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on simulation of cluster formation process under water  
vapor spherical expansion into vacuum
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The calculation of a water vapor outflow into vacuum has been performed using 
the direct simulation Monte Carlo with taking into account a condensation process. 
Two cluster-formation models were employed for simulation. The former is based 
on a kinetic approach, the latter is based on conclusions drawn from the modified 
classical nucleation theory. The analysis of physical adequacy of models and features 
of their program implementation was carried out. The simulation of spherical vapor 
expansion from an evaporating surface was performed over a range of Knudsen 
numbers corresponding to transient and near-continual flow regimes. The influence 
of a condensation process on gasdynamic flow parameters was analyzed.  The effect 
of freezing of cluster mole-fractions when receding from the evaporating source was 
demonstrated.
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Introduction

The processes of condensation of water va-
por in expanding flows are widespread in na-
ture and technology. Natural phenomena in-
clude atmospheric events such as water clusters 
developing in gas flows making up the near-
nucleus atmosphere of comets [1]. Technical 
applications concern the processes of conden-
sation of water vapor in nozzles and jets [2], for 
example, in spacecraft engines working at high 
altitudes [3].

Depending on the characteristic Knudsen 
number (Kn = λ/D, where λ is the mean free 
path of molecules, and D is the characteris-
tic flow dimension), the outflow of vapor into 
vacuum is rarefied at the periphery of the jet or 
in the entire flow region. The direct simulation 
Monte Carlo method (DSMC) is traditionally 
used to calculate rarefied flows [4].

The interest towards modeling the 
formation and growth of clusters in rarefied 
flows by the DSMC method started in the early 

2000s in connection with the rapidly evolving 
vacuum technologies for deposition of various 
coatings, including laser ablation technologies. 
These flows were calculated by kinetic models  
[5 – 8], where probabilities of particle association 
in mutual collisions were cluster size functions 
(equal to unity in the simplest case), and the 
monomolecular cluster decay was simulated 
by the formula of the Rice – Ramsperger –  
Kassel (RRK) theory. The studies gave a 
detailed description of the first stage of cluster 
formation (dimerization) and implemented 
the RRK formula for monomolecular decay 
algorithmically. The method of direct statistical 
modeling of flows with condensation processes 
based on the kinetic model was further 
developed in [9], where the probabilities of the 
association processes were obtained using the 
molecular dynamics (MD) approaches, and 
also in [10], which offered an exact algorithm 
for implementing the RRK formula for 
monomolecular decay for the DSMC method. 
It was found in all of these studies that the rates 



38

St. Petersburg State Polytechnical University Journal. Physics and Mathematics. 11(2) 2018

of the forward process of particle association and 
the reverse process of decay were not related to 
each other. Ref. [11] proposed a condensation 
model where the probabilities of cluster growth/ 
decay were obtained from the data on the 
rates of forward and reverse reactions of the 
corresponding processes. The rate constants of 
the forward and reverse reactions are related by 
the equilibrium constants which are assumed 
to be known. Distinctive aspects of [11] are 
the original expressions for the probability of 
monomolecular cluster decay (coinciding with 
the RRK theory in a particular case) and the 
probability of dimer formation in a three-
particle collision of monomers. This kinetic 
model [11] was used for obtaining the key 
results of this paper.

Another group of studies [12, 13] described 
performing DSMC calculations of water vapor 
condensation in a rarefied far field of a jet engine 
plume. These papers used classical nucleation 
theory (CNT), with conclusions adapted for 
the DSMC algorithm.

The intention to employ CNT for practical 
calculations seems well-grounded. First of all, 
the theory’s conclusions have long been used to 
describe flows with condensation. The required 
thermodynamic parameters (vapor pressure and 
temperature, supersaturation degree, nucleation 
rate and critical cluster size) can be calculated 
within the framework of DSMC. Secondly, 
simulation of the cluster growth process, 
starting from the formation of a critical nucleus, 
has its computational advantages, eliminating 
the need to spend the computational time on 
simulating the formation of subcritical clusters, 
including the formation of a dimer in triple 
recombination of monomers.

However, CNT also has its known 
drawbacks, as it uses the concept of surface 
tension for small clusters and predicts the size 
of the critical cluster to be less than unity for 
high values of vapor supersaturation. Refs. 
[12, 13] ignored the effect of the release of 
binding energy during particle association, 
and, consequently, failed to take into account 
the effect of increasing internal temperature 
of the cluster accompanying this process; the 
implementation of the algorithm for the case of 
high supersaturation was not clarified as well.

To eliminate these shortcomings of CNT, it 

was proposed in [14] to use modified classical 
nucleation theory (MCNT). Within the MCNT 
model, there is no need to involve the concept 
of surface tension [15], and the size of the 
critical cluster for high supersaturation values 
is equal to unity. This latter circumstance 
entails making additional assumptions in the 
algorithmic implementation of the model. The 
MCNT model was implemented for the spatially 
homogeneous case of condensation of copper 
vapor [16]. However, a direct comparison of 
the calculation results obtained for the same 
flows using both models (based on the kinetic 
and the MCNT approach) has not been carried 
out. Additionally, comprehensive analysis of 
the algorithmic possibilities of implementing 
the MCNT model has not been performed for 
the DSMC method.

One of the goals of this study was to compare 
the results of calculations (we calculated the 
size distributions of the resulting clusters and 
the coordinate distributions of gasdynamic 
parameters) using the two models (kinetic and 
MCNT) with one object as an example.

The paper also discusses the specifics of 
algorithmic implementation of the MCNT 
approach and the parameters of the MCNT 
model for which these calculated results are 
close to the ones obtained by the kinetic 
approach.

The object chosen for study in the paper 
was a steady one-dimensional flow of water 
vapor from an evaporating spherical surface. 
Simulation of the expansion of non-reacting gas 
from the surface of a sphere into vacuum was 
performed in [17, 18]. These studies considered 
the effect of the degree of rarefaction on gas 
dynamics of the flow, analyzed the peculiarities 
of formation of the Knudsen layer near the 
surface of the sphere and the relaxation of 
translational degrees of freedom.

Ref. [19] calculated the parameters of 
clusters in the region X < 5R (X is the radial 
coordinate, R is the radius of the sphere) and of 
the vapor at the sonic line during the expansion 
of water vapor from a spherical source. A 
simplified condensation model was used for the 
calculations: in particular, the probabilities of 
particle association were assumed to be equal 
to unity during clustering reactions, and the 
evaporation process was simulated by the RRK 
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theory. A significant mass fraction of clusters 
(up to 19%) was observed within the flow field 
for the model parameters used in [19], and the 
condensation process was confirmed to have 
a considerable effect on the parameters of the 
sonic line.

Other goals of this paper were to carry out 
a series of calculations for flow from a spherical 
source using a refined condensation model 
proposed in [11], to study the effect of the 
clustering process on the parameters of vapor 
flow and to study the parameters of the forming 
clusters.

Model of cluster formation

According to the data given in [11], a water 
cluster Mg is characterized by the number of 
monomers g, the number of surface monomers 
g0, the mass mg, the diameter dg, the transla-
tional velocity vg, the internal energy Eint,g, the 
number of rotational (ζr,g) and vibrational (Zv,g) 
degrees of freedom and the energy of evapora-
tion of one monomer from the surface εg.

The following association/decay reactions 
are considered for clusters of size g > 2:

1
1 1 ,gp

g gM M M−
−+ →  

1 1,
gp

g gM M M
−

−→ +

where pg–1, pg
– are the probabilities of association 

and decay, respectively.
Reaction (1) describes the attachment of 

a monomer to a cluster in a binary collision, 
reaction (2) describes the unimolecular decay 
of the cluster. The unimolecular decay time of 
the cluster is of the order of 1/ν0, where ν0 is 
the characteristic vibrational frequency of the 
monomers in the cluster. The forward process 
(1) is characterized by the rate constant Kg–1, 
the inverse process (2) is characterized by the 
rate constant Kg

–.
An elastic collision between a monomer and 

a cluster occurs with the probability 1–pg):
1

1 1 .gp
g gM M M M

−+ → +

Within the framework of the model under 
consideration, water dimers are formed as a re-
sult of three-particle collisions:

1(3)
1 1 1 2 1,

p
M M M M M+ + → +

where p1(3) is the respective probability. 
The reverse reaction occurs by the scheme:

2
2 1 1 1 1,

cpM M M M M
−

+ → + +

where p2c
– is the probability of collision decay.  

Let us denote the rates of the forward (4) 
and the reverse (5) reactions by K1(3) and K–

2c, 
respectively.

Model based on the modified classical 
nucleation theory

The specifics of the MCNT-based model 
is that the size of the critical cluster g* and the 
nucleation rate J, which are functions of ther-
mophysical parameters, have to be calculated 
in each computational cell.    

Within the MCNT model, the nucleation 
rate is determined as follows [2, 15]:

1
1 1 1

2

1 , ,e
g g g g

g

J R R K n n
∞

−
− −

=

= =∑
where ng is the concentration of g-mers; 
Kg–1 are the rate constants of processes 
(1) and (4) for g > 2 (for the case when 
water dimers form through reaction (4),  
K1 = K1(3)n1); the superscript e denotes the 
equilibrium concentration, n1

e = n1. 
A given degree of supersaturation S 

corresponds to a certain critical cluster size g* 
[2, 15]. The critical size in the range S < Smin is 
equal to the critical size determined according 
to classical nucleation theory (CNT) [2]; this 
size is equal to the coordination number Nc in 
the range Smin < S < Smax, while for the case  
S > Smax g* = 1. The Smax and Smin values were 
determined in [14, 15]. The critical cluster size 
has to be found for determining the value of 
J, since clusters of near-critical size make the 
main contribution to the sum in expression 
(6).

After the values of J and g* have been 
determined, the computational algorithm based 
on the MCNT approach is reduced to injecting 
clusters into a cell at a rate J. Determining the 
size of the injected clusters is the first distinctive 
feature of the MCNT-based algorithm. In [12, 
13] clusters of critical size g* were injected into 
the cell. Injecting clusters of size g* > 2 into a cell 
leads to a reduction of the real size distribution 
of the clusters. In this case it is assumed that 

(1)

(2)

(3)

(4)

(5)

(6)
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the concentrations of subcritical clusters in the 
cell correspond to the equilibrium distribution. 
In this situation, additional simulation of the 
distribution of subcritical clusters has to be 
carried out within the framework of the DSMC 
method (this problem was not considered in 
[12, 13]) and changes have to be made to the 
computational algorithm. On the other hand, 
with S >> 1, g* = 1 within the MCNT approach 
(classical nucleation theory predicts that g* < 1 
for this case). There is no point in injecting 
monomers into the cell. Since the growth rates 
of clusters of any size within CNT are equal 
to the nucleation rates J [2], it is possible to 
inject clusters of near-critical or subcritical size 
ga into the cell [14]. Choosing ga = 2 for the 
size of the cluster is optimal, since, on the one 
hand, the distribution of the clusters by size 
(starting with the dimer) should be reproduced 
in any cell, and on the other hand, this solves 
the problem of injecting clusters with S >> 1. 
This is exactly the approach used in our study.

The second distinctive feature of the 
MCNT-based algorithm is that the reactions 
of growth of ga-sized clusters (during the 
association of a monomer and a cluster of size 
(ga – 1)) and of their decay are excluded from 
the computational algorithm, as both processes 
are included in the nucleation rate J [2].

The third distinctive feature of the 
computational algorithm based on MCNT is 
that the vapor temperature has to be determined 
for performing Monte Carlo simulations of the 
evaporation process. In the standard case, it 
is not necessary to determine the macroscopic 
parameters at each time step for the purpose 
simulating the collisions and motions of 
molecules by the DSMC method. Models based 
on MCNT or CNT are single-temperature, i.e., 
they assume that the translational and internal 
temperatures of monomers and clusters are 
equal. Since clustering leads to release of latent 
condensation heat into the flow, this approach 
implies using a single temperature to determine 
the rate constants of growth and decay of 
clusters. This can be either the translational 
monomer temperature T1, or the temperature 
Ttot, averaged over the translational and internal 
energies of the particles in the cell [11]. On the 
one hand, however, if n1 >> ng, the averaged 
temperature Ttot is close to the translational 

monomer temperature T1, and, the same as 
T1, it does not reflect the real internal energy 
of the individual cluster g. On the other hand, 
the implementation of the algorithm using the 
Ttot quantity means that the changes that are 
incorrect from a physical standpoint have to 
be introduced to the main collision module of 
the program, since the number of collisions in 
a cell depends on temperature. In view of these 
circumstances, we have used the monomer 
temperature T1 to determine the reaction rates 
in this study.

We should note that it is possible to 
implement a mixed algorithm (this option is 
also considered in this paper) where dimers 
are injected into the flow field according to 
the MCNT algorithm, and the subsequent 
process of cluster evaporation is considered in 
a manner similar to the kinetic approach (the 
probability of a monomer evaporating from a 
cluster depends on the internal temperature 
of the individual cluster). However, this 
computational model cannot be accepted as 
correct from the standpoint of basic CNT.

The kinetic approach to constructing the model

The kinetic approach involves no addi-
tional assumptions about the size of the clus-
ters injected into the computational cell or 
about the calculation of the nucleation rate. 
Clustering starts with the formation of dimers 
by reaction (4).

The probabilities of the reactions occurring 
in case of known rate constants are determined 
using the Total Collision Energy model (TCE) 
[4, 20, 21]. This model is based on the assump-
tion that the corresponding probabilities can be 
given in the form

/2 1

/2 1

( )
,

tot

tot

Y
tot

tot

E
p L

E

+ζ −

ζ −

− ε
=

where Etot is the total energy; totζ  is the total 
number of degrees of freedom; ε is the activation 
energy; L, Y are the constants depending on 
the parameters of the model of elastic colli-
sions of particles and the parameters of the rate 
constants of reactions.

To determine the parameters L and Y in 
expression (7), the reaction rate constants 
should be given in the Arrhenius form:

(7)
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K = ATBexp(–ε/kT)   

(k is the Boltzmann constant); the constants A, 
B and the activation energy ε are assumed to 
be known.

The kinetic model notably lacks the draw-
backs of the MCNT model as it does not require 
either determining the macroscopic tempera-
ture in the cell or making additional assump-
tions about the size of the clusters injected into 
the cell and their parameters.

Problem statement

The goal of this study is in calculating 
spherical steady-state expansion of water vapor 
from the surface of a sphere of radius R into 
vacuum. The calculation was performed using 
the direct simulation Monte Carlo method 
taking into account the process of vapor 
condensation in the volume.

The problem under consideration is one-
dimensional, with a single radial coordinate X. 
However, implementing the DSMC method 
involves simulating all three components of 
particle velocity: the radial one vx and the 
two components perpendicular to it, vθ and 
vϕ. The source temperature T0 is assumed to 
be constant. Only monomers (molecules) of 
water evaporate from the surface. Evaporation 
is described by the Hertz – Knudsen law 
according to which the flux F+ of evaporating 
molecules is equal to

F+ = n0v0/4,

where n0 is the concentration of saturated vapor 
(corresponding to the equilibrium pressure 
determined by T0); v0 is the average thermal 
velocity of the evaporating particles;

v0 = (8kT0/πm1)
1/2

(m1 is the monomer mass).
The equilibrium vapor pressure p0(T) is 

determined in the same way as in [22]. The 
remaining parameters of water vapor correspond 
to those given in [23]. It is assumed that the 
distribution function for water molecules 
leaving the surface is semi-Maxwellian [19].

The vibrational degrees of freedom of the 
evaporating water molecules are assumed to be 
frozen for the range of source temperatures un-
der consideration [24]. The internal energy of 

the monomers leaving the surface is equal to 
the rotational energy

,1 ,1 0( / 2) .int rE kT= ζ

The Larsen – Borgnakke model [4] is used 
for simulating the energy exchange between the 
translational and internal degrees of freedom. 
The probability of energy exchange between 
the rotational and translational degrees of 
freedom of water molecules in mutual collisions 
is taken equal to unity. The probabilities of 
energy exchange between the translational and 
internal degrees of freedom in monomer-cluster 
collisions are taken equal to 0.1 [10]. The 
formation of clusters in the flow field occurs 
according to the above-described condensation 
model. The reaction rate constants and the 
parameters of the collision models are taken 
from [25].

The molecules and clusters reaching the 
outer boundary of the region were excluded 
from the calculations (hypersonic boundary 
condition). The particles crossing the source 
boundary in the opposite direction were also 
excluded (the condition of total condensation 
on the surface).

The gas-dynamic flow pattern in the 
considered statement is determined by the 
Knudsen numbers

0 0Kn / / (2 ),D R= λ = λ

where 0λ  is the mean free path of the water 
molecules, corresponding to the parameters n0 
and T0; D is the diameter of the sphere ����диа-
метр сферы, the characteristic reaction rates 
are given by (1), (2), (4), (5).  

Calculation variants and the values of the 
determining parameters are listed in Table 1.

The calculations were performed by the 
DSCM method with a collision scheme 
without a time counter [4], using the developed 
software package at the Polytechnic RSC 
Tornado cluster of the Polytechnic University 
Supercomputer Center.

Calculation results and discussion
Fig. 1 shows the simulation results, including 

data on the dynamics of the normalized values 
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of the concentration, velocity, and temperature 
of the vapor in the flow field. The vapor density 
decreases with distance from the surface, 
asymptotically tending to zero, while the 
gas velocity increases (Fig. 1, a). In case of 
outflow into a continuous medium (Kn = 0), 
the velocity tends to its thermodynamic limit of 
steady-state expansion

1/2
0 (2 / ( –1)) ,u a= γ

where γ  is the adiabatic exponent; a0 is the 
sound velocity determined from the tempera-
ture T0 [26].

In case of collisionless expansion (Kn ),→ ∞  
the vapor velocity tends to the thermal velocity 
determined from the equilibrium vapor 
temperature on the surface [27]:

umax = v0.

The heat content of the vapor drops to zero 
for continuous-medium flow [26].

The temperature of the gas in case of free-
molecular flow drops to the value [27]:

0/ 1 – 8 / (3 )T T = π  

(Fig. 1, b).
The decrease in the degree of flow rarefac-

tion (a decrease in the Knudsen number) leads 
to a greater number of collisions between par-
ticles and a more efficient conversion of ther-

mal energy into the energy of directed motion 
of particles. As a result, the gas velocity for 
a more dense flow regime (Kn = 10–4) in-
creases with respect to the more rarefied flow  
(Kn = 10–2), while the density and the temper-
ature decrease with distance from the source.

Notably, the result indicates that increasing 
the Knudsen number leads to a violation of 
the equilibrium between the translational and 
the internal degrees of freedom [17, 18]. The 
difference between the corresponding tempera-
ture components in the considered region is 
insignificant for Kn = 10–4. However, the dif-
ference between the components becomes sub-
stantial even for Knudsen numbers of the order 
of 0.01.

Taking condensation into account in the 
calculations leads to two effects:

the release of energy from latent condensa-
tion heat into the flow. Within the model under 
consideration, the binding energy is released 
into internal degrees of freedom of clusters of 
size g > 2 (see reaction (1)), as well as into 
translational and internal degrees of freedom of 
monomers and dimers under triple recombina-
tion of monomers during reaction (4);

a natural decrease of monomers during the 
formation and growth of clusters in the flow.

In view of the above-discussed factors, 
the condensation process contributes to an 

Tab l e  1

Variants of calculation of spherical steady-state expansion  
of water vapor into vacuum

Number Model basis
Condensation 

taken into  
account

Knudsen 
number

1 – – 10–4

2 КА + 10–4

3 – – 10–2

4 КА + 10–2

5 MCNT + 10–4

6
MCNT + KA

(for evaporation)
+ 10–4

No t e s . 1. The source temperature was the same for all variants: T0  = 350 K. 
2. The Knudsen number Kn = λ0/(2R), where λ0  is the mean free path, R is 
the radius of the sphere.
Abb r e v i a t i on s : MCNT stands for modified classical nucleation theory,  
KA stands for kinetic approach.



Simulation of physical processes

43

increase in the velocity and the temperature 
and to a faster decrease in the density of vapor 
in the flow. This effect can be clearly seen in  
Fig. 1 for the calculation variant (Kn = 10–4), 
for which the volume fraction of clusters is  
5.4 %. The volume fraction of clusters in the 
flow for the Knudsen number 0.01 is less than 
0.2 % and the condensation process has no ef-
fect on the gas dynamics of the flow.

The effect of clustering on the density and 
velocity distributions on the evaporating surface 

is insignificant even for values of Kn = 10–4  
(see Fig. 1). For example, the parameters of 
vapor on the sonic line differ by less than  
3 % for the calculation variants with and with-
out clustering taken into account (Table 2). 
The effect of the condensation process on the 
parameters of the sonic line turned out to be 
weaker compared with the results obtained in 
[19]. The distance of the sonic line from the 
evaporating surface in the variants with and 
without condensation is 48.8λ0 and 48.8λ0, re-

Fig. 1. Calculated density (curves 1 – 4) and velocity (5 – 8) distributions (a), and temperatures (b)  
of monomer vapor. Temperatures of translational (9, 11, 13, 15) and internal (10, 12, 14, 16) degrees  
of freedom are given. The calculations were performed with and without clustering taken into account 

(curves (1, 3, 5, 7, 9, 10, 13, 14) and (2, 4, 6, 8, 11, 12, 15, 16), respectively).  
Kn = 10–4 (1, 2, 5, 6, 9 – 12) and 10–2 (3, 4, 7, 8, 13 – 16)

a) b)

Tab l e  2

Results of calculation of vapor parameters on the sonic line

Variant  
number 

Condensation 
taken into  
account

n/n0 T/T0

Reverse flow  
fraction, %

1 – 0.316 0.793 19.3
2 + 0.307 0.803 19.5

No t e . The Knudsen number for the results given was Kn = 10-4.
The numbers of the variants correspond to those in Table 1.
No t a t i on s : n/n0 is the normalized concentration of vapor, T/T0 is the normalized temperature 
of vapor.
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Fig. 2. Translational nonequilibrium near the surface of the sphere (a) and in the flow field (b). Data are 
given for the temperature components Tx (1, 3, 5, 7); Tθ, Tϕ (2, 4, 6, 8) at the values Kn = 10-4 (1 – 4) 
and 10–2 (5 – 8). The calculations were carried out with (1, 2, 5, 6) and without (3, 4, 7, 8) clustering 

processes taken into account

a) b)

spectively (for Kn = 10–4). The effect of con-
densation on the flow parameters (especially 
on the temperature) increases with increasing 
distance from the surface.

A feature of this class of rarefied flows is its 
translational nonequilibrium, which increases 
with increasing Knudsen number. The regions 
of translational nonequilibrium (i.e., the 
regions where the components Tx, Tθ, Tϕ of the 
translational temperature Ttr are different) for 
any Knudsen number are found directly near 
the evaporating surface (a Knudsen layer with 
a thickness on the order of several mean free 
paths of molecules) and at some distance from 
the surface when the local mean free path of 
particles becomes large with respect to the 
characteristic flow size [18]. The data in Fig. 
2,a show the dimensions of the Knudsen layer 
at the surface. The two following conditions 
have to be simultaneously fulfilled to determine 
the size of the layer [18, 19]:

100% 3%;xT T

T
θ−

⋅ <  

100% 3%,tr intT T

T

−
⋅ <

where Tint is the temperature of the internal 
degrees of freedom 

The resulting layer thickness is 040λ  and 
practically does not depend on taking into 
account the condensation process.

In case of collisionless expansion, the en-
tire flow region is the zone of translational 
nonequilibrium [27]. The difference between 
the temperature components Tx and Tθ = Tϕ is 
also observed in the larger flow region for the 
calculation variant with Kn = 10–2 (Fig. 2, b), 
and only in the far-field of the jet for the case  
Kn = 10–4. As a result, taking into account the 
condensation process has no noticeable effect 
on the degree of flow nonequilibrium.

The presence of nonequilibrium regions 
(with respect to translational and internal de-
grees of freedom) argues in favor of choosing 
the kinetic approach as the calculation method, 
since it does not involve calculating the vapor 
temperature for determining the rates of the 
reactions under consideration.

A case in point is the calculation of the flow 
using the MCNT approach, with condensation 
taken into account. Fig. 3 shows the calculated 
data for the changes in the degree of 
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supersaturation, the critical cluster size, and the 
nucleation rates as a function of the coordinate 
obtained for calculation variant 5 (the MCNT-
based variant taking clustering into account, see 
Table 1). The degree of vapor supersaturation is 
small at the surface of the source where 1.00 < 
X/R <1.05 (see Fig. 3,a), the size of the critical 
cluster g* >> 1 and coincides for combined 
application of CNT and MCNT. The degree of 
supersaturation rapidly increases with distance 
from the source, and the critical size of the 
clusters decreases as a consequence. For this 
case, CNT predicts values of the degree of 
supersaturation to be less than unity as soon as 
distances of the order of one radius from the 
source are reached.

The MCNT approach predicts g* = Nc 
at distances 1.05 < X/R <1.90 (curve 3 in  
Fig. 3, a) from the source surface. The quantity 
g* becomes equal to unity with further increase 
in the X/R coordinate.

The nucleation rates corresponding to the 
considered variants are shown in Fig. 3, b. 
The size of the critical cluster is fairly large 
directly at the surface of the source for low 
values of the equilibrium concentration ng*, 
predetermining low nucleation rates. The 
nucleation rate calculated by formula (1) for 

MCNT coincides with the dimerization rate for 
triple collisions of monomers. The nucleation 
rate Jclas, calculated by the CNT formula [2], 
and the velocity JK = Jclas/S with the Courtney 
correction differ significantly from the J values 
obtained within the MCNT model.

The behavior of clusters obtained by the 
calculation based on the kinetic approach is 
characterized by rather intense evaporation, 
and the maximum cluster size achieved in these 
calculations is limited to fourteen monomers. 
According to the calculations based on the 
MCNT, the clusters evaporate at a tempera-
ture equal to the translational temperature of 
the monomer vapor. The cluster growth rate 
turns out to be significantly higher than the 
evaporation rate. As a result, the number of 
clusters with the sizes g >> 1 varies little with 
increasing g.

Fig. 4 also shows the data for calculation 
variant 6 (see Table 1), where the injection of 
critical clusters into a cell was based on the 
MCNT model, and the evaporation in each 
cluster depended on its individual internal 
temperature (the same as with the kinetic ap-
proach). Apparently, using this approach brings 
the results substantially closer to those obtained 
based on the kinetic model.

Fig. 3. Dependences of the supersaturation degree S (1), the critical cluster size g* (2, 3) (а),  
the nucleation rates (4, 5, 7) and K1 (6) (b) versus the Knudsen numbers Kn = = 10–4 (MCNT model). 

The values of g* (curves 2 and 3 are the CNT and MCNT-based estimates, respectively),  
Jclas (4), JK (5) and the calculated value of J (7) are given

a) b)
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The coordinate distributions of the density 
and the mole fraction of the clusters are shown 
in Fig. 5 for the Knudsen number 10–4. Di-
mers (g = 2) form in the immediate vicinity 
of the source surface. The peaks on the distri-
butions 5-mers (g = 5) are shifted away from 

the surface. The distance from the distribution 
maximum to the source increases with increas-
ing cluster size. Fig. 5, b shows the coordinate  
distributions of the mole fraction of the clusters 
with the sizes g = 2, 3 and 5. The presented 
results indicate freezing of the mole fractions 
starting with a certain coordinate depending 
on the cluster size. Since the nucleation rate 
J is low near the source, the dimer concen-
trations at the surface, obtained by direct sta-
tistical simulation based on MCNT, are small 
compared to the concentrations obtained based 
on the kinetic approach, and the maximum of 
the dimer distribution is shifted away from the 
surface by 0.25R.

The concentrations of the 5-mers in the 
greater part of the flow turn out to be sub-
stantially smaller than similar concentrations 
obtained using the kinetic approach. In case 
of variant 6 (MCNT model, with evaporation 
considered in accordance with the kinetic ap-
proach), the distributions of dimer and 5-mer 
concentrations turn out to be closer to the re-
sults of the calculations based on the kinetic 
approach (variant 5), however, the data do not 
coincide.

We should note that the results obtained 

Fig. 4. Size distributions of clusters in the flow 
field, obtained from the calculation variants 2 

(curve 1), 5 (2) and 6 (3)

Fig. 5. Distributions of concentration (a) and mole fraction (b) of clusters along the radial coordinate  
for clusters with different sizes g. The calculations are based on the kinetic approach (1, 2, 7),  

on MCNT (3, 4) and on variant 6 (5, 6); g = 2 (1, 3, 5), 3 (7) and 5 (2, 4, 6).
Knudsen number Kn = 10–4

a) b)
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using the model [11] differ from those in [19]. 
Size distributions of clusters have a maximum 
corresponding to the dimer size.

The translational velocities of the growing 
clusters coincide with the monomer velocity 
for the calculation variant with Kn = 10–4. The 
internal temperatures of the clusters are shown 
in Fig. 6. These temperatures of dimers and 
trimers are above the translational temperature 
because latent condensation heat is released 
into the flow during cluster growth. The growth 
is accompanied by evaporation of clusters, 
during which the binding energy is absorbed. 
The evaporation rate of each cluster within the 
model based on the kinetic approach depends 
on its own internal temperature and this rate 
proves to be comparable with the growth rate. 
As a result, the evaporation process leads to a 
moderate difference in the translational and in-
ternal temperatures of the clusters and a limited 
maximum cluster size (see Fig. 4). The evapo-
ration rate for the MCNT model is governed 
by the translational temperature of the mono-
mers. The growth process plays the principal 
role within the MCNT-based approach. The 
evaporation of clusters, which reduces their 

internal energy, has a rate that is small com-
pared to their growth rate. As a result, growth 
of large clusters (g >> 1) is observed, and the 
energy that is released during this process is ac-
cumulated in internal degrees of freedom. The 
internal temperature of the clusters obtained in 
the calculations based on the MCNT model 
is higher than the internal temperatures of the 
clusters predicted by the kinetic model of con-
densation (see Fig. 6).

Conclusion

 We have carried out a calculation of 
expansion of water vapor into vacuum from the 
surface of a spherical source by direct statistical 
modeling, taking into account cluster growth 
in the flow field. Two models of the clustering 
process were used for the calculations:

one based on the conclusions of the modified 
classical nucleation theory;

and one based on the kinetic approach.
One of the main drawbacks of MCNT is that 

the model based on it is single-temperature. It 
is impossible to correctly describe the processes 
of evaporation of monomers from clusters 
within this approach. Implementing the 
model through a computational algorithm is 
complex and additional assumptions have to be 
introduced. The calculated main characteristics 
of clustering (the spatial distribution of the 
cluster concentration, the size distribution of 
clusters in the flow field) obtained using the 
MCNT model differ significantly from those 
obtained by the model based on the kinetic 
approach.

The kinetic model is free of all drawbacks 
of the MCNT model. This approach allows 
to obtain the probabilities of cluster growth/
evaporation as functions of individual parameters 
of colliding/decaying particles, which is in 
full agreement with the DSMC method. The 
temperature of vapor in a cell does not need to 
be determined for simulating the condensation 
process. From a methodological standpoint, 
using a model based on the kinetic approach 
is justified.

Calculations of condensation of water 
vapor expanding from a spherical surface into 
vacuum based on the kinetic model in near-
continuous and transient Knudsen regimes 
indicate that the condensation process does not 

Fig. 6. Distributions of the internal temperature  
of particles along the radial coordinate for clusters 

of two sizes: dimers (curves 1, 3) and trimers  
(2, 4). Calculations are based on the kinetic 

approach (1, 2) and on MCNT (3, 4)  
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affect the parameters of gas-dynamic flow at 
clustering degrees less than 1 %. The degree of 
clustering becomes noticeable (5.4 %) in near-
continuous regimes (Kn = 10–4). In this case, 
the release of latent heat of condensation into 
the flow leads to a faster growth of gas velocity 
and temperature and to a drop in gas density. 
The clustering process has a particularly strong 
effect on the distribution of translational and 
internal temperatures of the vapor. However, 
even for the calculation variant corresponding 
to Kn = 10–4, the condensation process does 
not significantly affect the parameters of the 
sonic line, the size of the Knudsen layer, and 
the degree of translational nonequilibrium 
compared to the calculation results obtained 

without taking into account the condensation 
process. The maximal concentration of clusters 
in the flow field corresponds to size of a 
dimer.

The study has described the effect of the 
mole fractions of clusters ‘freezing’ as they 
move away from the surface of the source. For 
larger clusters, the effect is observed at large 
distances from the evaporated surface. The rates 
and translational temperatures of the clusters 
formed in the flow prove to be close to the 
corresponding parameters of the monomers. 
The release of binding energy in the process 
of particle association leads to higher values of 
internal temperatures of the clusters compared 
to the internal temperature of the monomers.
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