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WAVE SCATTERING BY AN ANISOTROPIC TWO-SCALE ROUGH SURFACE
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The scalar-wave scattering by a rough anisotropic surface has been considered in the 
paper. In order to solve the problem, a two-scale model taking into account the wave 
scattering by coarse irregularities under the Kirchhoff’s approximation and determining 
that one by fine roughnesses through the Rayleigh method was used. The scattering 
cross section was averaged over the anisotropic distribution of the surface slopes. The 
results of numerical calculations of the total scattering cross section were presented. 
They demonstrate the anisotropy impact of the roughness distribution on the wave 
scattering indicatrix.
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Рассмотрено рассеяние скалярных волн шероховатой анизотропной 
поверхностью. Для решения задачи использована двухмасштабная модель, в 
которой рассеяние на крупных неоднородностях учитывается в приближении 
Кирхгофа, а рассеяние на мелких шероховатостях определяется методом Рэлея. 
Проведено усреднение сечения рассеяния по анизотропному распределению 
наклонов поверхности. Представлены результаты численных расчетов полного 
сечения рассеяния, демонстрирующие влияние анизотропии распределения 
шероховатостей на индикатрису рассеяния волны.
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Introduction

Real rough surfaces typically have a com-
plex random structure with both large and small 
(compared to wavelength) inhomogeneities. Nat-
ural and artificial objects have these similar char-
acteristics, observed in scattering of acoustic and 
electromagnetic waves [1–5]. Rough sea surface 
[6, 7], which can be represented as a result of 
superposition of small ripples on a large wave is 
an example of such a natural surface combining 
irregularities of different scales. 

A two-scale model first developed by 
Kuryanov [8], considering isotropic rough sur-
faces, is used to describe scattering of waves by 
a rough surface with multiscale irregularities. In 
this case, the calculations can be carried out to 
completion and the answer can be expressed in 
terms of the error function. In particular, the 
calculations given are for scattering by a per-
fectly smooth and a perfectly rigid surface. In the 
acoustic case, the two-scale model is applicable, 
for example, to calculations of scattering from 
vegetation on a randomly inhomogeneous surface 
of the Earth, on the seabed, or on air bubbles 
on the surface of the water. Subsequent refine-
ment of the model allowed to obtain a number of 
quantitative corrections, retaining both the basic 
assumptions underlying the model’s approach 
and the main qualitative conclusions on the angu-
lar dependence of the total scattering cross-sec-
tion for such a surface [9–14]. All known results 
obtained earlier within the framework of the two-
scale model are for isotropic rough surfaces.

The goal of this study has been to demonstrate 
the set of tools that the two-scale model offers for 
describing wave scattering by rough surfaces with 
anisotropic characteristics.

For the purposes of our study, we shall 
assume the distribution of fine roughnesses to 
be uniform and isotropic, and the distribu-
tion of coarse roughnesses to be uniform and 
anisotropic. We have used the expression for 
the scattering cross-section for fine irregulari-
ties taking into account its dependence on the 
correlation function and calculated the integrals 
with anisotropic Gaussian distribution for the 
surface slopes of coarse irregularities. We have 
used the two-scale model to construct scattering 
diagrams for an anisotropic rough surface and 
compared them with the results for the isotropic 
model. Based on the calculations, we can con-
clude that anisotropy of the rough surface affects 
scattering of waves.

Model description and governing equations

Let us consider a rough surface that can be 
represented as small displacements ζ(r) against 
the background of coarse irregularities η(r). 
Roughnesses ζ(r) and η(r) should satisfy the fol-
lowing conditions:
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where k is the wavenumber; R ̃ is the characteris-
tic curvature radius of the large-scale surface; α is 
the local grazing angle measured from the plane 
tangential to the large-scale surface; ∇ηζ is the dis-
placement gradient in the tangent plane. 

 The scattering cross-section can be repre-
sented as 

1 2 ,σ = σ +σ (2)

where σ1 is the cross-section of scattering by 
the surface η(r), calculated by the tangent plane 
method [5, 6] in the Kirchhoff approximation 
[15, 16]; σ2 is the cross-section of scattering by 
fine roughnesses ζ(r), calculated by the Rayleigh 
method over coarse irregularities η(r). 

 For a normal distribution of the slopes of 
coarse roughness [6], expressed as
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the scattering cross-section σ1 has the form
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where F = 1/2(1 + Q2/K2); Q = q – qi is the pro-
jection of the vector k – ki on the surface plane 
(k, ki are the wave vectors of the incident and 
scattered waves, respectively); K = k

iz
 – kz is the 

sum of vertical projections of the wave vector of 
the incident and scattered waves. The parameters 
δx and δy are found from the variance tangents of 
the surface slope along the coordinate axes: 

2 2 2 22 , 2 .δ = η δ = ηx x y y

To formulate the expression for σ2, let us 
assume that the role of the underlying surface 
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η(r) can be taken into account using the tangent 
plane method, and scattering by fine irregularities 
ζ(r) by the Rayleigh method. Let us assume that 
a sufficiently large element of the surface η(r) 
can be regarded as flat, with dimensions much 
smaller than the curvature radius but much larger 
than the correlation length of fine roughness, 
which, in turn, is much smaller than the wave-
length. Within this region, the normal n to the 
surface can be assumed to be a constant vector, 
and then the cross-section of scattering by fine 
roughnesses can be calculated for a flat surface. 

Let us denote this local cross-section σloc(Qη) 
where Qη is the projection of the vector k – ki 
on the plane tangent to the surface η(r). To find 
σ2, the value of the local scattering cross-section 
σloc(Qη) should be averaged over all possible slopes 
of the coarse roughness, i.e.,

� � � ��2 � � loc p d( ) ( )Q (5)

where γ = {ηx(r), ηy(r)} = ∇⊥η(r); p(γ) is the 
two-dimensional distribution (3) of these slope 
coefficients.

 The local scattering cross-section by perfectly 
soft fine roughnesses (in the Dirichlet problem) 
can be written in the form [17]

2 24( ) ( ) ( ) ( ),η ησ =Q kn k n Qloc i
z

c
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where
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2η η= −
π ∫Q r Q r rc c i d (7) 

Here c(Qη) is the characteristic function; c(r) 
= ⟨ζ(r)ζ(0)⟩ is the correlation function of the dis-
placements ζ(r).

Eq. (6) generalizes the expressions for the scat-
tering cross-section to the case when the under-
lying surface is not a horizontal plane. Next, we 
need to calculate the integral in Eq. (5) for the 
anisotropic distribution.

Analyzing scattering, Kuryanov [8] used the 
Bessel function to describe the roughness correla-
tions and obtained the result for the case kl << 1 
where l is the correlation length. In fact, for the 
Gaussian correlation function, the result will be 
the same, since 

c Q l( ) ~ exp( / ) ~q � �
2 2 2 1 (8)

with Qηl << 1, i.e., the effect of the correlation 
function is reduced to multiplication by a constant.

Thus, Kuryanov’s approximation is fully jus-
tified for this problem, and anisotropy of fine 
roughnesses is really insignificant.

We shall confine ourselves to the case of 
back-scattering that is the most important for 
practical applications. In these conditions 

2 2 4 4 4( ) ( ) ( ) cos= = θkn k n k ni i k
(θ is the angle of wave incidence), and Eq. (6) 
takes the form

4
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z
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The multiplier Qηl << 1 fully determines the 
angular dependence of scattering cross-section 
(9) for cos4θ. We are going to use this circum-
stance in averaging over the slopes of the coarse 
roughness.

Formulae for calculations; numerical results

For further calculations, let us choose the 
direction of the x, z coordinate axes in the plane 
of beam incidence, so that the z axis is perpen-
dicular to the smooth underlying plane. Since the 
ellipsoid of Gaussian anisotropic distribution can 
be oriented arbitrarily with respect to the x axis 
, it should be written in new coordinates, tak-
ing into account the rotation of the ellipse axis 
through an angle β, set by the conditions of wave 
incidence.

The coordinate transformation for such rota-
tion is 

cos sin ,
cos sin
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′ = β− β

x x y
y y x

with the Jacobian of the transformation J = 1. 
 We obtain the distribution of the slopes in 

terms of the new coordinates given the equalities 
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The intensity of the scattered wave due to the 
presence of fine irregularities on a coarse irregu-
lar surface differs from the intensity for scattering 
by fine irregularities on a plane by a multiplier

4
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where tgθ = kx/kz.
With δx = δy, Eq. (11) corresponds to iso-

tropic roughness [8]. Next, we need to calculate 
the resulting double integral (11), which can be 
represented as the sum
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Integrals over odd degrees of u are equal to 
zero because the integrand is an odd function. 

Let us use polar coordinates 

cos , sin .= φ = φu r v r
The integrals (13) are then transformed to the 

form

( )

2
2

0

2
2 2

2 3/2
0

2 2
2

2 2

1 cos ( ) ( ) ,

( ) exp ,
(1 )

cos ( ) sin ( ) .

π

∞

= φ φ φ
πδ δ

= −
+

φ−β φ−β
= +

δ δ

∫

∫

n
n n

x y

n

n

x y

A h g d

rh g r g rdr
r

p

(14)

With δx = δy = δ, p2 = δ-2, the integral over 
the angular variable in Eq. (14) is also factor-
ized, so that
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we obtain that α0 = 2π, α1 = π, α2 = 3π/4.
The coefficients An for the isotropic distribu-

tion are expressed in terms of the error function 
[8, 18] in the form

22( ) .
∞
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π ∫
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p
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The formulae for the coefficients An are the 
following in this case:
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where 
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with p >> 2, Φ(p) ≈ 0.
Asymptotic calculation of integral (15) with ∞ 

→ 0 gives the expression
2 4 6

0 1 21/ 2 , 1/ 2 , 1/ .= = =h p h p h p
Respectively, 

2 4
0 1 21, 1/ 2 , 3 / 4= = =A A p A p

in the isotropic case, and the factor D increases 
monotonically with increasing angle of incidence.

The result of calculating the factor D for the 
wave vertically incident on an isotropic rough 
surface as a function of slope variance δ is shown 
in Fig.1. The graph shows that the correction 
increasingly deviates from unity as the roughness 
increases.

Taking into account expressions (19) for the 
functions hn(p), it is fairly simple to calculate the 
coefficients An and the sought-for factor D in the 
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anisotropic case by single numerical integration 
over the angular variable ϕ in Eq. (14). Thus, we 
obtain the following expression for back-scattering

4 4
2 ( ) 4 cos (0) .σ = θQ k c D (20)

Notably, the cross-sections of scattering by the 
surface are dimensionless quantities. The correla-
tion function of fine roughnesses with a Gaussian 
distribution has a spectral form [17]

2 2
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π
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The final scattering cross-section can be written as
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Now it remains to express the cross-section 
σ1 for scattering by the underlying anisotropic 
coarse surface through the angle of incidence, 
based on expression (4). In this case, the pro-
jection Q = 2kcosθ, and K = 2ksinθ is the length 
of the projection of wave vector variation on the 
x, y plane. Since Kx = Kcosβ, Ky = Ksinβ, let us 
write the final expression for the cross-section of 

back-scattering by coarse roughnesses:

2

1 4

2 2
2
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We need the value of the back-scattering coef-
ficient and the dimensionless parameters of the 
surface slope distribution to carry out specific 
numerical calculations. Let us set V = –1 for 
further calculations. We shall calculate the scat-
tering cross-section by taking 

2 20.1, 0.4; ( ) 0.05, ( ) 0.1.ζδ = δ = σ = =x y k kl

Fig. 2 shows the factor D calculated as a 
function of the angle of wave incidence, mea-
sured in radians. Evidently, the distribution of 
roughnesses in the plane of incidence has a pre-
dominant effect on the angular characteristics 
of scattering intensity. Rotation of the plane of 
incidence from a finer roughness to a coarser 
one leads to a marked increase in scattering. 
With a normal wave incidence, the ratio of the 
cross-sections is

2 2 2
2 1 0(0) / (0) 16 ( ) .ζσ σ = δ δ σx y k l A (24)

Fig. 1. Factor D for a vertically incident wave as a function of slope variance δ

D

δ
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This ratio is ~3∙10–3 for the given parameters, 
i.e., the cross-section σ2 in the region of small 
scattering angles is a small correction to the main 
cross-section σ1 of scattering by coarse rough-
nesses. Taking it into account is only important 
at large angles for which the main component 
decreases sharply, and the contribution to scat-
tering by fine roughnesses is manifested.

The functional dependence of the back-scat-
tering cross-section by coarse anisotro-
pic roughnesses on the angle of incidence is 
clear evidence that the variation in scattering 
depends on the position of the plane of inci-
dence. The cross-sections of back-scattering by 
coarse roughnesses depending on the angle of 
incidence for the plane of incidence oriented 

Fig. 2. Logarithmic anisotropy factor D as a function of incident angle θ for two cases:
plane of incidence passes through the minor (1) and through the major (2) axis of the anisotropy ellipse

ln D

θ, rad

Fig. 3. Logarithm of total scattering cross-section for a two-scale rough surface 
as a function of incidence angle with different orientations of the plane of wave incidence: 

along smaller irregularities (1) and along irregularities with large slopes (2)

ln D

θ, rad



Radiophysics

113

along the minor axis of the anisotropy ellipse 
and along the major axis of anisotropy differ by 
a factor 

2
2 2

1 1exp tg ,
  

θ −   δ δ   x y

which increases with increasing angle of inci-
dence for δx < δy.

Scattering by fine irregularities against the 
background of coarse roughnesses as a function 
of the angle of incidence with a different ori-
entations of the plane of incidence is a smooth 
curve. 

Fig. 3 shows the logarithm of the total 
cross-section of scattering by a two-scale rough 
surface for two different orientations of the plane 
of incidence. The lower curve with less scattering 
corresponds to the plane of incidence oriented 
along the minor axis of the ellipse. The upper 
curve corresponds to the plane of incidence ori-
ented along the major axis of the ellipse, which 
corresponds to coarser roughnesses. The kink on 
the curve is associated with a rapid transition 
from the distribution in the form (23) at small 
angles of incidence to distribution in the form 
(22) with increasing angle. This behavior is also 
characteristic for an isotropic scattering surface 

[8], but in this case, a new dependence on the 
position of the plane of incidence is observed. 

Conclusion

The analysis we have carried out using the 
two-scale model for scattering of waves by an 
anisotropic rough surface revealed that the role of 
anisotropy of fine roughnesses is insignificant, in 
the sense that it does not contribute to the angular 
dependence of backscattering. As for anisotropy 
of coarse irregularities with dimensions greater 
than the wavelength, it is very pronounced both 
in the part actually generated by these smooth 
surface structures, and in the scattering by ran-
dom fine roughnesses. These fine irregularities 
with sizes much smaller than the wavelength 
govern the low-intensity wing in the cross-sec-
tion at large scattering angles. The intensity of 
the back-scattered wave varying as the plane of 
wave incidence is rotated can serve as an indica-
tor of the degree of anisotropy of random coarse 
roughnesses.

The effect that fluctuations of the actual 
parameters of anisotropic roughness along the 
surface, including on scales much larger than the 
correlation length of coarse roughnesses, have on 
the scattering is an interesting subject for further 
study.
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