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Аннотация. Предложен новый глобальный гибридный вихреразрешающий подход 
DDES SST KD, предназначенный для расчета отрывных течений при наличии перехода 
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алгебраической модели перехода k-ω KD. На примере задачи об обтекании цилиндра 
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Introduction

As increasingly efficient computational resources become available, global hybrid eddy-re-
solving approaches combining the Reynolds-averaged Navier–Stokes equations (RANS) and the 
Large Eddy Simulation (LES) methods are gaining widespread popularity for simulation of tur-
bulent flows. Some of the most successful are the methods of the DES family (Detached Eddy 
Simulation), using a standard semi-empirical turbulence model in RANS subdomains of the flow 
including the attached boundary layers, and a derived subgrid-scale model in the LES-subdomains 
including the flow recirculation zones. Switching between RANS and LES is performed dynami-
cally during the solution based on the local flow characteristics and the computational mesh. The 
general consensus [1] is that Delayed Detached Eddy Simulation (DDES) is the method from this 
family best suited for solving applied problems [2]. 

Since the Shear Stress Transport (SST) model [3] is considered one of the best, if not the best 
semi-empirical turbulence model, the methods based on it may prove more accurate than those 
based on other models. However, the semi-empirical models used to construct hybrid approaches 
including the SST model typically do not include mechanisms for describing the laminar-turbulent 
transition in the boundary layer. This can decrease the computational accuracy, since the entire 
length of the boundary layer is not turbulent in most flows. The turbulent region is generally 
preceded by a laminar region of some extent, which can significantly affect the overall charac-
teristics of the flow. This effect appears not only at moderate but also at high Reynolds numbers, 
especially upon separation from a smooth surface. A classic example of the transition effect on 
separation flow is the drag crisis in bluff bodies, described in detail by Loitsyansky [4]. The crisis 
is that vortex shedding occurs until the attached boundary layer separates as the Reynolds number 
increases, which leads to a shift in the separation point and a sharp drop in the drag coefficient.

Thus, the accuracy of hybrid approaches can be improved in some cases by using RANS models 
capable of accounting for the laminar-turbulent transition (so-called transition models) as a basis.

To date, a large number of transition models have been formulated. Most of them are based 
on solving differential equations for transport of auxiliary quantities, such as the intermittency γ, 
the critical Reynolds number Reθ, the laminar kinetic energy kl or others. Notably, the existing 
transition models are still far from perfect, while the SST γ-Reθ model [5] is regarded as the most 
accurate, yielding acceptable accuracy for predicting the transition position in diverse types of 
flows. Four differential equations are solved within this model (two for turbulence characteristics 
k and ω, as well as two for auxiliary quantities, the intermittence γ and the critical Reynolds num-
ber Reθ). Although the SST γ-Reθ model offers superior accuracy compared to the standard SST 
model, as it is capable of describing the transition by different scenarios, it carries higher compu-
tational costs necessary to obtain a convergent solution, and in fact sometimes the convergence of 
the iterative process cannot be achieved at all [6, 7]. These problems are not a specific drawback 
of the γ-Reθ model: they are also characteristic of other, less accurate differential transition mod-
els. Interestingly, these drawbacks are, so to speak, inherited by hybrid eddy-resolving approaches 
based on differential transition models as standard RANS models. The same as in the case of 
RANS, this can lead to computational problems manifesting as the lack of iterative convergence 
at each time step and increased computational time.

Recently, more and more efforts have been made to develop algebraic transition models, which 
allow to avoid solving additional differential equations for transition characteristics. These models 
seem very promising, since they are simpler to use than differential models, provide better con-
vergence and take a relatively small number of additional computations compared to the standard 
turbulence models on which they are based. Therefore, as algebraic transition models show po-
tential for hybrid approaches, we have concentrated on this subject in the study.

We propose a new hybrid DDES SST KD method combining an algebraic transition model 
and the transport equations for k and ω as a basis (this approach has been formulated for the 
first time). The proposed approach comprises the DDES method combined with the shear-layer-
adapted (ΔSLA) subgrid length scale, allowing to accelerate the transition to resolved turbulent 
structures in the separated shear layers, and the SST model complemented with algebraic relations 
for determining the position of the laminar-turbulent transition from the Kubacki–Dick (KD) 
k-ω model. Since the ratios of the KD model given in the original study [8] were formulated for 
Wilcox’s k-ω turbulence model [9], they were modified considerably to be used together with 
the SST model (for details, see the section ‘Formulation of the proposed method’ below). The 
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advantages of the approach proposed over the original DDES SST method are illustrated by com-
putational problems on the drag crisis for flow around a sphere and a circular cylinder. 

The model and the method were implemented within the framework of the NTS (Numerical 
Turbulence Simulation), an in-house finite-volume code [10] using the Rogers–Kwak flux-
difference splitting [11] to solve incompressible equations of motion, combining a flux-difference 
splitting scheme for vectors of gas-dynamic flows and the Yanenko–Chorin method for intro-
ducing artificial compressibility [12]. The NTS code runs on structured multi-block overset grids 
(Chimera technique), allowing to adopt schemes with increased approximation order and simu-
late flows with complex geometry.

The method for approximating non-viscous components of flux vectors in transport equations 
plays the central role in computations using hybrid RANS-LES approaches. This method de-
termines the dissipative properties of the scheme, which have different requirements in different 
regions of the flow: the scheme must ensure the stability of the solution in the RANS subdomain, 
while low-dissipation schemes capable of resolving small-scale turbulence should be introduced 
in LES subdomains. This study has adopted a hybrid scheme for this purpose [13], functioning 
as a 3rd-order upwind-biased scheme in the RANS-subdomains and a 4th-order central-difference 
scheme in the LES-subdomains of the flow.

Formulation of the proposed method

SST KD algebraic transition model. This model is based on modified transport equations for 
turbulence of the SST model [3]:

( ) ( )

( ) ( ) ( )

*

2 2
1

(1 ) ,

2 1 ,

k
k sep k t

k k k

k
k t

k k k k k k

u kk kP P k
t x x x

u kP F
x x x x x x

ω
ω

 ∂  ∂ ∂ ∂
+ = γ + − γ −β ω + ν +σ ν  ∂ ∂ ∂ ∂  


∂ ω   σ∂ω ∂ ∂ω ∂ ∂ω + = −βω + ν +σ ν + − ∂ ∂ ∂ ∂ ω ∂ ∂ 

(1)

where k, m2·s–2, is the turbulent kinetic energy; ω, s–1, is the specific dissipation rate; ν, m2·s–1, is 
the kinematic viscosity; νt, m

2·s–1, is the turbulent viscosity; uk, m·s–1, are the velocity components; 
xk, m, are the coordinate components; t, s, is the time. The explanation for the quantities Pk, Psep 
will be given below (see Eqs. (8) and (11)).

The function F1 is found by the expression
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where dw is the distance to the wall, and the constants of the SST model have the following values:
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Eqs. (1) have three differences from the equations of the original SST model; these differ-
ences were introduced so that the model could be used together with the KD transition model, 
where the turbulent viscosity νt is divided into two components: small-scale νs and large-scale νl. 
Therefore, 

.t s lν = ν +ν (4)

and νs = asks/max[asω,F2S], νl = alkl/max[alω,F2S]; 
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(S, Ω are the magnitudes of the strain and swirl velocity tensors, respectively).
The differences mentioned above consist in the following.
1. Generation of turbulent kinetic energy Pk is calculated using small-scale viscosity and 

kinetic energy:

( )*min ,10 ,k i j i jP u u U x k′ ′= − ∂ ∂ ⋅β ω (8)

2 2 .3i j S ij S iju u k S′ ′ = δ − ν (9)

2. The generative term in Eq. (1) for k is multiplied by the intermittency factor γ:

.k kP P→ γ (10)

3. The transition to turbulence in the separated laminar boundary layer is described by in-
troducing an additional term (1 – γ)Psep to Eq. (1) for k, where the quantity Psep, borrowed in a 
simplified form from the differential model [14], is calculated by the following formulas:
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The intermittency factor included in the model is determined by the following expression:
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(13)

The main difference between the algebraic relations used in the proposed method and the origi-
nal KD model [8] consists in changing the criterion in Eqs. (5) for fSS and (13) for intermittency γ. 
Furthermore, the model constants were optimized for problems on the transition boundary layer 
with a T3C-series pressure gradient [15]:
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The SST KD model constructed was tested in RANS simulations for 2D problems, where the 
laminar-turbulent transition plays a major role, confirming that the model proposed yields signifi-
cantly better accuracy than the original KD k-ω model [8].

DDES SST KD method. The proposed algebraic model of the SST KD transition was combined 
with the DDES method [2] to make up a basis for the DDES SST KD method, intended for 
computing separated flows in the presence of a laminar-turbulent transition in the attached 
boundary layer. The proposed method uses the DDES version introducing a shear-layer-adapted 
subgrid length scale (DDES ΔSLA [16]). This modification of the subgrid scale is aimed at 
accelerating the transition to well-developed three-dimensional turbulence in the initial regions 
of the shear layers and allows significantly increasing the simulation accuracy for separated flows 
without increasing the computational mesh and, as a result, the computational costs. 

The transition model was additionally modified to function within the eddy-resolving method, 
restricting the transition model outside the boundary layer: 

11.0 for 0.9,Fγ = < (15)

where F1 is the function of the SST model (see Eq. (2)).

Application of the developed approach to predicting the drag crisis

Drag resistance for flow around a cylinder. We consider unsteady cross-flow of incompressible 
fluid around a circular cylinder in the range of Reynolds numbers from 5.0∙104 to 1.2∙106; the 
number is constructed from the diameter Dc of the cylinder and the freestream velocity U0 
(Re = DcU0/ν).

This interval completely covers the drag crisis, which is observed within the range 
1.3∙105 < Re < 10∙5.05 [17].

The computational domain is a cylinder with 
a radius of 25Dc, where Dc is the diameter of the 
streamlined cylinder, centered at (x, y) = (0.0, 0.0). 
The length of the computational domain in the 
transverse direction z is Lz = 5 Dc, which is greater 
than the quantity πDc commonly used in such com-
putations (see, for example, [18, 19]), and should 
not adversely affect the result. 

Because the SST model assumes that the turbu-
lent kinetic energy decreases (dissipates) in homo-
geneous turbulent flow, generally, so that the tur-
bulent characteristics in the vicinity of the stream-
lined body correspond to certain required values, 
the boundary conditions for the equations of the 
turbulence model have to be adjusted. Such values 
can be obtained at the inlet to the computational 
domain from the analytical solution to the equa-
tions of the SST model in homogeneous flow by 
the following formulas:

( )
*

2 1 ,k c x c
β

−
β= β + (16)

1

1 ,
x c

ω =
β +
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where x is the coordinate along the flow in free 
stream; c1, c2 are the integration constants obtained 
from boundary values; the values of constants β 
and β* are given above.

Tab l e  1
Boundary conditions for turbulence 
characteristics in the problem on flow 

around a cylinder

Re, 104 νt/ν Tu, %
5.0 0.30 0.40
8.0 0.30 0.55
10 0.36 0.60
13 0.45 0.64
17 0.56 0.73
20 0.65 0.77
25 0.79 0.95
30 0.94 1.00
40 1.25 1.02
50 1.55 1.15
70 2.16 1.35
90 2.75 1.55

120 3.65 1.70
Nota t i on s :  Re is the Reynolds number, νt is the 
turbulent viscosity, ν is the kinematic viscosity, 
Tu is the turbulent intensity.
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The equations do not have a finite analyt-
ical solution for sufficiently large longitudinal 
dimensions of the computational domain. In 
such cases, the turbulence characteristics are 
‘frozen’ to a certain point upstream of the 
body, then ‘released’ and dissipated to the re-
quired values. 

The turbulent intensity Tu = 0.45% 
(Tu = 100[(2/3)Pk]1/2/U0) is generated in this 
problem in the vicinity of the cylinder’s mid-
dle section, the turbulence characteristics were 
frozen to the section x = 2−Dc and their in-
let values were calculated by Eqs. (16), (17) 
(Table 1). 

Constant pressure was given at the outlet 
boundary, and no-slip and impermeability 
conditions uw = vw = ww = 0 were imposed 
on the cylinder surface. Standard conditions 
for the SST model were imposed for turbulent 
characteristics on the wall:

2

1 1

60,  10 ,w wk ν
= ω =

β ∆

where Δ1 is the size of the first near-wall spacing of the mesh.
Finally, periodic boundary conditions were imposed in the transverse direction.
The computational meshes consisted of three blocks (Fig. 1). The first block contained a refined 

mesh for computing high gradients of the quantities near the cylinder surface, the second one 
was refined for computing the wake behind the cylinder. The third block contained unperturbed 
homogeneous flow without unsteady fluctuations and the coarsest mesh.

A total of three meshes were constructed for computations with different ranges of Reynolds 
numbers, characterized by the magnitude of the first near-wall spacing: I, II, and III (Table 2). 

The time step Δt was equal to 5·10–3·Dc/U0, maintaining the value of the Courant–Friedrichs–
Lewy (CFL) criterion below unity in the separation zone in the cylinder wake. The solution was 
averaged after the flow was stabilized over time intervals of about 50·Dc/U0.

Fig. 2 compares the simulated dependences obtained for the drag coefficient CD = Fx/[(5/2)ρU0
2] 

(Fx is the drag force acting on the cylinder, ρ is the density) versus the Reynolds number with the 
experimental data [20–26].

Fig. 1. Three blocks of the computational meshes 
(shown in different colors) in the problem of flow 

around a circular cylinder (section z = 0) 

Tab l e  2
Parameters of computational meshes in the problem on flow around a cylinder

# Re range, 104

Block size
Total number 

of cells
Block 1 Block 2 Block 3

I 5.0–20 512×161×60 200×184×256 131×101×52 56,270,732

II 25–60 512×191×560 200×184×256 131×101×52 64,872,332

III 70–120 512×221×560 200×184×256 131×101×52 73,473,932
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This flow clearly confirms the advantage of the proposed hybrid method over the original 
DDES SST approach. Evidently, the computed drag coefficients obtained by the transition 
model turn out to be closer to the experimental values. However, complete agreement with 
the experimental data could not be achieved; in particular, the decrease in the computed 
drag coefficient in the vicinity of the critical Reynolds number is much slower than in the 
experimental dependences. The reasons for this behavior require further study and are beyond 
the scope of our paper.

Drag crisis for flow around a sphere. We consider unsteady cross-flow of incompressible 
fluid around a sphere in the range of Reynolds numbers from 5.0∙104 to 4.0∙105; the number is 
constructed from the diameter Ds of the sphere and the freestream velocity U0 (Re = DsU0/ν)

The computational domain is a sphere with a radius of 20Ds. The boundary conditions were 
imposed similarly to the solution of the problem on the flow around a cylinder. The only difference 
was in the inlet values chosen for the turbulence characteristics: they were tailored to provide a 
turbulence intensity of 0.45% in the vicinity of the sphere’s middle section (Table 3). 

The computational mesh consisted of six blocks 
(Fig. 3). Blocks from 1 to 3 were adjacent to the 
surface of the sphere and are characterized by small 
mesh spacings (514 cells per sphere circumference), 
while the mesh spacings were about 3 times 
larger in the outer blocks (4 to 6). Blocks 1 and 
4 have a cylindrical shape and are characterized 
by axial symmetry relative to the axis x (Fig. 3,b). 
The remaining mesh blocks have the shape of a 
truncated pyramid, allowing to avoid unreasonable 
clustering in the vicinity of the symmetry axis of 
the 1st and 4th blocks (Fig. 4).

The mesh spacings were refined to the sur-
face of the sphere and in the vicinity of the wake. 
The same as in the solution to the problem on 
flow around a cylinder, we constructed a series 
of meshes for computations at different Reynolds 
numbers, varying by the first near-wall spacing. 
The total number of cells in the mesh was about 
16 million. A series of preliminary computations 

carried out by the DDES SST and DDES SST KD methods at Re = 1.0∙105 indicate that refining 
the mesh by 1.5 times in each direction (this mesh contains is about 46 million cells) does not 
change the time-averaged solution.

Fig. 2. Simulated curves (solid lines) of the drag coefficient 
in a circular cylinder as a function of the Reynolds number 
compared with the experimental data (symbols) [20–26]

Tab l e  3
Boundary conditions for turbulence 

characteristics in the problem 
on flow around a sphere

Re, 104 νt/ν Tu, %
5.0 0.35 1.2
10 0.70 1.2
20 1.40 1.4
40 2.8 1.6
60 4.2 1.7
100 7.0 1.9

The notations are identical to those given in 
Table 1
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Fig. 3. Blocks of computational meshes (numbered and marked by different colors) for the problem 
on flow around a sphere. The figure shows sections z = 0 (a, b) and x = 0 (c, d); b, d are enlarged 

images of the middle sections in graphs a and c, respectively

a) b)

c) d)

Fig. 4. Computational meshes in sections x = 0 (a) and z = 0 (b) for the problem on flow around a sphere. 
Surface meshes are projected on the corresponding sections

a) b)
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The time step was taken equal to Δt = 10·5–3Ds/U0, providing, the same as in the problem of 
the cylinder, the value of the Courant number CFL < 1 in the separation zone behind the sphere. 
Additional computations confirmed that refining the time step does not change the time-averaged 
solution. The solution was averaged after the flow was stabilized over time intervals of about 
50·Ds/U0.

Fig. 5 compares the simulated dependences obtained for the drag coefficient 
CD = Fx/[(1/2)ρU0

2 ·(4/1)πDs
2] versus the Reynolds number with the experimental data (Fx is the 

drag force acting on the sphere).
The computational results were compared with the experimental data presented in [27–28] 

and  empirical correlations in [29].
First of all, we should note that the proposed method considerably improves the computational 

accuracy for all the values of the Reynolds number considered. The original DDES SST method 
predicts virtually no decrease in the drag coefficient associated with the drag crisis as the Reynolds 
number increases in the range 1·105 < Re < 10·45, while the proposed method offers a qualita-
tive description. At the same time, the computational results obtained by the proposed method 
differed somewhat from the experimental data, which is primarily manifested (the same as in the 
problem of on flow around a cylinder), in a slower decrease in the computed drag coefficient in 
the vicinity of the critical value of the Reynolds number. 

Conclusion

We have proposed a new global hybrid eddy-resolving approach intended for computing 
separated flows with a transition in the attached boundary layer. The approach is based on the 
transition model we have formulated, based on the semi-empirical SST turbulence model and the 
k-ω KD algebraic transition model.

The advantages of the proposed approach over the original DDES SST method were illustrated 
by test problems on flow around a cylinder and a sphere in a wide range of Reynolds numbers.

Fig. 5. Simulated curves (solid lines) of the sphere’s drag coefficient 
as a function of the Reynolds number compared with the experimental data 

(symbols) [27–28] and empirical correlations [29]
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