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Аннотация. В работе анализируются точные и асимптотические приближенные решения 
для симметричных и антисимметричных волн Лэмба в однородном изотропном упругом 
слое. При помощи численного аппарата теории продолжения решений нелинейных 
уравнений вычислены дисперсионные кривые для волн с различной изменяемостью 
по толщине слоя. На основе полученных результатов исследован характер поля 
перемещений и изменчивость форм колебаний в зависимости от величины волнового 
числа. Проведен анализ асимптотической корректности балочных моделей Тимошенко, 
Бернулли – Эйлера как длинноволновых асимптотик волн Лэмба.
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Introduction

Modern requirements for new generation 5G TV and radio communication devices necessitate 
expanding the frequency range used to receive and transmit the signal. The ultrahigh frequency 
(UHF) range (over 6 GHz) is considered for this purpose. However, modern models of resona-
tors used to generate and filter signals cannot operate at such high frequencies. Therefore, new 
models that ensure uninterrupted communication in a given range must be designed. While there 
are many types of elastic waves in solids, Lamb waves generated in thin layers show promise 
for solving this problem [1]. It was established that certain wave modes of this type are capable 
of transmitting microwave signal with minimal losses [2–4]. Numerous studies have considered 
this subject [5]. The design of electroacoustic transducers in a given frequency range under the 
constraints of microsystem technology relies on multiparametric calculations to select the opti-
mal resonator configuration: layer thickness, electrode gap in interdigital transducers, orientation 
of a single crystal, etc. [6–9]. Furthermore, it is necessary to determine the specific operating 
modes of resonator vibrations (their variability across the layer thickness), providing the required 
values of the electromechanical coupling factor, additionally allowing for effective excitation 
by an electric field. The solutions for such problems can be obtained by combining qualitative 
analytical estimations based on simplified models with detailed numerical calculations based on 
verified procedures.

This paper reports on the qualitative study of stationary elastic Lamb waves in a homogeneous 
isotropic elastic layer. We performed a rigorous analytical study of the dispersion curves of sym-
metric and antisymmetric Lamb waves, their asymptotic analysis, direct numerical solution of the 
problem and comparison with known models of structural mechanics.

Mathematical model used

A homogeneous isotropic elastic layer oriented along the x1 axis in length and along the x3 
axis in thickness is considered. The layer is assumed to be infinitely long with a thickness of 
2h (–h ≤ x3 ≤ h). The problem is considered in a plane strain statement. The schematic of the 
model is shown in Fig. 1.

A system of elastodynamics equations is considered:

2 ( )grad(div( )) ,µ∇ + λ +µ = ρu u u (1)

where λ, µ are the Lamé parameters, ρ is the density of the material, u is the vector of the 
displacement field.

It is known [10] that representing system of equations (1) as

grad rot= Φ + ψu (2)

reduces it to the system of wave equations:
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2 2
1 10, 0,Φ = ψ =  (3)

where 2 2 2 2 2 2 2 2
1 3( / / ) 1/ c /x x tα α= ∂ ∂ +∂ ∂ − ⋅∂ ∂  is 

the d’Alembert operator (α = 1, 2); с1, с2 are the 
velocities of the dilatational and transverse wave, 
respectively; Φ, ψ are the potential functions.

The solution of system of equations (3) can 
be represented as follows:

1

1

( )
1 3 1 3

( )
2 3 2 3

( sinh( ) cosh( )) ,

( sinh( ) cosh( )) ,

ik x ct

ik x ct

A x B x e

C x D x e

−

−

Φ = ν + ν

ψ = ν + ν
(4)

where k is the wavenumber, 2 2k kα αν = −  (kα = ω/cα, α = 1, 2), ω is the frequency, c is the 
phase velocity.

The boundary conditions are dictated by the absence of stresses on the faces of the plate:

13 1 33 1( , , ) 0, ( , , ) 0.x h t x h tσ ± = σ ± = (5)

Applying boundary conditions (5) to solution (4), we obtain:

2
1 1 1 2 2 2

2
1 1 1 2 2 2

2
1 1 1 2 2 2

2
1

2 (cosh( ) sinh( ) ) (1 )(sinh( ) cosh( ) ) 0,
2 (cosh( ) sinh( ) ) (1 )(sinh( ) cosh( ) ) 0,

[( 2 ) ](sinh( ) cosh( ) ) 2 (cosh( ) sinh( ) ) 0,
[( 2 )

i h A h B h C h D
i h A h B h C h D

h A h B i h C h D

β ν + ν − +β ν + ν =
β ν − ν + +β ν − ν =

λ + µ β −λ ν + ν + µβ ν + ν =
λ + µ β 1 1 2 2 2]( sinh( ) cosh( ) ) 2 (cosh( ) sinh( ) ) 0,h A h B i h C h D






 −λ − ν + ν + µβ ν − ν =

(6)

The notation βα = να/k, (α = 2 ,1) is introduced here.
The solution of this system of algebraic equations is a family of dispersion curves for Lamb waves.

Symmetric waves

Consider a particular case of a symmetric wave. A wave is called symmetric when the particles 
of the medium make symmetrical horizontal and antisymmetric vertical movements relative to 
the cross-section midline. Thus, the vertical movements in the upper and lower half-spaces are 
oppositely directed and the cross-section midline (x1 = 0) remains undeformed. Symmetric waves 
are generally denoted as S0, S1, S2, ... .

Then solution (4) takes the form

1

1

( )
1 3

( )
2 3

cosh( ) ,

sinh( ) .

ik x ct

ik x ct

B x e

C x e

−

−

Φ = ν

ψ = ν
(7)

System (6) is simplified, taking the form

2
1 1 2 2

2
1 1 2 2

2 sinh( ) ) (1 )sinh( ) 0,
[( 2 ) ]cosh( ) ) 2 cosh( ) 0.

i h B h C
h B i h C

 β ν − +β ν =


λ + µ β −λ ν + µβ ν =
(8)

Using the condition for the existence of a nontrivial solution of system (8), we obtain a tran-
scendental equation of the form

2 2
1 2

2 1 2

tanh( ) (1 ) .
tanh( ) 4

h
h

ν +β
=

ν β β
(9)

This equation takes a dimensionless form

Fig. 1. Schematic of homogeneous isotropic 
thin layer; 2h is its thickness
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



2 2
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2 2

2 2

tanh( 1 ) (2 ) ,
tanh( 1 ) 4 1 1

c c
c

k
c ck

−δ −
=

− −δ −

 

  

(10)

if we introduce the following notations:


2

2 2 1

, , .,    cc khcc kk c
c c c

kh= = ω = ⋅ = δ =

  (11)

Eq. (10) is transcendental with respect to the dimensionless phase velocity of the wave and the 
wavenumber. Limiting cases are known for Eq. (10) [11].

Consider the first limiting case when the traveling wave length is significantly greater than the 
plate thickness, i.e., λ = 2π/k ≫ 2h. Then the hyperbolic tangents of Eq. (10) are replaced by their 
arguments. Transforming Eq. (10), we obtain:

2 224(1 ) (2 ),c c−δ = − 

22 1 .c = −δ

Let μ = λ (i.e., Poisson’s ratio ν = 1/4). Then we can establish that δ2= 1/3. As a result, we 
obtain the threshold value of the dimensionless phase velocity:

.2 2 / 3 1.633...pc c ≈= =  (12)

Consider the second limiting case, when the wavelength is much smaller than the thickness, 
i.e., λ = 2π/k ≪ 2h; then the tangent ratio can be assumed to equal unity. Transformation of 
Eq. (10) takes the following form:

2 2 2 2 2(2 ) .4 1 1c c c= −− δ −  

(13)

This equality is the characteristic equation of Rayleigh surface waves [10]. The value of the 
phase velocity for δ2= 1/3 is

R 0.9194... .c c ≈=  (14)

The solution of transcendental equation (10) was obtained by the numerical framework from 
the theory of continuation of solutions of nonlinear equations [11]. Fig. 2 shows the dispersion 
curves and the dependence of the phase velocity on the wavenumber for the first three branches 
of the wave solution at different values of Poisson’s ratio.

a)	 b)

Fig. 2. Graphs for solution of Eq. (10): dispersion curves of symmetric Lamb waves (a); 
dependences of phase velocity (b) on wavenumber
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Fig. 2,b confirms the correctness of both asymptotic estimates (long-wave and short-wave).
The fields of displacement in the layer were constructed for the results obtained. Their form 

was obtained by substituting solution (7) into Eq. (2). Fig. 3 shows the displacement fields of the 
first three wave modes at different values of the wavenumber: near the long-wave approximation 
(k ̃= 1) (a); for an arbitrary value (k ̃= 2) (b); near the short-wave approximation (k ̃= 6) (c). 
The displacement fields are constructed for a segment of an infinitely long plate (see Fig. 1); its 
segment = 2 pi/k corresponds to one period of wave oscillation. This value is plotted along the 
abscissa, the thickness of the plate is plotted along the ordinate.

The colored curves visualize the vertical displacements u3, the grid visualizes the horizontal 
displacements u1.

Analyzing the graphs, we can conclude that the number of fixed nodes increases with an 
increase in the value of the wavenumber in the layer. Notably, the point mass describes an elliptic 
trajectory during the oscillation period [12], while the behavior of the plate’s eigenmode with 
increasing wavenumber is somewhat unexpected. This generates the additional problem of ana-
lyzing the variability of the wave mode with varying wavenumber. The results for the first three 
modes of symmetric waves are shown in Fig. 4.

As evident from Fig. 4,b, the behavior of the displacement field u3 remains almost unchanged 
with varying wavenumber: a midline with no displacements is observed, while upper and lower 
half-spaces of the plate make antiphase oscillations along the x3 axis. On the other hand, the 

a)	 b)	 c)

d)	 e)	 f)

g)	 h)	 i)

Fig. 3. Displacement fields for first three modes (S0, S1, S2) of symmetric waves 
at different wavenumbers k:̃ mode S0 (a, b, c); mode S1 (d, e, f); mode S2 (g, h, i)
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behavior of displacements u1 changes: initially, strictly longitudinal oscillations in the horizontal 
direction are observed, but as the wavenumber k ̃approaches 1.75, a new node appears, so that 
antiphase oscillations in the horizontal direction are observed in the cross-section. It is also clear 
that the condition of the short-wave approximation is satisfied, namely, strong damping of oscil-
lations in the bulk of the layer is observed with an increase in the wavenumber. The behavior of 
the second (see Fig. 4, c, d) and third (Fig. 4, e, f) wave modes changes dramatically in the long-
wave approximation. On the other hand, this behavior is preserved for the wavenumber k ̃> 6.

Antisymmetric waves

Consider the case of antisymmetric waves. A wave is called antisymmetric when the particles 
of the medium make antisymmetric horizontal and symmetric vertical movements relative to the 
cross-section midline. The vertical oscillations of the half-spaces occur in one direction, and the 
midline is deformed. Solution (4) takes the following form:

1

1

( )
1 3

( )
2 3

sinh( ) ,

cosh( ) .

ik x ct

ik x ct

A x e

D x e

−

−

Φ = ν

ψ = ν
(15)

System of equations (8) is written as follows for the obtained solutions (15):

2
1 1 2 2

2
1 1 2 2

2 cosh( ) (1 )cosh( ) 0,
[( 2 ) ]sinh( ) 2 sinh( ) 0.

i h A h D
h A i h D

 β ν − +β ν =


λ + µ β −λ ν + µβ ν =
(16)

If we take the determinant of system (16) and perform non-dimensionalization (11), we obtain 
the following transcendental equation:

1 1 2
2 2

2 2

tanh( ) 4 .
tanh( ) (1 )

h
h

ν β β
=

ν +β
(17)

d)	 e)	 f)

a)	 b)	 c)

Fig. 4. Dependences of displacement fields u1 (a, c, e) and u3 (b, d, f) for three branches
of solutions (S0, S1, S2) of symmetric wave versus wavenumber;

branch S0 (a, b); branch S1 (c, d); branch S2 ( e, f)
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a)	 b)

Fig. 5. Graphs for solution of Eq. (17): dispersion curves of antisymmetric Lamb waves (a); 
dependences of phase velocity on wavenumber (b)

a)	 b)	 c)

d)	 e)	 f)

g)	 h)	 i)

Fig. 6. Displacement fields of first three modes (A0, A1, A2) 
of antisymmetric waves at different wavenumbers k:̃ 

mode A0 (а, b, c); mode A1 (d, e, f); mode A2 ( g, h, i)
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Consider the limiting cases for Eq. (17). If the wavelength significantly exceeds the thickness of 
the layer, the inequality c̃ < 1 < 1/δ holds true. After all the transformations (in accordance with 
the data presented in [10]), the transcendental equation takes the following form:

2 2 24 (1 ).
3

c k= −δ

 (18)

Let μ = λ (i.e., ν = 1/4); then δ2= 1/3, which implies that

.2 2
3pc k= 


(19)

Thus, we obtain a linear asymptote for the long-wave approximation from Eq. (19).
Consider another limiting case where the wavelength is much smaller than the plate thickness 

and the inequality c̃ < 1 < 1/δ holds true. Transforming Eq. (17), we arrive again at the character-
istic equation for Rayleigh surface waves (13), (14). The phase velocity for case c̃ > 1 tends to 1.

Fig. 5 shows the dispersion curves of antisymmetric oscillations and the dependence of phase 
velocity on wavenumber. Evidently (see Fig. 5,b), the results obtained for the first branch of anti-
symmetric waves satisfy both approximations. It is assumed [10] that the phase velocity for the 
remaining modes tends to unity in the case of the short-wave approximation.

The same as for symmetric oscillations, displacement fields of antisymmetric oscillations were 
constructed (Fig. 6).

As seen from Fig. 6,a, the first mode of antisymmetric oscillations resembles bending vibra-
tions of a beam. Also, similar to the symmetric case, a change in the wave mode is observed with 
an increasing wavenumber. Based on this, we analyzed the variability of the wave mode with 
varying wavenumber (Fig. 7).

d)	 e)	 f)

a)	 b)	 c)

Fig. 7. Dependences of displacement fields u1 (a, c, e) and u3 (b, d, f) 
for three branches of solutions (A0, A1, A2) of antisymmetric wave versus wavenumber;

branch A0 (а, b); branch A1 ( c, d ); branch A2 ( e, f)
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It is clear from Fig. 7,b that the amplitude of oscillations dampens rapidly in the bulk of 
the layer with increasing wavenumber, which corresponds to the short-wave approximation. 
Additionally, at low values of the parameter k,̃ oscillations are performed by the entire cross-sec-
tion, whereas in the short-wave case, oscillations occur in the upper and lower half-spaces of the 
plate, without actually interacting with each other [13]. This effect is explained by the type of 
wave, since at high values of the wavenumber (as mentioned above), the wave becomes similar 
in nature to a Rayleigh surface wave, characterized by rapid damping in the half-space [10]. In 
addition, an interesting branching effect of the nodal curve is observed in Fig. 7,a. Apparently, 
the branching occurs at the same wavenumbers at which the aforementioned antisymmetric wave 
is divided into two components formed in the upper and lower half-spaces of the plate. Based on 
these considerations, it can be expected that similar branchings will no longer be observed with 
a further increase in the wavenumber: on the contrary, complete damping of oscillations should 
happen in the bulk of the material.

Analysis of asymptotic correctness of beam models

As noted above, the long-wave approximation of the first mode of the antisymmetric wave 
resembles in form the transverse vibrations of a beam. Two models of bending vibrations of a 
beam are common and well-studied in engineering practice: the Euler–Bernoulli beam and the 
Timoshenko beam. In view of this observation, it is advisable to compare the results obtained with 
the dispersion relations for these models.

It is known [12] that the problem for the Euler–Bernoulli beam model in the case of a hinged 
support is determined by the system:

2

2

2

4 2

4 0, (0 )

( , ) 0, 0, ( 0, )

( ,0) ( ),

w wEI x l
A

ww x

x

t x l

w x W x

t

x

 ρ
+ = < <




= = =


=


∂
∂

∂



∂
∂

∂
(20)

where w is the vertical displacement, E is Young’s modulus, I is the moment of inertia of the 
cross-section, A is the cross-sectional area, W(x) are the initial displacement distributions, p is the 
surface density, l is the length of the beam.

The solution of system (20) can be represented as an infinite sum of traveling waves:

0

1( , ) sin sin ,
2 n

n
n n

n nw x t A x t x t
l l

∞

=

    = −ω
π

+ +ω        

π∑ (21)

where the frequency ωn is determined by the expression

2 .( )/ /n n E Al I= πω ρ

The wavelength in this case is 2 /n l nλ = . Therefore, the phase velocity is expressed as

2 .
2
n n

n
EIAc n

l
ω λ
π ρ

π= = (22)

For the Timoshenko beam model, the system takes the form:
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2 2 2
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0,

0

, ( 0 )
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IEI k AG
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w x t

w
x x

x x t

x t x l

 ρ ′+ − − =   
   ρ ′ − − =  



∂ ψ ∂ ∂ ψ
ψ

∂ ∂



∂

∂ ∂ψ ∂
∂ ∂ ∂

∂
ψ == =




 ∂

(23)

where ψ is the bending rotation, k′= 5/6 is the correction factor for the rectangular cross-section, 
G is the shear modulus.

The expression for the eigenfrequency spectrum follows from system (23):

( ) ( )( )22 2 2 2 2 2 2 2 2 2 4 4

2
2 2

1 1 2
,

2n

n n nη π η π π+α + ± +α + − αη

η
=

α
ω (24)

where nω  is the dimensionless frequency, 2 2 4( ) / ( )n l EIAρω=ω ; η is a dimensionless parameter 
expressing the ratio between bending and shear stiffness, 22 ( ) / ( )EI k AGl′=η ; α is a dimension-
less parameter expressing the ratio between the forces of inertia of the cross-section with respect 
to rotation and transverse displacement, 2 2/ ( )I Alα = .

Eq. (24) gives two branches of solutions for bending ,1( )nω  and shear ,2( )nω vibrations.
It was of interest to build finite element (FE) models of Euler–Bernoulli and Timoshenko 

beams. The models were constructed in the COMSOL Multiphysics package. For comparison, 
Fig. 8 shows the results of analytical and FE modeling of the Euler–Bernoulli beam and the 
Timoshenko beam, as well as the previously presented calculation results using the Lamb elastic 
wave model in a thin layer.

Analysis of the data in Fig. 8 shows that the lower branch of the solution for the Timoshenko 
beam model coincides with the first branch of the wave solution of antisymmetric Lamb waves. 
We should note that this is not a consistent pattern. As noted above, the phase velocity of the 
lower branch of the Lamb wave solution in the short-wave approximation tends to the phase 
velocity of Rayleigh surface waves cR, which, in turn, depends on the value of Poisson’s ratio (14). 
At the same time, the phase velocity of the wave for the Timoshenko beam model tends to the 
velocity of transverse oscillations /Tc k G′= ρ  with an increase in the wavenumber. In dimen-
sionless form, these asymptotics are the result of taking the square root of the correction factor k′.

a)	 b)

Fig. 8. Comparison of calculated results for three models: 
Euler–Bernoulli beams, Timoshenko beams and elastic Lamb waves; 

dispersion curves (a), dependences of phase velocity on wavenumber (b)



115

Mechanics

As discussed above, the value of the cor-
rection factor is taken as k′ = 5/6, which was 
proposed by Reissner. Another frequently used 
value of the correction factor was proposed by 
Mindlin: k′ = π2/12. The following definition 
was proposed by Zhilin [14]:

6
' ,5k =

−ν
(25)

obtained by finding the solution for the frequency 
equation of plate vibration with an accuracy up 
to the second correction term.

Fig. 9 shows a comparison of the dimension-
less threshold values of the phase velocities of 
Rayleigh surface waves cR and transverse oscilla-
tions cT at different values of Poisson’s ratio ν and 

correction factor k′. These proposals do not coincide with the investigated Rayleigh surface wave 
model. There are, however, certain values of Poisson’s ratio at which the asymptotics coincide.

Based on this, we can conclude that coincidence of the characteristics of elastic Lamb waves 
and waves in the Timoshenko beam is observed only for a long-wave approximation, while the 
results diverge if the dimensionless wavenumber 1k hk= ⋅ ≈ .

Conclusion

We performed a qualitative analytical study of stationary Lamb waves in a homogeneous iso-
tropic thin layer. Dispersion curves and phase velocity dependences on the wavenumber were 
constructed for symmetric and antisymmetric waves in accordance with the obtained solutions. 
The displacement and variability fields were calculated for the wave mode of the first branch of 
the wave solution with variable value of the wavenumber. The characteristics of antisymmetric 
Lamb waves were compared with the wave characteristics of Euler–Bernoulli and Timoshenko 
beams. The data help determine the accuracy of long-wave and short-wave asymptotic approx-
imations for symmetric and antisymmetric Lamb waves, including approximations based on the 
application of beam models of structural mechanics.

Our findings can serve as a basis for verification of numerical methods of wave mechanics used 
in modeling wave processes in electroacoustic devices.
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