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same time, the obtained computational results depend significantly on the choice of the LTT 
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computational results and experimental data.
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Великого.

применительно к расчету обтекания неподвижного и вращающегося цилиндров, а также 
тандема неподвижных цилиндров. Установлено, что при расчете рассмотренных течений 
этот подход значительно превосходит стандартный SST DDES, в рамках которого ЛТП 
не учитывается (предполагается, что течение является полностью турбулентным). 
Наряду с этим, результаты расчетов, полученные с его использованием, существенно 
зависят от выбора модели ЛТП, и в плане согласования расчета с экспериментом ни 
одна из двух моделей не имеет явного преимущества.
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Introduction

With increasing productivity of computing resources, global hybrid RANS-LES approaches 
have become increasingly popular for engineering calculations; the most well-known and widely 
used approach is the Delayed Detached Eddy Simulation (DDES) [1]. The accuracy of this, 
as well as other similar approaches, significantly depends on the computational accuracy of the 
attached boundary layer, provided by the basic RANS model. In the case when a significant part 
of the boundary layer is laminar, this accuracy can be radically improved by using basic models 
that take into account the laminar-turbulent transition (LTT). This is evidenced, in particular, 
by the results we obtained earlier in [2] for simulation of the flow around a sphere and a cyl-
inder in crossflow at near-critical Reynolds numbers, as well as similar results from [3–8] and 
others dedicated to simulations crossflow of cylinders, airfoils and turbine blades. It is preferable 
to use RANS-based LTT models that do not contain additional PDEs for transport of auxiliary 
quantities responsible for LTT prediction (such models are called algebraic LTT models here and 
below), so using them practically does not entail an increase in computational costs compared to 
basic models that do not account for LTT. However, the question of the influence of the specific 
basic LTT model selected on the accuracy of the resulting solution remains open.

This paper aims to partially clarify this issue by focusing closely on the computational results 
for near-critical flow regimes of various bluff bodies (stationary cylinder, rotating cylinder, tan-
dem of stationary cylinders) using the DDES method based on two algebraic LTT models: 
SST KD [2] and SST alg-γ [9].

SST KD DDES and SST alg-γ DDES methods

The formulations of these approaches are based on the equations of the semi-empirical k-ω 
SST RANS turbulence model [10]. In both cases, the PDE for transport of specific turbulence 
dissipation ω of the SST model remains unchanged, and all its modifications aimed at accounting 
for LTT are related to the equation for transport of turbulence kinetic energy k, which can be 
written as follows within the approaches applied:

( ) ( )
3* 2

bubble
DDES

( ) ,i
k k t

i i i

u kk k kP P
t x l x x

∂ ρ  ∂ ρ β ρω ∂ ∂
+ = γ + − + µ +σ µ ∂ ∂ ∂ ∂ 

(1)
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where ρ is the density; μ, μt are the dynamic coefficients of molecular and turbulent viscosities; 
xi are the components of the coordinate system; ui are the components of velocity; σk, β

* are the 
constants of the SST model; Pk is the generation term.

The turbulence length scale lDDES is a combination of the turbulence length scale of the 
SST model

lRANS = k1/2/β*ω

and the subgrid-scale length scale DDES
SLA∆ , adapted to the mixing layers [11]; lDDES is calculated by 

the formula presented in [1]:

DDES
DDES RANS RANS DES SLAmax{0, ( )},dl l f l C= − − ∆ (2)

where is the shielding function fd, defined as

( ) ( ) ( )( )2 2 2 2 2
1 t1 tanh , 0.5dC

d d d d wf C r r d S = − = ν + ν κ ⋅ +Ω  (3)

ensures DDES operation in RANS regime in the entire attached boundary layer.
The quantities included in Eq. (3) are defined as follows: νt, ν are the kinematic coefficients 

of turbulent and molecular viscosities; dw is the distance from the point under consideration to 
the nearest wall; S, Ω are the magnitudes of strain rate and vorticity tensors; empirical constants 
have the following values:

CDES = F1⋅CDES1 + (1 – F1)⋅CDES2,

CDES1 = 0.78, CDES2 = 0.61, Cd1 = 20.0, Cd2 = 3.0, κ = 0.41, β* = 0.09,
where F1 is a function of the SST model [10], which is a boundary layer detector.

The values given coincide with the values of the corresponding constants of the SST DDES 
method [1].

The additional terms introduced in Eq. (1) (compared with the standard equation for transport 
of k of the SST model) to account for LTT, namely, the intermittency γ and the generation term 
Pbubble, intended to describe the separation (‘bubble’) transition, are found by the same formulas 
as in the SST KD [2] or SST alg-γ [9] RANS models of the LTT. However, since these terms 
should function only in the RANS region of DDES, these terms are deactivated in the regions 
where the value of the weighting function F1 of the SST model satisfies the condition F1 < 0.9 
(i.e., outside the RANS region), that is, the value of γ is assumed to be equal to 1, and the value 
of Pbubble is assumed to be equal to zero.

Problem statement

To assess the influence of the LTT model on the accuracy of the DDES method based on it, 
three flows were selected where LTT plays a key role.

The first of these is the crossflow of a stationary cylinder in a wide range of Reynolds numbers, 
including subcritical, critical and subcritical regimes. Study of this problem allows to evaluate the 
capability of eddy-resolving approaches to predict the drag crisis phenomenon.

The second flow is crossflow over a rotating cylinder (Fig. 1, a) under regimes characterized by the 
so-called inverse Magnus effect. The direct Magnus effect is widely known. It consists in the occur-
rence of a lift force induced by an increase in pressure in the vicinity of the lower part of the cylinder 
moving upstream and a decrease in pressure in the vicinity of its upper part moving downstream 
(the cylinder is assumed to rotate clockwise and the flow is directed from left to right). However, 
with a certain combination of the rotational velocities of the cylinder and the Reynolds numbers, a 
change in the direction of the lift force is observed in experiments, which is called the inverse Magnus 
effect. It is caused by the LTT in the boundary layer on the lower side of the cylinder, which leads 
to displacement of the separation downstream and a corresponding decrease in local pressure. LTT 
does not occur on the upper surface of the cylinder, with laminar separation observed, therefore the 
pressure is higher than on the lower surface. These specific modes are considered in the paper.
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The third flow considered is the crossflow 
over a tandem of stationary cylinders (Fig. 1,b), 
which was studied in detail in the experimental 
work [12]. Depending on the distance between the 
cylinders Sc and the Reynolds number Re, three 
characteristic regimes can be distinguished [12], 
illustrated in Fig. 2 for Sс/D = 2.8 (Sс/D is the 
dimensionless distance between the cylinders in 
the tandem, D is the cylinder diameter).

In the first regime, subcritical flow around the 
front cylinder of the tandem is observed, LTT 
occurs in the separated mixing layer, and a global 
(without forming a Kármán vortex street) separa-
tion region with low pressure is formed between 
the cylinders, which entails low or even negative 
drag of the rear cylinder of the tandem. With 
this type of flow, a single vortex street is formed 
behind the cylinders, shown in Fig. 2 in blue.

The second regime corresponds to supercriti-
cal flow around the front cylinder, where a pro-
nounced Kármán vortex street is formed in its 
wake, and the width of the wake is significantly 
reduced. In this case, the drag of the rear cylin-
der becomes higher than that of the front cylin-

der, and a separate Kármán vortex street is formed in its wake (shown in green in Fig. 2).
With a further increase in the Reynolds number (transcritical flow), the wake behind the first 

cylinder gradually expands, which is accompanied by an increase in its drag and a decrease in the 
drag of the second cylinder.

Thus, accurately determining the LTT position for flow around the front cylinder of the tan-
dem is critically important for determining the drag of the rear cylinder.

The values of the governing parameters of the three flows described above, namely the Reynolds 
number Re = U0D/ν, based on the diameter of the cylinder D and the freestream velocity U0, the 
relative rotational velocity of the cylinder α = Vw/U0 (Vw is the linear rotational velocity of the 
cylinder wall) and the dimensionless distance between the cylinders of the tandem Sc/D are given 
in Table 1.

Fig. 1. Schematic of two flows considered: 
flow around rotating circular cylinder (a) and 
tandem of stationary cylinders (b); Vw is the 
linear rotational velocity of the cylinder wall, 
Sc is the distance between the cylinder axes
Thin arrows indicate the direction of the free 

stream (U0 is its velocity)

Fig. 2. Experimental dependences of drag for front (CD1) and rear (CD2) cylinders in the tandem 
on Re at S

с
/D = 2.8 [12]; scheme of three flow regimes: subcritical, supercritical and transcritical; 

LTT is the laminar-turbulent transition
The vertical lines correspond to the three values of the Reynolds number considered in this paper
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The computational domain for the flow around the single cylinder (both stationary and 
rotating) is a cylinder with a radius of 25D and centered at the point (x,y) = (0,0) coinciding with 
the center of the cylinder (the flow is in the positive direction of the x axis). The computational 
domain for the flow around the tandem of cylinders is a rectangular parallelepiped, whose height 
Ly/D = 10 is equal to the height of the wind tunnel in the experiment [12], and the x coordinate 
varies from –20.0D to +27.3D.

All velocity components were set to zero on the surface of the stationary cylinder, and assumed 
to be equal to the components of the local surface velocity on the surface of the rotating cylinder. 
The pressure gradient normal to the wall and the turbulence kinetic energy k were assumed to 
be zero, and its specific dissipation rate ω was calculated by the formula recommended in [13]:

( )2
1 1

60 ,W d
ν

ω =
β ∆

(4)

where β1 is the constant of the SST model, β1 = 0.075; Δd1 is the size of the first near-wall step 
of the mesh.

Tab l e  1

Main computational parameters of three selected flows and their values

Body in crossflow Re, 105 2nd parameter
Stationary single cylinder 0.5–9.0 –
Rotating single cylinder 3.65 0 ≤ α ≤ 0.6

Tandem of stationary cylinders 1.5; 10.0; 80.0 Sс/D = 2.8; 4.0

Nota t i on s : Re is the Reynolds number equal toU0D/ν, constructed from the diameter 
of the cylinder D and the freestream velocity U0 (ν is the molecular viscosity); α is the 
relative rotational velocity of the cylinder equal to Vw/U0 (Vw is the linear rotational velocity 
of the cylinder wall); Sc/D is the dimensionless distance between the tandem cylinders.

T ab l e  2

Boundary conditions for turbulent characteristics at inlet boundary

Streamlined body Re, 105
Boundary value

k/U0
2, 10–4 ωD/U0

Stationary circular cylinder

0.5 0.240 4.0
1.3 0.614 10.9
1.7 0.799 24.3
2.5 1.350 42.8
3.0 1.500 47.9
4.0 1.560 49.9
5.0 1.980 64.0
7.0 2.730 88.6
9.0 3.600 11.8

Rotating circular cylinder 3.65 1.380 4.78

Tandem of stationary cylinders
1.5 1.220 20.3
10.0 6.000 120
80.0 9.380 174

Nota t i on :  Re is the Reynolds number, k/U0
2 is the normalized turbulence kinetic energy, 

ωD/U0 is the normalized specific velocity of dissipation k.
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Constant values of velocity u = U0, turbulence kinetic energy k and its specific dissipation 
rate ω were set at the inlet boundary of the computational domain (Table 2). These values were 
selected in such a way that when they were fixed in the region x ≤ –2.0D and calculated further 
downstream, the turbulence intensities 2

0Tu 100 u U′= ⋅  in the vicinity of the streamlined cylin-
ders coincided with the corresponding values in [14, 15, 12] (Table 3).

Finally, the pressure at the inlet boundary was determined by linear extrapolation of its values 
from the internal points of the computational domain.

In addition, the conditions of free slip (‘symmetry’) were set for simulation of flow around the 
tandem cylinders at the upper and lower boundaries of the computational domain.

As for the boundary conditions along the transverse z coordinate, it was assumed for all flow 
simulations that they were statistically homogeneous in the transverse direction z (‘quasi-two-di-
mensional’). For this reason, periodic boundary conditions were imposed at the lateral boundaries 
of the computational domain, whose size in the direction z was Lz = 5D in all simulations (this 
is slightly greater than the width the computational domain πD, typically used in simulations of 
cylinder flow in the quasi-two-dimensional approximation (see, for example, [16, 17])).

As an initial approximation, homogeneous fields with values equal to the values of the corre-
sponding quantities at the inlet boundary of the computational domain were set for all required 
variables, except pressure, and the pressure was assumed in the initial approximation to be equal 
to the pressure at the outlet boundary.

The flow around a single cylinder was simulated using O-type meshes with clustering in the 
attached boundary layer and in the wake behind the cylinder. Three such meshes were built, con-
taining 56, 65 and 73 million cells, differing in the magnitude of the first near-wall step in the radial 
direction to ensure that the condition Δd1

+ < 1 was satisfied in all simulations. The mesh with 56 
million cells satisfies this condition at the value of Re < 10∙2.55, the mesh with 65 million cells at 
Re < 6.0∙105, and the mesh with 73 million cells at Re < 1.0∙106. Selective simulations with refined 
meshes indicate that the constructed meshes ensure grid independence of time-averaged solutions.

The average of the constructed meshes (65 million cells) was used for all simulations of the 
flow around the rotating cylinder.

The step sizes of the computational meshes used for simulations of the flow around the tandem 
of cylinders approximately coincided with the step sizes of the most refined mesh for a single 
cylinder (73 million cells), and the number of cells in these meshes was 86 and 89 million for 
Sс/D = 2.8 and 4.0, respectively.

The time integration step was Δt = 10·5–3D/U0, providing the Courant number CFL < 1 in the 
separation zone in the wake behind the cylinders. The simulations were run over a time interval 
of about 100·D/U0. A statistically steady solution was achieved in the first half of the time interval, 
and nonstationary data were accumulated in the second half to compute time-averaged charac-
teristics of the flow.

Computational aspects

All results presented below were obtained with the in-house academic finite-volume code 
NTS [18], using multi-block structured overset meshes (Chimera technology), allowing to per-
form simulations of geometrically complex flows with higher-order approximation schemes.

Incompressible flows studied in this paper were simulated with the NTS code using the Rogers–
Kwak method for flux-difference splitting [19], combining the scheme for flux vector splitting of gas 
dynamic equations and the Yanenko–Chorin method for introducing artificial compressibility [20].

Tab l e  3

Selected turbulence intensities Tu in the vicinity of streamlined cylinders

Streamlined body Tu, %
Stationary circular cylinder 0.30 [14]
Rotating circular cylinder 0.90 [15]

Tandem of stationary cylinders 0.45 [12]
Note . The values of Tu in the vicinity of the streamlined cylinders were 
expected to coincide with the corresponding values in [14, 15, and 12].
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The method for approximating the inviscid components of the flux vectors in the equations 
of motion, determining the dissipative properties of the scheme plays an important role within 
the framework of hybrid RANS-LES approaches; the requirements for this method vary in dif-
ferent regions of the flow. The scheme should ensure the stability of the solution on relatively 
coarse anisotropic meshes in the RANS region, which is achieved by using excessively dissipative 
upwind-biased schemes. In contrast, it is necessary to use less-dissipative schemes providing res-
olution of small-scale turbulence in LES regions. The boundary between RANS and LES regions 
is determined automatically during the solution process in global hybrid approaches, including 
the DDES method, which, in general, does not allow to explicitly prefer a specific scheme in 
certain regions of the computational domain. In such cases, it is common to use a combination of 
selected schemes with a space-variable weight, determined during the solution process. A hybrid 
scheme was used in this work to determine the weights of a third-order upwind scheme and a 
fourth-order central difference scheme [21].

The inviscid components of the flux vectors in the equations for transport of k and ω were 
approximated using a second-order upwind scheme. The viscous components of the flux vectors 
in all equations were approximated using a second-order central difference scheme. An implicit 
three-layer second-order Euler scheme was used to approximate the time derivatives [22]. In this 
case, 20 internal iterations in pseudo-time were performed at each time step.

To solve the system of discrete analogues of the initial gas dynamic equations, Gauss–Seidel 
plane relaxation was used at each iteration, and the transport equations of turbulent characteris-
tics were solved using a modified (with diagonal predominance) method of approximate factor-
ization in spatial directions.

The simulations were parallelized via the hybrid MPI/Open-MP concept, making it possible 
to ensure efficient operation of the program on computers with both distributed and shared or 
combined RAM.

Computational results and analysis

Flow around stationary circular cylinder. Fig. 3 shows the distributions of the time-averaged 
skin friction and pressure drag Cf and Cp at different Reynolds numbers, obtained from simula-
tions using the standard (not taking into account LTT) SST DDES method and its two versions 
taking into account LTT.

Judging from these distributions, the standard SST DDES predicts turbulent separation over 
the entire variation range of the Reynolds number under consideration, and the results obtained 
using it differ significantly from the corresponding results obtained using the SST KD DDES and  
SST alg-γ DDES methods taking into account LTT.

The results obtained using these methods accounting for LTT depend significantly on the 
Reynolds number.

In particular, both methods predict similar distributions Cf and Cp at Re = 1.3∙105, typical for 
subcritical flow regimes characterized by laminar separation.

If the Reynolds number is close to the critical value (Re = 2.5∙105), the Cf and Cp distributions 
obtained using SST KD DDES and SST alg-γ DDES differ greatly from each other. The first of 
these methods predicts the subcritical nature of the flow, as can be judged by the pressure distri-
bution over the surface, and the second is subcritical, with a bubble transition.

At Re = 4∙105, the distributions Cf and Cp obtained using methods accounting for LTT become 
close again and resemble the distributions observed in supercritical flow regime with bubble LTT.

Finally, at Re = 9∙105, the results of both models are also close to each other and (as should 
be the case with significantly supercritical flow regimes) are characterized by LTT in the attached 
boundary layer and separation of the turbulent boundary layer.

All the described characteristics of the Cf and Cp distributions are reflected in the computa-
tional dependences of drag.

( ) 2
0

1
2D x zC F U L D = ρ 

(Fx is the total drag force acting on the cylinder) on the Reynolds number (Fig. 4).
Fig. 4 also shows experimental data [14, 23–25].
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Fig. 4. Computational dependences of cylinder drag on Reynolds number, 
obtained by three methods: comparison with experimental data

Fig. 3. Comparison of computational dependences of skin friction drag Cf 
and pressure drag Cp (averaged over time and transverse direction) on polar angle 

obtained using three methods at Re 1.3∙105; 2,5∙105; 4.0∙105 and 9.0∙105
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In particular, unlike the original SST DDES method, both approaches that take into account 
LTT describe the drag crisis qualitatively correctly (a sharp drop in CD at Reynolds numbers in the 
vicinity of Re = 1.5·105). In addition, for subcritical (Re < 1.5·105) and significantly supercritical 
(Re > 7.0·105) Reynolds numbers, drag does not depend on the LTT model used and agrees well 
with experimental data (which vary widely).

However, in the range of Reynolds numbers 1.3·105 < Re < 10·4.05, there is a significant 
difference in the CD(Re) dependence obtained using the SST KD DDES and SST alg-γ DDES 
methods, and, unlike in the experiment, their nonmonotonic variation.

Finally, with a further increase in the Reynolds number, the computational results using both 
models become close again, but at Re < 7.0·105 they differ significantly from the measurement results.

In general, the results obtained indicate that none of the methods provides a satisfactory 
description of the flow around the cylinder with a bubble LTT. The reasons for this remain 
unclear. However, it can be assumed that this is due to the insufficiently rapid growth of turbulent 
viscosity in the separation bubble. Notably, no such phenomenon is observed in the computational 
results for flow around a sphere [26]. This indirectly indicates that it is at least partially related to 
the effect of strong large-scale oscillations of the cylinder’s near wake on the separation bubble.

Flow around rotating cylinder. For the considered values of the Reynolds number and the 
dimensionless rotational velocity of the cylinder (Re = 3.65·105, 0 ≤ α ≤ 0.6), accounting for 
LTT led to a qualitative change in the distribution of time-averaged pressure drag Cp over its 
surface (Fig. 5).

Thus, the SST DDES method, which does not account for LTT, predicts a monotonic increase 
in the flow asymmetry relative to the y = 0 plane as the rotational velocity increases: pressure 
decreases on the upper surface and increases on the lower surface, which leads to a monotonic 
increase in the Magnus effect (an increase in lift force).

Fig. 5. Computational polar distributions of skin friction drag Cf 
and pressure drag Cp (averaged over time and transverse direction) 
over the lower and upper surfaces of rotating cylinder at different 

relative rotational velocities α
(reference point of the polar angle φ is shown in Fig. 1,a; 

Vw is the linear rotational velocity of the cylinder wall)
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In contrast, both DDES versions used, which account for LTT, predict a different type of sep-
aration on the two sides of the cylinder, namely laminar on the upper surface and turbulent on the 
lower surface. The turbulent separation is shifted downstream relative to the laminar one, which 
leads to a certain decrease in pressure on the lower surface relative to the upper surface, which 
exceeds its increase at α < 0.5 due to rotation. Data related to the friction drag Cf are also presented.

As a result, the lift force turns out to be neg-
ative at 0 < α < 0.5 in the solutions obtained 
using the SST KD DDES and SST alg-γ DDES 
methods, i.e., both methods describe the inverse 
Magnus effect (Fig. 6). The value of the lift force 
СL predicted by the SST DDES method is posi-
tive and increases monotonically with increasing 
rotational velocity.

A comparison of the computational and 
experimental dependences of СL(α) shown in 
Fig. 6 indicates that the SST KD DDES and 
SST alg-γ DDES methods accurately predict the 
variation range of rotational velocity α, where 
the inverse Magnus effect is observed, how-
ever, they somewhat underestimate the magni-
tude of the negative lift force compared with the 
experimental value. The quantitative difference 
between the dependences predicted by different 

methods accounting for LTT turns out to be rather significant, however, the same as for a sta-
tionary cylinder, it is difficult to give preference to any of the models in this case. For example, 
the results obtained using SST alg-γ DDES are in better agreement with experimental data at 
α ≤ 0.3, and the results obtained using SST KD DDES are in better agreement with experimental 
data at α > 0.3.

Fig. 6. Computational dependences of lift 
in rotating cylinder on relative rotational 
velocity α, obtained using three methods: 

comparison with experimental data [27]

Fig. 7. Computational dependences of drag for front (CD1) and rear (CD2) 
tandem cylinders on Reynolds number: comparison with experimental data [12]
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Flow around tandem of cylinders. Computational results for this flow are shown in Fig. 7. As 
for the two flows discussed above, DDES versions accounting for LTT seem superior over the 
standard SST DDES method. For example, according to measurements, under the subcritical 
flow regime of the first cylinder (Re = 1.5∙105), its drag is much higher than that of the second 
cylinder (the latter turns out to be negative at Sc/D = 2.8). Among the three methods considered, 
the SST KD DDES method predicts the greatest difference between the drag of the first and 
second cylinders, however, in this case this difference turns out to be significantly less than that 
observed in the experiment.

As noted earlier (see the section ‘Problem statements’), the drag of the second cylinder exceeds 
the drag of the first in subcritical regime (Re = 1∙106). For both considered distances Sc/D, this 
effect is predicted only by the SST alg-γ DDES method, and for SST KD DDES, it is observed 
only at Sc/D = 4.0 (according to this method, the drag coefficients of both cylinders turn out to 
be almost equal at Sc/D = 2.8). The difference between the drag of the rear and front cylinders 
is underestimated in all cases. The standard SST DDES method predicts a qualitatively incorrect 
result: the drag of the first cylinder exceeds the drag of the second.

Finally, the drag of the first cylinder again becomes higher than the drag of the second in tran-
scritical regime (Re = 8∙106). This effect is not predicted by any of the three methods, and SST 
alg-γ DDES predicts a qualitatively incorrect result, and according to the other two methods, the 
drag coefficients of both cylinders are almost equal.

Thus, the same as in the first two problems, both versions of DDES, which take into account 
LTT, significantly exceed the SST DDES method in accuracy. The error of the solutions obtained 
using these methods remains very high, and it is not possible to give preference to any of these 
versions of DDES.

Conclusion

The example of three separation flows (crossflow over stationary and rotating single cylinders 
and tandem of stationary cylinders), where the laminar-turbulent transition (LTT) plays a major 
role, was used for detailed analysis of the potential of the eddy-resolving hybrid RANS-LES 
approach DDES SST combined with algebraic LTT models (SST KD or SST alg-γ) for simula-
tions of these flows. We established that in all the cases considered, both methods that take into 
account LTT allow to describe the drag crisis phenomenon, in contrast to the standard DDES 
version with the basic SST RANS model. The choice of the LTT model has a significant impact 
on the computational results, especially in near-critical flow regimes. However, it is impossible 
to select either of the two LTP models considered once and for all, since both of them turn out 
to be accurate in different cases.

The simulations were run on the Polytechnic RSC Tornado cluster of the Polytechnic Supercomputer 
Center (http://www.scc.spbstu.ru).
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