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Аннотация. Предложен подход к оптимизации микроструктуры композиционных 
материалов с учетом накладываемых ограничений на их свойства. Подход основан на 
применении методов условной оптимизации. Определение эффективных упругих свойств 
осуществлялось с помощью метода конечно-элементной гомогенизации. Методами 
искусственного интеллекта выполнена оптимизация дисперсно-армированного 
композита с шарообразными включениями с ограничениями на коэффициент 
теплопроводности и модуль упругости материала на макроуровне.
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Introduction
Composite materials have found applications in diverse fields. A wide variety of individual 

components of modern composites used industrially, as well as their possible combinations, aug-
mented by extensive technologies to fabricate structures with diverse topologies, allow to produce 
materials with unique properties, often surpassing those of traditional materials. A richly varied 
selection of components, their volume ratios and composite material structures make it possible 
to further research the production of components with optimal properties.

An example is the development of novel materials for thermal protection of aerospace vehicles, 
which also need to have high thermal strength, low thermal conductivity and density. Another 
striking example are electrical insulating composites. Dielectric materials for electrical insulation 
systems in modern high-voltage electrical machines need to combine properties that are rather 
mutually exclusive, i.e., high insulation capability and high thermal conductivity.

A popular technique in modern industry is introducing dispersed particles with high thermal 
conductivity, such as aluminum oxide (Al2O3) or boron nitride (BN), into the polymer binder. 
Thus, the problem of conditional optimization can be formulated as selecting the concentration 
of dispersed inclusions ensuring maximum thermal conductivity of the composite with constraints 
on its electrical insulating properties.

The goal of this study is to develop methods for designing the optimal microstructure of com-
posite materials, taking into account the constraints imposed on their properties.

Determination of effective properties of composite materials

Laboratory studies provide the most reliable data on the mechanical, thermophysical and diffusion 
properties, electrical conductivity, and other characteristics of composite materials. However, there 
is an almost unlimited number of possible combinations of components, while tests are expensive, 
so analytical or numerical estimates of the effective properties of composites need to be introduced.

An analytical estimate of elastic properties can be obtained based on the simplest estimates given 
by Reuss [4] or Voigt [5]; some approaches are based on solutions of the Eshelby problem [6–8] 
for an ellipsoidal inclusion in an infinite homogeneous elastic medium. Variational estimates of 
elastic properties were obtained by Hashin and Shtrikman [9–11]; asymptotic averaging methods 
have also gained much popularity [1, 11–13].

The thermal conductivity and diffusion properties of materials can be estimated by approaches 
proposed by Maxwell [14], Lord Rayleigh [15], Bruggerman [16], Mori and Tanaka [7], as well 
as other researchers [16–23]. The main disadvantage of analytical estimates is their low accuracy 
for composites with complex topology.

One of the most common methods for determining the effective properties is finite element 
(FE) homogenization [8, 24, 25]. This method is based on the concept of a representative volume 
element (RVE) containing all statistical information about the distribution and morphology of 
inhomogeneities in the material. The RVE of the material can be introduced assuming a statically 
homogeneous distribution of material characteristics and separable scales of inhomogeneities. 
Fig. 1 shows examples of RVEs for various types of polymer composite materials.

Finite element (FE) modeling of deformation, heat transfer, diffusion and other processes in 
an RVE allows to solve two main problems:



75

Physical Materials Technology

determine the effective properties of a composite RVE (homogenization problem); 
obtain the extreme values of the stress fields in a heterogeneous RVE for subsequent strength 

analysis (heterogenization problem).
The PANTOCRATOR software package [26] used for the calculations is based on the virtual 

work principle adopted for solving boundary value problems of elasticity theory:

,V S
V V S

dV dV dS
σ

⋅ ⋅δ = ⋅δ + ⋅δ∫ ∫ ∫f u f uσ ε (1)

where δε = (∇δu)S, fV, fS are the given body and surface forces.
Eq. (1) can be used to obtain the equilibrium equations ∇ ∙ σ + fV = 0 in the volume and static 

(force) boundary conditions n ∙ σ|Sσ
 = fS.

Steady-state problems of thermal conductivity are solved in the following variational statement:

( )

( ) ( ) ( ) ,
II III

v
V

S S
S S

T q TdV

n T q TdS n T a T T TdS∞

∇ ⋅ ⋅∇ + δ =  

= ⋅ ⋅∇ + δ + ⋅ ⋅∇ + − δ      

∫

∫ ∫

K

K K
(2)

where qv, qs are the volume and surface heat fluxes, respectively; K is the thermal conductivity 
tensor; SII, SIII are the surface areas where the boundary conditions of the second (Neumann 
condition) and third (Cauchy condition) kind are imposed, respectively.

Eq. (2) allows to obtain the equation of thermal conductivity

( ) 0Sn T q⋅ ⋅∇ + =K
and natural Neumann and Cauchy boundary conditions:

( ) ( ) ( ),  .S Sn T q n T a T T∞− ⋅ ⋅∇ = − ⋅ ⋅∇ = −K K

d)	 e)

a)	 b)	 c)

Fig. 1. Examples of RVEs for various types of polymer composite materials: 
dispersion-strengthened (a–c), unidirectional fiber (d) and woven (e) 
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The stress-strain state corresponding to the homogenized material was calculated from the 
strain and stress tensors averaged over an RVE, obtained in the FE solution:

1 ,
REVV

REV

dV
V

= ∫ε ε (3)

1 .
REV

REV

dV
V

= ∫σ σ (4)

The effective properties of the homogenized material were assumed to correspond to an orth-
otropic elastic material, for which Hooke’s law can be written as follows:

4= ⋅⋅Cε σ, (5)

where 4C is the 4th-rank elastic compliance tensor, taking the following form for an orthotropic 
material (along the principal orthotropic directions):
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where 13 31 23 3212 21

1 2 1 3 2 3

,  ,  .v v v vv v
E E E E E E

= = =

The effective thermal conductivities are determined from Fourier’s law, written as follows for 
a homogenized material:

,T= − ⋅∇q K (7)

where 
1

REVREV V

TdV
V

= − ⋅∇∫q K  is the heat flux vector averaged over the volume; 

1 1

REV REVREV REVV S

T TdV TdS
V V

∇ = ∇ =∫ ∫ n  is the averaged temperature gradient.

The thermal conductivity tensor K for an orthotropic material has the form

1

2

3

0 0
0 0 .
0 0
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 λ 

K (8)
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Three types of boundary conditions can be used to determine the effective elastic properties of 
a heterogeneous material: 

kinematic
* ,

uS
= ⋅u rε (9)

static
* ,SSσ

⋅ = ⋅ =n n fσ σ (10)

and periodic conditions

( )
1 2

*
2 ,

u uS S
= + ⋅ −1u u r rε (11)

where u is the displacement vector; r is the radius vector; ε*, σ* are the given constant symmetric 
tensors corresponding to various strain states (axial tension/compression and shear) and various 
stress states (axial tension/compression and shear), respectively.

It was found in [8, 27, 28] that imposing periodic conditions (11) yields satisfactory accuracy 
for RVEs including a smaller number (by 2–4 times) of unit cells compared to imposing boundary 
conditions (9), (10).

The effective thermal conductivities were found using first-kind boundary conditions 
(Dirichlet condition):

1 2

* *
1 2, ,

S S
T T T T= = (12)

where S1, S2 are the RVE surfaces where the temperature values T*
1 and T*

2 are set, so that 
T*

1 ≠ T*
2.

It is assumed that the condition of ideal mechanical and thermal contact is satisfied at the 
interface of individual components of the composite material:

( ) ( ) ( ) ( ) ( ) ( ); ,i j i i j j= ⋅ = ⋅u u n nσ σ (13)

( ) ( )( ) ( ) ( ) ( ) ( ) ( ); ,i j i i j jT T T T= ⋅ ⋅∇ = − ⋅ ⋅∇n K n K (14)

where the quantities with the superscript (i) correspond to one component, and the quantities 
with the superscript (j) correspond to the other.

Optimization problem statement

In general, a composite material consisting of a matrix and inclusions containing N different 
materials is considered. In the linear statement, each of the materials is characterized by elastic 
properties 4Ci, density ρi, thermal conductivity Ki and has a volume Vi, where i = 1,N + 1. Other 
characteristics can be considered similarly, such as strength, diffusion coefficient, permittivity, 
resistivity, etc. Each of these characteristics can be considered both as an objective function of 
the optimized material and as imposed constraints.

For certainty, we consider the mass minimization problem for a composite material with a 
given microstructure topology, with constraints on the values of Young’s modulus and thermal 
conductivity along one of the orthotropic axes:

1

1
min;

N

i i
i

M V
+

=

= ρ →∑ (15)

( ) ( )1 1, ,i iE c E K c K≥ ≤ (16)

where ci = Vi/V are the volume fractions of the ith phase.
Such a problem can be formulated for example, for designing a cantilever beam of specific 

geometry with constraints on the maximum deflection or on the natural frequency, intended for 
mounting a thermal sensor sensor. Other optimization problems are constructed similarly.

The problem of unconditional minimization of functional (15) can be reduced to the problem 
of conditional minimization taking into account constraints (16) using AI methods [29, 30]. Let 
us briefly consider them.
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Lagrange multiplier method:

( )( ) ( )( )
1

1 1 2 1
1

min,
N

i i i i
i

L cV E E c K c K
+

=

= ρ + λ − + λ − →∑ (17)

where λ1, λ2 are Lagrange multipliers.
Penalty function method:

( ) ( )( ) ( )( )
1

1 1 1 2 2 1
1

min,
N

k k
k i i i i i

i
Q c cV r g E E c r g K c K

+

=

= ρ + − + − →∑ (18)

where rk
1, r

k
2 are coefficients of the penalty functions; ( )( )1 1 ig E E c− , ( )( )2 1 ig K c K−  are the 

penalty functions.
A distinct family of genetic optimization algorithms allows obtaining an optimal solution with-

out a priori information about the behavior of the target function [31].
Selecting an optimization method is a fairly complex process. Thus, if the dependences of 

the target function and constraints on the system parameters are known, the Lagrange multiplier 
method allows to obtain an analytical solution to the conditional optimization problem in some 
cases. As for the widespread class of methods of penalty functions, applying it can result in ‘val-
leys’ appearing in the relief of the minimized potential. A wide class of problems can be solved by 
the Nelder–Mead method [32, 33], which does not require taking derivatives. Genetic algorithms 
can be considered the most universal. However, despite the variety of optimization methods, none 
of the algorithms guarantees finding a global extremum in an arbitrary case.

Optimization of dispersion-strengthened composite  
with spherical inclusions

Consider the mass minimization problem for a dispersion-strengthened composite with spher-
ical inclusions (Fig. 1, a–c). Due to symmetry and stochastic arrangement of inclusions in the 
matrix, the resulting macro-properties of the material can be assumed to be isotropic with a high 
degree of confidence.

It is important to choose an RVE that adequately reflects the structure and properties of the 
given composite material. Regularized RVE models can be considered in the case of materials 
with randomly distributed inclusions. Otherwise, namely, for materials with a non-periodic struc-
ture, a stochastic problem should be considered with subsequent static processing of the results, 
which significantly increases the complexity and time-costs of determining the effective proper-
ties. It was established in [34] for the case of unidirectional fiber composites that the maximum 
differences between the elastic properties of the regularized model and the model with a random 
arrangement of reinforcing fibers do not exceed 10%.

If we assume the properties of the regularized model and the real dispersion-strengthened 
composite to be equivalent, the corresponding RVE should have the following properties:

the volume fraction of inclusions in the RVE should coincide with their concentrations in the 
real material;

the structure of the RVE should have the properties of central symmetry.
In the case of a dispersion-strengthened composite material, three approximations can be con-

sidered for the RVE: with a single inclusion (see Fig. 1,a), volume-centered cubic (see Fig. 1,b) 
and face-centered cubic (see Fig. 1,c) In this case, the most adequate model from the standpoint 
of isotropic isotropy of effective properties is a face-centered cubic RVE, however, it would result 
in significantly higher computational costs compared to the RVE with a single inclusion, so the 
RVE with a single inclusion was considered to solve the problem of microstructure optimization. .

Fig. 2 shows FE models of RVEs with different volume fractions of inclusions. Quadratic 
8-node finite elements were used in the calculations.

For two-phase materials, it is convenient to reduce the mass minimization problem to the 
minimization problem for the volume fraction of the densest phase, in this case, the volume frac-
tion of inclusions. Then the Lagrange functional (17) is written as

( )( ) ( )( )1 2 min .L c E E c c= + λ − + λ λ −λ → (19)
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Minimization of this functional can be carried out by different techniques, such as the gradient 
descent method, the secant method (finite-difference approximation of the Newton method), 
the Levenberg–Marquardt algorithm, and many others. In this case, because the dependence of 
the effective properties on the volume fraction of inclusions is smooth and monotonic, we used 
the successive approximation method, which consists in approximating the constraint functions 
by the differentiable function. The stationary points of functional (19) are found by an iterative 
procedure constructed to successively calculate the derivatives, and next refine the coefficients of 
the approximating functions. This approach is also convenient for finding an initial approximation 
if other techniques are used.

Because the formulation is linear, the approximation dependences of Young’s modulus and 
thermal conductivity can be found for a wide class of matrix and inclusion materials by introduc-
ing dimensionless parameters

,   and ,  ,m m

p p p p

E Ee e l l
E E

λ λ
= = = =

λ λ

where the subscript m corresponds to the parameters of the matrix material, p is the inclusion material.
Monotonic conditions were imposed on the considered relations over the entire variation range 

of the parameters. We considered the following parameters describing the dependences studied:

a)	 b)	 c)

Fig. 2. Finite element models of RVEs with different volume fractions 
of inclusion c (1/8 of RVE is shown); c, %: 5 (a), 25 (b), 50 (c)

a)	 b)

Fig. 3. Dependences of effective Young’s modulus (a) and thermal 
conductivity (b) of the composite material on the relations for ē and l 

(see Eqs. (20) and (21)), as well as on the volume fraction of inclusions c.
The points correspond to the values from the database of calculated cases.
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( ) ( ) 2, exp 1EC
E E E E Ee e c A B e D E c F c   = − + + +   (20)

( ) ( ) ( ) 2, exp 1 1 .Cl l c A B l D E G l c F cλ
λ λ λ λ λ λ
   = − + + + +   (21)

Multivariate computational experiments were carried out to accumulate a database of calcu-
lated effective Young’s moduli and thermal conductivity. The parameters of models (20), (21) 
were determined using the least squares method by the Levenberg–Marquardt algorithm. The 
values of the parameters of both models and the correlation coefficients R2 are given in Table 1. 
Evidently, the correlation coefficient is close to unity for both models, which confirms their ade-
quacy. The comparison of the initial data and their approximation is shown in Fig. 3.

Thus, in the case of the parameters given for the materials of the matrix and the inclusion, 
functional (19) is written as follows taking into account Eqs. (20), (21): 

( ) ( )2 2
1 21 1 min,E E EL c E A E c F c A E c F cλ λ λ   = + λ − + + + λ + + −λ →    (22)

where AE, Aλ and Eλ are the parameters depending on the properties of the matrix and the inclu-
sion materials:

( )
( )
( )

exp ,

exp ,

1 .

EC
E E E E p

C
p

A A B e DÅ

A A B l D

E E G l

λ
λ λ λ λ

λ λ λ

 = − + 
 = − + λ 
= +

(23)

 The stationary points of functional (22) can be found from the following conditions:

[ ]

( )

( )

1 2
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2

2
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1 0,

1 0.

E E E

E E E

A E c F A E c F

E A
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A E

L
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 = +
∂

λ + + λ + = 

 = − + + = λ

 = + + −λ = λ

∂
∂
∂
∂
∂

(24)

For definiteness, we consider an organosilicon binder as the matrix materials, with glass as the 
inclusion material. The characteristics of both materials are given in Table 2 [29]. The following con-
straints on thermal conductivity λ and Young’s modulus E are taken: λ ≤ 0.3 W/(m∙K), E ≥ 3 GPa.

Tab l e  1

Parameter values of approximating functions in two equations

Equation parameter Parameter value in equation
(20) (21)

A 32.40 9.85
B 0.13 0.23
C 4.36 2.66
D 2∙10–5 3∙10–6

E 6.69 0.05
f 0.66 1.17
G – 9.00

Correlation coefficient R2 0.997 0.998
Nota t i on s : ρ is the density, E is Young’s modulus, ν, λ are Poisson’s 
ratio and thermal conductivity.
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Due to the simplicity of the functional to be minimized, the search for the optimal ratio 
between the matrix and the inclusions can be illustrated by plotting the dependences of effective 
values of the material parameters, on which constraints are imposed, on the concentration of 
inclusions (Fig. 4).

Based on the above optimization procedure, 
we obtained the optimal value of glass inclusion 
concentration in the organosilicon matrix of 
the composite ensuring the minimum mass of 
the composite under the imposed constraints; it 
amounts to 21.3%.

Importantly, it is generally impossible to 
guarantee the existence of a solution that satis-
fies all of the imposed constraints. In this case, a 
solution can be found by substituting the mate-
rials, changing the structure of the composite or 
loosening the constraints imposed.

Conclusion

The paper introduces an approach to determining the optimal parameters of composite mate-
rials with constraints imposed on their properties. The approach is based on the finite element 
homogenization method, making it possible to find the effective characteristics of heterogeneous 
materials, as well as on conditional optimization methods. We considered a particular case, solv-
ing a problem on minimizing the density of a composite dispersion-strengthened by spherical 
inclusions, with constraints on the elastic modulus and the thermal conductivity of the matrix and 
the inclusions. The conditional optimization problem was solved using the Lagrange multiplier 
method and the successive approximation method. Approximating dependences were proposed 
to adequately describe the variation in the effective thermal conductivity and Young’s modulus 
(correlation coefficient R2 ≥ 0.99).

The developed algorithm can be used for multicriterial optimization of composite materials 
with different reinforcement topologies, to subsequently accumulate a database for training neural 
networks. This approach and algorithm will accelerate the search for an initial approximation of 
the optimization problem.

Fig. 4. Dependences of effective values of thermal conductivity (blue curve) 
and Young’s modulus (red curve) on the concentration of inclusions

Tab l e  2

Characteristics of materials considered

Parameter Parameter value
Matrix Inclusion

ρ, kg/m3 1100 2600
Е, GPa 2.0 70

ν 0.20 0.35
λ, W/(m·K) 0.7 0.2
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