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Introduction

New carbon-based nanostructures 
synthesized in 2004, such as graphene and 
graphene nanoribbons, proved to be materials 
with a unique set of physicochemical properties 
that can be used in a wide range of applied 
problems [1–4]. The electronic characteristics 
of graphene vary and depend on the nature 
and concentration of structural defects, atoms 
and atomic groups adsorbed on its surface. 
Graphene is one of the main candidates for 
components of future nanoelectronics, instead 
of silicon. The main obstacle to widespread use 
of graphene in electronics is its band structure, 
characterized by narrow band gap; there is 
ongoing research focused on expanding it.

Silicene, a material similar to graphene, 
consisting of a two-dimensional layer of silicon 
atoms that make up two sublattices displaced 
relative to each other, was theoretically 
predicted in 1994 and synthesized for the first 
time in 2010 [5]. The width of the band gap can 
be controlled using an electric field, making it 
possible to construct an effective spin polarizer. 
This material attracts considerable attention 
due to its diverse potential applications in 
silicon electronics and spintronics.

Another material similar to graphene was 
synthesized in 2014: germanene, which, like 
silicene, has two atomic sublattices displaced 
relative to each other. The narrow band gap of 
germanene can be controlled by electric field, 

adsorption of different atoms, deformation, and 
interaction with the substrate [6, 7]. Germanene 
has great potential for applications in solar cells 
[8]. The calculated Grüneisen parameter of the 
new material indicates that the dependence on 
strain is similar to that for silicene [9].

Density functional theory was used in 
[10] to conduct a comparative study on the 
mechanical properties of single-layer silicene, 
germanene, and stanene. It was found that 
applying a uniaxial load to each material can 
alter the electronic nature of buckled structure 
of the semiconductor to metallic character.

Optical properties of silicene and germanene 
under uniform compression strain were 
investigated within density functional theory in 
[11]. The results indicate that the response of the 
optical field strongly depends on the magnitude 
of the applied load. With compression strain 
applied in silicene and germanene, the band 
gap decreases at the Dirac points and ultimately 
reaches zero. Absorption of light along the 
zigzag direction is greater than in the armchair 
direction in both structures.

A new direction of condensed matter physics 
that has evolved in recent years is straintronics. 
It uses physical phenomena in matter induced 
by deformations arising in micro-, nano- and 
heterostructures with external controlling 
fields, altering the electronic structure of this 
matter, and, as a result, modifying its electrical, 
magnetic, optical and other properties [12]. 

Fig. 1. Fragment of nanoribbon structure with selected coordinate system:
Δ1, Δ2, Δ3 are the vectors of distance between the nearest neighbors; a1, a2 are the translation vectors; 

α is the angle between the translation vectors; θ is the chiral angle; Ch is the chiral vector
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Such effects make it possible to create a new 
generation of information-sensing devices. 
For example, a transistor based on graphene 
with strain-induced suppression of ballistic 
conductivity (piezoconductivity) was proposed 
in [13]. Similar transistors can also be developed 
based on germanene and silicene; effects of 
strain in these materials are the focus of much 
research.

This paper presents the results of theoretical 
study on the piezoresistive properties of perfect 
silicene (Si) and germanene (Ge) nanoribbons 
(NR), SiNR and GeNR.

Model of electronic structure of 
deformed graphene nanoribbons

A two-dimensional hexagonal graphene 
layer was chosen as a geometric model of the 
nanoribbon. Fig. 1 shows a fragment of such a 
crystalline structure, with the chiral vector 

Сh = na1 + ma2,

the angle α between the primitive translation 
vectors a1 and a2, as well as the interatomic 
distance vectors Δi.

The coordinate system is selected so that the 
ribbon width is measured along the OX axis 
using the chiral vector C h, and the ОY axis is 
directed along the length of the ribbon. The 
angle θ between the vectors Сh and a1, counted 
from the translation vector a1, lies in the range 
from 0° to 30° and is called the chiral angle [4].

A mathematical model of the electronic 
structure of undeformed nanoribbons is con-
structed based on their geometric structure 
and the band structure of the hexagonal layer. 
The band structure of nanoribbons within the 
framework of the strong coupling method using 
Hückel approximations and approximate nearest 
neighbors has the following general form [4]:
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where γ0 is the hopping integral, the matrix 
element of electron transition between neigh-

boring atoms; k is the wave vector, one of the 
components of which is quantized along the 
width of the ribbon.

The Fermi level in dispersion relation (1) is 
taken as 0 eV.

The condition for quantization of the wave 
vector k along the direction of the chiral vector 
C h can be written as follows [4]:

k· Сh = 2πq, q = 1, 2, … . (2)

The components of the wave vector kx and 
ky should be chosen so that they are codirec-
tional with the chiral vector C h and the length 
of the nanoribbon, respectively, i.e.,

kx ↑↑ Сh, ky ⊥ Сh.

The magnitude of the chiral vector of 
undeformed nanoribbons can be represented, in 
accordance with its definition, in the following 
known form [1]:
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Using representation (3) and conditions (2), we 
can obtain an explicit expression for quantization 
of the transverse component of the wave vector:
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Arguments of trigonometric functions in 
expression (1) for band structure can be writ-
ten, based on geometric transformations corre-
sponding to Fig. 1, as follows:
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As a result, expression (1) and relations (5) 
completely determine the energy spectrum of 
electrons of undeformed nanoribbons.
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According to theory of electronic 
structure of graphene nanoribbons [4], a 
set of dispersion curves of the electronic 
spectrum, numbered by the integer q, is 
formed by crossing the two-dimensional 
energy surface of graphene with parallel 
planes corresponding to the continuous 
component of the wave vector. The position 
of these planes relative to the Brillouin zone 
is determined by the value of the discrete kx 
component of the wave vector (in accordance 
with quantization condition (2)).

The deformed state of a crystallite is 
generally characterized by a distortion tensor,

( ) ( )' , , , , ,x y zuµη η µ
µ η == ∂ −r r

where r, r’ are the radius vectors of the initial and 
final position of some point of the crystallite [14].

The diagonal elements of the tensor 
characterize the relative elongation of the 
sample along the corresponding direction, 
the off-diagonal elements determine the 
rotation angle of the linear element under 
strain.

In accordance with the definition of the 
distortion tensor, the energy spectrum of de-
formed nanoribbons is formulated by modi-
fying the scalar products that appear in the 
arguments of trigonometric functions in ex-

pression (1) for the electronic spectrum. The 
change in the primitive cell of a nanorib-
bon under tensile load is shown in Fig. 2. 
The figure illustrates the model where strain 
induces not only the change in interatomic 
bond lengths, Δi (Δi = R0(1 + δ)), by their 
relative elongation δ (δ = ΔR/R0) but also 
in the angle α between the translation vec-
tors (α = α0 + Δα, where α0 = π/3 is the 
angle between the translation vectors in the 
undeformed lattice, Δα is the angle change 
due to deformation), and, therefore, in the 
projections of the translation vectors a1 and 
a2 on the ОX and ОY axes of the selected 
coordinate system.

The expression for the band structure of 
deformed nanoribbons can be obtained based 
on geometric transformations (see Fig. 2). 
As a result, the electronic spectrum of such 
nanoribbons within the framework of the strong 
binding method takes the form
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where the following notations are introduced for 
the general case:

Fig. 2. Positions of interatomic vectors Δ1, Δ2, Δ3 after tensile or compressive strain taking into account 
their rotation through the angle Δα; Fy is the tensile (compressive) force. 

The remaining notations are given in the caption to Fig. 1
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The change in the transverse dimensions 
(width) of the nanoribbon due to strain 
is taken into account by modifying the 
magnitude of the chiral vector Ch, which, in 
accordance with the definition of Poisson’s 
ratio and direct proportionality of the main 
geometric dimensions of nanotubes to the 
lattice parameters, can be calculated by the 
following formula:

Ch = (1 – ν·δ) Ch0, (8)

where ν is Poisson’s ratio whose value varies in 
the range ν = 0.19–0.27.

Relation (8) and the selected geometric 
model of deformed nanoribbons make 
it possible to find the angle α between 
the translation vectors in the deformed 
hexagonal lattice included in the expressions 
for coefficients (7) of the nanoribbon 
spectrum (6):
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and the coefficients A and B are expressed by 
Eq. (8).

The procedure for calculating the 
dependence of the hopping integral γ on the 
relative strain δ using carbon nanotubes as an 
example is described in detail in [15–18].

The following values of relative tensile 
(compressivee) strain were used for theoretical 
calculations:

δ = +0.250 ;±0.104 ;0.069± ;0.035±.

Finding the band structure of perfect 
nanoparticles taking into account scattering 
effects, for example, the Coulomb interaction 
of electrons at one site, consists in finding 
the poles of Green’s functions [19] within the 
Hubbard model [20], which is described in [17] 
for the case of achiral carbon nanotubes. 

The electronic spectrum of the deformed 
nanoribbon can then be represented as
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where ε(k) is the band structure of deformed 
perfect nanoribbons, expressed by Eq. (6); U 
is the energy of the Coulomb interaction of 
electrons at one site, which can be estimated, 
for example, using the semi-empirical MNDO 
method from quantum chemistry [21]; n–β is 
the number of electrons with opposite spin 
already located in the zone.

No fundamental qualitative differences could 
be found for the obtained band structures of 
semiconductor SiNR and GeNR nanoribbons 
of the armchair type, in comparison with the 
energy spectrum of undeformed nanowires. 
Quantitative analysis points to narrowing band 
gap, conduction and valence bands, leading to 
increased density of electronic states in case 
of compression and, conversely, broadening 
of these bands (decreased density of states) 
under tensile strain. A similar result was 
observed for deformed achiral (armchair and 
zigzag) nanotubes, as well as for achiral carbon 
nanotubes studied in [15–18].

Axial tension (compression) also changes 
the band structure of conducting armchair and 
zigzag SiNR and GeNR nanoribbons in the 
manner described above; this does not make 
them fundamentally different from armchair 
nanoribbons, except for one notable aspect: the 
band gap is absent in such nanoribbons and does 
not appear under small strain. Strain-induced 
opening of the band gap is observed in mixed 
nanoribbons, as in the case of chiral carbon 
nanotubes [23], where Mott-type conductor 
→ semiconductor and semiconductor → 
conductor transitions due to axial tensile 
(compressive) strain become possible.
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Elastoconductivity of nanoribbons

Simulation of piezoresistive constants, 
in particular, the axial component of the 
elastoconductivity tensor of nanowires, was 
carried by the technique described in detail 
in [15–17]. In accordance with the definition 
of the elastic conductivity tensor [22], its 
longitudinal component for quasi-one-
dimensional structures can be expressed by the 
following formula:

0

1 ,M ∆σ
=
σ δ

(11)

where M is the longitudinal component of 
4th-order elastoconductivity tensor (M = 
mzzzz); σ0 is the longitudinal component of 
2nd-order tensor of specific conductivity σzz of 
an undeformed crystal; Δσ is the change in the 
longitudinal component of the conductivity 
tensor due to crystallite strain (Δσ = σ – σ0, σ 
is the longitudinal component of the 2nd-or-
der tensor of specific conductivity σzz of the 
deformed crystal).

The longitudinal component of the zero-
phonon conductivity tensor of nanoribbons 
was calculated within the Kubo–Greenwood 
theory [19] using Green’s function method 
with the Hubbard model Hamiltonian [20]. 
The final expression for the longitudinal 
conductivity of nanoribbons used in the 
calculations of the constant Mhas the following 
form [17]:
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where V is the crystallite volume; kB is the 
Boltzmann constant; T is absolute tempera-
ture; e is the elementary charge; k, q are 
two-component wave vectors within the 
Brillouin zone; β, λ are the spin indices; 
<nkβ> is the average number of particles in 
a quantum state with the wave vector k and 
spin β, expressed by the Fermi–Dirac distri-
bution function; v is the longitudinal com-
ponent of the electron velocity vector in the 
Brillouin zone. 

The velocity vector is found by conventional 
means using the electronic spectrum (10):

( )1( ) .
E∂

=
∂

k
v k

k

(13)

Since numerous studies of the transport 
properties of Dirac materials, for example, 
graphene nanoribbons, point to ballistic (zero-
phonon) nature of electronic conductivity [4], 
using the Hubbard model, which does not 
include the electron-phonon interaction, seems 
appropriate.

Figs. 3 and 4 show the component M of the 
elastic conductivity tensor depending on the 
relative strain δ equal to

–0.067, –0.045, –0.022,
+0.022, +0,045, +0.067, +0.250

for armchair (Arm) and zigzag (Zg) SiNR 
and GeNR nanoribbons of different widths: 
nArm (n = 9, 10, 50 and 100) and mZg (m = 
5 and 10) (the values are given in primitive 
cells). Numerical results were obtained 
at T = 300 K. The calculated points are 
connected by solid lines to visually illustrate 
the trend in the variation of the constant 
M. Notably, the point δ = 0 is not defined.

As follows from Figs. 3 and 4, the 
longitudinal component M of conducting 
armchair (9Arm) and zigzag (5Zg, 10Zg) 
nanoribbons is positive, and the behavior of 
this component completely correlates with 
the changes in the band structure of the 
nanoribbons, described above. A common 
trend for the given conducting nanoribbons 
is monotonic growth (or decrease) of M with 
increasing relative tensile (compressive) 
strain δ. A similar behavior is observed for 
conducting achiral carbon nanotubes [16, 
17]. Despite the increase in the width of 
the conduction band and the decrease in 
the density of states at the Fermi level with 
increasing δ, the specific conductivity of the 
objects increases, which leads to monotonic 
growth of the component M. The reason 
for this effect is that the increasing number 
of charge carriers with increasing energies 
contribute to specific conductivity of the 
crystallite. Thermal fluctuations lead to filling 
of the conduction band of the nanoribbon 
by electrons according to the Fermi–Dirac 
distribution function. Modification of the 
electronic spectrum leads to a change in 
specific conductivity, taking into account 
all possible filled electronic states, and, 
consequently, to increase in the component 
M with increasing δ.

The longitudinal component M is 
negative for semiconductor armchair 
(10Arm, 50Arm, 100Arm) SiNR and 
GeNR nanoribbons but also monotonically 
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а)

b)

Fig. 3. Longitudinal component M of elastic conductivity tensor of armchair (Arm) SiNR and GeNR 
nanoribbons with a width of 10 (a), 50 (b) and 100 (c) primitive cells as function of relative strain δ.

The point δ = 0 is not defined on all curves.

c)
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increases with increasing δ, the same 
as in case of conducting nanoribbons. 
The negative value is due to a decrease 
in conductivity with increasing strain. 
This effect is also a consequence of the 
behavior of the band structure of deformed 
semiconductor nanoribbons, where the band 
gap broadens and, therefore, the number 
of occupied states in the conduction band 
decreases. A similar behavior of the constant 
M is observed for conducting achiral carbon 
nanotubes [16, 17].

Applying the above-described technique 
for calculating the longitudinal component 

of the elastic conductivity tensor to study 
of piezoresistive properties of carbon 
nanotubes [16, 17] yielded results that are 
in good agreement with the data given in 
literature on the piezoresistive properties 
of carbon structures [24, 25]. Therefore, 
it should be expected that due to similar 
approaches to describing the band structure, 
graphene nanoribbons (Dirac structures) 
possess qualitatively identical piezoresistive 
properties. There are as yet no data in 
literature relating to nanoribbons of the 
graphene family, including silicene and 
germanene.

Fig. 4. Longitudinal component М of elastic conductivity tensor of zigzag (Zg) SiNR and GeNR 
nanoribbons with a width of 5 (а) and 10 (b) primitive cells as function of relative strain δ.

The point δ = 0 is not defined on all curves.

b)

а)
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Conclusion

We have carried out theoretical study of 
piezoresistive properties of perfect silicene and 
germanene nanoribbons with different types 
of conductivity within the framework of the 
Hubbard model, finding several peculiarities in 
the behavior of the longitudinal component of 
the elastoconductivity tensor, described above. 
Quantitative study of the constant M depending 
on the magnitude of the strain and the width 
of the nanoribbon yields a more complete 
picture of the variation in the conductivity 
of nanoribbons due to tensile or compressive 

strain. In addition, the longitudinal component 
of the elastic conductivity tensor of germanene 
nanoribbons slightly exceeds the component of 
silicene nanoribbons.

The results obtained can be used for 
developing electromechanical nanosensors 
based on the piezoresistive effect, whose main 
structural element are silicene and germanene 
nanoribbons.

The study was financially supported by the 
Russian Foundation for Basic Research as part of 
scientific project no. 18-31-00130.
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