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Abstract. The paper considers oscillations under nonlinear parametric action and combina-
tions of delays in elasticity and damping. The model for the study is a rod with a spring, which
is driven by an energy source of limited power. To solve nonlinear differential equations of
motion of the system, the method of direct linearization of nonlinearity has been used. Equa-
tions were obtained for determining the nonstationary and stationary values of the amplitude
and phase of oscillations, the speed of the energy source. Based on the Routh—Hurwitz criteria,
the conditions for the stability of stationary motion modes were derived. To obtain informa-
tion about the combined effect of delays on the dynamics of oscillations, the calculations were
carried out for their various values, linear and nonlinear elastic forces. The graphs constructed
based on the calculation results clearly show the combined effect of various delay values on the
amplitude-frequency curves. The delays measure the amplitude curve, shift it to the right-left,
up-down, and affect the stability of the oscillations.
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Annoramusg. B pabote paccMOTpeHBI KOJeOaHWsI MPU HEJIUHEWHOM IMapamMeTpUYecKoM
BO3/ICUCTBUM M KOMOWHAIIMU 3amna3iblBAHUN B yIPYroctu u jaemrdupoBaHuur. Monesbio
SBJISIETCSL CTEPXKEHb C MPYXWUHOW, TNPUBOAUMBIA B [BMXEHHUE UCTOYHUKOM 3HEPIUU
OrPaHWYEHHOW MOIIHOCTU. ISl pelneHusi HEIWHEWHBIX AUddepeHINaTbHBIX ypaBHEHUN
NBVDKEHUST CUCTEMBI MCITOJb30BaH METOJ MPSIMON JMHeapu3aluu HeJduHeidHocTu. [TomydyeHsl
YpaBHEHUS [ OMPENeICHUsI HECTAllMOHAPHBIX M CTAlMOHAPHBIX 3HAYEHUI aMIUIATYAbl U
daswl kosebaHmii, ckopocTu MctoyHuKa sHeprun. Ha ocHoBe kputepues Payca — I'ypsuia
BBIBEJIEHBI YCJIOBUST YCTOMYMBOCTU CTAllMOHAPHBIX PeKUMOB ABUXeHUs. [IpoBeneHbl pacyeTsl
AMILUIUTYAHO-YaCTOTHBIX XapPAKTEPUCTUK IPU PA3JIMYHBIX 3HAYCHUAX MMAPAMETPOB, JUHEHHON
W HeJWHEWHOW cuiax ynpyroctd. CoOOTBETCTByOIIME TrpadUKW HATISIIHO TPEACTABISIOT
COBMECTHOE€ BJMSIHUE pa3IWYHbIX 3HAYEHWI 3ama3nblBaHW Ha aMIUIMTYIHO-YaCTOTHBIE
kpuBble. [lokazaHo, 4TO 3ama3ablBaHUS W3MEHSIOT AMIUIMTYJHBbIE KPUBBIE, CYLIECTBEHHO
BJIMSSI HA YCTOMYMBOCTD KOJIEOAHUIA.
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Introduction

All phenomena in nature (the Universe) are cyclical, oscillatory motion occurs in all types
of systems (physical, biological, technical, etc.) [1]. Excitation of oscillations can be caused by
various reasons, including the presence of a delay in many systems [2, 3, etc.]. The appearance
of delays in mechanical systems can be caused by the elasticity of materials and internal friction
in them. Many studies considered time-delay systems [3—17, etc.], however, they did not take
into account the properties of the source supplying energy to the system. Real physical systems
function using some kind of energy source with limited power. This is scarcely addressed in the
literature. Energy consumption issues, as well as related environmental and climate change issues,
have now become particularly important.

In most cases, time-delay systems are analyzed based on nonlinear differential equations with a
deviating argument. These equations are solved by various methods of nonlinear mechanics [18—
20, etc.], characterized by high labor and time costs. The direct linearization method (DLM),
described in [21—23] and other works, does not have these costs, which provides an advantage
over known methods of nonlinear mechanics. Its essential properties are also simplicity and the
possibility of obtaining finite ratios regardless of the degree of nonlinearity, which makes it easy
to use it in practical calculations.

Many systems (pendulum with a vibrating pivot, shaft, driveshaft, gear train, railway bridge, etc.)
experience parametric oscillations, which can be caused by both linear and nonlinear excitations.
Parametric oscillations under linear and nonlinear (quadratic) excitations were considered in
monograph [24].

The goal of this study is to analyze parametric oscillations taking into account the properties
of the energy source, nonlinear parametric action (cubic) and the presence of delays in elasticity
and friction.

Equations of the system and solutions

Let us take as a basis the model and equations (formulated assuming that oscillations of the
rod taking the form of the first eigenmode of free bending oscillations), where the dynamics of the
system is supported by a limited-power motor (Fig. 1) [25]. Taking into account the nonlinearity
of parametric excitation as well as delays in elasticity and friction, we obtain the following
equations of motion:

FHBy+ o y+by’ sing=—m" f(y)—k, y, —c. V.,

(1)
J$=M(§)—0.5¢,y* cos @ —0.5¢, sin 2¢ —c, cos ¢,
c n'El P c T're p! B
here ('02:_3 c= - 1__0 s :_27 (& :_#n m=-—, =, P = s
v - w P Y, 2 Pi= Bl
n*El
A= Lo =an, ¢ = fiha.

© Amudos A. A., 2024. Uznatens: Cankr-IlerepOyprekuii monurexunueckuii yausepcureT [letpa Benukoro.
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The quantities o, ¢, m, B, b, ¢,, c,, ¢,, P,, P, in Egs. (1) are constant; ¢,, B are the spring constant
and the resistance coefficient; p is the mass per unit length of the rod; E7 is the bending stiffness
of the rod along the y axis; f is the precompression on the spring; f(y) is the nonlinear component
of elasticity; ¢, = const, k = const , y = y(t—1), y, = y(t—m),Tt = const and 1 = const — are the
delays; J is the moment of inertia of the motor rotor rotating the crank of radius r, connected to
the spring; M (¢) is the driving torque of the motor (taking into account the resistance forces); ¢ is
the rotational speed of the motor.

In practice, representation of nonlinearity by means of a polynomial function has become
widespread. Let us adopt it as the nonlinear component of the elastic force f(y) in the form

F=Yry

where y = const, s = 2,3 ...

Fig. 1. Model of oscillatory system:
r, is the crank radius; /is the geometric size; ¢, is the spring constant; ¢ is the rotational speed of the motor

f;(y):Bf tc, .

Here Bf, c are the linearization coefficients defined by the expressions

B, =) Nya', s=2,4,6, .. (s is even), o

Cf =Zﬁsysa3_l) s :395777 b (‘S ls Odd)’

where a = max|y|; N, = (2r + 1)/(2r + 1 + ), ris the linearization accuracy parameter, whose
selection interval is unlimited but sufficient within 0—2.
Taking into account expressions (2), Egs. (1) take the form

J+By+’y+by’sing=-m" (B, +c,y)—k y, —c.y., 3)
J§ =M (p)—0.5¢,y" cos@—0.5¢, sin 2¢ —c, cos .

To solve Egs. (3), we apply the DLM and the procedure presented in [23] and other studies.
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Using the functions
y=acosy, y, =acos(y—p1), y, =—apsin(y—pn), ¢=0Q, y=pt+&, p=Q/2,

we obtain the following equations for nonstationary motion:

da a ba’
—=——(PB, +k_ cos pn—2c.Q " sin pt)+ cos 2&,
dt 2( b ! ) 4Q

d¢ 40’ -Q° ¢ 1, . c ba® . (4)
= +——+—k_sin pn+—-cos pt———sin 2§,
dt 40 mQ 2 PN PTG :

@ 1
da J

c,a’
{M(Q)— : ]

The conditions a =0, éz 0, QO =0, provide the following relations for stationary motion
4m*A* + D* =4m*b*a’,
1g2& =—D/2mA,

®)
M(Q)-S(a)=0,

where 4 =2Q(B, +k, cos pn) —4c_sin pr,
D =m(40’ = Q) +4c, +2mQk, sin pn+4mc, cos pt, S(a)=c,a’ 8.

The expression S(a) represents the load on the energy source from the oscillatory system. The
intersection points of the curves M(Q) and S(a) determine the speeds Q.

Stability conditions

Stationary motions need to be analyzed for stability. Composing the equations in variations
for Egs. (4) and using the Routh—Hurwitz criteria, we obtain the conditions for the stability of
otatovopy oscillations:

D, >0, D, >0, DD,-D, >0, ©)

where Dl = _(bll + bzz + b33 )a Dz = b11b33 + bllbzz + b22b33 - b23b32 _b12b21 - b13b

31°

D3 = b1|b23b32 + b12b21b33 _bl 1b22b33 - b12b23b31 _b13b21b327

1 c,a a . ba®
b, :7Q, by, =—42—J, b, =0, b, =—§cr smpt—wcos%,,
1 o 3ba* ba® .
b,, =—5(B1 +k, cos pn—2c,Q 1smpr)+ 20 cos2¢&, by, :—Esm%ﬁ
(,02 Cf C ba2 . 1 acf ba .
b, =-0,25—-— —————2-cos pt+—sin2§, b, =———— —sin2¢,
31 O @ OSP T etinge by = a5 g st

ba* d
b33 =— 60082&, Q :EM(Q)

The slope of the energy source characteristic Q = dM/d€2 makes it possible to determine the
regions where the oscillations are stable or unstable.

50



4 Simulation of physical processes >

o]
LA

20+

....
Ln

1E 19 5 21 3 .

Fig. 2. Amplitude—frequency curves for the case of linear elastic force; y; = 0; the values of the
parameters pn and pt are varied. For comparison, the case with the absence of delays is given in all
graphs (kn =0, ¢, =0, curves I).

The shaded sectors for the slope Q of the energy source characteristic (at point A and others) correspond
to stable oscillations. Parameter values: pn = 0 (a), n/2 (b), n (¢), 3n/2 (d); p, = n/2 (curves 2),
n (curves 3), 3n/2 (curves 4)

Calculations performed and main results

Calculations were carried out to obtain information on the effect of nonlinear parametric
effects and delays on the dynamics of oscillations. The nonlinear component of the elastic force
was taken as

() =y, v, =102 kgf -em™,
and the other parameters had the following values:

1

o=1s", m=1kgf-s*>-cm™, ¢, =0.07 kgf -cm ™,

-1 -1 -1
B=0.02 kgf-s-cm™, k, =0.05kgf -s-cm™, ¢, =0.05 kgf -cm™.
The following values were accepted for delays:
pn =0, t/2, n,; pt= 0, n/2, n,37/2.

The linearization coefficient N, = 3/4, which corresponds to the linearization accuracy
parameter » = 1.5.
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All results calculated by the DLM completely coincide with those calculated by the widely
used Bogolyubov—Mitropolsky asymptotic averaging method [18], as the number 3/4 is obtained
using both methods.

Figs. 2—4 shows the amplitude—frequency curves a(Q) for linear and nonlinear elastic forces
(the quantities in the graphs are normalized). All graphs show different parameter values, and the
solid curve 1, which is given for comparison, corresponds to the absence of delays (kn =0,c =0).
Criteria (6) are satisfied within the shaded sectors (see Fig. 2) for the slope Q of the energy source
characteristic, and stable fluctuations occur only in fairly narrow frequency ranges at

v;=0, k, =0, pt=mand pt = 3n/2.
These sectors should be shown on the load curve S(a) but for brevity they are shown instead on

the amplitude—frequency curves. There is no stability in the cases when v, = 4 0.2 in the entire
range of resonant frequencies for all delays considered.

Fig. 3. Amplitude—frequency curves similar to those shown in Fig. 2 but with a nonlinear elastic force;
v, = 0.2. The numbering of the curves also corresponds to that in Fig. 2.
Values of parameters pn: n/2 (a), = (b), 3n/2 (c)

a) b) 9)

Q 12 14 1.6 18 £

Fig. 4. Amplitude—frequency curves similar to those shown in Fig. 3, but y, = —0.2. The numbering
of the curves corresponds to that in Figs. 2 and 3. Values of parameters pn: n/2 (a), n (b), 3n/2 (c)

Conclusion

The paper considers the dynamics of a rod with an energy source of limited power under
nonlinear parametric action and a combination of delays in elasticity and damping. To obtain
information about the effect of delays on the dynamics of the system, calculations were performed
for stationary oscillations. The obtained results clearly illustrate the combined effect of various
delays on the amplitude—frequency curves. Analysis of the obtained results allows to conclude
that the delays have a significant impact on the picture of interactions:
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they change the amplitude curve in the amplitude—frequency plane, shifting it right-left and
up-down;

they affect the stability of oscillations.

The results of the analysis of the interaction of oscillatory systems with energy sources and the
phenomena that arise in this case are described in detail in monographs [25, 26] and many other
works on this area of oscillation theory. For this reason, we will not dwell on them and only note
that similar effects are observed in the presence of delays.
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