b = 5 (0, 0, 1). The result
presented below is obtained by performing the above sequence of steps. Fig. 2 shows a change
in the configuration of the first stability zone of the combined trap for f{tr) = cost at b = 1 with
varying e.

Note that the diagrams (Figs. 1, 2) were obtained by a technique refining the boundary points
as transition points to/from non-identity of the spectral radius of the monodromy matrix, previ-
ously used for a simpler system [7, 8]. This approach is illustrated in Fig. 3, where the upper part
shows the dependence of the spectral radius of the monodromy matrix L on the parameter g of
Egs. (10) with the parameter @ = 0.02 (option b = 1, ¢ = 0.05); the lower part of the figure shows
the correspondence of ¢ values for the variation in the spectral radius to the boundaries of the
stability regions of system (10).

Conclusion

The misalignment of the electric and magnetic fields, as well as the non-axisymmetry of the
electric field, significantly affect the structure of the stability diagram of a traditional (axisym-
metric) combined ion trap and lead to a change in this diagram. The latter is divided into
fragments, defining the behavior of the system in a new way depending on the values of the
non-ideality factors.

The results and methodology obtained can be used both to assess the influence of manufac-
turing and alignment defects on the operation of a traditional ion trap and to design new traps
without axial symmetry.
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