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Abstract. This publication continues the series of articles devoted to the Frequency Domain
Decomposition (FDD) method that serves to identify the dynamic characteristics of structures
(natural frequencies and forms of natural vibrations) from the vibration tests data without using
vibroexcitation. The method is based on the SV-decomposition of the cross-spectral density
matrix (CSDM) of the measured signals. The proof of the possibility of using the FDD for
an incomplete CSDM was given, such matrices being typical when working with large-sized
structures. In this case, vibration tests include two types of measurements: continuous long-
term ones taking at one or more selected reference points and consecutive short ones at other
measuring points. The presented results may be useful in the operation of large concrete dams
and other hydraulic structures to identify their dynamic characteristics.
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Annoranug. JlaHHas MyOJIMKaIUs MPOJOJIKACT IUKJI CTATeH, MOCBIIICHHBIX ITPUMEHECHUIO
METOla JEKOMIIO3UIIMK B YacTOTHOM obmact (FDD), KOTOpsIil CIyXUT Ijis1 MAeHTUDUKAITTN
JIUHAMMYECKUX XapaKTEePUCTUK COOPYKEHUU (COOCTBEHHBIX YacTOT M (hOPM COOCTBEHHBIX
KoJiebaHWi1) MO JaHHBIM BUOPALIMOHHBIX MCHBITAHUI, 06€3 mMpUMeHEeHUs] BUOPOBO30OYKIACHUSI.
MeTon OCHOBaH Ha CHUHTYJSIDHOM pAa3JIOKCHUM MaTPUIBl B3aMMHBIX CIIEKTPaJIbHBIX
wrotHocteit (MBCII) wu3MepeHHBIX CUTHAjJOB. B cTrarhe TpUBENEHO M0Ka3aTelbCTBO
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Bo3MOxXHOCTU ucnojb3oBanusg FDD nng nenonHoit MBCII. Takue MBCII xapakrepHbl Tipu
paboTe ¢ KPYIHBIMU COOPYXKEHMSIMU. B 3TOM ciyyae BMOpAaLIMOHHBIC UCIBITAHUS BKJIIOUAIOT
IBa BUJA M3MEPEHUIi: HEMpPepbIBHbIC IJIWTEIbHbIC B OIHON WM HECKOJBKUX BbIOpAaHHBIX
OIMOPHBIX TOYKAX M IIOCJIEIOBATEIBbHBIE KOPOTKHWE B OCTAJBHBIX WM3MEPUTEIBHBIX TOUYKAX.
IIpencraBneHHBIC Pe3yIbTATHl MOTYT OBITH ITOJIE3HBIMM TIPU SKCITyaTallMi OOJIBIITNX OETOHHBIX
IUIOTUH W APYTUX TUAPOTCXHUUCCKUX COOPYXKCHUU 1T MACHTU(PUKALIMU WX TUHAMUYICCKUX
XapaKTepUCTUK.

KioueBbie ciioBa: 1€KOMITO3ULIMS B YaCTOTHOM O6J'[aCTI/I, JNHAMNYECCKHUE XapaKTCPUCTUKU
COOpPYXKCHMUA, MaTpulla B3aMMHBLIX CIICKTPAJIbHBIX TMJIOTHOCTE M

Ccpuika ang  nutupoBanmsi: AnnpuaHoBa E. A., boageipeB 0. . OcobeHHOCTU
HCIIOJIb30BaHUSI OCHOBHOIo Kputepusi meroga FDD npu uaeHTUGUKALIMM AUMHAMUYECKUX
XapakTepucTuK coopyxenuit // Hayuno-texumuyeckue Bemomoctu CIIOITTY. ®usuko-
marematudeckue Hayku. 2025. T. 18. Ne 1. C. 58—68. DOI: https://doi.org/10.18721/JPM.18105

CraTbsl OTKPHITOro moctyma, pacrnpocrpansemast no juieHsnu CC BY-NC 4.0 (https://
creativecommons.org/licenses/by-nc/4.0/)

Introduction

Determining the dynamic characteristics of structures (natural frequencies, eigenmodes, atten-
uation decrements) is an important problem in the construction industry and, in particular,
for hydraulic structures (HS) in seismic areas, since their operational safety requirements are
particularly high.

The methods that allow experimentally determining the dynamic characteristics of structures
under normal operating conditions are collectively known as operational modal analysis (OMA).
It should be noted that using OMA is possible in the case when the operational dynamic effects
on the structure have a stationary broadband frequency behavior close to white noise.

This article discusses one of the most commonly used methods from the OMA group, inter-
nationally known as Frequency Domain Decomposition (FDD). This method is based on sin-
gular-value decomposition of the cross-spectral density matrix (CSDM) of simultaneously per-
formed measurements. It is described in detail in [3—5, §].

An important feature of the method is the presence of a formalized criterion for identifying
natural frequencies (the term ‘criterion’ is used for brevity from now on), specifically that as a
function of frequency, the first singular value of the CSDM should have local maxima near the
natural (modal) frequencies [1, 3, 5, 7].

Since 2019, the FDD method have been adopted since 2019 by scientists at B.E. Vedeneev
All-Russian Research Institute of Hydraulic Engineering (St. Petersburg, Russia) for instrumental
identification of the dynamic characteristics of the hydraulic structures (HS) of various hydro-
electric power plants (HPP), in particular, large high-head concrete dams. The ARTeMIS Modal
software package [10] was used. A double-ended estimate was constructed for the first singular
value of the CSDM, subsequently used to theoretically substantiate the main criterion of the FDD
method in the case of ‘single’ frequencies [1]. Furthermore, a new modification of the FDD
method for determining damping ratios was developed [2], providing an alternative to existing
FDD methods, namely, enhanced (EFDD) and frequency-spatial (FSDD) [5, 6, 9]. With all the
evidence presented and the conclusions drawn, it was assumed that all elements of the CDSM
could be determined based on the measurement results.

The main goal of this study is to substantiate the feasibility of using such a CDSM where not
all of its elements are known to obtain the required dynamic characteristics.

We refer to such a matrix as incomplete. The incompleteness of the matrix is of fundamental
importance, since a significant number of measuring points is generally required for the detailed
identification of eigenmodes of large and structurally complex structures; it should greatly exceed
the possible number of simultaneously used sets of measuring equipment.

Even though introducing incomplete CSDMs into such problems is fairly common, the valid-
ity of this approach is yet to be substantiated.
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Main aspects of FDD method

The following system of motion equations of an object’s point masses is considered as a math-
ematical model in the FDD method:

My (1) +Cy (1) + Ky(1) = x(0), (1

where x(7) are the loads; y(7) is the response (y, (1) i =1, 2, ..., N); M, C, K are symmetric and
real matrices of mass, damping, and stiffness, respectively.
The dimension of M,C, K is determined by the number of degrees of freedom N and is equal
to N x N. The matrix M is positive definite, the matrices C and K are positive semidefinite [3].
Because the eigenmodes ¢, are linearly independent, the response y(7) of the system is uniquely
represented as their linear combination:

y(t):(Pl'%(t)"'q’z'qz(t)"'---:(Dq(t)s (2)

where ® is a matrix with eigenmode vectors in its columns, ® = [¢,9,,...,¢,] (M is the number
of eigenmodes taken into account in this decomposition); ¢(7) are modal coordinates.

As established in [3], if the external force is assumed to be white noise, and the dissipation
is small, then the CSDM (denoted as G (0))) can be expressed in terms of eigenmodes (modal
vectors) as follows:

H
C, C .
(0= Z <p,,,(pm -z-c;pf(;:" =@ diag(at, () - @" 3)

where ¢ is the eigenmode (modal vector); ¢, is a positive coefficient; A is the root of the
characteristic equation,

}\’m = _Ym +i(’0dm’ (4)
C
o, () = ——Tn 5)

The following notations are used in Eqgs. (4) and (5):

Vs = 9,,G,)> (6)

6,, is the damping ratio, o, is the natural frequency without damping, o, is the natural frequency
with damping.
Let us introduce the matrix notation

A= diag(, /am(co)). (7)

dm

It was established in [3, 4] that

a, >0. (8)
Then, expression (3) for Gy((o) can be written as follows:
Gy (0) = DA’ D", )
or, in terms of eigenvectors,
M
G, (0)=2 0,0,0,. (10)

m=1

For simplcity, below we omit the argument o for functions depending on it, i.e., the notation
is G instead of Gy((o) o, instead of o (w), etc.

Modal vectors ¢, can | be regarded as normalized, since, according to expression (5), the coef-
ficient o, contains a constant ¢, , into which a normahzatlon coefficient can be introduced.
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The CSDM can be written in coordinate form:

M M
o, (o)’ o, 00 e o, 0%l
2 1 o 2 d 2 N
Z%(an)cpif > a, (9 >, 0Pl
G, =4 e = : (11)
< N 1 N 2 N
Do, 0 el > a,elMel Za ("
m= m=1

This matrix has the dimension N x N, where N is the dimension of the modal vec-
tors {¢, , m=1,...,M}, M is the number of modal vectors taken into account in the solution of
the problem.

The algorithm of the FDD method is that the results of dynamic tests of an object in a certain
frequency range are used to construct first a sequence of CSDM of the measured signals (based on
a sequence of frequencies), and then a function of the first singular value of the frequency (based
on the singular-value decomposition of these matrices) [3—5].

Let us give the estimates of the first singular value of the CSDM constructed in [1]:

max o, <G, <r£1ax20c |((p,.(pj)|. (12)

1<isM

Based on these estimates, the main criterion of the FDD method was proved in [1]: the first
singular value of the CSDM has local maxima near natural (modal) frequencies (referred to as the
‘criterion’ from now on). The proof was carried out provided that all the elements of the matrix
G (CSDM) are known. However, as noted above, the results of dynamic tests of large structures,
such as high-head concrete dams, used to identify dynamic characteristics, make it possible to
determine only a small part of CSDM values.

Application of FDD method to incomplete CSDMs

Before substantiating the use of incomplete CSDMs, let us briefly describe the measurement
procedure. The response vector y(7) is found during dynamic tests (DT) (see Egs. (1) and (2)); for
this purpose, derivatives of the signals y(t) are measured for some period at pre-determined points
of the object under study (accelerations are typically measured, less often velocities).

Fig. 1 shows an example of a measurement circuit on the crest and in the galleries of a dam (a
gallery is a longitudinal channel within a hydraulic structure (dam, etc.)). Evidently, a very large
number of measuring points are required for detailed identification of eigenmodes in large struc-
tures. Apparently, it is technically impossible to install a sensor (accelerometer or velocimeter) at
each measuring point for synchronous measurements. As a result, the dynamic testing technique
provides two types of measurements:

stationary, performed continuously at one or several reference points;

short-term, ‘mobile’ (5—10 minutes long), performed sequentially at selected points of the
examined structure by the same sensors.

The position of the reference measuring points should not change until the end of the tests.

Without loss of generality, we assume that only one of the three components of vibration
acceleration is measured, the longitudinal one, providing the largest contribution to the config-
urations of the lower eigenmodes in high-head dams. The cross-correlation function Rj(t) and
the cross-spectral density S, (0)) which is the Fourier transform of the function R (t) can be
calculated for any pair of s1gnals with numbers / and j measured simultaneously. The frequency
functions S, (03) are (i,j)-elements of the CSDM with dimension N x N, where N is the number
of measurement points. Note that since the function (03) is calculated by the measurement data
using the fast Fourier transform over a discrete frequency range o a sequence of the matrix
Gy(mp) with the elements S,-,-(UJ,,) is obtained from the DT data.

pp=1.P
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Fig. 1. Example of measuring circuit for dynamic tests on high-head concrete dam
Reference measuring points (red) and regular grid of consecutive measurements (green dots) are shown

If the signals were measured at all measuring points simultaneously, then all elements of the
matrix G (0) ) of dimension N x N (o would be known (we refer to such matrices as com-
plete CSDM from now on).

The criterion was proved precisely for such matrices in [1]. However, in accordance with the
DT techniaue described above. the cross-correlation function R (t) (and consequently S (0))) can

be calculated only for such a pair of measure-
[l SR LR b t +] ments, one of which was obtained at a stationary
s feer peeseeeser ¢f measuring point, or in the case when i = j, i.e.,
e e i A _l"_'_' .| auto-spectral density.
e i\'\ .. 1| S i o= e 4 Therefore, as a result of the DT, we can

p’p= 1..P)

determine only a small part of the values of
the CSDM. These are the elements located on
the main diagonal (auto-spectral densities of all
measured signals), as well as elements in several
columns and, accordingly, rows of the matrix,
whose numbers correspond to the numbers of
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where K is the number of reference points.
Let these numbers form a set M of the form

M={i,i,..., i},
and the numbers of the measurement points form a set R of the form
R=1,2,..,N, (12)

where N is the total number of measuring points.

Next, let j be any number from 1 to N that does not coincide with the reference point number,
ie., jcR/M.

Consider sets of the following form:
Mj= {0y ooy oo i g, Where i <i, < ... <j<...<i,

here, if j <, then Mj = {j’ Iy Lyeory I}, OF j > @, then Mj =i, by ey Dy ooy Jh
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Evidently, the number of such sets is N — K.
We choose the smaller matrices G’
elements lying at the intersection of rows and columns with numbers belongmg to sets Mj As a
result, N — K square matrices of dimension (i, + 1) x (i, + 1) can be selected from the initial
matrix. These are matrices of the following form:

r=1..N—K from the matrix G

so that they consist of

(G, (i,,0) G, (i, /) G, (i) |
G, =|G,(hi) o G -~ G (13)
_Gy(iK,il) G, (ix,J)) Gy(iK,iK)_
Note that the cases j < i and j > i, are also considered.

Thus, each of the matrices G; contains all the elements that lie at the intersection of the rows
and columns corresponding to the numbers of the reference points and at the intersection of the row
(column) numbered j ( j < R /M) with the columns (rows) with the numbers of the reference points.

The matrix G; can be written as follows in coordinate form:

M M M M
(@) ) @) (/) (i) (k)
> a0, > a0 el D, 00 ol
m=1 m=1 m=1
S () (i) S () () S () i)
ro_ J L J J J z
Gy - Za’m(pm (Pml Zam(pm (Pm Za’m(pm (PmK (14)
m=1 m=1 m=1
S ( @) S ) S ( (@,
i) (i (ix) () i), (i
D 0,00 0! Do, 0 0l Do, 00 ol
L m=1 m=I m=l1 _
Let us introduce the following notation:
o Z[(Pff;)» a(Pfﬂ])» ’(P;K)]. (15)

The component of the modal vector ¢ can be located at any position depending on the num-
ber j (for example, at the very beginning or end of the vector ¢;). Notably, in this case, ¢/ is a
vector consisting of several components of the modal vector. Define the vector (p

) 2 (K+1)
=606, 9, ], (16)
where ¢, =q",...,, " —cpiik .
Then the matrices G’ can be rewritten as follows:
S M) ~r( S M) r (s) ( ) |
) ~r 1) 1 1) ~ (K+1
>0, ", >, " Zoc 0, @,
m= m=1
M M M
ro__ i(S) ~r(1) ~7(s) ~=r(s) ~r(s) ~r(K+1)
G/ =| Yo, 20,876, . Da, (17)

m=1 1 m=1

3
Il

~r (K+1) ~r (1)

m(Pm (pm

~ (K+1) ~r (1)
&, P, P,

m=1 m=1

~r (K+1) ~

m (Pm

r (K+1)

P

L m=1
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Comparison of the matrix G; (17) with the complete matrix Gy (11) shows that they have exactly
the same structure. Notably, to obtain estimates of the first singular value by the method described
in our article [1], the only requirement for the vectors ¢, is their normalization. In the case of a
complete matrix, this requirement was fulfilled, since, in accordance with expression (5), the func-
tion a (o) contains some unknown constant ¢, into which a normalization coefficient can be intro-
duced. Indeed, to prove the criterion in [1], we used the fact that the functions o (») have maxima
at natural frequencies and the value of the constant ¢ is of no importance (it only matters that it is
positive). Therefore, we can consider the eigenmode vectors in Eq. (10) to be normalized because
¢, can be multiplied by the normalization coefficient necessary for normalization of ¢ .

In this paper, we choose an incomplete matrix G” and can similarly consider the vectors (B:n to
be normalized based on the constants ¢, (see Eq. (5)), each of which can also be multiplied by
the normalization coefficient needed to normalize the vector (f)jn and denote it ¢/. Then Eq. (5)
is rewritten as follows:

2 2 " (18)

Therefore, to derive estimates of the first singular value of the matrix G”, we can apply the
method described in detail and substantiated in [1] for the complete matrix ny. It was also estab-
lished in [1] that the matrix Gy is Hermitian and positive semidefinite, so its singular values and
eigenvalues coincide. To obtain estimates of the first singular number, auxiliary matrices having
the same spectral radius with the matrix Gy were used in [1]. The first such matrix K is the Gram
matrix [14], and in the case of a complete matrix it is constructed from the vectors \/a_m ¢, Since
Gy is described by Eq. (9), the corresponding Gram matrix is written as

K = A(®"®)A. (19)

It was proved in [1] that the lower bound of the first singular number constructed for the
matrix K is also the corresponding bound for the matrix Gy.
The matrix T is defined by the expression

T =(®"®)A". (20)

Taking into account the complete identity of (11) and (17), we can replace the modal vectors
¢ with ¢”, and the coefficients o, with o/, obtaining a double-ended estimate of the first singular
number o', of the matrix G; (r=1,2,.., N—K):

SZa,’{ =Tr(a;). (21)
k=1

M
max a; < o] < g}g;;;a,- (/%)

Since the functions o/(w) differ from o(w) only by constant coefficients, then, just as in the
case of a complete matrix for a ‘single’ natural frequency, a double-ended estimates” (o) ensures
that the criterion is fulfilled, i.e., the natural frequencies are near the abscissa of the maxima of
functions o’(®). Note that estimates (21) hold true over the entire frequency range.

Thus, to determine several lower natural frequencies of a structure by the FDD method and
the attenuation parameters by the method described in [2], in the ideal case, i.e., satisfying all
conditions for using the FDD method (namely, external forces are stationary and have a spectrum
close to ‘white noise’ in a significant frequency range; attenuation is low; measuring points are not
located near the nodal lines of the eigenmodes; the measurement length ensures noise suppres-
sion, etc., information about the values of two elements on the main diagonal and two elements
lying at the intersection of the row and column corresponding to these elements is sufficient).

It was proved in [1] that in the case of an arbitrary dimension of the CSDM, single frequencies
are identified as arguments of maxima of the function of the first singular number. On the other
hand, the present study shows that it is possible to choose a matrix from an incomplete matrix in
such a way that we arrive at the case described above.

Since the real conditions in which DT are preformed differ from ideal ones, several reference
points are typically used, so consequently we obtain N — K sequences of matrices G;(cop), for each
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of which we can construct the function ¢ (co ), and then determine the lowest natural frequencies
by the algorithm based on the criterion (descrrbed in detail in [1]).

Up to 10—14 natural frequencies can be identified using the described approach for high-head
concrete dams. The final values of the natural frequencies are obtained by averaging the results of
applying the criterion over all N — K sets. In addition to simple averaging, more complex integral
statistics can be used, as well as additional indicators ranking the matrices G’((o ) by quality of the
measured signals and effect of measurement noise.

The method for determining the eigenmodes in the case of incomplete CSDM also requires some
modification. It was shown in [1, 3] for complete CSDM that the eigenmode corresponding to a single
frequency with the number m can be well estimated by the first singular vector of the matrix G (m ).
Since it is Hermitian and positive semidefinite, its first singular vector coincides with its ergenvector
corresponding to the maximum eigenvalue. Moreover since the rank of the matrix Gy(oam) for a single
natural frequency (o,) can be considered singular, this eigenvector coincides with any column vector
(row vector) of the matrix Gy(o)m) with an accuracy of a coefficient (see [1, 3]). Therefore, in the case
of complete CSDM, the eigenmode practically coincides with any column (row) of this matrix cal-
culated at the correspondrng natural frequency. In particular, any column (row) of the matrix G (m )
for the natural frequency (o, ) is the eigenmode corresponding to this frequency.

This method for determrnrng the eigenmode is generally unsuitable for incomplete matrices.
This is because the dynamic test method described above assumes that measurements at ‘mobile’
points are not performed simultaneously, and, therefore, can be performed at different dynamic
loads. For example, sequential measurements at points of the HS are usually performed under dif-
ferent operating modes of the turbine. The dynamic characteristics of linear dynamic system (1)
do not depend on loads, so estimates of natural frequencies using G’(co ) can be averaged, and the
vectors @’ give estimates of values for several components of ergenmodes

The followrng technique is proposed in [3, 11] to reconstruct the complete eigenmode vectors.
Let the matrix G’(m ) be calculated at any natural frequency o, (the argument will be omrtted
for brevity). The part of the eigenmode vector (with components whose numbers are [y by euey Iy
is determined from a data set common to all matrices G”. We denote this part as b. The number
of components of the vector b’ corresponds to the number of reference points; the remaining b’
components are determined from the corresponding matrix G; Then the part of the eigenmode
vector for the degrees of freedom determined by the matrix G; can be written as

-r

Qo =|_ | (22)

Evidently, the vectors b must be proportional for any number r. If we take the vector b asa
basis, then the scaling between them can be determined as follows:

— —i

b =a,b. (23)
The complete eigenvector takes the following form:

— Bl -
=1
b

o=l 05 | 24)

| ab |

Since the vectors b are determined with some error, in the case when the dimension of the
vectors b exceeds unity, it is advisable to use the OLS method to find the scaling factors.

The eigenmodes of a structure are generally obtained based on a number of measurement
points allowing to construct the configurations of these eigenmodes. As a rule, the higher the
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sequence number of the dynamic characteristics, the denser the measuring grid should be. In
other words, the dimension of the complete CSDM is dictated by the number of degrees of free-
dom in the mathematical model of the object under study. If an object with an infinite number
of degrees of freedom is simulated by a linear dynamical system with N equations, the complete
CSDM has the dimension Nx/, and in order to apply the FDD method in this matrix, the ele-
ments of the main diagonal and the elements of at least one row (and, due to the properties of
the CSDM, respectively, the column) must be known.

Conclusion

The paper provides theoretical substantiation for the algorithm for determining the dynamic
characteristics, i.e., natural frequencies and eigenmodes, found by vibration tests with sequential
asynchronous measurements. Several reference points where measurements are taken continuously
are sufficient for applying the FDD algorithm in this case. Only a certain part of the elements of
the cross-spectral density matrix (CSDM) of signals measured at various points of the structure
can be calculated in these tests. A detailed description of the algorithm for constructing matrices
consisting of known elements of the initial incomplete CSDM is presented, whose singular-value
decomposition makes it possible to determine the natural frequencies of the structure under study.
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