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Abstract. In the paper, an oblique rectilinear central crack opening in an uniaxially tensile 

plane with a mixed mode of fracture (combination of normal separation and longitudinal shear 
modes) in two types of anisotropic materials (orthotropic one and one with cubic symmetry) has 
been studied. Stress intensity coefficient values for different crack orientations were calculated 
using expressions derived from the Lekhnitskii formalism and extrapolated methods for 
displacements and stresses. The results of verification of the used approach based on comparison 
of the finite element calculation with analytical one were presented (the difference was less 
than 0.75 %). A comparative analysis of the stress intensity and crack opening coefficients for 
three types of symmetry of elastic properties: isotropic material, material with cubic symmetry 
and orthotropic material was carried out.
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РАСЧЕТ ПАРАМЕТРОВ РАЗРУШЕНИЯ ДЛЯ ТРЕЩИН  
В МАТЕРИАЛАХ С КУБИЧЕСКОЙ СИММЕТРИЕЙ  

ПРИ ПЛОСКОМ ДЕФОРМИРОВАННОМ СОСТОЯНИИ
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Аннотация. Рассматривается наклонная прямолинейная центральная трещина в 
одноосно растягиваемой плоскости при смешанной моде разрушения (комбинация мод 
нормального отрыва и продольного сдвига) в ортотропном материале и материале с 
кубической симметрией. С помощью выражений, выведенных на основе формализма 
Лехницкого, а также методов экстраполяции перемещений и напряжений получены 
значения коэффициентов интенсивности напряжений для различных ориентаций 
трещины. Представлены результаты верификации использованного подхода на основе 
сравнения конечно-элементного расчета с аналитическим (отличие менее 0,75 %). 
Проведен сравнительный анализ коэффициентов интенсивности напряжений и 
раскрытия трещины для трех видов симметрии упругих свойств: изотропного материала, 
материала с кубической симметрией и ортотропного материала.

Ключевые слова: линейная механика разрушения, анизотропный материал, формализм 
Лехницкого, коэффициент интенсивности напряжений.
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Introduction

Rotary and stationary blades of modern gas turbine engines (GTE) are their most loaded and 
critical elements; the loads they experience are the most diverse [1, 2]. These are centrifugal forces 
from rotation as well as non-uniform distribution of gas pressure and inhomogeneous temperature 
fields varying over time. First-stage hot section GTE blades are commonly made of single-crystal 
heat-resistant nickel alloys with high short-term and long-term strength, as well as high thermal 
fatigue resistance [3–5]. Nickel-based monocrystalline alloys are a family of orthotropic materials 
with cubic symmetry of elastic properties.

Diverse types of cracks can evolve in GTE blades during operation: fatigue, creep and ther-
mal fatigue due to combined action of different loads (mentioned above), variable in time and 
space [6–8].

The phenomena of crack initiation and propagation under cyclic thermal loading in single crystal 
Ni-based alloys have been investigated experimentally, for example, in dumbbell-shaped specimens 
at the I.I. Polzunov Scientific and Development Association on Research and Design of Power 
Equipment (St. Petersburg) [5]. Finite element simulation of thermal fatigue crack nucleation in a 
dumbbell specimen was carried out in [9], using methods of continuum damage mechanics.
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Stress intensity factors (SIF) are considered as the main fracture parameters in this study, serv-
ing to estimate the crack resistance of a structure [10, 11]. In the general cases dealing with geom-
etry and loading for cracks in structures made of orthotropic materials, SIFs must be calculated 
for mixed-mode fracture (a combination of opening mode fracture, transverse and longitudinal 
shear). Sih, Paris and Irwin [12] obtained asymptotic expressions for displacements in a small 
neighborhood of the crack tip for homogeneous anisotropic material under mixed-mode loading. 
Ranjan and Arakere [13] provide formulas for calculating SIFs for an anisotropic material based 
on asymptotic expressions. Cho and Lee [14] present asymptotic expressions for displacements 
in the vicinity of the crack tip, formulating equations for calculating the SIFs by extrapolation of 
displacements for composite anisotropic material. The interaction of several cracks in an infinite 
anisotropic plane are considered in [15–17], accompanied by SIF calculations. Different frac-
ture criteria based on calculating the SIFs (maximum circumferential stress, energy criterion, 
etc.) were proposed in various studies on fracture mechanics in isotropic materials, for example, 
in [18–20]. The influence from the orientation of the material’s anisotropy axes on the values of 
SIF in an anisotropic plate was considered in [21–23]. Curvilinear cracks in an anisotropic elastic 
material were discussed in [24–26], exploring the specifics of SIF calculations for this type of 
cracks. A numerical method was used in [27, 28] to calculate SIFs for two- and three-dimensional 
cases, finding numerically complex roots used in asymptotic expansions for displacements.

Notably, all of the above papers calculate SIFs by the finite element method, based on asymp-
totic expansion of displacements or stresses in an anisotropic material [12]. However, complex 
parameters of an anisotropic material depending on its elastic constants have to be additionally 
found within this approach, with a fourth-order equation subsequently solved [12, 29].

In this paper, we propose explicit formulas for calculating SIFs in terms of orthotropic elastic 
constants, crack tip displacements and crack rotation angle relative to the anisotropy axes of the 
material (similar to the known formulas for isotropic material). This allows to calculate the SIFs 
in finite element (FE) computations, when only the displacements in the vicinity of the crack 
tip and the elastic moduli of the orthotropic material are known; these formulas are useful for 
engineering calculations, yielding estimates for crack resistance of structures.

Especially the proposed improvements are useful for finite element packages where the built-in 
methods do not allow to calculate SIFs by extrapolation of displacements for anisotropic materials 
(for example, ANSYS). Formulas for calculating the SIFs in terms of displacements of the crack 
edges and the elastic properties of the orthotropic material were obtained in [30] for the case of 
a plane stress state. This study proposes a generalization of the methods constructed in [30] for 
the case of a plane strain state.

The goal of this study is to obtain the expressions containing explicit dependences of the SIFs 
on the displacements of the edges in the vicinity of the crack tip in orthotropic material and 
material with cubic symmetry for the case of a plane strain state (PSS).

The proposed analytical expressions can be used to obtain numerical estimates for orthotropic 
materials based on the displacement extrapolation method. The paper also presents SIF calcula-
tions using the stress extrapolation method, comparing the results with the data obtained for the 
displacement extrapolation method.

The Lekhnitskii formalism is used to calculate SIFs by extrapolation of displacements and 
stresses [31]. The proposed relations for the displacement extrapolation method as well as formu-
las for the stress extrapolation method are tested for the cases of materials with different symmetry 
of elastic properties: isotropic, orthotropic, as well as for a material with cubic symmetry.

Governing equations for a linear elastic material

The stress-strain state of cracked elastic bodies and the corresponding values of the fracture 
parameters are generally sensitive to the type of material symmetry and the elastic constants. Let 
us therefore consider the structure of compliance matrices for different classes of materials in 
this section.

The generalized Hooke’s law for anisotropic material is written as follows in matrix 
form [32, 33]:

,  C .Si ij j i ij jε σ σ ε= = (1)
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Einstein’s summation convention is used in Eq. (1) and the following notations are intro-
duced for tensor components: εi is a component of a 6-dimensional vector composed of strain 
tensor components:

{ } { } ;
T

xx yy zz yz xz xy= ε ε ε γ γ γε

σj is a component of a 6-dimensional stress vector

{ } { } ;
T

xx yy zz yz xz xy= σ σ σ σ σ σσ

Sij is an element of the compliance matrix (6 × 6); Cij is an element of the elastic modulus matrix 
(6 × 6).

The 3 × 3 compliance matrix for the case of a plane strain state has a different form (depending 
on the symmetry class).

For orthotropic material

13 31 13 3212

1 1 1
11 12 16

13 32 23 3212
21 22 26

1 1 2
16 26 66

12

1 0

1[ ] 0 ;

10 0

PDS PDS PDS

PDS PDS PDS
PDS

PDS PDS PDS

E E E
S S S
S S S

E E E
S S S

G

 − ν ν ν νν
− − 

  
 ν ν −ν νν = = − −  
     
 
 

S (2)

for material with cubic symmetry:

2

11 12 16 2

21 22 26

16 26 66

1 ( 1) 0

( 1) 1[ ] 0 ;

10 0

PDS PDS PDS

PDS PDS PDS
PDS

PDS PDS PDS

E ES S S
S S S

E E
S S S

G

 − ν ν ν +
− 

  
ν ν + −ν  = = −  

     
  

S (3)

For isotropic material

2

11 12 16 2

21 22 26

16 26 66

1 ( 1) 0

( 1) 1[ ] 0 ,

2( 1)0 0

PDS PDS PDS

PDS PDS PDS
PDS

PDS PDS PDS

E ES S S
S S S

E E
S S S

E

 − ν ν ν +
− 

  
ν ν + −ν  = = −  

    ν + 
  

S (4)

where E1, E2, E3 are Young’s moduli; G23, G13, G12, G are the shear moduli; ν31, ν13, ν23, ν32, ν12, ν 
are Poisson’s ratios.
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Methods for calculating SIFs

We consider a problem of uniaxial tension along the vertical direction in an orthotropic plate 
(plane) with a single oblique rectilinear central crack assuming a plane strain state. It is assumed 
that the normal to the plate coincides with one of the orthotropy axes. The axes of the introduced 
global Cartesian coordinate system xOy coincide with the anisotropy axes of the material x»Oy» 
and the loading direction Ox. The crack orientation Ox′ does not coincide with the anisotropy 
axes x′′Oy′′ of the material and the loading direction Ox (Fig. 1).

Asymptotic expressions for displacements 
near the crack in a polar coordinate system with 
the origin at the crack tip are well known for an 
isotropic material for the case of PSS [34]; these 
expressions are used to calculate the SIFs by dis-
placement extrapolation [35]:

I

II

2 ( , ),
2(1 )

2 ( , ),
2(1 )

y

x

GK u r
r

GK u r
r

π ′= ⋅ ⋅ π
− ν

π ′= ⋅ ⋅ π
− ν

(5)

where 
2(1 )

EG
v

=
+

 and ν are the shear modulus

and Poisson’s ratio of the isotropic material; 
r is the distance from the crack tip to the point 
under consideration; KI, KII are the SIF values 
for the opening-mode fracture and longitudinal 
shear; u′x(r,π), u′y(r,π) are the components of the 
displacement vector of the upper edge of the 
crack in the crack coordinate system.

The expressions for SIFs in the case of aniso-
tropic material, similar to (5), are obtained from 
the asymptotic expressions for displacement 
fields at the crack tip assuming that x3 = z = 0, 

and the presence of a PSS. The expressions derived based on the Lekhnitskii formalism [31] allow 
for the following representation [13]:

( )

( )

2 2

1 11 2

2 2

1 11 2

2 1( , ) Re cos sin ,

2 1( , ) Re cos sin ,

x i ij j j
i j

y i ij j j
i j

ru r K M p

ru r K M q

= =

= =

 
′ ′θ = ⋅ ⋅ θ +µ θ ′ ′π µ −µ 

 
′ ′θ = ⋅ ⋅ θ +µ θ ′ ′π µ −µ 

∑∑

∑∑
(6)

where u′x(r,θ), u′y(r,θ) are the components of the displacement vector in the polar coordinate sys-
tem of the crack; r is the distance from the crack tip to the point under consideration; θ is the 
angle between the direction to the analyzed point and the direction of crack growth; K1, K2 are the 

SIF values corresponding to modes I and II, respectively (K1 = KI, K2 = KII); 
2 1

1 1ijM
′ ′−µ µ 

=  − 
 

is the auxiliary matrix.
Eq. (6) can be reduced by identical algebraic transformations to the form used in [13, 30, 36]. 

The quantities pi and qi depend on μ›i according to the corresponding formulas [13, 30]; μ′1, μ′2 
are complex parameters of the anisotropic material, i.e., the roots of the 4th-order equation with 
compliance constants in the crack coordinate system [31], selected so that the roots have a pos-
itive imaginary part.

Fig. 1. Schematic representation of problem 
statement: orthotropic plate (finite or infinite) 
with an oblique rectilinear crack (highlighted 
by a red line) with a plane strain state (PSS) 

under the action of uniaxial tension:
3 coordinate systems are shown, ψ is the crack 
inclination angle relative to the global coordinate 
system, θ is the angle between the direction to the 
analyzed point and the crack coordinate system
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It should be noted that expressions (6) are valid for orthotropic material and cubic symmetry 
in a plane stress or plane strain state; however, expressions (6) become more complicated for a 
crack in a three-dimensional stress state (see [37]).

Substituting the value θ = π into expressions (6) and converting them, we obtain the required 
values of SIFs for the case of an anisotropic material [25, 36]:

1{ } [ ] { },
2r

−π ′= ⋅ ⋅K B u (7)

where I I{ } { , } ,  { } { ( , ), ( , )} .T T
x yK K u r u r′ ′ ′= = π πK u

1 2 2 1 2 1

1 2 1 21

1 2 2 1 2 1

1 2 1 2

1 1Re Re
det[ ] det[ ]

[ ] .
1 1Re Re

det[ ] det[ ]

p p p pi i

q q q qi i

−

    ′ ′µ −µ −
−    ′ ′ ′ ′µ −µ µ −µ    =     ′ ′µ −µ − −   ′ ′ ′ ′µ −µ µ −µ     

B B
B

B B

(8)

The primes on the quantities in the ratios (5)–(8) indicate that these components of vectors 
and tensors belong to the coordinate system associated with the crack orientation (x′Oy′ in Fig. 1).

If the xOy coordinate system is rotated into the x′Oy′ coordinate system in the plane by an 
angle ψ (see Fig. 1), the matrix is determined by the equality

[ ]
cos sin 0
sin cos 0
0 0 1

ψ ψ 
 = − ψ ψ 
  

Q (9)

and the elastic compliance matrix is transformed from the global coordinate system to the crack 
coordinate system via the transformation matrix, based on the ratio

,ijkl im jn ko lp mnopS Q Q Q Q S′ = ⋅ ⋅ ⋅ ⋅ (9)

in turn transformed into the Lekhnitskii formulas in the two-dimensional case [31].
Interestingly, the components of the displacement vector in expressions (5) and (8) must also 

be given in the coordinate system associated with the crack:

.i im mu Q u′ = (10)

Thus, expressions (7) and (8) can be used to calculate the SIF values if the displacements in 
the crack edges and the linear elastic constants of the material are known.

The SIFs can also be determined from the asymptotic expressions (see [13, 32, 38] for PSS) 
for the distribution of stress fields along the crack growth direction (θ = 0):

.i im mu Q u′ = (10)

( ,0) 2 ,

( ,0) 2 ,
I yy

II xx

K r r

K r r

′= σ ⋅ π

′= σ ⋅ π
(11)

We should note that expressions (11) are valid for both isotropic and anisotropic materials.
If relations (11) are used, the stress components also need to be transformed from the global 

coordinate system xOy to the crack coordinate system x′Oy′ (see Fig. 1):



137

Mechanics

.ij im jn mnQ Q′σ = σ (12)

Formulating the SIF expressions for specific classes  
of elastic symmetry properties 

According to Eqs. (6)–(8), the complex parameters of anisotropic material μ′1 and μ′2 need to 
be found to calculate SIFs in terms of the components of the displacement vector, based on the 
4th-order characteristic equation. In the case when the crack is not rotated relative to the anisot-
ropy axes of the material, the characteristic equation for determining μ1 and μ2 takes the form:

4 3 2
11 16 12 66 26 222 (2 ) 2 0S S S S S Sµ − µ + + µ − µ + = (13)

Substituting the coefficients Sij for the orthotropic material for the case of PSS (2) into 
Eq. (13), we solve it using the formulas for converting the roots to the crack coordinate sys-
tem; then, substituting the calculated roots μ1 and μ2 into expressions for [B]–1 (8), we arrive at 
an explicit analytical expression for the influence matrix [B]–1 in terms of the elastic moduli of 
orthotropic material:

1

2 21 23 32 1 23 32

2 13 31 2 13 31

2 21 23 32 1 23 32

2 13 31 2 13 31

[ ]

(1 ) (1 )1 sin 2 2 sin cos
(1 ) (1 )

,
(1 ) (1 )2 cos sin 1 sin 2
(1 ) (1 )

E EC C
E E

E EC C
E E

− =

    − ν ν −ν ν
− ψ ψ + ψ       − ν ν −ν ν    

    − ν ν −ν ν ψ + ψ − ψ       − ν ν −ν ν    

B (14)

where 
( )

1 2

1 1
13 31 23 32 12 13 32 23 32

2 12

1 .
2

2 (1 )(1 ) 2( ) 1

E EC
E E
E G

=
  

− ν ν −ν ν + − ν + ν ν −ν ν  
  

As a corollary to Eq. (7), the SIFs for an orthotropic material are determined in terms of the 
components of the displacement vector in the small neighborhood of the crack tip with a PSS 
based on the relations:

2 21 23 32 1 23 32
I

2 13 31 2 13 31

2 21 23 32 1 23 32
II

2 13 31 2 13 31

(1 ) (1 )1 sin 2 2 sin cos ,
2 (1 ) (1 )

(1 ) (1 )2 cos sin 1
2 (1 ) (1 )

x y

x

E EK C u C u
r E E

E EK C u C
r E E

    − ν ν −ν νπ ′ ′= − ψ ⋅ + ψ + ψ ⋅        − ν ν −ν ν    

   − ν ν −ν νπ ′= ψ + ψ ⋅ + −     − ν ν −ν ν   
sin 2 .yu

 
′ψ ⋅  

 

(15)

Notably, each SIF (KI and KII) in Eq. (15) depends on both displacement components u′x and u′y.
In the case of calculating SIFs for cracks in materials with cubic symmetry, expressions 

(15) are simplified (taking into account the equalities E1 = E2 = E, G12 = G13 = G23 = G; 
ν12 = ν13 = ν31 = ν23 = ν32 = ν21 = ν):

( )

( )

I
2

II
2

,
2

1 2(1 2 )(1 )

.
2

1 2(1 2 )(1 )

y

x

EK u
r E

G

EK u
r E

G

π ′= ⋅ ⋅
 − ν + − ν + ν 
 

π ′= ⋅
 − ν + − ν + ν 
 

(16)
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The matrix [B]–1 is diagonal in this case, i.e., each component of the displacement vector 
affects only one SIF and not the other. Moreover, the difference between ratios (16) and expres-
sions (15) is that the crack inclination angles has absolutely no effect on the SIF values.

There is an important qualitative difference between Eq. (15) obtained for the case of a plane 
strain state and a similar formula in [30] for the case of a plane stress state. In the case of PSS, 
the SIFs depend on the Poisson ratios ν13, ν23, ν31, ν32.

Consider the properties of the matrix [B]–1.
Property 1. The determinant of the matrix [B]–1 depends only on the parameter C:

1 2 2 21 23 32 1 23 32

2 13 31 2 13 31

2 2 2 2 4 4 21 23 32 1 23 32

2 13 31 2 13 31

(1 ) (1 )[ ] 4 1 2 sin cos
(1 ) (1 )

(1 ) (1 )sin cos sin cos (sin cos ) 4 .
(1 ) (1

 

)

 E EÑ
E E

E E Ñ
E E

det −
 − ν ν −ν ν
⋅ + − ψ ψ −   − ν ν −ν ν 

− ν ν −ν ν
− ψ ψ − ψ ψ − ⋅ ψ + ψ = −− ν ν 

=

−ν ν

B

It follows from the expression for det[B]-1 that it is impossible to uniquely calculate the SIF 
in terms of displacements if C = 0 or C → ∞. It follows from the conditions E1 > 0, E2 > 0 that 
C ≠ 0, however, a possible situation is that C → ∞, which happens provided that

1 1
13 31 23 32 12 13 32

2 12

1
12 13 32

12

2 (1 )(1 ) 2( ) 0,

2( ) 0.

E E
E G

E
G

 
− ν ν −ν ν + − ν + ν ν = 

 
 

− ν + ν ν < 
 

This ratio between the elastic constants corresponds to the formula for the roots of Eq. (13) 
when they are real, but Eq. (13) cannot have real roots [31]. If the ratio of elastic constants is 
sufficiently close to 

1 1
13 31 23 32 12 13 32

2 12

2 (1 )(1 ) 2( ) 0,E E
E G

 
− ν ν −ν ν + − ν + ν ν ≈ 

 

or E1 is sufficiently small, it may prove problematic to numerically determine the matrix [B]–1 
and calculate the SIFs.

Property 2. As follows from expression (15), in the case when

E1(1 – ν23ν 32) = E2(1 – ν 13 ν 31)
the elements of the matrix [B]–1 do not depend on the crack rotation angle ψ (just as in the 

case of an isotropic material); u′y only affects KI, u′x only affects KII.

Property 3. As evident from expressions (15), the closer the root 1 23 32

2 13 31

(1 )
(1 )

E
E

−ν ν
−ν ν

 is to unity, 

the more u′y affects the value of KI and u′x the value of KII, and vice versa.

Testing the methods for calculating SIFs using 
the finite element solution of the problem

We consider an oblique rectilinear through crack in an infinite plate (plane) oriented at an angle 
ψ to the anisotropy axes (Fig. 2), with uniaxial tension of the plate in the vertical direction. It is 
assumed that the PSS is achieved in the problem when the stress-strain state is the same in each 
section along the z axis and εzz = γxz = γyz = 0. The SIFs are calculated for different crack orienta-
tions, varied in increments of 30°, to test the obtained formulas based on extrapolation methods for 
displacements and stresses. The finite element method is used to calculate SIFs in computations of 
stress and displacement fields [39–41]. The plate material is considered to be linearly elastic.
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This problem has a well-known analytical 
solution for SIFs [42]:

2
I

II

cos ,

sin cos .

K a

K a

= σ π ⋅ ψ

= σ π ⋅ ψ ⋅ ψ
(17)

The analytical solution for the infinite plane in 
Eqs. (17) does not depend on the form of anisot-
ropy and the elastic moduli of the material. This 
is because an infinite plane is considered and 
the loads are self-balanced. SIF computations 
for isotropic and anisotropic materials using the 
displacement method (see Eqs. (5), (15) and 
(16)) and stress method (see Eqs. (12) and (13)) 
were performed in the PANTOCRATOR finite 
element package [43]. Quadratic plane 8-node 
elements were used in the computations.

Several FE models of a cracked plate were 
constructed in the computations, varying the 
angle ψ (crack orientation angle relative to the 
orthotropy axes of of the material) and compar-

ing the numerical values of the SIFs with the analytical ones. Fig. 3 shows as an example the FE 
model of a square plate with a central rectilinear crack inclined at an angle ψ = 60°, including 
126,000 nodes, 20,800 finite elements in the entire model and 80 at the edge of the crack.

The behavior of a crack in an infinite plate (plane) was simulated for a plate of finite dimen-
sions, a 1:22 ratio was chosen between the length of the computational domain and the crack: 
the length of the domain for simulation was 22 cm, the width of the domain was also 22 cm; the 
length of the crack was 1 cm. The load in the problem was a constant vertical stress σyy= 100 MPa, 
set at the upper face. The plate was fixed to exclude solid-state displacements. Numerical methods 
were verified and comparing with the analytical solution for three types of elastic properties:

isotropic material,
material with cubic symmetry,
orthotropic material.
The values of the elastic constants used in the calculations are taken from [30]. Fig. 4 shows a 

comparison of SIF values obtained by extrapolation of displacements and stresses with analytical 
solution (17) for all three types of material properties.

Fig. 2. Schematic representation of problem 
statement for uniaxial tension of an infinite 
plate with an oblique through crack 

(highlighted in red)

a)	 b)

Fig. 3. FE model of plate with oblique central crack (a) 
and its enlarged fragment in the vicinity of the crack (b)
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Analytical and numerical values of KI and KII for inclination angles that are multiples of 30° 
(marked with symbols in Fig. 4), are given in Table 1. We should note that the maximum error 
∆max for the method calculating SIFs by the stresses (0.40%) is lower than that for the method 
calculating SIFs by the displacements (0.75%). Error for isotropic material is minimal, and max-
imal for both methods for orthotropic material. However, despite this, these methods show high 
accuracy, since the error does not exceed 0.75% compared with the analytical solution in all 
cases considered.

Influence of material anisotropy on crack opening

We compare the opening of the crack edges for the three previously considered classes of 
materials: isotropic, with cubic symmetry and orthotropic. If we consider expressions (6) for SIFs 
of the isotropic material and transform them by subtracting the displacement at the opposite 
edges of the crack, then, after substituting analytical expression (17) for the SIFs, we obtain the 
following equalities for opening of the crack in the isotropic material:

2

0

2
2

0

2(1 )( , ) ( , ) 2 sin cos ,

2(1 )( , ) ( , ) 2 cos .

x x

y y

u r u r ra
E

u r u r ra
E

−ν′ ′π − −π = 2σ ψ ⋅ ψ

−ν′ ′π − −π = 2σ ψ
(18)

If we use the expressions from our earlier paper [30] for the displacements of the crack edges 
in the anisotropic material and substitute the expressions for complex roots into expressions for 
the matrix [B]–1, followed by substitution of expressions (17) for SIFs, then in the case of cubic 
symmetry we obtain the following expressions for crack opening:

2

0

2

2
0

(1 ) 2(1 2 )(1 )
( , ) ( , ) 2 sin cos ,

(1 ) 2(1 2 )(1 )
( , ) ( , ) 2 cos .

x x

y y

E
Gu r u r ra

E
E
Gu r u r ra

E

 − ν ⋅ + − ν + ν 
 ′ ′π − −π = 2σ ψ ⋅ ψ

 − ν ⋅ + − ν + ν 
 ′ ′π − −π = 2σ ψ

(19)

Fig. 4. Graphs comparing the values of SIFs KI and KII, obtained numerically 
by extrapolation of displacements (symbols), with an analytical solution for SIFs 

KI (blue dashed line) and KII (solid red line).
Values for an isotropic material are marked with the symbol (▲), those for an orthotropic 

material with (◄), those for a material with cubic symmetry of properties with (♦)
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Similarly, we can obtain the following expressions for the orthotropic material:
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(20)

Tab l e  1

Comparison of computational results with analytical solution
for three types of material

ψ, deg

SIF value, MPa∙m1/2 ∆max, %
Analytical
solution

Displacement 
method Stress method DM SM

KI KII KI KII KI KII
Isotropic material

0 125.33 0.00 125.01 1∙10–4 125.31 0.001 0.25 0.01
30 93.99 54.26 93.74 53.89 93.97 54.23 0.70 0.07
60 31.33 54.26 31.24 53.88 31.31 54.21 0.72 0.11
90 0.00 0.00 1∙10–4 2∙10–4 1∙10–4 1∙10–4 0.02 0.01
120 31.33 –54.26 31.23 –53.87 31.29 31.29 0.73 0.14
150 93.99 –54.26 93.74 –53.89 93.96 93.96 0.70 0.07
180 123.33 0.00 125.01 1∙10–4 125.31 125.31 0.25 0.01

Material with cubic symmetry
0 125.33 0 124.84 0.004 125.13 0.003 0.39 0.16

30 93.99 54.27 93.73 53.87 93.95 54.20 0.73 0.13
60 31.33 54.27 31.27 53.92 31.35 54.27 0.64 0.11
90 0 0 1∙10–4 2∙10–4 1∙10–4 1∙10–4 0.02 0.01
120 31.33 –54.27 31.26 –53.91 31.32 –54.20 0.66 0.13
150 93.99 –54.27 93.73 –53.87 93.95 –54.26 0.73 0.13
180 125.33 0 124.84 0.004 125.13 0.003 0.39 0.16

Orthotropic material
0 125.33 0 124.54 0.006 124.82 0.007 0.63 0.40

30 93.99 54.27 93.72 54.36 93.86 54.24 0.29 0.14
60 31.33 54.27 31.43 53.99 31.42 54.29 0.66 0.28
90 0 0 1∙10–4 2∙10–4 1∙10–4 1∙10–4 0.01  0.01
120 31.33 –54.27 31.45 –53.98 31.37 –54.29 0.75 0.11
150 93.99 –54.27 93.72 –54.36 93.86 –54.24 0.29 0.14
180 125.33 0 124.54 0.006 124.82 0.0068 0.63 0.40

Nota t i on s :  ψ is the crack inclination angle relative to the x axis; ∆max is the maximum error for the 
SIFs KI and KII; DM, SM are the displacement and stress methods, respectively.
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The following conclusions can be drawn by comparing expressions (18)–(20):

Firstly, if 2(1 )E
G
> + ν , then the crack opening in the case of the material with cubic symmetry 

is greater than in the case of the isotropic material with the same values of Young’s modulus E 
and Poisson’s ratio ν, and vice versa.

Secondly, if we assume for convenience that Poisson’s ratios are equal for the orthotropic 
material and the material with cubic symmetry, i.e., ν12 = ν23 = ν31 = ν, and E1 = E3= E and 
G12 = G23 = G31 = G, then the crack opening for E1 > E2 in the case of orthotropic material is 
greater than that for the material with cubic symmetry, and vice versa.

FE computations were performed yo verify the above conclusions with different types of mate-
rial symmetry and values of elastic constants. The elastic properties of all three types of material 
considered were set so that the crack opening was the largest for orthotropic material, the smallest 
for isotropic material, and intermediate for material with cubic symmetry (Table 2). The prop-
erties of the materials were selected so that the compliance matrices and elastic moduli meet the 
conditions of positive definiteness (see Table 2).

Fig. 5 shows the differences in the crack opening as well as in the distribution of vertical stress 
fields σyy for different types of material anisotropy for the case of the crack angle ψ = 30°. The 
results of FE computations qualitatively and quantitatively confirm the analytical conclusions. 
The latter are the same for any crack rotation angle ψ.

In practice, the anisotropy of properties in the case of materials with cubic symmetry is eval-
uated using the parameter

2Ep
G

= − ν, (21)

where E is Young’s modulus, G is the shear modulus, ν is Poisson’s ratio.
For an isotropic material, p = 2. It is preferable to isolate this parameter in Eq. (19) and plot 

the dependence of the opening near the crack tip (Fig. 6) from the asymptotic formulas (for 
example, at a given fixed distance from the tip r = a/20). Fig. 6 also shows a dependence of the 
maximum crack opening (r = a) for cubic symmetry, obtained based on the FE solution. The 
selected values of Young’s modulus and Poisson’s ratio are given in Table 2, the shear modulus G 
was varied in the range of 1–19 GPa. The external tensile load and the crack length correspond 
to the formulation of the problem shown in Fig. 3. The crack inclination angle ψ = 30°.

As can be seen from Fig. 6, an increase in the crack opening is observed with an increase in 
the anisotropy parameter p. In accordance with expression (19), the dependence of crack opening 
on p (for fixed values of E, ν and a variable value of G) has a root dependence.

Tab l e  2

Elastic properties for three types of material, 
used in FE calculations to verify crack openings

Material
Module, GPa Poisson’s 

ratio Young’s shear 

Isotropic E = 20 G = 7.69 ν = 0.3

With cubic symmetry E = 20 G = 1.00 ν = 0.3

Orthotropic 
E1 = 20
E2 = 4
E3 = 20

G12 = 1.00
G23 = 1.00
G31 = 1.00

 ν12 = 0.3
ν23 = 0.3
ν31 = 0.3
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Conclusions

Analytical expressions for the case of a plane strain state were obtained for stress intensity fac-
tors (SIFs) in terms of edge displacements of a rectilinear crack with mixed-mode fracture in an 
orthotropic material and a material with cubic symmetry. The properties of the influence matrix 
[B]–1, used to find the SIFs, are considered. Just as in the case of a plane stress state (that we 
discussed earlier in [30]), there is no mode mixing for a material with cubic symmetry (similar to 
an isotropic material). In contrast to the case of a plane stress state, the coefficients of the influ-
ence matrix for an orthotropic material in the case of a plane strain state depend on ν13, ν23, ν31, 
ν32, which in turn relate them to Young’s modulus E3.

Testing the proposed methods for SIF calculations, we established good agreement with the 
analytical solution of the problem for a plane with an oblique crack for various crack inclination 
angles relative to the anisotropy axes of the material in a linear elastic material: isotropic, with 
cubic symmetry and orthotropic (the error did not exceed 0.75% in all cases). SIF calculation 
from the stresses in the vicinity of the crack tip gives more accurate results than calculation from 
the displacements of the crack edges.

a)	 b)	 c)

Fig. 5. Distribution of vertical stress fields σyy [MPa] (initial inclination angle ψ = 30°) 
for materials with different symmetry of elastic properties: 

isotropic (a), cubic (b) and orthotropic (c).
The scale of displacements is magnified by 5 times for clarity

Fig. 6. Dependence of crack opening on anisotropy parameter p. 
The maximum disclosure at r = a (solid line) and opening in the vicinity 

of the crack tip, r = a/20 (dashed line), are shown
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Asymptotic formulas were also obtained for crack opening in the cases of isotropic, orthotropic 
and cubic symmetry material. Crack openings were compared for different classes of materials, 
depending on their elastic properties, with further confirmation of the results provided by finite 
element modeling. The dependence of crack opening on the anisotropy parameter p was obtained 
for the practically important case of a material with cubic symmetry.

The considered numerical methods for calculating SIFs can be recommended for modeling 
crack growth and analyzing crack resistance in critical components of gas turbine engines (rotary 
and static blades) made of single-crystal nickel-based alloys with cubic symmetry of physical and 
mechanical properties.
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