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THE ROLE OF THE ELECTRET EFFECT
IN THE FORMATION OF THE PIEZOELECTRIC STATE
IN THE POLYVINYLIDENE FLUORIDE-TETRAFLUOROETHYLENE
COPOLYMER FILMS

Yu. I. Sotova &, Yu. A. Gorokhovatsky, D. E. Temnov
Herzen State Pedagogical University of Russia, St. Petersburg, Russia

®juliasotoval1992@mail.ru

Abstract: In this work, the phenomenon of polarization of polyvinylidene fluoride-
tetrafluoroethylene copolymer (P(VDF-TFE)) polymer films in the fiecld of a corona discharge
at elevated temperatures has been studied in order to elucidate the mechanism of formation
of the piezoelectric state. The TSD spectroscopy was used to analyze the charge accumulation
and relaxation processes occurring in the (P(VDF-TFE)) films during polarization. The results
obtained made it possible to reveal an interrelationship of forming the electret and piezoelectric
states in the (P(VDF-TFE)) as well as to explain the mentioned mechanism. On this basis a
polarization procedure in the field of the corona discharge was developed and tested. This
procedure permitted reducing the probability of electrical breakdown leading to mechanical
damage of the films and allowed improving key characteristics of the objects under question.

Keywords: electret state, polyvinylidene fluoride, tetrafluoroethylene, piezoelectric effect,
TSD spectroscopy
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POJ1b SJIEKTPETHOIO YPD®DEKTA B POPMUPOBAHUU
MbE3O3/TEKTPUYECKOIO COCTOAHUA B NNIEHKAX
COMNOJINMEPA NONIUBUHUTTUAEHDTOPUA
C TETPA®TOP3TU/IEHOM

10. . ComoBa®, I0. A. lopoxoBamckult, [. 3. TemHoB
Poccuiickuit rocyaapCTBEHHbIN nefarornyeckuit yHnsepeuteT um. A. U. FepueHa, CaHkT-MeTepbypr, Poccus

®juliasotoval1992@mail.ru

AnHoramusga. C 1eabl0 BBISICHEHMSI MeXaHu3Ma (OpMUPOBAHUS IhE303JEKTPUICCKOTO
COCTOSTHUSI, B paboTe M3Yy4YeHO SIBJICHME IOJSIPU3AIMU TIOJIMMEPHBIX TUICHOK COIOJMMepa
nonuBuHUIUAeHGTOpUAA ¢ TeTpadTopatuieHom (ITI(BAD-TDH)) B mose KOPOHHOTO paspsiia
IIpY MOBBIILIEHHOH TeMmepaType. JIJis aHaaM3a IpoLeCcCOB HAKOILICHUsI U peJlakcalliy 3apsiioB,
npoucxonsiux B [I(BAD®-TD®D) npu noiaspuzaluu, MPUMEHSIACH CIIEKTPOCKOIUS TOKOB
TEPMOCTUMYJIMPOBAHHOM Aenoisipu3anuu. [logydeHHbIe pe3yJbTaThl TO3BOJIMIM OOHAPYXUTh
B3aMMOCBSI3b IIPOLIECCOB (POPMUPOBAHUS BJIEKTPETHOIO U MhE303JIEKTPUIECKOTO COCTOSTHUI B
II(BAD-TDD), a Takke 00BICHUTH YKa3aHHBIN MexaHn3M. Ha 3Toif ocHoBe ObliTa pazpaboTaHa
u onpoOOBaHAa METOAMKA TOJISIPU3ALIMU B TI0JIe KOPOHHOTO pa3psijia, MO3BOJISIIONIAsT CHU3UTh
BEPOSITHOCTh 2JIEKTPUUECKOTO TIPO0OS, TPUBOJSIIETO K MEXaHWYECKUM TMOBPEXKACHUSIM
IUICHOK, a TaKKe YJIYYIIMThb KJIIOUEeBbIe XapaKTEPUCTUKU MCCIICIOBAHHBIX O0BEKTOB.

KioueBbie cJI0Ba: BJIEKTPETHOE COCTOSTHUWE, MOTWMBUHWIMACH(TOpUI, TeTpadTOopaTHIIeH,
MMbEe302JIEKTPUUECKUI addexr, CTIEKTPOCKOTIUS TOKOB TEPMOCTUMYJIMPOBAHHOMU
JIETIoNSIpU3aluu

®unancupoBaHue: paboTa BBLINOJHEHA NpU (GUHAHCOBOW Moaaepxkke ['ocyaapcTBEHHOIO
3agaHus Muno6pHayku Poccuiickoit @enepauuu (mpoekt Ne FSZN0026-2020-).

Jlng uutupoBanus: Cotona lO. U., I'opoxoBarckuii FO. A., TemHoB . B. Pojib 371eKTpeTHOTO
addekta B (HOPMHUPOBAHMU IHE303JICKTPUUYECKOTO COCTOSHMS B IUJICHKax COIOJUMepa
MoJuBUHUIMACHGTOPUAA C TeTpadTopaTuiaeHoM // HaydyHO-TeXHUYECKUE BEIOMOCTU
CIIOITIY. ®usuko-marematuyeckue Hayku. 2022, T. 15. Ne 2. C 8—16. DOI: https://doi.
org/10.18721/ JPM.15201

CraTbsl OTKPHITOro noctyma, pacrnpoctpansiemass no juieHsnu CC BY-NC 4.0 (https://
creativecommons.org/licenses/by-nc/4.0/)
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Introduction

The piezoelectric properties were first discovered in polyvinylidene fluoride (PVDF) by Heiji
Kawai in 1969. However, producing piezoelectric films from the PVDF homopolymer comes with
challenges due to a high coercive field (of the order of 10® V/m, which is two orders of magnitude
higher than that of piezoceramics) [2], so piezoelectric polymers with lower coercive fields are
commonly used as piezoelectric elements: these are composites based on vinylidene fluoride
copolymers with trifluoroethylene, P(VDF-TrFE), and with tetrafluoroethylene, P(VDF-TFE).
Notably, both the PVYDF homopolymer and its copolymers only exhibit piezoelectric properties
after repeated pre-stretching, causing the sample to extend by several times compared to the
initial length [3, 4].

PVDF displays polymorphism, existing in five different crystalline modifications, denoted as
a-, B-, y-, 6- and e-phases [5]. The B-phase has attracted the greatest attention from researchers
due to its piezoelectric properties [6].

There are several approaches to generating a piezoelectric state in PVDF-based polymer
films. A traditional method is film polarization by a corona discharge at elevated temperatures.
This method is popular because larger field strengths can be achieved under corona polarization
(compared to those obtained by the direct contact method) [7]. However, corona polarization
at elevated temperatures induces electrical aging in polymer films: the probability of electrical
breakdown increases with increasing polarization temperature, leading in turn to mechanical
damage to the polymer films.

The goal of this study consisted in establishing the relationship between the electret and
piezoelectric states generated in P(VDF-TPE) films, as well as in modifying the technology for
inducing a piezoelectric state in PVDF-based polymer films, which can serve to decrease the
probability of electrical breakdown in the given sample, preserving or even improving its key
characteristics.

Experimental samples and procedure

The experimental sample was a mechanically pre-stretched F2ME-type P(VDF-TFE)
copolymer film with a thickness of 20 um. A piezoelectric state was induced in the samples with
a corona discharge but under different polarization conditions.

The accumulation and relaxation of charges in P(VDP-TPE) under polarization was studied by
the method of thermally stimulated depolarization currents (TSDC). TSDC measurements were
carried out with a TSC II thermal analyzer (from Setaram, Lyon, France).

The piezoelectric coefficient d,, was measured by the dynamic method using a D33 test meter
(Yangzhou, China).

4.0 -

3.0 A

Current, nA
N
=

1.0 4

Temperature, °C

Fig. 1. Thermally stimulated depolarization currents
in P(VDF-TPE) films polarized by negative corona discharge
at different polarization temperatures, ‘C: 50 (), 70 (2) and 80 (3)
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Experimental results and discussion

The traditional procedure for inducing a piezoelectric state in the P(VDF-TPE) copolymer
by a corona discharge field is as follows: the sample is placed in the given field at an elevated
temperature, held in it for 10 minutes (maintaining a constant temperature), and then cooled
to room temperature in the same field. It was experimentally established in earlier studies that
polarization must be carried out with a negative corona discharge to achieve better electret
characteristics [8].

The electric field strength required to obtain a high piezoelectric coefficient 4., is equal to 1.2
MV/cm [9]. We varied the polarization temperature from 50 to 80 °C.

Fig. 1 shows the TSDC curves in P(VDF-TPE) films polarized by negative corona discharge
at different polarization temperatures. As evident from the data obtained, a single peak is ob-
served on the TSDC curves for low polarization temperatures (50—60 °C) at about 50 °C, while
two strongly overlapping peaks appear on the curves (near 40—70°C) with increased polarization
temperatures (70 and 80 °C). A possible explanation for this difference is that the homocharge
is captured by deep near-surface traps in films polarized by the negative corona discharge. The
actual homocharge in the P(VDF-TPE) sample does not contribute to the piezoelectric effect,
but orientation of the polar structures occurs in the internal electric field generated by the homo-
charge (constituting the piezoelectric B-phase of PVDF). Apparently, there are two classes of po-
lar structures with different activation energies. Polar structures of only one type (with lower ac-
tivation energies, their current peak is located at about 50 °C) are oriented in the internal electric
field of the homocharge under corona polarization at 50—70 °C, while increasing the polarization
temperature to 80 °C produces orientation in both types of polar structures, which is manifested
as two strongly overlapping peaks on the TSDC curves (in the temperature range of 40—70 °C).

In this case, it is possible to estimate the activation energies and the frequency factors for
the polar structures in the P(VDF-TPE) samples, characterized by lower activation energies
(Table 1); the samples were subjected to polarization at different temperatures. The calculations
were performed by two methods: initial current rise and heating rate variation [10].

We also estimated the activation energy of the homocharge for a negatively polarized corona
electrode (the release of the homocharge from the near-surface traps shown in Fig. 1 appears
as an increase in current above 80 °C) by the initial rise method. The resulting value amounted
to (1.90 = 0.09) eV. A similar calculation for a positively polarized corona electrode gave an
activation energy of the homocharge equal to (1.20 = 0.06) eV.

Analyzing the dependence of the piezoelectric coefficient d;, on the polarization temperature
(Fig. 2), we can conclude that the values of the piezoelectric coefficient are high (in the range of
24—26 pC/N) immediately after polarization (curve /) and only slightly depend on the polarization
temperature. However, it is not only the actual magnitude of the piezoelectric coefficient but also
its thermal stability that is an important characteristic of the piezoelectric properties.

Table 1
Key characteristics of polar structures
in P(VDF-TPE) films
polarized at different temperatures

Activation energy W, eV,
for polarization temperature

50 °C 70 °C 80 °C
Initial rise method | 0.82 +0.04 0.82 +£0.04 0.83 +£0.04

Method
for determining W

Heating rate
variation method | 0-84+0.03 | 0.83+0.03 | 0.83+0.03

The frequency factor found by varying the heating rate was
equal to @ = 10'° s! for the three polarization temperatures

Notes. 1. The results are given for polar structures characterized by lower
activation energies (see Fig. 1 and explanations in the text). 2. The values of ®
were determined up to a half decade.
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Fig. 2. Dependences of the piezoelectric coefficient d ,, in P(VDF-TPE) films
on the polarization temperature, obtained immediately after polarization (/)
and after 2.5 hours of subsequent annealing at 70°C (2)

To test the thermal stability of the values obtained for the piezoelectric coefficient d,,,
P(VDF-TFE) films were kept in a thermostat at 70 °C for two and a half hours. We then
discovered that the piezoelectric coefficient in P(VDF-TFE) films polarized at a low temperature
(50—70 °C) decreased considerably after exposure in a thermostat (see curve 2 in Fig. 2).

Thus, this quantity turns out to be unstable at polarization temperatures below 70 °C. On the
other hand, polarization at 80—90 °C yields stable values of the piezoelectric coefficient.

As noted above, exposing the film to the corona discharge at elevated temperatures often leads
to electrical breakdowns, mechanically damaging the film as a result. We used polarization in
the internal field of the homocharge to reduce the risk of electrical breakdown: P(VDF-TPE)
films were first subjected to polarization at room temperature under negative corona discharge
for 10 minutes (the electric field strength was 1.2 MV/cm), then heated (the sample was in the
open state, i.e., in the absence of an external electric field) to a different temperature, and finally
cooled to room temperature. Fig. 3 shows the TSDC curves in P(VDF-TPE) films polarized by
this method.

It can be seen from the TSDC curves in Fig. 3 that the peak on the curve rises with increasing
heating temperature, and the area under the curve increases. We should note that the TSDC
curves have a similar appearance to low-temperature equivalents in Fig. 1 (in terms of their shape
and the positions of the peaks on the temperature axis), suggesting that the homocharge is held
in deep near-surface traps in this case, while orientation of the polar structures occurs in the
generated internal electric field. Thus, the mobility of polar structures increases with increasing
heating temperature, more of them have time to orient themselves, so both the maximum value
and the area under the curve grow.

5.0 4

4.0 4

Current, nA
w
=}

.

P
=}

1.0 A

0 1‘0 2‘0 3‘[) 4‘0 5‘0 6‘0 7‘0 8‘0 9‘0
Temperature, °C
Fig. 3. Thermally stimulated depolarization currents in P(VDF-TPE) films polarized
under negative corona discharge at room temperature, followed by heating

(in the absence of an electric field) to different temperatures, "C:
50 (1), 70 (2) and 80 (3)
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Table 2 gives the activation energies and frequency factors (with an accuracy up to half a decade)
of polar structures in P(VDF-TFE) films polarized at room temperature, subsequently subjected to
heating to different temperatures and further cooling to room temperature (in the open state, i.e., in
the absence of an electric field), calculated by methods of initial rise and variation of the heating rate.

Table 2
Key characteristics of polar structures in P(VDF-TPE) films
heated to different temperatures after polarization

Activation energy W, eV,
for de%?:giondin W at heating temperature
8 70 °C 90 °C
Initial rise 0.81£0.04 0.83 £0.04
Heating rate variation 0.83 +0.03 0.84 + 0.03

The freclluency factor found by varying the heating rate was
equal to @ = 10" s7! for the two heating temperatures

Notes. 1. Film samples were heated after polarization under negative corona
discharge at room temperature. 2. The values of ® were determined up to a
half decade.

We estimated the activation energy of the homocharge; in this case, the homocharge release
from near-surface traps was manifested as an increase in depolarization current after it reaches
80 °C. (see Fig. 3). The value obtained by the initial rise method was (1.90 = 0.09) eV, as in the
case of the traditional polarization method.

Fig. 4 shows the dependence of the piezoelectric coefficient d,; on the heating temperature
measured immediately after polarization (curve /) and after two and a half hours of exposure
in a thermostat at 70 °C (curve 2). Apparently, in the first case, the piezoelectric coefficient
measured immediately after following the steps of the procedure (including polarization at room
temperature, heating to a given temperature, then cooling to room temperature) increases with
increasing heating temperature, reaching a maximum (25 mC/N) at a heating temperature of
90 °C. However, in the second case, when the procedure includes exposure in a thermostat after
heating to a given temperature, the piezoelectric coefficient in P(VDF-TFE) samples, heated to
50—70 °C, decreased significantly, while the piezoelectric coefficient of the samples heated to
80—90 °C practically did not change. The optimal heating temperature was 90 °C, yielding the
maximum value of the piezoelectric coefficient d,, (25 pC/N). On the other hand, heating to a
higher temperature led to mechanical deformation of the samples.

= N N w
wn o w o
L L L )

=
o
L

Piezoelectric coefficient d;;, pC/N

O]
L

o

50 60 70 80 90 100

Heating temperature (after polarization at room temperature), °C

N
o

Fig. 4. Dependences of the piezoelectric coefficient d,,in polarized P(VDF-TPE)
films on further heating temperature, obtained without subsequent annealing (/)
and after 2.5 hours of subsequent annealing at 70 °C (2)

The films were polarized at room temperature
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We can therefore argue that the technique proposed for inducing a piezoelectric state allows
achieving the value of the piezoelectric coefficient comparable to that obtained by the traditional
method in P(VDF-TFE) films; moreover, the probability of electrical breakdown (and mechanical
damage to the sample) is significantly reduced.

Conclusion

As a result of the studies carried out by the method of thermal activation spectroscopy, we
have proposed a mechanism for polarization in polymer films of the copolymer P(VDP-TPE): a
homocharge is trapped by deep near-surface traps during polarization in corona discharge field,
which itself does not contribute to the magnitude of the piezoelectric coefficient. However,
orientation occurs in the internal electric field of the homocharge and the oriented state of the
polar structures is preserved. Increasing the polarization temperature increases the contribution
of dipoles with higher activation energies (this appeas as two strongly overlapping peaks on the
TSDC curves). Thus, homo and hetero charges coexist under corona discharge for polarized
P(VDP-TPE) films. The activation energy of polar structures amounts to (0.82 = 0.03) eV, and
the frequency factor to 102 s7! (up to half a decade). The activation energy of the homocharge
for a negatively polarized corona electrode is much higher than that for polar structures and
amounts to (1.90 £ 0.09) eV. A similar calculation for a positively charged corona electrode gives
an activation energy of the homocharge equal to (1.20 = 0.06) eV.

Thus, we have established that the electret and piezoelectric states emerging in P(VDF-TPE)
films are interconnected. Inducing an electret state in these samples is necessary to produce and
preserve piezoelectric properties.

The traditional method of polarization in the corona field at elevated temperature often leads
to electrical breakdowns, and, consequently, to mechanical damage to polymer films. The method
for polarization in the internal field of the homocharge proposed in this study significantly reduces
the risk electrical breakdown; furthermore, the values of the piezoelectric coefficient d,, obtained
by this method in P(VDF-TPE) films are not inferior in their level and thermal stability to the
piezoelectric coefficient d,; obtained in the samples by polarization using the traditional approach.

REFERENCES

1. Kawai H., The piezoelectricity of poly (vinylidene fluoride), Jap. J. Appl. Phys. 8 (6) (1969)
975—983.

2. Lushcheykin G. A., New polymer-containing piezoelectric materials, Physics of the Solid State.
48 (6) (2006) 1023—1025.

3. Ting Y., Suprapto Y., Chiu C.-W., Gunawan H., Characteristic analysis of biaxially stretched
PVDF thin films, J. Appl. Polym. Sci. 135 (36) (2018) 46677.

4. Marandi M., Tarbutton J., Additive manufacturing of single- and double-layer piezoelectric
PVDF-TrFE copolymer sensors, Procedia Manuf. 34 (2019) 666—671.

5. Begum S., Ullah H., Kausar A., et al., Fabrication of epoxy functionalized MWCNTs reinforced
PVDF nanocomposites with high dielectric permittivity, low dielectric loss and high electrical
conductivity, Comp. Sci. Technol. 167 (20 October) (2018) 497—506.

6. Kalimuldina G., Turdakyn N., Abay I., et al., A review of piezoelectric PVDF film by electrospinning
and its applications, Sensors. 20 (18) (2020) 5214.

7. Sukumaran S., Chatbouri S., Rouxel D., et al., Recent advances in flexible PVDF based
piezoelectric polymer devices for energy harvesting applications, J. Intell. Mater. Syst. Struct. 32 (7)
(2021) 746—780.

8. Gorokhovatskiy Yu. A., Temnov D. E., Sotova Yu. I., Rheological parameters effect on the electric
properties of polyvinylidene fluoride, St. Petersburg State Polytechnical University Journal: Physics
and Mathematics. 13 (4) (2020) 39—46 (in Russian).

9. Mahadeva S. K., Berring J., Walus K., Stoeber B., Effect of poling time and grid voltage on
phase transition and piezoelectricity of poly(vinyledene fluoride) thin films using corona poling, J.
Phys. D. Appl. Phys. 2013. Vol. 46 (28) (2013) 285305.

10. Gorokhovatskiy Yu. A., Bordovskiy G. A., Termoaktivatsionnaya tokovaya spektroskopiya
vysokoomnykh poluprovodnikov i dielektrikov [Thermal activation spectroscopy of high-resistance
semiconductors and dielectrics], Nauka, Moscow, 1991 (in Russian).

14



4 Condensed Matter Physics >

CNMUCOK JIUTEPATYPbI

1. Kawai H. The piezoelectricity of poly (vinylidene fluoride) // Japanese Journal of Applied Physics.
1969. Vol. 8. No. 6. Pp. 975—983.

2. Jlymeiikmn I'. A. HoBble mommmepcoaepxXKaiine IMbe303JeKTpuueckue mMatepuansl // dusuka
tBepaoro tema. 2006. T. 48. Ne 6. C. 963—964.

3. Ting Y., Suprapto Y., Chiu C.-W., Gunawan H. Characteristic analysis of biaxially stretched
PVDF thin films // Journal of Applied Polymer Science. 2018. Vol. 135. No. 36. P. 46677.

4. Marandi M., Tarbutton J. Additive manufacturing of single- and double-layer piezoelectric
PVDF-TrFE copolymer sensors // Procedia Manufacturing. 2019. Vol. 34. Pp. 666—671.

5. Begum S., Ullah H., Kausar A., Siddiq M., Aleem M. A. Fabrication of epoxy functionalized
MWCNTs reinforced PVDF nanocomposites with high dielectric permittivity, low dielectric loss and
high electrical conductivity // Composites Science and Technology. 2018. Vol. 167. 20 October. Pp.
497—506.

6. Kalimuldina G., Turdakyn N., Abay 1., Medeubayev A., Nurpeissova A., Adair D., Bakenov Z. A
review of piezoelectric PVDF film by electrospinning and its applications // Sensors. 2020. Vol. 20.
No. 18. P. 5214.

7. Sukumaran S., Chatbouri S., Rouxel D., Tisserand E., Thiebaud F., Ben Zineb T. Recent advances
in flexible PVDF based piezoelectric polymer devices for energy harvesting applications // Journal of
Intelligent Material Systems and Structures. 2021. Vol. 32. No. 7. Pp. 746—780.

8. TI'opoxoBarckuii 0. A., TemuoB JI. D., CoroBa I0. . BausaHue peosornyeckux IrmapaMeTpoB
Ha 3JICKTPeTHBIC CBOMCTBA MoMMBUHWINAeHGTOpUAa // HayuHo-Ttexanaeckue Bemomoctu CITOITIY.
Dusuko-maremarnyeckne Hayku. 2020. T. 13. Ne 4. C. 39—46.

9. Mahadeva S. K., Berring J., Walus K., Stoeber B. Effect of poling time and grid voltage on phase
transition and piezoelectricity of poly(vinyledene fluoride) thin films using corona poling // Journal of
Physics D: Applied Physics. 2013. Vol. 46. No. 28. P. 285305.

10. T'opoxoBarckmii }O. A., Bopmosckuii I'. A. TepMmoakTUBaIlMOHHAs TOKOBas CIEKTPOCKOIHUS
BbICOKOOMHBIX TOJYIPOBOAHUKOB U IU31eKTpUuKkoB. M.: Hayka. I'n. pea. ¢us.-mar. aut-psi, 1991.
248 c.

THE AUTHORS

SOTOVA Yulia 1.

Herzen State Pedagogical University of Russia

48 Moyka Emb., St. Petersburg, 191186, Russia
juliasotoval992@mail.ru

ORCID: 0000-0001-6792-2390

GOROKHOVATSKY Yuriy A.

Herzen State Pedagogical University of Russia

48 Moyka Emb., St. Petersburg, 191186, Russia
gorokh-yu@yandex.ru

ORCID: 0000-0001-5085-2525

TEMNOYV Dmitry E.

Herzen State Pedagogical University of Russia

48 Moyka Emb., St. Petersburg, 191186, Russia
tde@herzen.spb.ru

ORCID: 0000-0002-9560-4346

15



4St. Petersburg State Polytechnical University Journal. Physics and Mathematics 15 (2) 2022

>

CBEAEHUA Ob ABTOPAX

COTOBA KOmma WasmamdHA — acnupaHmia kageopsl odweid u dKCnepumMeHmanvHoll Gusuku
Poccutickoeo eocydapcmeennozo nedacoeuueckoco yrusepcumema um. A. U. T'epyena.

191186, Poccus, r. Cankr-IletepOypr, Hab. p. Moiiku, 48

juliasotoval992@mail.ru

ORCID: 0000-0001-6792-2390

TOPOXOBATCKHUM IOpuii AnapeeBud — 0okmop (usuko-mamemMamu4ecKux Hayk, 3a6e0Vioujui
Kagedpoil obweidl u sxcnepumenmanvholl Guuxu Poccuiickoeo eocyoapcmeennoeo nedazoeu4eckozo
yrueepcumema um. A. H. Tepuyena.

191186, Poccust, r. Cankr-IletepOypr, Hab. p. Moiiku, 48

gorokh-yu@yandex.r

ORCID: 0000-0001-5085-2525

TEMHOB JImutpnii DayapaoBud — xardudam ¢pusuko-mamemamu4eckKux Hayk, 0oueHm xageopsl
obuetl u sxKcnepumeHmanvroil gusuxu Poccutickoeo eocyoapcmeenHnoeo nedazoeuteckozo yHugepcumema
um. A. U. T'epyena.

191186, Poccus, r. Cankr-IletepOypr, Ha0. p. Moiiku, 48

tde@herzen.spb.ru

ORCID: 0000-0002-9560-4346

Received 10.04.2022. Approved after reviewing 12.04.2022. Accepted 12.04.2022.
Cmamovsa nocmynuaa 6 pedaxyuro 10.04.2022. Odobpena nocae peuensuposanus 12.04.2022.
Ilpunama 12.04.2022.

© Peter the Great St. Petersburg Polytechnic University, 2022

16



PHYSICAL ELECTRONICS

Original article
DOI: https://doi.org/10.18721/JPM.15202

A CHAOTIC POTENTIAL OF CHARGED DISLOCATIONS
IN THE HII-NITRIDE HETEROJUNCTIONS
AT HIGH TEMPERATURES

A. V. Filimonov '2, V. B. Bondarenko ', Ravi Kumar ?
! peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russia
2Indian Institute of Technology — Madras (IIT Madras), Chennai, India

= filimonov@rphf.spbstu.ru

Abstract. The paper studies the high-temperature structure of a chaotic potential (CP)
induced in heterojunctions of the group III nitrides by the electrostatic field of charged
dislocations. The CP amplitude in the junction plane has been obtained taking into account
the spatial dispersion of a dielectric response of two-dimensional electron gas. The dependence
of the CP properties on the parameters of the system was found. In particular, the magnitude
of the CP amplitude exceeds that of the thermal energy, if the two-dimensional non-degenerate
gas given in IlI-nitride heterojunctions and the dislocation densities being up to and over 10'°
cm™2.

Keywords: chaotic potential, natural size effect, I11-nitride heterojunction, two-dimensional
electron gas

Funding: The research is funded in part by the Ministry of Science and Higher Education of
the Russian Federation, within the framework of strategic academic leadership “Priority 2030”
(Agreement No. 075-15-2021-1333 dated September 30, 2021)

Citation: Filimonov A. V., Bondarenko V. B., A chaotic potential of charged dislocations in
the III-nitride heterojunctions at high temperature, St. Petersburg Polytechnical State University
Journal. Physics and Mathematics. 15 (2) (2022) 17—25. DOI: https://doi.org/10.18721/
JPM.15202

This is an open access article under the CC BY-NC 4.0 license (https://creativecommons.
org/licenses/by-nc/4.0/)

© Filimonov A. V., Bondarenko V. B., Kumar R., 2022. Published by Peter the Great St. Petersburg Polytechnic
University.

17



4St. Petersburg State Polytechnical University Journal. Physics and Mathematics 15 (2) 2022

Hay4dHas ctaTbs
YOK 537.9
DOI: https://doi.org/10.18721/JPM.15202

XAOTUYECKUHA MNOTEHUUWAN 3APAXXEHHbDIX
ANCNTOKALUN B TETEPOKOHTAKTAX Il1-
HUTPUAOB NMPU BbICOKUX TEMIMEPATYPAX

A. B. ®unumoHoB 'Z, B. b. boHdapeHko ', PaBu Kymap >
1 CaHKT-MeTepbyprckuii MONMTEXHUYECKUI YHUBEPCUTET MNeTpa Benunkoro, CaHkT-MeTepbypr, Poccus;
2 AHAMNCKNIA TEXHONIOTMYECKMIN MHCTUTYT Maapaca, r. YeHHan, UHans

= filimonov@rphf.spbstu.ru

Annoranuga. B pabore wucciemyeTcs BBICOKOTEMIIEpaTypHasi CTPYKTypa XaoTHYECKOTO
noteHuana (XII) B rerepokoHTaktax III-HUTpUIOB, 0O0YCIOBIEHHOIO 3JE€KTPOCTATUYECKUM
MoJieM 3apsiKeHHbIX AuciaoKaluii. C yyeToM MpOCTPaHCTBEHHOM AUCTIEPCUM TUIAEKTPUUECKOTO
OTKJIMKA JBYMEPHOTO 2JIEKTPOHHOTO ra3a ompenejeHa aMruinTyna XI1 B IJIOCKOCTH KOHTaKTa.
[Toka3zaHa 3aBUCMMOCTb cBOMCTB XII OT mmapamMeTpoB cucTeMbl. B yacTHOCTH, TIpW HaJTUYWU
HEBBIPOXICHHOTO AIBYMEPHOTO 3JCKTPOHHOIO Ta3a B TeTepokoHTakTax III-HuTpumoB u
wIoTHocTH auciokanuii 10'° cm™2 u Gostee, BeamunHa aMIuinTyabl XI1 mpeBbiiaeT 3HaYeHUE
TEIJIOBOM SHEPIUU.

KimoueBbie ci0Ba: XaoTWYECKWII TIOTEHIIMAN, €CTECTBEHHBI pa3MepHBI 2 deKT,
reTepoKOoHTaKT [II-HUTpUIOB, IByMEPHBIN 2J€KTPOHHbIN ra3

@unancupoBanue: MccienoBaHue 4acTUYHO (DUHAHCUPYETCST MUHMCTEPCTBOM HAyKU U
BbICIIETO OOpaszoBaHus Poccuiickoit Pegepauuu B paMKaxX IIPOrpaMMbl CTPaTErMYECKOIo
akamemuueckoro aunepcta «[IpuoputeTt 2030» (JoroBop 075-15-2021-1333 ot 30.09.2021).

Jlns murupoBanus: @unumonoB A. B., bonnapenko B. b., Kymap P. Xaoruueckuii moTeHIman
3apsDKEHHBIX TUCIIOKAIMi B reTepokoHTakTax III-HUTpHMIOB TIpu BBICOKMX TeMIieparypax //
Hayuno-texnnueckue Begomoctu CIIGITTY. dusnko-maremarudyeckue Hayku. 2022, T. Ne .15
2. C. 25—17. DOI: https://doi.org/10.18721/ JPM.15202

CraThsl OTKPHITOro noctyma, pacrnpoctpansemast no juieHsnu CC BY-NC 4.0 (https://
creativecommons.org/licenses/by-nc/4.0/)

© ®unumonoB A. B., bonmapenko B. B., Kymap Pasu, 2022. U3znatenn: CaHkr-IleTepOyprcKuil mojaMTeXHUIeCKuit
yHuBepcuteT Ilerpa Benukoro.



Physical Electronics
A y .

Introduction

Heterojunctions based on nitrides of Group III elements (Al, Ga, In) are finding increasing
applications in solid-state devices used as high-power microwave sources [1]. While these
systems offer a number of obvious advantages over the structures based on A""BY compounds,
certain drawbacks remain due to the specifics of the synthesis technology, affecting, for
example, the parameters of high-electron-mobility transistors (HEMT) [2]. The parameter
fluctuations detected for the devices are likely due to the initial defects in the materials
and heterointerfaces forming. Lattice mismatch in III-nitrides and substrates used is known
to generate initial misfit/threading dislocations, turning out to be electrically charged in
many cases [3]. Electron scattering by charged dislocations in the 2D channel of the HEMT
produces a certain decrease in electron mobility [4—7]. Moreover, the effect of this scattering
can increase manifold at threshold values of the transmitted power, as the screening properties
of the two-dimensional electron gas (2DEG) deteriorate at high temperatures, when this
electronic subsystem ceases to be degenerate. The inhomogeneous field of charged dislocations
is not averaged in these conditions, which means that fluctuations in the strength and chaotic
potential are observed in the 2DEG plane. The interaction induced by the inhomogeneous
electric field of the system of linearly distributed charges is in fact self-consistent, since it is
primarily the density of surface states that has a finite magnitude. The chaotic potential causes
tails to appear in the density of electronic states, with part of the carriers localized to the
conducting channel in HEMT.

The goal of this study consisted in characterizing the chaotic potential of charged dislocations
in heterojunctions of nitride semiconductor compounds at high temperatures.

Charged dislocation field

To be definite, we consider an indium-containing structure, InAIN/GaN [8], remaining stable
at record high temperatures up to 1000 °C. Misfit dislocations with the surface density N, are
represented by linear defects that are normally oriented to the junction plane. If the spatial
arrangement of these extended defects is uncorrelated, their number follows a Poisson distribution
with the parameter

<N) - NdiSIS
determining the mean number of these defects in the near-junction region with an area S.

Since the channel layer is formed from undoped (or compensated) GaN, the space charge in
the near-junction region with band bending is generated primarily by charged dislocations. These
extended defects within the space charge region can be assumed to be uniformly charged at large
band bending, with a certain linear density taking the maximum value A. If a delocalized surface
charge is present in the heterojunction, the electrostatic image method can be used at a high
density of surface states D, (over 10" cm™eV™) to establish the parameters of a chaotic field [9].
We determine the field of an arbitrarily chosen dislocation in a cylindrical coordinate system,
where p is the radial coordinate measuring the distance from the dislocation in the junction plane.
The magnitude of the field strength for a charged dislocation is obtained by a simple calculation
in the form

21 1

F(p)== o i) ()

where ¢ is the dielectric constant of the medium where the ith dislocation is located, L is the
width of the space charge region.

Assuming that 2DEG is strongly degenerate, let us now turn to analysis of expression (1),
focusing on the nature of the dislocation distribution. The mean value of (1) in an area of radius
R is found from the expression

(F) (R)=-% (R-VR+1; +L0). @)

CeR
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As a matter of fact, Eq. (2) determines the mean contribution of one charged dislocation to the
field strength. Considering the distribution of charged dislocations, we can also represent the mean
fluctuations in their number in the corresponding surface region with an area S = R in the form

8N (R)=RnN,,. 3)

The product of (2) by (3) gives an estimate for the characteristic scale of the inhomogeneities
in the surface field strength

5F (R) = :—;‘1/711\/&51 (R—JRZ Iz +L0). 4)

The resulting function (4) is monotonically decreasing, reaching its maximum at R << L.
Calculating the exact upper bound of this expression (in the limit R — 0), we obtain the ampli-

tude of the chaotic field:
417N ,.
SF = N Vaist 5)
€

These high densities of surface states allow to directly estimate the magnitude of the chaotic
potential amplitude in the 2DEG plane. The magnitude of potential inhomogeneities can be
found under these conditions in the Thomas—Fermi approximation:

dc =eD, -dU. (6)

It is assumed here that the potential perturbation is small in comparison with the mean elec-
tron energy in the surface zone, while the variation in the density of states is neglected. Next,
taking into account the linear dependence of the surface charge on the field strength F = 4nc/e,
as well as expressions (5) and (6), we can relate the quantity § U with the parameters of the system:

sU =2 |Naa (7)
eD. e

Case of low density of electron states

The case when the densities of electron states in a heterojunction are relatively low deserves
more detailed analysis of the potential fluctuations emerging, using the dielectric response function
of the surface subsystem. The potential energy of a surface electron in the field of a charged
dislocation without a reaction of the medium takes the form

2 2
V(p)=en-ln Y2 L TP ®)

p

In view of the Fourier—Bessel transformation (8) [10] in the space of wave vectors ¢, we have
en
Vila)=" 5 [1-exp(aLy)] )

The dielectric response function has the following form in the high-temperature region (i.e.,
for classical statistics of two-dimensional electron gas) [11]:

e(q) =22 -(1+%(Q)J, (10)

2 q
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where g and e, are the dielectric constants of contacting semiconductors, g(g) is the screening
parameter in a two-dimensional electronic system. The relation g << g_also holds true with large
band bends for most of the harmonics; in this case, the dielectric response function (10) can be
approximately represented as [12]:

2me’n
elg)= L (11)
(2) T g

Using the form of the initial potential (9), the inverse Fourier—Bessel transform, and the ex-
pression for the dielectric response of system (11), we obtain the potential electron energy in the
surface plane accounting for screening:

AT |1 1
) (12)

U. =
()= e, | o Jo+ L

The functional dependence on the radial coordinate in (12) coincides with a similar depen-
dence in (1), allowing to repeat the previous calculation algorithm for directly finding the ampli-
tude of the chaotic potential:

kkT dlél
en » Y

SU = (13)

The resulting expression may not be final, requiring in some cases to additionally find the
2DEG density in terms of the chaotic potential parameters, i.e., to establish the functional de-
pendency n. = n(30).

The corresponding density of electron states D(E) can be obtained for a specific form of the
potential energy distribution for a surface electron, characterized by the probability density p(U).
Since the density of surface states is initially constant if dispersion follows a parabolic law, this
density takes the following form in the presence of a chaotic potential [13]:

D(E)=D, [ p(U)dU, (14)

Calculating the integral in (14) for a Gaussian distribution with the standard deviation param-
eter equal to 3U yields the result known from probability theory via the error function:

Jiver(25]] "

The density of 2DEG in the junction is determined by integration over all occupied states:

D(E)=

n = [ D(E)f(E)dE. (16)

The Boltzmann distribution law
NE) = exp[p— E)/KT]

should be chosen here for the high-temperature limit, where p is the chemical potential measured
from the bottom of the unperturbed surface band of electron states.
In view of the form that perturbed density (15) takes, we obtain from expression (16) [9]:

_ n 113U
n =D kT - exp{kT+ (ij} (17)
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Fig. 1. Chaotic potential amplitude of charged dislocations (a) and 2DEG density (b)
in a III-nitride heterojunction as functions of chemical potential for two temperatures, K:
600 K (curves 7 and dashes), 1200 K (2); N, = 10" cm™2(/, 2) and 10® cm™2 (dashes),
A =0.01 ESU, D~ 10" cm™%eV™!

Thus, to determine the magnitude of the chaotic potential amplitude, we should solve the
transcendental equation obtained by substituting (17) into (13):

A [N, no1(8UY
SU =2 [Pt eyl - B[O )] 1
D\ n eXp{ kT 2(ij} (1)

The 3U dependences calculated for the typical parameter values in the system are shown in Fig. 1.

Discussion

Summarizing the analysis carried out, we should note that the expression for the characteris-
tic values of surface potential inhomogeneity at high temperatures (13) could be obtained from
Eq. (7) by substituting the density of states D_with the ratio n/kT. Estimating the values that
dU takes for the chaotic potential parameters in heterojunctions based on IlI-nitrides, we adopt
the effective electron mass in the surface zone m" = 0.2m (m is the electron rest mass) and the
corresponding unperturbed density of surface states D~ 10" cm™eV~'. Then, assuming that the
dislocation density at the interface is of the order of 10'° cm™2, carrying the maximum charge per
unit length of about 0.01 ESU, §U values in non-degenerate 2DEG exceed the thermal energies
kT in a wide range of negative values of the chemical potential (or electrochemical potential, if a
blocking voltage is applied to the transistor gate). The chaotic potential amplitude can reach over
100 meV in HEMP operating modes close to the cutoff, even at significantly lower dislocation
densities (dashed line in Fig. 1). The corresponding 2DEG densities decrease from the initial
levels (about 103 cm™?) by one or two orders of magnitude (Fig. 2).
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Conclusion

We have considered the behavior of the chaotic potential induced in heterojunctions based
on Ill-nitrides by the electrostatic field of the dislocations present throughout the material,
carrying an electric charge. The CP amplitude in the junction plane at high temperatures has
been determined taking into account the spatial dispersion of the dielectric response of two-
dimensional electron gas. We have analyzed the dependence of the CP properties on the system
parameters. Our main finding is that the CP amplitude exceeds the thermal energy level for non-
degenerate 2DEG in III-nitride heterojunctions at dislocation densities of 10 cm™ or higher.
This can lay the groundwork for future applications in semiconductor devices.
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Annoranuga. IlpenyioxxeH HOBBIN CITOCOO BU3yalIM3alMy TPEXMEPHOI 30HBI YCTOMUYMBOCTU
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Introduction

The quadrupole mass spectrometer, first proposed by Wofgang Paul back in 1953 [1], is still
in much demand for several applications. Different approaches to improving its characteristics
include, in particular, placing the device in a magnetic field that is constant homogeneous in
the simplest configuration. Finding the conditions for the stability of a charged particle in the
field combination produced is pivotal for understanding the operating principles of the device.
A number of studies have explored the stability of the ion in a system with a static homogeneous
magnetic field directed normal to the quadrupole axis [2, 3]; the authors tend to rely on the
data on the stability regions of the Mathieu equation (see, for example, monographs [7, 8]).
However, most works (see, for example, [4—6]) do not provide preliminary analysis of ion
stability of ions, choosing to focus directly on the transmission of an idealized device with the
magnetic field vector pointing in different directions by numerically analyzing the motion of
a large number of charged particles. Meanwhile, the nature of ion motion can be explored by
analytical techniques from Floquet’s theory [8§—10, 15], since the equations of motion remain
linear for the given system comprising the quadrupole with a static homogeneous magnetic
field. The approach based on this theory allows to clarify the specific issues related to stability
of ion motion and, accordingly, facilitate analysis of the system, formulating assumptions about
its optimal operating modes.

The standard approach to analyzing the stability of ion motion in systems with an AC power
supply, described by linear differential equations of motion, consists of separating the motion
with respect to the coordinates, followed by analysis of the Hill equations for each of the resulting
coordinates and combining (overlapping) the stability regions for all the directions of motion
considered (see, for example, [9—12]). The dimension of the stability region is determined by
the number of parameters affecting the stability of the ion motion. The parameters are typically
related to the electrical power supply of the ion-optical system.

The goal of this study is to construct a three-dimensional stability region for the equations of
transverse ion motion in the electric field of a quadrupole with an AC power supply and a static
longitudinal magnetic field.

Finding the sections of the three-dimensional stability region of the system

Let us consider as an example the case that is not reduced to a situation with separated one-
dimensional motion, specifically, the case of a quadrupole in a homogeneous magnetic field.
Notably, the approach used here was first applied in our earlier study [16]. We have now managed
to both improve the quality with which the boundaries of two-dimensional stability regions are
approximated (relying on the algorithm proposed in [17]), and better understand the required
operating principle of the device by representing the three-dimensional stability regions as a set
of plane sections with angular sampling between the planes.

To simplify further presentation, we introduce dimensionless units of measurement [16],
assuming that the dimensional coordinates R = (X, Y, Z) and time ¢ are connected to the
corresponding dimensionless coordinates r = (x, y, z) and time t by the following relations:

R=/r,t="TTr, (D

where ¢, T are the selected linear and time scales.
A particle with charge e and mass m moves in a static homogeneous magnetic field

B=B,(b,b,,b,), b’ +b’>+b’ =1, Q)
and in an electric field with an AC power supply

U=(U,~U\f @), f@(t+a) = f(©), 3)

The system of equations of motion in these fields has the following dimensionless form:
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X=—(a=2q f(20)x+A (yb, - zb,),

V= (a=2q fQ20)y+A(zb —%by), (4)
Z=h(xb,—yb),

with the coefficients a, g, A, determined by selecting the time scale 7= 2/w by the following
relations:
8eU, 4eU, 2eB
a=———,q= , A= .
omt” 1T ot om )

The dots over the variables in Egs. (4) denote a multiple of the differentiation over time r.
System (4) has five independent parameters affecting the stability: the traditional parameters a
and ¢, as well as new ones, the parameter A associated with the strength of the magnetic field and
the parameters associated with the direction of the magnetic field, conditionally associated with
the polar and azimuthal angles of the vector B relative to the coordinate system bound to the
geometry of the electric quadrupole. Evidently, the five-dimensional region can only be visualized
by sections whose dimensions do not exceed 3.

If the magnetic field B= B (0, 0, 1) is directed along the quadrupole axis, then system (4) is simplified:

X=—(a—-2q f(21))x+Ay,
y= (a-2q f(21))y—Ax,

5=0. 7)

(6)

The number of parameters is reduced to three in this case, so it becomes possible to visualize
the stability region. Eq. (8) determines the drift motion along the coordinate z. In the absence
of a magnetic field (A = 0), the two equations of system (7) are isolated from each other and are
solved independently. If & # 0, these equations should be solved simultaneously.

The operating principle of the mass separator based on this combination of fields uses the si-
multaneous stability of the solutions to Egs. (7) for the parameters a, g, A lying in some ranges,
determining the range of masses transmitted by the device given that other quantities entering
relation (5) are constant. Therefore, three-dimensional stability regions can be constructed, for
example, through sequential analysis of system stability for a set of discrete values of parameters
(a, g, M) given in a certain three-dimensional domain with steps in parameters (Aa, Ag, A)L),
respectively. For the zero magnetic field (A = 0), we have a plane (a, ¢g) with traditional two-di-
mensional stability diagrams.

According to Floquet’s theory [8, 15], the stability of system (7) is determined through analyzing
the multipliers s, which are the monodromy matrix eigenvalues of the normal system constructed
from the equations of system (7). Since the matrix of the normal system is periodic, the stability of
motion is guaranteed when each of its multipliers lies in a unit circle |s| < 1, with the multipliers lying
on the circle | = 1 are not multiples of the roots of the corresponding characteristic equation [8].

Next, we construct a two-dimensional diagram of the joint stability region of Eqs. (7) with a
cosine-wave power supply and a constant value of the magnetic field parameter L = 0.3 (Fig. 1).
Black dots indicate stable mesh nodes (g, a), the bounding curves interpolate the refined bound-
ary points. Refinement (crossed points) is performed by the algorithm given in our report [17] and
consisting in analysis of the quantity

S(g) =max|s,(q)|

for the values of the parameter ¢ adjacent to the boundary.

The stability region is characterized by the values S(g) < 1. S(¢) > 1 and S(¢) — 1 outside the
stability region, with ¢ tending to the value corresponding to the boundary one for the given a
and L. The boundary can be refined both by the bisection method and by quadratic interpolation
of the dependence ¢(S) in the instability region adjacent to the boundary. The results shown in
Fig. 1 are easily confirmed by directly calculating the trajectories for the parameters lying inside/
outside the stability region.
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Fig. 1. Boundary of stability region for Egs. (6) refined by analyzing the multipliers:
black dots indicate stable mesh nodes (g, a), the bounding curves interpolate the refined boundary points

In the case of a mass analyzer based on the system defined by Egs. (7), (8) by the traditional
principle used in the quadrupole mass filter (time sweep of the electric field amplitudes), we
should find the section of the three-dimensional stability region by a plane including the axis a
and forming a certain angle ¢ with the plane A = 0, subsequently constructing an operating line
(see [9, 10]) in the given plane relating the parameters g and X. A synchronized (with the electric
quadrupole’s power supply) sweep of the magnetic field should also be carried out. The purpose of
this procedure is to ensure that the variation in the parameters a, g, A is proportional to that in the
filtered ion mass. Notably, the frequency sweeping is hardly possible here because the parameters
depend on the frequency to varying degrees.

Fig. 2. Section of three-dimensional stability region of system (6)
by the planes ¢ = const, drawn through the axis a; the angle ¢ is measured from the plane A = 0.
(¢ varies from 0 to 3n/8 with a step of n/32)
The operating line is highlighted in red

Fig. 3. Example of a comparative estimate for selecting the angle ¢: the sections given
in Fig. 2 are projected on a single plane, the step with respect to ¢ is doubled
(¢ varies from 0 to 3n/8 with a step of n/16)
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Visualization of the three-dimensional stability regions by a discrete set of two-dimensional
projections corresponding to different angles ¢ is shown in Fig. 2. An operating line is located
on one of the sections. Fig. 3 shows the region boundaries of all projections in a single diagram
so that it is convenient to assess whether it is reasonable to select a particular angle ¢. While the
location proposed for the loading line is hardly optimal (we did not carry out strict optimization
with respect to the parameter ¢), it may serve to increase the resolution of the device by narrowing
the projection of the region.

Conclusion

To summarize, the study is the first ever attempt to construct three-dimensional stability
regions for a system equations of transverse ion motion in the electric field of a quadrupole with
AC supply in a static magnetic field directed along the quadrupole axis. The data given have been
obtained based on Floquet’s theory.

The results are presented as a set of sections in the coordinates (a,q, 1), that is, planes passing
through the axis a; the given coordinates are essentially parameters of the Mathieu equation,
supplemented by the reduced strength of the magnetic field.

This allows to apply the technique for determining the range of ion masses transmitted by the
filter, which is traditionally used in the two-dimensional statement, to this (three-dimensional)
case.

The authors have no financial or non-financial interests to disclose.
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Annotanug. B pabote mosyyeHbl W HMCCAEAOBaHbBI Ha MMKPO- U HAHOYPOBHE
MOJUKPUCTAIIIMYECKHE 00pas3ibl MarHUTOTBEPABIX MarepraaoB obuieir dopmyabl (Nd,_
Pr),Fe B, nonsepruyTeie mnpoueaype MHTEHCUBHOI ruactuyeckoit nedopmaunu (MITIT).
JIns KoHTpoJIst 0cOOeHHOCTe (hOpMUPOBAHUSI HAHOCTPYKTYPHI coeMHeHnit 10 1 mocie UTT
HCIIOJIb30BAIMCh METOIbl aTOMHO-CUJIOBOI M MAarHUTHO-CHJIOBOM Mukpockonuu (ACM u
MCM). IIpu u3ydyeHUM MOBEPXHOCTEN KaK MCXOAHBIX, TaK U Ae(OPMUPOBAHHBLIX 00pa3lOB
ObLIM BBISIBJIEHBI Pa3iuyus B TEKCTypooOpa3oBaHUU. 1T MCXOAHBIX 00pa3loB, MOJYYEHHBIX
¢ moMolpio Metoga YoxpalbCcKOro, okaszajach XapakKTepHOU cTojbuaras CTpyKTypa, ToTraa
kak mociyie npouenypbl MITJ cTpykTypa cocTosuia M3 KOHILEHTPUYECKUX KOJEll, KOTOpPbIe
COIEepKaau BBEITSHYTbIC HAHOpa3MepHbIe KPUCTAIUTEI. CTPYKTypa MarHUTHBIX JOMEHOB OblIa
BU3yaJlM3UpoOBaHa ¢ Iomolbio Meroga MCM, KOTOpBI YETKO IPOASMOHCTPMPOBA CBSI3b
MEXIY OCOOEHHOCTSIMU MMKDPOCTPYKTYPbhl M KOH(MUIypallMeii MarHUTHBIX JOMEHOB.
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Introduction

Developing new high-tech devices including computers, motors and generators, magnetic
resonance imaging, etc. [1—3] generates great demand for high-energy hard magnetic
materials capable of operating stably at various temperatures. Special attention is focused
on (Nd,Pr),Fe, ,B materials [1—3]. It is known that permanent magnets based on Nd,Fe ,B
compound show the best properties in the narrow temperature range of 150—400 K [4, 5].
The highest experimentally obtained energy product is 475 kJ/m3 (59.6 MGsOe¢) [9], which
is close to the predicted theoretical limit (BH)max for the Nd,Fe ,B compound. Moreover,
at T = 135 K, the magnetic anisotropy type of Nd,Fe ,B compound changes from “easy
axis” to “cone of easy magnetization axes”, in other words, a spontaneous spin-reorientation
transition (SRT) occurs with decreasing temperature [6, 7]. The observed SRT leads to
remanence and energy product decreasing, which limits the applicability of the material based
on the Nd,Fe B compound at low temperatures. Partial substitution of Nd by Pr allows
decreasing of SRT temperature expanding working temperature range of the magnets based on
(Nd,Pr),Fe ,B compounds. It should be noted that the level of properties of magnets strongly
depends on microstructure peculiarities. For example, it is known that magnetic properties
can be increased by nanostructure formation [8,9]. Alloys with nanocrystalline structure
could be obtained by various methods, both conventional (powder metallurgy [10,11] strip
casting [12, 13], severe plastic deformation [14—18], etc., and their combination [9, 14,
19—21]). There are also new modern additive methods for the production of highly efficient
magnetic materials, including magnetic materials [22—24]. Regardless of the chosen method,
the mechanisms of magnetic properties formation and their dependence on structural features
are mostly the same. Thus, the methods of structural analysis of nanostructured materials can
be applied to samples obtained by any of the above methods, including modern advanced
methods, such as selective laser melting (SLM) of Nd-Fe-B materials [25—27]. The SLM
process is characterized by high cooling rates (10° K/s [28]) and rapid solidification, which
can lead to the formation of nanostructures.

It should be noted that the development of the modern high-energy permanent magnets
based on R-Fe-B (R = Nd, Pr) is possible in case of proper distribution of rare-earth reach
phase along with optimal microstructure and texture formation. The presence of random
oriented or elongated grains within the microstructure, as a rule, decreases final magnetic
characteristics. That is why deep analysis and understanding of microstructure formation is
needed to reach new results in the Nd-Fe-B system qualitatively.

The present work aims to investigate (Nd,Pr),Fe ,B nanostructure formation peculiarities
during severe plastic deformation (SPD) using atomic and magnetic force microscopy. The
work is carried out as a continuation of early studies [18, 29], which develop methods
and approaches to the analysis of nanostructured magnetic materials. These approaches are
planned to be applied in further studies for Nd-Pr-Fe-B samples obtained, for example, by
selective laser melting.

Experimental details

(Nd, Pr),Fe B (x=0.5and 0.75) alloys were synthesized by a modified Czochralski method
in a tri-arc furnace under an inert atmosphere [30]. As a result, polycrystalline samples with a
directed crystal structure, as well as small single crystals, were obtained. It is polycrystals that we
used in this work for further research. The SPD process was performed using Bridgman anvils
under 6 GPa pressure and anvils’ rotation (3 full turns). SMENA-A scanning probe microscope
on the Solver platform (by NT-MDT, Russia) was used for atomic and magnetic force microscopy
(AFM and MFM, respectively) investigations. Samples were investigated in the semi-contact
method at room temperature using HA NC ETALON standard silicon cantilevers with resonance
frequencies from 110 to 235 kHz and 10 nm radius of curvature of the tip of the needle. MFM was
performed using MFM 01 cantilevers with Co coating with 50—85 kHz frequencies. Elemental
analysis was performed using scanning electron microscopy (SEM) TESCAN Vega 3 (Tescan
Analytics, Fuveau, France).
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Results

Previous investigation [30] showed that (Nd, Pr),Fe B solidifies with tetragonal crystal
structure (P4,/mnm space group) with Nd,Fe ,B type. The main phase in samples varied from 86
to 98 %. The high content of a-Fe (up to 13 %) was found in alloy with x = 0.75. Content of
iron within grains was around 70.41 wt.% which corresponds to the Nd,Fe ,B phase, while iron
content at grain boundaries was far lower (30—130 times less). Elements such as Cu and Ni were
present mainly at the grain boundaries and were considered by us as impurities in the boundary
region, while oxygen was present mainly in the inclusions. Thus, a small amount of oxygen found
in inclusions rich in iron indicates the presence of oxides in the alloy structure.

Fig. 1 shows surface structures of (Nd, Pr),Fe B with x = 0.5 before and after the SPD
procedure. These samples contain a minimum amount of the second phase thus are the most
interesting for research. The columnar structure may be seen in Fig. 1,a associated with the
samples’ synthesis method. This method is usually used to grow large single crystals; however,
in this work, as noted above, the single crystal structure was not predominant. However, the
directional heat dissipation inherent in this method has led to the formation of some uniaxial
texture, which may appear as a columnar structure. The columns had a width of about 0.8 um
and were primarily perpendicular to the investigated surface. The surface structure of the initial
sample consisted of slightly elongated subgrains (with an aspect ratio of about 1.5) with the size
of 100 - 200 nm order. It is the high temperature gradient (and hence the high rates of cooling
and crystallization) that can explain the formation of such small structural elements on the surface
of the initial sample during synthesis. It should also be noted that the observed inclusions, which
consist mainly of iron atoms, should crystallize first due to the higher melting point. Thus, iron
inclusions act as nucleation centers for main phase grains.

The surface microstructure of Nd,Pr Fe B after the SPD procedure differs significantly
(see Fig. 1,b). Crystallite agglomerations with a ,,swirling vortex“ shape are seen wherein the
columnar structure still exists. It is better observed in Fig. 1,c, which shows another surface area
of the same sample.

Similar microstructure peculiarities in (Nd,Pr),Fe B-type alloys after strip casting were
mentioned in [31]. To better visualize the vortex structure in direction perpendicular to the
surface and detect its shape and typical sizes and typical sizes of the main structural elements,
the samples were polished and etched using a 5% solution of nitric acid in ethyl alcohol. Images
of such polished and etched surfaces are shown in Fig. 2. It can be seen that the swirling vortex
consists of concentric rings set with a 150—300 nm thick (in one layer of crystallites) closely
adjacent to each other. One can see crystallites of various sizes and shapes, oriented mainly along
the vortex circumferences.

Possible reasons for such a swirling vortex structure are different deformation speeds and
uneven heating of sample parts during the SPD procedure. Observed microstructure peculiarities
may also be considered as a rounded induced texture because of deformation.

MFM method was applied to visualize magnetic domain structure on the samples’ surface. Fig.
3 shows the MFM image of the Nd,Pr Fe ,B sample surface before and after the SPD procedure
to show the difference arising from the deformation. A double domain structure was observed:
striped domains with 5-10 um width on the surface of the sample before SPD (Fig. 3,a) and with
5-7 um width in case of the sample after SPD (Fig. 3,b); superimposed on these stripes a classical
homogeneous branched domain structure on the alloy surface before SPD with a domain width
of 1—3 um (Fig. 3,c) and a more complex homogeneous structure on the alloy surface after SPD
(Fig. 3,d) with a domain width of 1—2 um are seen.

The observed complex domain structure of the sample after SPD (Fig 3,b and d) could arise
because of a much more inhomogeneous microstructure and the possible presence of some
amount of amorphous phase. Amorphous phase existence after SPD procedure was shown in
[9,14]severe plastic deformation (SPD, and its volume content may exceed 50%, making it the
dominant phase in the structure. The observed “dimple” domain structure means that the basal
plane of most crystallites coincides with the surface of the sample before the SPD procedure
confirms the texture. The initial sample shows mostly equiaxed domains (dark areas in Fig. 3,a),
and the evenly dark fill of rounded domains means the single domain state of the corresponding
crystallites.
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Fig. 1. AFM image for surface microstructure of Nd,Pr Fe B before (a)
and after (b, ¢) severe plastic deformation;
¢ shows another fragment of the sample surface (b)
where swirling vortex structures are the most pronounced
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Fig. 2. AFM image for surface microstructure of Nd,Pr Fe B after SPD (see Fig. 1, ¢),
surface polishing and acid etching (a); enlarged fragment (b)
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Analysis of MFM images of samples after the SPD procedure does not give the same
unambiguously interpretable domain structure as in the case of initial samples, which makes it
difficult to describe the shape of crystallites, to identify foreign phases, inclusions, etc. However,
it is quite obvious that the SPD procedure violates the texture of the initial samples and, most
importantly, disorients the structural elements.
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Fig. 3. MFM images for double domain structure of Nd,Pr Fe ,B sample surface
before (a, ¢) and after SPD (b, d); the figure shows striped domains (a, b),
classical branched domain structure (¢) and more complex homogeneous structure (d)

Conclusions

Samples of the (Nd,Pr),Fe, B type were synthesized to study the formation of their surface
morphology in the initial state and after severe plastic deformation. The main phase of the initial
samples was a tetragonal phase of the Nd,Fe B type with a certain amount of a-Fe, which is
typical for the materials under study. The lowest content of o-Fe (up to 2%) was found in the
Nd, Pr Fe B alloy, while in the Nd ,Pr ,.Fe B alloy the amount of the second phase reached
13%. The columnar structure (consisting, in turn, of rounded grains about 100—200 nm in size)
was characteristic of the original Nd Pr Fe B sample. On the contrary, for the samples after
the SPD procedure, agglomerations in the form of a “swirling vortex” (sets of concentric rings
150—300 nm thick, consisting of elongated nanosized crystallites) were found.

Conducting the MFM study and domain structure visualization, on the one hand, confirmed
the AFM analysis of the microstructure; on the other hand, they demonstrated the main features
of the emerging structure of magnetic domains. While the original sample has a classical “dimple”
domain structure with single-domain crystallites, the sample after the SPD procedure has a complex
“smeared” domain structure, which can be explained both by the features of the microstructure
and the appearance of an amorphous phase after severe plastic deformation.
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The study demonstrates the convenience and informativeness of using the AFM and MFM
methods in studying the surface of nanocrystalline hard magnetic materials, in particular, the
(Nd,Pr),Fe ,B materials considered in this work, and also makes it possible to reveal the main
features of the formation of their structure before and after severe plastic deformation. AFM
and MFM studies of the surface morphology of alloys make it possible to obtain information
about the sizes of all the main structural elements and their shape at the nanolevel, about the
domain structure, and make it possible to reveal differences in texture formation depending on
the methods of obtaining alloys and their further processing, which is extremely important for
the production of highly efficient magnetically hard materials and products from them for various
functional purposes.
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Abstract. This work deals with evaluation of key properties of some fluorescent proteins
(FPs) in order to use them for observation of redistributing the target proteins between the
cytoplasm and pseudonucleus forming in bacterial cell infection by bacteriophage phiKZ.
Four FPs, namely, mNeonGreen, mCherry, ECFP and EYFP, have been investigated using
fluorescence microscopy. It was established that EYFP, unlike other objects, localized in the
pseudonucleus during the infection. This phenomenon gave grounds to exclude EYFP from
further experiments. As a result of analyzing the obtained values of FP key parameters, a set
of FPs suitable for studying the process of bacterial cells infection by fluorescence microscopy
was found.
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Annoranuga. B pabore mpoBemeHa OlLIEHKa KJIIOUEBBIX CBOMCTB (PIYOPECLICHTHBIX OCIKOB
(®B) ¢ ueapo UX UCIOJIH30BAHUS IIPKY HAOIIOACHUY IIPOLIECCOB MepepacipeneIeHUS LeJIeBbIX
0OCJIKOB MEXIY LIMTOIUIA3MOI M IICEBIOSIPOM, KOTOpOEe o0pasyeTcsl B Xoae MHMUIIMPOBAHUS
OakTepuanabHOi KiaeTku 6aktepuodarom phiKZ. C momouubio GayopeclieHTHOM MUKPOCKOTTUU
obutn u3ydeHbl detbipe Pb: mNeonGreen, mCherry, ECFP u EYFP. Ycranosieno, 4to
oenox EYFP, B omimune OT OCTalbHBIX, JIOKATU3YETCS B TCEBAOSAPE BO BpeMsi MHGEKIIUH,
YTO MOCIIYXXKWIO OCHOBAaHMEM ISl €ro MCKIIOYEeHUS M3 AabHEMINMX OINBITOB. B pesynbrare
aHajaM3a TIOJYYEHHBIX 3HAYeHMil KirodyeBbIX MapamMerpoB M®B Obu1 BoisiBIeH Habop DB,
MEePCIEeKTUBHBIX IS UCCAEA0BaHMS Mpolecca MHPUIIMPOBaAHUS OaKTepUalbHbIX KJIETOK.
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Introduction

While the genomes of giant bacteriophages have a great coding potential, homologous sequences
have yet to be detected in other organisms for most of the genes, so it is difficult to determine their
functions. The reason for the keen interest towards phiKZ-like bacteriophages is that they form a
spherical structure called the pseudonucleus in the center of the cell throughout their life cycle [1].

The pseudonucleus is coated with a protein shell shielding the bacteriophage’s DNA from
the defense systems of the infected cell, such as restriction-modification systems and CRISPR/
Cas aimed at destroying foreign DNA [2, 3]. The pseudonucleus is localized through the phage-
encoded cytoskeletal structure produced by the tubulin-like protein TubZ [1, 4] . It was established
in [1] that as the infection progresses, the pseudonucleus separates not only phage DNA but also
the transcription factory from the cell cytoplasm, while the translation processes are localized to
the cytoplasm. Furthermore, enzyme transport into the lumen of the pseudonucleus was found
to be selective: experiments with phage non-virion RNA polymerase confirmed that proteins can
translocate through the proteinaceous shell post-transcriptionally, suggesting a mechanism for
selective transport [5, 6].

Nuclei of eukaryotic cells have the same properties. In view of this, it can be hypothesized that
the predecessors of phiKZ-like viruses, capable of assembling pseudonuclei, might have played
the key role in evolutionary nucleogenesis of modern eucaryotic cells [7].

Further studies into the mechanisms behind the assembly of the phage pseudonucleus, the
translocation of protein products into the lumen, selective transport and other processes of
intracellular growth in bacteriophages can contribute towards drawing comparisons with the life
cycle of eucaryotic cells, subsequently gaining deeper insights into the evolutionary pathways of
multicellular life on Earth.

We focused on the phiKZ phage, which is the first gigantic bacteriophage ever described [8]
(its genome size is 280 kilobase pairs (kbp)); this bacteriophage infects Pseudomonas aeruginosa-
like bacteria [8]. The pseudonucleus of this phage is still poorly characterized, in contrast to its
relative 201phi2-1 [5].

Fluorescent microscopy is an effective method for studying bacterial cells. Fluorescence
imaging allows to monitor the changes occurring to the cell infected by a bacteriophage. A
report on gigantic phages [1], fusing the red fluorescent protein (FP) mCherry to the target
protein, detected that the proteinaceous shell of the pseudo-nucleus essentially consists of the
Gp54 protein. This largely determined our approach to studying the proteins of the phiKZ
bacteriophage throughout the cellular infection. However, it was also discovered that the mutated
GFP, GFPmutl, is capable of translocating into the pseudonucleus of the phiKZ bacteriophage
[3]. This means that different FPs should be selected and tested for further experiments.

We examined the expression in several FP genes taken for the experiments in bacteriophage-
infected cells to select the optimal variants on the progression of the phiKZ bacteriophage in P.
aeruginosa cells. We managed to detect one more FP (EYFP) capable of translocation through
the proteinaceous shell of the pseudonucleus.

Fluorescence methods

Fluorescence techniques are widely used to study cellular compartments, proteins, and DNA.
Different methods can be applied for fluorescent tagging depending on the samples considered.
Organic dyes with low molecular weight are actively used for staining cell components. For example,
lipophilic dyes such as Nile Red are used to stain cell membranes, MitoRed and MitoTracker Red
[9] to stain mitochondrial membranes, while DAPI, Propidium Iodide, YOYO-1 and others are
often used to stain DNA in the cell [1]. Some dyes can stain only dead cells, allowing to estimate
the number of viable bacteria in the population. The range of dyes for particular tasks is limited,
so it is impossible to selectively stain any biomolecules in most cases.

Selective fluorescent tagging is often performed with antibodies that have highly specific
binding to the target. Antibodies can be modified by a fluorophore molecule, allowing to track the
position of the antibody (and, respectively, its target) to in the cell via fluorescence microscopy
[10]. However, this method also has limitations: in particular, the target can only be observed in
fixed dead cells, antibodies specific to the molecule under consideration should be produced (the
terms ‘molecule of interest’ (MOI) or ‘protein of interest’ (POI) are used for brevity from now
on), and the modified antibodies are expensive.
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FPs are extremely popular for imaging protein structures. There is a wide variety of FPs with
different excitation and emission spectra, different brightness, maturation time, sensitivity to pH, etc.
This way, researchers are able to select the proteins most appropriate for each particular experiment.
To synthesize fusion proteins, FP genes are fused in a single reading frame with POI genes. Expression
of such a gene produces a protein macromolecule containing both the POI and the FP. This allows
to detect the location of fluorescent protein, and therefore the POI by fluorescence microscopy of
living cells over long time periods. However, in the case of fusion proteins, the FP should reach the
correct conformation in the cell so that it does not prevent the POI from performing its function.
An important criterion for further experiments is the option for tracking the POI within living cells
over long time periods, so we chose fluorescent tagging of the POI.

Selection of fluorescent proteins

To monitor synthesis and localization of proteins in real time over a long period, we had
to select the FPs with the optimal characteristics that could be convenient for simultaneously
tracking several proteins in a single cell.

We considered the following FPs: ECFP, EGFP, mNeonGreen, EYFP, TagRFP, mCherry,
and FusionRed (Table 1); data were extracted from the FPbase fluorescent protein database [11].

The most important characteristics of the FP in our study were the in vivo maturation time,
fluorescence brightness, and stability.

In terms of brightness, calculated as the product of the molar extinction coefficient and
quantum fluorescence yield, mNeonGreen, EYFP, and TagRFP FB turned out to be the most
intense. However, the red fluorescent protein TagRFP proved largely inferior to others in terms
of maturation time, also serving as an essential characteristic, since cultivating bacterial colonies
for excessively long periods can distort the results obtained. Another red protein, FusionRed, did
not fit this requirement either, despite its high pH stability. Thus, mCherry appeared to be the
best red protein, sufficiently stable and fast-maturing, even though it is still inferior to TagRFP
in terms of brightness.

The proteins mNeonGreen and EYFP are better than the protein EGFP in terms of fluorescence
brightness and also have comparably shorter maturation, so we excluded the green protein EGFP
from analysis. Even though the yellow protein EYFP has weak pH stability (high pKa), we still
decided to test it since its other parameters are at acceptable levels. The protein ECFP is a stable
monomer, however, it has a rather low brightness, so it was not considered for further experiments.

Table 1
Key characteristics for several fluorescent proteins
Parameter value for FP
Parameter

ECFP | EGFP | mNG | EYFP | TagRFP | mCherry | FR

Excitation peak, nm | 434 488 506 513 555 587 580
Emission peak, nm | 477 507 517 527 584 610 608
EC,M'-cm! 32.5 55.9 116 67.0 100 72 94.5
QY 0.40 0.60 0.80 0.67 0.48 0.22 0.19
Calculated intensity | 13.00 | 33.54 | 92.80 | 44.89 48.00 15.84 17.95
pKa 4.7 6.0 5.7 6.9 3.8 4.5 4.6
Maturation time, - 60 | 10 9 100 15 130
In vivo structure M WD M WD WD M M

Notations: EC is the molar extinction coefficient at maximum absorption, QY is the quantum fluorescence
yield, pKa 1S the pH value at which the fluorescence intensity drops to 50% of the maximum, M refers
to the monomer, WD to weak dimerization. Note. The brightness is calculated as the product of EC x QY.
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Based on this reasoning, we selected only three FPs from the list for testing: mNeonGreen,
EYFP, and mCherry. We prepared gene constructs containing the genes of these FPs for
subsequent expression in cells.

Experimental procedure

Fluorescent microscopy allows to visualize the locations of FPs in cells. However, a small
amount of FPs may complicate subsequent image processing and analysis of protein localization
in the cell. To improve image quality, cells with the above-mentioned gene constructs were
grown in the presence of an inducer in a medium triggering protein synthesis in the cell. Thus,
the cells already contain some amount of FP by the start of the experiment. Cells were infected
with a bacteriophage, immediately placed on a slide with an agarose support containing inducer
and culture medium, and sealed with a cover glass. Uninfected cells were used as controls. The
sample was placed under a microscope for subsequent imaging. An inverted Nikon Eclipse Ti-E
microscope (Japan) equipped with an incubator was used for fluorescence microscopy under
transmitted light as well as red and yellow/green fluorescence. A set of xRed-4040C band filters
was used to detect red fluorescence, YFP-2427B to detect yellow or green fluorescence (the filters
were produced by Semrock (USA) in both cases). An NDS filter (Fuijimi, Japan) was used during
the imaging to avoid FP destaining in cells. The exposure was the same for all proteins, selected
in such a way that the signal from the FP was not too strong to prevent overshooting. Images were
acquired at 1 frame per 10 min over 3 h at 37 °C using the MicroManager script.

Results and processing

The images acquired were processed in ImagelJ software. First, the background was subtracted
from the images, then the relative brightness intensity was measured in the cells outside the
pseudonucleus (/) and inside it (/) for each FP tested. The localization of the pseudonucleus
in the cells was confirmed by DNA staining with the DAPI fluorescent dye (Beckman Counter
Life Sciences, USA). Since the absolute amount of FPs is individual for each cell, we calculated
its relative amount as the ratio /,/1; in the same infected cell. Next, we found the mean value
and the standard deviation among the infected cells considered for this ratio. The computational
results are summarized in Table 2.

Table 2
Quantitative computations for the contents
of selected fluorescent proteins in infected cells

Flg%?gfg nt Nuglgggird(éf ec g Ils Mean value 1 /1, Standard deviation
EYFP 45 2.10 0.50
mNeonGreen 37 0.80 0.11
mCherry 50 0.66 0.14

Notation: 7,/1;is the ratio of relative fluorescence brightnesses in the cell inside the pseudonucleus
(1)) and outside it (1)).

Notably, FPs are distributed uniformly in uninfected cells, while the behavior of the protein
in the cell varied throughout the infection, depending on the type of protein (Fig. 1). The
fluorescent protein EYFP was redistributed to the pseudonucleus throughout the infection, so
that the mean fluorescence intensity inside the pseudonucleus was twice as high than that outside
it. Admittedly, this behavior of EYFP limits the potential for using it in further studies. On the
other hand, the proteins mNeonGreen and mCherry did not penetrate the pseudonucleus, as the
fluorescence intensity inside it decreased by an average of 20—35% (depending on the protein
type) under similar conditions.

Brightness of proteins in the cells is another crucial parameter for analyzing the data obtained
by fluorescence microscopy. The higher the protein’s fluorescence intensity, the easier it is to
process and analyze the images. The mean fluorescence intensity was calculated for each FP from
80 uninfected cells, along with the corresponding standard deviation in the first frame. The results
of these calculations are as follows (in relative units):
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Fluorescent Mean fluorescence
protein intensity, rel. units
MNEONGTEEN ..evveeeeeeeeeeiieieiiiiieeee, 550 = 390,
MCRCITY v 210 £ 110,
EYFP ..o 250 = 100.

The results present clear evidence that the protein mNeonGreen best meets the requirements
for further experiments, since it does not redistribute into the pseudonucleus and also exhibits the
highest brightness among the proteins considered. Even though the mean fluorescence intensity
of the protein EYFP was slightly higher than that of mCherry, the former, unlike the latter, was
redistributed to the pseudonucleus, so it was rejected. Protein destaining in this experiment does
not impose considerable limitations, since the imaging rate was fairly low (1 frame per 10 min),
so it was possible to synthesize the new FP over the time between frames.

a) b) 9
Fig. 1. Micrographs of uninfected (top row) and infected (bottom row) cells containing
fluorescent proteins EYFP (a), mNeonGreen (b) and mCherry (¢)

60 min after the onset of infection. The white arrows point to the pseudonuclei.
The scale bars are 2 um long

a) b)

Fig. 2. Micrographs of infected cell preparations containing fluorescent proteins
EYFP (a) and ECFP (b). The white arrows point to the pseudonuclei

The scale bars are 2 um long
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Estimating the relationship between FP amino acid sequences
and their localizations within bacteriophage-infected cells

In contrast to other types of the initial GFP (specifically, sftGFP and pMutinGFP), the
protein GFPmutl that redistributes to the pseudonucleus contains amino acid substitutions at
positions 99, 153, and 163. Serine was replaced by phenylalanine (99F) at position 99, tyrosine by
methionine (153m) at position 153, alanine by valine (163V) at position 163, while 99-phenylala-
nine and 153-methionine made the greatest contributions to redistribution to the pseudonucleus.
EYFP, GFPmutl, and ECFP PBs are all derived from the same protein. As reported in [3], un-
like the other two proteins, ECFP is not redistributed to the pseudonucleus. To verify this result,
we prepared an expression plasmid containing the ECFP gene and analyzed its localization under
the given experimental conditions. According to the data obtained, the protein ECFP indeed does
not penetrate the pseudonucleus (Fig. 2). We also analyzed its amino acid sequence and aligned
it with the proteins EYFP and GFPmutl (Fig. 3).

As seen from Fig. 3, the protein EYFP contains both amino acids in its sequence; according to
[3], these amino acids are responsible for redistributing the FP inside the pseudonucleus, which
is in apparent agreement with our results. However, the protein ECFP, which also contains
phenylalanine at position 99, does not redistribute to the pseudonucleus, remaining in the
cytoplasm. The protein ECFP carries the same amino acid at position 153 as the proteins EYFP
and EGFP.

EYFP MVSKGEELFTGVWPI LVELDGDVNGHKFSVSGEGEGDATYGKLTLKFICTTGKLPVPHPT 60
ECFP MVYSKGEELFTGVWPILVELDGDVNGHKFSVSGEGEGDATYGKLTLKFICTTGKLPVPHPT 6@
GFPmutl -MSKGEELFTGVWPILVE LDGD‘-'NIEHKFSVSGEGECDJ'\‘GKLTLKF ICTTGKLPVPHPT 59
------------------------ . ..
EYFP LVTTFGYGLQCFARYPDHHKQHDFFK SAMPEGYVQERT I FFKDDGNYK TRAEVKFEGDTL 120
ECFP LVTTLTHGVQCF SRYPOHMKQHDF FK SAMPEGYVQERT IFFKDDGHYK TRAEVE FEGDTL 120
GFPmutl LVTT LT\'G‘U‘QCFSRYPDH.I IKQHDFFI(S-J PEGWQERTIFFKDDGHYICTR&EVI(FEGDTL 119
t a9
EYFP VNRIELKGIDFKEDGNILGHKL EYNYNSHNVY IMADKQKNGIKVNFKIRHNIEDGSVQLA 13@
ECFP VNRIELKGIDFKEDGNILGHKLEYNY I SHNVY ITADKQENGIKANFKIRHNIEDGSVQLA ize
GFPmutl VNRIELKGIDFKEDGNILGHKLEYNYNSHNYY IMADKQKNGIKVNFKIRHNIEDGSVQLA 179
153 163
EYFP DHYQONTPIGDGPYLLPDNHYLSYQSALSKDPNEKRDHMVLLEFVTAAGITLGMDELYK 239
ECFP DHYQQNTPIGDGPYLLPONHYLSTQSALSKDPNEKRDHMVLLE FVTAAGITLGMDELYK 239
GFPmutl DHYQQNTPIGDGPVL LPONHYLSTQSALSKDPNEKRDHMVLLEFVTAAGI TLGMDELYK 238

==========================================================

Fig. 3. Alignment of amino acid sequences for related fluorescent proteins
EYFP, ECFP, and GFPmutl. The amino acids 99, 153 and 163 of the protein GFPmut1
are underlined and tagged. All three types have phenylalanine (F) at position 99

Thus, the data we have obtained suggest that the mechanism behind the FP distribution
between the pseudonucleus and the cytoplasm does not depend on the presence of particular
amino acids at certain positions, but is most likely associated with the general changes in the
structure that they cause.

Conclusion

The study aimed to find fluorescent proteins (FPs) suitable for monitoring their redistribution
between the cytoplasm and the pseudonucleus resulting from infection of a bacterial cell by the
phiKZ bacteriophage.

In view of this, we selected FPs for the experiments on imaging living cells. The FPs were then
tested for brightness levels, with distribution of FPs in infected cells subsequently constructed.
The experiments indicate that the ECFP, mNeonGreen and mCherry proteins do not enter the
pseudonucleus, while the protein EYFP is redistributed to the pseudonucleus during infection and
is therefore unsuitable for further experiments. Moreover, further experiments allowed to disprove
the traditional theory about the relationship of specific mutations in fluorescent proteins with
their position relative to the pseudonucleus.
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AnHoranua. B cratbe paccmaTpuBaeTCsl TEXHOJOIMSI MoJydeHust uzoroma **Cu ImyTem
LIMKJIOTPOHHOI'O OOJy4YeHHUs] TIPOTOHAMM HUKEIeBOM (DOJbIM MPUPOTHOTO UM3O0TOMHOTO
cocraBa. C 1enbplo HapaboTku u3orora *Cu, Tpu o0paslia TOHKON HUKEJIeBOH (oJIbIu
B BUAE AUCKOB ObUIM OOJIydeHbI MpoTOHaMu ¢ 3Hepruein 13 M»sB (Tok myuyka — 4 MKA)
Ha nmkinorpoHne MI'L[-20 CIIGITY B TeueHme Tpex 4acoB. [lo OKOHUaHWM OOJIydeHUS 3TH
o0pa3upbl MOABEpPTraii MHOTO3TAMHON pagMOXUMUUYECKO o00paboTKe, HampaBjJeHHOW Ha
MOJIy9IeHUE XUMUUECKON (POPMBI, yIOOHON IJIsI M3MEPEeHUSI aKTUBHOCTU IIPUMECE M M30TOoIa
%Cu, oOpa3oBaHHBIX B pe3yibrare obyiydeHus1. [lo JaHHBIM TaMMa-CIIEKTPOMETPUUECKOTO
aHaaM3a 3HAUYeHME aKTMBHOCTU 3Toro u3oromna cocraBuio 30 MbBk. CpaBHeHuE HaHHBIX
9KCIIEPUMEHTa C pe3yJbTaTaMU BBIITOJHEHHBIX PACUYETOB HABEAEHHOW AKTUBHOCTU M30TOIa
%4Cu, 0asMpyIOLIMXCI Ha MCXOAHBIX AAHHBIX M YYUTBHIBAIOIIMX YCJIOBUSI SKCIIEpUMEHTA,
1OKa3aJI0 XOpolllee coriacrue MexXay HUMMU.
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Introduction

Molecular imaging has become a major tool for treating diseases such as cancer, not only
providing a means for non-invasive imaging of physiological processes in living organisms at cellular
and molecular levels, but also yielding valuable data for early detection and stage classification of
diseases, understanding its biology, and assessing therapeutic efficacy. Different imaging techniques,
such as single-photon emission computed tomography (SPECT) and positron emission tomography
(PET), are used for assessing specific molecular targets in biomedical and clinical applications. In
particular, among diverse molecular imaging techniques, PET imaging has flourished over the past
decade, as augmenting the technology with positron-emitting radiopharmaceuticals allows to image
living systems with high spatial sensitivity of measurement and accurate quantification [1].

A vparticular radioisotope is chosen as a PET radiopharmaceutical depending on its
physicochemical characteristics, availability for extraction and production, and the time scale
of the biological process to be investigated. The copper-64 isotope (**Cu), which has a half-life
of 12.7 hours, is a radiopharmaceutical with unique properties. It can decay by three different
schemes: by electron capture (EC), as well as by B~ and B* decays. The corresponding yields of
the processes are (%): 43.5 (EC), 17. 5 (B) and 38.4 (B~). Because this isotope emits both p* and
B~ particles, it can be used for both PET imaging and directed radionuclide therapy [2—4].

Increased efforts have been made over the past two decades to design new radiopharmaceuticals
based on *Cu, largely thanks to the well-known copper chemistry. This isotope was attached to
various molecules producing radiopharmaceuticals used for both imaging and therapy. Below we
present a brief list of ®*Cu radiopharmaceuticals and their applications in medicine [5, 6]:

%4Cu-ATSM for imaging hypoxia and lung cancer;

%4Cu-Trastuzumab for imaging and therapy of breast cancer;

“Cu-PSMA-617 for imaging of hypoxia and lung cancer;

Cu-AE105 for imaging of lung cancer, colon cancer and bladder cancer.

Another property of the isotope in question makes its ionic form (**Cu?* ions) particularly
valuable for medical applications, i.e., for PET imaging of various cancers. In contrast to most
conventional radiopharmaceuticals, it iS not necessary to attach the radioisotope to expensive
carrier molecules in the case of **Cu?", which greatly reduces the costs for the production
technology. Bypassing the radiolabeling stage gives a unique advantage over the traditional
technique, since standard radiochemical processing is sufficient after irradiating the target to
obtain the composition of radiotracer acceptable for PET imaging [7, 8].

Another important characteristic of the *Cu isotope is that it can be obtained both at a cyclotron
and a nuclear reactor. The latter technology is based on two nuclear reactions capturing the neutrons #:

8Cu(n, v)**Cu (thermal) and *Zn(n, p)**Cu (fast),

where y are gamma quanta, p are protons.

Large-scale production of the ®*Cu isotope takes advantage of the first reaction (thermal
neutron capture). The main limitation of this approach is the low specific activity of the isotope
against other active impurities of the target, which makes such technology unsuitable for preparing
radiopharmaceuticals in practice.

The fast neutron capture reaction also has many limitations. Fast neutron flux in the reactor
core is generally unavailable for isotope production. Most research reactors in the world are also
limited by requirements on the target volume of the target, which, in turn, imposes restrictions
on the activity of the resulting **Cu isotope [8].

However, %Cu can be produced in a cyclotron via a nuclear reaction *Ni(p, n)**Cu through
irradiation with protons of enriched or natural nickel. Automated modules are now available
for rapid and highly efficient separation of **Cu from ®Ni and other radioisotopes by ion-
exchange chromatography. The majority of preclinical and clinical studies available have used
%Cu produced in the cyclotron by this technology. When it comes to developed countries with
advanced cyclotron equipment, this route is likely optimal for producing the required isotope for
regular clinical practice [9, 10]. Notably, all studies on this subject concern copper production
with targets from enriched nickel isotope ®*Ni, which is extremely expensive. Selecting a natural
mixture of nickel isotopes can be considerably more cost-effective.

The goal of this study consisted in obtaining data on the activation of nickel targets with
natural isotopic composition.
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This was achieved by the following steps:

foil made of natural nickel was irradiated with 13 MeV protons at the MGC-20 cyclotron of
Peter the Great St. Petersburg Polytechnic University (SPbPU);

irradiated foil was subjected to radiochemical processing to separate the resulting radioisotopes;

activity of the **Cu isotope was measured;

experimental data were compared with computational results.

Methods

Foil irradiation. Proton energies from 10 to 15 MeV are sufficient for obtaining *Cu [11]. We
chose an energy of 13 MeV at the MGC-20 cyclotron at SPbPU. Three layers of nickel foil with
natural isotopic composition (natural mixture), each 100 um thick, were used as targets; their
total thickness was 300 um, each sample weighed 0.09 g. The samples were disc-shaped, 12 mm
in diameter (with an area of 1.13 cm?).

To additionally purify the foil prior to irradiation, it was first washed three times with heptane
(C.H,, saturated hydrocarbon) and then three times with isopropyl alcohol.

The three nickel discs exposed to radiation were secured with a copper target holder (Fig. 1).
Copper was chosen due to its high thermal conductivity
ensuring heat removal. The diameter of the irradiated field
was determined by the geometry of the holder, amounting
to 10 mm. The holder was attached to a water-cooled
substrate to prevent overheating of the target.

A beam of 13 MeV protons was used for irradiation, the
beam current was 4 pA, the irradiation time was 3 hours.

Radiochemical processing of samples. Following
irradiation, nickel foil samples were processed by the
following technique to obtain the *Cu isotope:

samples were held for 12 hours to allow short-lived
isotopes to decay; next, the irradiated foil was removed
from the cyclotron and placed in a box with lead protection;
Fig. 1. Copper target holder; three foil three foil samples were dissolved in 5 ml of aqueous
discs attached between ring (/) and HCI solution (molar concentration of the solution was

substrate (2) 11.7 M) for 4 hours at 100 °C;
solution was evaporated in a glycerol bath for 1 hour
at 185—200 °C to dryness; the resulting precipitate was cooled to room temperature for 20 min;
solid precipitate was dissolved in 4 ml of aqueous HCI solution (concentration of the solution
was 6.0 M) for 20 min at room temperature of 25 °C;

20 pl aliquot was removed from a solution of a known volume (obtained at the end of the
previous stage) for gamma-spectrometric analysis.

Spectrometric analysis of the sample. Analysis was performed after another 1 hour 14 minutes
via a gamma radiation spectrometer equipped with a GEM-FX5825 semiconductor detector
based on ultrapure germanium and a DSPec-50 multi-channel digital analyzer.

500 750 10000 1250 1500 1750 2000 2250 2500

Energy, keV

Fig. 2. Spectrum from aliquot (20 pl) obtained from the radiotracer
with a natural mixture of nickel isotopes
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Experimental results

A peak is observed on the energy spectrum (Fig. 2) at 1345.77 keV, corresponding to *Cu,
suggesting it is present in the sample. The activity of **Cu in a 20 ul aliquot was 45 kBq (with
an error of 30%), while the complete solution (4 ml) contains *Cu with an activity of 9 MBq.
This activity is achieved 21 hours after irradiation. Thus, we can conclude that the activity of
%Cu immediately after the end of irradiation was 30 = 9 MBq. Further analysis of the data
showed that the measurement result obtained is consistent with the computational result (see
below).

Simulation of *Cu yield for natural nickel irradiated with a proton beam

The simulation was carried out using the solution to the equation for passage of protons through
matter (Bethe—Bloch formula) and the equation for isotope production in a natural nickel target
irradiated with protons in the cyclotron to find the yield of the reaction *Ni(p, n)*Cu [12].
Natural nickel contains the following isotopes [13]:

%Ni (68.00 %), Ni (26.00 %), *'Ni (1.14 %), ©Ni (3.71 %) and *Ni (0.93 %).

Fig. 3 shows the total activity of **Cu depending on the thickness of the target made of natural
nickel irradiated with protons with an initial kinetic energy of 13 MeV. The line corresponds to
the dependence, and the band to its measurement error depending on the error of the reaction
cross section. Evidently, the optimal target thickness for producing the maximum isotope activity
at this energy is 300—350 pm.

A, MBq
50 |
40 |
30
20
10 |

0.05 0.10 0.15 020 0.25 0.30 0.35
X, mm

Fig. 3. Computed total activity of **Cu isotope depending on the thickness of the target
made of natural nickel, irradiated by protons with an initial kinetic energy of 13 MeV
(irradiation time was 3 h)

The computational results can be used to determine the activity of **Cu for a 300-um-thick target
irradiated for 3 hours with 13-MeV protons (beam current was 4 pA). The results indicate that the
activity of Cu amounted to 47 = 3 MBq. It follows from statistical analysis of the measurement
(30 £ 9 MBq) and the computation (47 = 3 MBq) that the level achieved for the significance
of the observed deviation between the computational and measurement results is 0.07 (7%).
The achieved level of significance is the probability that the deviation between the computation
and measurement due to statistical fluctuations reaches 7% for testing the null hypothesis. The
hypothesis is that the observed difference between the computational and measurement data is
associated with statistical fluctuations; the level of significance achieved should then be compared
with the level of significance chosen in practice to be 0.05. Since the achieved significance level
of 0.07 exceeds 0.05, the null hypothesis is confirmed, i.e., the observed difference is indeed
associated with statistical fluctuations. Thus, the computed and measured results are in agreement
at a significance level of 0.05. We can thus argue that the experimental data agree well with the
computational results.
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Conclusion

This paper describes the procedure for producing the ®Cu isotope at the MGC-20 cyclotron.
Three foils made of natural nickel were irradiated with a 13-MeV proton beam and subsequently
subjected to radiochemical processing. The measured activity of the *Cu isotope was used to
obtain the activity value at the end of irradiation, amounting tos 30 = 9 MBq. The computed
activity of the **Cu isotope under conditions corresponding to the experimental ones amounted
to 47 = 3 MBq. The significance level achieved for the observed deviation of the computational
result from the measurement was 0.07. Thus, we have established that the computed and measured
results are in agreement at a significance level of 0.05, i.e., the agreement is good.
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Abstract. Cancer treatment with proton therapy, starting in 1946, continues with the
treatment of 200,000 patients worldwide as of 2020. The energy release of protons in tissue
and tissue equivalent (water) material is shown by Bragg curves. The main reason why proton
beams are preferred in radiotherapy is that the proton beams continue on their way by giving
maximum energy to the tissue to be treated and giving the least damage to the healthy tissue.
In this study, with the help of Monte Carlo-based GEANT4 and TRIM simulation programs,
Bragg peak positions in the 60 — 130 MeV energy range are given for water and brain by using
the relativistic Bethe — Bloch equation. The difference between GEANT4 and TRIM was 7.4
% on average in the water phantom, while the difference was 7.6 % in the brain phantom. Bragg
peak position was calculated for water and brain phantoms at 0.6, 0.8 and 1.0 cm thicknesses,
which is suitable for the average thickness of the cortical bone in the skull. An average of 8.1
and 7.8 % deviations were detected between the two simulation systems in the cortical bony,
water and brain phantoms with three different thicknesses. The values found were compared
with the clinical studies available in the literature.
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YEPENA HA OUAMA3OH NMUKOB BP3ITA MPU NPOTOHHOM

TEPANMUUU C NOMOLWbIO NMPOITPAMM TRIM U GEANTA4
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AnHoranusa. JleyeHne paka ¢ IOMOILLBIO IPOTOHHOW Tepanuu, Hadyatoe B 1946 roxy,
TPOIOJIKAET Pa3BMBAThCA MO BCeMY MUPY, U, Hampumep, B 2020 T. 3TOT METON IIPUMEHSIIN
y 200 ThIC. MALIMEHTOB. DHEPTOBBIACICHNE IPOTOHOB B YEJIIOBCUYCCKOM TKAHM M TKAHEBOM
SKBUBaJIEeHTe (BOJE) KOHTpOJUpyeTcss KpuBbiMU bparra. IIpermyliecTBO MPOTOHHBIX Jydei
3aKJIl0YyaeTcsd B TOM, YTO OHM OTHAIOT MaKCHMaJbHYIO 3HEpPruio odpadaTbiBaeMOW TKaHMU,
MPOHHUKAsI BIJyOb, M MPU ATOM HAHOCST MUHUMAJIbHBIA YIepO 3M0pOBBIM TKaHAIM. B maHHOM
KMCCIIENOBAHUM TIPEeNCTaBJIeHbl MO3UMLMM INUKOB bparra B mmanasone sHepruii 60 — 130
M5B st Bombl U MO3ra, MOJTYYEHHBIE C MOMOIIbIO ypaBHeHUs bete — biyioxa u mporpamm
monenupoBanusi GEANT4 u TRIM (ocHoBanbel Ha Mmetome Monte-Kapno). CpaBHeHUe
pe3yabraroB, nonydeHHBIX yepe3 GEANT4 u TRIM, mokasaino pasHuny B cpeaHeM 7,4 %
1151 BomHoTro (hantoma u 7,6 % misa mosrosoro. ITojgoxeHus: nukoB bparra 6bUM pacCUMTaHbI
111 (paHTOMOB BOABI M MO3ra IpM 3HAYeHWsIX TOMMHBI TKaHed 0,6, 0.8 u 1,0 cM, 4rto
COOTBETCTBYET CpeOHEI TOJIIMHE KOPKOBOTO CJIOSI YEPEITHOM KOCTH. 3HAUCHUS OTKIOHCHUWU
MEXIY OBYMSI CUCTEeMaMM MOIEJMPOBAHMS, cocTaBuiud B cpeaHem 8,1 u 7.8 % mig nByx
(anTOMOB (TpM 3HAYEHUSI TOJIIMHBI TKaHeit). [loayuyeHHBIE B paboTe pacueTHBIC 3HAUCHMUS
ObLIM COIOCTAaBJIEHBI C TaHHBIMU OMYOJMKOBAHHBIX KIMHUYECKUX MCCIEI0BaHUIA.

Kmouesbie ciaoBa: meton MoHTe-Kapimo, GEANT4, TRIM, nyueBas Tepaltus, IpOTOHHAS
tepanus, LET
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Introduction

Heavy ion beams have been the focus of radiation oncology for over 60 years due to their
superior physical and biological properties compared to conventional high-energy photon beams
[1]. Protons are currently used in more than 61 facilities worldwide [2], there are 16 centers in
clinical operation in Europe, and many centers are under construction [3]. A single energy heavy
ion beam releases most of its energy in a narrow depth range known as the Bragg peak, with
the peak dose depth determined by the ion species and target properties [4]. Due to the narrow
depth range of the Bragg peak, minimal lateral scattering [5, 6] combined with the high relative
biological activity of heavy ions, heavy ion therapy provides a therapeutic dose that is well suited
for the target volume, with an input dose much lower than it is possible with photon therapy [7].
Heavy-ion beams minimize damage to adjacent healthy tissues, which is particularly useful for
treating deeply located tumors [4, 7]. However, due to large dose gradients, deviations between
the treatment plan and the delivered dose distribution can have serious adverse effects on healthy
tissue, especially if the treatment site is close to the organ at risk. Accurate, real-time measurement
of dose distribution during irradiation minimizes errors between the treatment plan and the actual
delivered dose [7]. The success of heavy ion therapy depends on accurate dose measurement and
dosimetric accuracy obtained with the help of semi-analytical pencil beam algorithms [8].

Regarding the accuracy in dose measurement, general purpose Monte Carlo (MC) codes are
considered the "gold standard" [9]. Different MC simulation codes are used in proton therapy
centers to improve dose estimations over standard methods using analytical or semi-empirical dose
algorithms [10 — 14]. Potentially adopting systematic and user-friendly use of general-purpose
MC tools for quality assurance (QA) and research requires reliable as well as generally applicable
interfaces for connecting MC tools and incorporating them into the radiation oncology workflow
[15]. GEANT4 and TRIM MC simulation codes are used in proton therapy applications to compare
energy distributions in simple water phantoms, phantoms with complex structures, and phantoms
with voxelized geometry based on clinical CT data [16]. An advantage of using Geant4 and TRIM
is that both are based on the MC method, which can yield the secondary knock-on atom (SKA)
energy spectrum of a composite material or alloy, whereas the analytical INtegrated model for
Competitiveness Assessment of SMRs (INCAS) code only describes cascades in pure metal [17].
Another advantage is that Geant4 and TRIM provide the spatial distribution of displacements [20].
In other words, the effect of neutron spectrum and dispersion or material shape on the distributions
of defects and production rates can be simulated using this method [17].

In this study, the Bragg curves formed by the proton beam in both a homogeneous water phantom
and a heterogeneous one such as the brain were confirmed by experimental and computational
studies in the literature with the help of frequently used GEANT4 and TRIM MC simulation
systems. The behavior of the therapeutic proton beam was found with the help of two simulation
systems in the presence of 0.6, 0.8 and 1.0 cm thick cortical bone placed in front of both the water
phantom and brain one. All the data from the two simulation systems were compared.

Materials and methods

Monte Carlo (MC) codes are a simulation technique developed for highly accurate solutions
of analytically complex problems in dose measurements [9]. So the MC is capable of following
and calculating all interactions of particles within the target [18]. One of these simulation systems
is the TRIM (TRansport of Ions in Matter) simulation program. Parameters such as the type of
targeted particle beam, the particle number, energy, the structural and geometric properties of the
target, the angle of incidence of the particle beam at the target and the probability number can be
entered from the TRIM screen. TRIM saves and displays all calculation fields. TRIM calculates
and tabulates all kinetic events related to the interaction processes of ions with the target, such as
damage, scattering, ionization, phonon production and recoil [19]. The displacement of the target
atoms caused by the collision cascades and the cavities occurring in the target crystal structure
are calculated in detail. The number of displacement collisions of the target atoms indicates how
many target atoms are activated at energies above the displacement energy. The spaces left behind
when the recoil atom leaves its original region are called target spaces. A vacuum does not occur
unless a moving atom hits the target's stationary atom and transfers enough energy to displace it
[19, 20]. The “Detailed Calculation with Full Damage Cascades” type option was selected in the
calculations from the display window of the TRIM program. The particle number of the heavy ion
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beam was entered as 106 particles in the “Total Number of Ions” tab. Calculation outputs were
declared in the "Output disk files" tab, and the ion range, recoils, sputtered atoms and collision
details output files were selected. The phantom type was created in the "Compound Dictionary”
tab and its geometry was created in the "Add New Layer" section.

The GEANT4 (GEometry ANd Tracking, version 4) is an MC-based simulation program,
capable of simulating all interactions of the ions passing through the material in the target.
GEANT4 consists of two user classes, “Mandatory Classes” and “Action Classes”, in simulation
software [21]. In this study, mandatory classes G4V User Detector Construction, G4V User
Primary Generator Action and G4V User Physics List were used. As for the action classes, G4
User Run Action, G4 User Event Action, G4 User Stacking Action, G4 User Tracking Action
and G4 User Stepping Action classes were used. The simulation detector is designed as a cube-
shaped ion chamber with an edge length of 1 cm and quenching gas Ar. The step range (Range
cut) was taken as 0.01 cm.

Cranium
BrainWater

Proton Beam

Fig. 1. The phantom cross-section geometry:
1 — water or brain, 2 — cranium; section 2 is removed only for brain and water measurements

Table 1

The main information about biomaterials used in the cross-section phantom [25, 26]

Biomaterial Atomic percentage, % Alt(c)’%}g%o%?/%sr; ’ Density, g/cm?
. H3.4,043.5,C155;,N4.2;
Cranium S0,3; Ca22.5; P 10.3; Mg 0.2 9:946 1.92
. H10.7;C 14.5;N 2.2; 0 71.2;
Brain CI10.3;Na0.2; P0.4;S0.2; K0.2 8.879 1.04
Water H 66.6; 0 33.3 10.020 1.00
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The most important problem for radiotherapy is whether the desired dose can be delivered to the
target point correctly. To this end, attempts were made to determine and calibrate the correct dose
using the water phantom before radiation therapy [19]. Since the basic component of the human body
is water, it is the most important material frequently used in the field of medical physics. Reliability
of dose and LET calculations for the water target and accurate calculation of their distribution are
reliable for patient treatments. In this regard, the structure, shape and design of the phantom to be
used are important. In the literature, some phantom types used in treatment planning for different
regions and organs of the human body in radiotherapy applications are described [22]. Plate and
cylindrical phantoms are actively used to investigate dose or LET distribution and the factors
affecting them [23]. For this reason, the phantom of the skull was used in the study (see its cross-
section in Fig. 1). First, a phantom consisting only of water and brain tissues was used. Next, we
took a cranial section of 0.6, 0.8 and 1.0 cm thick in the horizontal direction from left to right, and
then a head half section containing enough water and brain tissue to reach a total thickness of 15
cm. Densities and basic compositions of tissues are given in Table 1. The TRIM simulation program
determined these percentages according to the ICRU-276 report [24]. In the Geant4 simulation
program, it was obtained from the Geant4 library (such as G4 WATER, G4 BRAIN_ICRP) [21].

Table 2

Bragg peaks for proton beams with different energies
in the water phantom: comparison with RPTC experimental data [36]

Difference
Energy, MeV | TRIM (a) | GEANT (b) | RPTC (c¢)
(@—() | (b)-(o)
90 6.21 5.65 5.50 0.71 0.15
100 7.26 6.98 6.83 0.43 0.15
110 9.00 8.70 8.28 0.72 0.42
120 10.50 10.18 9.80 0.70 0.38
130 12.00 11.65 11.45 0.55 0.20
Table 3

Calculation results for Bragg peak points produced by proton beams
with different energies in the water phantom (using TRIM and GEANT4
simulation) and percentage differences

Energy, MV | TRIM (¢) | GEANT () D‘ifs)r s v
60 282 242 1418
70 391 341 12.79
80 501 452 9.78
90 621 5.65 9.02
100 726 6.98 3.86
110 9.00 8.70 333
120 105 10.18 3.05
130 12.00 11.65 2.9
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In this study, cross-section phantom was used. The main motivation for using this phantom was
to explore the effect of ionization of the proton beam when its passing through different layers of
biomaterials. It is very difficult to process this research data in two different simulation systems
using the same input directory. An account must be taken of the facts that TRIM only allows
a single or multi-layer structured phantom, creates difficulties for 3D computation, and finally,
such a computation will not make a significant contribution to achieving the goal of the study.
For this reason, calculations were made only in 1D single and multi-layer structures.

a)
06 7 TRIM WATER PHANTOM
— 130 MeV
—— 120 MeV
= 'l i —— 110 MeV
E | [ —— 100 MeV
] 11
3 | | —— 30 MeV
; —— B0 MeW
@ J
& / —— TOMeV
—— Gl MeV
|
0.0 T ey 'l—l—liu
0 2 4 [ 8 10 12 14
I, em
b)
01 GEANTA WATER PHANTOM
—— 130 MeV
| — 120 MeV
= ‘ — 110 MeV
T
: —_—100 MeV
2 _J/ — g0 MeY
L=}
% __-ﬁ/———-"' ,../-{"/ —— BOMeV
i
E = — — 70 MeV
—— GO MeV
0 T o 1 T T |
] ? a [3 8 10 12 14

7, cm

Fig. 2. Representation of Bragg curves for a 60 — 130 MeV proton beam in the water phantom
from TRIM (a) and GEANT4 (b) simulation programs

Water Phantom Comparison

¥ =0.0006x + 0.0116%
R = 0.9987

Bragg Peak Range (cm)
o

—a—TRIM
4 ¥ = 0.0007%* + 9E-05x —®—GEANT4
R?=10,9986
2
0+ T T T T T T T Y
60 70 80 90 100 110 120 130 140
Energy (MeV)

Fig. 3. Comparison of Bragg peaks for proton beams with different
energies sent to the water phantom in two simulation systems
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Table 4

Calculation results for Bragg peaks produced in the brain
phantom by proton beams with different energies (TRIM and
GEANT4 simulations were used) and percentage differences

Energy, MeV | TRIM (a) | GEANT () Dl?j)re_n(";)’ v
60 2.85 2.47 13.33
70 4.01 3.51 12.47
80 5.11 4.55 10.96
90 6.33 5.72 9.64
100 737 7.03 461
110 9.24 8.91 3.57
120 10.68 10.31 3.46
130 12.35 12.04 2.51

Brain Phantom Comparison

y = 0.0007%* + 0,0108x
R =0,0084
—&—=TRIM

y =0.0007%? - 0.0016x —o—GEANT4
R*=10.9988

Bragg Peak Range (cm)
o

Energy (MeV)

Fig. 4. Comparison of Bragg peaks produced in the brain phantom by proton
beams with different energies (the two simulation codes were used)

Results

In this study, the effect of ionization interactions of protons passing through single or multiple
layers on Bragg peak point was investigated for a cross-section phantom. The energy transferred
per unit length of the proton beam to the layer or layers was taken into account. Therefore, the
energy stored by the layer or layers per mass did not matter. In this connection, it was repeated
in both simulation systems, taking into account the LET calculation. The Bragg peak positions
(normalized to the maximum dose) for the water phantom irradiated by proton beams with
different energies, in comparison with the experimental dose measurements of the Germany
Rinecker Proton Therapy Center (RPTC) [27] are presented in Table 2. An average difference of
0.62 cm between RPTC and TRIM and that of 0.26 cm between RPTC and GEANT4 was found
in the 90—130 MeV energy range.

Bragg peak points produced by the proton beams in the water phantom and obtained using
TRIM and GEANT4 simulations are given in Table 3 and Figs. 2 and 3. As the energy of the
proton beam increased, the difference between the Bragg peaks measured in the two simulation
systems approached the difference (<5 %) acceptable in medical physics. An average difference
of 7.37 % difference was found for all proton beam energies between the two simulation systems.

The largest difference was observed for the proton beam of 60 MeV and the smallest one was
for the proton beam of 130 MeV. It was established that there was an average difference of 0.4 cm
between the two simulation systems. This result is considered to be reasonable and acceptable.

Table 4 and Fig. 4 present Bragg peak points produced by the proton beams in the brain
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Table 5
Calculation results for Bragg peaks produced in the water phantom with
different cortical bone thicknesses by proton beams (the two simulation
systems were used) and their differences
Cortical bone thickness for water phantom .
Difference
W, 0.6 cm 0.8 cm 1.0cm
MeV | TRIM | GEANT4 | TRIM | GEANT4 | TRIM | GEANT4
a)—(b c)- e)
0.37 0.34 0.32
60 2.65 2.28 2.53 2.19 2.38 2.06 13.96% | 13.44% | 13.45%
0.47 0.44 0.43
70 3.59 3.12 3.48 3.04 3.36 2.93 13.09% | 12.64% | 12.80%
0.47 0.49 0.51
80 4.68 421 4.58 4.09 4.48 3.97 10.04% | 10.70% | 11.38%
0.59 0.59 0.56
90 5.93 5.34 5.85 5.26 5.58 5.02 9.05% | 10.09% | 10.04%
0.65 0.70 0.64
100 7.18 6.53 7.11 6.41 6.88 6.24 0.05% | 9.85% | 930%
0.34 0.35 0.30
110 8.58 8.24 8.53 8.18 8.32 8.02 396% | 4.10% 3.61%
0.29 0.30 0.31
120 10.14 9.85 9.95 9.65 9.79 9.48 2 86% 3.02% 317%
0.20 0.08 0.08
130 11.71 11.51 11.53 11.45 11.36 11.28 1 71% 0.69% 0.70%

Notation: Wis the proton beam energy.

phantom. These results were obtained in accordance with the parameters given in Table 1 and by
using the TRIM and GEANT4 simulations.

As the energy of the proton beam increased, the difference between the Bragg peaks measured
in the two simulation systems approached the difference (<5 %) acceptable in medical physics.
An average difference of 7.57 % was found between the two simulation codes for all proton beam
energies. The largest difference occurred in the proton beam of 60 MeV and the smallest one did
in the proton beam of 130 MeV. An average difference of 0.43 cm between the two simulation
systems was obtained. These results are considered to be reasonable and acceptable.

In the phantom geometry of the head section (see Fig. 1), the section / is water; the cranium 2 was
selected in three different thicknesses: of 0.6, 0.8 and 1.0 cm. Using TRIM and GEANT4 simulations,
the Bragg peak points produced by the proton beams in the phantom were calculated (Table 5).

An analysis of the obtained results makes possible to conclude that the difference between the
two simulation programs decreased as the energy of the proton beam increased in all three cranium
thicknesses. The Bragg peak difference between the two simulation codes was 8 % on average for all
three cranium thicknesses. The average Bragg peak difference between the two simulation codes was
0.42 cm at 0.6 cm cranium thickness, 0.41 cm at 0.8 cm cranium thickness and 0.39 cm at 1.0 cm
cranium thickness. For 0.6 cm cranium thickness, an average difference of 0.28 cm was found in TRIM
between the Bragg peaks (see Tables 4 and 5), while a difference of 0.30 cm was found in GEANT4.
Similarly, an average difference of 0.39 cm in TRIM and of 0.41 cm in GEANT4 were found for 0.8
cm cranium thickness, 0.57 cm in TRIM and 0.56 cm in GEANT4 for 1.0 cm cranium thickness. The
differences found in the two simulation codes were considered to be at an acceptable level.

In the phantom cross-section (see Fig. 1 again), the section (/) is the brain tissue and the cranium
(2) was selected in three different thicknesses: of 0.6, 0.8 and 1.0 cm. The Bragg peaks produced
by the proton beams in the brain phantom are given in Table 6 (TRIM and GEANT4 simulations
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Table 6
Calculation results for Bragg peaks produced in the brain phantom with
different cortical bone thicknesses by proton beams (the two simulation
systems were used) and their differences
Cortical bone thickness for brain phantom )
Difference
W, 0.6 cm 0.8 cm 1.0 cm
MeV | TRIM | GEANT4 | TRIM | GEANT4 | TRIM | GEANT4
a)—(b c)— e)—
0.39 0.34 0.32
60 2.65 2.26 2.52 2.18 2.40 2.08 14.72% | 13.49% | 13.33%
0.48 0.43 0.37
70 3.58 3.10 3.48 3.05 3.32 2.95 13.41% | 12.36% | 11.15%
0.46 0.50 0.48
80 4.68 4.22 4.57 4.07 4.46 3.98 983% | 10.94% | 10 76%
0.57 0.58 0.45
90 5.92 5.35 5.84 5.26 5.49 5.04 9.63% 9.93% 820%
0.63 0.71 0.61
100 7.17 6.54 7.12 6.41 6.86 6.25 8 79% 9.97% 8.89%
0.31 0.32 0.24
110 8.56 8.25 8.51 8.19 8.29 8.05 3.62% 3.76% 2 90%
0.28 0.28 0.27
120 | 10.12 9.84 9.94 9.66 9.76 9.49 >77% | 282% | 2.77%
0.16 0.08 0.05
130 11.69 11.53 11.52 11.44 11.32 11.27 137% 0.69% 0.44%

Notation: Wis the proton beam energy.

were used). Analyzing this data, it was seen that the difference between the two simulation programs
decreased as the energy of the proton beam increased in all three cranium thicknesses. The average
Bragg peak difference between the two simulation codes was 0.41 cm for 0.6 cm cranium thickness,
0.41 cm for 0.8 cm cranium thickness and 0.35 cm for 1.0 cm cranium thickness.

Discussion

In the presented study, the Bragg curves obtained by the virtual proton beams in the phantoms
both homogeneous (the water) and heterogeneous (the brain) were confirmed by experimental
data. The results obtained in the two simulation systems were found to be in agreement with
the experimental data. It has been observed that the Bragg peak position formed by the proton
beam in the energy range of 60 — 130 MeV is different from the water and brain phantom. This
difference averages 0.15 cm for TRIM and 0.13 cm for GEANT4. Thus, it was seen in both
simulation systems that the Bragg peak position formed by the proton beam was deeper in the
brain phantom. The difference between the Bragg peak positions of the proton beam and TRIM
and GEANT4 simulations; it was found to be 7.4 % in the water phantom and 7.6 % in the
brain one. We believe that the difference arises from atomic collisions, since brain tissue contains
different atoms. Further studies are needed to cover the entire range of beam energies, target
thicknesses and target materials, mainly, for therapeutic applications in this area.

Experimental measurements are also required to compare Monte Carlo codes [28 — 32]. In a different
study, where microdosimetric measurements of monoenergetic and modulated Bragg peaks of 62 MeV
therapeutic proton beam were performed with a synthetic single crystal diamond microdosimeter, it
was seen that the data of GEANT4 and TRIM [33] were comparable, as it was in our study. In another
study with GEANT4 and TRIM, the ionizations of proton beams on different targets were examined,
and it was seen that the results were close to each other similar to our results [34, 35].
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In order to understand the behavior of the Bragg peak in cortical bone, being denser than the
water and brain, the same calculations were repeated and compared using the selected TRIM
and GEANT4 simulation programs. Thus, the Bragg peak positions formed in the water phantom
(made with TRIM) and the cortical bony water phantom of three different thicknesses were
compared. Average differences of 0.28 cm for 0.6 cm thickness, 0.39 cm for 0.8 cm thickness
and 0.57 cm for 1.0 cm thickness were found. Comparing the Bragg peak positions in the water
phantom simulated in GEANT4 by a similar method and in the water phantom of a cortical
bone with three different thicknesses, we determined an average difference of 0.30 cm for 0.6 cm
thickness, 0.41 cm for 0.8 cm thickness and 0.56 cm for 1.0 cm thickness.

Comparing TRIM and GEANT4 in water phantom and the cortical bony water phantom with
three different thicknesses by the same method, we found an average difference of 0.42 cm for
0.6 cm thickness, an average difference of 0.41 cm for 0.8 cm thickness, and an average difference
of 0.39 cm for 1.0 cm thickness. Then the brain phantom and the one with three different
thicknesses of cortical bones were compared. The difference in 0.6 cm thickness was found to be
0.41 cm on average, the difference in 0.8 cm thickness was 0.41 cm on average, and the difference
in 1.0 cm thickness was 0.35 cm on average. These differences were found to be 8.0 % on average.
The calculations used in our studies include a probability due to the properties of the Monte-
Carlo computing. Therefore, the calculations from the two simulation programs were consistent.

The effect of materials of different densities and thicknesses on the proton beam is important
for proton therapy [36]. For this reason, the proton beam passing through the cooling materials
of different thicknesses was investigated in Geant4 and TRIM MC simulation codes. The results
of the available simulations were also compared with the calculation results based on the NIST
PSTAR and CSDA models, and the differences were presented in the same way as in this
publication [37]. In similar studies, particularly in the study of demonstrating this effect with
different simulation systems, the results obtained by Geant4 were compared with those obtained
by TRIM [36, 38]. The change exhibited by the proton beam in the presence of cortical bone of
different thickness used for both phantoms was compared with previous data and showed a good
agreement [5, 6, 14]. In addition, considering the advantages of the two simulation systems, the
recoil interactions of the proton beams within the target were investigated. The obtained results
were also compared in the same way as in this study [39]. The ion spacing was estimated using
the TRIM code and was found to be compatible with that obtained by GEANT4 [40].

In the literature, some authors tried to find Bragg peak positions performing calculations of
Bragg curves given by proton beams with 100, 120 and 130 MeV energies while their passing
through the water phantoms, using different MC-based simulation programs (FLUKA, GATE,
MCNPX, PTRAN and PHITS). Then they tried to compare the results obtained (similar to the
procedure taken in our study). Bragg peak positions obtained in the literature were compared with
the values determined in this study. In this comparison, an average difference of 4.1 % in TRIM
and 7.5 % in GEANT4 was found for a proton beam with 100 MeV energy [41—46]. An average
difference of 1.4 % in TRIM and 1.7 % in GEANT4 was found in the 120 MeV energy proton
beam [41, 47]. An average difference of 6.7 % in TRIM and 3.9% in GEANT4 was found in the
proton beam with 130 MeV energy [44]. It has been seen that this difference is due to the features
of MC simulation, calculation parameters and statistical reasons such as probability.

Summary

Since there is no experimental heavy ion beam line, it was decided to use MC TRIM and
GEANT4 simulation programs in this study. In keeping with the current approach, a water
phantom was used to validate patient radiotherapy plans for heavy ion therapy. We report on
MC TRIM and GEANT4 data on LET values of four new proton beams in water and brain
phantoms with energies ranging from 60 to 130 MeV/u in increments of 10 MeV and in cortical
bony water and brain phantoms of different thicknesses (0.6, 0.8 and 1.0 cm). These values
were compared with hospital data and other studies in the literature. It has been suggested to be
repeated in Teflon, titanium alloys (Ti ALV and Nital) and Al O, ceramic alloys [15], which give
the closest results to bone among the biomaterials used insteaé of cortical bone. In these studies,
recoil effects, besides ionization, were considered and compared using the TRIM and GEANT4
simulation system.
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Abstract. In this paper, we investigate the cosmic evolution of a spatially homogeneous
and anisotropic Bianchi type I universe filled with new holographic dark energy (NHDE) and
cold dark matter (CDM) within the framework of General Relativity by considering both the
components of the universe to be interacting with each other. To obtain the exact solutions
of Einstein’s field equations, we consider two expansion laws: an exponential expansion
and a power-law volumetric expansion. The evolutions of some parameters of cosmological
importance are studied for both the models corresponding to the exponential expansion and
the power-law volumetric expansion. We observe that in both the models the anisotropy
parameter decreases as time evolves and tends to zero at late times. The model corresponding
to exponential expansion behaves like CDM model and the model corresponding to power-law
volumetric expansion behaves like quintessence holographic dark energy model at late time.
We also compare the equation of state (EoS) and energy density of our interacting NHDE
model with that of quintessence scalar field and establish a correspondence between them. The
quintessence potential is reconstructed which depicts the observed accelerated expansion of the
universe.
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PEKOHCTPYKUUA MOAE/IU CKATAPHOIO NoJis
KBUHT3CCEHUUUN AN HOBOU NOJTOTPA®UYECKOU MOEJIU
TEMHOM DHEPIMU BO BCEJIEHHOMW BUAHKU TUNA |
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AnHoTtanus. B pamkax o0111eii TeOpUM OTHOCUTEILHOCTH B pabOTe McclieoBaHa KOCMUYECKast
9BOJIIOLIMS OJHOPOJHOW MO TMPOCTPAHCTBY U aHM30TponHoi BceneHHoit buanku tuna I,
3arOJTHEHHOUW HOBOU rosnorpaduyeckoit temHou sHeprueit (HI'TD) u xonmomHoit TemHOI
matepueit (XTM); mpu 3ToM choelaHO IIPEAIOJIoKeHUe, YTo oba KoMIloHeHTa BcenmeHHoi
B3aUMOJEUCTBYIOT MexXIy c0o00ii. YTOObI IMOJYUYMTh TOUHBIC PEILICHMS IOJIEBbIX YpaBHEHUI
DHHIITeiHa, PacCMOTPEHbl JBa 3aKOHA pPAaCIIMPEHUs: 3KCIOHEHIMAJIbHOE M CTEIEeHHOE
obbemMHoe. 1151 000MX cayyaeB U3y4eHO U3MEHEHUE HEKOTOPBIX KJIIOUEBbIX KOCMOJIOTMUECKUX
MmapaMeTpoB. YCTAHOBJICHO, YTO JUIsl 00eUX MOjeieil aHU30TPOIHBIN MapaMeTp YMEHbBIIIAeTCs
CO BpeMEHEM U B UTOTe CTpeMUTCS K Hymo. OKa3aloch, YTO MOJIEIb, COOTBETCTBYIOIIAS
9KCMOHEHIIMAILHOMY paclInpeHnIo, BeleT ce0st Kak Moneab X TM, a MoieIb, COOTBETCTBYIOIIAS
CTeIIeHHOMY OOBbEMHOMY pacliuupeHuio, — Kak mozaenab I'TD mosgHero nepuoaa. IIposeneHo
TaKXe CpaBHEHME YpaBHEHUSI COCTOSIHUMS U TUIOTHOCTM 3HepruM B3auMmopaeiicteus B HTTD
(Hamra Momenb) M B MOJEIM CKaJSIPHOTO OIS KBUHTACCEHIIMM M HaMIEHO COOTBETCTBUE
Mexnmy Humu. [loTeHIIManm KBHMHTICCEHIIMM PEKOHCTPYMPOBAH TaKWMM 0Opa3oM, YTOOBI OH
OIMMCHIBAJ HaOJI0MaeMoe YCKOPEHHOE paciimpeHnue BceaeHHOI.

KmoueBbie cioBa: Bcenennasa buanku tuna I, HoBas rojorpaguyeckasl TeMHasi SHEprusl,
KBUHT3CCCHIINS, YPABHEHUE COCTOSTHUS
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CraThsl OTKpBITOrO goctyna, pacrnpoctpaHsiemas 1o guueHsun CC BY-NC 4.0 (https://
creativecommons.org/licenses/by-nc/4.0/)

© Hac M. I1., Maxanta Y. P., 2022. Usnarenn: Cankr-IleTepOyprckuit monutexuuueckuit ynusepcutet [lerpa
Benukoro.

80



4 Theoretical physics

1. Introduction

Until the late 20th century, no consensus has been reached about the expansion rate of the
universe. However, various cosmological and astrophysical observations such as Supernovae Type la
(SN Ia) [1—3], Cosmic Microwave Background (CMB) [4, 8], Baryon Acoustic Oscillations (BAO)
[9], Large Scale Structure (LSS) [10 — 12] and their cross relations make it clear that our universe is
currently undergoing a phase of accelerated expansion. A strange kind of physical entity is supposed
to be the cause of this late time cosmic acceleration which is termed as dark energy.

A dark energy candidate which can simply explain the late time cosmic acceleration is the so called
cosmological constant A introduced by Einstein in his field equations. However, due to its non-evolving
nature, it suffers from some theoretical challenges such as the fine-tuning and the cosmic coincidence
problems. Therefore, quintessence [13—15], a minimally coupled homogeneous scalar field which
provides a solution to the fine-tuning problem and also to the coincidence problem by means of tracker
solutions, is considered as dark energy candidate. Different dynamical dark energy models such as
phantom [16], k-essence [17], tachyon [18], dilatonic ghost condensate [19] and the interacting exotic
fluid models such as Chaplygin gas models [20—23] etc. have also been investigated in the literature.

Holographic dark energy is another candidate of considerable interest which emerges from the
Holographic Principle, first put forwarded by Gerard 't Hooft [24] in the context of black hole
physics. This principle states that the number of degrees of freedom directly related to the entropy of
a system scales with the enclosing surface area of the system and not with its volume. Based on the
effective Quantum Field Theory, Cohen et al. [25] proposed a relationship between the ultraviolet
(UV) cutoff and the infrared (IR) cutoff of a system due to the limit set by the formation of a black
hole which in turn gives an upper bound on the zero-point energy of a system. When the whole
universe is taken into account, this zero-point energy density has the same order of magnitude as
the dark energy density which is referred to as the holographic dark energy.

In the cosmological context, a new version of the Holographic Principle was first proposed by Fischler
and Susskind [26] which states that at any point during cosmological evolution the gravitational entropy
within a closed surface should not exceed the particle entropy that passes through the past light-cone
of that surface. Granda and Oliveros [27] proposed a new holographic dark energy density of the form

pNHDE zaH2+BH’

where H is the Hubble parameter, and the two constants o and 3 are to be determined so as to
satisfy the restrictions entailed by the current observational data.

In Ref. [27], they showed that this new dark energy model can explain the current cosmic
acceleration and being consistent with the observational data. In Ref. [28], these authors also
established correspondence between quintessence, tachyon, k-essence and dilaton dark energy
models with this new holographic dark energy in the flat Friedman — Robertson — Walker (FRW)
universe. Many other researchers have since investigated several aspects of new holographic dark
energy (NHDE) in an isotropic as well as in anisotropic background and studied the correspondence
between the scalar fields such as quintessence, k-essence and NHDE models in cosmology [28—46].

The goal of this paper is to investigate a spatially homogeneous and anisotropic Bianchi type |
universe filled with interacting cold dark matter and new holographic dark energy within the
framework of General Relativity.

The reason why an anisotropic universe is considered in our investigation is that although our
universe is homogeneous and isotropic at large scale, recent experimental tests like Wilkinson
Microwave Anisotropy Probe (WMAP) [7, 8], Cosmic Background Explorers (COBE) [47] and
Planck Collaboration results [48] support the existence of an anisotropic phase in the evolution
of the universe that approaches an isotropic one.

The paper is organized as follows: In Section 2, we derive the field equations for the Bianchi
type I line-element and find the expression for the equation-of-state (EoS) parameter for
interacting cold dark matter and new holographic dark energy. In Section 3, we solve the Einstein
field equations by considering two expansion laws viz. an exponential expansion and a volumetric
expansion law. We construct two different models corresponding to these two expansion laws.
In this section, we also obtain the expressions for some parameters of cosmological interest and
discuss some physical and geometrical properties of both the models. In Section 4, we establish
the correspondence between the quintessence and the new holographic dark energy for the model
with volumetric expansion law. We conclude the paper with a brief discussion in Section 5.
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2. Metric and field equations
A spatially homogeneous and anisotropic Bianchi type I universe is described by the line-element

ds* = —dt* + A2dx* + B dy* + C*d7?, (1)

where A, B, C are functions of the cosmic time t alone.

We assume that the universe is filled with two interacting components: cold dark matter
(CDM) and new holographic dark energy (NHDE).

In natural units (8nG =1, ¢ = 1), Einstein’s field equations are

1 _

RU_EgUR:_(T;j-i-T;'j')’ (2)
where R is the Ricci tensor; R is the Ricci scalar; T is the energy-momentum tensor for cold
dark mat’ter given by

T, =puu,. (3)

and 7_;] is the energy-momentum tensor for new holographic dark energy given by

_,, = (Pnepe * Prioe )uiuj + & Pxue - 4

Here, p is the energy density of cold dark matter, p, . and p, .. are respectively the energy
density and the pressure of the new holographic dark energy.

In a comoving coordinate system, Eq. (2) with Egs. (3) and (4) for the metric (1) lead to the
following system of field equations:

B C BC

BC e P ©
C A4 c4

E+Z+a=_pNHDE’ (6)
A B AB

Z"‘E“‘E:_pNHDEa (7)
AB+BC+C/I . ®
1B BC  C4 Py T PxrpE

where an over dot denotes differentiation with respect to .
Following Ref. [27], we consider the new holographic dark energy density as

Parpe = 3M L (aH? +BH), )

where M <2 =8nG = 1; a, B are constants.
The pressure of the NHDE is given by

Pnipe = OnupePwpe » (10)

where . is the EoS parameter of NHDE.

In a universe where dark matter and dark energy are interacting with each other, their energy
densities do not conserve separately. So, when CDM and NHDE are interacting the continuity
equations can be obtained as

b, +3Hp, =0, (11)

Pruoe T 3H (Pyppe + Pripe) = —0, (12)

where Q represents the interaction term between CDM and NHDE.
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A natural choice for the interaction term available in the literature is Q oc Hp , Q o< Hp .
or a combination of these. We take

O =3H (YPxupe +0P,,)> (13)

where v, 6 are coupling constants.

For y =0, we have Q =3Hdp , and for 6 = 0, we have Q =3Hyp,,,.. CDM and NHDE are
non-interacting for y =0 = 9.

From Egs. (9), (10), (12) and (13), we obtain

O = 1 20‘HH2+BH. Ly s OPu | (14)
3H(aH® +BH)

PNrDE

3. Solutions of the field equations
From Egs. (5) — (8), we derive

1
A =aV? exp(bIJ.V_ldt), (15)
1
B(t)=a,V? exp(szV-ldt), 16
1
C(t)=al? exp(b3jV-ldt), (17)
where aaa,=1,b,+b +b =0,and V= ABC is the volume of the universe.
Now, as we have four equations in five unknown parameters 4, B, C, p_and p therefore,

HDE?
we need one extra condition to obtain an exact solution of the field equations. fIn view of Egs.
(15)—(17), we consider an exponential expansion law given by

V= ce?", (18)
and also a volumetric expansion law given by

V=ct?, (19)

where ¢, [, n are positive constants.
A model for exponential expansion (Model 1). Using (18) in Egs. (15) — (17), we get

1

A=ace" exp [—%€_3h:|, (20)
: b

B=a,3e" exp{—3—czle"3”}, 21
1 b

C =a,c3e" exp {—3—;16_3”}. (22)

For this model, the directional Hubble parameters /, and the mean Hubble parameter H are
obtained as

A b
H ="—=[+21e",
= . (23)
H, :%:Hb—ze‘”, (24)
C
H, :%:Hﬁe%, (25)
C
H=1 (26)
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The scalar of expansion 0, the spatial volume ¥, the shear scalar 6%, the deceleration parameter
g and the anisotropy parameter 4 for this model are obtained as

0=3l, (27)
o’ = %e‘“’, (28)
qg=-1 (29)
A, = 35‘240 ~e ", (30)
where M =b +b] +b;.
From Eq. (9) we obtain

Prue =30, (31)

and from Eq. (11), using Egs. (13) and (26), we get
Bl s, (32)

where d is an integrating constant and o # 1.
Therefore, for this model, the total energy density and the EoS parameter are given by

o P a de 3109
Q=Q s +Q, = SN;D;E +3H2 =oc+1_y8+ e (33)
—301(1-8)
Yy de
O)NHDEZ_I_Y_S[I_8+ 302 ja (34)

It is evident from the graphs in Fig. 1, that for small values of y, our model approaches a flat
isotropic universe in the course of time and behaves like a ACDM model. However, the model
does not represent a flat isotropic universe for 6 = 0 and sufficiently large values of .

A model for volumetric expansion law (Model 2). Using Eq. (19) in Egs. (15) — (17), we obtain

| _ ;
3 b
A(t) = a,c3t" exp| ———17" |, 35
)=a, p_c(l_?m) _ (35)

B(t)= azc%t” exp L1’3”” , (36)
| c(1-3n) |

C(t)=a3c%t" exp b e : (37)
| c(1-3n)

where n # 1/3.
The directional Hubble parameters /, and the mean Hubble parameter H for this model are
obtained as

H, =nt" +%z3", (38)
H,=nt" +%t3”, (39)
H,=nt"+ %t‘“, (40)

"= ? (41)

84



Theoretical physi
4 retical physics >

b)

L

Fe085

¥=5 —_— i
r=i |

WynDE
0 i

-3

2 3 i 5
0 1 2 3 | : ] 7
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Fig. 1. Graphs of the total energy density Q (a) and the EoS parameter (b) vs
cosmic time ¢ at different y: 0.05 (red lines), 0.5 (blue ones) and 1.0 (green ones);
a=1,8=-1,d=100,/=1

The scalar of expansion 0, the spatial volume V, the shear scalar 62, the deceleration parameter
g and the anisotropy parameter 4 are obtained as

3
6==", “2)
GZ — LMtfén
e ; (43)
=-1 +l
9 P (44)
1 M
A =————
"o 3ctnt! (45)

where M =b] +b; +b;.

The cosmological observations indicate that the value of the deceleration parameter lies in the
range —1 < g <0, so it is clear from Eq. (44) that for an accelerating expansion of the universe,
we must take n > 1. Moreover, Eq. (45) reveals that the anisotropy parameter is a decreasing
function of cosmic time and tends to zero in the course of time.

The NHDE density for this model is obtained from Eq. (9), as

3(an® —Bn)
£

PxupE =

(46)

P, '

pNHDE 2

Fig. 2. Graphs of the new holographic dark energy density p . (the red line) and the cold dark
matter density p (the blue one) vs cosmic time d=100,6=-1,n=2,a=1,3=0.05,
vy=0.05
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a) b)
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Fig. 3. Graphs of the total energy density Q (a) and the EoS parameter o, . (b)
vs cosmic time ¢ at different y: 0.05 (red lines), 0.5 (blue ones) and 1.0 (green ones);
n=2,a=1,=0.056=-1,d=100

Using Egs. (13) and (42) in Eq. (10), we obtain

Iny(on’ —
= ny(on” —Bn) 2 +dt_3"(1_6), (47)
3n(1-9)-2
where d is an integrating constant.
Therefore, for this model, the total energy density and the EoS parameters are given by

_ —3n(1-8)-2
Q=0 +Q,, = —pNHDZE +—p'”2 =a —E+ Sy(on —p) + dt — (48)
3H° 3H n 3n(1-06)-2 3n

“3n(1-8)-2
O = 14—y o dt i . (49)
3n 3n(1-8)-2 3(an” —PBn)

It is clear from the graphs in Fig. 2 that both the CDM density p and the NHDE density
Parpe are decreasing functions of cosmic time. The former tends to zero as time evolves while
the latter is near to zero in the course of time. For y = 0 and for sufficiently small values of y
this model approaches a flat universe and the EoS parameter enters into quintessence region
~1 <o, <—1/3 at a later time (Fig. 3). The same as Model I, this model fails to represent the
current universe for sufficiently large values of y and for & = 0.

Hence, to consider the interaction between NHDE and CDM, it suffices to take the coupling
parameter 0 as the interacting term and y = 0. Thus, putting y = 0 in Eq. (49), we obtain

2 dt—Sn(l—S)—2
Oy = =1+ ——8—F—.
NHDE 3n  3(on’—Pn)

(50)

4. Correspondence between new holographic dark energy
and quintessence scalar field model

Quintessence is described by an ordinary scalar field ¢ minimally coupled to gravity and self-
interaction described by a potential V(¢) that leads to late time cosmic acceleration.
The action for the quintessence scalar field ¢ is given by an expression

s=| d‘*x@[—%g”am@— V(). (51)

The energy density and pressure of the scalar field are given by expression
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1.,

p(cp)=5<p +V (o), (52)
1.,

p(cp)=5<p —V(9). (53)

Using Egs. (52) and (53), the EoS for the quintessence scalar field is obtained as
p* =2V
o, = @) _ @ @) (54)
p(@) 9" +2V ()

In order to establish the correspondence between the new holographic dark energy and
the quintessence scalar field model, we compare the EoS and the dark energy density for the
interacting new holographic dark energy and quintessence dark energy models.

Thus, comparing Egs. (50) and (54), we obtain

2 dt—3n(1—§)—2 _ (]-[)2 _2V((p)

-1+—-39 5 ) . (55)
3n 3(an” —Bn) ¢ +2V (o)
Also, comparing Egs. (46) and (52), we obtain
3on® —Bn) 1.
wz_ 2 +V (). (56)
t 2
Again, from Eq. (55), we derive
. 4(on —PB) =284t
(Pz = 2 ( P) 3n(1-5)2 V(). (57)
6(an” —Pn)—2(on—P)+odt
Using Eq. (56) in Eq. (57), we obtain
3(an® —Pn) 6(an’ —Bn)—2(on —P) +ddt 102
() — 3@ =B San” ~Bm) = 2(an—p) 5)

r 6((1”2 —Bn)+2(an—-B)— Sy 392"

This type of potential can produce an accelerated expansion of the universe. Thus a
correspondence between the interacting new holographic dark energy and quintessence scalar
field model is established.

5. Conclusion

In this work, we study a spatially homogeneous and anisotropic Bianchi type I universe filled
with interacting the new holographic dark energy and the cold dark matter by taking the coupling

parameter Q as
Q - 3[_I(’YPNHDE + Spm)'

To obtain the exact solutions of the Einstein field equations, we consider two expansion laws:
an exponential expansion and a power-law volumetric one; they correspond to Models 1 and 2,
respectively.

Considering Model 1, we find that the average Hubble parameter and the NHDE density are
constant and the deceleration parameter equals —1. The anisotropy parameter decreases as time
evolves and tends to zero at late time. The total energy density for this model approaches 1 for y
— 0. Thus, for small values of vy, this model approaches a flat, isotropic universe at late time and
the EoS parameter approaches —1 showing thereby that the Model 1 behaves like a ACDM model.
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In Model 2, the Hubble parameter, NHDE density and CDM one are decreasing functions of
cosmic time. We also observe that the anisotropy parameter decreases as time evolves and tends
to zero. Hence, we conclude that the anisotropy of our universe dies out in the course of the
evolution to reach the present isotropic phase. It can be also seen from Fig. 3,a that the total
energy density approaches 1, and from Fig. 3,b we see that the EoS parameter of this model lies
in the quintessence region

1 < Oy < —1/3

fory — 0.
So, this model behaves like a quintessence holographic dark energy model.
In both the models we define the interaction between NHDE and CDM by taking

O = 3H(YPyype T 0P,)-

But the models represent current universe only for small values of y. Therefore, we ignore
vy while establishing correspondence between the new holographic dark energy model and the
quintessence scalar field model. Quintessence potential is reconstructed which describes the
accelerated phase of expansion of the universe.
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Annotanud. JlaHHas cTaThs IIPOAOJDKACT LMK PabOT, MMOCBIIIEHHBIX PEIICHUIO TTPOOJIEMEI,
COTJIACHO KOTOPOW HEEeIMHUYHbIN KJIacC COMPSIKEHHOCTU B KOHEUYHOI MpOCTOi HeabesieBoit
TpyMIe COAEPKUT KOMMYTUPYIOLIME BJIeMeHTbl. PaHee 3To yTBepXkiaeHue ObLIO MPOBEPEHO
IJIsT CHIOPAAMYeCKUX, IPOCKTUBHBIX, 3HAKOMEPEMEHHBIX TPYMNIl U psiaa MCKIOUYUTEIbHBIX
rpynn. B aroii paboTe mpoBepsieTCsl CIpaBeIMBOCTD BBIIICYIOMSIHYTOIO YTBEPXKACHUS IS
CEpUM MCKIIIOUMTENIbHBIX KOHEYHBIX MPOCThIX rpynn *F, (q). ITocne ocHOBHBIX onpeneneHuii
JIOKA3bIBAIOTCSl JIBE TEOPEMbI: O COJAEPXKAHUM B TPyMINe KOMMYTUPYIOIIMX DJIEMEHTOB U O
HaJIWYNU COTPSKCHUS ITOJYIIPOCTOIO 3JIEMEHTa CO CBOMM OOpaTHBIM. 3aTeM pacCMOTPEHBI
KJIACChl YHUMOTEHTHBIX M CMEIIaHHBbIX 32JieMeHTOB. Mcrnoiab30BaHHbBIE B CTAaTb€ METO/bI
HCCeA0BaHUSI peKOMEHIOBAHO IIPUMEHSTH IJIsI IIPOBEPKU OOI1Ie i TUIIOTE3bI IPY PACCMOTPEHUU
JNPYTUX TPYMII.
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Introduction

Investigations of left distributive quasigroups, i.e., binary systems G(o) with the left-distributivity
identity

xo(yoz)=(xoy)o(xoz) forx,y,zeG(o),

have led to the problem that should be solved via calculations based on the theory of finite groups.
The left-distributivity identity is appealing because the mapping

L =(x—>aox)

in the binary system G(o) containing it, is clearly an endomorphism, or even an automorphism if
G(o) is a quasigroup.

This issue is thoroughly explored in [1]. Consideration of left distributive quasigroups is equiv-
alent to consideration of homogeneous spaces, i.e., a set containing cosets of a subgroup 7 in
group II. Turning to groupoids and weakening the axiom of right divisibility x o a = a > x = a, it
generally follows that a groupoid cannot be represented by a homogeneous space.

Left distributive groupoids are often found in applications, manifesting close relationships to
groups. Symmetric spaces can be given in differential geometry, characterizing the nodes from a
topological standpoint [2,3]. Representations of finite groups by homogeneous spaces have been
described by Erofeeva in several studies [4—6]. Apparently, this statement is equivalent to the
hypothesis borrowed from pure group theory, assuming that a union of two conjugacy classes in a
finite group always contains commuting elements. An even stronger assertion is formulated in [7],
arguing that a non-identity class in a finite non-Abelian group must contain commuting elements.

This study continues to verify the hypothesis put forward in [7] that a non-identity class of
conjugate elements in a finite simple group contains commuting elements. We have earlier tested
some exceptional Lie-type groups and simple groups SP,(¢g) in [8—11]. In this paper, we intend
to test a series of exceptional groups *F,(q).

Basic definitions

General information about Chevalley groups is assumed to be known. This is discussed in suffi-
cient detail in the monograph by Robert Steinberg [12]. Specific results on the structure of groups
F,(q) and ?F,(q) are primarily given in Ken-ichi Shinoda’s studies [13, 14], as well as in [15].

Here we generally follow the notations adopted by Shinoda [13, 14]. Let us point out some
differences. The main field in group F,(g) is a field of g-elements, g = 2**'; conversely, Shinoda
uses the letter / instead of g, while ¢ = VI. Further, the author 1ntroduces the notation x,,; for
a = e, L e instead of x (7), writing x,,,,, for a = 1/2(e Te te te).

Below ‘we give the main definitions of groups F,(¢) and 2F .(q). The type F, Dynkin diagram
has the form shown in Fig. 1. The vertices 1, 2, 3, 4 of the graph in it correspond to the roots

. . . 1
€, —6; €76, €, E(el 66 _64),

1 2 3 4

Fig. 1. Dynkin diagram:
graph vertices 1—4 correspond to the roots e,— e,, e,— ¢,, ¢,, (e, — e,— e,— ¢,)/2

where e, (i = 1,2,3,4) is a system of orthogonal unit vectors in R'.
The complete system of roots consists of vectors

1
te;te te; (i# j)and E(ie1 te, te te).
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Group F,(g) is defined by the generators x (7), where a is the root, 7 € F is the finite field of ¢
elements w1th certain ratios (see [12, p. 32]); notice the commuting form fere:

(*. @, %) =TT..., (c;tw )(@+p=0),

where ¢, are some constants from the main field.

The ‘twisted’ group 2F,(q) is constructed as follows. The so-called automorphism o is selected
in the Dynkin diagram (see Fig. 1). 1<4; 2<3. Apparently, it can be continued until some per-
mutation of all roots, where the long root is mapped onto the short one, and vice versa. The so-
called field automorphlsm ®: x — x*, is selected in the field F 2 Now the automorphism ¢ over
group F,(¢g) acts on the generators x ( 7) that are root subgroups in the following manner:

Xo(o (t®), if o is the long root,
Xoa (%), if o is the short root.

c:x,(t)—> {

The subgroup of o-fixed elements in group F,(¢) is precisely the required group 2F,(q), which

is simple at n > 1. A separate case is group *F,(2), for which the field automorphism © is identical
provided that n = 0. This group is not simple, but its commutator (*£,(2))’ of index 2 in 2F(2) is.

Analysis of the group 2F,(q)

The following statements are crucial for subsequent consideration of group 2F,(g).
Statement 1. The involution class in a finite simple group contains commuting elements.
It is not necessary to prove this, since it follows from Glauberman’s theorem from group
theory (see [7] for more details).
Statement 2. [If the number of classes containing elements of this order n with centralizers of the
same order is less than ¢(n), the class contains commuting elements.
Here ¢(n) is the Euler function.
This statement can be assumed to be elementary; it is also proved in [7].
Let us now examine the corresponding group.
Theorem 1. The non-identity conjugacy class in group *F,(q) contains commuting elements.
Proof. Consider the data in Table 1,
Table 1 where the element classes and their central-

Representatives of conjugacy classes izers for group (°F,(2))" are given (the table
for group (°F,(2))’ is taken from Atlas [16]). For example, Table
shows a representative of the conjugacy class
Element class Centralizer 84, 8 B”; this means that there are two classes
21 10240 84 and 8B containing 8"-order elements
with 32"-order centralizers of the correspond-
2B 1536 ing elements. The presence of commuting ele-
34 102 ments in the involution class is guaranteed by
44 192 virtue of Statement 1, assuming that this holds
4B 128 true for any finite simple group. Statement 2

4C 64 is applied for the remaining classes.

The theorem is proved.
54 0 Let us now examine the classes of
64 12 semisimple elements.
84, 8B™ 32x2 Theorem 2. The semisimple element in group
8C, 8D 16x2 *F,(q) is conjugate to its inverse.

104 10 Proof. Notice that a semisimple element
DA 128 12 has an odd order, i.e., there are no involutions
> — among semisimple elements. A semisimple el-
134, 13B 13x2 ement in the algebraic group G, obtained from
164, 16B™, the group G by algebraic closure of the field
16C™, 16D 16x4 F is conjugate to a Cartan element, i.e., an

element of the form
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B (6)h, ()

where a,, o,, a,,... are simple roots.

We use o to denote an element of the Weil group, which can be obtained by taking the prod-
uct of reflections relative to four orthogonal roots, for example, relative to vectors e, e,, e, e,.
Conjugating the Cartan element using o converts it into an equality

By (@D (8o =H, ()R, (2).. .

However, the element h_ (Hh_(r') commutes with elements of any root subgroup x (), and
the center in the universal adjoint group of type F, is trivial [17]. Therefore, h_ (1) = (Bza(t))*1 is
conjugate to 4 (7). Thus, a semisimple element is conjugate to the inverse in the algebraic group.
Conjugacy in subgroup ?F,(¢g) of the algebraic group follows from the above observation on the
triviality of the center [17,18].

Further reasoning here is as follows. The algebraic group F, is simply connected, the central-
izer of the semisimple element is connected (see [17, p. 192, sentence 3.9]). Making a transition
from the algebraic group G to G, there is no splitting of the class of semisimple elements, i.e.,
the element from the group G conjugate in G is also conjugate in G_ (see [17], p. 171, 3.4 (¢)).
Conjugacy of a semisimple element to the inverse in an algebraic group is discussed above.

The theorem is proved.

Next, we consider the class of unipotent elements.

There are 18 classes of unipotents in ?F,(g), listed in [13] together with the order of centralizers

for the corresponding elements. Here we
Table 2 present a fragment of this table.

Selected classes of unipotent elements The table compiled by Shinoda [13]
7 does not provide classes x,—x,, because the
u [£(w) u~x corresponding representatives are conju-
u, q'*(qg—1D(g*+ 1) X, gate to the inverse ones as the centralizer
u, 7"°(q> - 1) X, order has a single value.

20(a — 1) (a* + 1 The orders of class representatives x,

U, q'(¢—D(g°+1) X are oiven i -
- > given in [15]. In particular, the rep-
U 29'(g=D(g"+ 1) Xig resentatives of classes u, and u, are invo-
u,, 4q* X,q lutions (x,, x, have the order equal to 2).
u, 4q* X, Consequently, _they contain commuting
U 24 X elements, by virtue of Statement 1. The
= 3 24 orders of elements u,, and u,, equal to
Uy 29 X2g the order of elements x,,, are equal to 8,
U, 4q* X, so, according to Statement 1, both classes
u, 4q° X, contaip commpting elements. The same
y 4q? X reasoning applies for classes u, and u,,
12 > 34 whose orders of elements are equal to 8,
Uy 4q Xy and for classes u,;—u,, whose orders of

182
Note: u, x, are the class representatives in subgroups 2F,(q) elements are equal to 16.

and in F,(q), respectively, |Z(u)| is the order of the centralizer Now the remaining step is to consider
Z(u) of the corresponding element. classes with the representatives

uy = x,(1)x,_, ()x, (Dx, (Dx,,, (1) and u, = x,(1)x,_, (1)x, (D).

Both classes are inverse to each other, which is easy to verify using the commutation formula
or, alternately, taking into account that both classes merge to F,(g). Thus, it is sufficient to con-
sider one of them, for example x,.

We obtain the following equality:

uy = ous(1) = x, (Dx;_, (Dox, (D).

This element lies in a subgroup generated by the root subgroups
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X, (1), ‘xi(l—Z)(t)b X, (2).

This subgroup corresponds to the following Dynkin diagram in Fig. 2.

a = »
2

Fig. 2. Dynkin diagram:

e,, (e, — e,) are the roots of the graph vertices

e e — e

The Dynkin diagram is constructed by the well-known technique, based on the scalar product
of the vertex roots. A graphic automorphism represents the vertices, the field automorphism
remains the same as in group F,(g).

The twisted variation leads to the Suzuki ?B,(g) group, for which the hypothesis put forward in
[7] has already verified in [9]. Thus, the class of conjugate elements u, must contain commuting
elements even in the subgroup 2B,(q) c 2F,(q).

Let us now examine the class of mixed elements.

Shinoda [13] compiled information about mixed elements into a table, which is given
below (Table 3).

Classes of mixed elements

Table 3 [13]

N Class representative Centralizer order
1 £x,(x, (1) 7*(q-1)

2 o, (1, (Dx, (1) 2¢°(q— 1)

3 £, (D, (D)x, (1) 29(q - 1)

4 10X (DX (D) q(qg—1)

5 1Y s (DX (1) g+ 1)

6 tx, (Dx, (Dx o (t)x, (D (D, (129) 3¢?

7 £x, (x, (x5, (T)x, (7)x, (P)x, (1) 3¢?

8 o, (Px, ()X, (T,)x, (*)x, (), () 3¢?

9 tX 0 (DX, (D) q(qg + 1)

10 £6,(1x, (1) 7(q—2q+1)

11 £ (Dxy(Dx (1) 29(q ~ V2 +1)
12 tx,,(Dx, (D, (1) 29(q ~ V2 +1)
13 tx,(Dx, (1) gHg+\2g + 1)

14 tx,(Dx,(Dx (1) 2g(qg +\2g + 1)
15 tyx, ,(Dx, (D, (1) 29(q +\2g + 1)
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Table 4
Structure of centralizers for semisimple elements
! Centralizer order Structure
t (- Dg*(qg—D(g*+ 1) Z,’B(q)
t, (g—Dalg—1) Z_SL,(q)
1

£, 3543(42 - D(g*+ 1) ZsU3(Q)

L (g + Dg(g>—1) Z,.SLy(q)
t, (q—\2g + Dg*g - (g + 1) Z 5.2B9)
t, (q+\2q+ Dg*(g—1)(g +1) Z . 5. ’B(q)

Conclusion

Here the representatives of the classes are written as a product of semisimple and unipotent
factors, i.e., x = x - u_is a decomposition of the mixed element into a product of a semisimple
factor x, and a unipotent u. The factors commute if the decomposition is of the Jordan type, but
this requirement is not always satisfied in Table 3 for representatives of classes containing mixed
elements. It follows from the existence of the Jordan-type decomposition of the mixed element
that it lies in the centralizer of the semisimple factor. In turn, it is easy to determine the structure
of the centralizers of semisimple factors. Each such centralizer Z(f) contains powers of ¢ and,
being a reductive group, has a semisimple factor. It is not necessary to consider the elements ., 7,

L, Lo» 1,5 1, since their centralizers do not contain unipotents of semisimple elements. Inspecting

the centralizers 7, ¢, 1,, &, t, ,, we find that they have semisimple parts of the orders. The struc-
ture of the centralizers of the semisimple elements considered is given in Table 4, where the factor
of type Z is a cyclic group consisting of the powers of 7 and included in the center of the cen-
tralizer 7. The second factors *B,(q), >SL,(q), U,(q) represent a Suzuki group, a linear group and a
unitary group, respectively. Notably, these factors are simple groups. The presence of commuting
unipotent factors lying in the same class is proved in [7] for the Suzuki group *B,(¢g) and the linear
group *** (q). The commutator of the Sylow r-subgroup for an identity group lies in its center. If
the unipotent lies in the center, conjugating it to an element from the Cartan subgroup gives a
commuting element from the same conjugacy class. If the unipotent « is not from the center of
the Sylow p-subgroup, then there is another unipotent «', not commuting with u. Elements # and
u' =u' -u- (u)'lie in the same class and commute, since their commutator lies in the center of
the Sylow p-subgroup. Elements x and «' - x - (¢')"' clearly commute, lie in the same class, and
are in fact different, since u’' # «". This concludes the consideration of mixed elements.

This study makes another step towards verifying the general hypothesis that a non-identity
conjugacy class in a finite simple non-Abelian group contains commuting elements. We have
described the methods for testing this hypothesis for the exceptional group 2F,(q).

The research methods used in the study can be directly applied to verifying the general
hypothesis for analysis of other groups.
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Aunoramma. CraThs IOCBSINEHA BBIYMCICHUIO KO3(MD(MUIIMEHTOB HMHTEHCHMBHOCTH
HAIpPSDKEHUI IS TPSIMOJIMHETHOM TPEIMHBI CMEIIAHHOM MOJIBI pa3pylleHUsT B OPTOTPOITHOM
MaTepuajge M ero 4acTHOM Cilyyae — MaTepuaje ¢ KyOudeckoii cummerpueid. VMcrnosib3oBaH
METOJ KCTPAIOJISALNN MePEMEIECHUI 1 HAMPSDKEHW Ha OCHOBE opMainsMa JIEXHUIIKOTO.
JIist pacCMOTPEHHBIX KJIACCOB MATEPUAIIOB IOJIyYEHBI B SBHOM BUJIE BBIPAXKEHUS ISl 3JIEMEHTOB
MAaTPHIIbI BIUSHMSL Ye€Pe3 YIPYrie KOHCTaHThl MaTepUaia B CJIy4asix ero MIOCKOHAPSDKEHHOTO
COCTOSIHUSI M HAJIMYMsI HEHYJIEBOTO yIrja MEXIY OCIMMU aHU30TPOIIMU MaTepuasa U TPEIUHBI.
CucreMaTHUYeCKH TIPOAHAIM3UPOBAHbBI CBOCTBA MATPULIBI BIUSHUS. [10TydeHHbBIE pe3yIbTaThl
BepU(UKALIMKA PACCMOTPEHHBIX BAPUAHTOB METOAA TEePEMEIIeHNI W HAIPSKEHUH MMOKa3aIn
XOpOILEEe COMJACHE MEXIY YUCIECHHBIMM ¥ AHAIUTHYECKUMHU pPELICHUAMH (OTIMYKME HE
npeBocxonut 0.8%).
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Introduction

Heat-resistant single-crystal nickel-based alloys [1—3] are widely used as a structural material
for critical components (primarily blades) of gas turbine engines (GTE) [4—7] operating at
temperatures above 1000 °C [8, 9]. Microstructurally, heat-resistant nickel alloys consist of an
v-phase (a Ni-based solid solution) and a strengthening y’-phase [1, 4, 7]. Single-crystal nickel
alloys have cubic symmetry of thermoelastic properties and can be regarded as a particular case
of an orthotropic material with isotropic properties along the crystallographic axes [100], [010]
and [001].

Cooled GTE blades made of heat-resistant nickel alloys are the most loaded elements in the
engine [10—15], acted on by centrifugal forces and gas pressure, as well as unsteady and non-
uniform temperature fields. Different kinds of combined variable loads induce fatigue, creep and
thermal cracks in GTE blades [4, 16, 17].

The phenomena of thermal fatigue, initiation and propagation of cracks in single-crystal Ni
alloys are often studied experimentally, for example, in hourglass specimens [4]. The initiation of
a thermal fatigue crack in an hourglass specimen was simulated in [18, 19] by the finite element
method (FEM). Evaluating crack resistance in nickel alloys and constructing approaches to
calculating fracture parameters in the cases of cubic symmetry and orthotropic materials is a
crucial challenge that is yet to be addressed conclusively.

We consider the stress intensity factors (SIFs) as the main fracture parameters in this study.
In general, SIF calculations in anisotropic materials should be supported by analysis of mixed
fracture modes.

The goal of this study consisted in obtaining explicit formulas for calculating the SIF in terms
of crack edge displacements in the vicinity of the crack tip.

A numerical method is used for this purpose, extrapolating the displacements to the crack tip
in a material with cubic symmetry and in an orthotropic material. A stress extrapolation method
is also considered as an example.

The Lekhnitskii formalism is an effective technique used to achieve this [20]. We verified the
proposed relations, testing the stress extrapolation method for isotropic and orthotropic materials,
as well as for a material with cubic symmetry.

Constitutive equations
The constitutive equations for a linear elastic material take the following form [21, 22]:

e=*S--o, (1)

where ¢ is the strain tensor, ¢ is the stress tensor, *S is the elastic compliance tensor of the
material.
System of linear equations (1) can be conveniently rewritten in matrix form:

{e} = [Sl{o}, (2)

where the notations for vector columns composed of tensor components are introduced:

€

XX XX

a Qq

8)’)’ yy

{e} = ;C'Z and {c} =

’YXZ

a a a aq

YXy Xy

The order in which the components are listed corresponds to the Voigt notation.
The 6x6 elastic compliance matrix [S] corresponding to the compliance tensor *S has a
different form for materials with different structures.
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Case of orthotropic material:
L Vo Vs 0 0 0
El El El
_Vi L _ Vo 0 0 0
El EZ EZ
v vs Ly g
El E2 E3
[S]= | ; (3)
0 0 0 — 0 0
G23
1
0 0 0 0O — 0
G13
1
0 0 0 0 0o —
G12
where E, E,, E, are Young’s moduli; G,,, G,;, G, are shear moduli; v,,, v, ,, v, are Poisson’s ratios.
Case of cubic symmetry:
1Y Y oo
E E E
A R
E E E
IR R RXE
[S]= . “4)
0 0 0O — 0 O
G
1
0 0 0 0 — O
G
1
0 0 0 0 0 —
G
Case of isotropic material:
1y v 0 0
E E E
R 0 0
E E E
FEE o 0
151= 2(1+v) ©)
0 0 0 0 0
E
0 0 0 o 2V
E
0 0 0 0 M
E

where F is Young’s modulus, G is the shear modulus, v is Poisson’s ratio.
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Fig. 1. Schematic diagram of uniaxial tension in the orthotropic plane
with a single oblique straight crack (marked with a red line):
X, y are the axes of the global coordinate system; x’, y' are the axes of the crack coordinate system; x”, y"
are the anisotropy axes of the material; ¢ is the crack orientation angle, o is the angle between the direction
to the point and the crack axis; the arrows indicate the loading direction (o is the uniaxial tensile stress)

Numerical methods for finding the SIF and the Lekhnitskii formalism

We consider the problem on uniaxial tension in an orthotropic plane (plate) with a single
oblique straight crack assuming a plane stress state. The axes of the coordinate system introduced
coincide with the anisotropy axes of the material and the loading direction. The orientation of the
crack does not coincide with the anisotropy axes of the material and the loading direction (Fig. 1).

Asymptotic expressions for displacements in the vicinity of the crack tip in the general three-
dimensional case for three fracture modes (non-zero values of the coefficients K, K, l“) are
represented for isotropic material by the relations given in monograph [22]. Similar expressions
for anisotropic material are obtained using the Lekhnitskii formalism; they have the following
form [23—25]:

u (r,o)=

KI@‘RG[ 1

N — (p{pz\/cosa+u;sina—u;pl\/cosoc+u{sin0t)j+
n u

Ko

1 2
1
-Re COoS QoL+ Sln o — coS Qo+ Sln (04
\/E [Fh o (pz\/ “2 P \/ l"ll )J

KI\/Z.RE{ 1

\/; ' ' (H;Qz\/cosa"‘ué sino —M;ql\/COSOL+p{ Sina)]+ (6)

Kyar
+

1 2
1
‘Re cosa+ sino — cosa+ L sina
Jn (Ml w (qz\/ K N K )j

u,(r,a)=

K 2r Re \/cosa+u; sina
\/% Czts +“3Cz;4

u (r,a)=

9

where u (r,a), u (r a), u(r,0) are the axial displacements in the coordinate system of the crack; K|,
K,, K, are the SIFs for fracture modes I, II, III; G is the shear modulus; r is the distance from
the crack tip to the given point; a is the angle between the direction to the point and the crack
axis; v is Poisson’s ratio; C’ are the constants of the material’s stiffness matrix in the coordinate
system of the crack, [C] = J[S]* p, =S+ S, = S, g =8+ S S (S’ are the
constants of the materlal’s comphance matrlx 1n the coordinate system of the crack); ul, W) are
the roots of the 4"-order equation taking the form
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St =28 1w+ (28], + Sl u’ =285 u+S), =0, (7)
with a positive imaginary part; i} is the root of the equation
Ciuht” =2C,5u+Ci5 =0,

also with a positive imaginary part.

Displacements along the free edges of the crack are determined using the expressions presented
in monograph [22], where the angle between the direction to the point and the crack axis o is
taken equal to n. The obtained expressions can be used to find the SIF values in terms of crack
edge displacements; if the material is isotropic, they take the form

K, =u (r ), — 2n 2G
1+1<
2 2G

Ky =u(r,m),|— . @®)
1+K

2
K, =u.(r,m) /—”~G
r

If the material is anisotropic, substituting a = = in expression (6), we obtain an equation of the form

2r
T

—[B]-{K}, (©)

u_(r,m)

u (r,m) K,
where {u} =qu (r,m) ¢, {K}=1K; ;
)4

Re[—ulpf B iJ Re(pf P i] 0
H=H, H—H,
[B] = RG[MZ'J Re( q,Z —q: i] 0 is a 3x3 influence matrix for
| [ L}
1
0 0 —
\ C44C55 - C45

three components in the vector of the crack’s relative edge displacement versus three SIFs.
Inverting Eq. (9) allows to calculate the SIF in terms of the edge displacements for the case

of anisotropic material [26, 27]:
K} = \/7 [B]" - {u}, (10)

! Re(uipz 92 ] Re( PP j 0
det[D] By — 1S det[D] Hy = 1)
where [B] ™' = ! Re| — 2 “Had ! Re| L= 0 , (11
det[D] Hy— M det[D] | pj -1
0 0 v CA;4C5,5 - Cg
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Re(uipf —Hap ij Re(p'z —p i]
|2 ¥ |2 S ¥

Re(u{qf —u}ql i} Re(qf —ql i]
|2y =) | 0

Notably, if the coordinate system of the crack does not coincide with the anisotropy axes of
the material (which is what happens in mixed fracture mode), the constants of the compliance
and stiffness matrices must be converted to the coordinate system of the crack, while the roots
u, W, must be found from the 4"-order equation with compliance constants in the coordinate
system of the crack.

If the coordinate system is rotated, the transition matrix from one coordinate system to the
other for rotation in the plane by the angle ¢ has the form

det[D]=

cos¢o sing 0
Q=|-sinp cosp O
0 0 1

and the equation for transforming the elements of the elastic compliance tensor and 4th-order
elastic moduli from the initial to the new coordinate system has the following form:

Sij"kl = Q[m ’ an ’ Qko ’ le ’ Smnnp’
Cijl‘kl = Q[m ’ an ’ Qko ’ le ’ Cmnop 4

where Smnop, S’W are the elements of the compliance tensor in the initial and rotated (associated

with the crack) coordinate systems, respectively; Cmmp, C;jk, are the elements of the stiffness
tensor in the initial and rotated (associated with the crack) coordinate systems, respectively.

To use Egs. (8) and (10), the displacements must also be converted from the global coordinate
system to the coordinate system associated with the crack.

Rotating the plane at an angle ¢ for the case of an orthotropic material and transforming
the tensors of elastic moduli, elastic compliances and rotation into 6 x 6 matrices (since
S = S = S,; = 0 for the orthotropic material), then Eqs. (12) take the form given by
Lekhnitskii [20, 28].

Thus, provided that the displacements of the crack edges and the elastic properties of the
material are known, the SIF can be calculated by the displacement method.

Asymptotic expressions for stresses near the crack tip in the three-dimensional case, when
the fracture modes I, II and III are observed, and the factors K|, K, K|, are determined for the
isotropic material by the relations [22, 29]. Considering the stresses on the path along which
the crack grows in the vicinity of the crack tip, i.e., at a = 0, and expressing the SIFs in terms

of stresses, we obtain the following expressions for the isotropic material:

(12)

K, :ny(r,O)-\/an,
KH :ny(’/"o)' Vznr’ (13)
K, =0,(r,0)-V2mr.

Asymptotic expressions derived based on the Lekhnitskii formalism for stresses near
the crack tip in the three-dimensional case take the following form for the anisotropic
material [23—25, 30, 31]:
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K !
Gm(”aa) — . RC }”llu2' Mz — _ ul - +
\2mr M — K, \/cos o+, SIn o \/cos o+, sina

" Ky .Re /1 : M, . _ My : ’
2mr [T U \/cosa+u’zsma \/coscx+|,t{sma

0, (o) =~ Re| b B
N 2mr K — 1y \/cosoc + W, sin o \/cosoc + W sina
+ KU R !1 ’ 1 roe - 1 r ’ (14)
2nr L1y \/cosa+uzsmoc \/cosoc+ulsmoz

L
K
o, (r,0)=——=-R

of _HiHS 1 _ ! N
N2mr [THETA \/cos o+ sina \/cos o+ sina
1

(¢

KH Re ul _ MZ
\/27cr - | JJeosa+p,sina  \Jcoso+p sino

T

K K [T
o.(r,0)=———21=-Re , 0 _(r,o)=—=2--Re - ,
N2mr \/cosoc+;,t; sina : N2mr \/cosoc+u; sina

where o, (r a) are the components of the stress tensor in the coordinate system of the crack.
C0n51der1ng expressions (14) at o = 0 and expressing the SIFs in terms of stresses, we obtain
the equations coinciding with the isotropic case for the anisotropic material:

K, =0c,(r,0)~2mr,
K, =c,,(r,0)-v2mr, (15)
K, =0, _(r,0)-~2mr.

Thus, we can use the stresses in the vicinity of the crack tip to find the SIFs for both isotropic and
anisotropic materials, so that the resulting expressions are the same. Notably, if Egs. (13)—(15)
are used, the stresses must be converted to the coordinate system of the crack.

Calculation of the matrix [B]™! in terms of elastic moduli

We have established in the previous section that the SIF can be found from the displacements
via Eq. (10) for the anisotropic material. Let us now obtain explicit expressions for the roots of
the 4th-order equation and the matrix [B]™' in terms of the elastic moduli of the orthotropic
material in the case of a plane stress state, when the crack is in the plane xy. Consider first the
4th-order equation (7), when the coordinate system of the crack coincides with the coordinate
system of the material:

St =28, .10+ (28, + S, )’ —28,,u+S,, =0, (16)

We substitute the coefficients S for the case of the plane stress state and multiply by £,; then,
because Eq. (7) holds true, we obtain the equation:

E
u4+(G—1—2vlz)u2+E‘=0~ (17)

12 2
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The roots of Eq. (17) depend on the elastic constants of the material. Thus, there are two cases
for the roots of Eq. (17).

2
Case 1. If (£—2v12j —4% <0, then the roots are expressed as follows:
12 2

u, =A+iB, 8
w, =—A+iB, (1%)
\/2 E(£a,) \/2 B Eay,)
where 4 = £ \G B= B \G
2 ’ 2 '
E ©E
Case 2. If (—1—2\/12) —4E—1 >0, then the roots are expressed as follows:
12 2
w=ib"+a"),
1 (19)

Hy, = l(b* _a*)a

\/(El—zvnju/El J[Ez]z E
GIZ EZ a*: G12 EZ

9

2 2

where b =

To find the roots of the equation for the case when the coordinate system of the crack does not
coincide with the coordinate system of the material, we should transform the roots obtained. If
the coordinate system is rotated by the angle ¢, the roots of the equation in the initial and rotated
coordinate systems are related as follows [20]:

, 1, COSQ—sin@
! cos @+, sing’

, M, COSQ—SInQ
coscp+uzsin(p'

(20)

2

Case 1. If [i— 2\/12J —4% < 0, then, substituting expression (18) into Eq. (20), we obtain
12 2

after the transformations:

2+ 2_1
Acos2(p+fsin2(p B
=" . Y I . 2, plveinl
cos” @+ Asin2¢9+(4A”+B7)sin" @ cos” @+ Asin2¢+(A4”+B7)sin” @
teosags BB @D
—Acos (p+fsm [0) B

= +i .
Ha cos’ p—Asin2¢+ (4> +B*)sin’ ¢  cos’ ¢— Asin2¢+ (4> + B*)sin’ ¢
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1

2

Case 2. 1f (G—— 2V12J —4% >0, then, substituting expression (19) into Eq. (20), we obtain
12 2

after the transformations:

,_((b*+a*)2—1)sin(pcoscp+l_ b +a
cos’ @+ (b +a ) sin*¢  cos’@+(b +a" ) sin’ ¢’ )
, _((b*—a*)z—l)sin(p003(p+i b —a

cos’ @+ (b —a’)sin ¢  cos’@+ (b —a’)’sin’ @

The matrix [B]™' is defined by expression (11). Simplifying the expressions by which the
elements of the matrix [B]™! are calculated, we obtain:

P, =D bh=q _Sn o

I St =Sy (g + 1), ——=——5
(H’I - uz) (“1 - “2) 2 122) (23)
u;pz —M;P1 _Qr Q! M;qz _ulqu _ Sr M; + “,2 _S’
] 12 — M2 11182 ] ] — M2 r 26°
(M —13) (h —15) W,

Substituting expressions (21) to (23) for the complex roots of the equation and given that

2
ES! =1-4%sin’ 20+ ﬂ—1 sin* @ +2sin’ ¢ 5_1 ,
E, E,

we obtain the influence matrix [B]™! explicitly:

JEE \EE
#(1— /%JsinZ(p #L ﬂsin2(|)+cos2(pj 0
2

4B 28 \\E,
JEE EE
[B]' = Y12 £ cos’ p+sin’ @ —— ) £ sin 2¢ 0 ,  (24)
2B |\ E, 4B E,
O O G13G23
\/2 B Eay,)
EZ GIZ

where B =

2 , ¢ is the rotation angle of the material’s coordinate system

into the crack’s coordinate system.
Substituting equalities (22) to (23) for the complex roots of Eq. (16) and given that

E,S|, = (cos’ ¢+ B} sin” @)(cos” @+ A4/ sin® @),

we obtain the expressions for the matrix [B]™', which coincide with Eqgs. (24).
Thus, the form of the matrix [B]~' for Case I of roots (21) in Eq. (16) coincides with form (24)
of the matrix [B]™! for Case 2 of roots (22) in Eq. (16).

The SIF for the plane stress state in the orthotropic material is calculated from the displacements
based on the following relations:
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EFE EFE
K = =¥ £ sin2@-u, +-~——2 ﬂsinz(p+cosch u, |,
2r| 4B E, 2B |\ E, ’
EE JEE
K, = T 2 ﬂcosz(ersinz(p U, A2 1 £ sin2¢-u, |, (25)
V2r| 2B (\E, 4B E, ’

7T
Ky = \/; '\/G13G23 u,,

\/2 /El +[ E, 2v12J
E2 G12

2

Thus, the matrix [B]™! is the same for any values that the elastic parameters take in the
orthotropic material. We should note that each SIF (K| and K,)) in Eq. (25) depends on both
displacement components u_and U,

An important practlcal case concerns calculating the SIF for single-crystal blades of
gas turbines, which have a cubic elasticity. In this case, Eqgs. (25) are simplified as follows
(El - E2 - E’ G12 - G13 - G23 = 0):

where B =

K, = |— £ u, (26)
2r E
2+
\/ (G ]
fn
Ky = ;'G'uz'

Each SIF depends on only one displacement component, as opposed to the case of orthotropic
material.

Consider the properties of the matrix [B] .

Property 1. 1t follows from the form of the matrix [B]™' that mode separation is observed at
E, = E, (for example, in the case of cubic symmetry), i.e., K, depends only on u, K, depends
only on u_, the same as in the case of isotropic material, but the expressions in the case of cubic
symmetry are different from the isotropic material.

Property 2. Similarly, if £, = E, (for example, for cubic symmetry), the coefficients of the matrix
[B]~" are the same for any angle ¢, i.e., they do not depend on it, as is the case for isotropic material.

Property 3. The matrix element (B™"),, is constant and does not depend on the angle .

Property 4. In the cases of cubic symmetry and isotropic material, K| linearly depends on u,
with the same proportionality factor as K depends on u .

Property 5. To analyze the degree to Wthh u oru, affect K, and K|, for orthotropic material,

consider the passes to the limit:
E, .
_ — —1|sin"¢p+1
(B'), _ . [\/ E, ] ’
2 -1

£\ gin? @+cos’ @
(5,
2 _ 2 —

590 (Bil) B EIH;I}O . - 5400 (B71 ) B ETO E . B _tg(p,
E, nooE | 1- sin ¢ cos @ E, nooE 1= Fl sin @ cos @
2
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El 2 .2 El 2
- fd ~ — —1|cos” p+1
B /E cos” @+sin” @ B ("E
( )21 = lim 2 — 1 ( )21 = lim 2 = —ctgao.
ﬂﬁo (B71 ) ﬂﬁo E . ﬂaw (B71 ) ﬂ~>0 E .
E, 2 & |1- |[=L |sinpcoso E, 2 5 | 1- |[=L |sin@cos
E, E,

The above results confirm that this effect of u_or u, on K and K|, depends on the ratio of
Young’s moduli £ /E, and the rotation angle ¢.

Property 6. As ev1dent from expressions (25), the closer the root VE /E, to unity, the smaller
the elements (B™'), , (B™"),, compared to the elements (B™"),,, (B™),,. The Value of K, then largely
depends on the value of u , and the value of K|, largely depends on u..

Analyzing the above refatlons we can conclude that the degree of influence from either u, or
u_depends on the value of the angle 0.

Property 7. Consider the determinant of the matrix [B] ™"

EE, E /E E,
det [B]' GGy —— £l+—1—2 Jsm @cos’ ¢ ——L-sin” pcos’ @ —
4B’ E, E,
f f EE,
—sin’ @cos’ @ — —sm ¢—,|——cos (pj G13G23 4B .

It follows from the form that the determinant of the matrix [B]~' takes that the SIF cannot be
explicitly calculated from the displacements, if

Jﬁﬂ{ﬂ_ng
B — EZ G12

2

2 5+[i—2v12j:o, L gy, <0 b B
E, Gy, Gy, Gy, E,

This corresponds to the case when the roots in the 4th-order equation take real values, which
makes all elements of the matrix [B]™! equal to zero; however, it was found in [15] that Eq. (16)
cannot have real roots. On the other hand, if the ratio of elastic constants is such that

ﬁﬂ{ﬁumgw
E2 G12

or E is sufficiently small, it may be problematic to numerically calculate the matrix [B]™ or the SIF.

To illustrate other properties of the elements in the matrix [B]~!, we assume that the orthotro-
pic material has the same properties as in Table 1, and plot the variations in the matrix elements
depending on the crack’s rotation angle ¢ (Fig. 2).

Property 8. Fig. 2 shows that all elements of the matrix [B]™', except the constant (B™'),,, vary
with a period 7' = =.

The matrix elements (B™'),, (B™'),,become zero periodically, and the coefficient K| depends
only on u, while K, depends only on u_for the values of the angle ¢ = 0, n/2, =,... for the
orthotropic material (as well as for the cases of cubic symmetry and isotropic material).

The graphs of matrix elements (B™') ,, (B™'),, are shifted relative to each other by ¢ = n/2.
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Matrix element value, GPa

OWb

0 45 90 135 180 225 270
Crack rotation angle @, degrees

315 360

Fig. 2. Values of elements in matrix [B]™' for orthotropic material
as a function of the crack’s rotation angle relative to its axes

Property 9. To analyze whether the matrix is definite, we calculate its main minors:

JEE /
minor A, = 4;} 2 (1— %Jsin 2¢
2

can be both greater or smaller than zero;

minor A, = —

E\EE, <0, A3=—mEIVE1E2 <0.

BZ

4B°

Apparently, the matrix [B]™' is neither positive-definite nor negative-definite.

Property 10. The eigenvalues of the matrix [B] ! are defined as the roots of the equation

EE
b B G @+cos’ 0
28 \E,

\EE
NEE B sin2p— A
4B E,

JEE JEE
412 5cosch+sin2(p AT B sin 2 — A 0
28 (\E, 4B E,
0 0 JG G —2

Table 1

Elastic properties of orthotropic material used in calculations

Modulus, MPa

Young’s ratio

Shear modulus

Poisson’s ratio

E =20,000 | G, =13,000 v, =03
E,=25000 | G, =11,000 v,,=0.25
E,=10,000 | G, =8,000 v, =02

>
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Calculating the determinant, we obtain a cubic equation with respect to A:

JEE E L EE
(JGisGys —1)- (A —x#[l - /ﬂ}inww—‘—;z) =0. 27)

E, 4B

Separating the factors and calculating the discriminant, we find the roots of the equation:

EFE E E E
A =XL21 11— |[=L [sinpcoso+ || 1+=L [sin’ pcos® o+ |—-(sin* @+ cos*
=g ( "Ez] (PCos @ \/[ EJ pcos’ @ Ez( ¢+ cos )
EE E E E (28)
A, =YT2 ) 1— [=L |sinpcoso— || 1+=L [sin’ pcos® o+ |—-(sin* @+ cos*
=5 ( 1/E2] (PCos @ \/( Ezj pcos’ @ Ez( ¢ +cos’ @)

7‘3 = G13G23-

-

“

Thus, one eigenvalue of the matrix [B]™! does not depend on the angle ¢ at all, and the other
two are periodic functions of the angle ¢ with the period .

Verification of the methods for calculating the SIF for cracks
in anisotropic materials by the finite element method

The displacement method and the resulting expressions for matrix [B]™' were tested based on
the results of the FE solution for the boundary-value problem and SIF calculations for the case
of a single oblique crack in the infinite plane for a mixed fracture mode (provided that modes K|
and K, exist). We considered a single crack in the infinite plane at an angle ¢ to the anisotropy
axis the material, normal to the direction in which the load was applied (Fig. 3). The problem
was solved in a two-dimensional statement, assuming a plane stress state.

An analytical solution for SIF is known for this problem [23]:

K, =o+ma -cos’ ¢,
‘ (29)
K, =o<na-sin@-cos .

The analytical solution for the infinite plane does not depend on the type of anisotropy and the
values taken by the elastic moduli of the material. The problem was solved in the PANTOCRATOR
FE software [32], programmed to calculate the SIF for isotropic and anisotropic materials using
the methods of displacements (see Egs. (8), (10)) and stresses (see Egs. (13) and (15)). Quadratic
8-node finite elements were used in the calculations.

Fig. 3. Schematic for the statement of the problem on uniaxial tension of a plane
with an oblique crack (highlighted in red).
The notations are the same as in Fig. 1
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a) b)

Fig. 4. Finite-element model of plate with oblique crack (a)
and its central fragment ()

FE models were constructed to compare the numerical solutions with analytical ones at differ-
ent values of the angle ¢ (the crack’s orientation angle relative to the material’s orthotropy axes).
Fig. 4 shows an example FE model with 126,000 degrees of freedom and 80 elements at the edge
of the crack for the case of a square plate of finite dimensions and an inclination angle ¢ =45°.

The length and the width of the computational domain were taken to be 22 c¢cm; the crack
length was 1 cm, which is an approximation for modeling the crack’s behavior in an infinite re-
gion. The plate was loaded on the upper edge with the stress G, = 100 MPa and clamped at the
lower edge (to exclude solid-state displacements). The elastic properties of the materials used in
the calculations are given in Table 2.

Fig. 5 shows a comparison of numerical results for SIFs obtained by displacement and stress
extrapolation with an analytical solution for three types of material: isotropic, orthotropic and cubic.

Table 2

Elastic properties of materials for three types of symmetry,
used in FE calculations

Modulus, MPa
Material Poisson’s ratio
Young’s ratio Shear modulus
Isotropi E=20000 |G=—t—=76923 03
sotropic =20, 20+ ) . v=0.
With cubic symmetry E=20,000 G =11,000 v=0.3
E, =20,000 G,,= 13,000 v,=0.3
Orthotropic E,= 15,000 G,,= 11,000 v,, =0.25
E,=10,000 G,, = 8,000 v, =02
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Fig. 5. Comparison of numerical solutions (symbols) for SIFs K| (a) and K|, (b),
obtained by the methods of displacements and stresses, with analytical solutions (dashes)
The data are given for isotropic (A) and orthotropic (<) materials
and for the material with cubic symmetry (¢)
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Fig. 6. Comparative results for FEM calculations of crack opening
(initial inclination angle ¢ = 60°) for materials with different symmetry of elastic properties: isotropic
(a), cubic (b) and orthotropic (c)
The scale of displacements is magnified by 60 times
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Table 3 shows the values of K| and K, corresponding to Fig. 5. Notably, the maximum error
8 . for the displacement method (0.79%) exceeds that for the stress method (0.42%); the error is
minimal for the isotropic material and maximal for the orthotropic one. However, the error does
not exceed 0.8% for all cases considered, confirming that both methods have a high accuracy.

Fig. 6 shows the differences in crack opening for different cases of material anisotropy with the
crack inclination angle ¢ = 60°.

FEM calculations performed for three cases of elastic symmetry in the material indicate that
the crack opens to the maximum in the isotropic case, to the minimum in the orthotropic case,
other conditions given by specific values of the elastic parameters being equal.

Table 3
Comparison of analytical and numerical solutions
for three types of material
Analytical Numerical solution by method of
solution displacements $tresses
0.° K| K, kK | Kk, |5 | K | K, 3,
MPa-m'? % MPa-m'”? %

For isotropic material
0 125.33 0 124.96 |0.0005 | 0.29 | 125.05 0.0003 0.22
30 93.99 54.27 93.70 53.93 10.62 | 93.93 54.26 0.07
60 31.33 54.27 31.22 53.92 10.64 | 31.30 54.25 0.10
90 0 0 <0.0001 | 0.0002 | 0.02 | <0.0001 [ <0.0001 | <0.01
120 31.33 —54.27 | 31.22 |-53.91]0.65| 31.28 —54.23 0.15
150 93.99 | -54.27| 93.70 |-53.93]0.62| 93.93 —54.26 0.07
180 125.33 0 124.96 |0.0005 | 0.29 | 125.05 0.0003 0.22
For material with cubic symmetry
0 125.33 0 124.77 | 0.004 | 0.22 | 125.07 0.003 0.20
30 93.99 54.27 93.68 53.89 10.20 | 93.90 54.22 0.10
60 31.33 54.27 31.26 5394 [0.60 | 31.34 54.29 0.04
90 0 0 <0.0001 | 0.0002 | 0.02 | <0.0001 | <0.0001 | <0.01
120 31.33 —54.27 | 31.25 |-53.94]0.60 | 31.31 —54.29 0.07
150 93.99 | -5427| 93.68 |-53.89[0.70| 93.90 —54.22 0.10
180 125.33 0 124.77 | 0.004 [0.45| 125.07 0.003 0.45
For orthotropic material
0 125.33 0 124.50 | 0.006 | 0.66 | 124.80 0.007 0.42
30 93.99 54.27 93.61 53.84 1 0.79 | 93.83 54.23 0.18
60 31.33 54.27 31.31 53.95 1 0.58 | 31.40 54.30 0.20
90 0 0 < 0.0001 | 0.0002 | 0.02 | <0.0001 | <0.0001 | <0.01
120 31.33 —54.27 | 31.29 |-53.95|0.58| 31.35 —54.30 0.08
150 93.99 | -54.27| 93.61 |-53.84]0.79| 93.83 —54.23 0.18
180 125.33 0 124.50 | 0.006 | 0.66 | 124.80 | 0.0068 0.42

Notations: ¢ is the crack inclination angle to the axis x; §_, is the maximum relative error of either
of the two factors K and K|, (stress intensity factors for fracture modes I and II), taken relative to the
result of the analytical solution.
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Conclusions

Considering the case of a plane stress state, we have obtained explicit expressions for the
roots of the equation of the 4th degree, defining the elements of the influence matrix accounting
for three components of the relative displacement vector of the crack edges versus three stress
intensity factors [B]™' in terms of the elastic constants of materials with orthotropic or cubic
symmetry. We have carried out a systematic study of the properties of the influence matrix [B] .
The absence of mode mixing has been established for a material with cubic symmetry.

In addition, the SIF values were calculated for an oblique single crack in a plane stress state
using two numerical methods: extrapolation of displacements and stresses to the tip of the crack
for different orientations of the crack in the plane relative to the anisotropy axes of the material.
The results of numerical solutions agree well with the analytical solution for the isotropic, cubic
and orthotropic materials (the error did not exceed 0.8% in all cases). We have established that
the method for calculating the SIF in terms of stress extrapolation to the tip of the crack has a
higher accuracy than the method based on displacement extrapolation.

Finite element modeling of a plate with an oblique crack suggests that if the highest values
of Young’s modulus are equal, the crack edges open to the maximum extent in the isotropic
material, and to the minimum in the orthotropic material.

The methods of displacement and stress extrapolation can be recommended for estimating the SIF
in crack growth simulations and calculations of crack resistance in single-crystal blades of gas turbines.

REFERENCES

1. Shalin R. E., Svetlov I. L., Kachalov E. B., et al., Monokristally nikelevykh zharoprochnykh
splavov [Single crystals of nickel heat-resistant alloys], Mashinostroyeniye, Moscow, 1997 (in Russian).

2. Wilson B. C., Hickman J. A., Fuchs G. E., The effect of solution heat treatment on a single-
crystal Ni-based superalloy, JOM. 55 (3) (2003) 35—40.

3. Hodinev 1. A., Monin S. A., Anisotropy of low cycle fatigue characteristics of single-crystal heat-
resistant nickel alloys, Proceedings of VIAM. (10 (92)) (2020) 97—105 (in Russian).

4. Getsov L. B., Materialy i prochnost detaley gazovykh turbin [Materials and strength of gas turbine
parts], in 2 Vols., Vol. 1, Gas Turbine Technologies Publishing, Rybinsk, 2010 (in Russian).

5. Getsov L. B., Semenov A. S., Ignatovich I. A., Thermal fatigue analysis of turbine discs on the
base of deformation criterion, Int. J. Fatig. 97 (April) (2017) 88—97.

6. Wang R., Zhang B., Hu D., et al., A critical-plane-based thermomechanical fatigue lifetime
prediction model and its application in nickel-based single-crystal turbine blades, Mater. High
Temperat. 36 (4) (2019) 325—334.

7. Glotka A. A., Gayduk S. V., Prediction of the properties of single-crystal heat-resistance nickel
alloys, Science & Progress of Transport. Bulletin of Dnepropetrovsk National University of Railway
Transport. (2(80)) (2019) 91—100 (in Russian).

8. Bondarenko Yu. A., Kolodyazhny M. Yu., Echin A. B., Narskiy A. R., Directional solidification,
structure and properties of natural composite based on eutectic Nb-Si at working temperatures up to
1350 °C for the blades of gas turbine engines, Proceedings of VIAM. (1 (61)) (2018) 3—14 (in Russian).

9. Bondarenko Yu. A., Trends in the development of high-temperature metal materials and technologies
in the production of modern aircraft gas turbine engines, Aviation Materials and Technologies. (2 (55))
(2019) 3 —11 (in Russian).

10. Semenov A. S., Grishchenko A. I, Kolotnikov M. E., Getsov L. B., Finite-element analysis of
thermal fatigue of gas turbine blades, Part 1. Material models, fracture criteria, identification, Vestnik
UGATU [USATU Bulletin]. 23 (1 (83)) (2019) 70—81 (in Russian).

11. Semenov A. S., Grishchenko A. I, Kolotnikov M. E., Getsov L. B., Finite-element analysis of
thermal fatigue of gas turbine blades, Part 2. Results of computations, Vestnik UGATU [USATU
Bulletin]. 23 (2 (84)) (2019) 61—74 (in Russian).

12. Getsov L. B., Semenov A. S., Besschetnov V. A., et al., Long-term strength determination for
cooled blades made of monocrystalline superalloys, Therm. Eng. 64 (4) (2017) 280—287.

13. Getsov L. B., Mikhaylov V. E., Semenov A. S., et al., Raschetnoye opredeleniye resursa rabochikh
i napravlyayushchikh lopatok GTU. Chast 1. Polikristallicheskiye materialy [Design determination
of the work life of operating and guide blades of gas-turbine installations. Part 1. Polycrystalline
materials], Gas Turbine Technologies. (7) (2011) 24—30 (in Russian).

119



4St. Petersburg State Polytechnical University Journal. Physics and Mathematics 15 (2) 2022 >
I

14. Getsov L. B., Mikhaylov V. E., Semenov A. S., et al., Raschetnoye opredeleniye resursa rabochikh
i napravlyayushchikh lopatok GTU. Chast 2. Monokristallicheskiye materialy [Computational
determination of the work life of operating and guide blades of gas-turbine units. Part 1. Monocrystalline
materials], Gas Turbine Technologies. (8) (2011) 18—25 (in Russian).

15. Kuzmina N. A., Pyankova L. A., Control of crystallografic orientation of monocrystalline nickel
castings heat-resistant alloys by X-ray diffractometry, Proceedings of VIAM. (12 (84)) (2019) 11—19
(in Russian).

16. Semenov A. S., Semenov S. G., Nazarenko A. A., Getsov L. B., Computer simulation of fatigue,
creep and thermal fatigue cracks propagation in gas turbine blades, Mater. Technol. 46 (3) (2012)
197—203.

17. Semenov A. S., Semenov S. G., Getsov L. B., Methods of computational determination of
growth rates of fatigue, creep, and thermal fatigue cracks in poli- and monocrystalline blades of gas-
turbine units, Strength Mater. 47 (2) (2015) 268—290.

18. Savikovskii A. V., Semenov A. S., Getsov L. B., Coupled thermo-electro-mechanical modeling
of thermal fatigue of single-crystal corset samples, Mater. Phys. Mech. 2019. Vol. 42 (3) (2019)
296—310.

19. Savikovskii A. V., Semenov A. S., Getsov L. B., Crystallographic orientation, delay time and
mechanical constants influence on thermal fatigue strength of single-crystal nickel superalloys, Mater.
Phys. Mech. 44 (1) (2020) 125—136.

20. Lekhnitsky S. G., Teoriya uprugosti anizotropnogo tela [Theory of elastisity of an anisotropic
elastic body], Nauka, Moscow, 1977 (in Russian).

21. Martynov N. 1., Complex form of Hooke’s law of anisotropic elastic body, Mechanics of Solids.
55 (4) (2020) 514—535.

22. Kachanov M. L., Osnovy mekhaniki razrusheniya [ Fundamentals of fracture mechanics|. Nauka,
Moscow, 1974, Pp. 223—226 (in Russian).

23. Sih G. C., Paris P. C., Irwin G. R., On cracks in rectilinearly anisotropic bodies, Int. J. Fract.
1 (3) (1965) 189—203.

24. Judt P. O., Ricoeur A., Linek G., Crack path prediction in rolled aluminum plates with fracture
toughness orthotropy and experimental validation, Eng. Fract. Mech. 138 (April) (2015) 33—48.

25. Banks-Sills L., Hershkovitz 1., Wawrzynek P. A., et al., Methods for calculating stress intensity
factors in anisotropic materials: Part I: z = 0 is a symmetric plane, Eng. Fract. Mech. 72 (15) (2005)
2328—2358.

26. Semenov S. G., Semenov A. S., Getsov L. B, et al., Application of linear and nonlinear fracture
mechanics criteria for crack propagation analysis in single crystal bodies, Proc. XLI Int. Summer
School—Conf. “Advanced Problems in Mechanics (APM-2013)” St. Petersburg, Russia, July 2—6
(2013) 75—82.

27. Ranjan S., Arakere N. K., a fracture-mechanics-based methodology for fatigue life prediction
of single crystal nickel-based superalloys, J. Eng. Gas Turbines Power. 2008 130 (3) (2008) 032501.

28. Khansari N. M., Fakoor M., Berto F., Probabilistic micromechanical damage model for mixed-
mode I/II fracture investigation of composite materials, Theor. Appl. Fract. Mech. 99 (February)
(2019) 177—193.

29. Cao J., Li F., Ma H., Sun Z., Study of anisotropic crack growth behavior for aluminum alloy
7050-T7451, Eng. Fract. Mech. 2018, Vol. 196 (1 June) (2018) 98—112.

30. Fakoor M., Shavsavar S., The effect of T-stress on mixed mode I/II fracture of composite
materials: Reinforcement isotropic solid model in combination with maximum shear stress theory, Int.
J. Solids & Struct. 229 (15 October) (2021) 111145.

31. Fakoor M., Farid H. M., Mixed-mode 1/1I fracture criterion for crack initiation assessment of
composite materials, Acta Mechanica. 230 (1) (2019) 281—301.

32. Semenov A. S., PANTOCRATOR — konechno-elementnyy programmnyy kompleks,
oriyentirovannyy na resheniye nelineynykh zadach mekhaniki [PANTOCRATOR — finite-element
program specialized on the solution of non-linear problems of solid body mechanics], In: Proc. The
V-th Int. Conf. “Scientific and engineering problems of reliability and service life of structures and
methods of their decision”, St. Petersburg Polytechnical University Publishing, St. Petersburg (2003)
466—480.

120



Mechani
4 calcs>

CNMUCOK JIUTEPATYPbI

1. IlTamun P. E., Ceeriaos U. JI., Kauanos E. B., Tosopaus B. H., I'aspuann B. C. MoHoOKpucCTaIbI
HMKEJIEBBIX XKapOIIPOYHBIX CILIaBOB. M.: MaiunHoctpoenue. 336 .1997 c.

2. Wilson B. C., Hickman J. A., Fuchs G. E. The effect of solution heat treatment on a single-crystal
Ni-based superalloy // The Journal of the Minerals, Metals & Materials Society. 2003. Vol. 55. No.
3. Pp. 35—40.

3. Xomunes M. A., Monmn C. A. AHM30TpPONUs XapaKTEPUCTUK MAaJOIMKIOBON yCTaTIOCTH
MOHOKPHCTAJUIMIECKNX XKapOIPOYHBIX HUKeNeBBIX ciiaBoB // Tpymel BUAM (Bcepoccuiickuit
HWW aBuanmoHHbix MaTepuaion). 92) 10 Ne .2020). C. 105—97.

4. T'enos JI. b. Matepuanbl U MPOYHOCTb AeTaneit ra3oBbix TypouH. B 2 1. T. 1. Peibunck: M3par.
noM «[azorypouHHbIe TexHomoruu», 2010. 605 c.

5. Getsov L. B., Semenov A. S., Ignatovich I. A. Thermal fatigue analysis of turbine discs on the base
of deformation criterion // International Journal of Fatigue. 2017. Vol. 97. April. Pp. 88—97.

6. Wang R., Zhang B., Hu D., Jiang K., Mao J., Jing F. A critical-plane-based thermomechanical
fatigue lifetime prediction model and its application in nickel-based single-crystal turbine blades //
Materials at High Temperatures. 2019. Vol. 36. No. 4. pp. 325—334.

7. I'motka A. A., I'aiinyk C. B. I1porHo3upoBaHue CBOMCTB MOHOKPUCTAUTMIECCKUX XKapOITPOUHBIX
HUKEJIeBBIX CIIaBOB // Hayka u riporpecc TpaHcnopra. BecTHUK JIHEITpoIieTpOBCKOTO HAITMOHAJIBHOTO
YHUBEPCUTETA KeJe3HOA0pOoXHOro TpaHcropra. 80) 2 Ne .2019). C. 91—100.

8. bonmapenko 1O. A., Komomskupii M. 0., Eumn A. Bb., Hapckmii A. P. Hanpasnennas
KpUCTALIU3aLMs, CTPYKTYypa U CBOMCTBA €CTECTBEHHOI0 KOMITO3MTa Ha OCHOBE 3BTEKTUKU Nb-Si Ha
paboune temmeparypsl 10 1350 °C mus nonarok ['TH // Tpyaet BUAM. 2018. Ne 1 (61). C. 3—14.

9. bonmapenko 0. A. TeHneHIMs pa3BUTHUST BHICOKOTEMIIEPATYPHBIX METAUTMYECKUX MaTepUaioB
M TEXHOJOTHMH TIpU CO3JAHWU COBPEMEHHBIX aBUALIMOHHBIX Ta30TypOMHHBIX [BUTaTeneit //
ABUalLIMOHHbIE MaTepuasbl U TeXHoJoruu. 55) 2 Ne .2019). C. 11-3.

10. CemenoB A. C., I'pumenko A. 1, Koaoraukos M. E., T'enos JI. B. KoHeuHO-3/1eMEeHTHBI
aHaJIM3 TEPMOLIMKINYECKOM MPOYHOCTH JIONaTOK ra3oBbix TypouH Y. 1. Moaenu matepuana, Kputrepuu
paspyiieHus, uaeHTAdukKanus napameTpoB // BectHuk YIATY (Ydumckuii rocymapCTBEHHBII
aBUALIMOHHBIN TexHuueckuil ynusepcuteT). 2019. T. 83) 1 Ne .23). C. 70—8]1.

11. Cemenos A. C., I'pumenko A. U., Kosornukos M. E., TenoB JI. B. KoHeuHO-3/1eMeHTHBI
aHAJIN3 TEPMOLMKINYECKON MPOYHOCTU JIOMATOK Ta30BbIX TypOwmH. Y. 2. Pesynbrathl pacueTroB //
BectHuk YIATY. 2019. T. 23. Ne 2 (84). C. 61—74.

12. Teuon JI. B., CemenoB A. C., Beccuetno B. A., I'pumenko A. 1., Cem noB C. I'. MeTtonuka
OIpeNeNieHUsT IJIUTEIbHONM TIPOYHOCTH OXJAXHZAEMbIX JIOTIATOK M3 MOHOKPHCTAJUIMYECKMX
KapoInpouHbix ciuiaBoB // TemnosHepretuka. 4 Ne .2017. C. 56—48.

13. T'enos JI. b., MuxaiinioB B. E., CemenoB A. C., Kpusonocosa B. B., Hoxmuukmii 0. A.,
bmmnank Bb. C., MarepammoBa JI. A. PacueTHoe ompezaeneHue pecypca paboOuYrx M HaMpPaBISIOMINX
qoratok I'TY. Y. 1. INonukpucrammnueckue Matepuaisl // ['a3orypounuHbie TexHomornu. 2011. Ne 7.
C. 24-30.

14. T'enos JI. b., Muxaiiiop B. E., CemenoB A. C., Kpusonocosa B. B., Hoxuuukmii 0. A.,
bmmnank B. C., MareppamoBa JI. A. PacuetHoe ompeneneHne pecypca paboymx M HaMpPaBIISIOINX
qoratok I'TY. Y. 2. MoHokpucraymnyeckue Matepuaibl // [azorypounHbie TexHomornu. 2011. Ne
8. C. 18—25.

15. Ky3smmna H. A., IIesnkoBa JI. A. KoHtponbp Kpucramiorpa¢puyeckoil OpHeHTalNU
MOHOKPHUCTAJUIMIECKNX OTJIMBOK HUKEJIEBBIX >KAapOIPOYHBIX CIUIABOB METOIOM PEHTTEHOBCKOM
nugpaktomerpun // Tpyaer BUAM. 2019. Ne 12 (84). C. 11—19.

16. Semenov A., Semenov S., Nazarenko A., Getsov L. Computer simulation of fatigue, creep and
thermal-fatigue cracks propagation in gas-turbine blades // Materials and Technology. 2012. Vol. 46.
No. 3. Pp. 197—203.

17. Cemenos A. C., Cemenos C. I'., I'eno JI. b. MeToabl pacueTHOTO OIpeaeeHIsI CKOPOCTH pocTa
TPEIIMH YCTAIIOCTH, TIOJI3YYECTH U TEPMOYCTAIIOCTH B TIOJIM- M MOHOKPHUCTAJUTMUECKUX Jioratkax ['TY
// Tlpobsembl ipouHocTtu. 2015. Ne 2. C. 61—87.

18. Savikovskii A. V., Semenov A. S., Getsov L. B. Coupled thermo-electro-mechanical modeling
of thermal fatigue of single-crystal corset samples // Materials Physics and Mechanics. 2019. Vol. 42.
No. 3. Pp. 296—310.

121



4St. Petersburg State Polytechnical University Journal. Physics and Mathematics 15 (2) 2022 >
I

19. Savikovskii A. V., Semenov A. S., Getsov L. B. Crystallographic orientation, delay time and
mechanical constants influence on thermal fatigue strength of single-crystal nickel superalloys //
Materials Physics and Mechanics. 2020. Vol. 44. No. 1. Pp. 125—136.

20. Jlexuuugmii C. I'. Teopust ynpyroctu aHu3orpomnHoro teia. M.: Hayka, 1977. 416 c.

21. MaproiHoB H. M. KowmrutekcHas ¢opma 3akoHa ['yka aHM30TpPONHOrO yIpyroro Ttena //
M3seectusi PAH. Mexanuka tBepaoro tena. 4 Ne .2020. C. 71-95.

22. Kauanos JI. M. OcHoBbI MexaHUKHU paspyureHus. M.: Hayka, 1974. C. 223—226.

23. Sih G. C., Paris P. C., Irwin G. R. On cracks in rectilinearly anisotropic bodies // International
Journal of Fracture Mechanics. 1965. Vol. 1. No. 3. Pp. 189—203.

24. Judt P. O., Ricoeur A., Linek G. Crack path prediction in rolled aluminum plates with fracture
toughness orthotropy and experimental validation // Engineering Fracture Mechanics. 2015. Vol. 138.
April. Pp. 33—48.

25. Banks-Sills L., Hershkovitz I., Wawrzynek P. A., Eliasi R., Ingraffea A. R. Methods for calculating
stress intensity factors in anisotropic materials: Part I: z = 0 is a symmetric plane // Engineering
Fracture Mechanics. 2005. Vol. 72. No. 15. Pp. 2328—2358.

26. Semenov S. G., Semenov A. S., Getsov L. B., Melnikov B. E. Application of linear and nonlinear
fracture mechanics criteria for crack propagation analysis in single crystal bodies // Proceedings of XLI
International Summer School —Conference “Advanced Problems in Mechanics (APM-2013)” Russia,
St. Petersburg, July 2—6, 2013. Pp. 75—82.

27. Ranjan S., Arakere N. K. A fracture-mechanics-based methodology for fatigue life prediction of
single crystal nickel-based superalloys // Journal of Engineering for Gas Turbines and Power. 2008.
Vol. 130. No. 3. P. 032501.

28. Khansari N. M., Fakoor M., Berto F. Probabilistic micromechanical damage model for mixed-
mode I/1I fracture investigation of composite materials // Theoretical and Applied Fracture Mechanics.
2019, Vol. 99. February. Pp. 177—193.

29. Cao J., Li F., Ma H., Sun Z. Study of anisotropic crack growth behavior for aluminum alloy
7050-T7451 // Engineering Fracture Mechanics. 2018. Vol. 196. 1 June. Pp. 98—112.

30. Fakoor M., Shavsavar S. The effect of T-stress on mixed mode /Il fracture of composite
materials: Reinforcement isotropic solid model in combination with maximum shear stress theory //
International Journal of Solids and Structures. 2021. Vol. 229. 15 October. P. 111145.

31. Fakoor M., Farid H. M. Mixed-mode /Il fracture criterion for crack initiation assessment of
composite materials // Acta Mechanica. 2019. Vol. 230. No. 1. Pp. 281—301.

32. CemenoB A. C. PANTOCRATOR — KOHEYHO-3JIEMEHTHBII TPOrpaMMHBIN KOMILUIEKC,
OPMEHTUPOBAHHBIM Ha pellleHre HEeJIWHEHHBIX 3amady MexaHuku // Tpymel V-oit MexxmyHapomHOM
KoHpepeHn «HaydHo-TexHn4yeckre MmpooeMbl MPOrHO3UPOBAHUS HAAEXKHOCTU U JOJTOBEUHOCTH
koHcTpykumit». CI16.: U3n-Bo CIIGITTY, 2003. C. 466 —480.

THE AUTHORS

SAVIKOVSKII Artem V.

Peter the Great St. Petersburg Polytechnic University

29 Politechnicheskaya St., St. Petersburg, 195251, Russia
savikovskij.av@edu.spbstu.ru

ORCID: 0000-0003-1710-1943

SEMENOYV Artem S.

Peter the Great St. Petersburg Polytechnic University

29 Politechnicheskaya St., St. Petersburg, 195251, Russia
Semenov.Artem@googlemail.com

ORCID: 0000-0002-8225-3487

122



Mechani
4 calcs>

CBEAEHUA Ob ABTOPAX

CABUKOBCKWMH Aprem Bukroposuu — acnupanm kagedps «Mexanuka u npoyeccs. ynpasieHus»
Cauxkm-Ilemepbypeckoeo noaumexuuueckoeo ynueepcumema Ilempa Beaukoeo.
195251, Poccus, r. Cankr-IletepOypr, Iloaurexnuueckas yi., 29

savikovskij.av@edu.spbstu.ru
ORCID: 0000-0003-1710-1943

CEMEHOB Aprem CemeHOBHY — KanOuoam QuU3UKO-MAMEeMaAMU4ecKux HAayK, 3a6e0yioujull
Kagedpoii conpomuenenus mamepuaroe Cankm-IlemepOypeckoeo noaumexHu4eckoeo yHusepcumema
Ilempa Beauxkoeo.

195251, Poccus, r. Cankr-IletepOypr, Ilonutexnuueckas yi., 29

Semenov.Artem@googlemail.com

ORCID: 0000-0002-8225-3487

Received 20.01.2022. Approved after reviewing 22.04.2022. Accepted 22.04.2022.
Cmamovsa nocmynuaa 6 pedaxyuro 20.01.2022. Odobpena nocae peuensuposanus 22.04.2022.
llpunama 22.04.2022.

© Peter the Great St. Petersburg Polytechnic University, 2022

123



4St. Petersburg State Polytechnical University Journal. Physics and Mathematics 15 (2) 2022

Original article
DOI: https://doi.org/10.18721/JPM.15211

TWO-FACTOR OPTIMIZATION
IN THE BRACHISTOCHRONE PROBLEM

A. S. Smirnov '°8,S. V. Suvorov 3
! Peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russia;

>

2Institute of Problems of Mechanical Engineering of the Russian Academy of Sciences, St. Petersburg, Russia;

3 Central Design Bureau of Transport Engineering, Tver, Russia
= smirnov.alexey.1994@gmail.com

Abstract. The paper puts forward a new modification of the well-known brachistochrone
problem. The joint account of minimizing the motion time and the trajectory length in their
functional relationship has been introduced. A two-factor optimization criterion (TOC) was
constructed in the form of a product of two particular criteria, which made it possible to find
the best compromise between them. On the TOC basis a solution to the problem of a two-
factor brachistochrone was obtained using a preliminary consideration of the auxiliary problem
on a brachistochrone with a given length. A rational practical solution of the problem was
proposed. It was characterized by a simpler geometry than the strictly optimal one: to adopt a
circular arc with a central angle selected on the basis of the taken TOC.
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Annoranuga. B crathe mipemmaraeTcsa HoOBas MoIM(UKAUMS W3BECTHOM 3agayd O
OpaxucToxpoHe. BBemeH COBMECTHBIM y4eT MUHUMU3AIWN BPEeMEHU IBIDKCHWS W IJTAHBI
TpaeKTOpUU B WX (PYHKUIMOHAIBHOI B3aumMOCBSI3U. I[locTpoeH nBYX(PaKTOPHBIN KPUTEpPUI
ontumusanuu (JKO) B Buge nmpousBeleHUs ABYX YAaCTHBIX KPUTEPUEB, KOTOPBINA MO3BOJIMI
HaWTU HaWJIYYIIMi KOMIIPOMUCC MexXIy HMMM; Ha ocHoBe KO monyyeHO pelieHue 3amaadyu
0 IByX(aKTOPHOU OpaxMCTOXpPOHE C MpPeABAPUTEIbHBIM PACCMOTPEHUEM BCIIOMOIaTeIbHOMN
3a/laun 0 OpaxXMCTOXpOHE 3agaHHOW IWHBL. [IpemIokeHo palMoHaJIbHOE TMPAKTUIECKOe
pelieHue 3agauu, objagaroniee 0ojiee MPOCTOW TeOMETpUei, YeM CTPOro OINTUMAJbHOE:
MIPUHSATH AYTY OKPY:KHOCTHU C LICHTPAJIIBHBIM YIJIOM, KOTOPBIN ITOIOUPACTCSI HA OCHOBE B3ITOTO
JKO.
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Introduction

The problem of the brachistochrone was first formulated by Johann Bernoulli in 1696 (published
in Acta Eruditorum under the title Problema novum ad cujus solutionem Mathematici invitantur [A
new problem to whose solution mathematicians are invited]).

The problem was posed as follows:

Given in a vertical plane two points A and B, assign to the moving [body] M, the path AMB, by
means of which — descending by its own weight and beginning to be moved [by gravity] from point
A — it would arrive at the other point B in the shortest time.

This problem was successfully solved by such great scientists as Gottfried Leibniz, Johann
Bernoulli, Guillaume de I’Hdpital and Isaac Newton [1]. Even though the solutions presented
were different, the final answers turned out to be the same: the trajectory that is sought is a
cycloidal arc. Importantly, the solution proposed by Bernoulli was the first step towards a new
field in mathematical analysis, coming to be known as calculus of variations. Exploration of the
brachistochrone problem has extended to modern times. In particular, the obtained solution has
long been known for its practical applications in construction in tropical countries, where fast runoff
of water from the roof considerably affects the building’s durability throughout the rainfall season.
For instance, the roofs of Buddhist pagodas are distinctly similar in shape to the cycloidal arc.

The classical problem of the brachistochrone is interesting both from an educational and a
research perspective; it has been formulated as multiple generalizations, useful for wider practical
applications. The first (but far from only) generalization was the problem of the brachistochrone
in a resisting medium considered by Leonhard Euler. This direction has been continued in a
series of modern studies [2—5], adopting models of both viscous and Coulomb friction. It is also
intriguing to explore the problem of the brachistochrone for a rolling disk [6—8] and its different
spatial configurations [9, 10], as well as some other generalizations (a detailed list is given in [11]).

Problem statement

Suppose that the start and end points 4 and B lie on the same horizontal level and are located
at a distance / from each other (Fig. 1).

The problem of the brachistochrone can be interpreted as that on optimal design of an under-
ground tunnel, whose classical statement only minimizes a single factor that is the motion time 7'
of a point particle along the curve y(x). Meanwhile, the length L of this curve turns out to be suf-
ficiently large, which can be inconvenient for generating such a trajectory in practice. Moreover,
it is often impossible to construct a tunnel precisely along the cycloid if there are underground
rivers, so this configuration should be discarded in favor of other options. Finally, minimization
of the path length is directly related to such economic metrics as the costs for building and sub-
sequently maintaining a tunnel whose path is simulated by the required trajectory.

4 [ B

% —>X
g, y(x)
Y

Fig. 1. Statement of the classical brachistochrone problem:
body M, acted on by its own gravity, should pass the trajectory y(x) from point 4 to point B
in the shortest possible time (g is the acceleration of gravity)

It follows from the above that it is crucial to minimize the trajectory length L from a practical
standpoint. However, simultaneously minimizing the two quantities 7°and L is meaningless, since
they are determined by the known expressions

/ 1+y12 !
T=| dx, L=[1+y" dx, (1)
o\ 28y 0
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(the prime indicates a derivative with respect to the coordinate x), clearly taking their minimum
values at different extremals y(x) (cycloid and straight line, respectively).

Nevertheless, the problem on finding the best compromise between these two factors, achievable
by constructing and analyzing an adequate two-factor optimization criterion, turns out to be fairly
meaningful. Evidently, to obtain a trajectory with maximum efficiency, it seems reasonable to strive
for the best relative compromise between the quantities 7'and L, taking into account their functional
relationship. It is easy to understand that for this purpose it is advisable to synthesize a multiplicative
optimization criterion in the form of the following composition of the particular criteria 7 and L:

J=T-L=min. (2)

A similar criterion was successfully applied in other multicriterial mechanical problems [12,
13], where it proved to be effective, gaining major practical significance. Criterion (2) allows to
estimate the degree to which the motion time 7 should be increased for the trajectory length L to
decrease to the greatest extent compared to the increase in time. This is precisely what is meant
by the best relative compromise between these factors.

The primary goal of this study is to analyze the two-factor optimization criterion (2) and find
the optimal trajectory with respect to this criterion.

Determining the brachistochrone of the given length
Before we can focus on criterion (2), let us discuss in detail the auxiliary problem on finding a

brachistochrone of a given length, which is mathematically formulated as follows [14]:

T =min, L =fix, 3)

where expressions (1) should be taken into account.
Problem (3) is an isoperimetric problem of variational calculus that should be solved by
composing a function

12
H= 2 iy =HG.), 4
2gy

where X\ is a constant.

Next, we should consider the problem on the extremals of a functional with the integrand
H(y,y"). As in the classical brachistochrone problem, this function does not explicitly depend on
X, so we solve it using the first integral of the Euler—Lagrange equation:

JOH _

1 1
H-y'—= +A =C, (5)
ay (\/2gy J\/Hy'2
where C is a constant.

Let us introduce a standard substitution y’ = ctg ¢ in this equation, so that after some
simplifications we obtain:

)
e Y L. ©
2(1-bsin @) gC C

y

where a, b are the new constants related to C and .
Next, calculating y' by expression (6) and taking into account that y' = ctg ¢, we obtain the
following equation:

, _ asin@cos @

= '=ctg o.
Y = bsingy ? ~ 89 (7)
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Separating the variables in it, we obtain:

: .2 : 02
2L do=dv, x=af —"L—dg 8)
(1-bsing) (1-bsinog)
To calculate the resulting integral, we use the following trigonometric substitution:
2 . 2
z—tgg, ¢=2arctgz, dp=—— dz , sinQ= Zz. 9)
2 1+2° 1+z

As a result, after the transformations, we proceed to calculate the integral of the rational function:

sin’ @
I(l—bsin(p) I 2bz+1) . (10)

Let us use tables of integrals from [15] for this purpose. It is clear from the tables that the in-
tegral has different representations at |b| < 1 and |b| > 1. This is because the roots of the quadratic
trinomial z2 — 2bz + 1 are complex conjugate in the first case, and real in the second case.

Representations of integral (10). Let us consider the first case when |p| < 1. The integral of
rational function (10) is in this case

7 1 (26°-1)z-b
I ~dz = > -+
(22—2b2+1) 4(1-57) (zz—2bz+1)
(11)
N 2b° +1 z—b N 1 arct z—b
21—\ 226241 Ji—p iy )|
Returning to the initial variable ¢, we obtain from equality (10) for x(¢):
a | 2% +1 g™ 5 —b coscp((4b2 —l)sin(p—3b)
arctg + X5 (12)

:(1—b2)2 s N 2(1-bsing)’

where x, is the integration constant.

As the problem is formulated so that the points A and B lie on the same horizontal at a distance
[ away from each other, then y(0) = 0, y(/) = 0. As evident from expression (6), these points cor-
respond to the parameter values ¢ = 0 and = = 0. The constant x, is defined from the condition
x=0atoe=m

. a 2b° +1 3b (13)
-y e _22'
In turn, the constant a is found from the condition x = / at ¢ = =:
B I1-b*)
2b% + (14)

( ra ctgb}%
J1-5 1-b°
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0 01 02 03 04 05 06 07 08 09 x/

\ ~— b=0.5950 __— /

02 - 1;‘703 /
% \\_T_// Vi
03 \ DN b=0 — /
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04 - i Ta
- b=-1.0 _-
el
05 \\_J//
b=-2.

Fig. 2. Family of brachistochrones with different lengths (constructed in dimensionless coordinates)
See Eq. (15), case 0 < |b| < 1; Eq. (16), case b = 0 (curve highlighted in red);
Eq. (26), case b < —1, and Eq. (32), case b = —1 (dashed curve).
The optimal trajectory with respect to the two-factor criterion (2) is highlighted in blue

As a result, the solution of problem (3) for the case |b| < 1 takes the form:

¢
a |20 +1 g, b

2
X = arctg ——
(1-6")"| J1-p N

coscp((4b2 —l)sin(p—3b) 3b
+ . 2 T
2(1-bsing) 2

+arctg

b
— |+
J1-b2

) (15)

asin® ¢
Y= . 2
2(1-bsing)

where the quantity a is defined by Eq. (14).

Thus, parametric solution (15) can be used to construct a family of brachistochrones
corresponding to different values of the parameter b provided that || < 1. These trajectories are
shown in Fig. 2, where the dimensionless coordinates x// and y// are plotted along the axes for
convenience.

We should note that the value b = 0 corresponds to a cycloidal trajectory. Indeed, the equation
for the cycloid follows directly from expressions (15):

x :%(Z(p—sin 2¢) =r(y —siny)
) (16)
y= %(l—cos 2¢)=r(1-cosy)

where r = a/4 is the radius of the rolling circle; y = 2¢ is its rotation angle, varying from 0 to 2x.
The values 0 < b < 1 correspond to the trajectories lying above the cycloid, and the values —1
< b < 0 correspond to the trajectories below it. Evidently, the dimensionless parameter 5 uniquely
corresponds to the length L of the curve, which is defined by the second formula in (1).
To establish this correspondence, we substitute the expression )’ = ctg ¢ into the given formula,
consequently obtaining:
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n * 1+Z
sin
L=af—22 j dz, (17)
2 (1-bsino)’ 0(z —2bz+l)

where the same substitution as above is performed for the variable (9).
Again, using the tables of integrals from [15], we find:

a 3b i b 2
:(1—b2)2 {ﬂ( +arctgﬁj+2+b } (18)

Substituting the value of a here, in accordance with Eq. (14) and introducing the dimension-
less quantity & = //L, which lies within 0 < § < 1 based on the physical meaning of the problem,
we obtain:

{nJrarctg b j2b2+1+3b
5o _\2 V1-b* )N1-b° (19)
b oap

T b
—+arct
[2 g\/1—sz\/1—b2

This formula can be used to plot the dependence 8(b) over the interval —1 < b < 1 (Fig. 3).
Notably, the value b = 1 corresponds to a straight line when § = 1, and the value b = 0 corre-
sponds to a cycloid when & = n/4 = 0.7854

Finally, let us express the time of motion along the optimal trajectory according to the first
formula in (1), performing the substitution )’ = ctg ¢ in it and using expressions (6) and (8):

s

Again, using the tables of integrals from [15], we find:

T=2 ! ! n+arct L A 1)
g 1= | isp? e ’

where it should be borne in mind that the quantity a is determined by Eq. (14).

.[ 1+Z dZ 20
(1- bsm(p go z —2bz+1) 20)

0450 45 40 35 30 25 20 115 110 05 0 05 b

Fig. 3. Quantity § as a function of the parameter b over the interval —1 < b < 1
(curve highlighted in blue) and at b < —1 (curve highlighted in red)
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Let us now consider the second case, when |b| > 1. Using the tables of integrals from [15], we
confirm that integral (10) takes the form:

72 1 (26°-1)z-b
_[ Tz = 2 >t
(22 —2bz+1) 4(1-07) (22 —2bz+1)
(22)
w41 [ z-b 1 |z-b- o1
+ > > + In
21-b")| 22 =2bz+1 2 —1 |z b+ —1|)|

Returning to the initial variable ¢, we obtain the function x(¢) in accordance with Eq. (10):

4 b 11 ‘tgz—b—\/ ‘ cos @ (4b2 1)sing— 3b)

(1 b*)*| 2\p* - ‘ (2P b ‘ 2(1- bsm(p)

+X,.  (23)

As before, we define the constant x, from the condition x = 0 at ¢ = 0:

a (3 2b2+1 b +/b? 1|
5 ! (24)

T o1 |pb 1))

Then we find the constant a from the condition x = / at ¢ = 7:

g I1-b*y
20> +1 , |b—~/b* -1 (25)
n +3b
2B =1 |b++/b’ -1
As a result, the solution of the problem for the case |b| > 1 takes final form:
¢ 2 2
te?-b—b -1 |(b-b" +1)
a | 2741 ‘( £ ) N
-5 24 [tg(zp—b+x/b2—l)(b+\/b2+l)
coscp((4b2—1)sin(p—3b) 3h
+ 2 T ) (26)
2(1-bsing) 2
_ asin’ @
2(1—bsin(p)2

where a is found from Eq. (25).
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Parametric solution (26) can be used to construct the optimal trajectories corresponding to
the values of the parameter 5 from the interval 6 < —1, which (see Fig. 2) continue the family
of trajectories previously constructed for the values —1 < b < 1. As for the values b > 1, they are
physically impossible, i.e., they do not correspond to the optimal trajectories. This can be better
observed by expressing the curve length L by the second formula in (1):

o | B
1-6)( 2 b2 |b Nl
Substituting expression (25) here, we express the value of the dimensionless quantity § = //L:

2b* +1 b b —

N . \/b2 7

(27)

0= " (28)
3b b++b* -1 ,
— In +2+b
b =1 |b=~/b* -1

which, provided that b > 1, corresponds to negative values of the quantity §, which cannot be the
case in reality if we adopt the representation of § as a ratio of lengths. Dependence (28) for the
values b < —1 is also shown in Fig. 3.

The remaining step is to express the time of motion along the optimal trajectory in accordance
with the first formula in (1) for the case under consideration:

1 1 b+b* -1
= 2\[1 bzl 2W1-b ln|b+x/b2—|+] @)

where it should be borne in mind that the quantity a is determined by Eq. (25).

Notably, if b — 1, we obtain, in accordance with Eq. (28), that § — 1, (i.e., L — /), while in
accordance with Eq. (29), we obtain that 7"— oo, so that the case » = 1 is a limiting one.

To complete the picture, let us separately focus on the case when b = —1. This case is
intermediate between the cases —1 < b < 1 and b < —1 analyzed above. Here, we obtain the
following:

_.

2 2

J' Z dZ—J. z dz——1022+52+1
(£2-2bz41) " (z41) 30(z+1)° (30)

Returning to the initial variable ¢, we obtain in accordance with Eq. (10):

4a(10tg2(2p+5tg(2p+lj
x=- +x,. (31)

5

@
15| tg—+1
(gz j

Given that x = 0 at ¢ = 0, and x = / at ¢ = n, we find, in accordance with expression (31), that
X, = 4a/15, and a = 15//4, so in this case we obtain x;, = L
Thus, the solution for the case » = —1 can be written as
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2 ¢ ¢
4a 10tg 2+5tg2+1
x=—o1/ 1- :
15 . ¢ !
g,7 : (32)
.2
asin
y= .(P 2
2(1-bsing)

This trajectory is shown in Fig. 2 by a dashed line. Finally, let us express the quantities L and
T corresponding to this trajectory:

L:4aTin:1)dz— J_T 1+2° fa (33)

o (z+l) z+1 g

It follows then that if b = —1, we obtain the value 6 = //L = 2/3 = 0.6667, which is fully con-
sistent with the graph shown in Fig. 3.
Thus, the problem on finding a brachistochrone with a given length can be considered solved.

Determining the optimal solution with respect to the two-factor criterion

Let us now proceed to search for the optimal solution by the multiplicative criterion (2).
Apparently, in this case it is sufficient to use the solution to the above problem about the brachis-
tochrone with the given length, where, provided that the value of L was known, a curve with the
minimum possible motion 7 along it was found. This is because all other curves, yielding a larger
result with respect to time for the given L, are also clearly worse with respect to the criterion (2),
so they can be ignored performing the two-factor optimization procedure.

Thus, since we previously completed the first stage of optimization, we now consider criterion
(2) only for the curves with the minimum motion time at the given length. Therefore, the problem
is no longer variational but rather a conventional algebraic one on finding the minimum point of
a single-variable function.

Considering the limiting cases, it is easy to see that criterion (2) indeed allows finding a specific
optimal trajectory. As a matter of fact, we obtain for the first limiting case when the trajectory pro-
file is close to rectilinear (b — 1): T— oo, L — [, i.e., J — oo. Conversely, if the trajectory has a deep
profile (b — —), then T — oo, L — o0, so we once more obtain J — <. This means that the criterion
J, convenient to be considered as a function of the parameter b, should have an internal extremum,
specifically, a minimum, in the interval b < 1. Recall that the time 7'is given by Egs. (21) and (29)
for cases —1 < b < 1 and b < —1, respectively, the length L is determined by expressions (18) and
(27), and the parameter «a included in these expressions is found from relations (14) and (25).

We introduce the dimensionless quantity /, proportional to the criterion J and related to it by
the following formula:

=22, (34)

Because the representations for 7" and L are rather cumbersome, it is the easiest to determine
the minimum point of function (34) by plotting its dependence on the parameter b (Fig. 4).

We can determine from the graph in Fig. 4 that the required minimum corresponds to the
value b, = 0.5950. We should note that its location in the interval 0 < b < 1 can be also identified
from general considerations. Indeed, the value b = 0 corresponds to the cycloidal profile, and the
relative compromise for criterion (2) can only be reached by moving upwards from the cycloid,
increasing the motion time 7 and decreasing the trajectory length L. It then becomes apparent
what the values of 7"and L are equal to for motion along a trajectory that is optimal with respect
to the two-factor criterion, as well as the value of the criterion J itself. If we substitute the value
of b_found into Egs. (21) and (18), then, by virtue of (14) bearing in mind that / = 2.9430 (see
Fig. 4), and using Eq. (34), we obtain:
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1. = 2.6265\/2, L. =1.1205/, J, = LJ\/Z = 2.94301\/2. (35)
g g g

At the same time, we obtain for the cycloidal trajectory at b = 0:

T =2 \/Z ~ 2.5066\/2, L = M o12732 (36)
g g m

1
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Fig. 4. Two-factor criterion [ as a function of the parameter b in the interval —1 < b < 1
(curve highlighted in blue)and at b < —1 (curve highlighted in red).
The minimum on the curve / = 2.9430 at b, = 0.5950 is shown

Comparing the corresponding values of (35) and (36), we can conclude that the motion time
for the optimal trajectory with respect to criterion (2) is 4.8% longer than that for the cycloid,
and the length of this trajectory is smaller than that of the cycloid by 12%.

The obtained results clearly demonstrate the required best relative compromise between the
two criteria 7 and L and prove that a fairly small increase in the motion time can yield a much
greater decrease in the trajectory length. Based on the values obtained, we can once again recom-
mend the criteria of form (2) for solving multicriterial problems in different areas of mechanics.
Notice that the optimal trajectory found is also shown in Fig. 2 (b = 0.5950).

Constructing a rational solution

The solutions to most optimization problems in mechanics are optimal only in a formal (i.e.,
purely mathematical) sense, since their geometry is rather complex. Naturally, their practical
implementations remain challenging. A related issue is to construct a solution that is not strictly
optimal but has a simpler geometry and is more convenient for specific practical purposes. This
solution can be called quasi-optimal, or rational; it is not optimal in general but rather in a class
of functions characterizing the simplified geometry of the problem [16].

It is preferable to adopt a circular profile in the brachistochrone problem considered, that is,
to consider trajectories in the form of a circular arc. Interestingly, Galileo proved that the shortest
path is not always the fastest by comparing the motion time over a straight line with the motion
time over a circular arc [11]. Thus, the problem on finding a rational solution is posed as follows:

Considering all the circles passing through the two given points A and B lying on the same horizontal
(in our presentation), we are going to choose the one such that motion along it affords an extremum
value to the given optimization criterion.

The formulated problem statement is illustrated graphically in Fig. 5.

We consider both the minimization for the motion time only and the two-factor criterion (2).
If comparing the parameters of these circular trajectories with the characteristics of the solutions
discussed above reveals sufficiently small differences, these rational solutions can be recom-
mended for practical applications instead of the initial, strictly optimal solutions.
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Fig. 5. Problem statement for the rational solution based
on the circular profile with the radius R (2a is the central angle)

It is well known that that the oscillation half-period of a mathematical pendulum, equal to the
time of motion along the circumference from point A4 to point B, is found by Eq. [17]:

T=2 \/EK(sin 3), (37)
g 2

where R is the circle radius, o is the oscillation amplitude, K(x) is the complete elliptic first-kind
integral with the modulus «.
It is clear that there is the quantities R, o and / are related in the following manner (see Fig. 5):

[
R=——— (38)
2sino
Substituting expression (38) into Eq. (37), we obtain the final expression for the motion time
along a circular arc with the central angle of 2a:

21 1 .o
T= = ——K|sin|=T(w).
. s (sm 2) (o) (39)

Let us first consider the problem on minimizing the motion time. For this purpose, we
differentiate function (39) with respect to the variable o, taking into account the rules for
calculating derivatives of elliptical integrals, and equate the resulting expression to zero. As a
result, the following equation can be obtained after the transformations:

(14+2cosa)K (sin %} =2F (sin %) , (40)

where E(x) is a complete elliptic second-kind integral with the modulus «.

The only root of equation (40) that corresponds to the meaning of the problem is a = 1.2433,
while the motion time corresponding to it, found from Eq. (39), and the trajectory length,
found by the formula L = 2aR = al/sin o and necessary for further comparisons, are equal to,
respectively:

1., :2.5233\/Z,L*1 =1.3131. (41)
g
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Evidently, the time 7' exceeds the motion time along the cycloid, found by the first formula
in (36), by only 0.7%. ThlS means that the found circular arc with the central angle 20, = 2.4866
(or 142.47°) is largely equivalent to the cycloid with respect to the time factor, so it can be rec-
ommended for practical applications.

Now, proceeding to find the best parameter of the circular trajectory with respect to the
two-factor criterion (2), let us compose for it an expression accounting for Eq. (39) and bearing

in mind that L = a//sin a:
/21 a
J=1|— K|sin— |[=J(a 42
gsin”oc ( ZJ (@). (42)

Differentiating this function with respect to o and the resulting expression equating to zero, we
obtain the following equation after simplifications:

[a(1+4cosa)—2sin a]K(sin%) = 2ocE(sin%J, (43)

whose only root consistent with the meaning of the problem is o, = 0.8720. The motion time,
trajectory length and two-factor criterion value corresponding to this root then take the following

form:
/ /
T, =2.6650 |—, L., =1.1390/, J,, =3.0354/ |—. (44)
g g

Clearly, the motion time increased by 5.6% compared to Egs. (41), while the trajectory length
decreased by 13.3%. These values also illustrate the best compromise reached between these fac-
tors for the case when optimization is carried out for a class of circular arcs. The last stage is to
compare the found expressions (44) with similar values for the strictly optimal solution previously
obtained with respect to the two-factor criterion, which are given by Egs. (35).

For example, the time 7, is only 1.5% larger than T, the length L, is only 1.7% larger than
L, and finally, the value of the two-factor criterion J is only 3.1% larger than J, which can be
con51dered excellent results. Therefore, if a two- factor optimization criterion has to be used, the
optimal trajectory with respect to th1s criterion, found above, can be replaced with acceptable
accuracy by a circular arc with the central angle 2a , = 1.7440 (or 99.92°), which has much sim-
pler geometry. The circular profiles found, which are optimal with respect to the above criteria
T = min and J = min, are shown in Fig. 6 by dashed lines together with the corresponding tra-
jectories that are generally optimal with respect to the same criteria, represented by solid lines.

0 01 02 03 04 05 06 07 08 09 x/1

0.1

0.2

0.3

v/l

Fig. 6. Comparison of optimal profiles (solid lines) with rational ones (dashes);
T, J are optimization criteria (the motion time of a point particle along the curve
and the multiplicative criterion, respectively)
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Conclusion

We have proposed a modification of the classical brachistochrone problem, allowing for
minimizing the length of trajectory in addition to minimizing the time of motion. The problem
was solved by constructing a two-factor multiplicative optimization criterion. As we analyzed
the problem posed, we have considered in detail the problem on the brachistochrone of a given
length; the results provided the simplest way to finding the optimal trajectory with respect to the
two-factor criterion adopted. The numerical values presented in the paper and the comparisons
drawn lead us to conclude that such multiplicative criteria are satisfactory, so they can be used for
solving other problems on optimization of mechanical systems, where a relatively optimal balance
between several factors should be reached.

Furthermore, we have constructed a rational solution which is characterized by simplified
geometry and is easy to use.

We have established that the circular profile is virtually equivalent to the strictly optimal
solution if the profile’s parameters are selected properly based on the optimization criterion
adopted. For this reason, we also recommend to construct similar rational solutions for many
other problems.
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Abstract. The two-dimensional problem of determining the steady-state field of enforced
joint gravitational motions of incompressible fluid and a round elastic plate covering its surface
has been considered. The motions are caused by a point load moving periodically along the
outer surface of the plate, and refer to enforced harmonic oscillations in the system. A procedure
for constructing an exact analytical representation of the vibrational field of the plate’s bending
displacements was proposed. The unwanted mechanical resonance conditions were formulated.
The results obtained make it possible to find bending moments and shear forces, if need be, in
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AEWCTBUE NEPMOANYECKU ABUKYLLEACA TOYEYHOU
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Annoranusg. B pabore paccmoTpeHa 3agaya  OMNpeAeseHUs CTalMOHApHOIO  IMOJIs
BBIHYXIEHHBIX COBMECTHBIX TPAaBUTALIMOHHBIX JBWXKEHUNA HECXKUMAEMOMW  KUIKOCTHU
B UWJIWHIPUYECKOM BOJOEME€ W KpPYIJOW yIPYrou TIUIACTAHBI, TMOKPBIBAIOIIEH €ro
MOBEPXHOCTb. YKa3aHHbIE ABUXKE€HMUS BbI3bIBAIOTCSI TOYEUYHOM HArpy3Koi, COBEpllalolei
MEPUOINYECKUE TMEPEMEIIEHUS IO BHEILIHEW TMOBEPXHOCTU TIUIACTUHBI, U MPEACTABISAIOT
co0O0if BBIHYXXIEHHbIE TrapMOHUYecKue KosiebaHus. I[IpemnoxeHa mpoleaypa MOCTPOSHUS
AHAJUTUYECKOTO MPEeACTaBICHUS AJIs1 BUOPALIMOHHOIO MOJISI U3TMOHBIX CMEILCHUI TTACTUHBI.
ChopMynmnpoBaHBl YCIOBUS BO3HUKHOBEHMS HEXeEJAaTeIbHBIX MEXaHMYCCKNX PE30HAHCOB.
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IMonyyeHHbIE pe3yabTaThl TO3BOJSIOT HAXOAUTh BEJIWYMHBI M3TMOAIOIIMX MOMEHTOB U
CIBUTOBBIX CUJI IIPU HEOOXOAMMOCTH OIEHKW MPOYHOCTH IUIACTUHEI, a ITOJIC3HBI, HAIIpUMep,
MIpY OpraHM3aluKu 0e30TaCHOTO PETYISIPHOTO IBWKEHUS aBTOMOOMJIBHOTO TpaHCIIOpTa IO
CJIOIO JIbJIa, TTIOKPHIBAIOIIETO BOJOCM.

KnioueBbie cioBa: UMIWHAPUYECKUI BOJOEM, TIPABUTALMOHHOE JBMXEHUE >KUIKOCTH,
yrpyras TjlacTWHa, ABVXYIIAsCs Harpy3ka, rapMOHMYeCKUe KoJeOaHus

Jlng nurupoBanus: Jlapos 0. A. [leiicTBue mepuoanyecKu ABUXKYIIEIHCS TOUeUHO HAarpy3Ku
Ha KPYIIYIO TUIACTUHY W HaXOASIIUMCS MOJ HEW HMIMHAPUYECKU BOJO3aMOTHEHHBIH 00beM
// Hayuno-texuundeckue Begomoctu CITOI'TIY. ®uszuko-marematudyeckue Hayku. 2022. T. 15.
Ne 2. C. 140—147. DOI: https://doi.org/10.18721/ JPM.15212

CraTbsl OTKPBITOrO n0CTyIa, pacnpoctpaHseMas no jguueHsuu CC BY-NC 4.0 (https://
creativecommons.org/licenses/by-nc/4.0/)

Introduction

Organizing safe regular traffic over ice layers covering water bodies requires an adequate
mathematical model and preliminary numerical experiments. Early calculations on the problem,
carried out in the first half of the 20th century, were constructed by a simplified scheme assuming
that an ice layer rests on a Winkler foundation. This approach proved fully valid in the case of
the Road of Life organized on the ice of Lake Ladoga. On the other hand, the model assuming a
locally elastic surface of the medium under the ice layer can considerably deviate from the real-
life scenario at high loads on the ice (vertical, produced by the vehicle weight, and horizontal,
produced by the winds).

As a rule, ice roads are intended for periodic traffic of automotive vehicles. The traffic frequency
is generally far below the lowest natural frequency of the ice-water system and cannot trigger
resonance accidents. However, the oscillation pattern of the vehicle’s drivetrain can approach
the natural frequency of the system, and the dangerous near-resonance increase in oscillation
amplitudes should be prevented.

Problems on gravitational oscillations in aqueous media under ice, discussed in the literature
over fifty years ago, generally considered two media: an ideal incompressible fluid and an elastic
ice plate. An increasing focus has been directed over the recent years towards systems accounting
for the influence of additional structures moving along the surface of the plate.

The plate was considered infinite in [1—3], semi-infinite in [4, 5], limited in size in [6, 7].
The thin plate acting as ice cover of an infinitely long waterway is considered in [8, 9].
The influence of a crack in the plate on mechanical processes is described in [3, 10]. Refs.
[7, 11] examined how moving loads, particularly those induced by air-cushion vehicles, can
be exploited for breaking the ice cover. Further circumstances complicating the problem
statement are outlined in [2] (irregular surface of the plate) and [12] (weakly nonlinear model).
The problems posed are solved via numerical methods in [1, 3, 7, 11]. Ref. [13] presents an
extensive review of the literature, tracing the approaches to solving the problem and analyzing
the results obtained for the interactions between ice, water and structures [13]. The review
confirms that the problems assuming the volume of the aqueous medium to be finite have yet
to receive proper attention.

Even though numerical methods are fairly versatile, they have two drawbacks: specifically,
they consume large computational resources and it is difficult to estimate the error of the results
obtained. The first drawback can only be mitigated through advances in computer technology,
independent of the specific researcher. The second drawback can be controlled by the researcher
if the errors of universal numerical methods are estimated by comparison with the results obtained
by solving particular benchmark problems allowing for analytical methods.

This study introduces an analytical solution to the problem of oscillations in a water body
of limited size, covered with an ice plate, under the action of a periodically moving point
load.

© JlaBpos 0. A., 2022. Uznatens: Caukr-IletepOyprekuit monurexHuueckuit yuusepcuret [lerpa Benukoro.
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Problem statement

The ideal incompressible fluid fills a cylindrical volume of radius R and height H, where it is
reasonable to prefer a cylindrical coordinate system (r,9,2):

0<r<R, —n<op<m 0<z<H.

The round elastic plate, covering the surface of the fluid lying along the plane z = H, is only
capable of bending vibrations.

The force p, varying harmonically with time, is acting on the plate in the negative direction of
the axis O this force is represented in the form

~+00

p(r@,0)=D €™ D "> P fon ()

k=— m=—o0 n=n,,

where 7 is the time; o, is the circular frequency, o, = 2nk/T (T is the period when the load is ap-
plied); p, are the given constant coefficients; f (r)=J (g, r/J () (J (x) is the Bessel function,
q,,=J,./R Jj  isthe root of the equation J (j) = 0; j,, = 0); ny, =0, n_ =1 for m # 0.

The plate’s bending displacement field w(r,¢,7) and the function y(r,¢,z,7), such that
oy(r,o,z,t)

5 is the potential of velocities in the fluid, are found in the form
t

+00 +o0
W(F, (p, t) — Z elOJkt z etm(P . W'km (r)’
k=—0

m=—00

+o0 +o0
y(r,Q,z,t)= Z e Z e, (r,z).
k=—0 m=—w

The function ¥ (r,7) satisfies the equation

AW, (r,2)=0, ey

0 1 0 mt
AN=—nf— ———.
G A .

The lower (z = 0) and lateral (r = R) boundaries of the volume are perfectly rigid, i.e.,

ovY,, (r,z)
—=— =0, 2
oz |, (2)
ov¥,, (r,z) 0 3)
67’ r=R
The function W, (r) obeys the requirement
1 &
(Al2 _Hi)ka(’”) :VkLPkm (}", H)_Hzpkmnfmn (I"), (4)
1 n=0
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where m; = (p,h,o? — p,g)/ (p, is the plate material density, 4, is the plate thickness, p, is the fluid
density, g is the acceleration of gravity); D, is the cylindrical stiffness, D, = E H3/12(1 — ¢%)) (E,,
o,, respectively, are Young’s modulus and Poisson’s ratio of the plate material); v, = p,0%/D,.

The condition for continuous displacements of the plate and the fluid surface perturbations
has the form

oY, (r,z
Wy (1) =L 02) )
aZ z=H
The edges of the elastic plate are rigidly clamped, so that
aw_(r
km( ) — 0’ (6)
d]" r=R
Construction of the solution
The required functions should be represented as
cosh(qg,,z)
VY, (r,z —,
km( ) Z;”kanfmn( ) h(qmnH) (8)
Wen () =W, (1) + W, (1), 9)
W (1) = D Wi Fon (1), (10)
n=0
J ry |1 r
W ()=C. [ w(0r) _ LG )j an
4Mk S, (R 1, (WR)
W)=y >~ £, (), (12)

n=n, dmn k

wheren, = 1,0 =/ / (/'fnn —m)) withm# 0;y,_ w,_ . C  arethe yet unknown coefficients.

The functlon W, .(r) is assigned the role of a partial solutlon to the inhomogeneous differen-
tial equation (4), whlle the function W_ (r) is a general solution to the homogeneous differential
equation corresponding to requ1rement 4).

Representations (8)—(12) meet the requirements (1)—(3), (6).

The right-hand side of expression (12) is constructed by decomposing the right-hand side of
(I1) into a series of functions f (r), and is equivalent to it, Vr € [0,R].

Because the expansion in basis functions f (r) is unique, requirements (4), (5) correspond to
a system of equations relative to the coefficients v,,, and w__ . Expression (11) should be substi-
tuted to Eq. (4), while the expression (12) is substituted to Eq (5).

Solution of the system allows to obtain the following formulas:

\Vkmn — C 1’]mn _ pkmn

m (13)
¢ akmn ékmnDl
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_a
I
1 1 Pim
W, n = T‘lmn - - - > (14)
o o [ akmn q:m - Hi j akmnDl
&kmn = qmn tanh(qmnH) (q:m - u2 ) - Vk'
It follows from expression (14) that
< Pion | 9w tan0(q,, H)
n=1 1 kmn

The term » = 0 is absent in Eq. (15) because the fluid in the water body is incompressible.
Condition (7) of the problem statement allows expressing the last of the required coefficients:

-1
1 (Zw: Do tanh(qmnH)J 5 1y, G 00 (G, ) a6)
mn Jkmn :

n=1 E.)kmn n=1 E.>kmn

The equation

& tanh(q H
ann 9 n an (qmn ) =0

17
n=1 &kmn ( )

serves to search for the natural frequencies of the oscillatory system comprising the water body
and the ice plate [14, 15].

The oscillation amplitudes grow infinitely over time for processes excited at natural frequencies,
which can bring about failure in the plate.

Numerical experiment
The path of a single-point load moving counterclockwise relative to the center of the plate is

given by the relations
r=olt)
¢ =P(@)

where a(f), B(f) are periodic functions, with the period 7, continuous at ¢t € (—7/2,7/2), such that

>

lim = lim =R
(—>—T/240 a(?) (—T/2-0 a(?) ’

—lim B(r)= lim B(?)=0o,,

t—>-T/2+0 t—>T/2-0

0<o,<m,

where —g, is the polar angle of the load entry point to the plate and ¢, is the polar angle of the
load exit point.
The pressure applied to the plate by the moving point load takes the form

p(r,@,0)=F-8(r —a(t))-6(¢—B(2)),

where F'is the force applied by the load; 3(x) is the Dirac delta function, therefore,

1712

R P .
pkmn =F- KZTCTRJ.jani (]mn) ’ dr] ) _[ e_mkt ’ eimﬁm : a‘(t)‘]m (qmna’(t)) ) dt
0

-T/2
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The pressure applied to the plate by several moving point loads, whose number is equal to S,
can be regarded as the sum of single-point pressures, for example, in the form

p(r,(p,t):iF-6(r—oc(t—sT/S))-S((p—B(t—sT/S)).

s=0

The calculation is carried out for the case of a load moving uniformly along the plate chord
perpendicular to the direction ¢ = 0, at a distance » = A from its center,

alt) =4 +(2Bt/TY, B(r) = arctan (2Bt / (AT)), B =R — 4°.

The selected values of geometric and physical parameters are as follows:
R=1000m, H=10m, 4 =500 m, 7, = 0.2 m;

T=1000s, F=1N, E,=3"10""N/m?;
c,=0.3,p,=919.4 kg/m’, p, = 1000 kg/m’.

The figure shows the shapes of the bending displacements in the plate. The Cartesian coor-
dinate system Oxy is aligned with the polar coordinate system Org in a standard manner. The
arrows directed vertically downward indicate the points where the moving load is applied.

Fig. 1. Shape evolution of bending displacements w for the plate of radius R
at instants ¢ = —3Af (a), —2At (b), —At (¢), 0 (d), At (e), T/2 (f), where At = T/(4\3)

Conclusions
An analytical solution to the problem on determining the vibrational field w(r,p,?) of bending
displacements in a plate subjected to a point load periodically moving over the plate. The resulting
representation for the field allows (if it is required to estimate the strength of the plate) finding
the bending moments and shear forces.
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