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THREE-FLUID FORMULATION AND A NUMERICAL METHOD
FOR SOLVING THE STATIONARY PROBLEM OF THERMAL HYDRAULICS
OF A TWO-PHASE ANNULAR DISPERSED FLOW
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The article presents a one-dimensional three-fluid model for solving the stationary
flow problem on a two-phase steam-water annular dispersed stream in a vertical heated
channel, based on nine balance equations with an equal phase pressure assumed. The
validation of the marching algorithm of the described stationary problem has been
carried out by comparison with the published experimental data relating to a two-phase
flow in a circular pipe under adiabatic conditions for pressures of 3 — 9 MPa, total
flow rates of 500 — 3000 kg /(m"2-s) and internal diameters of 10 and 20 mm. The
total pressure differences in the channel were calculated. Good qualitative agreement
with experimental data was obtained. Small quantitative disagreements were found.
They were shown to be reduced by the refinement of the closing relations.
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Introduction

The most common approach for describ-
ing multiphase flows in a thermal hydraulic
approximation is based on the model of in-
terpenetrating continua. The existing simula-
tion codes for thermal hydraulics (KORSAR,
TRAC, RELAP) are based on the so-called
two-fluid approximation describing the case for
multiphase flow represented by two “fluids”:
vapor and fluid. The corresponding system
consists of six differential equations of mass,
momentum and energy balance (for each of the
fluids). The system is closed by the phase bal-
ance equation, the thermodynamic equation of
state (for each of the fluids) and empirical or
semi-empirical relations (for each of the flu-
ids). These relations, called closing, describe
mass, heat and momentum transfer between
the individual phases and between the phases
and the channel wall.

The structure of the two-phase medium
and, accordingly, the closing relations in such
a model are determined by the chosen flow re-
gime map.

The two-fluid approximation was the first
one used in simulation codes developed for
thermal hydraulics. It is still found in many

codes and is often discussed in literature. The
two-fluid approach is fairly up-to-date, provid-
ing adequate descriptions for all flow regimes
where it is more correct to divide two-phase
flow into any two components. This includes,
for example, bubble, slug, dispersed and strati-
fied flows. The two-fluid approach yields ac-
ceptable results for all of these flow regimes;
the descriptions differ only in the definitions of
“fluids” in each case and, accordingly, in the
closing relations.

On the other hand, the medium in the an-
nular dispersed flow regime is divided into three
fluids: vapor, droplets, and liquid film; accord-
ingly, each of the fluids should have its own
velocity and temperature, which is impossible
in the two-fluid approximation. There are ap-
proximate methods for describing the specifics
of the annular dispersed-regime for these cases,
staying within the framework of the two-fluid
model. For example, in the KORSAR simula-
tion code, the emerging droplets are taken into
account by an additional term in the balance
equations but still do not have their own veloc-
ity and temperature.

The issue of inaccurate description of the
annular dispersed regime is solved by replacing
the two-fluid approach with the three-fluid one
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where each of the fluids (i.e., vapor, droplets,
and liquid film) is described by its own equa-
tions for the balance of mass, momentum, and
energy. The three-fluid model is well-known: it
has been considered in some Russian and for-
eign studies [1 — 7]. While using the approach
with three fluids instead of two is nothing new
from an algorithmic standpoint, it allows to
construct a more complete physical model that
is non-equilibrial with respect to the velocities
and temperatures of the given fluids.

The three-fluid model is more accurate in
describing the annular dispersed flow regime,
which means that more accurate values can be
obtained for the characteristics of heat transfer,
friction loss, volume fractions of fluids, and,
ultimately, the position of the dryout point can
be determined more reliably. Using this model
means that the problem of closing relations has
to be considered again. Most of the correla-
tions tested were formulated for the two-fluid
approximation. However, formulation of the
three-fluid model makes it possible to partially
use the experience in accumulated solving two-
phase problems. For example, closing relations
describing the exchange processes between va-
por and droplets in dispersed flow or exchange
with the channel wall in single-phase flow can
be used for describing exchange processes at
the corresponding interfaces and in the three-
fluid approximation. In this case, the exchange
processes directly between the droplets and the
film are characteristic for the three-fluid model
distinguishing it from the two-fluid one, allow-
ing to abandon the equilibrium model of gen-
eration and deposition move on to non-equi-
librium models by processing the experimental
data.

Our study presents a marching algorithm
for the numerical solution of the stationary
problem of annular dispersed flow in a one-di-
mensional approximation using the three-fluid
approach. Systems considered in a two- and
three-fluid approximation in a non-stationary
formulation for the case of equilibrium pres-
sure (mathematical models with total pressure
in fluids) are known to lose their evolution-
ary properties with certain values of operating
parameters [8]. The correctness of the Cauchy
problem can be restored by different measures
but all of them “perturb” the original system
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of equations. Therefore, if a stationary flow
regime is possible for a given problem, then
the solution obtained by the marching method
of integration is a reference for evolutionary
problems, allowing to quantitatively estimate
the distortions introduced into the solutions
by the techniques applied for regularizing the
problem.

Mathematical model

The developed stationary one-dimensional
three-fluid model describes annular dispersed
flow with masses of vapor, droplets and liquid
film moving in two-phase vapor-liquid flow.
The model takes into account phase transition,
exchange processes with the channel wall,
entrainment and deposition of droplets on
the film surface. Accordingly, we are going to
solve a system of equations consisting of nine
differential equations of mass, momentum and
energy balance for each of the three liquids.

The differential equations solved are written
in the following form.

1) Mass balance equations.

For vapor:

0
a—x(A(xvpvuv) =m, I, + mgIl,, (1)

where x, m, is the axial coordinate; 4, m?, is
the cross-sectional area of the channel; o, is
the volume fraction of vapor; p,, kg/m’, is
its density; u, m/s, is its velocity; m,, mg,
kg/(m?s), are the mass sources of vapor gen-
eration from the droplets and the film, respec-
tively (positive for condensation and negative
for evaporation); 1T , I, m, are the perim-
eters of the surface of heat transfer with vapor
for the droplets and the film respectively; the
subscripts v, d, f refer to vapor, droplets, and
liquid film, respectively. Below we are going
to use another subscript w, referring to the
channel wall.
For droplets:

0
&(Aadpa’ud) =-m, I, — 11, (S, -S.), (2)

where o,,p, are the volume fraction and den-
sity of the droplets, respectively; u, m/s, is their
velocity; S, S, kg/(m?s), are, respectively, the
entrainment and deposition rates for droplets
on the surface of the liquid film.
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For liquid film:
0
a(Aafpfuf) =-mgI1, + Hif(Sd -5, (3)

where o, and p, are, respectively, the volume
fraction and the density of the liquid film; uf,
my/s, is its flow velocity.
2) Momentum balance equations.
For vapor:
oP
—(A(xvpvu )+, A—— -u,)+

4)
- Hidtvd + A(xvpvgx’

m, 11, (u,,

+my, ,f(uﬁ —uv)—H,.fer

where P, Pa, is the pressure; u , u, m/s, are the
interfacial velocities (for the vapor — droplets
and vapor — film interfaces, respectively). We
used the interfacial velocity u, between the
droplets and the vapor, assumed to be equal to
the droplet velocity u,. A dependence from the
CARHARE code [9] was used for the velocity
of the interface between the liquid film and the
vapor:

¢ U, + i u,;

a, + 0,

“ a, + 0,
T, T,y> Kg/(s’m)are the shear stresses (vapor —
liquid film and vapor — droplets, respectively);
g, m/s%, is the projection of the gravity vector
on the x axis; the overbar indicates the aver-
aged value of a quantity.
For droplets:

—-u,)+

(&)

=, I, (U,

T, (S,u, - S,u,).

i(AO‘de”j) + a‘dZﬁ =
ox ox
+ T, + Aoyp,8, —

For liquid film:

) ,. _ — 0P
&(A(xfpfuf)-l—ocan =

u,) -1t +1,1, + ©)
S.u,),

=-—mgI1(u, -

+ Aa,p, g, +T1,(S,u, -

where IT_, m, is the perimeter of the surface of
heat transfer between the channel wall and the
film; t,,, kg/(s>m), is the shear stress between
the liquid film and the channel wall.

3) Energy balance equations.

For vapor:
-T)+ (1)

sat

0
a(Aocvpvu H,) = (HTC),,IT, (T,

u
+[h + S’devl‘[ld +(HTC), Hlf( w—T)+

uz
i
+ (hv + 7} meHl.f,

where H, J/kg, is the total specific enthalpy
of vapor, H = h + 0.54* (h, is the specific
enthalpy); (HTC) , (HTC),, W/(m?*K), are,
respectively, the coefficients of heat transfer
from the vapor to the interface with the droplets
and from the vapor to the interface with the
liquid film; 7, , T, K, are the saturation and

vapor temperatures respectively.
For droplets:

(7)

(AadpdudH) (HTO),11,,(T,, - T,) -

2 (3)
[h+—2}%), M, (S,H, - S,H,),

where H, H/, J/kg, are, respectively, the
total specific enthalpies of the droplets and
the liquid film, H, =h, + 0.5u* (h,, is the
specific enthalpy); (HTC),, W/(m*K), is the
coefficient of heat transfer from the droplets
to the interface with the vapor; 7, K, is the
temperature of the droplets.
For liquid film:

(A(xfpfufH) (HTC)fV ;f( o — )—
. )
(h+2jmfvlf (S H, —S,H )+
+ G5 = Gl

where (HTC) ., W/(m*K), is the coefficient of
heat transfer t/ rom the liquid film to the interface
with the vapor; 7, K, is the temperature of the
liquid film; ¢, 6\’/m2 is the heat flux from
the channel wall to the liquid film; ¢, , W/
m?, is the component of the heat ﬂux from
the channel wall that actually contributes to
generating vapor.

The system is also complemented by a phase
balance equation

Do, =1

and by thermodynamic equations of state taking
the form

(10)
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pe = pu(P.T), (1)
e, =e (P,T), (12)

where e, J/kg, is the specific internal energy of
the kth phase.

Closing relations

The system of equations (1) — (10) is closed
by a set of relations describing the processes
of mass, momentum and energy transfer both
between the individual phases and between the
phases and the channel wall.

Mass sources describing the phase transi-
tion (m, and m,) are derived by considering
the heat balance at the interface. Since the in-
terface cannot accumulate heat, we obtain:

my, = _[(HTC)dV(Y;at - Td) +
+ (HTC), (T, - T)1/ (h, = hy).

(13)

Direct heat transfer with the channel wall
only occurs for the liquid film in annular dis-
persed flow. Accordingly, a term ¢,,IT,, de-
scribing the heat flux transferred to the liquid
film from the channel wall is added to the right-
hand side of the film's energy balance equa-
tion. A term describing the component of the
heat flux from the channel wall that actually
contributes to generating vapor: ¢, IT, , where
4, =Vvq,;v =0-1, is also added to the en-
ergy balance equation.

Given this term, a similar mass source for
the phase transition between the liquid film and
the vapor has the form

m, =-[(HTC) (T, -T,) +

+ (HTC) (T, ~T) + 4,1/ (h, — hy). ¥

The terms of the form (HTC), (T, — T))
are the heat flux from the liquid phase to the
interface with the vapor, and (HTC) (T, —
T) the heat flux from the vapor to the inter-
face with the liquid phase for both mass sources
(13), (14).

The phase transition model used allows for
heat transfer coefficients of different magni-
tudes on both sides of the interface, but the
following assumption is used for the sake of
simplicity. Heat transfer coefficients on both
sides of the interface are assumed to be the

same and equal to a limiting factor that is the
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coefficient of heat transfer from the vapor. It
follows then that the coefficients of heat trans-
fer from the vapor to the interface with the
droplets and from the droplets to the interface
with the vapor are equal and take the form of a
correlation describing gas flow around spheri-
cal particles [10]:

(HTC),, = (HTC),, =

2 (2+0,6Re} P,

d

(15)

where the Reynolds number for droplets follows
the expression

— pv |uv _ud|Dd
K,

(D,, m, is the mean droplet diameter; p,, Pa-s,
is the coefficient of dynamic viscosity of va-
por); A,, W/(m-K), is the thermal conductivity
of vapor.

The coefficients of heat transfer from the
vapor to the interface with the liquid film and
from the liquid film to the interface with the
vapor are calculated from the correlation for
single-phase convection [11] applied to the
droplet-laden vapor core:

(HTC),, = (HTC),, =
— }\'V
" (D -25)

where D, m, is the internal diameter of the
channel; 3, m, is the mean film thickness; Pr,
is the Prandtl number for vapor; Re  is the
Reynolds number for vapor,

u, —uf|(p—25)

K,

The expressions for the mass sources de-
scribing hydrodynamic entrainment and de-
position on the surface of the liquid film
(S,and §)) are borrowed from [2], where tur-
bulent diffusion is assumed to be the dominant
mechanism for deposition of droplets on the
film surface:

Re,

(16)
(0,023 Re%* Pr™*),

Py

Re =

v

-0,5
S, =9:107y, (QJ Re,”* Sc,*°C, (17)
Py

where C, kg/m?, is the droplet concentration,
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C G, _ %Py

= = )
Gy G o, +ay
pvuv pd

Sc, is the Schmidt number for vapor (taken
to equal unity for simplicity);

D
here Re, = Lt

HV
It is assumed that shearing off of roll wave
crests is the main mechanism of hydrodynamic
entrainment of droplets into the droplet-laden
vapor core for a liquid with a low viscosity (like
water):

0,4
s = 1,07M[P_fJ y

2
s> (p,

(18)
{kx,Rev > 10°%;
X

k.[2,136lg(Re, ) - 9,68], Re, < 10°,

where k, = 0,575 +21,73-10°5> - 38,3-10°5° +
+55,68-10°5".

The shear stresses in the momentum bal-
ance equations (t,, between the channel wall
and the liquid film; t,, between the vapor and
the liquid film; t,, between the vapor and the
droplets) are written in the following form:

p

Ty =0y Tf"‘f |”f 5 (19)
1, =y, %V(uv —u)\u, —u; (20)
Toa :Cfvdp_zv(”v_”d) uv_ud|7 (21)

where Cf,, are the respective coefficients of
friction (drag force).

The coefficient of friction between the va-
por and the liquid film is calculated from the
modified Wallis correlation [12]:

_ 0,079

5
Cfvf W [1 + 300 BJ, (22)
where
D -25
Re, = P8R = 20) ( ).
K,

The aerodynamic drag of the droplets is
calculated from the dependence [13]:

24
o, =] 0,442
Soa [ * Re, "

}Red 4 ’ ( )
where
—u,|D
Re, = max LO, I;Mj.
K,

The coefficient of friction between the lig-
uid film and the channel wall is expressed as
follows [14]:

o Reth ’ Re%hz_; ’
where
u,p,o,.D
Reyy = 2P0,
!

The geometric characteristics used should
also be formulated for writing the closing rela-
tionships; these include:

perimeters of interface interactions;

perimeter of the interaction between the
liquid film and the channel wall;

mean thickness of the liquid film;

mean droplet diameter.

The perimeter of the interface between the
vapor and the droplets follows the expression

(25)

The perimeter of the interface between the
vapor and the liquid film:

M, = (D -23), (26)

where 8 =0,5D(1-./1-a ;) (mean thickness
of the liquid film).

The perimeter of the interface between the
liquid film and the channel wall:

Hfan.

W)

(27)

The droplet diameter is calculated by the
technique described in [14]:

D, = max(8,4-10”; min[D,; D,,]), (28)

1/3 2/3
D, =7,96-10° —°_Re, (p_dJ [”—] ,(29)
pv./v pv l"l'd

where j is the normalized velocity,

j _ uvvaav “uo:
v va vy
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the Reynolds number

| D
Rev :M‘
H,

D, =0, 254L[—0,13Wev n

(30)

16+ (0,130, )" |,

where L is the characteristic size (taken as the
internal diameter D of the channel);

)
We, = Pulv
(¢}

Numerical method

Moving on to the finite-difference for-
mulation of the system, let us introduce the
pseudovector notation of the following form:

~ I/I/km Aoyp, iy
W=\W,|=| Aupu; |; (D)
Wie Aoy Hy
St
0=, | (32)
Sie

where W is the flux vector; Q is the right-
hand side vector; the subscript k indicates the
corresponding fluid (vapor, droplet, liquid
film).

Using two-point approximation, let us write
the finite-difference formulation of the system
of equations:

n+l n
Wk,p B Wk,p

S Sisp=me (33)
an—l _ WnA _ ntl _ pn
e (—P i j: P (34)
D (e =1, (35)
k

where the subscript pindicates the corresponding
balance equation (m for mass, i for momentum,
e for energy).

At the same time, the balance equations for
momentum and energy are written identically in
pseudovector notation, so we combined them.
Since the flux vector is not linear, in order to
achieve convergence of the process, at the next
step we divide the sought-for quantities by the
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sum of the known quantity Wp”*“ from the pre-
vious iteration and their increments AW #*lstl
at the sought-for iteration, which transforms
the given system to the form:

Wn+l,s + AW}'[+1,5+1 _ Wn
k k k
- - L= 87, p = m,e;(36)

Ax
Wit AW W
AX
_ Pn+1,3 +APn+1,s+1 _Pn (37)
" aA[ = ] = 8
Z(azﬂ,x + A(X,ZH’HI) — 1 (38)
k

Leaving the increments on the left-hand
side of the equation, we move the remaining
terms to the right-hand side, thus reducing the
solution of the system to finding the increments
of the sought-for functions. In the same way,
we represent the sought-for flux vector in terms
of the vector of primitive variables:

[ =, T,u, P

As a result, the system is reduced to a ma-
trix notation of the form

Mn+1AsAfn+1,s+1 — Bn+1,s, (39)

which is solved by the Gauss method. The
vector B”*!s is the right-hand side vector; M"*!s
is the matrix of transformation of the flux vector
to the vector of primitive variables.

The coefficients of the matrix M"*'* can be
obtained by vector differentiation of the flux
vector with respect to the vector of primitive
variables:

8W n+l,s Ll
AN A ntls+l
T

— Mn+],sAfn+l,s+]

The matrix M"' has a repeating block
structure with a block size of 3 x 3 (see Ta-
ble).

The given algorithm is applicable for solving
problems with codirectional liquid velocities.

AWn+1,s+1 — (

Model testing

The three-fluid model described in our
study was used to calculate two-phase flow of
water in an adiabatic circular tube; we took
as a basis the experimental data obtained by
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I
Table
Coefficients of the transformation matrix M"*1s
Balaqce A, AT, Au, AP
equation
mass Apu Aaua—; Aap Aotua—;
momentum Apu? A P Ao P+ A
p oT AapZu
AouFE 9P +
ener. ApuH or Aap(H + u?) Ao Ea—p + oe +1
&y oe oP TP
+Aopu —
oT
phases 1 O 0 0

Wiirz in [15], considering two-phase water-
vapor flow in adiabatic round tubes with inter-
nal diameters of 10 and 20 mm, with pressures
ranging from 3 to 9 MPa and total flow rates of
500 — 3000 kg/(m?s).

We used the given model to calculate a to-
tal of 90 experimental points. Fig. 1 shows a
comparison of the calculated dependences of
the total pressure drop dp/dx on the relative
flow rate G, of vapor with the measured val-

vrel

ues. G, is the ratio of the absolute flow rate

vre

a)
dp/dx, kPa/m
60

50
40
30

20

P I

I T T AT T T T T A T B M |

0.2 0.7

vrel

of vapor the sum of flow rates of all three “lig-

uids”.

It can be seen from the given results that
the calculated dependences practically coincide
with the experimental ones from a qualitative
standpoint: they have the same slopes, even for
dependences with an alternating-sign derivative.
Quantitative analysis of the data reveals slight
discrepancies, which can be clearly observed by
plotting the calculated total pressure drops ver-
sus the experimentally measured ones (Fig. 2).

b)
dp/dx, kPa/m

20

L

T T T T T Y R |

Lo L

.2

0.3

0.4 0.5 0.6 0.7 0.8

vrel

Fig. 1. Experimental (symbols) and calculated (lines) dependences of the total pressure drop in the chan-
nel versus the relative vapor flow rate for internal channel diameters D = 10 mm (@) and 20 mm (b), with
different total flow rates, kg/(m?s): 500 (1), 750 (2), 1000 (3), 2000 (4), 3000 (5).

Pressure P =7 Mpa
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Design dp/dx, kPa/m
3
m]
O
()

|

10°

TR | I

10} ' 10
Measured dp/dx, kPa/m

10°

Fig. 2. Relationship between the calculated total
pressure drop in the channel and the measured
values for all experimental data used from [15]

dp/dx, kPa/m

40
35
30
25
20

15

oo e e e e e b by |

0.3 0.4 0.5 0.6 0.7

vrel

N T | T 177 ‘ 1T 1771 ‘ T 177 ‘ T 17T ‘ T 17T ‘
N

o

Fig. 3. Dependences similar to those shown
in Fig. 1, which were obtained for different
roughness coefficients: 1.00 (7), 1.20 (2), 1.50 (3),
1.85 (4); P=3 MPa, D= 10 mm

A possible explanation for these discrepancies
is that the chosen formulation of the closing
relations was not optimal. It is these relations
that describe the physics of the processes and,
therefore, determine the calculated result in the
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three-fluid model. Optimizing the closing rela-
tions was not among the goals of this study.
However, we can confirm that taking into ac-
count additional factors, such as tube rough-
ness (which complicates the expression for the
coefficient of friction between the film and the
channel wall), makes it possible to bring the
calculated results to closer agreement with the
experimentally measured values. Fig. 3. shows
the results obtained by adjusting the calculated
results in this manner. For simplicity, the tube
roughness is taken into account in the coef-
ficient of friction as a variation of the mul-
tiplier, and the calculations were carried out
only for one series of experiments (pressure of
3 MPa, total flow rate of 1000 kg/(m?s), inter-
nal channel diameter of 10 mm). The data in
Fig. 3 clearly demonstrate that the calculated
total pressure drops can be better fitted to the
experimentally measured values by increasing
the roughness coefficient.

Conclusion

We have developed a numerical procedure
for solving the stationary problem of two-
phase water-vapor flow in a one-dimensional
approximation with an annular dispersed-
flow regime using a three-fluid formulation.
The integrated system of equations includes
the heat transfer between the phases and
the channel wall, the friction between the
phases and the channel wall, entrainment and
deposition on the surface of the liquid film,
as well as interaction of the gravity field for
channels with constant and variable cross-
sections.

We have carried out initial testing of the
developed computational model by comparing
the simulation results with the experimental
data reported by Wiirz [15]. The comparison
confirmed that the three-fluid model considered
in our study provides an adequate description of
the given series of experiments with vapor-fluid
flow and qualitatively speaking, the obtained
dependences fully agree with the experimental
ones. There are quantitative discrepancies but
they do not exceed 20%. However, we have
established that these discrepancies can be
reduced by adjusting the closing relations.
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