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Annoranug. CraThs IMOCBSIIEHA pPa3JIMYHBIM acIleKTaM MeToda aHalM3a CUHTYJISIPHOTO
cnekTpa (SSA). M3HavaabHas 11eJIb MeTOa — ONITUMU3UPOBATh FTAPMOHUYECKUI CIIEKTPaTbHbII
aHaaMU3 BPEMEHHBIX psaoB. JlaHo TeopeTuueckoe 000CHOBaHME SSA Ha OCHOBE MHTETPabHbIX
ypaBHeHUI1. PaccMOTpeH BOIPOC alleKBaTHOTO OIEHMBAHUSI aBTOKOBapWaIvii MCCIIEIyeMOTO
pana. IlpemwrtoxeHo pelleHUe TMPOOAEMbl OOJBIION Pa3MEPHOCTUM AaBTOKOBApUALIMOHHOWM
marpuiibl (AM). BbBIIBUHYT MeTON OLIEHKM TEePUONOB COOCTBEHHBIX BEKTOpOB AM,
paccMarpuBaeMbIXx Kak ©OasucHbie ¢yHKIuM BpemeHu (BTF). PaccMmorpenbl mpoGiembl
MOBTOPSIIOLIMXCS YAaCTOT U YaCTOTHBIX HajoxkeHUi B cTpykType BTF. DTu HajmoxeHust MOTyT
HMMeTb Kak 00Jiee HU3KYI0, TaK 1 00J1ee BHICOKYIO YaCTOTY, 0 CPaBHEHUIO C OCHOBHOM YacTOTOM
BTF. OtMeueHa BO3MOXHOCTb HCKaxkeHUs oueHku nepuoga BTF wu3-3a oTHocuTeabHO
BBICOKOYACTOTHBIX HayiokeHUi. s peureHus: mpoOiaeMbl TMpeiokeHa Moaudukamus SSA
(SSA-HC), no3Bosionias pe3yibTaTUBHEE M KOPPEKTHEE pelliaTh OCHOBHYIO 3anavy. Petienus

mpo0JieM MOAKPEIJICHBI YMCIEHHBIMU MPUMEPaMMU.
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Introduction

As soon as it emerged, Singular Spectrum Analysis (SSA) immediately gained great popularity
in studies of various time series describing diverse processes (natural, economic, social, etc.). SSA
is an application of the principal component method (PCA)) to analysis of time series, consisting
of the following stages.

Stage I The matrix of autocorrelations (or autocovariances) is estimated. The first phase of the
estimation can be carried out by different methods: either classical (see, for example, monograph
[1]) or the caterpillar method (see, for example, monograph [2]). The term caterpillar method is
used for simplicity here and below. In the case of estimation used in classical time series analysis,
the dimension of the autocorrelation matrix is N x N, where N is the length of the initial series.
In the caterpillar method, a certain segment of a fixed-length series (the caterpillar) is taken as
the implementation of a random vector, and the total set of implementations that make up the
sample matrix is obtained by stepwise shifts.

Stage 11. Eigenvalues and eigenvectors of the autocorrelation (or autocovariance) matrix are
calculated. Due to symmetry and positive definiteness of the autocorrelation and autocovariance
matrices, their eigenvalues coincide with the singular values. This is why the method came to be
known as singular spectrum analysis.

In this article, we use the abbreviation SSA and continue to use the term eigenvalues.

Stage 111. The eigenvectors corresponding to the main significant part of the spectrum (the
latter is determined by testing the spectrum or subjectively) are used as a basis for smoothing the
initial series with a minimum RMS deviation, which is provided by PCA. Here, the expansion
coefficients based on the eigenvectors of the autocovariance (autocorrelation) matrix are the
principal components.

Another approach to the third and final stage is determining the periods of the eigenvectors
(see below), when the principal components basis of the time series becomes the main object for
analysis. In this case, it is required to find the periods that are carriers of a certain largest share of
the total variance of the series. This share is determined, as noted above, based on statistical tests
and criteria that evaluate a significant part of the spectrum, or subjectively. The latter makes SSA
a very effective alternative to standard spectral analysis, given its apparent redundancy. Recall
that spectral analysis deals with estimation of all possible frequencies (periodicities) contained in
a time series, without considering problems of optimal choice. This circumstance was the reason
for involving algebraic methods, such as the PCA.

Thus, SSA is essentially the principal component method, solving the problem of optimizing
harmonic spectral analysis. The term principal components of time series can be found in some works
using the caterpillar method [2, 3], which, in our opinion, better reflects the essence of the method.

Notably, the caterpillar SSA method is much more popular [2—5] than the one based on clas-
sical estimation of autocovariances. While the recommended dimension of the autocorrelation
matrix in the caterpillar method does not exceed half the length of the initial series and can vary
(which is undoubtedly attractive), the above-mentioned circumstance is likely due to the fact
that the stationarity condition for the given series is not strictly necessary for using this method.
In the classical SSA method, stationarity is an indispensable condition, and the problem of high
dimensionality, as discussed below, is solved using the appropriate calculation methods.

© MMuuyrun 1O. A., MMuuyruna H. 1O., 2025. Uznarens: Cankr-IleTepOyprckuit monutexHudeckuit yHusepcuteT [leTtpa
Benukoro.
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It should be specifically noted that the interest in using certain research methods is currently
largely determined by the availability of software tools that implement these methods.

The objective of this paper was to consider all the problems arising in the implementation of
classical SSA, proposing approaches to solving them directly in numerical algorithms.

This should open up opportunities to create appropriate software products for using SSA in
various studies.

The computational aspects of the method are mainly considered, but the general idea may
undoubtedly be of interest to readers getting acquainted with SSA for the first time.

Theoretical foundations of SSA
Consider the following homogeneous integral equation:

J e @)y =2f (). ()

—00

where the parameter p > 0; X is some unknown number; f{x) is an unknown function that is a
solution to this problem.

Eq. (1) is a particular case of the homogeneous Fredholm equation. The coefficient A is cus-
tomarily written before the integral, but here we should emphasize that A is the eigenvalue of the
integral operator on the left-hand side of Eq. (1). Eq. (1) in this form can be corresponded with
a discrete matrix equivalent:

=X, 2)

where R is a matrix with elements 7 R(z =e"" =1, ; X is an unknown nonzero vector; A is an
unknown eigenvalue of the matrix ﬁ (as in Eq. (1)).

The vector X satisfying Eq. (2) is an eigenvector of the matrix R, while the function f{x) satis-
fying Eq. (1) is an eigenfunction of an integral operator with a correlation kernel.

Rx,y)=e "

(see below).
It is easy to prove that a function of the form

f,(x) = singx or f(x) = cosgx,

where g > 0 is the solution of Eq. (1).
Indeed,

J. P Singydy = J. “P'sing(x +1)dt +

+I e "'sing(x —t)dt = ZSianJ. e 'cosqtdt,

0 0

where t =[x — ).
Calculating the last integral or considering the table of Laplace transforms, we obtain:

J.e*‘”cosqtdt = 2p =
0 p tq
Ultimately, we have an equation of the form
J‘ ¢ " singydy = —singx.
et p tq
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Similarly, we obtain

£ e 2
je 7 y‘cosqydy:%cosqx,
p tq

that is, the following expression holds true in both cases:

2
=—L_
p tq
It follows from Eq. (3) that as the frequency ¢ increases, the eigenvalue A corresponding to
this frequency decreases. In practical problems, this is the corresponding proportion of the total

variance (see below).
It follows from the linearity of the definite integral that functions of the form

3)

f(x) = asingx+Bcosgx = Asin(gx + @) (4)

can be solutions of Eq. (1), i.e., eigenfunctions of the integral operator on the left-hand side of this
equation, for any values of the coefficients a and B, and, accordingly, for any values of amplitude

A=+Jo* +B° and phase ¢ = arcsin([?;/«/oc2 +p? ) .

As a result, it can be seen that solutions (2), i.e., the eigenvectors of the matrix R, turn out to
be discrete equivalents of harmonics, but the total number of these solutions does not exceed the
dimension of the matrix R

It is known from works on time series analysis (see monograph [1]) that the function of
discrete arguments

RG, j)=e ", 5)

with the appropriately selected value of the parameter p is an autocorrelation function of a sta-
tionary time series belonging to a class of discrete processes that can be described by a first-order
autoregression model.

Importantly, the eigenvectors of the sample autocorrelation matrix of the stationary series
should be discrete equivalents of harmonics or be sufficiently close to harmonics. The deviations
of the sample autocorrelation function from the ideal case expressed by Eq. (5) may potentially
lead to deviations of eigenvectors of the autocorrelation matrix from discrete equivalents of har-
monics (this statement is illustrated below, with a method proposed for solving this problem).

It should be borne in mind that in the case of stationary time series, the autocovariance func-
tion C(i,j) differs from the autocorrelation function only by a factor ¢ 2, i.c., follows the expression

C(iy) = °R(iy) (6)

(o? is the variance of time series terms), therefore, the covariance matrix C differs from the auto-
correlation matrix R only by the same factor, i.e., C = ¢’R.

It follows that these matrices have the same set of normalized eigenvectors with the accuracy
up to the sign.

It is known from linear algebra that the eigenvectors of a real symmetric matrix are mutually
orthogonal and, provided that they have different eigenvalues, form the basis of the space RV.
On the other hand, each ith value of each of the normalized eigenvectors of the autocovariance
matrix C corresponds to a certain time instant t, therefore, the eigenvectors of the matrix C are
regarded as discrete basis time functions (BTFs):

q{j(r),j= ,2,..,.N
(the term ‘discrete’ is omitted from now on).
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Note that each BTF serves as a carrier of the corresponding fraction of the total variance
(o2N) of a given time series. Another name has been established in the scientific literature:
empirical orthogonal functions (EOFs). However, as we establish below, it is preferable to dis-
miss the indispensable requirement for strict mutual orthogonality, since this has a significant
positive effect.

Estimation of covariances
We assume that the initial data are a time series { yl.}H , or, in vector-matrix form,

Y:(Vlsyz"-'ayN)T

(T is the transpose operator).
Here it is necessary to calculate estimates of covariances making up the matrix C. Several stud-
ies (see, for example, monograph [6]) propose to use an unbiased estimate of the form

Nk

G=e®=5 5 2 0n), "

N
where k = |i — Ji; )7:%2%; ij=1,2,.. N.

However, the above-mentioned (and very popular) monograph on time series analysis [1] sug-
gests using biased estimates of the form

5 1 & _
—ng )Yk = 7)- (8)

As reasoning, Jenkins and Watts considered the continuous process of first-order autoregres-
sion X(t), where 1 is continuous time. The autocovariance function of this process is a continuous
equivalent of expression (6) taking into account Eq. (5) as a function of the magnitude of the shift
u, and estimates similar to estimates (7) and (8) calculated in the time interval [0, 7], respectively,
have the following form:

1 T—u _ _
cw)=—— j (YO -7)(Y(x+u)-T¥)dr, (7a)

0

T—-u

&(u) =% [ (y@-7)(Y(z+uw)-T)dx, (8a)

0
T
where 0 < u < T, Yz%jY(r)dt.

Notably, both positive and negative values of the delay u were considered in the right-hand-
sides of Egs. (7a) and (8a) in monograph [1]. Therefore, the authors used the absolute value of ||
instead of u in the right-hand sides of these formulas.

Calculating the variances of estimates (7a) and (8a), Jenkins and Watts found that the variance
of the estimate c(u) (see Eq. (8a)) tends to zero at u — T, while the variance of the estimate
¢(u) (see Eq. (7a)) not only does not decrease but it also tends to infinity in the case of an
unbounded interval.

In view of this, using estimate (7) in the discrete case naturally leads to modulo values that are
overestimated compared to their expected value.

Another important aspect is that the covariance matrix of a random vector is always positive
definite, or, in the case when the distribution is degenerate and there are zeros in the matrix spec-
trum, it is semi-definite. The same is true for the estimates of these matrices, and for the estimates
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obtained using the caterpillar method in SSA. It was found in our work [7] that the application
of ¢, estimates (7) to the data of climatic temperature series led to the loss of positive definiteness
of autocovariance matrices. Negative values appeared in the spectra of these matrices. Therefore,
we have another strong argument for using estimates ¢, (8).

>

Calculation of eigenvalues and eigenvectors of autocovariance
matrix and solution of high-dimensional problem

After estimating the autocovariances, we are no longer dealing with the initial series, but
with its autocovariance matrix. A factor considerably reducing interest in SSA is the prospect
of rotating (resulting in a diagonal form) a matrix with the dimension N x N for calculating its
spectrum and eigenvectors (see above). However, using the von Mises iteration method [8], as we
establish in this section, completely solves the problem of high dimensionality and allows SSA to
be applied to analysis of time series of arbitrary length. This is ensured by the fact that all infor-
mation about the autocovariance matrix is contained in its first row.

Before explaining the essence of the algorithm and the method for solving the high-dimen-
sional problem, we recall that the Euclidean norm of the vector X = (x, ,xz,...,xN)T is determined

by the equality
Y 2
I 32

To avoid additional notations for variables, we use the symbol := (assignment of values). We
predefine the calculation accuracy ¢ > 0, and the number of calculated eigenvectors m is assumed
to be zero (m = 0). The subscript is assigned to indicate the number of the eigenvector or the
number of the component, and the superscript (0, n, n + 1, see below) is to indicate the iteration
number in the cyclic sequence of the algorithm.

Algorithm 1. Step 0 (preliminary sequence of the algorithm (n:= 0).

Assign arbitrary values to the components of the vector X°; Normalize

X=X X, )
If all components of X° are assigned 1/VN values, then normalization (9) is not required.

Step 1 (cyclic sequence of the algorithm, »n > 0).
Multiplication by the matrix C:

Xn+l = CXn. (10)
Step 2. Calculate an approximation to the eigenvalue:
~ T
m=(EX7) X" =(X) X (11)
The value of / calculated by Eq. (11) is known as the Rayleigh quotient. Here, division by (X")

X" is absent, because due to normalization, the equality (X")’X” = 1 holds true.
Step 3. Normalize the new value of the eigenvector approximation:

X = ||Xn+1 -l X/ (12)

Step 4. Calculate the cosine of the angle ¢, between successive approximations of the eigenvector:
T
cosQ, 1= (X””) X". (13)

Step 5. Verify the condition for completing the cyclic sequence:
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cosp, >1-e. (14)

If condition (14) is not satisfied, we return to step 1 (calculation of Eq. (10)). If condition (14)
is satisfied, we increase the number of eigenvectors m:= m + 1 and complete the calculation of
the eigenvector and eigenvalue X : = X", A = = [,

End of Algorithm 1.

Apparently, we encounter high dimensionality mainly in the operation described by Eq. (10),
where the approximation of the eigenvector is multiplied by the matrix C of dimension N x N.
However, as noted above, all the elements ¢ ¢, of the matrix C are elements of the set of covariance
estimates (see Eq. (8)). In particular, the set of elements in the first row of the matrix C is

{¢,=¢(j-1),j=12,...,N},

and all the other rows consist of the same elements. N
For this reason, there is no need to store the entire matrix C in RAM, and the components of
the vector X"*!' in Eq. (10) can be calculated as follows [9]:

N N
n+l Z n+l . Z N ])x
j=1 j=1

= Z&(i—j)x; + Z e —ix! (i=23,..,N-1).

j=1 Jj=i+l

Here, the subscript is the number of the corresponding vector component.
If we use the absolute value of the difference between i and j, i.e. |[i — J|, a single formula is
sufficient, convenient for software implementation:

Z e(fi—jhx) (i=1,2,..,N). (10a)

Analyzing Algorithm 1 using Eq. (10a), we can conclude that it completely solves the high
dimensional problem.

Remark 1. 1t is easy to show (and this is a crucial point) that Algorithm 1 gives the maximum
eigenvalue as A,.

Applying Algorlthm 1 to calculate the following eigenvalues and eigenvectors of the autoco-
variance matrix C requires performing Gram—Schmidt orthogonalization. So, if m normalized
eigenvectors {X ,X,,X } are calculated and the next vector needs to be calculated then the follow-
ing operations must be performed:

-2 (X[XX, (15)
=1
Xn+1 Xn+1 Z (XTXn+1 )X (16)

j=1

The approximation of the vector X°(15) should be orthogonalized immediately before nor-
malization (9), and the vector X"*! (16) should be orthogonalized before normalization (12).
In the complete absence of computational error, orthogonalization (15) is sufficient. However,
computational errors are unavoidable, at least due to rounding. Therefore, orthogonalization (16)
prevents these errors to divert successive approximations of the next eigenvector into the space of
eigenvectors already calculated.

The problem of high dimensionality arises again due to the set of vectors {X,,X,,X }, which, as m
grows from zero to N, makes it necessary to store a large amount of information (m x N numbers).
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Since RAM is sufficiently large in modern computers, this becomes less of an issue. In the
past, calculated eigenvectors could be immediately written to the computer’s memory (to disk)
and extracted (read) from the computer’s memory (from disk) sequentially to implement the
orthogonalization procedure (see Eqgs. (15) and (16)), which is feasible in the software intended
for solving this problem.

Thus, the problem of high dimensionality in SSA of relatively long time series is completely solved.

Estimation of period of basis time functions (BTFs)

Technically, estimation of the BTF period is not difficult. Let X = (x,,x,,...,x,)" be one of the
calculated eigenvectors of the matrix C, i.e., a BTF (see above). The set of BTF zeros is denoted
as {2,,2,,.. ,z} To calculate the BTF perrod we use the following simple algorithm.

Algorlthm 2. Step 0. We first assign the value 0 to the number of zeros, i.e., p:= 0.

Step 1. Let the number j (the number of the component of the vector X) run through the values
from 1 to N.

Ifx—Oorxx <0, then p:=p + 1, 7 =]

Step 2. We assrgn the value z, (j:=z)) to "the number J.

, then zl:=j+|xj|/ X; + )cj+1 )

On the other hand, if |xj| > |xj+] , then z:= j+1—|x

If x| <x;.,

/(|xj|+|xj+l

j+l )
Step 3. We repeat step 2, replacing z, with Z,
Step 4. We calculate the perrod by the formula

-1 2z —
T:LP (Zi+1 _Zi):%'

(17)
p-13

End of Algorithm 2.

It is easy to see that step 1 of Algorithm 2 defines a set of points preceding the zeros of a BTF
(continuous, i.e., imaginary), among which zeros may be also found with a very low probabil-
ity. As follows from step 4, the period is calculated using only the first and last elements of this
ordered set (z, and 7). Therefore these values are refined in the second and third steps.

The estimation of the period (17) in our work [10] was used without the second and third steps
of Algorithm 2 (without refining the z, and z, values). The idea of this approach is that the errors
in determining the z, and z, values obtained in step 1 and appearing in Eq. (17) are usually sig-
nificantly lower than the difference (see Eq. (17)) between these values. However, since the sine
wave is close to a straight line in the vicinity of zero, the z, and z, values can be reﬁned which is
carried out in the second and third steps of Algorrthm 2.

In addition to the period estimate (17), [10] also used an estimate based not on zeros, but on
extrema. The same as in Algorithm 2, first the number of extrema was assumed to be ¢: = 0 and
then the set of extremum points {u I,uz,...,uq} was calculated by the rule:

(]':=1,2,...,N);if|)cj71|£|xj|2|xj+1 =]J.
The period value calculated using a similar formula:
2lu, —u
T' = M (17a)

qg-—1

The u, and u, values in this formula do not need to be refined due to the auxiliary role of the
estimate T the exphcrt inequality 7"> T can serve as an indicator of the overlap of relatively high
frequency in the BTF structure, as discussed in the next section.

It should be noted here that at this stage we completed the description of SSA, which includes
estimates of autocovariances, calculation of eigenvectors of the autocovariance matrix and esti-
mates of periods of eigenvectors considered as BTF.

Next, we consider the problems whose solution leads to a significant modification of the SSA.
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Problem of repetitive frequencies and frequency overlaps

The method described above was first applied in our earlier paper [10]. Fig. 1 from that paper
graphically represents the first four BTFs of the series of average annual values of surface air tem-
perature in St. Petersburg/Petrograd/Leningrad/St. Petersburg for 120 years (1881—2000). Evidently,
these BTFs only resemble harmonics, since they do not have a constant amplitude and period.

Since this phenomenon often occurs in real

BTF observational data, climatologists avoid the term
0.2 a) periodicity, replacing it with the term cyclic-
8'}): N ity. Ref. [10] did not go into the mathematical

details of the method, i.e., did not elaborate on

8; the technique for calculating eigenvectors (BFT)
0.2+ b) and did not contain Eq. (10a), but it did detect
011 two problems.
0.0+ The first (less significant) problem is that we

0.1- can obtain the same frequency (the same period)

.02 _ twice due to the mutual orthogonality of the har-
0.2 monics, which are shifted relative to each other
0.1- by a quarter of the period as functions of sint
0.0+ and cost. This problem is solved relatively simply

-0.14 by summing the eigenvalues (i.e., variances) of

-0.2/ this frequency. For example, the periods of the

0.37 second and third BTF are sufficiently close:

o X, (T'=7.86 years, T' = 7.80 years),
8(1) X, (T'=1.73 years, T'=7.79 years).

-0.24
-03 1 L 1 L 1 ]
0 20 40 60 80 100 120

Time, years

We explain why small discrepancies in
the period can be ignored and such cases
can be considered repetitions in the section
"Numerical examples...".

The second problem is the presence of two

Fig. 1. First 4 basis time functions of average  types of frequency overlaps in the BTF structure:

annual temperature in St. Petersburg/ relatively low-frequency and relatively high-fre-

Petrograd/Leningrad/St.  Petersburg for quency ones. Fig. 1, a—c shows overlaps of rel-

120 years (1881—2000), obtained by the SSA  atively low frequencies, which lead to instability

method (Example 1, see [10]) of the amplitude, and, generally speaking, do not
complicate the estimation of the period (7= T),
which was proved above in the example for X, and X,. An overlap of relatively high frequencies
(T'>T: T=10.17 years, T'=3.90 years) is observed in Fig. 1,d, showing the vector X,. This
gives the ramps of the harmonics a serrated appearance. It is easy to see that if the serrations are
located near the intersection with the axis, additional zeros may appear, distorting the estimate
(17), i.e., the estimate of the main period 7 will turn out to be erroneous. The term ‘noise’ is ill-
suited for describing this situation for two reasons. Firstly, we need to combine both cases, taking
into account that relatively low-frequency overlaps are not commonly called noise, and secondly,
noise describes a parasitic component of the initial series, whereas we are dealing with BTF.

To solve this problem, it was proposed in [10] to apply this method (Algorithm 1) to the BTFs
themselves, thus isolating the main oscillation. This approach is clearly difficult to implement in
a single software product, as it necessitates a ramified algorithm. For this reason, another solution
to this problem is proposed here.

Solution of problems of repetitive frequencies and frequency overlaps.

Head of Cabbage method
After estimating the covariances, we calculate only the first BTF(X,) and the estimate of the
period 7' (7,: = T). Next, we subtract this periodic component from the initial centered series Y,
(Y, =Y -Yyl1, all elements of vector 1 are equal to unity) using a formula similar to the orthog-
onalization formulas (see Egs. (15) and (16)):
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Y, =Y, -aX, (1,)-BX. (), (1)

where the components of the vectors X (7)) and X (7)), respectively, are expressed as

X =sin(Mj, X, =cos(@j,j=l,2,...,N,

1 1

In general, the vectors X (7)) and X (7)) are not strictly orthogonal to each other. The latter
occurs only in the case when the half-cycle 7,/2 divides the length of the series N without a
remainder. Therefore, we compose a matrix X(7)) of dimension N x 2 from the columns (vectors)
X (7)) and X (7)), taking the following form:

X(1)=(X,(1).X.(1)).

Then the values of the coefficients o and B in expression (18) are obtained by the formula

(a.B) =(X' (1)X(1)) ' X' ()Y,

The variance explained by this periodicity 7) is estimated as the difference between the values
Avar(Y,) = var(Y,)—var(Y,)=(7,(0)-7 (0))N, (19)

where ¢ (0) is the estimate of the variance o of the initial terms in the series; ¢,(0) is the variance
estimate of the terms in the series obtained after applying Eq. (18).

In other words, this periodicity 7| is the carrier of the variance Avar(Y,). Apparently, the
inequality Avar(Y,) > A, must be hold true for the value obtained by Eq. (19), due to the fact
that performing procedure (18) solves the problem of repetitive frequencies. This procedure is
undoubtedly more effective than directly subtracting the projection Y, on X, which, taking into
account the normalization of X, has the form

Y, =Y, (VX )X, =Y, - /L, X, (20)
In the latter case,
Y'Y, =YY, —A =¢(0)N -4,

(see Eq. (23) below).

The advantage of the new approach is easier to explain in terms of linear algebra. We subtract
the orthogonal projection of the vector Y, onto the linear space generated by the vector X| in Eqgs.
(20). However, if we ignore frequency overlaps, then, due to the fact that 7 is a period of X, we
can reproduce X, as a linear combination of vectors X (7}) and X (7)), i.e.,

Xl EA({XS (];)’ Xc (Tl)})’

or

A({X ) e A({X (1), X (T)}). 1)

where A({*}) is the linear shell of the set {*}.
It follows that the orthogonal projection of the centered series

(vector Y, on A({XS (1), X.(T, )}) ,

subtracted in Eq. (18) cannot be less than the orthogonal projection of Y onto the space gener-
ated by X, i.e., Avar(Y,) cannot be less than | (Avar(Y,) > 2,).

172



4 Applied and Computational Mathematics >

In addition, Eq. (18) is more correct than Eq. (20), since harmonics are subtracted rather than
their approximate similarity. We emphasize this major point more than once below.

Next, we apply a certain sequence of operations to the series Y, obtained by Eq. (18), i.e., the
following algorithm.

Algorithm 3 (modified SSA).

Step 1. Estimate autocovariances (using Eq. (8)).

Step 2. Calculate only the first BTF (by Algorithm 1).

Step 3. Estimate the BTF period (by Algorithm 2);

Step 4. Extract the obtained periodicity (using Eq. (18)) and estimate the proportion of its
variance (Eq. (19)).

End of Algorithm 3.

Continuing this process (repeating Algorithm 3), we obtain a sequence of values of the period
T and the variance Avar(yj), Avar(Yj), j=1, 2, ..., by separating the initial time series by periods
(frequencies), like peeling leaves from a head of cabbage.

The accumulated variance of the extracted periodicities at the jth step follows the expression
(see Eq. (19) for variance):

Total var; = Zj:Avar(Y,) = (EO (0)-¢, (0))N.

=1

Next, we will numerical examples to illustrate the effect of the modified SSA method, supple-
mented by the Head-of-Cabbage method (SSA—HC).

Numerical examples and further interpretation of the SSA—HC method

Example 1. As a first example, let us consider the same series of average annual values of
the surface temperature in St. Petersburg/Petrograd/Leningrad/St. Petersburg for 120 years
(1881—2000). However, in contrast to [10], where the initial data were provided directly by cli-
matologists of the Voeikov Main Geophysical Observatory (St. Petersburg, Russia), this numerical
example uses information from the website [11], where rounded climatic data are presented (to
one tenth of a degree).

Table 1 shows the first fifteen steps of applying SSA—HC to analyze the above-mentioned
annual average values of surface temperature. In addition, the table includes the eigenvalues A ()),
corresponding to the eigenvectors X, (j) (BTF), calculated in the second step of Algorithm 3 and
in the jth step (iteration) of the SSA—HC algorithm. These values are given as percentages of the
total variance of the initial time series Y, i.e. according by the formula

1 ()i ) 100% i (7)-100%
™ N B

2

where trC0 is the trace of the autocovariance matrix of the initial time series (Y,); ¢,(0) is its diag-
onal element equal to the variance of the series term; N = 120.

All other values related to variance are also transformed. Summing up the 15 values from the
third column of Table 1, we obtain a value of 33.888%, which is slightly higher than half the value
of Total var,; (66.733%, see Table 1), and this is explained by the relation

A A (X (m) X (n)f . @)

here j is the step of SSA—HC, k = 15.

This relation (22) follows from expression (21), which holds true for all j > 2.

Naturally, the graph of the first BTF (Fig. 2,a) did not change when the SSA—HC method
was used (see Fig. 1,a), i.e., the rounding of the data from [11] did not have a significant effect.

We should note an important aspect. Only overlaps of relatively low-frequency oscillations
are observed in the structure of the BTFs X (j) obtained by the SSA—HC method and shown in
Fig. 2, as well as others not shown there. Unlike overlaps of relatively high-frequency oscillations,
the overlaps of relatively low-frequency oscillations do not interfere with adequate estimation of
the period used in SSA—HC (see Eq. (18)).
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of average annual values of surface temperature in St. Petersburg/
Petrograd/Leningrad/St. Petersburg over 120 years (Example 1)

Table 1

Application of SSA—HC method to time series

J T, AG) Avar(Y)) Total var,
years %
1 13.012 3.915 7.912 7.912
2 7.752 3.641 8.163 16.075
3 2.249 3.304 7.556 23.631
4 4.963 2.761 4.939 28.571
5 2.673 2.652 5.270 33.841
6 5.761 2.571 4.950 38.791
7 2.364 2.469 4.788 43.578
8 3.401 2.256 3.865 47.443
9 4.729 2.092 3.529 50.973
10 3.687 2.061 3.215 54.187
11 11.167 2.006 2.794 56.982
12 2.052 1.930 2.384 59.366
13 20.599 1.816 2.714 62.080
14 8.799 1.794 2.336 64.416
15 4.416 1.619 2318 66.733

>

Notations: SSA—HC is singular spectrum analysis modified by Head-of-Cabbage method; j is the SSA—HC
step (the number of iterations of Algorithm is 3); 7; is the period of X, ()), i.e., the BTF obtained at the jth step;
1, () is the eigenvalue corresponding to the vector X (j) (given as a percentage of the total variance of the initial
time series Y); Avar(Yj) is the variance characterized by the period 7}; Total var, is the accumulated variance of
the periodicities extracted in j steps.

Notes. 1. The time series covers the period from 1881 to 2000 (N = 120). 2. The first 15 steps of applying the
SSA—HC method are presented. 3. The values of 7; repeating the results from [10] are highlighted in bold.

To compare the SSA—HC and SSA methods, Table 2 shows the results of applying SSA to the
same series of temperature data (see Table 1) [11].

The fundamental difference between Tables 2 and 1 is that the values of A (j) in Table 1 were
given only to illustrate Eq. (22) implicitly indicating better efficiency of the SSA—HC method
compared with SSA. In the case when SSA is applied, the role of Avar(Yj) is played by the
value of A, itself as the variance determined by the period of fluctuations of the temperature 7;
Therefore, the values of the accumulated variance Total var, are obtained by summing the values
of &, (i = 2,1, ..., j). At the 15th step of applying SSA, the accumulated variance is 49.387% of
the total variance of the series, which is 17.346% less than in the case of SSA—HC (see Table 1).

However, we should note another interesting aspect. Analyzing the data in Table 2, we can see
that with standard SSA, the share of the variance A, = 3.915% is explained by the period of 13
years (the exact value is 13.012 years). We can see below in Table 2 that almost the same period
of 13 years (this value is 12.890 years in Table 2) explains the variance A, = 3.873%. The value of
7.787% is obtained by summation. The value var(Y,) = 7.912% is also explained by the period of
13 years in Table 1 presenting the results of applying SSA—HC. The small relative discrepancy
between these variances, equal to 1.605%, can only be explained by the fact that relatively low-
frequency overlaps (see Fig. 2,a) affecting the amplitude, which are not excluded in SSA, have a
negative effect:

7.912% = 7.787%, however, 7.912% > 7.787%.
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Recall that in SSA—HC we extract ‘pure’ har-
monics from a series, rather than their approx-
imate similarity, and estimate the variance
explained by them.

Notice the absence of such close values to the
period of 13.012 years (repetitions) in Table 1.

Here, as promised above, we will explain why
the close values of the period in Table 2 can be
considered a repetition, for example, 13.012 and
12.890 years (relative difference of 0.946%). The
series considered is a discrete representation of a
continuous process whose spectrum is also con-
tinuous. This is implicitly reflected in Algorithm 2.
By extracting a harmonic with the period 7 from a
series, which is in fact done in SSA—HC, we bring
the variance of the periodicities from the entire
interval (T — §; T + §) substantially close to zero
for a certain number & > 0 such that the ratio /7T
is small. Therefore, the values of the period, which
are close to 13.012 years, may occur in SSA-HC
with only a negligibly small variance if Table 2 is
continued. Apparently, the mutual orthogonality of
the BTFs with close values of the periods obtained
by standard SSA occurs not due to this small dis-
crepancy in the period magnitude, but due to a
mutual phase shift of about a quarter of the period,
as is the case with the functions sint and cost.

Table 2

Application of SSA method to time series
of average annual values of surface temperature in St. Petersburg/
Petrograd/Leningrad/St. Petersburg for 120 years (Example 1)

j T /)] Total var,
years %
1 13.012 3.915 3.915
2 7.786 3.741 7.656
3 2.249 3.292 10.948
4 12.890 3.873 14.821
5 7.754 3.744 18.565
6 2.256 3.241 21.806
7 2.995 3.096 24.902
8 2.801 3.107 28.009
9 2473 3.139 31.148
10 3.886 3.106 34.254
11 3.231 3.006 37.261
12 4.015 3.247 40.508
13 3.790 3.056 43.564
14 3.097 2.980 46.545
15 3.950 2.842 49.387

Notes. 1. The notations are identical to those used in Table 1. 2. The time series covers the period from 1881 to 2000

(N=

120). 3. The first 15 steps of applying the SSA method are presented. 4. The initial data is taken from website [11].
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A similar situation occurs with close values for the period of 7.786 and 7.754 years (see Table 2,
the relative difference is 0.413%). Summing the variances explained by these periods, we obtain
a value lower than the estimated periodicity variance of 7,752 years (see Table 1) obtained by the
SSA—HC method:

3.741% + 3.744% = 7.485% < 8.163%.

These results raise some doubts about the optimality of standard SSA.

Before considering the following example, let us explain in more detail the essence of the dif-
ference between the SSA—HC method and SSA.

It is easy to verify that the centered initial time series in vector-matrix form in SSA can be
represented by the formula

_ k
Y, =Y, +e=> JA X +¢, (23)
Jj=1

k
where {7» j,X j} ~are the eigenvalues and normalized eigenvectors of the autocovariance matrix

of the initial series (k < N); ¢ is the error vector of representation (23).
In terms of time functions, Eq. (23) takes the form

k
=Z\/7\7\|Ij(1i)+8(‘ti),i: L2,...,N, (23a)
=1

k . k
where {\|/ ; (r)} | are the functions {X j}_ 1 considered as BTFs (see the section "Theoretical
J= J=
foundations of SSA).
In this case, Y, is an orthogonal projection of Y, onto the space generated by mutually

~ k
orthogonal eigenvectors of the matrix C,, i.e., onto A({X}.}A 1). The orthogonality of the
j=

projection follows from the fact that the PCA method (PCA) was formulated based on the ordi-
nary least squares method (OLS), see our paper [12]. Therefore, it should provide minimization

of the residual sum Zs . However, if PCA is applied to stationary time series, i.e, in the
i=1
case of SSA, the situation is deferent due to the possible repetition of frequencies (periods), which
was illustrated by the example of the temperature series.
In SSA—HC, instead of Eq. (23), we have a representation of the form

- k
Yo:Yk+8=Z{°‘sz(Tj)+Bj XC(Tj)}+8, (24)
j=1
or, in terms of time functions,

k
yo(ri):ZAjsin(Zmi/Tj +(pj)+8(rl.), (24a)

J=1

where the amplitude A and phase o, are calculated based on the values of o, 1 B, as in Eq. (4),
and the period 7; is determined from the form of the vector X V)R considered as a BTF following
Algorithm 2.

Thus, using the SSA—HC method, we apply PCA method (i.e., essentially the OLS method)
step-by-step to find the oscillation mode of the maximum variance X,(j) among the remaining
possible ones (see Algorithm 1 and Remark 1). Next, after determining the period T of this BTF
(X, (), see Algorithm 2), we perform the transformatlon (18), i.e., proceed to harmonic expansion
(see Algorithm 3).
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The projection Y, onto A(BX T ) X (T )i a) is not strictly orthogonal because it was
obtained step-by- step This means t at the combination of sequential SSA steps with harmonic
analysis in the SSA—HC method leads to rejection of strict requirements for orthogonality. To
prove the greater efficiency of SSA—HC compared with SSA, we cannot use Eq. (22) as a
basis, since

AL )= a(x )L,

k ~ k
since {X j}j:I is the set of eigenvectors C,, and {Xl ( J )}j=1 is the set of the first eigenvectors

(see Algorithm 1 and Remark 1) of the sequence of matricesi ij1 G=1,2, .. k).
Nevertheless, we can expect SSA—HC to be more efficient than SSA (a comparison of the data
in Tables 1 and 2 confirms this), which, provided that & is fixed, can be expressed by the inequality

iSz(ti)Sisz(r

i=1 i=1

or
AR (25)

by virtue of the fact that Yk is a projection (even though it is not strictly orthogonal) onto a space
of significantly higher dimension, i.e.,

dimA({XS (1,).x.(1)}

k
)> dlmA({X ) )
Jj=1 J=1

Squaring inequality (25), we obtain the corresponding inequality for the total variances of these
components of the initial series.

Once again, we emphasize that the representation of time series (24) is not only more efficient
than (23), but also more correct with respect to harmonic spectral analysis, since in (24) we rep-
resent the series by harmonics rather than by their approximate similarity.

Example 2. As a second example, let us consider a series (N = 488) of pressure values obtained
at the bottom (behind the ledge) of the experimental flume at the Hydraulic Laboratory of the
Faculty of Civil Engineering at St. Petersburg State Polytechnic University (now Peter the Great
St. Petersburg Polytechnic University). The details of the experiment can be found in [13]. The
values were kindly provided by the author of paper [13]. They are given in arbitrary units (in
millimeters of water). Example 2 uses values with a step of 0.32 s. Table 3 shows the first 15 steps
of applying the SSA—HC method to this series, where all values are presented as percentages of
the variance of the initial series.

Here, as follows from the fifth column in Table 3, the 15 steps of applying the SSA—HC
method gain 44.522% of the total variance (see Total var). However, since the length of the
initial series is N = 488, this value demonstrates that the relative variance accumulation rate is
2.7 times higher than in the case of a series of annual average values of surface temperature (see
Example 1).

Fig. 3 shows the first 4 BTFs calculated by the SSA—HC method for a series of pressures at
the bottom of the experimental flume. Recall that these BTFs are eigenvectors of a sequence of
autocovariance matrices.

Remark 2. 1t should be noted that the average value of the remaining series may deviate from
zero in both positive and negative directions for subtractionn of harmonics (see Eq. (18)). In addi-
tion, a slight trend may appear. In view of this, it is necessary to perform additional centering of
the series after procedure (18) and subsequent extraction of the linear trend. We should note here
that the extraction of the linear trend should also be carried out during the initial centering. When
the trend is extracted, the variance value will naturally change. For example, the initial series of
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BTE pressure values at the bottom of the experimental

0.10 - flume contained a linear trend with a coefficient
0.05 /\ /\ /\ of 5.625-10-3 arb. units's', and extraction of this
0.00 : trend reduced the variance by 0.03%. Extracting
-0.05 \/ \/ a harmonic with a period of 51.987 s (see Table
-0.10 3) gave a mean value of 4.975-10-* arb. units and
0.10 - the linear trend coefficient of —1.111-10-2 arb.
0.05 f\ A /\ units's!, while recentering and extraction of the
000 A\ AWA A\ /\ trend reduced the variance by only 0.116%. In

005 ] Y \/ VARY, \/ VYA \/ v other cases, such corrections reduced the vari-

-0.10 ance by less than a thousandth of a percent.
0.10 - Fig. 4 shows the initial fragments of empirical

0.05 \ /\ /\ autocorrelation functions
Fina vas v (5)=c(2)fa =e(1)/e(0)

-0.10 -
0.10
0.05 J 9 (see sections “Theoretical basis of SSA” and
0.00 4 ﬁ%%%%ﬂv%% “Estimation of covariances”) of the initial series
0.5 for water pressure and the series obtained after
0.10 15 steps of applying the SSA—HC method.

0 15 30 45 60 75 90 105 120 135 150 Evidently, the autocorrelation of the time series
Time, seconds noticeably decreased with the extraction of 15
harmonics of the corresponding periods esti-

Fig. 3. First 4 BTFs for series of pressures at mated in the SSA—HC process.

the bottom of experimental flume, obtained The data in Tables 1—3 serve for illustrative
by the SSA—HC method purposes; if necessary, they can be extended to
The initial data were obtained in [13] the required level of accumulated variance.
Table 3

Application of SSA—HC method to series of water pressure values
at the bottom of experimental flume (Example 2)

j T 0] Avar(Yj) Total var,
seconds %

1 34.599 2.635 6.303 6.303
2 16.563 1.912 4815 11.118
3 51.987 1.793 5.364 16.482
4 8.210 1.548 4.017 20.499
5 2.708 1.091 2.764 23.262
6 24.725 0.952 2.554 25.816
7 2.565 0.938 2.259 28.076
8 5.570 0.905 2.188 30.263
9 6.102 0.887 2.432 32.695
10 1.628 0.813 1.974 34.670
11 4.124 0.787 2.136 36.806
12 3.859 0.836 1.987 38.793
13 8.581 0.745 2.262 41.056
14 2.443 0.723 1.856 42.912
15 3.007 0.677 1.611 44.522

Notes. 1. Notations are identical to those used in Tables 1 and 2. 2. The first 15 steps of applying the SSA—HC
method are presented. 3. The experimental data were kindly provided by the author of [13].
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00 05 10 15 20 25 30 35 40
Time, seconds

Fig. 4. Initial fragments of empirical autocorrelation functions of initial series
of water pressure values (curve /) and series obtained
after 15 steps of applying SSA—HC method (curve 2)
The initial data were obtained in [13]

Conclusion

Let us summarize the most important findings of our study.

The application of SSA or SSA—HC methods to analysis of time series (with the exception of
caterpillar SSA) requires a biased estimate of autocovariances (8).

Using von Mises iterations with Eq. (10a) solves the problem of high-dimensionality in calcu-
lations of eigenvectors of the autocovariance matrix, since this allows applying SSA and SSA—HC
to time series of arbitrary length.

The estimate of the BTF period can be improved by refining the first and last zero values.

Both the SSA method and the SSA—HC method solve the problem of optimizing harmonic
spectral analysis, but SA—HC provides greater efficiency compared to SSA, solving the problems
of repetitive frequencies and frequency overlaps in the BTF structure, which means that it is
more accurate.

All the algorithms considered are easily implemented in software products.
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