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A formulation for spinless particles, that holds true the formal equivalency 
of spatial and time particle’s coordinates achieved through the introduction of 
an auxiliary parameter of evolution, has been put forward in terms of relativistic 
quantum mechanics. The proposed modification of theory gave a space-time picture 
of elementary processes involved in a finite region of the Minkowski space in the form 
of scattering amplitudes. In order to define the evolution parameter, an additional 
condition was introduced. That was the presence of an extreme of the scattering 
amplitude phase. The probabilistic interpretation of the scattering amplitude includes 
a contraction of integration measure in the Minkowski space on a 3D surface given 
by experimental conditions. The nonrelativistic limit of the modified theory was 
shown to coincide with the Schrödinger theory, including the dynamical model of the 
stationary scattering problem in terms of wave packets movement.
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СОБСТВЕННОЕ ВРЕМЯ В РЕЛЯТИВИСТСКОЙ КВАНТОВОЙ МЕХАНИКЕ

Н.Н. Горобей, А.С. Лукьяненко 

Санкт-Петербургский политехнический университет Петра Великого, 
Санкт-Петербург, Российская Федерация

В рамках релятивистской квантовой механики предложена формулировка 
для бесспиновых частиц, которая сохраняет формальное равноправие 
пространственных и временной координат такой частицы благодаря введению 
вспомогательного параметра эволюции. Предлагаемая модификация теории дает 
пространственно-временную картину элементарных процессов, происходящих 
в конечных областях пространства Минковского в форме амплитуд рассеяния. 
Для определения указанного параметра введено дополнительное условие – 
наличие экстремума фазы амплитуды рассеяния. Вероятностная интерпретация 
амплитуды рассеяния включает ограничение меры интегрирования в 
пространстве Минковского трехмерной поверхностью, задаваемой условиями 
эксперимента. Показано, что нерелятивистский предел модифицированной 
теории совпадает с теорией Шрёдингера, в том числе для динамической модели 
стационарной задачи рассеяния в форме движения волновых пакетов.

Ключевые слова: пространство Минковского, бесспиновая частица, волновой 
пакет, собственное время, амплитуда рассеяния.
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Introduction

The most impressive result of Special 
Relativity is combining space and time into 
a single four-dimensional space-time, called 
the Minkowski space. In this case, separat-
ing time again as an evolution parameter that 
describes particle dynamics would be a step 
back in a way. This can be avoided in classical 
(non-quantum) relativistic mechanics, where 
motion may be described in terms of invari-
ant proper time, measured by clocks associated 
with each particle. 

Such a description would be difficult in 
quantum mechanics, if only because it is 
impossible to provide a clock for each elemen-
tary particle. The coordinate time of the Min-
kowski space acts as an evolution parameter 
here again. This is the method used in rela-
tivistic quantum mechanics (RQM), based on 
the Klein–Gordon (KG) equation for spinless 
particles and on the Dirac equation for spin-½ 
particles [1]. 

We shall confine our consideration to spin-
less charged particles in this paper. Asymptotic 
(free, since interaction is eliminated) solutions 
of the Klein–Gordon equation with t → +∞ 
are matter waves, and the solution of the KG 
equation in the entire Minkowski space, in 
particular, within the framework of perturba-
tion theory, allows to determine the scattering 
amplitudes of these waves. This scattering the-
ory is covariant precisely due to infinite limits 
of the time coordinate. 

However, this formulation of the scattering 
problem is rather incomplete. The asymptotic 
state in the form of a matter wave is an ide-
alization, similar to the point mass in classi-
cal mechanics. Particles are actually produced 
(i.e., escape from a source) and detected in a 
free state in a bounded domain of space-time. 
Schwinger’s theory on sources (sinks) [2] is the 
most suitable for describing these processes. 
The state evolving in the source is a “trimmed” 
matter wave, or a wave packet. We are going to 
refer to the dimensions of the wave packet in 
all four dimensions as coherence parameters. 
They depend on the spatial and temporal char-
acteristics of the elementary process of parti-

cle escaping from a bound state in the source. 
The wave packet is not a solution of the KG 
equation, which means that it keeps evolving 
until a particle is detected after scattering at 
some point in Minkowski space (wave packet 
reduction). The whole elementary process of 
scattering is localized in a finite region of this 
space. To describe the motion of a wave packet 
in this space, we have to introduce proper time 
as an auxiliary parameter of evolution.

Proper time has been long used in relativ-
istic quantum mechanics, starting with Dirac’s 
works [3]. The formalism of auxiliary time was 
further developed by Fock [4], Stueckelberg 
[5], Feynman [6], Schwinger [7] and Kyprian-
idis [8], associating it with indefinite mass. The 
relationship between this auxiliary parameter 
and the proper time of a particle was established 
in [9]. Proper time was proposed in [10, 11] as 
a parameter of wave packet evolution in Min-
kowski space. Since this time is not observable, 
it should be excluded and expressed in terms 
of scattering parameters, which is achieved by 
imposing an additional condition on the scat-
tering amplitude for the extremum of its phase 
with respect to proper time. Here we draw an 
analogy with the classical principle of least 
action in relativistic mechanics, where proper 
time is an independent dynamic variable [4], 
relying on Dirac’s remark that the phase of 
a wave function is a quantum equivalent of 
the action functional [12]. Imposing this addi-
tional condition on proper time means that an 
additional condition has to be introduced for 
normalization of the scattering amplitude. An 
integration measure on an arbitrary 3D surface 
in Minkowski space is used for this purpose. 
Choice of surface, and, therefore, the probabi-
listic interpretation of the scattering amplitude 
depends on the experimental setting.

The goal of this study has been to refine 
the new formulation of relativistic quantum 
mechanics with an additional evolution param-
eter. 

In addition to substantiating the formalism, 
we have obtained the nonrelativistic limit for 
this parameter, coinciding with the limit in 
Schrödinger’s theory. We have also established 
the relationship between this formalism and 
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the formulation of the scattering problem in 
terms of wave packet motion in 3D space (this 
problem was considered in [13]).

Proper time in classical  
and quantum mechanics

Let us start our consideration with the canon-
ical form of action of a charged particle in an 
external field:

( )
0

S
I p x H dµ µ µ= θ − τ∫  (1)

where the dot denotes the derivative with respect 
to the parameter τ ∈ [0,S], and

( )2 2H p eA mcµ µ µ≡ θ − − (2) 

is a Hamiltonian function. 
The repeating indices μ = 0,1,2,3 are to be 

summed, and the Minkowski signature

θμ = (+1,–1, –1, –1)

is introduced explicitly. 
Following Fock [4], let us consider the upper 

integration limit for S as an independent dynamic 
variable, found from the principle of least action 
after solving the equations for charge motion in 
Minkowski space between the given endpoints

xμ(0) = x0μ, xμ(S) = x1μ.

For example, in the absence of an external 
field, we find:

2

,
2

xS
mc
∆

= ± (3)

where 

( )22
1 0x x xµ µ µ∆ = θ − (4)

is the distance between the endpoints in 
Minkowski space. The plus or minus signs corre-
spond to the motion of the charge back and forth 
in time τ.

Action (1) corresponds to a Schrödinger-type 
wave equation in quantum mechanics:

;i H∂ψ
= ψ

∂τ



 (5)

it describes the evolution of the wave function 
ψ(τ,x) in Minkowski space over time τ ∈ [0, S]. 

Here

( )
2

2 2H eA x m c
iµ µ µ µ

 ≡ θ ∇ − −  





(6) 

is the Hamiltonian operator.
We assume that stationary states of a particle 

in a static external field Aμ(xk) are still solutions of 
the KG equation Ĥψ = 0. This also includes the 
standard formulation of the stationary scattering 
problem in terms of de Broglie asymptotic plane 
waves [1].

Here we are going to describe elementary scat-
tering processes localized in bounded domains 
of Minkowski space. Let us consider a prob-
lem similar to the boundary problem in classical 
mechanics for this equation. The initial state of 
the charge is given by a Gaussian wave packet 
with the center at the point x0μ:

( ) ( )2

0
0 022

x x ix Aexp p x .µ µ
µ µ µ

µ

 −
 ψ = − + θ

σ 
 



(7)

This state is a “trimmed” matter wave with a 
four-momentum p0μ localized around the starting 
point x0μ. The size of the localization region is 
given by parameters σμ, referred to above as the 
coherence parameters of a matter wave. They are 
governed by the physical process that “releases” a 
particle from a bound state in the source. Nota-
bly, the dimensions of the package σμ obey the 
Lorentz transformations, so it is assumed that the 
frame of reference is fixed.

State (7) has a finite norm with a standard 
integration measure in Minkowski space:

2 2dx .µ
µ

ψ ≡ ψ < ∞∏∫ (8)

and this norm is preserved during the evolution of 
the state, described by equation (5). 

However, we cannot regard the quantity |ψ(τ, xμ)|2 
as the density of the probability for detecting a par-
ticle in the neighborhood of a point xμ in Minkow-
ski space at a given time τ because this time itself is 
not observable and is yet to be determined. 

For this purpose, we need the quantum equiv-
alent to the classical principle of least action. Fol-
lowing Dirac [12], let us consider phase I of the 
wave function in its exponential representation as 
the quantum action:

iR exp I . ψ = ⋅  
 

(9)

⁀
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Let us take the value of the wave function at 
the final time τ = S at some endpoint x1μ. We 
obtain the following system of equations for the 
corresponding modulus R and phase I of the 
wave function, from wave equation (5):

( ) 22 ,R R I eA R I
S µ µ µ µ µ µ
∂

= − θ ∇ ⋅ ∇ − − θ ∇
∂

(10)

( )
2

2 2 2 2 RI I eA m c .
S R

µ µ
µ µ µ

θ ∇∂
= −θ ∇ − + +

∂


(11)

The value of the wave function at endpoint 
ψ(S, x1μ) has the sense of the amplitude for 
scattering of a particle from initial state (7) in 
Minkowski space to the final state

δ4(xμ – x1μ),

localized at the endpoint x1μ (preliminary, until 
the proper time S is fixed).

From a physical standpoint, this means that a 
detector (for example, a Faraday cup) “worked” at 
the endpoint, transferring the particle to a bound 
state. We believe that this process of “binding” is 
localized in a region of Minkowski space that is 
much smaller than the coherence parameters σμ 
of the initial matter wave. It is in this context that 
we can speak of wave-particle duality in quantum 
mechanics: while a matter wave (bounded by the 
coherence parameters) is generated in the source, 
it is a point particle that is detected. 

We have now prepared the conditions for 
fixing the parameter S, so, with this in mind, 
let us introduce an additional condition for the 
extremum:

0,I
S
∂

=
∂

(12)

which we called the quantum principle of least 
action in our earlier study [10]. 

After the (preliminary) scattering amplitude 
ψ(S, x1μ) is found, Eq. (12) determines the proper 
time S as a function of kinematic parameters of 
the experiment: source coordinates x0μ and detec-
tor x1μ , source sizes σμ and initial four-momen-
tum p0μ. Below, we are going to demonstrate that 
if the source is far from the scattering center, 
then the initial momentum p0μ satisfies the con-
dition

2 2 2
0p m c .µ = (13)

After substituting the proper time found to 

the amplitude ψ(S, x1μ), the latter becomes the 
scattering amplitude of the particle in the given 
experimental conditions.

However, we should now refine the probabi-
listic interpretation of this scattering amplitude, 
since we cannot be sure that norm (8) of the 
wave function is preserved in Minkowski space, 
given the additional condition (12). It was pro-
posed in [11] to determine the integration mea-
sure in Minkowski space in accordance with the 
given experimental setting. In general form, this 
condition is reduced to restricting integration to 
some 3D surface F(xμ) = 0 in Minkowski space. 
We can now determine the scattering amplitude 
norm more accurately:

( )
0

2 2
kF kt

dt dx F .
∞

ψ ≡ δ ψ∏∫ ∫ (14)

This definition takes into account that the 
experiment takes place after the initial state 
evolves at time t0. We are dealing with a particle 
if p0 > 0, and with an antiparticle if p0 <0. In 
the next paragraph, this definition of the norm is 
established for the nonrelativistic limit. 

Let us conclude this section by presenting a 
solution for the case of free motion of a wave 
packet. It is described by the amplitude

 

( )

( )
( )

( )

1

1 2

2

0
2

2 2 2
0 0

1 2

2
2 4exp

S
S ,x A i

x Sp
i S .

i p x p m c S

−

µ
µ

µ µ

µ µ

µ µ

µ µ µ µ µ

 θ
ψ = + × ∏ σ 
 ∆ −
 − +
 σ + θ×  
 

 + θ ∆ − θ −   







(15)

From here, we obtain the quantum action:

( )

( )

22
0

2 4 2 2

2 2 2
0 0

221
2 4

x Sp SS
I arctg

S

p x p m c S.

µ µ µµ

µ µ

µ µ µ µ µ

∆ − θθ
= − + +

σ σ +

+θ ∆ − θ −





 (16)

Recall that summation is intended over the index 
μ. Its classical limit (ħ → 0) coincides with classical 
action (1) in case of free motion of a particle, in 
which case condition (13) follows from condition 
(12) for the extremum. Decomposing quantum 
action (16) in a series in terms of powers of ħ, the 
first nonzero correction has the second order:
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2
0 2 ,I I I ...= + + (17)

where

( )
2

2
0 0 4

2 2

2 4

4 Sp X p S

I .
X

S

µ µ µ µ µ
µ

µ µ µ

µ µ

 
θ ∆ − θ σ = −   θ θ ∆ + −  σ σ   

(18)

Then, if condition (13) is satisfied, we obtain 
from extremum condition (12) for quantum 
action with the given accuracy:

0
4

2
0

4

2
,

6

p x
D

S
p

µ µ µ

µ µ

µ µ

µ µ

θ ∆
±∑

σ
=

θ
∑

σ

(19)

where

2

0
4

22 2
0

4 4 2

4

13

p x
D

p x
.

µ µ µ

µ µ

µ µ µ
µ

µ µµ µ µ

 θ ∆
≡ −∑  σ 

    θ ∆
− θ − ∑ ∑       σ σ σ    

(20)

The choice of sign in expression (19) is now 
determined by the sign of p00: it is positive if p00 > 
0 (particle) and negative if p00 < 0 (antiparticle).

 The resulting expression (19) should be sub-
stituted into the formula for the initial wave func-
tion (15), whose modulus

( )
( )

1
2 2 2

2

0
2 2 2 2

2
2 4

R A S

x Sp
exp

S

−

µ
µ

µ µ

µ µ

 = σ + ×∏  
 ∆ −
 × −

σ + σ 
 





(21)

determines the motion of the wave packet in 
Minkowski space. Summation over μ is to be car-
ried out in the exponent here.

Nonrelativistic approximation

Let us first consider the nonrelativistic limit 
for the case of free motion of the wave packet. 
This limit is achieved if the initial three-momen-
tum of the particle is small, i.e.,

0kp mc.<< (22)

According to expression (21), the center of the 
packet also passes a short distance in 3D space in 
a finite period of time, namely,

0kx x .∆ << ∆ (23)

Then, for a sufficiently long period of time, i.e.,

0 0,x∆ >> σ (24)

we obtain with high accuracy from expression 
(19):

2
tS .

m
∆

≅ (25)

Thus, the proper time of the particle in this 
limit coincides (up to a factor of 1/2m) with the 
coordinate time, as we might have expected. 

In this case, the modulus of wave function 
(21) has the form

( )
( )

2
0

2 2 2 2 2 ,
2

k k

k k

x tp / m
R ~ Aexp

t m

 ∆ − ∆
− 

σ + ∆ σ  

(26)

where summation over k is intended in the 
exponent.

The solution of the non-stationary Schrödinger 
equation for Gaussian wave packet motion yields 
this exact result.

If an external electromagnetic field is present, 
inequalities (22) in the nonrelativistic approxi-
mation should also include the following:

eA mc.µ << (27)

The same as in the case of the Klein–Gordon 
equation, transition to the nonrelativistic limit 
accomplished by separating a rapidly oscillating 
term in the wave function [1, 14]:

( ) ( )2
k k

it ,x ~ exp mc t t,x .  ′ψ ψ 
   

(28)

As for the function’s slowly changing compo-
nent ψ′(t, xk), let us confirm that it satisfies the 
Schrödinger equation

2

0
1

2 k ki eA ecA .
t m i
′∂ψ   ′ ′= ∇ − ψ + ψ ∂  




(29)
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A rapidly changing multiplier in the given for-
malism appears as the stationary value of the com-
ponent of the action I corresponding to the time 
coordinate Δt. Indeed, by completely neglecting 
the motion of a particle in 3D space, taking into 
account inequalities (22), (27) and the action of 
the external field, we obtain free “motion” of the 
coordinate time t with the “flow” of the proper 
time τ. Let us call this approximation ultranon-
relativistic.

All the equations for the case of free motion 
of a wave packet containing only the contribution 
μ = 0 are valid for this approximation. In partic-
ular, formula (19) is in this case reduced to the 
expression

( )2 22
0

23 3 12
tt tS .

m m m
∆ − σ∆ ∆ ≅ + − 

 
(30)

It has a nonzero limit with small values of 
Δt, and is transformed to expression (25) with 
Δt >> σ0. With larger values of Δt, a transition to 
the limit σ0 → 0 can be made in the initial wave 
packet (7), which then takes the form

( ) ( ) ( )0 0 0 ,kx t t t ,xµ ′ψ = δ − ψ (31)

where ψ′0(t, xk) is the initial wave packet in 3D 
space.

Recall that the term “initial” here refers to 
proper time τ. Then the solution of Eq. (5) in the 
given ultranonrelativistic limit takes the form

( )
2

22mc it exp mc t .
i t

 ψ =  π   

(32)

The remaining task is to find nonrelativistic 
corrections to this solution, taking into account 
slow motion of the particle and the action of the 
external field. 

For this purpose, let us consider Eqs. (10) and 
(11). If we assume that the extremum condition 
(12) is satisfied and the expression for proper 
time has the form (25), then we can extract the 
square root in equation (11):

,I Z e
t

∂
= + φ

∂
(33)

where 

( )
2

22 4 2 2 2
k k

R
Z m c c eA c .

R
µ µθ ∇

= + ∇ − +  (34)

The square root in the sought-for nonrelativistic 
limit is approximated as follows:

 ( )22 21 ,
2 k k

I Rmc eA e
t m R

∂ ∆
≅ + ∇ − + φ−

∂


(35)

with the second derivative also dropped

2

2 2
1 R .

c R t
∂
∂

(36)

Let us now turn to Eq. (10). According to Eq. 
(35), the zero component of the first term in its 
right-hand side (μ = 0) can be approximated by 
the product

2 Rm .
t

∂
−

∂
(37)

If we also neglect the zero component in the 
second term and divide both sides of the equation 
by 2m, the equation takes the form

( )

( )

1 1
2

1
2

k k k

k k k

R R I eA R
m S t m

R I eA .
m

∂ ∂ + = ∇ − ∇ + ∂ ∂ 

+ ∇ ∇ −
(38)

The expression in brackets on the left-hand 
side of Eq. (38) is equal to the total partial deriv-
ative R with respect to time. In this form, Eqs. 
(35) and (37) are equivalent to the Schrödinger 
equation (29) for a wave function ψ′(t, xk) slowly 
varying with time, if we assume that

I = mc2t + I′

(I′ is its phase):

iR exp I . ′ ′ψ = ⋅  
 

(39)

This establishes the nonrelativistic limit for 
wave equation (5) within the framework of the 
given theory.

Now we have to refine the probabilistic inter-
pretation of the amplitude ψ(xμ) in the non-rela-
tivistic limit. There are two possibilities here. The 
first is the typical case when time t is regarded as 
a classical evolution parameter with large values 
of Δt:

0t T .∆ ≡ >> σ (40)
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To consider this possibility, let us imagine 
the following experiment: detectors are turned 
on in the whole space after a time interval T 
after a particle is produced. Before this, since 
the time t0 (σ0 can be taken equal to zero in this 
case) when the particle was produced, it moved 
in a given potential field in the absence of an 
observer. This experiment corresponds to a cer-
tain choice of integration surface in expression 
(14): 

0F t T .≡ ∆ − = (41)

In this case, integration over time is elimi-
nated in (14) and the wave function ψ′(t, xk) that 
is the solution to Schrödinger equation (29) is 
interpreted in the standard manner as the proba-
bility distribution density in 3D space.

Another interpretation is more consistent with 
the standard experiment on scattering of particles 
by a static target. The target is usually placed in 
the center of a vacuum chamber, and the detec-
tors (Faraday cups) are located on the surface 
of a spherical screen. The diffraction pattern is 
obtained through recording the results of ele-
mentary scattering events over a long observation 
period. If ρ is the radius of the screen with the 
center in the target, then the integration surface 
in (14) is a 3D sphere:

2 0kF x .≡ −ρ = (42)

Thus, integration over the radial variable is 
eliminated in 3D space is removed in (14) but 
integration over time is preserved. We might call 
this a good scenario: the elementary scattering 
of a particle is completed only when the entire 
packet passes through the detector. Such case 
corresponds to dynamic interpretation of the sta-
tionary scattering problem in terms of the motion 
of wave packets, considered in [13]. In practice, 

elementary scattering events are also averaged 
over the exposure time.

Conclusion 

The formulation of relativistic quantum 
mechanics discussed in detail in this study 
describes the space-time characteristics of ele-
mentary processes localized in finite regions of 
Minkowski space. This description also includes 
the characteristics of the initial state, such as 
the coherence parameters σμ, which are observ-
able quantities. Introducing an additional evo-
lution parameter to preserve equivalent spatial 
and temporal coordinates of Minkowski space 
means that another additional condition has to 
be imposed, in order to exclude this parameter 
as an unobservable quantity, and to addition-
ally determine the probability measure. 

Choice of this measure depends on the 
experimental setting. Given these additional 
conditions, the solutions of Eq. (5) acquire the 
physical meaning of scattering amplitudes. The 
formalism proposed should serve as an addition 
to stationary theory of scattering of asymptotic 
matter waves based on the Klein – Gordon 
equation, which takes into account finite spa-
tial and temporal characteristics of elemen-
tary scattering processes. One of the rationales 
behind the proposed theory is that scattering 
amplitudes, together with their probabilistic 
interpretation, have the correct nonrelativistic 
limit. 

The formulation of relativistic quantum 
mechanics for spinless particles considered in 
this study can be generalized to the case of spin 
particles.
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