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A linear stability problem for a submerged Landau – Squire jet has been 
considered. It was shown that in the space, the intrinsic perturbation amplitude varied 
as a power function of the spherical radius R, read from the motion source.  It was 
established that the increment in the sinusoidal disturbance became more than that 
for axisymmetric one for Re _D > 31. The linear stability theory was applied to the 
value of the laminar-turbulent transition coordinate as a function of the Reynolds 
number. A model criterion for a laminar-turbulent transition in the far jet region was 
proposed. For the first time, this made it possible to obtain a good agreement between 
the theoretical results and experimental data for Re_D  < 2000. 
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Introduction

Hydrodynamic stability theory studies 
the conditions under which one flow regime 
flow of a fluid or a gas is replaced by another  
[1 – 3]. Situations like that often happen in a 
wide range of natural phenomena and technical 
devices; therefore, new results in this field have 
numerous fundamental and practical applica-
tions. Free shear flows are one of the widest 
classes in hydrodynamics, with jet flows play-
ing a central role. The classical problem on the 
stability of a circular flooded laminar jet issuing 
from a local source still has no definitive solu-
tion, stimulating further interest in this issue.

It was experimentally proved that a circular 
jet loses stability at relatively low flow velocities. 
Some of the first experiments on this problem, 
described in [4], were carried out by Schade. 
These experiments indicated that stable jet flow 
could be obtained at Reynolds numbers about 
several hundred. Further, Viilu [5] obtained 
in 1962 a result that somewhat contradicted 
Schade’s data, determining the critical Reyn-
olds number in the range of only 10.5 – 11.8. 
In the same year, A.J. Reynolds published the 
results of similar experiments [6], with a fairly 
detailed description of the scenarios dealing 
with the loss of flow stability.

The inlet conditions in such experiments 
are often modeled with a long tube; the velocity 

profile at the exit of this tube should be close to 
the parabolic Poiseuille profile. However, the 
outlet characteristics are highly dependent on 
the length of the tube nozzle.

More thorough studies of the outlet velocity 
profile were carried out in a relatively recent se-
ries of experiments [7, 8]. Measurements have 
shown that the length of the nozzle, which is 
about 200 channel diameters, is sufficient for 
forming a parabolic velocity profile up to Reyn-
olds numbers of about 6700. It was also found 
that a non-axisymmetric mode, visualized in 
the cross-section, starts to develop at high flow 
velocities and close enough to the nozzle.

Lemanov et al. [9] studied submerged jets 
issuing from a nozzle with a length of 100D 
(D is the diameter of the tube). In addition, 
the flow was visualized and it was established 
that the region of steady laminar flow decreases 
with increasing Reynolds number. It was found 
(in agreement with the results of the previous 
authors) that sinusoidal perturbations start to 
evolve in the region located before the final 
turbulent transition of the jet. We are going 
to use the experimental data in this study for 
qualitative and quantitative comparison with 
the theory presented below.

Analytical study of this problem started with 
a paper by Batchelor and Gill [5], who found 
that only sinusoidal perturbation is an unstable 
mode in the far field in the inviscid case. How-
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ever, the study also indicated that including the 
expansion of the jet downstream could slightly 
change the conclusions obtained using a plane-
parallel approximation.

Tatsumi and Kakutani [10] note that sta-
bility analysis of non-parallel flows is not suf-
ficiently developed in hydrodynamic stability 
theory that regards even such flows as jets and 
wakes as quasi-parallel. Ling and W.C. Reyn-
olds [11] developed an approach taking into 
account flow expansion within the framework 
of perturbation theory. Garg [12] used a more 
general approach, applied only to Bickley’s 
(two-dimensional) jet [13]. In contrast to the 
two-dimensional case, where the perturbation 
characteristics vary with the axial coordinate 
in a non-self-similar manner and some ap-
proximations have to be applied [14, 15], the 
general form of the perturbations in the three-
dimensional case can be written based on self-
similarity considerations. This analysis was first 
performed by Likhachev [16] for the Schlicht-
ing jet. Aside from unstable perturbations with 
m = 1 (m is the azimuthal wave number), un-
stable axisymmetric modes with m = 0 were 
detected. Even though axisymmetric perturba-
tions turned out to be the most unstable only in 
a narrow range of rather small Reynolds num-
bers, this allowed a qualitatively explain the ex-
perimentally observed axisymmetric pulsations, 
described by W.C. Reynolds. Recall that the 
perturbations with m = 1 are the most danger-
ous for relatively large Re numbers. This analy-
sis used the Schlichting solution, which is an 
equivalent of the exact Landau solution in the 
boundary layer approximation.

Shtern and Hussain [17] carried out a simi-
lar analysis for a Landau jet. Unlike previous 
studies, where the dependences of the pertur-
bation v on the axial coordinate had the form 
v ∝ eik(x)x (x is the coordinate along the direc-
tion of the jet propagation, k(x) is the axial 
wavenumber), where the maximum value of v 
decreases downstream, in this case, the pertur-
bations were considered in the form v ∝ eik(R)lnR 
(R is the spherical radius), based on a previous 
study for the two-dimensional setting [14, 15]. 
Thus, the authors discussed perturbations as a 
power function of R and obtained results simi-
lar to those presented in [16]. However, only 
neutral solutions were considered (the imagi-

nary part of k = 0).
In addition to a non-standard dependence 

on the spatial coordinate, perturbations also 
do not have a purely exponential dependence 
on time. Thus, stability analysis is not modal, 
which follows from the fact that the charac-
teristic time in the jet problem increases as  
(R/|u|) ∝ R 2 downstream, where |u| is the lo-
cal velocity on the jet axis. The perturbations, 
whose wavelength and characteristic pulsation 
time also increase with increasing R, evolve to-
gether with the main flow [12]. Based on the 
conclusions of [16], we can assume that if we 
consider the spatial evolution of a small pertur-
bation with a fixed frequency 0,ω  the neutral 
curve 0( )Reω  and the scaling ω0 ∝ R–2 deter-
mine the variation range of R, where this per-
turbation grows, for a given value of Re.

This statement was confirmed by three-
dimensional calculations of the stability prob-
lem [18]. Additionally, an important remark 
was made in [19]: calculations of the stabil-
ity problem in unbounded domains are greatly 
complicated by numerical difficulties from the 
boundary conditions at the outlet; the latter 
can considerably distort the results. 

It follows from this brief overview that us-
ing a self-similar form of disturbances allows 
to avoid the above-mentioned numerical dif-
ficulties. This statement is an additional argu-
ment in favor of the self-similar approach in 
this problem.

Problem statement

We study the evolution of perturbations v 
of a certain laminar velocity field u; the total 
velocity field is represented as u = u + v. Let 
us substitute this representation into Navier 
– Stokes equations and perform linearization 
assuming that the velocity perturbation 
amplitude is small compared with the main 
flow. We then obtain the following equation:

,
1

( ) ( )
t

∂
+ ⋅ ∇ + ⋅ ∇ = − ∇χ + ν∆

∂ ρ
v v v vU U

where χ  is the pressure field perturbation, ν is 
the kinematic viscosity, ρ  is the fluid density.

The velocity field of the main flow is de-
scribed by the exact solution of Navier – Stokes 
equations that can be represented in spherical 
coordinates ( , :),R θ ϕ

(1)
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where the variable / .( )R tη = ν  
Notably, the variables ψ  and η  were also 

used in analysis of two-dimensional [14, 15, 
26, 27] and three-dimensional [28 – 30] coni-
cal flows. Using the method of variable separa-
tion, we can establish for y = 0 (A → ∝) that 
the solution is expressed analytically in terms of 
Legendre polynomials with respect to the vari-
able ψ  and in terms of hypergeometric func-
tions with respect to the variable η  [31]. This 
actually means that the solution has a power 
dependence on ,η  which is not surprising as 
the representation of the velocity field of the 
main flow, constructed based on considerations 
of dimension, has a power dependence R−1. 
Next, we transform the power dependence with 
a certain exponent n as follows:

2 /2
0 0

2
0 0

( / ) ( / )

exp[ ln( / ) ( / 2) ln( / )],

n n nR R t R

n R R n t R

−η = ν =

= − ν

where R0 – is some constant of the length 
dimension (radius of the inlet nozzle).

Evidently, if y ≠ 0, it seems expedient 
to consider the problem on stability against 
perturbations in the form of waves in terms of 
new variables:

0

2
0 0

( / ) ( ) exp( ln ),

ln( / ), / ,

R ik i im

R R t R

= ν ψ ξ − ω τ + ϕ

ξ = τ = ν

v v

where v0 is a dimensionless vector depending 
only on the angle ;ψ  k and m are the radial 
and azimuthal dimensionless wavenumbers; ω  

b)а)

Fig. 1. Graphical representation of solution (3):
a is the idealized axisymmetric jet flow (streamlines are shown) caused by a local motion source (LMS), 
with coordinate systems (spherical and cylindrical); b is an implementation of such flow that is a fluid jet 

issuing from a long tube into a submerged region; NF, FF are the near and far fields, respectively

(2)

(3)

(4)

(6)

(5)
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A
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ϕ

′ν ψ ν ψ
= − = −

− ψ

− ψ
= ψ =

− ψ
where cos .ψ = θ

The parameter A is related as follows to the 
“momentum” Px of the jet:

2
2

4 1
16 1 ln ,

2 13( 1)x

A A
P A

AA
 +

= πρν + − −− 

This solution was obtained by Slyozkin [20], 
Landau [21] and Squire [22] and corresponds to 
jet flow caused by a point momentum source. 

Fig. 1 shows a graphical representation of 
the solution obtained. This solution is used 
as the main flow in our study, since its direct 
comparison with experimental data yielded 
good agreement in the far field of the jet  
[23 – 25].

Since the problem statement does not 
include the characteristic dimension of length, 
for reasons of dimension, we are going to search 
for perturbations in the following class:

2

( , ) ,

( , ) ,
1

im
R

im

v f e
R

v g e
R

ϕ

ϕ
θ

ν
= ψ η

ν
= − ψ η

− ψ

2

2
( , ) , ( , ) ,im imv h e q e

R R
ϕ ϕ

ϕ

ν ρν
= ψ η χ = ψ η
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is the dimensionless frequency, τ  is the dimen-
sionless time.

Then the components of perturbations of 
the velocity and pressure fields have the form:

( / ) ( ) exp( ln ),R R f ik i im= ν ψ ξ − ω τ + ϕv

2
( ) exp( ln ),

1
g ik i im

R
θ

ν
= ψ ξ − ω τ + ϕ

− ψ
v

2
( ) exp( ln ),

1
ih ik i im

R
ϕ

ν
= ψ ξ − ω τ + ϕ

− ψ
v

2

2
( ) exp( ln ),q ik i im

R
ρν

χ = ψ ξ − ω τ + ϕ  

where f, g, h, q are the dimensionless functions 
of only the angular variable .ψ

Substituting representation (7) into Eqs. (1), 
and making some transformations, we obtain a 
system of ordinary differential equations:

2

2
2

2 2

2

2
(2 ) 2

1

2
2

1 1

 (2 ) 2 (1 ) 0;

mh
i f ik q g y g

yg m
ik k f

ik y f yf f f

′ ′′Ω + + − − + +
− ψ

 
+ − + + + − − ψ − ψ 

′ ′ ′ ′′− − − − ψ + − ψ =
2

2
2

2

2
2

(1 )(2 (1 ) )

 (1 )
1

2
(1 ) 0;

1

i g mh f ik f

m
ik k g ik y g

yg
yg q

′ ′Ω + + − ψ − + −

 
′− + − − − − − ψ 

ψ ′ ′− − − − ψ =
− ψ

2

2 2

2

2
2

1 1

 (1 ) 0;

m g m
i h mq mf ik k h

iky h yh h

 ψ
Ω − + − − + + + − ψ − ψ 

′ ′ ′′+ − + − ψ =

2
(1 ) 0,

1
mh

ik f g ′+ + − =
− ψ

where 2 )/ (R vtΩ = ω  is some constant param-
eter acting as the generalized frequency; it in-
cludes the dependence on the radius and time 
(proportional to the variable 2η ).

The order of the derivative of the function 
g is reduced from the second to the first in 
the second equation of system (8) using the 
continuity equation. We should note that Eqs. 
(8) are identical to the equations obtained by 
Shtern and Hussain (who actually considered 

the exponential dependence of perturbation 
on time, or, more precisely, on 21 / ,η  used 
the far-field approximation ( ,η → ∞  which is 
equivalent to 0τ → ) to derive the equations, 
and discarded some terms with high powers of 
τ ). No approximations have been used in our 
study to derive these equations, except that Ω  
is assumed to be a constant parameter.

For complete statement of the problem, 
system of equations (8) should be supplement-
ed with suitable boundary conditions. The fol-
lowing conditions imposed on the velocity field 
follow from representation (7):

( 1) 0, ( 1) 0,g h± = ± =

meeting the requirements that functions g and 
h be bounded.

Procedure of numerical solution

The procedure for numerical solution of the 
resulting system of equations is shown sche-
matically in Fig. 2. Since the points 1.0ψ = ±  
are singular, we need to find the asymptotic 
expansion of the functions of the problem in 
their neighborhood of these points and shift 
the start of numerical integration. Asymptotic 
expansions of a certain test function Ψ  in the 
neighborhood of singular points 1.0ψ = ±  are 
used in the ranges ]1.0[ ; cψ ∈ − ψ  and ];  0[ 1.pψ  
(see expansion (10)). Next, two solutions of 
Eqs. (8) are constructed by numerical integra-
tion from cψ  to mψ  and from pψ  to mψ . The 
values of the function Ψ  and its derivatives 
should be kept continuous at the point ,mψ  in 
accordance with the order of the system of dif-
ferential equations (see conditions (11)).   

It can be shown for Legendre-type equa-
tions [32] that the functions of the problem 
are proportional to the factor (1 − x2)m/2 and 
a certain analytical (in the neighborhood of 

1.0ψ = ± ) function, which, in turn, can be 
represented as a Taylor series.

Thus, some test function Ψ (f, g, h or q) in 
the neighborhood of the point 1.0ψ =  can be 
represented in the following form:

2 /2
0 1

2 3
2 3

(1 ) ( (1 )

 (1 ) (1 ) ...),

mΨ = − ψ Ψ + Ψ − ψ +

+ Ψ − ψ + Ψ − ψ +
 

where the complex-valued expansion coeffi-
cients 0 1 2 3, , ,Ψ Ψ Ψ Ψ  are determined by sub-
stituting function (10) into system of equations 

(7)

(8)

(9)

(10)
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k = kre + ikim using Newton’s method. We used 
a similar calculation scheme in [33].

Results and discussion

Increasing perturbations (at −kim > 0) were 
detected only for azimuthal wavenumbers m = 0 
and m = 1, the same as in [17], which, however, 
discussed only neutral perturbations (kim = 0). 
Thus, the kim(Re) dependence was not analyzed 
in [17], which actually makes it possible for 
us to carry out a comprehensive comparison 
with experimental data, as will be shown below. 
It is convenient to use the Reynolds number, 
constructed from the velocity on the axis and 
the distance from the origin, in this problem:

1

4
Re | (1) ,

1
RU R

y
Aψ= ′= = − = −

ν −

according to exact solution (2). 
Fig. 3 shows the dispersion curves ( )imk− Ω  

for different Reynolds numbers Re and m = 0. 
As the Reynolds number increases above the 
critical value Recrit

m=0  = 26.20, a range of Ω  
values appears, for which solutions exist, with 
–kim > 0. Notably, Recrit

m=0 = 28.1 was found in 
[17]. The small difference can be explained by 
the insufficiently accurate algorithm for calcu-
lating the spectral problem used in [17], where 
asymptotic expansions of the functions of the 
problem in the neighborhood of the points 

1.0ψ = ±  were not used.

Fig. 2. Scheme of the numerical algorithm used: 
Asymptotic expansions of a certain test function Ψ in the neighborhood of singular points  

ψ = ±1.0 are used in the ranges ψ ∈ [−1,0; ψc] and [ψp; 1,0] dashed curves 1, 2 are the 
domains of further numerical integration; the condition that the values of the function ψ  

and its derivatives be continuous is imposed at ψm

(11)

(12)

(8). Some parameters remain undefined (free); 
these should be found by actually solving the 
spectral problem.

A decomposition similar to expression (10) 
can also be written in the neighborhood of the 
point 1, 0.ψ = −  Next, two numerical solutions 
need to be constructed for selected values of A 
(in the function y), Ω  and a set of free param-
eters, and integration of Eqs. (8) starts from the 
points 1.0c cψ = − + ε and 1.0 ,p pψ = − ε  where 

cε  and pε  are small parameters (in the range 
10–5 − 10–3). The continuity conditions for the 
functions of the problem and their derivatives 
should be satisfied, in accordance with the order 
of the system of ordinary differential equations, 
at some point mψ  ( mψ = 0.9 for the solutions 
found below); the choice of this point does not 
affect the result. Namely, the following condi-
tions should be fulfilled:

( ) ( ), ( ) ( ),

( ) ( ),
m m m m

m m

f f f f

g g
− + − +

− +

′ ′ψ = ψ ψ = ψ

ψ = ψ

( ) ( ), ( ) ( ),

( ) ( ),
m m m m

m m

h h h h

q q
− + − +

− +

′ ′ψ = ψ ψ = ψ

ψ = ψ

where plus and minus correspond to the so-
lutions obtained by integrating the system of 
equations from the points pψ  and ,cψ  respec-
tively.

Conditions (11) are achieved by vary-
ing the free parameters and the wavenumber  
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The current statement of the problem al-
lows studying the evolution of perturbations in 
the entire space, thanks to self-similarity of the 
main flow and the given perturbations, and is 
thus global. The ratio of the amplitude of per-
turbation velocity on the axis to the velocity 
of the main flow obeys the following relation-
ship:

(Re)

(Re)1
0

/ [( / ) (1) ]

[( / ) (1)] ( / ) .

im

im

k
R R

k

U R f e

R y R R

− ξ

−−

= ν ×

′× −ν ∞

v

The perturbation amplitude algebraically 
grows or decays downstream relative to the 
main flow, depending on the distance measured 
from the origin. The growth rate is determined 
by the imaginary component of the wavenum-
ber and depends on the Reynolds number. The 
absolute value of –kim(Re) turns out to be criti-
cal in this case.

Fig. 4 shows the dependence of the maxi-
mum value of ),(imk− Ω  obtained for each dis-
persion curve, with different Re numbers. For 

b)

а)

Fig. 3. Dispersion curves −kim(Ω) in the ranges of the parameter Ω equal  
to (0 – 0.35) (a) and (0 – 200) (b), for the most unstable solution with m = 0,  

with different Reynolds numbers Re:
20 (1), 25 (2), 33,33 (3), 40 (4), 50 (5), 100 (6) è 200 (7)

(13)
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bations present in the given flow, the rate of 
such growth turns out to be extremely low. For 
this reason, axisymmetric perturbations can be 
characterized as neutrally stable in the first ap-
proximation. It is probably due to the weakly 
pronounced perturbation effect at m = 0 that 
only stable solutions are valid in the plane-par-
allel approximation. Fig. 4,b shows a compari-
son of the dependence of kreRe on the Reyn-
olds number Re, obtained in this study and in 
[17]. The curve representing the data from [17] 
demonstrably lacks a lower branch.

It can also be seen from Fig. 4,b that an 

Fig. 4. Dependences of the maximum value of the imaginary component –kim (а)  
and the value of the real component kreRe (b) of the wavenumber k on the Reynolds 
number for the most unstable solutions with m = 0 (1) and m = 1 (2). Fig. 4,b shows  

a comparison of the data in our study (symbols) with those in [17] (solid lines).
The values Recrit

m=0 = 26.20 and Recrit
m=1 = 96.29 are marked with vertical dashes

b)

а)

instance, it is evident that even though positive 
−kim values exist for Re ≤ 40, these values do 
not exceed 0.01. This suggests that the ratio of 
the perturbation amplitude to the main flow 
velocity on the axis increases by only 7 % (ap-
proximately) at a distance R/R0 = 103, com-
pared with this ratio at a distance R/R0 = 1. 
With Re = 200, the peak ( )imk− Ω  value on the 
dispersion curve is reached for –kim = 0.087. 
The perturbation increases by 82 % at a dis-
tance –kim for these parameters.

Thus, we can conclude that, despite a 
mechanism of growing axisymmetric pertur-
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unstable solution for m = 1 appears if Re is in-
creased to a value of the order of 100. The ob-
tained value of the critical Reynolds number is 
Recrit

m=1 = 96.29, which is slightly less than the 
corresponding value in [17] (Recrit

m=1 = 101).
Comparing the maximum ( )imk− Ω  values 

as functions of the Reynolds number Re with  
m = 0 and m = 1 indicates that the perturbation 
growth rate for m = 1 substantially exceeds that 
for m = 0 as the Reynolds number increases 
above a certain value. In this case, the maxi-
mum –kim values are approximately the same 
for Re ≈ 120 – 130.

The next stage of our study consisted in 
comparing the results of the above-described 
linear stability analysis with the experimental 
data given in the literature. We are going to find 
the relationship between the Reynolds number 
with the value of this number, used in experi-
ments and numerical calculations, expressed by 
formula (12). The number constructed by the 
diameter of the exit nozzle D = 2R0 and the 
mean flow rate Ub has the form

Re / .D bU D= ν

Let us consider the parabolic velocity pro-
file formed in the inlet nozzle. In cylindrical 
coordinates ( , , )x r ϕ  with the center in the 
middle of the exit section (x = 0), this profile 
has the following form:

2 2
0( ) 2 (1 / ),bU R U R R= −

where R0 is, the same as above, the radius of 
the tube. 

The total momentum flux through the 
exit section is determined by the following 
relationship:

0

2 2

0

( ) 2 ( ) .
R

xP U R dS U R RdR= ρ = πρ∫ ∫

 

Substituting formula (15) into relation (16), 
we obtain that

2 21
Re .

3x DP = πρν

Thus, we arrive at the following 
relationship:

2

3
Re .x

D

P
=

πρν

Therefore, there is an explicit relationship 
between ReD and Re (or between A and Re: 
Re = −4/(A − 1)). The following asymptote 
can be written for large values of the Reynolds 
number:

1/2

Re 8Re

2(8 ln 8 3 ln Re)Re ...,Re ,

D

−

= +

+ + − + → ∞

with the first term often used in the literature 
(Re 8Re).D =

The results of the analysis results for m = 1, 
obtained in this study, are compared in Table 
with the results of other authors. Notice that the 

Tab l e

Comparison of results obtained by different authors for analysis of linear stability  
of the Landau jet with the azimuthal wavenumber m = 1

Author Recrit ReD,crit kre,crit Ωcrit

V. Shtern, F. Hussain [17] 101.0 27.77 1.85 84.00

P.J. Morris [34] 177.1 37.64 2.12 86.66

O.A. Likhachev [16] 94.46 27.49 1.55 59.72

Our study 96.29 27.10 1.78 76.93

No t a t i on s : Re is the Reynolds number determined by formula (12), ReD is the Reynolds 
number constructed from the diameter D of the exit nozzle; kre, is the real component of the 
wavenumber k; Ω is the parameter acting as the generalized frequency; the subscript “crit” 
indicates the critical value.

No t e s . 1. The stability of the velocity profile was studied in [34] in a plane-parallel ap-
proximation using the Schlichting solution. 2. The same approach as in our study was used 
in [17].

(14)

(15)

(17)

(18)

(19)

(16)
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0,8

/ 2, 0 10 ,

1 1 / 0, 0081Re –  0,11 ;( )D

L D α= ⋅

α = +

it was found by extrapolating the function 
–kim(Re) to higher values of the Reynolds 
number.

Comparison of theoretical and experimental 
results yields a good quantitative agreement, 
even though the turbulent processes, including 
the stage of nonlinear perturbation growth, 
are far more complex in reality, compared to 
the model. Importantly, turbulent fluctuations 
were observed in the flow from the tube even 
with ReD > 2000 (according to data obtained 
by Lemanov), which limits the range for 
comparison of theoretical and experimental 
data to ReD < 2000.

Conclusion

We have considered the linear stability 
problem for a submerged Landau – Squire 
jet. We have established that the amplitude 
of intrinsic perturbations spatially varies as a 
power function of the spherical radius R, read 
from the source of motion.

We have obtained a problem on the 
eigenvalues, which is solved numerically. 
Unstable perturbations were found for the first 
two azimuthal wavenumbers (m = 0 and 1); 
at the same time, the corresponding critical 
values of the Reynolds number, constructed 

Fig. 5. Theoretical (line) and experimental (symbols) dependences of the distance at which  
the jet becomes turbulent versus the Reynolds number plotted for D.

The experimental data from [6, 9] were used, the theoretical curve was obtained in the present study. The 
diameter of the nozzle in [6] was D = 0.32 mm (symbols 6). The experimental conditions in [9]: D = 0.5 mm 
(symbols 1, 2); 1.0 mm (3, 4); 3.5 mm (5); velocity fluctuations were measured with a hot-wire anemometer 

(2, 4) and visually (1, 3, 5)

critical Reynolds number Recrit is significantly 
lower if the expansion of the jet is taken into 
account; however, the values of the Reynolds 
number ReD,crit differ less in this case. The values 
of the real part of the wavenumber and the 
generalized frequency are also slightly lower. 
Nevertheless, the data obtained by Shtern and 
Hussain, as well as by Likhachev, are in good 
agreement with the results of our calculations.

Next, we estimated the distance L from the 
source of the jet, at which the perturbation am-
plitude takes some critical value, because the 
flow becomes turbulent. It is assumed in the 
calculations that perturbation grows by formula 
(13), in accordance with the given linear mech-
anism. Obviously, it is important to determine 
the criterion of laminar-turbulent transition in 
this case.

We assumed that the laminar-turbulent 
transition occurs when the perturbation 
amplitude significantly exceeds the local velocity 
at some point. By measuring this distance and 
using the dependences we found for –kim(Re) 
and formula (13), we obtained the dependence 
of L on Re.

Fig. 5 shows a comparison of the 
experimental data obtained by A.J. Reynolds [6] 
and by Lemanov et al. [9] with the theoretical 
dependence we have found (shown by a solid 
line).  

The resulting expression has the form 
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from the mean-flow velocity with a parabolic 
distribution inside the nozzle and its diameter, 
were

ReD
m = 0 = 13.98;

ReD
m = 1 = 27.10,

respectively. 
We have confirmed that the increment for 

the growth of sinusoidal perturbations increases 
with values of ReD > 31, i.e., greater than that 
of axisymmetric perturbations.

We have proposed a model criterion for the 
laminar-turbulent transition in the far field of 
the jet, based on the fact that the ratio of the 

amplitude of the perturbation velocity to the main 
flow velocity spatially varies as a power function 
of R; the growth increment is known from the 
solution of the formulated spectral problem.

We have obtained for the first time a 
good agreement between the results of linear 
stability theory and the experimental data with 
ReD < 2000 for the coordinate of the laminar-
turbulent transition as a function of the 
Reynolds number.
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