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Abstract. The paper presents the results of a computational study of the effect of longitudinal
pressure gradient (PG) on the position of a laminar-turbulent transition (LTT) in the boundary
layer both on a smooth plate and a plate with a local surface irregularity. For the former case,
the calculations were performed using a procedure (developed recently by the authors) based on
the Global Stability Analysis (GSA) of a laminar boundary layer, as well as other well-known
methods taking into account the LTT. The results obtained varied significantly for different
methods and were different from the more reliable GSA results. This calls into question the
accuracy of these methods. The conducted studies have proven the possibility of performing a
total assessment of the shift in the LTT by adding the shift occurring due to the change in the
PG and the shift for a plate with the surface irregularity in the absence of GD.
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AnHotamusg. B craTbe TIpencTaBieHBI pPe3yJbTaThl PAacUeTHOTO WCCJEAOBAHUST BIMSTHUS
mpomxoiabHOro rpaguenTa gapineHus (I']) Ha monoxXeHne JaMUHAPHO-TypOYJIEHTHOTO Mepexoaa
(JITIT) BriorpaHMYHOM CJIO€ Ha IJIaIKOM IJTACTUHE ¥ Ha TUTACTUHE C IOKAJIbHOI HepeTyIsIPHOCTHIO
nmoBepxHOCTU. JIJIsT IIanKoil TIJIaCTUHBI pPacyeThl BBIMOJHEHBI C MCIIOJb30BaHUEM Kak
pa3paboTaHHOI aBTOpaMM METOAMKM, OCHOBaHHOI Ha I'mobGanbHOM AHanu3e YCTOMYMBOCTHU
(FAY) nammHapHOTO MOTPAaHUYHOTO CJIOS, TaK W IPYTUX WU3BECTHBIX METONOB, YUYMTHIBAIOIIINX
JITII. ITonyyeHHbIE pe3yabTaThl CYILIECTBEHHO Pa3inyaroTCs IJsl pa3HbIX METOAOB U OTJUYHBI
oT OoJiee HAIEeXHBIX Pe3yabTaToB 'AY, 4TO CTaBUT MOI COMHEHHE TOYHOCTH 3TUX METOMIOB.
[IpoBeneHHBIC MCCIeNOBAHUS JOKA3aIM BO3MOXKHOCTD BBIMOJIHITh CYMMapHYIO OILIEHKY CIBUTa
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nojoxenust JITIT nyrem ciaoxeHUs cABUra Ijisl IIaAKOW IUIACTMHBI, MMEIOILET0 MECTO BBUAY
u3MeHeHus BeaumdyuHbl 1, u caBura jisl IJIACTUHBI C HEPErYJISIPHOCThIO Ha €€ IMOBEPXHOCTU
B otcytrcTBue I'JI.
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Introduction

Constructing reliable computational methods for finding the position of the laminar-turbulent
transition (LTT) is important for many industries (aviation, power and mechanical engineering,
etc.), since the aerodynamic forces acting on a streamlined body largely depend on the length of
the laminar section of the boundary layer forming on its surface. For example, an increase in the
length of the laminar section of the boundary layer in problems of external aerodynamics leads
to a decrease in the drag force and, consequently, to a decrease in fuel consumption [1, 2]. LTT
is a complex physical process associated with the loss of stability of laminar flow at high (above
the critical value) Reynolds numbers. At low levels of turbulence of the external flow, typical for
external problems of aerodynamics, Tollmien—Schlichting (TS) waves evolve in the boundary layer,
their convective instability inducing well-developed turbulence [3], i.e., the so-called natural LTT
scenario unfolds. The evolution of TS waves is influenced by a number of factors; in particular,
manufacturing-induced irregularities of the streamlined surface (roughness, small steps and gaps)
and the presence of a longitudinal pressure gradient play an important role (see, for example,
[4—6]). Accounting for these factors within the framework of parallel and quasi-parallel approxima-
tions of classical linear theory of stability [7] does not provide an acceptable accuracy for practical
computations of the LTT position. For this reason, in recent years, computational methods based
on the so-called global stability analysis (GSA) [8] have become widely popular, which are actively
developed and used to solve a wide range of problems in aerodynamics (see, for example, [9—11]).

The methodological problems associated with applying GSA to simulate the evolution of TS
waves in a boundary layer, on a flat smooth surface, with a zero pressure gradient have now been
largely solved (see [12—14]), and successful applications of GSA to perturbation analysis for 2D
or 3D surface inhomogeneities are discussed in [15—17].

A post-processing technique was proposed for the GSA results in [18], allowing to determine
the position of the LTT based on the calculated longitudinal distribution of TS wave growth rate
in the boundary layer on a smooth plate. This technique was generalized in [19] and applied to
calculate the position of the LTT in boundary layers on a plate with local geometric irregularities.

This paper, continuing the research in [18, 19], concentrates on the application of this tech-
nique for calculating the position of the LTT under simultaneous influence of irregularities in the
surface of the streamlined wall and the pressure gradient.

Technique for determining the LTT position based on GSA

This three-step technique is described in detail in [18—20], so only a brief overview is
provided below.

A steady-state solution of 2D unsteady Navier—Stokes equations for compressible ideal gas is
found at the first stage:

© Tl'apbapyk A. B., l'onyokos B. /1., Ctpenenr M. X., 2025. Uznarens: CaHkT-IleTepOyprckuit moInMTeXHUUECKNT YHUBEPCUTET
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0q/ ot = RHS(q), (1)

where q is the conservative variable vector and RHS(q) is the right-hand side of the
Navier—Stokes equations.

The finite-volume CFD code NTS [21] is used to obtain this solution for g(x,y) whose sta-
bility is investigated below using GSA (it is commonly referred to as the baseflow solution). In
this case, the spatial approximation of inviscid components of the flux vectors in the right-hand
side of expression (1) is carried out using a third-order upwind-biased Roe scheme, and their vis-
cous components are approximated using a second-order central difference scheme. An implicit
first-order scheme is used for time integration, and a local (depending on local grid spacings) time
step is used to improve convergence to a stationary solution, determined by the given Courant
number, in combination with the technique for selective perturbation suppression [22].

At the second stage, GSA of the baseflow solution found at the first stage is performed, where
the eigenvalue problem for the Jacobian of the right-hand side of the Navier—Stokes equations (1)
J =0(RHS)/0q|,_g is solved:

Jq =0q. 2)

The solution to this problem, i.e., a set of complex eigenvalues and vectors (o,q), describes TS
waves propagating along the plate. Each pair (w,q) corresponds to one TS wave (mode). The real
part of the eigenvalue o, represents the growth or decay rate in the amplitude of this wave over
time, its imaginary part o, is equal to the frequency of this mode, and the real part of the eigen-
vector q(x,y) represents the spatial distribution of the wave amplitude.

Problem (2) is solved numerically for a discrete analogue of the Jacobian for which the cal-
culation method was provided in our paper [23]. In this case, the Krylov—Schur method is used,
implemented in the SPEPc/PETSc open library [24].

Finally, at the third and final stage, the post-processing of GSA results (pairs of eigenvalues
and eigenvectors) is carried out, which makes it possible to determine the position of the LTT.
This post-processing technique, described in detail in [19] consists of calculating the growth rate
of individual TS waves N (x) and constructing their envelope N(x). After that, the LTT position
is determined as the coordinate x, at which N(x) reaches the critical value N__.

In this paper, it is assumed that this value depends only on freestream turbulence level and is
determined by the Mack formula [25]:

N _=-8.43 —2.4-In(Tu).

crit

N Fig. 1 shows an example of determining the
NevLy) LTT position x, in the boundary layer on a smooth
flat plate at a value N =9, corresponding to
freestream turbulence level Tu = 0.07%.
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A boundary layer on a flat surface is consid-
ered in the presence of a longitudinal pressure
gradient generated by tilting the upper boundary
of the computational domain (Fig. 2) on which
a free-slip condition is imposed.

The computational domain for the first
stage of the calculations (obtaining the base-
Fig. 1 Construction of envelope for flow solution) includes the plate with the L,
Tollmien—Schlichting wave growth rate and a section of the ‘slippery’ wall in front
N(x) in the boundary layer on flat plate and of it (—0.1 <x/L, < 0.0), which is necessary
determination of transition position x at N. =9  for correct description of the formation of a

The green arrow indicates the direction laminar boundary layer in the inlet section of
of frequency growth the plate [19].
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The characteristic Reynolds
(Re;) and Mach (M) numbers,
based on the inlet velocity U
and the plate length L, are
equal to

0 1%L, Re, = U.L/v=6-10°

Fig. 2. Schematic of computational domain. Problem: M =0.05,

calculate the baseflow solution for a boundary layer on a plane ~ where v is the dynamic viscosity

plate (length L)) with a pressure gradient; of the gas.
W, SW are the wall and the slip wall, respectively; « is the slope of The height of the inlet sec-
the upper boundary of the computational domain; U, is the inlet tion of the channel is fixed
velocity of compressible ideal gas (y/L,= 0.1), while the height

ratio of its outlet and inlet
sections varies from 0.975 to 1.050 with a step of 0.025, corresponding to a change in the
inclination angle o of the upper boundary of the computational domain from about —0.13 to
+0.26°; according to calculations, this provides an almost constant value of the dimensionless
pressure gradient o:
v dp

_pUS dx’

where p is the gas density; dp/dx is the dimensional pressure gradient.
The magnitude of ¢ varies in the range from —4.8-10°to 6.1-107°. Specific computations were
performed for four values of ¢, equal to

—4.8-107,0.0; 2.8-107; 6.1-10°7,

i.e., with a favorable (negative), zero, and two unfavorable (positive) pressure gradients.
In addition to the smooth bottom plate, simulations were performed in the presence of a back-
ward-facing step located at x/L,= 0.25 with a variable height.

h/§ = 0.25; 0.50; 0.75,

where 8; =3.5-10" L, is the local displacement in the boundary layer without a pressure gradient
at x/L, = 0.25.

The boundary conditions for calculating the baseflow solution were imposed as follows.

Homogeneous velocity and temperature profiles were set at the inlet boundary, and the remain-
ing variables were extrapolated to it from within the computational domain.

The free slip condition was imposed on the upper (inclined) boundary and on the lower one
at —0.1 < x/L; < 0.0, while the no-slip and no-flow conditions were imposed on the rest of the
lower boundary (x/L, > 0) for velocity, and an adiabatic condition was imposed for temperature.

Finally, a constant pressure was set at the outlet boundary, and the remaining variables were
extrapolated to it from inside the computational domain.

The dimensions of the computational domain and the boundary conditions remained unchanged
in the presence of a backward-facing step, except that the lower boundary shifted downwards by
h at x/L, > 0.25, forming a step.

The spacings of the computational grids were set approximately equal to the spacings of the
grids used in [19], where they were confirmed to provide a grid-independent baseflow solution.
As a result, the grid sizes ranged from 2.4 million cells (for a smooth plate) to 3.7 million cells
(for a plate with a step).

The computational domain for GSA is part of the computational domain used to obtain
the baseflow solution. In particular, its inlet boundary shifts downstream to x/L; = 0.05, the
outlet boundary is located at x/L; = 0.90, and the upper boundary at y/L, = 0.06. In addition,
homogeneous Dirichlet conditions were used at all boundaries as boundary conditions for
perturbations. The rationale for this choice of the size of the computational domain and the
boundary conditions for GSA is given in [19].
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Comparison of GSA results with results of other methods for computation
of LTT in the presence of longitudinal pressure gradient

This section presents a comparison of LTT positions in the boundary layer on a smooth
flat surface at different values of longitudinal pressure gradients calculated by GSA with the
results obtained by other methods (a locally parallel approximation of classical linear stability
theory [7] and the Drela method [26], based on correlations constructed using solutions of the
Falkner—Skan equation). In addition, the GSA results were compared with similar results of the
two most popular semi-empirical turbulence models for RANS equations that take into account
LTT, namely, the differential y-Re, SST model [27] and the algebraic alg-y SST model [28]. The
boundary conditions at the inlet boundary of the computational domain for the transport equa-
tions of turbulent characteristics in these models were imposed based on the ratio of turbulent and
molecular viscosities v/v = 1 and the turbulence level Tu = 0.07%, which, as already mentioned,
corresponds to the critical value of the N-factor N __ = 9.

crit

The results of the comparison are shown in Figs. 3 and 4.

a) b)
N N
[ o= 6.1-107 ] —_— 5= 61107
15_' - — 15k —
10 10F
st st
0 300 10000 T Re, 0 300 T 10000 Re,

Fig. 3. Calculated effect of pressure gradient on longitudinal distribution of growth rate N(Re,)
of TS waves on flat plate: GSA and locally parallel approximation were used
(a, solid and dashed curves, respectively) ; calculations by the Drela method (b)
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Fig. 4. Dependences of LTT position Ree,r on dimensionless pressure gradient o
(obtained from GSA results) compared with similar dependences
obtained by locally parallel approximation (PLA) and Drela method (a),
as well as LTT models for RANS equations (b)

In particular, Fig. 3 compares the dependences of TS wave growth rate on the Reynolds num-
ber Re, constructed from the local momentum thickness, which are calculated using three of the
considered methods based on stability analysis. Evidently, all three methods accurately character-
ize the well-known trend towards stabilization of the boundary layer (towards a decrease in the
growth rate ) with a decrease in the pressure gradient. However, the Drela method predicts a
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noticeably slower increase in the value of NM(Re,) with a decrease in the pressure gradient com-
pared with GSA and the locally parallel approximation, which is likely because the Drela method
uses correlations based on the Falkner—Skan solution.

Fig. 4 shows the dependences of the LTT Reynolds number Re,, on the dimensionless pressure
gradient, determined by the corresponding curves N(Re,) obtained using different methods with a
critical value of the N-factor equal to 9. Fig. 4,a, Wthh compares the results of GSA, the locally
parallel approach, and the Drela method, fully reflects the trends discussed above in the analysis
of Fig. 3: the results of the first two methods are close to each other, while the Drela method
predicts an earlier LTT for all pressure gradients considered and a weaker sensitivity to them. As
for the LTT models for RANS equations (y-Re, SST and alg-y SST), they predict similar values
of LTT Re tfor all pressure gradients cons1dered (see Fig. 4,b). These values practically coincide
with the results obtained by GSA in the boundary layer with a weak pressure gradient (the value
of ¢ is close to zero), considerably differing from GSA results when o deviates from zero. In other
words, GSA predicts a much stronger influence of the pressure gradient on the position of the
LTT than the LTT models for RANS equations. We also note that the latter results are close to
the results obtained by the Drela method in this respect.

Analysis of combined effect of pressure gradient and surface irregularity
in the form of backward-facing step on LTT position

The combined effect of these factors on the longitudinal distribution of TS wave growth rate
is illustrated in Fig. 5. Evidently, this indicator increases monotonically with increasing pressure
gradient at any step height, increasing sharply in the vicinity of the step. The dependence N(Re,)
becomes close to linear again further downstream, the same as in the absence of the step.

a) b) <)

N N N
L 5 61107 s 6.1-107

JE— ——— 5 &
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Fig. 5. Dependences of TS wave growth rate on local Reynolds number Re,
at different pressure gradients for boundary layer on flat plate without step (a)
and with steps of height /8", = 0.25 (b) and 0.75 (c)

a) b)
Rem Re()r
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800'§T’qu.osmon o ? A 800 §t'.gp'%?'s'1%}'oﬂf"".""."'? - 0. L T) '
0 0.25 0.5 0.75 h/3, -SE-09 0 SE-09 o

Fig. 6. Dependence of LTT position on pressure gradient at different step heights (a)
and on step height at different pressure gradients (b)
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Fig. 6 shows the dependences of the number Re, ., corresponding to LTT position on the mag-
nitude of the pressure gradient ¢ at fixed values of h/8 and on the height of the step 4/3, at fixed
values of 6. These results were obtained from the data shown in Fig. 5 with a critical growth rate
equal to 9. Analyzing the dependences in Fig. 6, we can conclude that two LTT scenarios can be
implemented on the surface with steps: natural (associated with the development of TS instability)
and bypass [4], which occurs in the immediate vicinity of the step (empty symbols in Fig. 6).

The second scenario is observed for the step with a height of 4/5; = 0.75 with non-negative
pressure gradients. For all cases of natural LTT (shaded symbols in Fig. 6), Re, (o) curves at
different fixed step heights (see Fig. 6,a) and Re, (h/5,) curves at fixed pressure gradlents (see
Fig. 6,b) are qualitatively similar to each other. ThlS suggests that the influence of the pressure
gradient and the step height on the position of the natural LTT turns out to be independent (addi-
tive), i.e., it can be approximately described by the following relation:

ARe,, (0,h/8;)=ARe,, (0,0)+ARe,, (0,4/5, ), 3)

where AReet(c h/3, 2) Re,, (cs h/8; ) Re,, (0,0) is the total variation in the LTT Re,, due
to the influence of both the pressure gradient ¢ and the height of the step h/3,, while ARe (c 0)
and AReeJ(O,h/SO) are its variations due to only the influence of the pressure gradlent at zero step
height and only the step height at zero pressure gradient, respectively.

The table shows the relative errors of calculations by Eq. (3), found by the formula

A% =[ ARe,, (o, h/3;)~ARe,, (0,0)-ARe,, (0,4/8;) ] /Re,, (0,0)-100%. (4)

Table

Relative error of calculations by Eq. (3) as function
of dimensionless pressure gradient ¢ and step height //5;

B Relative error A, %
o0 T =025 | we, =050 | hio,=0.75
—4.8 5.6 -1.8 3.3
2.8 —0.5 —0.8 Bypass
6.1 —0.8 —0.8 LTT

Note. The values of A were found by Eq. (4).

It follows from the data in Table that the error is less than 1% for positive (unfavorable) pres-
sure gradients, and 3.3% for a negative gradient, which generally confirms the hypothesis of an
additive effect of the pressure gradient and the height of the step on the position of the natural
LTT in the considered range of parameters.

Conclusion

The paper reports on the results of computational studies performed using the global stability
analysis (GSA) technique and aimed at assessing the effect of a longitudinal pressure gradient
and the presence of a local irregularity in the form of a backward-facing step on the position
of a natural (resulting from Tollmien—Schlichting instability) laminar-turbulent transition in a
boundary layer on a flat surface. This study further develops the technique we constructed in our
earlier works.

The computational results for boundary layers on smooth surfaces in the presence of a pressure
gradient are compared with similar results obtained using approximate methods of classical stabil-
ity theory and the most accurate of the available closure models for RANS equations, accounting
for the transition.

This comparison showed that the GSA results differ dramatically from those obtained by the
Drela method [26], based on correlations constructed by stability analysis of the Falkner—Skan
family of profiles, and from the results obtained by models accounting for the transition within
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RANS equations (y-Re, SST[27] and alg-y SST [28] models). This conclusion is very import-
ant, as it calls into question the accuracy of these methods, which are currently widely used in
practical computations.

The results of a parametric study on the simultaneous effect of a pressure gradient and the
presence of a step on the surface on the transition indicate that the effect of these two factors
on the position of the laminar-turbulent transition can be approximately considered independent
(additive) in the given range.

The simulations were run on the Polytechnic RSC Tornado cluster of the Polytechnic Supercomputer
Center (http://www.spbstu.ru ).
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